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ABSTRACT. We study a time explicit finite volume method for a first order
conservation law with a multiplicative source term involving a Q-Wiener pro-
cess. After having presented the definition of a measure-valued weak entropy
solution of the stochastic conservation law, we apply a finite volume method
together with Godunov scheme for the space discretization, and we denote by
{ur i} its discrete solution. We present some a priori estimates including a
weak BV estimate. After performing a time interpolation, we prove two en-
tropy inequalities for the discrete solution. We show that the discrete solution
{u7 1} converges along a subsequence to a measure-valued entropy solution of
the conservation law in the sense of Young measures as the maximum diam-
eter of the volume elements and the time step tend to zero. Some numerical
simulations are presented in the case of the stochastic Burgers equation. The
empirical average turns out to be a regularization of the deterministic solution;
moreover, the variance in the case of the Q-Brownian motion converges to a
constant while that in the Brownian motion case keeps increasing as time tends
to infinity.

1. Introduction. The convergence of numerical methods for the discretization of
stochastic conservation laws is a topic of high interest. In this article we study the
convergence of a finite volume scheme for the problem

du + div(v f(u))dt = g(u)dW (z,t) in QxTx[0,7], (1)
u(w, z,0) = up(x) for all w € Q,z € T,
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2 TADAHISA FUNAKI AND YUEYUAN GAO AND DANIELLE HILHORST

where T¢ is the d-dimensional torus, W (z,t) is a Q-Brownian motion, the function
f is Lipschitz continuous and the function g is Lipschitz continuous and bounded.
We suppose that v = v(z,t) is a given vector function and that ug is a given square
integrable function on T¢.

A number of articles have been devoted to the study of scalar conservation laws
with a multiplicative stochastic forcing term involving a white noise in time.

Let us mention the one-dimensional study of Feng-Nualart [14], where the au-
thors introduced a notion of entropy solution in order to prove the existence and
uniqueness of an entropy solution. Chen-Ding-Karlsen [9] extended the work of
Feng-Nualart to the multi-dimensional case. They proved a uniform spatial BV
bound by means of vanishing viscosity approximations. Moreover they proved the
temporal equicontinuity of approximations in L'( x D x [0,7]), uniformly in the
viscosity coefficient.

Debussche-Vovelle [12] proved the existence and uniqueness of a kinetic solu-
tion for multi-dimensional scalar conservation laws in a d-dimensional torus driven
by a general multiplicative space-time noise. Hofmanovéd [19] then presented a
Bhatnagar-Gross-Krook-like approximation of this problem. Applying the stochas-
tic characteristics method, the author established the existence of an approximate
solution and proved its convergence to the kinetic solution introduced by [12].

Bauzet-Vallet-Wittbold [4] proved the existence and uniqueness of a weak sto-
chastic entropy solution of the multi-dimensional Cauchy problem in L?(£2 x R? x
[0,77) in the case of a multiplicative one-dimensional white noise in time. In Bauzet-
Vallet-Wittbold [5] the authors investigated a corresponding Dirichlet Problem in
a bounded domain of R,

Concerning the study of numerical schemes for stochastic conservation laws,
Bauzet-Charrier-Gallouét [6] studied explicit flux-splitting finite volume discretiza-
tions of multi-dimensional nonlinear scalar conservation laws with monotone flux
perturbed by a multiplicative one-dimensional white noise in time with a given ini-
tial function in L?(R?). Under a stability condition on the time step, they proved
the convergence of the finite volume approximation towards the unique stochastic
entropy solution of the corresponding initial value problem. Then Bauzet-Charrier-
Gallouét [7] studied the case of a more general flux and in [8], Bauzet-Charrier-
Gallouét studied the convergence of the scheme when the stochastic conservation
law is defined on a bounded domain with inhomogeneous Dirichlet boundary condi-
tions. Let us also mention the convergence results of time-discretization of Holden-
Risebro [20] and Bauzet [3] on a bounded domain of R%, as well as an article of
Kroker-Rohde [21] of a finite volume schemes in a one-dimensional context.

In a recent study, Audusse-Boyaval-Gao-Hilhorst [1] performed numerical simu-
lations in the one-dimensional torus for the first order Burgers equation forced by
a stochastic source term. The source term is a white noise in time while various
regularities in space are considered. The authors applied the Monte-Carlo method,
and observed that the empirical mean introduces a small diffusion effect to the
deterministic numerical solution and converges to the space average of the initial
condition as the time ¢ tends to infinity and that the empirical variance stabilizes
for large time.

The present article extends the article by Bauzet-Charrier-Gallouét [7] mentioned
above. The organisation is as follows: In section 2 we define a weak stochastic
entropy solution and a measure-valued stochastic entropy solution of Problem (1)
and recall basic results from probability theory. In section 3, we apply a finite
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CONSERVATION LAW INVOLVING A Q-BROWNIAN MOTION 3

volume method together with a Godunov scheme to Problem (1) and define the
discrete solution {ur 1 }. In section 4, we present an estimate of the discrete noise
term as well as a priori estimates on the discrete solution {ur x}. The a priori
estimates imply that {u7 } converges up to a subsequence in the sense of Young
measures to an entropy process denoted by u in L?(Q x T? x [0, T x (0,1)). We then
prove a weak BV estimate which is essential in the sequel in order to ensure that the
difference between the piece-wise constant solution in time and the solution linearly
interpolated in time can be controled by the maximum diameter of the volume
elements and the time step. Meanwhile, in order to prove the discrete entropy
inequality, we need the weak BV estimate for showing that a certain residue tends
to zero as the maximum diameter of the volume elements and the time step tend
to zero. In section 5, we introduce a time interpolation and prove two inequalities,
a discrete entropy inequality and a continuous entropy inequality on the discrete
solution which are fundamental for the convergence proof. Then in section 6, using
the two entropy inequalities, we show that the discrete solution {ur x} converges
along a subsequence to a limit u in the sense of Young measures as the maximum
diameter of the volume elements and the time step tend to zero; moreover u is
a measure-valued entropy solution of Problem (1). In section 7, some numerical
simulations for stochastic Burgers equation involving a Brownian motion and a Q-
Brownian motion are presented. It turns out that the variance increases more as a
function of time in the case of a unidimensional Brownian motion than in the case
of the @-Brownian motion.

In a forthcoming work [15], we will show that the measured-value entropy solution
u is unique and coincides with the unique weak stochastic entropy solution; this
will ensure that the whole approximate sequence {uy ;} converges to the entropy
solution u.

2. A stochastic conservation law involving a @-Brownian motion. We
study the convergence of a finite volume scheme for the discretization of the sto-
chastic scalar conservation law

du + div(v f(u))dt = g(u)dW (z,t) in Q x T4 x [0,T],
u(w, z,0) = up(z) weQxe T

where T? is the d-dimensional torus and W (z, t) is a Q-Brownian motion [10]. More
precisely, let @ be a trace class nonnegative definite symmetric operator on L?(T¢)
and let {€,, }m>1 be an orthonormal basis in L?(T¢) diagonalizing Q, and {\, }m>1
be the corresponding eigenvalues, such that

Qem = )\m €m

for all m > 1. @ is of trace class, namely

TYQ = Z (Qemaem)Lz(Td) = Z Am < A07 (2)
m=1 m=1

for some positive constant Ag. Actually, @ is an integral operator with the kernel

Q,9) = 3 Amem(@)em(y). (3)
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4 TADAHISA FUNAKI AND YUEYUAN GAO AND DANIELLE HILHORST

We suppose furthermore that e,, € L>(T%) for m = 1,2... and that there exists a
positive constant A such that

(o)
S Amllemle sy < Av. @)
m=1
Let (€2, F, P) be a probability space equipped with a filtration (F;) [22] and {8 }m>1
be a sequence of independent (F;)-Brownian motions defined on (9, F, P); the pro-
cess W defined by

)= Bu®)Q%em(x) = DV AmBm(t)em () (5)

is a Q-Brownian motion in L2(T¢) [cf. [17], Definition 2.6, page 20], and the series
defined by (5) is convergent in L2(£2, C([0,T], L?(T%))) [cf. [17], page 20]. We recall
that a Brownian motion 3(¢) is called an (F;)-Brownian motion if it is (F;)-adapted
and the increment 5(t) — S(s) is independent of Fy for every 0 < s < t.
Moreover we assume that the following hypotheses (H) hold:
® Up € L2 (Td),
e f:R — R is a Lipschitz continuous function with Lipschitz constant C'y and
f(0) =0,
e g:R — Ris a bounded Lipschitz continuous function with Lipschitz constant
C, such that |g(u)| < M, for some positive constant Mg,
e v e CYT¥x][0,T]) with divv = 0 for all (x,t) € T x [0, 7] so that there exists
V < oo such that |v(z,t)| <V for all (z,t).
We introduce some notations:

e Let E[-] denote the expectation, and N (u,0?) the Gaussian law with mean

value p and variance o2.

e We denote by N2(0,T; L2(T4)) the subclass of L2(2 x T¢ x [0, T]) consisting
of predictable L?(T9)-valued processes [cf. [10], page 98].
Next we define the notions of stochastic entropy solution and of measure-valued
entropy solution of Problem (1):

Definition 2.1 (Entropy solution of Problem (1)). A function u € N2(0,T; L?(T%))
N L>(0,T; L*(Q x T?)) is a weak entropy solution of the stochastic scalar conser-
vation law (1) with the initial condition ug € L?(T4), if P-a.s in Q,

/ n(uo(z))p(z, O)dw—i—/ / {n(u)drp(z,t) + F(u)v - Vyp(z, t) dadt

/]l‘dA o(z, t)dW (z, t)dx + = /0 /Td Yo(z, t)Q(z, z)dadt

Fi(r) = / " (0)f (0)do (6)

for all p € C := {¢ € C°(T? x [0,T]),» > 0} and for all n € A where A is the set
of C? convex functions such that the support of " is compact.

