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Abstract We study a time explicit finite volume method with Godunov scheme for a first order conservation
law with a multiplicative source term involving a Q-Wiener process. We present some a priori estimates
including a weak BV estimate. After performing a time interpolation, we prove two entropy inequalities for
the discrete solution and show that it converges up to a subsequence to a stochastic measure-valued entropy
solution of the conservation law in the sense of Young measures. Some numerical simulations are presented
in the case of the stochastic Burgers equation.
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Mathematics Subject Classification (2010) 65M08 - 60H15 - 65L20

1 Introduction

The convergence of numerical methods for the discretization of stochastic conservation laws is a topic of
high interest. In this article we study the convergence of a finite volume scheme for the problem

du + div(v f(u))dt = g(u)dW (z,t) in 2xT!x(0,T),
u(w, z,0) = up(x) for all w € 2,2 € T¢,
where T? is the d-dimensional torus, W (x,t) is a Q-Brownian motion, the function f is Lipschitz continuous
and the function g is Lipschitz continuous and bounded. We suppose that v = v(z,t) is a given vector
function and that ug is a given square integrable function on T¢.

A number of articles have been devoted to the study of scalar conservation laws with a multiplicative
stochastic forcing term involving a white noise in time.
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Let us mention the one-dimensional study of Feng-Nualart [15], where the authors introduced a notion
of entropy solution in order to prove the existence and uniqueness of an entropy solution. Chen-Ding-
Karlsen [9] extended the work of Feng-Nualart to the multi-dimensional case. They proved a uniform spatial
BV bound by means of vanishing viscosity approximations. Moreover they proved the temporal equicontinuity
of approximations in L!(§2 x D x (0,T)), uniformly in the viscosity coefficient.

Debussche-Vovelle [13] proved the existence and uniqueness of a kinetic solution for multi-dimensional
scalar conservation laws in a d-dimensional torus driven by a general multiplicative space-time noise. Hof-
manové [22] then presented a Bhatnagar-Gross-Krook-like approximation of this problem. Applying the
stochastic characteristics method, the author established the existence of an approximate solution and proved
its convergence to the kinetic solution introduced by [13].

Bauzet-Vallet-Wittbold [4] proved the existence and uniqueness of a weak stochastic entropy solution of
the multi-dimensional Cauchy problem in L?(£2 x R? x (0, T)) in the case of a multiplicative one-dimensional
white noise in time;

In Bauzet-Vallet-Wittbold [5] the authors investigated a corresponding Dirichlet Problem in a bounded
domain of R

Concerning the study of numerical schemes for stochastic conservation laws, Bauzet-Charrier-Gallouét [6]
studied explicit flux-splitting finite volume discretizations of multi-dimensional nonlinear scalar conservation
laws with monotone flux perturbed by a multiplicative one-dimensional white noise in time with a given
initial function in L?(R?%). Under a stability condition on the time step, they proved the convergence of
the finite volume approximation towards the unique stochastic entropy solution of the corresponding initial
value problem. Then Bauzet-Charrier-Gallouét [7] studied the case of a more general flux and in [8], Bauzet-
Charrier-Gallouét studied the convergence of the scheme when the stochastic conservation law is defined on
a bounded domain with inhomogeneous Dirichlet boundary conditions. Let us also mention the convergence
results of time-discretization of Holden-Risebro [23] and Bauzet [3] on a bounded domain of R%, as well as
an article of Kroker-Rohde [25] of a finite volume schemes in a one-dimensional context.

In arecent study, Audusse-Boyaval-Gao-Hilhorst [1] performed numerical simulations in the one-dimensional
torus for the first order Burgers equation forced by a stochastic source term. The source term is a white noise
in time while various regularities in space are considered. The authors applied the Monte-Carlo method, and
observed that the empirical mean introduces a small diffusion effect to the deterministic numerical solution
and converges to the space average of the initial condition as the time ¢ tends to infinity and that the
empirical variance stabilizes for large time.

The present article extends the article by Bauzet-Charrier-Gallouét [7] mentioned above. Its organisation
is as follows: In section 2 we define a weak stochastic entropy solution and a measure-valued stochastic entropy
solution of Problem (1) and recall basic results from probability theory. In section 3, we apply a finite volume
method together with a Godunov scheme to Problem (1) and define the discrete solution {u7 }. In section 4,
we present an estimate of the discrete noise term as well as a priori estimates on the discrete solution {ur j}.
The a priori estimates imply that {ur ;} converges up to a subsequence in the sense of Young measures to
an entropy process denoted by u in L?(2 x T4 x (0,T) x (0,1)). We then prove a weak BV estimate which
is essential in the sequel in order to ensure that the difference between the piece-wise constant solution
in time and the solution linearly interpolated in time can be controled by the maximum diameter of the
volume elements and the time step. Meanwhile, in order to prove the discrete entropy inequality, we need
the weak BV estimate for showing that a certain residue tends to zero as the maximum diameter of the
volume elements and the time step tend to zero. In section 5, we introduce a time interpolation and prove
two inequalities, a discrete entropy inequality and a continuous entropy inequality on the discrete solution
which are fondamental for the convergence proof. Then in section 6, using the two entropy inequalities, we
show that the discrete solution {ur x} converges along a subsequence to a limit u in the sense of Young
measures as the maximum diameter of the volume elements and the time step tend to zero; moreover u is
a measure-valued entropy solution of Problem (1). In section 7, some numerical simulations for stochastic
Burgers equation involving a Brownian motion and a @-Brownian motion are presented. It turns out that
the variance increases more as a function of time in the case of a unidimensional Brownian motion than in
the case of the Q-Brownian motion.
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In a forthcoming work [16], we will show that the measured-value entropy solution u is unique and
coincides with the unique weak stochastic entropy solution; this will ensure that the whole approximate
sequence {ur y} converges to the entropy solution w.

2 A stochastic conservation law involving a Q-Brownian motion

We study the convergence of a finite volume scheme for the discretization of the stochastic scalar conservation
law

(2.1)

du + div(v f(u))dt = g(u)dW (z,1t) in 2 xT4x[0,7T),
u(w, z,0) = ug(x) we N, xeT?,

where T? is the d-dimensional torus and W (z,t) is a @Q-Brownian motion [10]. More precisely, let @ be a
nonnegative definite symmetric operator on L?(T?) such that Q is of trace-class, namely

TeQ =Y (Qem.em)pam = P Am < Ao, (2.2)

m=1 m=1

for some positive constant Ag. Let {€,,}m>1 be an orthonormal basis in L?(T%) diagonalizing @, and let
{Am}m>1 be the corresponding eigenvalues, such that

Qem = )\m Em

for all m > 1. Actually, @ is an integral operator with the kernel
Qz,y) = D Anem(@en(y). (2.3)
m=1

We suppose furthermore that e,, € L>(T¢) for m = 1,2... and that there exists a positive constant A; such
that

oo
Z )‘m”em”im(w) <A (2.4)
m=1

Let (£2,F,P) be a probability space equipped with a filtration (F;) [24] and {8,,(t)}m>1 be a sequence of
independent (F;)-Brownian motions defined on (2, F,P); the process W defined by

W(z,t) =Y Bu()Q%em(®) = Y VAnBu(t)em() (2.5)

is a @Q-Brownian motion in L?(T%) [cf. [18], Definition 2.6, page 20|, and the series defined by (2.5) is
convergent in C([0,T], L?(£2 x T%)) [cf. [18], page 20]. We recall that a Brownian motion 3(t) is called an
(Ft)-Brownian motion if it is (F;)-adapted and the increment 8(t) — S(s) is independent of F; for every
0<s<t.

Moreover we assume that the following hypotheses (H) hold:
— Ug € L? (Td),
— f:R —Ris a Lipschitz continuous function with Lipschitz constant C; such that f(0) =0,
— g:R — R is a bounded Lipschitz continuous function with Lipschitz constant C, such that |g(u)| < M,

for some positive constant M,
— There exists V < oo such that |v(z,t)| <V for all (x,t) € T x [0,7],

and we introduce some further notations,

— Let E[-] denote the expectation, namely the integral over {2 with respect to the probability measure P. In
general for a random variable Y defined on the probability space (2, F,P) to (R, B(R)), if Y is integrable

with respect to the measure P, then E[Y] = / Y (w) P(dw).
2
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— We denote by N2(0,T; L?(T)) the subclass of L2(£2x T x (0,T)) consisting of predictable L?(T%)-valued
processes [cf. [11], page 98].

Next we define the notions of stochastic entropy solution and of measure-valued entropy solutions of
Problem (2.1):

Definition 2.1 (Entropy solution of Problem (2.1))
A function u € N2(0,T; L?(T%)) N L>(0,T; L?(£2 x T)) is a weak entropy solution of the stochastic scalar
conservation law (2.1) with the initial condition ug € L?(T%), if P-a.s in £2,

/ 1(uo(x))p(, 0) dw+/ / {n(w)rp(x,t) + F(u)v - Vop(w, t) }ddt
/Td/ (@, )dW (2, t)dz + 5 / /w )o@, )Q(z, x)drdt

with
F(r) = / 7 (0)f (0)do (2.6)

for all p € C := {p € C(T x [0,T)), > 0} and for all n € A where A is the set of C® convex functions
such that the support of " is compact.

Definition 2.2 (Measure-valued entropy solution of Problem (2.1))

A function u of N2(0,T; L3(T? x (0,1)))NL>(0,T; L?(£2 x T? x (0,1))) is a measure-valued entropy solution
of the stochastic scalar conservation law (2.1) with the initial condition ug € L?(T%), if P-a.s in §2, for all
n € Aand for all p € C

/ n(uo(@))p(a de+/ /T/ (n(ul., 0)) (@, 1) + F(ul., ) - Vao(z, ) kdadzdt

/Td / / (u(., @) p(z, t)dadW (z,t)dz

= / / d / 0 (., a))g? (u(.s ) o, Qe x)dadzdt

3 The finite volume discretization
3.1 The numerical scheme

Definition 3.1 (Admissible mesh) An admissible mesh 7 of T? for the discretization is given by a family
of disjoint polygonal connected subsets of T¢ such that T? is the union of the closure of the elements of T~
and the common interface of any two control volumes is included in a hyperplane of T¢. We assume that

h = size(T) = sup{diam(K),K € T} < oo,

and that, for some o € R,
1
arh? < |K|and |0K| < —h%"t, forall K € T,
ar

which implies
|6K | 1
& = 7h’

where
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— Tk is a point in the control volume K,

— | K| is the d-dimensional Lebesgue measure of K,

— 0K is the boundary of the control volume K,

— |0K]| is the (d — 1)-dimensional Lebesgue measure of 0K,

— N(K) is the set of control volumes neighbors of the control volume K,

— ok, is the common interface between K and L for all L € N(K),

— ng 7 is the unit normal vector which is perpendicular to the interface ok r, outward to the control
volume K, for all L € N(K).

Consider an admissible mesh 7 in the sense of Definition 3.1. In order to compute an approximation of u
N—1

T
on (0,7T), we take N € NT and define the time step k = N In this way (0,7T) = U (nk,(n + 1)k). We set
n=0
t" =nkforalln =0,1,2,..., N and assume that k and h satisfy a Courant-Friedrichs-Lewy (CFL) condition:
k < Ch for a certain constant C'. We recall the definition of Godunov scheme.

Definition 3.2 (Godunov flux) A function F¢ € C?(R? R) is called a Godunov flux if it satisfies
min f(s) if a<b
FC(a,b) = { *Clt) (3.2)

max f(s) if a>b.
s€[b,a]

For all (a,b) € R? we denote by s(a,b) € [min(a,b), max(a,b)] a real number such that F%(a,b) = f(s(a,b)).
Remark 8.1 There hold |F¢(b,a) — F%(a,a)| < Cfla — b| and |F(a,b) — F¢(a,a)| < Cfla —b|.

The discrete initial condition {u%, K € T} is given by:
1
W = / wo()dz  for all K €T, (3.3)
K| Jx

and {u’} satisfies the following explicit scheme:

Forall K € T and all n € {0,1,..,N — 1}

LY _ K]

T(UTIL{H —ug) + Z |0'K7L| {U?(,LFG(U?@U%) - U?,KFG(Uﬁvu?()} = Tg(u}})(W}é“ - Wg), (3.4)
LeN(K)
where denoting by dvy the (d — 1)-dimensional Lebesgue measure,
1 (n+1)k N
VgL = 7/ / (v(z,t) -ngn)" dy(r)dt, (3.5)
k|UK,L| nk OK,L

1 (TL+1)I€
= / / (v(z,1) - np k) dy()dt
" klog,nl Sk —_

S ) (3.)
= Hordl /k / (v(z,t) ng.r) dy(x)dt.
) n OK,L
Moreover, since divv = 0 for all (z,t) € T x (0,T), we have
1 (n+1)k
> lewltke =t = X el (o [ [ ) nsd@
LeN(K) LeN(K) ORIk 7L (3.7)

1 (n+1)k
= f/ / divvdzdt = 0.
k nk K
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Remark 3.2 We remark that, if the flux function f is monotone, and F%(a,b) is the Godunov scheme, then
the flux term in (3.4) coincides with the upwind scheme. Indeed, suppose that f is increasing, we use the
definition of the Godunov flux (3.2) to deduce that F%(a,b) = f(a) for all a,b € R. Thus the flux term in
the scheme (3.4) satisfies

v u if v(z,t)'n >0
o PO ) — o PO ) = pd U)o i) e 2
_”L,Kf(UL) if wv(x,t) ng <0,

which coincides with the upwind scheme.

3.2 The main result of this article

We define the approximate finite volume solution ur  on T x (0,7 from the discrete unknowns u’, for
alln € {0,1,..., N — 1} and for all K € T, that:

urg(z,t)=uk for ze€ K and tenk,(n+1)k), (3.8)
where the set {u%, K € T} is defined by (3.3).

The main result of this article is the following Theorem:

Theorem 3.1 (Convergence of the finite volume scheme and the existence of a measure-valued
entropy solution of Problem (2.1)) Assume that hypotheses (H) hold. Let T be an admissible mesh,

T
T>0, NeNT and let k = N satisfy that

%—)O as h — 0.

Then there exist a function u € N2(0,T; L?(T? x (0,1))) N L>=(0,T; L?(2 x T¢ x (0,1))) and a subsequence
of {ur 1} which we denote again by {ur i} such that {ur 1} converges to u in the sense of Young measures.
Moreover u is measure-valued entropy solution of Problem (2.1) in the sense of Definition 2.2.

3.3 The study of the discrete noise term
The discrete noise terms are given by

M
Wark(t) = >V AmBm()eR,
m=l (3.9)

Wi () = > vV AmBm(t)er,

1
where e = & / em(x)dx for all K € T. Moreover we denote by Wy - and Wy the values of W, x and
K

Wi at the time t = nk respectively. We define for later use

Wri(z,t)=Wg for z€ K and te€ nk,(n+1)k),
W rk(z,t) =Wy g for z€ K and te€ [nk,(n+1)k).

Wr(z,t) = Wk(t) for z€ K and te]0,7T].
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Lemma 3.1 Wy x(t) and Wi(t) being defined as in (3.9), we have that
E[WJTVLIJrIl{ - Wikl =0 (3.10)

and
EWpt — Wi =0 (3.11)

Proof. Remark that for each m > 1 and each n € {0,1,..., N — 1}

Bm(tn—i-l) _ ﬁm(tn) NN(()’tn-i-l _ tn)’

where N(0,t" "1 — ") denotes the Gaussian law N (u,0?) with density

e o2 in the case u =0
and o2 = t"*t! —¢", so that,
E[Bm (t""1) = B (t")] = 0. (3.12)
and
Var[Bn (") = B ()] = BB (1) = B (£))2] = (BL(Bmn (") = B (t))])”,

so that by (3.12)

E[(Bm(t"™1) = B (t"))?] = Var[Bm (t"*1) = B (t")] = t" T — 1", (3.13)
Let M and K be given. Then

M
E[WJ\T;[T;( - WI\T;[,K] = Z VAm E[ﬁm(tn+1) — Bm(t")]ef = 0.
m=1

which completes the proof of (3.10). Next we show (3.11). Since

e 1 S ) 1
(GK) = W . em(.’IJ)dm < m X em(fl/')d.%' S @,
we have that

[ } Z)\ " (em)? \K|Z)\ < 00,

where we have used that Var[8,,(t,)] = Var[B,.(tn) — Bm(0)] = t,. Thus, Wi € L2(2) C L'(£2), so that
E[[W}|] < oo. Therefore

EWET™ = Wi =E[> VA (B (™) = B (t™)) ]

[

m=1
= S VBl — AR (314
m=1
=0.
Lemma 3.2 Suppose that the coefficients { A\, }m>1 satisfy (2.2), then
S 1 | (Wik - Wie) | < @ = (3.15)

KeT

holds for all M € N*, n € {0,1,...N —1} and K € T
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Proof: We have that for fixed n, M and K,

M 2
Wik —Wig)? = (Z(Bm(t"“) 5m(t”))‘|/; em(g;)dx> ,

m=1

We take the expectation of both sides to obtain:
_ 1 ,
E (W]\nJ+K - W]T\L/[,K)

B M
[ (ST [ )|

L \m=1 |K|
r M " - . )
-E _n;(ﬁm(t 1) — B (")) Am] T (/K em(x)dx>

+E {2 Y B (™) = By (1) B (") = Bina (1)) v/ Ao € v/ A €

mi#Ema

M . . 1 9
=2 B0 =4l b o)
+2 3 BBy (1) = B, () Bona (1) = Bona (")) 3/ A €5 v A

mi#Ema

Since By, (") — B,y (1) and B, (1711) — B, (1) are independent, we have

Bl(Bry (") = By (1)) (B (") = Bina (£7))]

=E[Brn, (") = Bony (") ElBrmy (87F1) = By (87)]
=0.