with

Definition 2.2 (Measure-valued entropy solution of Problem (1)). A function u of
N2(0,T; L2(T % (0,1)))NL>(0, T; L?(Q2 x T¢ x (0,1))) is a measure-valued entropy
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CONSERVATION LAW INVOLVING A Q-BROWNIAN MOTION 5

solution of the stochastic scalar conservation law (1) with the initial condition ug €
L%(T9), if P-a.s. in €, for all n € A and for all ¢ € C

[ ntwatepte. oy
T 1
+ . /il‘d/o {n(u(.,,@))0rp(z,t) + F"(u(.,a))v - Vyp(z, t) }dadzdt
T 1
Jr/qrd/o /0 7' (u(., a))g(u(., a))e(x,t)dadW (x,t)dx
e ' Z 2
+§/0 /Td/o n"(u(.,a))g*(u(., @))e(z, t)Q(z, r)dadxdt
>0

3. The finite volume discretization.

3.1. The numerical scheme.

Definition 3.1 (Admissible mesh). An admissible mesh 7~ of T¢ for the discretiza-
tion is given by a family of disjoint polygonal connected subsets of T¢ such that T¢
is the union of the closure of the elements of 7 and the common interface of any
two control volumes is included in a hyperplane of T¢. We assume that

h = size(T) = sup{diam(K),K € T} < oo,

and that, for some a7 € RT,
1
arh?® < |K| and |0K| < a—h‘i‘l for all K € T, (7)
T

which implies
|OK | 1
|K| ~ oZh

We also introduce the following notations:

Tk is a point in the control volume K,

|K| is the d-dimensional Lebesgue measure of K,

0K is the boundary of the control volume K,

|OK| is the (d — 1)-dimensional Lebesgue measure of 0K,

N (K) is the set of control volumes neighbors of the control volume K,

ok.r is the common interface between K and L for all L € N(K),

Ny, is the unit normal vector which is perpendicular to the interface ok r,,
outward to the control volume K, for all L € N (K).

Consider an admissible mesh 7 in the sense of Definition 3.1. In order to compute

T
an approximation of u on [0, 7], we take N € Nt and define the time step k = —.

N
N-1

In this way [0,7] = U [nk, (n 4+ 1)k]. We set t" = nk for all n =0,1,2,..., N and
n=0

assume that k and h satisfy a Courant-Friedrichs-Lewy (CFL) condition: k¥ < Ch
for a certain constant C. We recall the definition of Godunov scheme.
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1 Definition 3.2 (Godunov flux). A function F¢ € C?(R2,R) is called a Godunov
2 flux if it satisfies
min f(s) if a<b

§ass b) = s€[a,b] 9
(a.0) m[zgx] f(s) i a>hb. ©)
s€|b,a

3 For all (a,b) € R?, we denote by s(a,b) € [min(a,b), max(a,b)] a real number such
4+ that F%(a,b) = f(s(a,b)).

5 Remark 1. F¢ is a Lipschitz continuous function such that |F¢(b,a) —F(a,a)| <
6 Cyla—0bl and |F%(a,b) — F¢(a,a)| < Cfla —b|.

7 Denoting by d~ the (d — 1)-dimensional Lebesgue measure, we define
(n+1)k N
VgL = / ) -ng ) dy(x)dt, (10)
leK cl Juk
8 (n+1)k N
Vi = / / )-np i) dy(x)dt
/‘J|0K Ll
(n+1)k (11)
‘n ~dy(x)dt.
k|0KL| nk / x.0) ()
o Since divv = 0 for all (z,t) € T¢ x [0,T
Z |UK,L|(U?(,L - UZ,K)
LeN(K)
1 (n+1)k
= Z ok, Ll k:|/ / v(x,t) -ng rdy(z)dt (12)
LEN(K) IK.L| Jnk OK,L
(n+1)k
/ / div vdadt = 0.
nk K
10 We define the discrete noise terms
M
Wark () = >V AmBm(t)eR,
ml (13)
= >V AmBm(b)e,
m=1
where e} = S em(r)dx for all K € T. Moreover we denote by Wy ;- and Wy
K
the values of Wy x and W at the time ¢ = nk respectively. We define for later
use
Wrk(z,t) =Wg for z€ K and te€[nk,(n+ 1)kl
Wa k(e t) =Wy for z€K and t€ [nk,(n+ 1)kl
Wir(z,t) = Wk(t) for ze€ K and te][0,T)]
1 We propose the following numerical scheme. The discrete initial condition {u% } xe7
12 is given by:

ul = L/ ug(z)dr forall K € T, (14)
(K] Jx

and {u’;} satisfies the explicit scheme:

-
w

14
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For all K € T and all n € {0,1,..,N — 1}

K

B —ui)+ 3 townl (v P e ) — v e PO i )
LeN(K) (15)
K

= Tg(u’}()(W}}H - Wg).

Remark 2. We remark that, if the flux function f is monotone, and F%(a,b) is
the Godunov scheme, then the flux term in (15) coincides with the upwind scheme.
Indeed, suppose that f is increasing, we use the definition of the Godunov flux (9)
to deduce that F¢(a,b) = f(a) for all a,b € R. Thus the flux term in the scheme
(15) satisfies

vl ful) if v(x,t) ngr >0
o7 FG u? ’un — " FG unjun — K,L K ’ s
x, B (ufe, ur) L F7 (g, uk) {—vﬁ,Kf(u’i) it v(e,¢) ngr <0,
which coincides with the upwind scheme.
In the following, we denote by
G.n n n n n n o, n
FK,L = UK,LFG(qu uy) — UL,KFG(uLv ul), (16)
and we define for later use that
G,n, n n n n n n n n
FK,L I = vK,L(FG(uKauL) — f(uk)) — vL,K(FG(uLvuK) — f(uk)). (17)
In view of (12),
G,n G,n,
Yo loknlFEr =Y loxilFErY, (18)
LEN(K) LeN(K)
forall K e T.
3.2. The main result of this article. We define the approximate finite volume

solution u7 ; on T? x [0, T] from the discrete unknowns u’, for all n € {0,1,..., N —
1} and for all K € T, that:

urg(z,t) =uk for z€ K and te€ nk, (n+1)kl, (19)
where the set {u% } xe7 is defined by (14).

The main result of this article is the following Theorem:

Theorem 3.3 (Convergence of the finite volume scheme and the existence of a
measure-valued entropy solution of Problem (1)). Assume that hypotheses (H) hold.

T
Let T be an admissible mesh, T >0, N € NT and let k = N satisfy that

%—>0a5h—>0. (20)

Then there exist a function u € N2(0,T; L?(T?¢ x (0,1))) N L>(0,T; L*(Q x T x
(0,1))) and a subsequence of {ur i} which we denote again by {ur i} such that
{ur 1} converges to u in the sense of Young measures as h,k — 0. Moreover u is
measure-valued entropy solution of Problem (1) in the sense of Definition 2.2.
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The convergence in the sense of Young measures can be defined as follows: given
a Carathéodory function ¥ : Q x T¢ x [0,7] x R — R such that ¥(,-, -, ur ) is
uniformly integrable, one has

| [ [wcomomal e | [ [ [ et

when h,k — 0. We recall that a function ¥ : Q x T¢ x [0,7] x R — R is a
Carathéodory function if for almost all (w,z,t) € Q x T¢ x [0,7] the function
v U(w,z,t,v) is continuous and for all v € R, the function (w, z,t) — ¥(w,z,t,v)
is measurable.

3.3. The study of the discrete noise term.

Lemma 3.4. Wy g (t) and Wk (t) being defined as in (13), we have the following
equalities

EWi s — Wikl =0 (21)
and
EWpt — Wg] = 0. (22)

Proof. We show (22). Since

1 2 1 1

m\2 2

e = —— em()dr | < — e (x)dr < —,
(k) |K|? </K (=) ) K| Jx () |K|

Z)\ t" ()’ |K‘Z/\m<oo

Thus, WE € L?(Q2) C L*(Q), so that E[|[W}]] < oo. Therefore

BV — W] = B[S Vo (Bu(™) — Bun(t™) )

we have

m=1
=D VAR EBn (") = B (t")eR
_0
O
Lemma 3.5. Suppose that the coefficients {\pm}m>1 satisfy (2), then
Z |K|E {(WZ\"J*}( - W&K)ﬂ < ("L~ ™) Ay, (23)

KeT
holds for all M € Nt, n € {0,1,...., N —1} and K € T.

Proof. We have that for fixed n, M and K,

M 2
(Wi = Wit ) = (Z (B (1) = Bn(™)) “ﬁ / em<w>dx> -

m=1

We take the expectation of both sides to obtain:

-
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M 2
=E| [ DB Bm(t"))r em()d
K|
M 2
_ n+1ly ny\\2 i e. (x)dx
=E [Zwm(t )= Bult") Am] &P (/K m(@)d )
2 Z (6m1(tn+l)_6m1(tn))(6 (tn+1 tn \/ my € V>‘m2€?2‘|

mi#ma

(Bt — Bm(t”))Q] Amﬁ ( /K em@)dx)z

we deduce that

Y IKIE [(WX}T& - W&,K)T = i(t"“ —t")Am Y |K] l;‘g (/K em(x)dx>2

KeT

m=1
O
Corollary 1. We deduce from Lemma 3.5 the following estimate
SOIKIE (Wit = wie)’] < (= ). (24)

KeT
Proof. We first show the limiting property
||WM77‘7]€(£L',75) — WT,k(xat)HL2(Q><Td) —0as M — o0,
for all ¢t € [0,T]. Indeed

IWar7 (2. 8) = Wr k(@ )l 2 )

=E /ﬂ-d(WM’T7k(x7t) - WT’k("E,t))Qd.’E:|

_E Z|K|(|K|/ WM(x,t)—W(x,t))dx)Q]

KGT

<E Z|K|‘ |2/ ldm/ Was(z,t) — (x,t))de]

KeT

<E dx(Whr(z,t) — W(x,t)) ]
L/ e
— 0 as M — o0,



10 TADAHISA FUNAKI AND YUEYUAN GAO AND DANIELLE HILHORST

since the series defined by (5) is convergent in L2(€2, C([0, 7], L?(T%))). We deduce
that

IWar,7 (") = War 71 ()] 2 oxray — IWr e (T = W (8] 2 (xra)
<[ War 7 k(") = War 7 (") = Wr k(") = Wik (8)] 2@ xre)
= [|(Whr, 7 x (¢") = W n (8"4) = (W71 (8") = W 1 (8) | L2 xme)
< W, k(") = Wr (") | L2 oxray + IWar 7k (87) = Wr k()| L2 (oxre
— 0as M — oo,

that is to say
]\}E}HOOHWMmk(t"H) = Warr k(") | z2@xray = [Wr k(") = Wik (8) | 2 (@xra)-
In view of (23), we obtain that
n+1 n n+1 n 2
W30 () = Wan ) = Y2 IKTE | (Wik = W)

KeT
(thrl o tn)Ao,

IA

where we take the limit M — oo to obtain:

. n 2 _ n\2
i ST | (Wi - Wi)| = S0 K1 0w
S (tn+1 _ tn)AO7

as the upper bound (t"*1 —#")Aq does not depend on M. O

4. A priori estimates.

Lemma 4.1. Assume that hypotheses (H) hold. Let T > 0, T be an admissible
mesh in the sense of Definition 3.1 and h and k satisfy the Courant-Friedrichs-Lewy
(CFL) condition:

azh
k< L. (25)
QVCf
Then, we have the following estimates
[ur 170 0,722 (xmay) < ol F2(pay + TAoM;|T|
and
||uT,k||2L2(Q><QT) < T”uO”QL?(Td) + T?AgMZ| T,
where Qr = T x [0, T].
Proof. We recall the numerical scheme
|K| n n G,n |K| n n n
T )+ DT low [ FET = Sra(ui) (W - WR).(26)
LeEN(K)
We multiply both sides of (26) by ku’.:
n n Gn_ n n ny n
|K|(U71L<+1 —ug)ug = —k Z |0K7L‘FK,LUK + |K|Q(UK)(W17§+1 - Wg)uk.

LeN(K)
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Applying the formula ab = [(a + b)? — a® — b%] with a = w}"' — u}% and b = u},

we obtain that
|K£]
2
=—k Y loxrnlFEiuk + [Klg(uf) (Wit — Wi)uk.
LeN(K)

[(u™)? = (ui)? — (W™ — uf)’]

Thus
|K| n n Gn n
ZT(UKH —uk)? —k Z \UK,L|FK,LUK
LEN(K) (27)
+ K g(uf ) (W — Wiul.

We substitute (26) into (27) and take the expectation of both sides to deduce that

K n n
Pl g2 — (o
2
K| k G K| n A\ (Tn n
=5 E K| > ok lFET +5E [0 (ui) (Wi = WE)?]
LeN(K)

|K| kg(un) n n Gn

- QTE |K|K (WK+1 - Wg) Z |UK,L|FK,L

LeEN(K)
+E [g(uf) | K|(WgT — Wi)uk] .

We remark that two terms in the equality above vanish. Indeed since
Wit — W2 and u} are independent variables, we have that, in view of (22)

n n n G,n
E Q(UK)(WKH - Wg) Z |UK,L|FK,L =0,
LeN(K)

and similarly

E | g(uf)| K|(WE™ — W}é)u%] =E Wi —WE|E [Q(U%)uﬂlf(l] =0.
Therefore,
r 2
K| n n k? :
SB[ - (uR)?] =555 B > ok LI FET
2 2K
LeN(K)
i (28)
—kE | > |okolFg uk
LeN (K)
K n n 2 n
+ Bl [wir - we)’] B o)
In view of (18) , the equality (28) can be then rewritten as

5 E[(uph)? — (uk)?] = B1— Bo+ D,
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where )
B - & S JoxFER
1 2‘K| K,LIYK,L
LeEN(K)
n 29
By, = kE [ > okl FEr? (29)
LeN(K)
|K‘ T n 2 n
D="E [(ng“ — W) } E [g2(u})] .
So that K|
S R - gl = Y (Bi-B)+ YD, (0)
KeT KeT KeT
Using a similar method as in the Part I.2 of Proposition 4 in [7] we deduce that
> (B1-B,) <0,
KeT

which we substitute in (30); this together with the definition of D in (29) and the
inequality (24) yields:

DOIKIE(WE)?) < D IKIEl(uf)?] + Y K| E(WE = W) Elg® (uf)]

KeT KeT KeT
< YO IKIE[(uk)?) + kAo My,
KeT

which implies that

S IK|E[(uf)’] < Y IK|E[(uk)?] + nkAgM  for all n € {0,1,2,..., N},
KeT KeT
and that
||“T,k||2Loo(o,T;L2(QxTrd)) < HUOH%Z(W) "‘TAOM;
As a consequence,

lur skl Z20x@r) < TlluollZa(ray + T2 Ao M.

4.1. Weak BV estimate.
Lemma 4.2. Assume that hypotheses (H) hold. Let T be an admissible mesh in the
T
sense of Definition 5.1, T >0, N € N* and let k = N satisfy the CFL condition
(1—¢&)aZh
k< —> 1 31
B QVCf ( )

for some £ € (0,1), which is stronger than the CFL condition (25). Then the
following estimates hold

1. There exists a positive constant Ci, depending on Ao, T, My, &, Cy and
luoll 2 (ray such that

N-—-1
SR Y lowl Bl L (FC (Wi up) - flui)}

n=0 KeT LEN(K) (32)

o A FC (uf, uf) — f(uf)}?| < Cn
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2. There exists a positive constant Co depending on o, Ao, T, My, &, Cy¢ and
luoll 2 (ray such that

N-1
Dk D loxl

n=0 (K,L)ETZ,

x E

e {pmx (FOed) - f@)+ (P - fo)

e d)EC(ufuf) (c:d)EC (ufe uf)

+UE’K{(cd) max (f(d) —FG(c,d))+ max (f(e) —FG(c,d))}]

,d)EC(uT,ul) (c,d)eC(u u?l)
< Coh 3,
where
T, ={(K,L) € T?: L € N(K) and u’ > u}}
and

C(a,b) := {(c,d) € [min(a,b), max(a,b)]* : (d — c)(b—a) > 0}.

Proof. 1, Multiplying the numerical scheme (15) by kul,, inserting (18), taking the
expectation and summing over K € T and n =0,1,..., N — 1 implies

N-1 N-1
> S IKIEIG —wiui] + 3k Y B[N okl P

n=0 KeT n=0 KeT LeN(K)
N-1

=3 S IKIE(WE - Wiulg(ul),
n=0 KeT

which we denote as A + B = D. Note that the term D = 0 since the increment
(Wit —W2) is independent of u} and since by (22), E[W gt —W2] = 0. Applying
the formula ab = 1[(a + b)? — a® — b?] with a = wj"' — u and b = u} we obtain:

:772 S IKIE[(uf - uj)?) ZZIKIE K7 = (uk)?]

n=0 KeT n=0 KeT
" 1
==3 Z D IKIBIwi™ = w1+ 5 > IKIEl(ug)” - (ufe)’)

n=0 KeT KeT

We set
***Z > IK|E[(uit = uf)?),
n=0 KeT
and
1 1
. > K| E[(u)? = (u)?] = -3 > K| E[(uf)?]. (33)
KeT KeT

Next, substituting (15) into A;, also using (18) and the fact that Wit! — Wg
and any function of uf, uf, vi ; and v} x are independent, we deduce that

Iy ZK|{ (Wit = W) ()]

n=0 KeT
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+ |kK|E l( Z |UK,L|F1(<;:Z’JC)2] }

LeN(K)

Using a similar idea in the proof of Proposition 2 in [7], we deduce that:

Xt | (| 2, i)

LeEN(K)

1-¢ lok,L|
<5 PR LT
- 2 K Z 2C

K{ max  (FO(c.d)— f()’ +  max <FG<c,d>—f<d>>2}

(c,d)eC(uly ,uf (c,d)eC(uly uf

+ o} max FC%e,d) — f(e)? + max FC%e,d) — f(d 2}
bac{ e (FOled) - JOP+ | max  (FOled) - 1(@)

We denote by

My { e (FOed) - SO+ e (FOled) - £(0)2)
}

(c,d)eC(ul,ul) (c,d)eC(ul ,ul

)

M, ::vz,K{ max  (FOe,d)~ [+ max (FO(c,d) - (d))?

(c,d)eC(u,ut) (c,d)eC(u ,ut)

therefore

2

—1
> E[(WEH = Wi)?g? (ulk)]
0 KeT

I\/
l\.’)\»—l

3
I

g V-l
oLl
—E | M; + M. .
Z ( 2C; 1+ Mo
n=0 (K,L)eZ, k
Next we deduce from (24) and (33) that
A=A+ A
> Lol e, + TAOM2) — NZ DO LN PV
= 2 0l 1,2 (T4) 0 20]‘ 1 2 .
n=0 (K,L)€I,

The term B is estimated by using the same idea as in the proof of Proposition 2 in

[7]. Since

My + M,

N-1
oK.
B>Y"k > <4cf E | M + M,

n=0 (K,L)€Z,

and since A + B = 0, it follows that

0l + ThoM? > zk 5 (mm

n=0 (K,L)EZ,

which in turn implies the estimate

ka > <|aK,L|E

n=0 (K,L)EZ,

M, + M,

) <y, (34)
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where the positive constant Cy depends on Ao, T', My, £, Cy and |lug||p2(re). We
then reorder the summation to deduce that

Z |0'K,L|E

(K,L)eZ,

Vier {(FC (e, ul) — f(uf))® + (FC (ufe, uf) — f(ul)

+p g {(FC (uf ) = fuf))? + (FC(ul, ufe) = f(uf))?}

=2, > lowulE

KeT LeEN(K)

v {FG (e ) — flu))’

+0p g (Sl u) - f(u’;()}ﬂ

which together with (34) implies

N—-1
SEY Y owalE [K [FO(ugt) — £}
)

n=0 KT LEN(K
n n n n 2
+p K {FG(UL,UK)—f(UK)} 1 < (C;.