Therefore
1 1 2 1 ?
E |:(”;[,+K - ”ﬁ,K) } E E[(Bm (") = B (™)) ])\m|T(|2 (/K em(x)da:> :

Next we deduce from (3.13) that

S| (Wit - Wine) | - S (-, 3 K (. em<x>dx)2

KeT m=1

Corollary 3.1 There holds:

3 IK|E [(W;;“ - W}})Q} < (£ — %) Ay, (3.16)
KeT
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Proof: We first show the limiting property
IWar 1 k() = Wr (2, 8)]| L2 (2x1e) = 0 as M — oo,
for all ¢ € (0,7). Indeed
IWar, 7k (2, 8) = Wk (2, 0172 epay

=E _/]r (WM,T’k(.’L',t) — WT’k(.%',t))2dl‘:|

_E Z|K|<|K|/ WM(x,t)—W(x,t))dx)Z]

KeT

<E Z|K| |2/ 1d:c/ Was(z,t) — (x,t))zda:]

KeT

<b[ [ wrWuste - W]
L/ Td

—0 as M — oo,
since the series defined by (2.5) is convergent in C([0, 7], L2(£2 x T¢)). We have that,

IWar, 7 (8" ) = War k(") 2 (2xray — W7k (") = Wrk(8") | 22 (2xma)
<NWar 7 k(") = Warr x(87) = Wr k(0" = Wr e (8)[| 20 xre)
= (War, k(8" ) = Wk (t"F1) = W 7 a(87) = W 1 (8) | L2(2x70)
< War (") — WT,k(th)Hm(Qde) + IWar, & (t") = Wr x(t") | L2 (219
— 0as M — oo,
that is to say

tn+1) tn+1)

Jim [[War 7k ( — W7 k(") 2 (2xTe) = W k( — Wr k(t")|| L2(2xT14)-

In view of (3.15), we obtain that

2
IWaa ) = Warr sl s = X2 IKIE | (WEFR = Wiiae) | < (0 = )0,
KeT

where we take the limit M — oo to obtain:

jim S ITE (W - Wi) | = X IKTE [0 - wi?] < (0 - )
Mmoo o7 7 KeT

as the upper bound (t"T* —t") Ay does not depend on M.
4 A priori estimates

Lemma 4.1 Assume that hypotheses (H) hold. Let T > 0, T be an admissible mesh in the sense of Definition
3.1 and h and k satisfy the Courant-Friedrichs-Lewy (CFL) condition:

2
k< o7l
2V 0y
There hold
lwr k17 e (0.7 22 2wy < NttollF2(pay + T A0 MY |TY|
and

T2(0x0r) < TlluollZ2(ray + T2 Ao My |TY,

where Qr = T x (0,T).
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Proof. We recall the numerical scheme

|7(“KJrl —ufk) + Z |0K7L|{UK7LFG(UK7UL) - vL7KFG(uLauK)} = %Q(UK)(WKH - Wg). (4.1)
LeN(K)
We multiply both sides of (4.1) by kul:
K |(uitt —up)ufe ==k Y o nl{vp  FO(uk,up) = of  FO(ul, up) bul

LEN(K)
+ | Kg(ug) Wit — Wi)uj.

Applying the formula ab = 1[(a + b)? — a? — ¥?] with a = u}i"' — u}% and b = u, we obtain that

7[(“1{“)2 - (UK)2 - (“KH - UK)2] =—k Z |UK,L\{UK,LFG(“K»UL) - vL,KFG(uL’ ulf) bu'k
LeN(K)

+ [ Klg(ui) Wit — Wiui.

Thus
1]

2

n K| n
[(“?(+1)2 - (UK)Q] ZT(U?(H - UK)2
—k Y lokl{vgk L FO(uh,ul) — v} FOuf, uf) bufe (4.2)
LeN(K)
+ K |g(uf ) (W — Wibul.

We substitute (4.1) into (4.2) and take the expectation of both sides to deduce that

K
Il

S Bl )? = (i)

2
|K| k n n n n n n n n n
=—E Z 0w, L |[{vf L F (ufe, up) = of g FO(ul, uf)} |+ g°(ui) (Wit — Wi)?

2 ‘K| LeEN(K)

- TE |K1|K (W}éﬂ - Wg) Z |0'K,L|{UK,LFG(UK7UL) _UL,KFG(uLauK)}
LeN(K)

—E |k Y loxol{vk FOuf,up) —of o FO(u}, uf) buj
LeN(K)
+ B [g(up) KW = Wit)u] .

We remark that two terms in the equality above vanish. Indeed since W' — W and u}% are independent

variables, we have that, in view of (3.14)

E |g(ui) (Wit = W) Y ok p{og  FO(ufk, up) —vf FO(uf, uf)}| =0,
LeN (K)

and similarly

E lg(U%)U%IKI] =0.

B | g(ufo) [K|(WgH = Wil | =B lW}é“ - Wk
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Therefore,
LY n n
R E [(UK+1)2 - (UK)Q]
2
k? G G
=9k © Y low vk  FO (g, uf) = vf ko FO(ul,uf)}
LeN(K)
(4.3)
—KE | Y lowl{vi o F(uhk,uf) —vf  FO(uf, uf) buic
LeN(K)
K " 2
+ Bl [~ wiy?] B o))
We recall (3.7), which states that Z lor,L|(Vic, L, — VT k) = 0, so that also
LeN(K)
Y Alorrl(vi = o k) f(uk)} = 0. (4.4)
LeN(K)
The equality (4.3) can be then rewritten as
K
Bl e gy~ wi?) =B - B2 1 D, (43)
where
2
k? G G
Bu=grg B\ 2 lowal{virn (FOuk, ) = F(ui)) =i e (FO(u, wie) = Flui))
LEN(K)
. G (4.6)
By=kE | > logrl {vir (FO(ufk ul) = flui)) = of i (FO(uf,uf) = fluf)) }uk
LeN(K)
K " 2
D= Bl i - wi)?] Bl i)
Using a similar method as in the Part 1.2 of Proposition 4 in [7] we deduce that
> (B1—B,) <0,
KeT

which we substitute in (4.5); this together with the Definition of D in (4.6) and the inequality (3.16) yields:

DO IKIE(ugt)? < D K| El(ui)?] + Y [K|E[(WET — W)’ Elg? (uk)]
KeT KeT KeT

< Y IK[E[(ug)’] + Mg Y |K[E[(WEH - Wi
KeT KeT
< D IKIE[(ui)’] + kAo,
KeT
which implies that
S IK|E[(uf)?] < Y IK|E[(u})?] + nkAgM?  for all n € {1,2,...,N},
KeT KeT
and that
HUT,kH%m(o,T;m(Qde)) < HUOH%2(’H‘«1) + T Ao My
As a consequence, there holds

lur sl F2(@xory < Tluoll7ziray + T2 A0 M.
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4.1 Weak BV estimate

Lemma 4.2 Assume that hypotheses (H) hold. Let T be an admissible mesh in the sense of Definition 3.1,
T

T>0, NeNT and let k= ~ satisfy the CFL condition

L @)

for some £ € (0,1). Then the following estimates hold

1. There exists a positive constant Cy, depending on Ao, T, My, &, Cy¢ and |[ug|| p2(ray such that

N-1
SEY Y lowrl Blok n(FC ko up) - flui)}

n=0 KeT LeN(K) (4.8)
+ 07 s AP (g, ug) = fuf)}?] < C;

2. There exists a positive constant Cy depending on o, Ay, T, My, &, Cy and ||ugl|2(re) such that

N-1
Zk Z |O’K,L|E

n=0 (K,L)EZ,

VKL { max (FG(C, d) — f(d)) + max (FG(C, d) — f(c))}

(e,d)eC(ul,u}) (e;d)eC(ufuy)

(4.9)
< COyh~2

+U2K{(Cd) max (f(d) — F%(c,d)) + max (f(c)—FG(c,d))}

’ eC(ul,uf) (c,d)eC(ul ul

where we define
T, = {(K,L) € T*: L € N(K) and v’} > u}}
and
C(a,b) := {(c,d) € [min(a,b), max(a,b)]* : (d — c)(b—a) > 0}.

Proof: 1, Multiplying the equation (4.1) by kul., inserting (4.4), taking the expectation and summing over
KeTandn=0,1,...,N — 1 implies

Z > IKIB[(uf™ — uf)ui]

n=0 KeT

+ Z kY EL Y loxcl{vkp (FO(uk,ul) = flufk) = vf i (F€(ul,uf) — fluk)) ul]

n=0 KeT LeN(K)
Z D IK|E[(WET = Wiugg(uf)],
n=0 KeT
which we denote as A+ B = D with

N-—1
A= SIKIB[(upt! — ul ]

n=0 KeT

N-1
B=Y kY > loxclElvip (F(ufk,uf) = fluf)) = of i (FO(uf, ufe) — fluk)) buk]

n=0 KeT LeEN(K)

N-1
D= Z Z|K|E W}@H Wi )uk g(uk)]-
n=0 KeT
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Note that the term D = 0 since the increment (Wj:"! — W) is independent of u?, and since by (3.14),
E[WpT — WZ] = 0. Applying the formula ab = $[(a + b)? — a® — b*] with a = v — u}} and b = u} we

obtain:

:_72 3K B[t - uf)?] Z D IKIE[(u™)? = (ufk)?]

n=0 KeT n=0 KeT
n o 1
-5 Z D IKIBlwi™ — i)+ 5 > IKIE(ui)® - (o),
n=0 KeT KeT

where we set

:_72 > KIE[(uf™ —ufe)?],

n=0 KeT

and

= % DO IKIE[(uR)? — (ug)?] 2 —% 37K E[(uk)?). (4.10)

KeT KeT

Next, we substitute (3.4) into A;. Also using (4.4) and the fact that Wj:"' — W72 and any function of
Uk, uf, Vg, and v - are independent, we deduce that

N—
%Z Z|K{ (Wi = W) )]

n=0 KeT

Fe.p (FO (ufe,ul) — fu)) = vf e (F(u, ufe) — f(uk))} }

k.Q
+ x| E Z
LeN(K)

Using a similar idea in the proof of Proposition 2 in [7], we deduce that:

(FC(ufe,ul) = f(uf)) — v g (FO(ul,uk) — fluk))}

SE LI DS

KeT LeN(K)
1 _
1-¢, T |0K L|
(K,L)ET,
xE vk, { max (FC(c,d) — f(e)* + max (FC(¢,d) — f(d))2}
? (c,d)eC(ul u?l) (c,d)eC(ul ,u)
+ v} max FC%c,d) — f(e)? + max FC%c,d) — f(d 2} .
bac{ s (PO - SO+ max  (FOed) ~ £(0)
Therefore
e 1 é.N—l |J |
n n — K,L
Ay > — 5 Z Z E [(W;H - WK)QQZ(UK)2] T 9 Z Z
n=0 KeT n=0 (K,L)€Z,
x E [v} max FC(e,d) — f(e)? + max F%(c,d) — f(d 2}
o { s (PO - FOP e (FOled) - f@)