This completes the proof of the inequality (32). Next we present the proof of 2. We
estimate the term

) N—-1
T = (Zk Z |UK,L‘

n=0 (K,L)EZ,

x E lv?(,L { max (FG(c, d) — f(c)) + max (FG(C, d) — f(d))}

(c,d)eC(uly ul (c,d)eC(uly,ul)
2
” — F%(c,d d) — FC%(c,d
Fofac{ om0 -Fed)+ om0 - PG >>}D
We define
T = max FC(c,d) — f(e)) + max FC%(e,d) — f(d)),
1 (c,d)ec(u%uz)( (c,d) = f( (Qd)ec(u%uz)( (¢,d) = f(d))
Ty = max ¢)— F%,d) + max d) — F%(c,d)).
2= () - FOed) + | ma (f(d) - )
Then

2

N-—1
T _ Z k Z lore.o| E [V 1 Ty + 0F i To]
n=0 (K,L)€T,

We apply the Cauchy-Schwarz inequality and Jensen’s inequality

2
T27

= .n n 1 n n
Vg TUL K Vg TUL K

2
n n n n
Ve T +f kT < VKL 2 VL K
n n
Vg TUL K
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1 to deduce that:

N-1
—=2 n n
T < E k E lor,L|(Vic L + V7 k)

n=0 (K,L)€L,

N-1
X Zk Z |0'K,L|E

n=0 (K,L)eZ,

(i L T1 + v}k To)?

n n
Vg T UL K

(35)
N-1
< Zk Z lok,L|(Vi,L + VL k)
n=0 (K,L)ET,
X Zk Z |UK7L|E[1J?(7LT12+U£KT22]
n=0 (K,L)€T,
It follows from (8) that
N-1 N-1
Sk D> lokrlk o)=Y k> Y okl
n=0 (K,L)eZ, n=0 KeT LeEN(K)
TV |T¢
<TZ|8K|V< ‘ 3
KeT
Moreover,
T2<2{ max F%(e,d) — f(e)? + max FC%¢,d) — d2},
Peaf  max  (FOed)— [0+ max | (FOled)~ f(d)
T3 <2 FY(c,d) — 2 FY(c,d) — f(d))?
pea{ jmex (FOled) - fOPH | max (POl - f@)F

> which we substitute into (35) to deduce that

—2 2TV|"JI‘d|
T S OzTh Zk Z |0'K,L|E

n=0 (K,L)eZ,

My + Mo

) : (36)

Substituting (34) into (36) yields
-y 2TV|’JTd|

Cih7 !
O‘T

which combined with the definition of T~ implies

(JVzlk > okl

n=0 (K,L)€Z,

x E

VKT, {(C!d) max (FG(C, d)— f(e) + max (FG(c, d) — f(d))}

€C(uf,ul) (c,d)eC(uly,ul)
2

L o B g 0~ P + (7@ - (e} D
VT

ar

max
(e,d)eC(u ul)

Cih™t
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2TV\Td|

aF

We choose Cy = C1, which completes the proof of 2. O

5. Convergence of the scheme.

5.1. A time-continuous approximation. We define g as the continuous in
time stochastic process

_ n t—nk n n "
w(t) =uic = g D lowlFRE + g(ui) (Wi (t) = Wie)
LeN(K)
, (37)
=l — Z |O'KL| \K| ds+/ g(ul ) AWk (¢).
nk LEN(K) nk

on the domain Qx [nk, (n+1)k]. In this way, x (nk) = u} and G ((n+1)k) = ujt.
We define the time-continuous approximate solution @7 x on © x T? x [0,T] by

arp(z,t) =uax(t") for ze€ K and te[nk,(n+1)k].

Next we estimate the difference between the time-continuous approximation %7 x
and the finite volume solution w7 j which is defined in (19).

Lemma 5.1. Assume that the assumptions in Lemma 4.2 are satisfied. There exists
a positive constant C' depending on T', My, Cy, o, V and ug such that

lur ke — ﬂTJfH%?(QxQT) < C(h+k).

Proof. In a same way as Lemma 3.4, one deduce that E [Wg(s) — W7] = 0. Also
using the definitions of ur ; and of @y and formula (18), we deduce

l[ur —ﬂT,kHZm(QxQT)

:NZ / :””k >/ EKg(u;z)(WK(s)—Wﬁ)

KeT
2
s —nk Gn,f
TR Z lok, LI FRL dxds

LeN(K)
N-1 ,(n+1)k
:Z/ > / E [¢*(uf) Wk (s) — Wg)?] deds
KeT
(n+1)k 2
/ Z/ [( |UKL|F;C§’ ’f> ]d:uds.
KeT LeN(K)

Applying the counter part of (24

)
S IKIE [(Wie(s) = Wi)*| < (s = 7)Ao,

KeT
for all nk < s < (n+ 1)k, we deduce that

N-1 ,(n+l)k
2 / > /K B (g (uj) (Wi (s) = Wie)?] dads

k KeT



18 TADAHISA FUNAKI AND YUEYUAN GAO AND DANIELLE HILHORST

N (n+1)k
< Z / (s — t")AoM(fds
n—0 nk

<TAoMk.

1 Moreover, using the CFL condition (31) and the inequality (32), we deduce that:

/(n+1

/ l Z |UK,L|F;((;:Z’J[) 2] dzds

n= 0 KeT LeN(K)
azh

C T

=V (2Cy)?
Therefore
_ C’loz
||U7—,;€ — UTJCH%?(QXQT) S TAOM(?IC + (207—) h
. 2 Cla%‘ -
2 Finally we set C'=max ( TAgM,, ‘/(2701“)2 to deduce the result of Lemma 5.1.

4 5.2. Entropy inequalities for the approximate solution. In this section, we
5 show entropy inequalities satisfied by the approximate solution and use them in the
6 convergence proof of the numerical scheme.

7 Lemma 5.2 (Discrete entropy inequality). Assume the assumptions in Theorem
8 3.3 are satisfied. Then P —a.s in Q, for alln € A and for all p € C:

pIp> / (n(ug™) = n(uf))p (e, nk)de

N-1 c(nt1)k
+Z/ > /KF”(U?()V(%t)-szo(x,nk)dxdt

n=0 /nk KeT
(n+1)k (38)

* Z/ / )9 (Ul )z, nk)dW (t)dx

KeT n=0 Nk

1N71 (n+1)k
T3 > / > / 0" (ufe)g* (g ) (w, nk)qrcdzdt

n=0 1k KeT

> Rk’h

1 2 o
o where qi = Z Am <|K / (x)dx> , F(a) :/ n'(s)f'(s)ds and for all sets
0
0w AeF, E[lAR’“h] —0ash—0.

11 Before proving Lemma 5.2, we prove an equality based upon It6’s formula (cf. [22],
Theorem 7.4.3).

-
N
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Lemma 5.3. For alln € A, we deduce the following formula from Ité’s formula
Nk ((n+1)k)) = n(ux (nk))

(n+1)k
=—/ ' (ar k(t)) Z

LeN(K)

G,n
K,L
= dt
K]

k
n+1)k (39)
4 / 1 (@ 1 (8)) g () AW (1)
nk
1

(n+1)k
bga [ ara(O) e
nk

P—a.s in Q.
Proof. Using the formula of Wik (t), we deduce that

Wile ) = W) = S { (0 [ enonte) (54 = e}

m=1
where
Bt = B (1) ~ N0, 871 — 7).
Using the property that if a random variable Y ~ A(u,0?), then the random
variable aY + b ~ N (ap + b, a?c?) [18], we deduce that

N (07 (\/[? Kem(:c)dgc)2 (¢t — t"))

for all m € {1,2,...}. Because the Brownian motions {5,,(¢)}m>1 are independent,
and using the fact that if two independent random variables Y; ~ N(u1,0%) and
Yo ~ N (p2,03) then Yy + Yo ~ N (u1 + pi2, 0% 4 03) [18], we deduce that

2
Wi (t"11) — Wi (t7) (0 Z ( |K‘ em(x)dx> (! —t”)) ,

so that we can rewrite the stochastic process Wk (t) in the form Wi (t) = qi,@ (t)
where § is a standard Brownian motion. We briefly recall It6’s formula [cf.[22],
(7.4.3)] : Let W(r) be an (F;)-Brownian motion and let X(7) be an R-valued
stochastic process given by

X(T)X(O)+/OT¢(t)dt+/0T9(t)dW(t), 0<7<T,

where X (0) is Fo-measurable, ¢ is (F;)-adapted and measurable in (w,t) such that
fOT||¢ (t)|lrdt < co, P —a.s. and 0 is an (F;)-adapted and measurable process such
that P (fo 02 (t)dt < oo) = 1. Suppose that the function G(x1,22) : Rx [0,T] - R

oG 0G %G

is such that its partial derivatives —, — and ——; are continuous on R x [0, 7.

Oxs’ 8351 oz?
Then P-a.s. for all 7 € [0, 7],

6(x(r).1) =6(x0.0)+ [ {2

0 axz

0g 0g

(X(0),) + - (X(0).1) w(r)
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T ag
0 8$1
1 [T 9*G
— [ Z=(X(t),t) - 03(t) dt.
+3 | Gy e

We apply It6’s formula to the case that

bt g(Xtat) = W(Xt)7
e X(t) = ux(t) which is defined in (37) on the time interval [nk, (n + 1)k],

+ (X(t),t) -0(t) dW(¢)

Fit
op=— > |JK’L|\7fé|’
LeN(K)
o 0 =qrg(u)
Thus:
0G 0G 0%G

= — 7 I
8%‘2 O) 61‘1 77 (‘rl) and 8x% n (‘rl)
with z1 = X (t) = ux(t), on t € [nk, (n + 1)k) we deduce that
n(ux((n+1)k)) = n(ux (nk))

(n+1)k ng
—— [ ) Y lowal it
nk |K|
LeN(K)
(n+1)k
[ e gtuidwi
(n+1)k
q i n
H 2 e
P —a.s in Q. This completes the proof of Lemma 5.3. O

We then present the proof of Lemma 5.2.