Fobac{ e (PO - SO+ (FG(c,d>—f(d))2H,

,d)EC(u,ul) (c,d)eC(ul ul)
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where we recall that Z,, = {(K,L) € T2 : L € N(K) and u? > u?}. Next we use (3.16) and (4.10) to deduce
that

A=A+ A

1 1-6 & oK L]
- KL

> *§(||U0||%2(1rd) +TAM,) — 5 Z k Z 5
n=0 (K.L)yez, -~ 1

(c,d)eC(ul ul (c,d)eC(ul ul}

xElv?(,L{ max  (F%(c,d) — f(c))? + max (FG(c,d)—f(d))Q}

m.
€C(uf,uf) (c,d)eC(uly,ul)

n G _ c 2 ax G c _ 2
o]y (FOed) - £ + (FS(e.d)  f(d) }]

The term B is estimated by using the same idea as in the proof of Proposition 2 in [7] such that,

N—-1
oL
BZZk Z 2(>7<K2éf

n=0 (K,L)€Z,

x E

VK. { max (FG(C, d) — f(c)* + max (FG(C, d) — f(d))2}

(e;d)eC(uf uy) (c,d)eC(up uy)

Tk (FC(c;d) = f(e))? +

Lo 5 (PO~ 10 ] |
Therefore, since A+ B =0,
HUOH%Q(W) +TAgM;
N—-1
- (Qéf) 2k D, ol

n=0 (K,L)eZ,

E v} F%(c,d) — f(c))? F%(c,d) — f(d))?
x [UK,L{(Qd)E%M)( (d) = JOP + _ max  (FO(a) - )

+ 7 max FC%e,d) — f(e)? + max F%e,d)— f(d 2}
L,K{(Qd)ec(umg (d) = JOP + _ max (FO(d) - ()

which, in turn, implies the bound

1
k‘ Z ‘O'K,L

n=0 (K,L)€Z,

N—

x E |v% max F%e,d) — f(e))? + max FGc,d—fdQ}
l KL {(c,d)eC(u;g,ug)( (e, d) = f(<)) (c,d)eC(u;;,ug)< (e, d) = f(d)) (4.11)

tor max FYc,d) = f(c))*+  max FC(c,d)— f(d 2}
L’K{(ad)ec(u}%,u”i)( (c,d) () (c,d)EC(u}l(,uz)( (c,d) ()
<y,

where the positive constant C; depends on Ao, T, My, &, Cy and |lug|| p2(ray. We then use a reordering of
the summation to deduce that

Z |UK,L|E

(K,L)eZ,

Vier {(FC (e, u) = f(uf))® + (FC (ufe,uf) — f(uf))?}
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+ o g {(FC(uf ufe) = FQuf))? + (FO(up, ufe) = f(uf)?)
=3 Y okl B i {FO i ut) = fuwie)} + vf s {FO (i uie) = f(ui)}]
KeT LeEN(K)

which together with (4.11) implies

YEY Y o1l B (g {FC e, uf) = Fi)} + i g {FO iz, u) = flui)}] < u.

n=0 KeT LeN(K)

This completes the proof of the inequality (4.8).
Proof of the inequality (4.9). We estimate the term

T2={Z_k ) |aKL|E[KL{ x| (FOled) — @)+ max (POl - 1(d)

n=0 (K.D)eT, (c,d)eC(ul,ul) (c,d)eC(uly ul)
2
o] e O~ FOCa)+ e (@) - PO

,d)EC(ufe,ul) (c,d)eC(ul ul
(4.12)
We define
X F%(c,d) — f(c)) + max FC(c,d) — f(d
(C d)GC(uK ’U,L ( ( ) f( )) (C,d)ec(u}‘{,uz)( ( ) f( ))
and
= — F%c,d d) — F9(c,d
(eayeiX w(f(c) (c, ))+(c,d>é?&’§ w(f( ) (c,d))
We deduce from the Cauchy-Schwarz inequality that:
2
=2
T°=(> k > loxrlE vk T+ v} kT2
n=0 (K,L)€ZL,
— n n — (U% LT1 + Uf KT2)2
< Z k Z (Vrr +vi) | X Z k Z lok,L|E v" +v”7 (4.13)
n=0 (K,L)eZ, n=0 (K,L)EZ, K,.L T VLK

N-1
<>k > Wk +oie) | X [ Dok D loxrlE vk T7 +0f £T5] |
n=0 (K,L)ET, n=0 (K,L)EL,

where we have applied Jensen’s inequality to deduce that

2
n n n n
<UK7LT1 + “L,KT2> < VKL 9 Vp K 9

T + — —T5.

n n - n n
Vg TV K Vg TV K Vg TV K

It follows from (3.1), that

N-1 N—-1
Sk Y okl o)=Y kY > loxrlvky

n=0 (K,L)€Z, n=0 KeT LEN(K)
<T Y |0K|V
KeT
TV|']I‘d|
aZh
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Moreover, we remark that

T2<2{ max  (F%c,d) - f(c)*+  max  (F9(c,d) - f(d))*
1< (C’d)ec(u%ug)( (¢,d) = f(c)) (c,d)eC(u}l(,ug)( (c,d) — f(d))

}
<p{ me (FOCO-OP | mex (FOlad - f@)),

(c,d)eC(ul ul) (c,d)eC(ul ul)

which we substitute into (4.13) to deduce that

—2 2TV|T¢
2_ aThlzk Z ok, L

n=0 (K,L)eL,

E |o? F%(c,d) — 2 F%(c,d) — f(d))? 4.14
X vi,L{(Qd)Erggf;uz)( (c,d) — f(c)) +(C7d)€rg&>§7uz)( (c,d) — f(d)) (4.14)

(c,d)eC(u’y ,ut) (c,d)eC(uf ut)

+v7 Kk { max (FG(C, d) — f(c))2 + max (FG(C, d) — f(d))Q} ] .

Substituting (4.11) into (4.14), we deduce that

d
72 o 20V

4
oZh

which combined with the inequality (4.12) implies

{NZk Y. loxilE

n=0 (K,L)EZ,

K{ max  (FO(c.d)— f(e) +  max (FG(c,d)—f(d))}

(c,d)eC(ul,uh) (c,d)eC(ul ,ut

2
+ o max c —FG c,d)) + max d _FG e,d }
L,K{(cd)ec(u%uz (f©) = FOed) +  max  (f(d) = FO(e.d)

_2C 1Y
oZh

2TC, | T4V

We choose Cy =
azh

to deduce (4.9).

5 Convergence of the scheme
5.1 A time-continuous approximation

We define ux as the continuous in time stochastic process

t —nk
arc(t) =uf — = 3

(v LB (ufe, uf) — vf, ( FO(ul, uik)

‘K| LeN(K)
+ 9(uf) (Wi (t) — W)
v w,ul) — ol L FC(ul,u? 5.1
—u — Z e k.t “(ufe, up) L F o (ul K)ds (5.1)
K|
nk e N(K)

+ / g ()W (8).

k
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on the domain 2 x (nk,(n + 1)k). In this way, tx(nk) = u} and ag((n + 1)k) = ui'. We define the
time-continuous approximate solution % on 2 x T¢ x (0,7) by

arg(z,t) =ag(t") for ze€ K and t€[nk, (n+1)k).

Next we estimate the difference between the time-continuous approximation @7 ; and the finite volume
solution wr j which is defined in (3.8).

T
Lemma 5.1 Let ug € L?(T?) and T be an admissible mesh in the sense of Definition 3.1. Let k = N satisfy
the CFL condition (4.7). There exists a positive constant C depending on T, My, Cy, o, V and ug such that
lug k= @1 kll72(2x0r) < C(h+E).
Proof: There holds

‘2
L2(2xQT)

N-1 .(n+1)k
2/ ZhE

n= KeT

lur ke — 1k

9(ug ) (Wi (s) — Wg)+

2
(s K7|zk: Z lok,l{vie p (F(uk,ul) — fuk)) — v} g (FC(uf,uf) — f(u’;())}> ]dxds

LeN(K)

/K E [gQ(u}L{)(WK(s) — W}é)Q] dxds

n=0 KeT
N-1 ,(n+1)k

[y e
n=0 nk KeT K

2

—nk

<S|KT|L > low vk (F(ufk, uf) — f(uk)) —of g (FO(up, ufk) — f(u"K))}> ]dxds
LEN(K)

N-1 .(n+1)k
+2,;)/nk Z/KE

KeT

s —nk

W.‘](U?{)(WK(S) - Wg)

x Y lorl{vi (FO (i, ul) = fufk)) —of x (FO(uf, uf) - f(u}%))}] ;
LeN(K)

N-1  (nt+1)k
= Z / Z /KE [QQ(UTIL()(WK(S) — W}})ﬂ dxds

n=0 7/ nk KeT
N-1  (n+1)k
n=0 71k KeT /K

(‘K""“' > lornl{vk p (FE(ufesut) = f(uk) = vi i (FE(uf ui) f(l&)ﬂ) ]dwds

| | LeEN(K)

where we used the fact that
E[Wgk(s) —Wg]=0. (5.2)

We remark that (5.2) can be proved in the same way as (3.14). Applying the counter part of (3.16)

SIKIE [(Wic(s) = Wi)?| < (s = ") o,
KeT
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for all s > nk, we deduce that

N-1 .(n+1)k

Z/ Z/E[f(u}g)(WK(s)—W,@)?] dads
n=0 7"k KeT K

N-1 .(n+1)k
< Z/ (s—t”)Aodes

n=0 /nk
<TAoM_k.