Proof. Step 1: Recalling that @y (nk) = u%, tr((n+1)k) = ux™, and using (12),
after multiplying (39) by |K|¢%, one deduces that P —a.s. in €,

N-1
Do > Kl n(ug™) —n(uk)]

n=0 KeT

N-1 (n+1)k a
—- X Sk [ o) X (lowalrgy” )ar

n=0 KeT LeN(K) (40)
N-1 (n+1)k

3 SRk / 1 (@7 1 (£))g (3 ) AW (8)
n=0 KeT nk
1 N-1 (n+1)k

130 ST Kgrel / o (1 () g2 (),
2 n=0 KeT nk

with
1
Vg = —/ o(x,nk)dz.
K] i
The equation (40) can be written in the form A%" = —B*h 4 Ckh 4 Dk Since

k
by the assumption (20), 7 — 0 as h — 0 in the theorem, we may suppose that the
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CFL condition )
g < (L= 8o
2VCy
holds for some £ € (0,1). Thus the estimates in Lemma 4.2 hold.
Study of B*": we decompose B*" as

~ ~ —k,h —k,h
BRh = (B — BRhy 4 (BRe _BPMY (B - Biﬁ,h) _’_Bi@,h
where
~ N-1 (n+Dk 4
BRI — Z Z / — [ 7 (u})e(x, nk)dzdt
n=0 KeT nk ‘K| K
x> ok vk L FO (e, uf) — o} o FO(ul, up)}
LeN(K)
N-1 (n+1)k
e 1
B = / — | oz, nk)dzdt
22 ). T
x> loxl{vf LG (uh,uf) — vf 1 GO (u}, uf)}
LeEN(K)
N-1 (n+1)k
BRh — _ Z Z / / FNug)v(z,t) - Vyp(z,nk)dzdt.
n=0 KeT nk K
where

G%(a,b) = F"(s(a,b)). (cf. (6) and Definition 3.2)
In the following we prove that Bhk _B™* > 0 almost surely. Recalling that

Z (Vi — VL k) F"(uk) =0,

LeN(K)
Z (vk,L —vi,x)f(ug) =0,
LEN(K)
and that for all K € T, FO(u%,u}) = f(u}) and G (ulk,u) = F"(u}); we
rewrite B"* — B as:
éh,k _ Eh,k
N-1 1
:Z Z ?/ oz, nk)dx Z lok,L|x
n=0 KeT' | /i LeN(K)

(V. [ (i) (FC (e, ) = F(u)) = (G (ufe, ut) = F7(u))]
— v} e [ (i) (PO we) = f(uke)) = (GO (u,ufe) = F(uio))] }-
Let K,L € T, L € N(K) and suppose that u} < ulf.
We study the sign of n/(ul)(F (ul,u}) — f(uk)) — (G (u},ut) — F"(u})).

Using the fact that F is a Godunov numerical flux (cf.(9)), we deduce that there
exists s(uf%,u?) € [ulk,u}] such that FE(u%, ut) = f(s(ulk,u})) = min  f(s).

Thus

s€ul,uf]

0 (i) (FC (ufe, uf) — f(uf)) = (G (uf, uf) — F"(u))
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"(uf) (f (s(ufe, ur)) = fuk)) — (7 (s(uf, u)) — F7(uf))

n
s(quuL) 5(”?0“2)
/ o () ds — / F(s)r (s)ds

K

) () = (s))ds

U’K’U‘L

s(ufe,ul)

= f(s(ufe, up)){n' (uk )—n’(S(U?ou’i))}ﬂL/n f(s)n"(s)ds
s(ufe,ut)
> s uf) (o' i)~ of (e Dy + [ (s(ueo g (5)ds
=0. )
Similarly

0 (uie) (FC (uf ue) = f(u)) = (GO (uf, uf) — F(uf))
=1 (ufe) (f (s(uf, uk)) — f(uk)) = (F"(s(uk, up)) — F(uf))

( %)
:/ . £ () (ule) — 1/ (s))ds

- s(uf ug)
=f(s(ul, wi){n' (ufk) —n'(s(ul, wi))} + /n f(s)n"(s)ds
s(ul uf)
< sl ) o (i) = o' sta )} + [ st (s

=0.
Also using (10) and (11) we obtain
Vie,p ' (uie ) (FC (ufe, uf) — f(uf) — (GO (ulfe, uf) — F7 (uf))]

—VF gl (ufe) (FC (ufe,up) — fuf) — (GO (ufe, uf) — F(uf))]

>0,
which implies Bhk _B"* > 0 almost surely in €.
Study of C*": we decompose C*" as

COkh — okl _ Gkh | Gkih

with

=2 / / " ksl k)W (0.

KeT

Study of D*": we decompose D*" as
Dkl — phh _ Dby Pk

with
1 N-1 (n+1)k

32,

n=0

Dk = Z (/KqKn”(u?()gz(u?{)@(x,nk)dx)dt.

KeT
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Since P-a.s. in Q, A" = —Bkh ORI - DFR e obtain
BRh — _ Akh  okh g phh
~ —k,h
>(B"" — B*") + (B"" = B1) + Bu,

so that

— Ak B > (BRh — BRhy 4 (Ek,h — By) — Ckh DR,

1 and that
— ARh _ By 4 CRh 4 DRI

B By) 4 (CRh = Chh) 4 (DFH — DR,

- _ (41)
> (BM —B"")+ (B

Substituting the definition of A¥", By, C¥" and D*" into (41) yields

**ZEI ZZIL/’ Wity = n(ui ) (e, nk)da

n=0 KeT
N=1 (n+1)k

+ Z/ Z / F"up)v - Vep(z,nk)dxdt
n=0 YNk KeT /K
N-1 (n+1)k

3 [0S [ gt kW tds
n=0 nk KeT K
1N 1 (nt+1)k

b2 [ S [ a wistur) et nk)dad

n—0 nk KeT K

> (Bk,h _ Ek,h) + (Ekvh —By)+ (ék,h _ Ck,h) + (ﬁk,h _ Dk,h).
We define
Rkh — (Bk h Ek,h) + (Ekvh B+ (5k,h _ Ck,h) + (f)k,h _ Dk,h)

2 to deduce the inequality (38).

3 Step 2: Next we prove that for all sets A € F, E [1ARk’h] — 0 as h,k —
4+ 0. Let A € F; we analyze separately the convergence of E[14(B*" — gk’h)],
s B14(B"" — B, E[14(CH! — CFM)], E[14(D*" — D*")]. Note that the as-

k
6 sumption that 7 — 0 as h — 0 is crucial.

Convergence of E[14(BFh — BFh)]
We prove that for all sets A € F, E {IA(B’“JL - Ekh)} — 0as h,k — 0. For almost
alwe Q,all K € T and all n € {0,1,..., N — 1}, there exists (}(w) € R such that

Bk,h _ kb

n+1k 1 N
> [ ke [ W) @) Y lowal ek

n= 0 KeT LeN(K)

(n+1)k
1 n
> [ [ WG i) Y ol et

n= o KeT LeN(K)

hk hk
=T+ Ty,
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where we set, in view of (37) and (18),

O > [ g G S
n= OKeT nk K
2
x| D0 ook L (FO (g, up) = flul)) = of x (FE(up, uf) — f(uf))}
LeN(K)
(n+1)k 1 ,
=Y [ g [ @) Vi)~ Wnk)
n= OKeT nk K
x Z |UK,L|F§7’Z@(x,nk)dxdt.
LeN(K)

We remark that E[TQh’k] = 0. Let A € F; we study E [lATlh’k]. Using Cauchy-

Schwarz inequality as in (35), the assumption (8) and the estimate (32), we deduce
that

(n+Dk t —nk
By Y [ g [ o et i dwae
n=0 Ke7 "k K

S Josenl{vf s (FO e, uf) — F(uf)) = vf s (FE (g, wie) — F(uie))}) |

LeN(K)

< 1" oo lllloo Z Z >

n=0 KeT LeN(K)

(Vk.r VLK) | X

E l Y low vk L (FO (uf ul) = f(uf)? +of o (FO (ul,uf) - f(u}?))Q}]

LEN(K)

< W eliolle 3 5 e VIoK

n=0 KT
Bl Y lowl{vier (FO (ke uf) - f(U%))QJer,K(FG(uzaU%)—f(U%))Q}]
LeN(K)
k

< il looll@lloo =5V,
azh

which tends to 0 as h,k — 0. This completes the proof of E[14(B*" — Ek’h)] —0
as h,k — 0.
—h,k h.k
Convergence of E[14(B" — B;"")]
We prove that for all sets A € F, E {IA(Eh’k — Bf’k)} — 0 as h,k — 0. Using the

fact that
>

LeN(K)

(U?{,L - vfx)F”(u’}() =0,
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we deduce that

ZZ > [|UKL|/ (e, nk)d

n=0 KeT LeN (K)
x (v (GC (ufe,uf) — F7(uf)) = vf g (G (uf, uf) — F"(uf))}

Shk  =hk o mshk
so that, B~ :Tl’ + 75", where

_ k
" E > *Iale/ o(x,nk)dx
K| K

n=0 (K,L)eZ,
x {vj 1 (GO (uf,up) — F(ufk)) = of i (GO (u, ul) — F'(uk))}

and
k
Z Z K] p(z,nk)dx
n=0 (L,K)€T, K
X {vK (GO (ulfe,up) = F'(uf)) — of kg (GC (uf, uf) — F™(uf))}
k
— Z Z —|\0K7L|/<p(a:,nk)dx
n=0 (K,L)€Tn L
x (v (GO (ufe,ul) — F(u})) — v 5 (GO (uf, uf) — F7(u}))}.
Similarly,

- N-1 (n+1)k
R D / FI(ufe)v(7.1) - nic cip(y, nk)dy(z)dt

n=0 K€T LeN (K)

N-1 (n+1)k
-> >/ ) F Wi )v(, ) e 1 o)t
n=0 (K,L)eZ, ” ™" TR, L
N-1 (n+1)k
XY [ / (3, k)P () v (3,) - e,y ()t
n=0 (L,K)eZ, KL
1 (n+1)k
/ / o(y,nk)F" (uk)v(7y,t) - ng pdy(x)dt
n= ( ,L)ET,

— (n+1)k
_ Z Z / / o(y,nk)F"(uf )v(y,t) - ng pdy(z)dt

n=0 (K,L)€T,
= Tk Tk

. hk : =hok
In order to estimate the terms [T, — T0"*| and [Ty " — T2"¥|, we refer to the
. hek =hok . ,
arguments of estimating [T, —T7"*| and [Ty —Ty"* [7], which

yields that for all sets A € F, E [lA(§h7k — B?k)] —0ash,k—0.

The detailed proofs of the convergence of the convergence of E[1 A(é”“h — kM)
and of E[14(D®" — D¥M)] are given in [16]. We thus deduce that E[14R¥"] — 0
as h, k — 0, which concludes the proof of Lemma 5.2. O
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We refer to [6, 7] and [16] for the detailed proofs for the following lemma.

Lemma 5.4 (Continuous entropy inequality on the discrete solution). Assume that
the assumptions in Theorem 3.3 are satisfied.
Then P-a.s.. in 8, for alln € A and for all ¢ € C, the discrete solution satisfies

T
/ U(UO)SO(SC,O)der/ / U(UT,k)atcp(z,t)dzdt
Te 0o Jrd
T
+/ F'(ur i)v - Vap(a, t)dedt
0o Jrd
T
+/ / n/(UT,k)g(UT,k)QO(.T,t)dWT(x,t)dx
Ta Jo
I " 9
+§/O /Tdn (ur k)9 (ur k) o(2,)Q (2, x)dwdt

Z Ek,h7

where for all set A € F, E [1,4%’”1 —0as h,k — 0.

6. Convergence proof. The main result of this article is Theorem 3.3. In the
following, we proof this result.

Proof. The proof of Theorem 3.3. We multiply the inequality (42) by 14, namely
the characteristic function of the set A € F. We take the expectation, which yields:

T
1A/ /U(UT,k)at@(x,t)dxdt]
0 T4

T
+E |14 / F'(urk)v - Vyp(z, t)dwdt]
o Jra

B :1A /T n(uo)cp(a:,O)dx} +E

(43)

B T
+E 1,4/0 /Td ﬁ/(UT,k)g(Uﬁk)(P(%t)dWT(%t)W]

1

+<-E

1A/O /Td n//(uT,k)g2(uT,k)<p(m,t)Q(xw)da:dt]

2
> E[].A_ék’h].

It follows from Lemma 4.1 that there exist an entropy process [2, 13] u of L*>°(0, T}
L*(Q x T4 x (0,1))) and a subsequence of {ur j} which we denote again by {ur x}
such that wy j converges to u in the sense of Young measures. Moreover it follows
from [2] and [6] that u € AV2(0, T; L2(T?x (0,1))). In order to prove the convergence
of {ur 1} to a measure-valued stochastic entropy solution of Problem (1), we aim
to pass to the limit in the inequality (43) as h,k — 0. We have proved that
E[lAﬁk’h] — 0 as h,k — 0. It remains to study the convergence of the terms on
the left-hand side of (43).

T
Study of the term E 1,4/ / n(ur k)Ovp(x, t)dxdt
0 Jrd

Note that
U (w,x,t,v) € Qx LT x [0,T] x R 14(w)dp(z, t)n(v) € R
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is a Carathéodory function such that W(-, -, -, ur ) is bounded in L?(Q x Q7). Thus

T

E 1A/ /U(UT,k)atw(x,t)dxdtl
0 Td

La / / / u(z, t, a))dadyp(z, t)dxdt]
Td

Study of the term E 1,4/ / F'(ur i)v - Vap(z, t)dxdt]

as h,k — 0.

Since F" is bounded in L?(£2 x T4 x [0, T]), using the same arguments as previously,
we deduce that

T
E lA/ / F"(uT’k)V.Vmap(x,t)dxdt]
0o Jrd

T 1
E lA/ / / F(u(z,t,a))v - Vyp(x, t)dadzdt
o Jrd Jo
as h,k — 0.

T
Study of the term E 1,4/ / n’(uTyk)g(uTyk)go(%t)dWT(x,t)dxl
T Jo

We denote by ¥ the mapping

VU (w,z,t,v) = La(w)n' (v)g(v)e(z,t) € R;

U(-,-, -, ur) is bounded in L= (2 x Qr), so that up to a subsequence ¥(-,-, -, ur k)
converges weakly in L2(Q x Q) to a function y € L%(2 x Q). Thus
lim E [/ \Ilgbdo:dt] = lim Uodxdt P(dw)
h,kE—0 . nk=0 Jox oy

/ x¢dzdt P(dw).
QxXQr

For any ¢ € L?(Q x Q7), (w,x,t,v) — ¢(w,z,t)¥(w,z,t,v) is a Carathéodory
function such that ¢¥(-,ur k) is uniformly integrable. It is based on the fact that
there exists a positive constant C3 such that

B [ / |¢w<-,uT,k>|dxdt} = [ vt ur e
Qr QAxQr

< C3H\I/("UTJC)HLQ(QXQT)||¢||L2(Q><QT)-
Thus

1
lim \Il(~,uT7k)¢dmdtP(dw):/ / U(-,u(-, «))dagdrdt P(dw).
h,k—0 QXQT QXQT

By identification,

Ui ury) — / (-, u(- ))da (44)
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weakly in L?(Q x Qr). We have that
T
/0 o (wr )9 (ur 1) pdWor (. 1)
T T
- /O o () g ) d Wi (., 1) — /O o (wr i) g (ur )pdW (. )
T
+/ 0 (ur k) g(ur k) pdW (2, t)
TO
- / o () g ) pd (W (2, ) — W, 1))
T
+/ 0 (ur ) g(ur k) pdW (2, t)
0

T
1 We first study the term / 0 (ur k) g(ur k) pdW (z,t); for U € L*(Q x Qr), we
~ 0
2 define the operator 7 as
T
TU) = / UIW (z,t) (45)
0

where W (x,t) is the Q-Brownian motion defined by (5). In view of the Itd isometry
Lemma (cf. [22] Corollary 4.3.6 and Ité Table (2), page 107), and the hypothesis
(4), we deduce that:

E UT (’?(U))de] —E /T (/OTZ/ldW(x,t)>2dx

) T 2 )
/qrddw{;Am (/O U(m)dﬁm(t)) ¢ (2)
+2 ) VA Aoy (2)em, (2) /0 Uz, t)dBm, (t) /O U(m)dﬁm(t)H

mi#ma

=E

=E /Td /OTQ(x,x)Z/{Q(m,t)dtdx +0

<ME M /OT Zﬁ(;v,t)dtdx]

<M U2 %@y

This proves that 7 is a bounded operator from L2(Q x Q7) to L2(€2 x T%). Let
T*: L2(Q x T) — L?(Q x Qr) be the adjoint operator of T; then

(1/),77/{) - (T w7u)L2(Q><QT)
for all 1 € L2(Q x T4). Next we set U = 0’ (ur x)g(ur x)p. We recall that by (44),

ar-aturae~{ [ i (u a)g(u. e} o

3 weakly in L2(2x Qr) along a subsequence as h and k tend to zero. Thus as h, k — 0,

L2(QxTd)
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(4. T (wr)auri)e))

L2(QxT9)

* /
vl (ur)owr)e) Lo o

(
= (T [t angtat il o) e
e ({f roomacom)). ..

We conclude that along a subsequence

T (' (ur k)g(ur)p) = T ({/O n’(U(-,a))g(U(ua))da}¢>

weakly in L2(Q x T9), as h, k — 0, or in other words, in view of the definition (45)
of T,

/ gy )pdW (. t) — / ' ( / o (ua)g(u.- e ) ¥ (2,1,

Therefore, one obtains

B [ L/ n’(ufr,mg(ufr,k)sodvv(x,t)dw}

LB [ L] ' (/ 1 ot gt )i sodW(x,wdx]

weakly in L2(Q x T9), as h,k — 0. Next, we consider the term

T
Iy = In(w, ) :/ ' (ur k) g(ur i) ed(Wr(z,t) — W(,t)). (46)
0
To begin with, we prove the following result:

Lemma 6.1. Suppose that Ay, € L*>(Q x T x [0,T)) is (F;)-adapted, i.e. Ap(-,t,x)
is Fy-measurable in w for every x € T* and for every t > 0, such that

| ARl Lo (@xTix[0,17) < Cs (47)

for some positive constant C which does not depend on h. Then
T
Ti=Tlw.) = [ And(Wr(o,t) ~ W(z,0) 0 (48)
0

strongly in L2(Q x T9) as h — 0.
Proof. We first rewrite

Wr(et)= 3 % /K Wy, H)dy - 1x(2)

KeT
S S @) Al
m=1 KeT

1
where e} = S /K em(y)dy.
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Then, the difference of stochastic integrals in (48) can be rewritten as

Th(w.z) ==Y VAm <Z el (z) —em(x)> /0 Ap(,)dBom ().