Moreover, using the CFL condition (4.7) and the inequality (4.8), we deduce that:

(n+1)k
/ 2}/ W\ > loxrl{vien (FO(uf,up) = f(uf))

KeT LeN(K)

v e (FO (g uk) — )} ] dwds

azh
<027
= TV (20y)?
Therefore
=2 2 ath

lure = 0T kllT2(0x0p) < TAoMgk + CIV(TCf)?'
Finally we set C' = max(TAgM? %) to deduce the result of Lemma 5.1
v - T V(202 -

5.2 Entropy inequalities for the approximate solution

In this section, we show entropy inequalities satisfied by the approximate solution and use them in the proof

of convergence of the numerical scheme.

Lemma 5.2 (Discrete entropy inequality) Assume that hypotheses (H) hold. Let T be an admissible

T
mesh in the sense of Definition 3.1, N € N* | let k = N be the time step and assume that

k
E—>O as h — 0.

Then P —a.s in (2, for all n € A and for all p € C:

_ Z Z/ WY (), nk)de

n=0 KeT
3 / F )V (2, t) - Vool(e, nk)dedt

/(n+1
n= 0 nk KeT

(n+1)k
+ Z / / 0 (ui)g(ui)p(z, nk)dWi (t)dx

KeT
1 N-1 .(n+1)k

+ﬁz/ Z/W%W%Mm%mﬁ
2 n=0 v nk KeT

> Rkh

(5.3)

(5.4)
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o0 2 a
b 3 (1 [ o) 7[00 ol e 4, B
P =1 K 0
as h — 0. "

Before proving Lemma 5.2, we recall It6’s formula (cf. [24], p. 153).

Lemma 5.3 (It6’s formula for an (F;)-Brownian motion)
Assume that the stochastic process W (r) is an (F;)-Brownian motion multiplied by a positive constant qz
and X (1) is an R-valued stochastic process given by

X(r) = X(0) +/ w(t)dt+/ O(t)dw(t), 0<7<T,
0 0
where X (0) is Fo-measurable, ¢ is (F;)-adapted and measurable in (w,t) such that

T
/ [¥(@t)||rdt < 00 P —a.s.
0

and 0 is an (F;)-adapted and measurable process such that

T
P (/ 02(t)dt < oo> =1
0
oG 0G 9*G

Suppose that the function G(x1,22) : R x [0,T] — R is such that its partial derivatives ~——, —— and ——
82132 31‘1 8:61

are continuous on R x [0,T]. Then P-a.s. for all T € [0,T],

G(X(7),7) =G(X(0),0) + /OT {S—Z(X(t),t) + g—z(X(t),t) z/J(t)}dt

N /0 ’ %(X(t), £) - 0()dW (1)
+ g /OT gag(X(t),t) H0%(t)dt.

Lemma 5.4 (It6 isometry) (cf. [24], Page 144)
Assume that {3;(t)}i=1,2 and B(t) are independent (F;)-Brownian motions, and let X = (X(w))te(o,r) and
Y = (Yi(w))ieo,r) be (Fi)-adapted and measurable stochastic processes such that X,Y € L*(£2 x (0,T)).

Then,
T T T
E / X dBi(t) / YidB;(t) || =E / X Yidt| -0y 4, (5.5)
0 0 0
where §; j =1 if i = j and 6; ; = 0 otherwise, which in turn implies that
T 2 T
E / X, dB(t) =E / XZ2dt| . (5.6)
0 0
We then prove an equality based upon It6’s formula.
Lemma 5.5 For all n € A, there holds:
n(ik ((n+ 1)k)) = n(ux (nk))
(n+1)k o™ FG(Un ’un) — FG(un’un )
== [ ) Y | R R
nk LEN(K)
(n+1)k (5.7)
[ )i

1 (n+1)k )
a0 T
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P —a.s in (2.
Proof: We apply the It6’s formula stated in Lemma 5.3 to the case that

- g(xh 332) = 77(331)a
— X(t) = ax(t) which is defined in (5.1) on the time interval (nk, (n + 1)k),
Ve FO (e, u) = of s PO (uf, uf)

—p== Y okl ;
LEN(K) |K|
— 0 =g(uk)
— The stochastic process W (t) is given by Wk (t) = ;gr (/ em(a:)dx> B ().
m=1 K
Thus: o6 90 9
— 7 T
01'2 0, 8:61 K (1‘1) and 8%% K (.1‘1)
with 21 = X (t) = ak(t), t € [nk,(n+ 1)k).
Using the formula of Wk (t), we deduce that
= /\m n n
Wit ) = Wiele) = 3 { (Y3 [ enadin) (5ute) = )}
K

m=1

where

Bm(tn—i-l) _ ﬂm(tn) ~ N(07tn+1 _ tn),

Using the property that if a random variable Y ~ N (u, 02), then the random variable aY +b ~ N (au-+b, b*0?)
[19], we deduce that

(W /| €m($)dm> (Bon (1) = B (27) ~N<o, (m em(x)da:>2(t"+l—tn)>

K] Kl Jk

for all m € {1, 2,...}. Because the Brownian motions {5, (t)}m>1 are independent, and using the fact that if
two independent random variables Y, ~ N (u1,0%) and Ya ~ N (2, 03) then Y1 +Ys ~ N (u1+uz, 03+03) [19)],
we deduce that

ni1 n o (VAm * ot
Wr (") — Wi (t )NN(O,Z <|K| Kem(x)dx> ("t —t ))

m=1

We recall

1
and we rewrite the stochastic process Wi (t) in the form Wi (t) = ¢ B(t) where 3 is a standard Brownian
motion and apply It6’s formula (cf. Lemma 5.3) to deduce that

n(ux ((n+ 1)k)) — n(tax(nk))
(n+1)k vkLFG(u’}(, ul) — v’LL’KFG(U’,—f, u')

:_/ 0 (g (t)) Z ok | K| “

k LEN(K)

(n+1)k
T / o (e (£)) gl AW (8)
nk

1 (n+1)k )
tya [ ()R
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P —a.s in (2. This completes the proof of Lemma 5.5.
Proof of Lemma 5.2. Step 1: Recalling that g (nk) = ul, ux((n + 1)k) = v, and using (3.7), after
multiplying (5.7) by |K|¢%, one deduces that P —a.s. in {2,

ZZIKISOK (ui™) = n(u)]

n=0 KeT
N-1 (n+1)k
=-> > <P?</ W (arst) Y [|0’K,L|
n=0 KeT nk LeN(K)
x (v, (FC(ul,up) — f(uk)) —of i (FO(uf, uf) — fuf))}|dt (5.8)

(nt1)k
+ Z > |K\<PK/ 1 (ur k(t))g(ufe ) AW (t)

n=0 KT

(n+1)k
+5 ZZIKIWK [ s o,

n=0 KeT
with

),
O =— | e(x,nk)dr

The equation (5.8) can be written in the form A*" = —B*h 4 Ckh 4 DRI with

ZZ\KI@K uftt) = n(ufe)]

n=0 KeT
(n+1)k
/ S e ara®) Y [|aK,L|
n=0 Jnk KeT LeEN(K)
X {0 (FO (o) — FQi)) — of e (FO @ k) — Flul))} |t
(n+1)k
T Y| / e (a1 () g (uf ) AWk (1)
n=0 KeT
N 1 (n+1)k
DH =3 Y Kk [ a )i
n=0 KeT

k
Since by the assumption (5.3), 7 — 0 as h — 0 in the theorem, we may suppose that the CFL condition

(1—¢&)aZh
"< Ve,

holds for some ¢ € (0,1).
Study of B*": we decompose B*" as

k,h

~ ~ — —k.h
Bk,h — (Bk,h _ Bk,h) + (Bk,h _ B )+ (B _ Bf,h) _|_ B{C,h
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where
~0 (n+1)k 1
! n
B Y [ g o)
n= OKGT nk K
XY ok ol fFO (uhe,ul) — vf g FO(uf, ufe) Yo(a, nk)dadt
LeN (K)
—kh N-1 (n+1)k 1 .
-y [ S s Hoke 1 GO (e, ) — 0. GO (u, i) o, m) ol
n=0 KeT /nk K Len(K)
1 (n+1)k
Bf’h / / F'(ug)v(z,t) - Vap(z, nk)dxdt.
n= OKGT nk K
where

G%(a,b) = F"(s(a,b)). (cf. (2.6))

In the following we prove that Bhk B > 0 almost surely. Recalling that

Z (U?(,L - UZ,K)FW(U?() =0,

LeN(K)
Z (U?(,L - UZK)JC(U?() =0,
LeN(K)
and that for all K € T, FO(u},u}) = f(u?) and GO (u}, ul) = F7(u); we rewrite BF — B as:
Eh’k _ §h7k
N-
Z e Y loweal{ufn R o) — S050) — (G ) — P ()]
= T LeN(K)

= o e [ (G (P i) = () = (GO (u i) = F(u3e)] } [ ol mbd
Let K,L €T, L € N(K) and suppose that u% < u?}.