We calculate the L2 norm on Q x T¢, which yields

IZn |72 2me

T 2
:/ dz E {Z \/?(Z €K1K —€m($)>/0 A}L(xat)dﬂm(t)}

KeT
0o 2 T 2
:/Td dxmz::l)\m <§6K1K em( > E </(; Ah(xvt)dﬁm(t)>
T T ©
T /T 20z B /0 Ap (2, 1)dBm, () /0 Ah(w,t)dﬂm(t)] m;ﬂ[
V Ami Am, <Z ex 1k (z) = em, (z ) (Z i 1k () = em, (@) 1 :
KeT KeT

1 Therefore, by the independence of the Brownian motions {8,,(t)} and by the It
2> isometry for the stochastic integrals (cf. [22] Corollary 4.3.6 and It6 Table (2), page
3 107), in view of (47)

”Ih”QL?(Qx’I[‘d)

:/W dx i o (Z ™1 (2) —em(x)>2E [(/OT Ai(x,t)dt)]

KeT
oo 2 T 4
:/ iz > A <Z efg1K(x)em(z)> / E[Ap(w, t)%)dt (49)
L — KeT 0

2

Y eRlx() —em()

KeT

<C?T i A
m=1

L2(T4)

By Cauchy-Schwarz inequality, we deduce that

Sauo| = Seim- s w (L em<y>dy)2

KeT L2(1d)y KeT KeT
< [ ey =llenlan = 1
KeT

for all m € {1,2,...}, which implies that

2

S k() — em()

KeT

<4 for all m e {1,2,...}.
L2(T4)
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Next we prove that
2

Z Am Z el () —em()
m=1 KeT L2(T4)

tends to zero as h teorgds to zero.
Fix € > 0, since Z Am 18 a converging series, there exists a M € N, such that

m=1
o0 2 o0
m €
Z Am Z exl () —em() Z m < 3 (50)
m=M+1 KeT LQ(Td)
M 2
Next we consider the term Z Am Z eRlk () —en() . Letm e {1,2,...}
m=1 KeT L2(T4)
be arbitrary; therefore
2
A || 32 e 1ic() = em()
KeT L2(T4)
) 2
|3 (g7 [ emtnts = en) 1)
KeT K L2(T4)
2
1
=Am dx (/ em(y)dy — em(x)> 1x(x)
(5 (e

=\ /Td dx (Z <I1(| /K em(y)dy — em($)>2 1K($)>

KeT
+ Am Addeé(z[(W_em(x))
X (W — em(m)> 1g, (x)1K2($)]
m%/ <K|/ (y)dy — em(x)>2d$
e Z/<K|/emy vy |K|/em dy) dx

KeT

e KZT/ |K[? (/ m(y) —em( >>dy) da
|K|// em(y) — em(x))” dudy.

(h) the ball with center 0 and radius h with h = size(T).

KGT

3 We denote by B Then
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\K|/ / em(y) = em ()’ dudy
KeT ‘K| / /B(h) (em (2 + 2) — em(x ))

:)\m/ / em(T + 2) — e (1)) da
B oy |K|

S)\m|B(h)|supzeB |K|/ em(x +2) — em(x )) dx.
KeT

KET

Using (7), we deduce that
B(h)| = Cah < 4],
ar

for some positive constant Cy. Let T CC O where O is a open set. We suppose that
em is prolonged by periodicity on R? and that dist(T¢, 00) < size(T). Therefore
2

A || 32 L) = em()
KeT L2(11'd
Kl swpacsy Yt [ (emlo+2) = en(a)da

KeT
Cd 9
Z)\ma SUp. e () llem (- + 2) = em ()72 (pa)-
Let € > 0 be arbitrary. It follows from the density of C'(O) into L?(Q) that there

exists a function g € C'(O) such that

2¢ a
lem (- +2) — g(- + z)||L2(1rd) + [lem () — 9(‘)||L2(11'd) < 3 my

for all z € B(h). Thus there exists a positive constant § such that for all z € B(h)
lem (- +2) — em(')”L?(Td)
<llem(- +2) = g(- + 2)llL2(rey + llg(- + 2) = 9C)ll L2 (re)

+ l9(-) — em ()l L2(rey
PO
—2MM\,,,Cy
for all h < 6.

Using the fact that the sum is finite, we have

M
€
Z Am Z exli(’) —em() < 3 (51)
m=1 KeT L2(T4)
Combining (50) and (51), we deduce that if h < ¢
o 2
Z Am Z el () —em(’) <e.
=1 KeT L2(T4)

which in view of (49) completes the proof of (48). O
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1 It follows from Lemma 6.1 that the integral I}, defined by (46) converges to zero
2 as h and k tend to zero.

1 T
Study of the term 3 E lA/ / 0 (ur1)g* (ur k) e(x, )Q(z, x)dxdt
o Jra

Since ¥ : (w,z,t,v) € A x T? x [0,T] x R = La(w)n” (v)g(v)p(z,t)Q(z,z) € R is
a Carathéodory function such that W(-,-, -, ur ) is bounded in L2(Q x T¢ x [0, T7),
we deduce that:

T
Bla [ [ o (urn)gtur et 0L ) dadt
1,4/ /11‘4/ u(z,t,a))g*(u(z, t,a))p(r, t)Q(z, )adrdt],

3 as h,k— 0, for all m > 1.
4 We deduce that for all sets A € F, for all n € A and for all p € C

E[14 /Td n(ug)p(z,0)dz] + E| 1,4/ /Td/ u(x,t, ))dadype(x, t)dzdt]

E[lA/ /'er/ F'(u(z,t,a))v - Vao(z, t)dadzdt]
lA/ /Td/ u(z,t,a))p(z, t)dadW (z, t)dz] (52)

1,4/ /T/ u(z, £, )2z, £, 0))p(x, Oz, 2)dadwdt]

In turn (52) implies that for all y € L?()

E[X/ n(uo)p(z,0)dz] + E| / / / u(z,t, a))dadyp(x, t)dxdt]
Td o JraJo

[X/ /Td/ F'(u(z,t,a))v - Vyo(x, t)dadzdt]
/ L

u(z, t, a))e(x, t)dadW (x, t)dz]

/ /T/ u(z,t,a))g*(u(z,t, o))z, t)Q(z, z)dadxdt]

5 Hence u is a measure-valued entropy solution of Problem (1) in the sense of Defi-
6 nition 2.2. O

7 7. Numerical simulations. Taking inspiration from the numerical computations
8 in [1], we propose to perform numerical simulations for a stochastic Burgers equation
9 involving a @-Brownian motion:

ou 9 [(u? .
a + % (2) = OéQW(SU,t) (53)

10 in the space interval [0, 1] together with periodic boundary conditions and the initial
11 condition u(x,0) = ug(x). The constant o is the amplitude of the noise term.
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We consider the case that the Q-Brownian motion is given by

ZW{Bm em(T) + Yo () fon ()},

with {em (), fm(2)} = {V2sin(2mnx), V2 cos(2mnz)}, m = 1,2, ... and {B,, (1),
Ym ()}, m = 1,2, ... is a sequence of independent (F;)-Brownian motions.

We consider the Laplacian operator in space interval [0, 1], —A : u — —u” with
periodic boundary conditions; then the eigenvalue A,, and eigenfunctions e,, and
fm of —A satisfy

_Aem = )\mema _Afm = )\mfm
for all m = 1,2, ... and such that \,, = 4m?72. We remark that Burgers equation is
not included in the class of problems studied in this article, since the flux function
f(u) = u?/2 is only locally Lipschitz continuous.

For all u in the domain of (—A)~¢ with ¢ > 0, there holds, for the d-dimensional
torus [23],

Z AS { U, ) r2(1) €m + <u’fm)L2(Td) fm}7

m=1

which implies that the eigenvalues of (—A)~¢ are \¢, where {)\,,} are the eigen-
values of the Laplacian operator —A.

7.1. Numerical scheme. We propose the following numerical scheme for the dis-
cretization of the equation (53)

St — ) (R - ) = SE W -, 60

for all i € {1,2,..]} and n = {0,1,...N — 1} where I is the number of volumes and
N is the number of time step and where Az = 1/I and At are respectively the
length of a volume element and the time step. If Q is the operator (—A)~¢ with
¢ > 0, then the stochastic force terms are of the form

Wit = i \/A»;f{ﬁm(t")em(xi) + %n(t")fm(fci)}

with {emn (), frm(2)} = {V2sin(2mrz),v2cos(2mmx)}, A\ ¢ = (4m?7?)~¢, M a
truncation number and x; = i - Ax. More precisely,

OZQ n+1 n

aQZf 3y (8 (B (™) = B (t™)) sin(2mma;)

m=1

n (7 () = <tn>>cos<2mw>) (59
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6m(tn+1) — Bm(t") and 7m(tn+1) — Ym (")

VAL VAL
We recall that in the simulation of stochastic Burgers equation [1], the authors

proposed the following scheme,

1 n+1 n ]' n n _ ]' n
At =) g (Bl - By ) = 56

I
1 2 [ & /on S .
oz | 2 R S )

1 where follow the Gaussian law A(0,1).

2 with

m=1

2 2 cr @ ) Sn @ )
=1t/ — g cos(2mmz;) — —2 sin(2mrz;
YV At — mS ms

s where C7 and S7, follow the Gaussian law N(0,1), ay the amplitude and ¢ the
4 space regularity.

s Remark 3. Comparing (56) with (55), we deduce that those two formulas are

. aQ
equivalent when M = —— and oy = —.

6 quiv W 5 1 (277)4

7 7.1.1. Burgers equation involving a Brownian motion. In order to compare the nu-

s merical results, we propose to perform simulations for a stochastic Burgers equation

9 involving a Brownian motion:
ou 0 [u? .
— 4 — | = )=« t), 57
o+ o () = amit) 657)

10 where 3(t) is an (F;)-Brownian motion. We propose the following numerical scheme
11 for the discretization of the equation (57)
1 41 1 ap 1
2o ) 4 — F.’H—Fﬁl):i ntl _ gny
a0 =) b (B = By = 5 (7 =) (58)
12 where 8" is the value of 3(t") for all n and "*! — 3" has the Gaussian distribution

13 N(0,t"t1 — 7). We remark that for each time step n, we use the same random
14 variable g7t — g" for all i € {1,2,...1}.

15 7.2. Numerical results. In this section, we present some numerical results. The
16 initial condition is given by ug(x) = sin(27x) +0.5. We subdivide the space interval
17 [0,1] into 201 volumes so that Az = 1/201 and we fix At = 0.1Az and obtain
18 N = T/At. We perform 16 384 realizations for each fixed ap and (ag, (). The
19 numerical results are presented in two periods in space.

20 First we present the results in the deterministic case in Figures 1 and 2, namely
21 the case that the source term is equal to zero.
2 The figures show that after a certain time, a shock appears and moves with a

23 constant speed.

24 7.3. Comparison between two different types of noises. We apply the scheme
25 (58) for the Brownian motion case and the scheme (54) for the Q-Brownian motion
26 case, and we compare the numerical results.
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FIGURE 1. Solutions in the deterministic case

Position of the shock as a function of ime ~ +

0.8
06
04
0.2
0
15 2

Time

Paosition of the shock

0

FIGURE 2. The positions of the shock

1 7.3.1. Empirical mean value and one single realization. In view of the Remark 3,

2 we choose ap = 1/(2m), ag = 1 and ¢ = 1 and we present the results for the
Brownian motion case in Figures 3, 4 and 5; and the results for the @-Brownian

Deterministic case  + Deterministic case  +
Mean value of redizations  x Onerealization =

o
=
0

-

FicUrRE 3. Comparing the solution in the deterministic case with

the empirical average (left) and one realization (right) in the Brow-
nian motion case with ap = 1/(27) at ¢t = 0.05.
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3 Deterministic case  + 2 Deterministic case  +
Mean value of redizations Onerealization =

W
0

FIGURE 4. Comparing the solution in the deterministic case with
the empirical average (left) and one realization (right) in the Brow-
nian motion case with ap = 1/(27) at ¢ = 1.

3 Deterministic case ~ + 3 Deterministic case  +
Mean value of reaizations ~ » Onerealization <

FicURE 5. Comparing the solution in the deterministic case with
the empirical average (left) and one realization (right) in the Brow-
nian motion case with ap = 1/(2m) at ¢ = 20.

motion case in Figures 6, 7 and 8.

The mean value of the realizations is close to the deterministic solution in both
cases. For single realizations, at time ¢ = 1 the Brownian motion shifts the posi-
tion of the shock; and in the @-Brownian motion case, the stochastic solution is
perturbed around the deterministic solution.

7.3.2. Variance and covariance for two fized points. We first present the variance
Var [u(x;,t)] for all ¢ € {1,2,...]} at different times ¢t = 0.05, ¢ = 1 and ¢ = 20 in
the Figure 9. We recall that ap = 1/(27), ag =1 and ¢ = 1.

Next we present the discrete L' norm of the variance as a function of time,
namely

I
[Var [u(-, )]l 0,1y = Y Var [u(z;, 1)] Az,
1=1

in Figures 10 and 11. These results show that in the Brownian motion case, the
L! norm is increasing as a function of time; meanwhile in the Q-Brownian motion
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3 Deterministic case  + 2 Deterministic case  +
Mean value of redizations Onerealization =

2 2

1 1

0 0

1 1

2 2

0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

FIGURE 6. Comparing the solution in the deterministic case with
the empirical average (left) and one realization (right) in the Q-
Brownian motion case with ag =1 and ( =1 at ¢ = 0.05.

3 Deterministic case  + 2 Deterministic case  +
Mean value of redizations = Onerealization =
2 2
1 1
+ 1 I ]
I +><
0 0
1 1
2 2
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

FIGURE 7. Comparing the solution in the deterministic case with
the empirical average (left) and one realization (right) in the Q-
Brownian motion case with ag =1and ( =1 at ¢t = 1.

3 Deterministic case  + 3 Deterministic case  +
Mean value of redizations  x Onerealization =

2 2

1 1

F1GURE 8. Comparing the solution in the deterministic case with
the empirical average (left) and one realization (right) in the Q-
Brownian motion case with ag =1 and ( =1 at ¢t = 20.
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0.5 05

0.5 05

FIGURE 9. Variance in the Brownian motion case (left) and in the
Q-Brownian motion case (right) for fixed time, with ap = 1/(27),
ag=1and (=1

L1 norm of the variance as a function of ime~~ + L1 norm of variance as afunction of ime  +

05 05

FIGURE 10. L! norm of the variance as a function of time in the
case of Brownian motion (left) and @-Brownian motion (right) with
ap=1/(27), ag =1and ( =1.

case, the L' norm of the variance tends to a stable value as time increases. Since
the L! norm of the variance is increasing in the Brownian motion case, we propose
to compare the results to the case that the amplitude ap = 1/m, which is twice as
much as the previous amplitude that we considered.

Remark 4. The phenomenon that a richer randomness in noise implies less fluctu-
ation in the solution can be observed in a different setting of SPDEs. Consider a sto-
chastic heat equation du = Audt + dW (z,t) on R? with an initial value u(z,0) = 0
for simplicity and with an additive noise W (z,¢) which is a @Q-Brownian motion.
Then the solution w is given in a mild form

u(a, 1) = / / It = 5., )W (. )y, (59)

where p is the heat kernel and therefore its variance is easily computed as

t
Var(u(x,t)) :/ dS/ p(svxvyl)p(svxva)Q(yl,yQ)dyldyT
0 Re x R4
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L1 norm of variance as a function of time + L1 norm of variance as a function of time +

15 15

05 05

FIGURE 11. L! norm of the variance as a function of time in the
case of the Brownian motion with ag = 1/(27) (left) and ap = 1/7
(right).

In particular, if W is the space-time white noise, Q(y1,¥2) = d(y1 — y=2), so that
Var(u(zx,t)) = f(f p(2s,z,x)ds = y/t/(27) when d = 1. While, if W is the Brownian
motion B(t) only in time, Q(y1,y2) = 1, so that Var(u(z,t)) =t for every d > 1.
Indeed, using the mild form (59) and the initial value u(x,0) = 0, we deduce that
u(z,t) = B(t) in this case. This simple example, though it is totally different from
our equation, indicates that the fluctuation of the solution determined from the
noise with richer randomness is asymptotically smaller as the time grows.

We fix 7 = 0.25 and x5 = 0.75 and then present the corresponding covariance
as a function of time, namely

Cov [u(xy1,t),u(xe,t)] = E[(u(x1,t) — E [u(x, t)]) (u(xe, t) — E[u(xs,)])]
in the Figure 12.

Covariance for fixed two points_ + Covariance of wo fixed points _ +

05 05

i il

FIGURE 12. Covariance in the case of Brownian motion (left) and
QQ-Brownian motion (right) as a function of time with ag = 1 and

(=1

The covariance tends to a fixed value as time increases and the limit values are
close in the two cases.
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7.3.3. Comparison between different amplitudes in the Q-Brownian motion case. In
order to study the influence of the amplitude of the noise in the Q-Brownian motion
case, we propose to consider the case that ag = 27 and ¢ = 1 in Figures 13, 14 and
15.

3 Deterministic case  + 3 Deterministic case  +
Mean value of reaizations x One realization 3

FI1GUrE 13. Comparing the solution in the deterministic case with
the empirical average (left) and one realization (right) in the Q-
Brownian motion case with ag = 27 and ¢ =1 at ¢ = 0.05.

3 Deterministic case  + 3 Deterministic case  +
Mean value of reaizations ~ » Onerealization =

+ 4
3 & £

F1GURE 14. Comparing the solution in the deterministic case with
the empirical average (left) and one realization (right) in the Q-
Brownian motion case with ag = 2m and ( =1 at t = 1.

We present the L' norm of the variance in this case in Figure 16. In these two
cases, the L' norm of the variance tends to a constant as time increases, and as the
amplitude of the noise is stronger, the limit value is larger, which is as it could be
expected.

7.4. Some conclusions and discussions.

In the @-Brownian motion case, we have considered the case that Q = (—A)
where the series was truncated at the fixed value M = 100. We have considered
different noise amplitudes, namely ag = 1, ¢ = 1 and ag = 27, ( = 1. The
numerical results show that when «q is larger, one realization in the stochastic
case is more dispersed. The average of the realizations is a good approximation of

—1
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3 Deterministic case
Mean value of redizations

+
x

Deterministic case
One realization

4
x

0.5

FIGURE 15. Comparing the solution in the deterministic case with
the empirical average (left) and one realization (right) in the Q-
Brownian motion case with g = 2w and ( =1 at ¢ = 20.

L1 norm of variance as a function of time + L1 norm of variance as afunction of ime

v

-

-0.5

FIGURE 16. The L! norm of the variance in the cases that ag =1
(left) and ag = 27 (right) as a function of time.

the deterministic solution and as time tends to infinity it converges to the space-
average of the initial function [11], which is the constant 1/2 in our case. While the
deterministic solution is discontinuous at the shock, the average of the realizations
of stochastic solutions has a smoothing effect. When the amplitude is larger, the
smoothing effect is stronger, and the average goes faster to the space-average.
Both in the Brownian motion case and in the (Q-Brownian motion case, the
averages of realizations approximate the solution in the deterministic case. In single
realizations, the Brownian motion type noise shifts the shock position, but the
solution does not oscillate in space; however in the @)-Brownian motion case, one
single realization is perturbed around the deterministic solution. If we consider the
variance, the L' norm of the empirical variance increases as a function of time in
the Brownian motion case while the L' norm of the variance tends to a constant
which depends on the amplitude of the noise term in the Q-Brownian motion case.

Acknowledgments. The authors would like to thank Ludovic Goudenege, Max
von Renesse and Hendrik Weber for helpful discussions.
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