We study the sign of o/ (u% ) (FE (u}, u?) — f(u%)) — (G (ul, u} ) — F"(u})). Using the fact that F is a
Godunov numerical flux (cf.(3.2)), we deduce that there exists s(u%,u?) € [u}%,u?] such that F¢(ul, u}) =

f(s(uk,ut)) = min f(s). Thus
s€lul,ut]

0 (uhe) (FC (ufe, uf) — f(uk)) = (G (ufe,uf) — F(uf))
=1’ (ufe) (f (s(ufe, up)) — f(uf)) — (F7(s(ufe, u)) — F7(ufc))

s(upe,uy) s(upe,uy)
_ / £ ()1 () ds — / F(s)7 (s)ds

n n
K

b(uKauL)
/ £()( () — 7 (5))ds

n
K

s(u,uy)

= FsCufe ) () — o' laiecp)} + [ o (s)ds
Saxﬂfi)

> f(s(ui, wp){n' (ug) —n'(s(uk, i)} + /n f(s(uf,ug))n" (s)ds

K

=0.
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Similarly
o (ufe) (FO (uf, ufe) = fluk) — (G (uf, uf) — F'(uf))
=1’ (ug ) (f(s(up, ug)) — fuk)) — (F"(s(uf, u)) — F"(ug))
S(“’L7UK) , , ,
= [ ) i i (s)ds
n n / n / n n b(uz’U%) "
=f(s(uf, ug )){n' (ui) —n'(s(uf, ui))} +/ f(s)n" (s)ds
U
n n / n / n n S(UZ)U;L() n n "
<f(s(up, ui){n' (ufe) — 0’ (s(ug, uf))} + / f(s(uf, ufe))n” (s)ds
Uk
=0.
Also using (3.5) and (3.6) we obtain
Ve [ (Wi ) (FC (ufe, up) = fuf)) = (GO (ufk,up) — F(uf))]
— v} e[ (i) (FC (e, uf) = fluf)) = (G (ufe,u) — F'(u))]
> 0.
We deduce that
Vi I (W) (T (ufe,up) — f(uf)) = (GB (ufe, uf) — F(uf))]
—of g [0 (ui)(F5T (uf, ug) = fluf)) = (GBT (up, uf) — F(uf))]
>0,
from which we deduce that B"F — Eh’k > 0 almost surely in (2.
Study of C*¥": we decompose C*" as
Okh — gk _ Gkh 4 kb
with
(n+1)k
chh=%" / / Vg (Ul Yoz, nk)dWi (t)da
KeT n=0 nk
Study of D*": we decompose D*" as
Dkh — pkh _ pkh 4 pkih
with
_ (n+1)k
Dhh = Z / [ [ axn wiog® i)k
nk KeT
Since P-a.s. in £2, AP = —Bkh ORI 1 DFR | we obtain
Bkh — _ pgkh y okh o phh
>(BE — BRM) 4 (B — By) + By,
so that B h
_Ak,h _ B1 Z (Bk,h _ Bk,h) 4 (E AN Bl) _ Ok‘,h _ Dk’h,
and that
—ABN By 4 OF - DRIz (BRh — BRI 4 (BY = By) + (CH! — 08 4 (DRh - D). (5.9)
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Substituting the definition of A*", By, CHh and D*" into (5.9) yields

3> / (n(ut) —n(ui ) (e, nk)dz
n=0 KeT 'K
N-1 r(nt+1)k

N Z/ > / F(ug)v - Vap(a, nk)dzdt
n=0 7"k KeT /K
N-1 (n+1)k

* Z/ ) / ' (ui)g(uk )p(z, nk)dW (t)dx
n=0 YNk KeT K
1 N=b p(nt D)k

b2 [ [ ae wistur) et oo

n=0 Y nk KeT 'K

Z(Bk),h Bk h) (Bk he By) + (ék,h . Ck,h) + (5I~c,h _ Dk,h).

We define B oh _ _
Rk,h —_ (Bk,h _ Bk,h) T (E L Bl) 4 (Ck,h _ Ck,h) + (Dk,h _ Dk,h)
to deduce the inequality (5.4).
Step 2: Next we prove that for all sets A € F, E [1 R*M — 0 as h — 0. Let A € F; we analyze sepa-
rately the convergence of E[14(B"" — B*")], E[14(B"" — B")], E[14(C*" — ¢k, E[14(D*" — D*hY).

Note that the assumption that 7 — 0 as h — 0 is crucial.

Convergence of E[14(B%" — BFh)]
We prove that for all sets A € F, E [1A(B’f’h — E’f’h)} —0as h — 0. For almost all w € 2, all K € T and
all n € {0,1,..., N — 1}, there exists (}(w) € R such that

h ~ n_ (n+1)k 1 , ,
BB =SS [ e [ ) o)
n= OKeT nk

<3 loxn vk L FO (uhup) - vf x FO(uf, uf) Yo, nk)dadt
Le/\/K)

(n+1)k 1
/ (G (1) — )]
n= OKET nk ‘K| K

X Z |UK7L|{U?(,LFG(U7IL(3 UZ) - UZ,KFG(U?J u}?)}(p(x, nk)dl‘dt
LeN(K)

_ Tlh’k + T2h7k

where we set, in view of (5.1),

(n+1)k 1 t—nk
T1h’l€ / K " (Cx)e(z, ”k)?
22 [ K|

<\ D loxp{oR L (FO ke, uf) = fuk)) — o} o (FO(up, uf) = f(uk)} | dadt
LEN(K

h,k (n 1)k 1 1" n n
=Y [ g [ @) (Vi) = Wnk)]

n= OKGT

XY ok vk fFO (ufe, uf) — v o FO(uf, ufe) yo(a, nk)dadt.
LeN(K)
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Let A € F; we first study E [lATlh’k] Using Cauchy-Schwarz inequality as in (4.13), the assumption (3.1)
and the estimate (4.8), we deduce that

\E ]|

(ntDk t —nk
1 1 7
AZ / ] GO R et nk)des

2

X Z ok, L|{UK L(FG<uKaUL) fluk)) — vZ,K(FG(uEu}%) — fluk))} } '

LeN(K)

< 11" llosllplloo Z Z Y loxrl@icn + o7 x)

n=0 KGT LeN(K)

xE| Y loxol{vi (FOufk, up) — f(uk))® + 07 ko (FC (uf, uf) — f(ul))?}
LE/\/(K)

< " llsolllloo Z > fVlaKI

n=0 KGT

XE | Y o nl{vk  (FC (uf,up) = f(up))? +0f g (F(up, uf) — f(uf)*}
LeN(K)

k
< Ciln" oo l@lloo =5V,
oZh

which tends to 0 as h tends to 0. Next we remark that E[T3"*] = 0. This completes the proof of E[14(B*" —
B%M)] — 0 as h — 0.

Convergence of E[lA(Eh’k — B?’k)}
We prove that for all sets A € F, E [1A(§h’k — Bf’k) — 0 as h — 0. Using the fact that

> okl (Wi — v} ) (uf) =0,
LeN(K)
we deduce that
k
A Z {/ o(z,nk)dx
K

n=0 KeT K| LEN(K)

% Jox,L vk (G (ufe, uf) = F(uf)) — v} (G (u, uf) — F"(u))}

—hk  =hk hik
so that, B =1, + T, , where

N-—-1 k
= —|oK,L p(z,nk)dx
> Y lowal [ etank)

n=0 (K,L)€L,
x {vj 1 (GO (ufe,up) — F(ufk)) = of i (GO (uf, uf) — F(uf))}

and
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N—-1 k
= —|oK,L p(xz,nk)dx
> Y glowal [ et

n=0 (L,K)€T,
x {vie (G (ufe, uf) — F™(ul)) = vf (GO (uf, ufe) = F"(uf))}

N-1 1
— Z Z —|0K,L|/g0(m7nk)dx
L] L

n=0 (K,L)€Z,
x {vfe L (G (ufe, uf) — F(u})) — v 1 (GO, ui) — F"(uf))}.

Similarly,
- N—-1 (n+1)k
B =X S [ [ vt el b @
n=0 KeT LeN(K)* ™k OK,L
—1 (n+1)k
= Z Z / / —p(y,nk)F"(ug)v(7y,t) - ng dy(x)dt
n=0 (K,L)eT, ’ "k OK,L
N-1 (n+1)k
X [ [ et P vt ncsdi(e)de
n=0 (L,K)eZ, ’"F OK.L
N-1 (n+1)k
- [ el v sy o)
n=0 (K,L)eZ, ’ "k oKL
N-1 (n+1)k
S Y [ [ et (o)t
n=0 (K,L)eT, ' "* OK.L
=19 + 1t
where
n+1
= Z > / / (7, nk) F" (ufe)v (7, 1) - ng pdy(x)dt
(K,L)ET,
; (n+1)k
I s I R L A COR BT
n=0 (K,L)€Z,
In order to estimate the terms |T1’ — T/%| and |T;’k — TI"*|, we refer to the arguments of esti-

mating |Tib’k — TI*| and \T;k — TI¥| in Proposition 4 of [7], which yields that for all sets A € F,
E [1,4(?"’c - B{"’“)] —0ash— 0.

The detailed proofs of the convergence of the convergence of E[1,4(C*" —C*:")] and of E[14(D*F" — D*h)]
are given in [17]. We thus deduce that E[14R*"] — 0 as h — 0, which concludes the proof of Lemma 5.2.

We refer to [6,7] and [17] for the detailed proofs for the following lemma.
Lemma 5.6 (Continuous entropy inequality on the discrete solution) Assume that hypotheses (H)

T
hold. Let T be an admissible mesh in the sense of Definition 3.1, N € NT, let k = ~ be the time step and

assume that

k
E—>O as h — 0.
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Then P-a.s. in (2, for all n € A and for all ¢ € C, there holds
T T
/ n(uo)cp(:z:,O)dajJr/ / n(uT,k)ﬁtga(x,t)dxdt+/ / Fur k)v - Vyp(z,t)dedt
T 0 J1d 0 J1d

T
+/Td/0 0 (ur k)g(ur i )e(x, ) dWr(z,t)dx (5.10)

1 T
+ 5/0 /Td n’/(uT’k)g2(u7—vk)‘p(zvt)Q(I,I)dzdt

>R,

where for all sets A € F, E [1‘4]%’”1 —0ash—0.

6 Convergence proof

Theorem 6.1 [Convergence to a measure-valued entropy solution of Problem (2.1)] Assume that hypotheses

T
H) hold. Let T be an admissible mesh, T > 0, N € N and let k = — satisfying that
N

k

— —=0ash—0.

b as
Then there exist a function u € N2(0,T; L?(T? x (0,1))) N L>=(0,T; L?(£2 x T¢ x (0,1))) and a subsequence
of {ur i} which we denote again by {ur i} such that it converges to u in the sense of Young measures.
Moreover u is measure-valued entropy solution of Problem (2.1) in the sense of Definition 2.2.

Proof. We multiply the inequality (5.10) by 14, namely the characteristic function of the set A € F. We
take the expectation, which yields:

E [1,4 /Td n(u0)<p(x,0)dx]

T T
+E 1A/ / n(ur k)Owp(z, t)dedt | +E 1A/ / F'(ur k)v - Vyp(z, t)dedt
0 Td 0 Td

+E

T
1,4/0 /I[‘d n’(uT’k)g(uT’k)go(%t)dWT(a:,t)da?} (6.1)

1
-E
+2

T
lA/o /Td n//(uT,k)g2(uT,k)<p(;v,t)Q(xm)dxdt]
> E[lAék’h],

It follows from Lemma 4.1 that there exist an entropy process [2,14] u of L>(0,T; L?(£2 x T¢ x (0,1))) and
a subsequence of {ur } which we denote again by {ur i} such that uy j converges to u in the sense of
Young measures. Moreover it follows from [2] and [6] that u € N2(0,T; L?(T? x (0,1))). More precisely the
convergence in the sense of Young measures means that given a Carathéodory function ¥ : £2 x T¢ x (0, T) x
R — R such that (-, -, ur ) is uniformly integrable, one has:

/OT /Td W(-,uT,k)dxdt] —E [/OT /Td /01 ¢(~7u(-,a))dadmdt] )

Recall that a function ¥ : 2 x T¢ x (0,T) x R — R is a Carathéodory function if for almost all (w, z,t) € 2 x
T? x (0, T) the function v + ¥ (w, z,t,v) is continuous and for all v € R, the function (w, z,t) + ¥ (w,z,t,v)
is measurable. In order to prove the convergence of {ur x} to a measure-valued stochastic entropy solution

E
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of Problem (2.1), we aim to pass to the limit in the inequality (6.1) as h — 0. We have proved that
E[14R*"] — 0 as h — 0. It remains to study the convergence of the terms on the left-hand side of (6.1).

T
1A/ / U(UT,k)atSO(I,t)d:Edt]
0 T

W (w,xz,t,v) € 2 x L2(T?) x [0,T] x R = 14(w)dsp(z, t)n(v) € R
is a Carathéodory function such that ¥(-,-,-,ur ) is bounded in L?(£2 x Q7). Thus

14 /OT /’H‘d /01 n(u(x,t,a))da@tw(x,t)d:rdt]

T
Study of the term E 1A/ F'(wr )V - Vzga(x,t)dxdt]
0o J1d

Study of the term E

Note that

— E

T
E llA/ / n(ur k)Opp(z, t)dadt
o Jra

as h — 0.

Since F is bounded in L2(£2 x T? x (0,7T)), using the same arguments as previously, we deduce that

T 1
E 1,4/ / / F(u(z,t,a))v - Vo, t)dadmdt]
0 Td JO

T
1A/ / Fur k)v - Vep(x,t)dedt| — E
o Jrd

as h — 0.

T
Study of the term E lA/ / 0 (ur x)g(ur k)e(x, t)dWr(z,t)dx
T Jo

We denote by ¥ the mapping ¥ : (w,z,t,v) — la(w)y' (v)gv)e(z,t) € R; (-, -, -, ur ) is bounded in
L>(2 x Qr), so that up to a subsequence ¥(-,-, -, uy ) converges weakly in L?(£2 x Qr) to a function
X € L?(£2 x Qr). Thus

lim E {/ W(;dedt] = hlim / U pdzdt P(dw) :/ xodzdt P(dw).
T 2xQr

h,k—0 ,k—0 QXQT

For any ¢ € L*(2 x Qr), (w,z,t,v) = ¢(w,z,t)¥(w,z,t,v) is a Carathéodory function such that
¢ (-, uT 1) is uniformly integrable. It is based on the fact that there exists a positive constant Cs such that

E[/ |¢W<-,ufr,k>|d:cdt}= [ towtur et p(a)
Qr 2xQr

S G| (ur p)ll L2 oxom) 10l L2 (2x @) -
Thus

1
lim (- wy ) bt P(des) = / / (- (-, a))dagddt P(dw),
hk=0 JoxQr 2xQr Jo

By identification,
1
D(ur ) = / (-, u(-))da (6.2)
0
weakly in L?(§2 x Q7). We have that

/0 0 (wr )9 (ur 1) ed W (2, )
T T
- / 7 (wr 1) 9 (ur ) pdWor (2, £) — / 0 (ur )9 (ur i) dW (2, 1)
0 0
4 / 0 (wr ) g(ur i) pdW (2, 1)
0

T T
- / o (wr s)g e i) d (Wi (2, 1) — W (. ) + / 0 (wr )9 (ur 1 )edW (2, 1)
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T
We first study the term / 0 (ur k) g(ur k) pdW (z,t); for U € L*(£2 x Qr), we define the operator T as
0

TWU) = /O ’ UdW (z,1) (6.3)

where W (x,t) is the @-Brownian motion defined by (2.5). In view of the Ito isometry Lemma 5.4, and the
hypothesis (2.4), we have that:

E Uw (%(U))de} —E [/w (/OTZ/{dW(a:,t)>2dx]
= l/ > Am (/ (2, 0)dBm (t )>Qe;(z)dx

m=1

T T
/ 2dx Z Ay Mg € () €y (2) /O U(z,t)dBm, (1) /0 u(x,t)d/sm(t)]

myi#ma

=E l/ﬂrd/o Q(x, 2)U?(x, t)dtdx
/Td /OTu2(x,t)dtdx]

< MUz 0x0m)-

+0

<AHE

This proves that 7 is a bounded operator from L2(2 x Qr) to L2(£2 x T4). Let T* : L*(2 x T¢) —
L?(02 x Qr) be the adjoint operator of T; then

(d)’ 7~‘Z/{) L2(02xTd) B (%*1/}71/[) L2(2%xQr)

for all ¢ € L2(2 x T4). Next we set U = 1’ (ur x)g(ur.x)p. We recall that by (6.2),

n(ur )9 (ur ke — { / o (- )l a))da} 0

weakly in L?(§2 x Qr) along a subsequence as h and k tend to zero. Thus as h and k — 0,

"(ur k)9 (UT,k)sD))

(.7
(T "(urk)g (UT,k)%0>

L2(02xT?)

L2(2xQr)

. (T*¢a { (u(-, a))g(u(, O‘))da} ('0> L2(2%Qr)

= (w7 ({ [ wat.anstat.ae w))LQ(W) -

We conclude that along a subsequence

T (urk)g(urp)e) = T ({ /0 ' (u(-, @))g(u(., a))da}<p> weakly in L*(£2 x T%),
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as h and k — 0, or in other words, in view of the definition (6.3) of ’7~',

/ i )gur ) dW (. £) — / ' (f o (u a)g(u. )da ) ¥ (z.)

Therefore, one obtains

M/ et t)dx] ot U /T </01n’(ﬂ(na))g(u(~,a))da> sadW(z,t)dx]

weakly in L2(£2 x T¢), as h and k — 0.
Next, we consider the term

T
Iy = In(w,z) = / 0 (ur 1 )g(ur ) d(Wr (. 1) — W (a,1). (6.4)

To begin with, we prove below the following result:

Lemma 6.1 Suppose that A, € L*(£2 x T4 x (0,T)) is (F;)-adapted [i.e., Ap(-,t,x) is F;-measurable in w
for every x € T4 and for every t > 0], such that

[An |l Lo (@2xTix (0,1)) < O (6.5)
for some positive constant C which does not depend on h. Then

Ty = Tp(w,z) = /0 Apd(Wr(z,t) — W(x,t)) =0 (6.6)

strongly in L*(£2 x T¢) as h — 0.
Proof: We first rewrite

Wrat) = Y o [ Wty 1x(0)
KeT

—zrzw ),

KeT

€K |K|/€m

Then, the difference of stochastic integrals in (6.6) can be rewritten as

Z \/7 <Z e — em(x)> / Ah(xat)dﬁm(t)'

KeT 0

where

We have that

1Tl (srey = [ Az Zn (s 2)l[7 o
Td

= [ ar (Zf (Zem —em<x>) /OTAh(m»t)dBm(t)>2

KeT

(Z eRli(z) — em(x)> E (/0 Ah(ac,t)dﬂm(t)>

KeT

+ /T e Y Vo (Z M L (2) — em, (a:)) (Z e 1 () — emZ(x)>

miF#ma KeT KeT

:/TddeAm

m=1

T T
/ Ah (33, t)dﬁﬂ’h (t) / Ah ('ra t)d/Bmz (t)‘|
0 0
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Therefore, by the independence of the Brownian motions {5,,(¢)} and by the It isometry for the stochastic
||Ih||2L2(Qx1rd)
. 2
= dx A eRlig(z) —en(T
[t 3 oo (3 ettt - o)

integrals (5.5) and (5.6), in view of (6.5)
T
(/ Ai(:c,t)dt)]
KeT 0

—|—/ dm[? Z \/)\ml)\m2<z el (x) — em, (x > (Z Rl (x) — em,(x ))

T¢ miF#ma KeT KeT

E /0 Ai(:at)dt] 5m17m2] (6.7)
o] 2 T )

:/Td dxmzz:l)\m (I;:TeKlK(m) - em(x)> /0 E[Ap(x,t)%]dt

<C i Am

By Cauchy-Schwarz’s inequality, we have that

Y eRlk() =Y (eR)IK|

2

Y Rk () —en()

KeT

L2(T4)

2

KeT L2(Td) KeT
1
=5 e ([enwitr) <3 [ = lenlam =1
KeT KeT

for all m € {1, 2, ...}, which implies that

Z eRlk () —em() <4 for each me {1,2,...}.
KeT L2(T4)

Next we prove that
2

DA D eRIk() —eml)

m=1 KeT

L2(T4)

tends to zero as size(7) tends to zero.
oo

Fix € > 0, since Z Am 1S a converging series, there exists a M € N, such that

m=1
oo 2 o0
m €
ST | D ek () —em() Z m< g (6.8)
m=M+1 KeT L2(Td) m=M+
M 2
Next we consider the term Z Am Z eRli () —em() . Let m € {1, 2,...} be arbitrary; there holds
m=1 KeT L2(T4)
2 ) 2
Z eMlg(-) — em(’) =\ Z <|K/ em(y)dy — em(x)> 1x(x)
KeT KeT K

L2(T4) L2(T4)
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=\ 5 dx <Z (ul{/Kem(y)dy—em(x)> lK(w)>2

&
=\ /T dx <I§T (ul(/Kem(y)dy—em(a:)>2lK(x)>

[ S (1 [ entwi=cn@) (g7 [ entity =enie)) 1 @1 o)

= KZT/ (g [ emtwr - (“"> e =An KZT/ (g1 [ y)dy‘ﬁﬂem(“)dy)gdx
A KZT/ ([ <y>—em<x>>dy) o 3 o [ (en) = o) iy

We denote by B(h) the ball with center 0 and radius h with h = size(7). Then

‘// em(y) — em(x))? dady
KGT ‘/ dx/B(h) 2 (em (2 + 2) — em(2))?

:)\m/ / (em (7 + 2) — em(2))? da
B(h) KeT K]

<Am|B(h)|sup.epn) Z |K|/ (em (2 + 2) — em(z))? da.
KeT K

KeT

Since the condition (3.1) holds, it follows that
C
[B(h)| = Cah < —2|K],

for some positive constant Cy. Let T CC O where O is a open set. We suppose that e,, is prolonged by
periodicity on R? and that dist(T¢,0O) < size(T). Therefore

2

Y Rk () —em()

KeT

L2(T4)

1
<A \K|supzeB(h) > |K|/ (em(z + 2) — en(2))? d
KeT K

Ca
:)\mz SupzeB(h) ”em( + Z) — em(~)||%2(’]1‘d).

Let € > 0 be arbitrary. It follows from the density of C'(O) into L?(O) that there exists a function g € C'(O)

such that
2¢ «

Iz =5 ey
for all z € B(h). Thus there exists a positive constant J such that for all z € B(h)

lem (- +2) = g(- + 2)l2(re) + llem(z) — g(z)

lem (- + 2) — em ()| L2(Ta)

Sllem(-+2) =g+ 2)llL2ray + lg(- + 2) = 9O)ll2 ey + [19() = em ()l L2(za)
o

<—€
—2MM\,,Cy
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for all h < 6.

Using the fact that the sum is finite, we have

M 2

€
D A || Y eR1k() —em() <3 (6.9)
m=1 KeT (T4)
Combining (6.8) and (6.9), we deduce that if h < ¢
~ 2
Z/\m Ze?l;{()—em() <e
m=1 KeT L2(T%)

which in view of (6.7) completes the proof of (6.6).

It follows from Lemma 6.1 that the integral I;, defined by (6.4) converges to zero as h and k tend to zero.
1 T
Study of the term 3 E llA/ / 0 (ur x)g? (ur ) (x, 1) Q(z, x)dxdt | :
0o Jrd

Since ¥ : (w,x,t,v) € 2 x T x (0,T) x R La(w)n” (v)g(v)p(x,t)Q(x, ) € R is a Carathéodory function
such that ¥(-,-, -, ur ) is bounded in L?(£2 x T x (0,T)), we deduce that:

Blia [ [ o )t ur (.0t 2)dadt
1A/ /Jl‘d/ u(z,t,a))g*(u(z, t,a))e(r, t)Q(z, r)adrdt],

as h — 0, for all m > 1.
We deduce that for all sets A € F, for all n € A and for all p € C

E[lA/ 1(uo)p(x,0)dx] + E 1A/ /T/ (2,t, @))dadyp(x, t)dzdt]

1A/ /T/ F(u(z,t,a))v - Vyp(z, t)dadzdt]
1A/ /W/ u(z,t, a))e(z, t)doadW (z, t)dx] (6.10)

+ - E 1,4/ /]I‘d/ u(z,t,a))g*(u(z, t,a))e(r, t)Q(x, v)dadrdt]

In turn (6.10) implies that for all y € L?(£2)

E[X/ n(uo)p(z,0)dx] + E] / /W/ u(x, t, a))dadrp(x, t)dxdt]
u(z,t,a))v - Vyp(z,t)dadzdt)

u(x, t,a))p(z, t)dadW (z, t)dz)

[ [ e
cen [ o
t3 E / /Td./ u(z,t,a))g*(u(z, t,a))p(r, t)Q(x, v)dadrdt]

Hence u is a measure-valued entropy solution of Problem (2.1) in the sense of Definition 2.2.
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7 Numerical simulations

Taking inspiration from the numerical computations in [1], we propose to perform numerical simulations for
a stochastic Burgers equation involving a @-Brownian motion:

ou 0 [u? .
ot + o (2) = agoW(z,t) (7.1)

in the space interval [0,1] together with periodic boundary conditions and the initial condition u(z,0) =
uo(x). The constant o is the amplitude of the noise term.
We consider the case that the Q-Brownian motion is given by

W(w,t) = Y VA Bn(D)em(@) + () fn (@)},

with {e, (), fm(z)} = {V2sin(2mmz), vV2cos(2mmz)}, m = 1,2, ... and {Bmn(t), ym(t)}, m = 1,2,... is a
sequence of independent (F;)-Brownian motions.

We suppose that @ is the Laplacian operator v — —u” with periodic boundary conditions, then the
eigenvalue A,, and eigenfunctions e, and f,, of @ which satisfy

Qem = Amem, Qfm = Anfm

for all m = 1,2, ... and such that \,, = 4m?7%. We remark that Burgers equation is not included in the class
of problems studied in this article, since the flux function f(u) = u?/2 is only locally Lipschitz continuous.

The following formula follows from [26]. For all u in the domain of (—A)~#, there holds, for the d-
dimensional torus,

(=) Pu= 3" A () ey em + (s fon) ooy fn }
m=1
which amounts to say that the eigenvalues of (—A)™# are A/, where {)\,} are the eigenvalues of the
Laplacian operator —A.
7.1 Numerical scheme

We propose the following numerical scheme for the discretization of the equation (7.1)

1 It n 1 n n (e n
=) i (Fly — L) = G (7 ), (2)

foralli € {1,2,..]} and n = {0, 1,...N — 1}. If we choose Q = (—A)~#, the stochastic force terms are of the

form
Wi = i_ M{Bm(tn)€7n($i) JF’Ym(tn)fm(xi)}

with {en,(2), fm(2)} = {V2sin(2mnz), V2 cos(2mmz)} and A = (4m?r2)~# and M a truncation number.
More precisely,

aQ n+l _ n
At W wr)

M
=% mZ:jl V2y/ A;ﬁ( (Bm (") = B (7)) sin(2mmz;) + (4 (") = Y (7)) cos(zmmo) (73)

:aQ\/ZzAi: (2ml7r)ﬁ ( <ﬁm(t"+3A;tﬁm(t”)> sin(2mmz;) + (VW(t"+3A;tvm(t”)) Cos(2m7T-Ti))

m=1




where Bun(t") — (1)
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Y (") = Y (t™)
and
VAt
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scheme,

follow the Gaussian law N(0,1).

1 1
with

n

We recall that in the simulation of stochastic Burgers equation [1], the authors proposed the following

n n 1
Dt g (R - Fy) =

T3

n

. 4
AxAth (7:4)
I-1
T . 1 2 [ /oy
N Azt T AxAt\/; 2 (mﬁ

Sn
cos(2mmx;) — —5 sin(2m7mci))
m
5 =

ch S
=y Z <mﬁcos(2m7mci)
m=1
a= -9

_ Pmogn(2 ;

e sin(2mnx )>

Comparing (7.4) with (7.3), we deduce that those two formulas are equivalent when M = (I —1)/2 and
, where I is the number of volumes.

(2m)?

7.1.1 Burgers equation involving a Brownian motion

In order to compare the numerical results, we propose to perform simulations for a stochastic Burgers
equation involving a Brownian motion:

ou 0 [u? .
() = t 7.5
o+ 52 () = et (75
where 3(t) is an (F;)-Brownian motion. We propose the following numerical scheme for the discretization of
the equation (7.5)
i(u’frl — )+ 1 ( no o _ g ) =& (gt — )
At VT A \Tits - Tis) T A ’
where 371 — 3" follows the Gaussian distribution N'(0,t" "1 — ™). We remark that for each time step n, we
use the same random variable 3"+ — 8" for all i € {1,2,...1}.

7.2 Numerical results

In this section, we present some numerical results. The initial condition is given by ug(x) = sin(27x)+0.5.
Z€ro.

We subdivide the space interval [0, 1] into 201 volumes and we perform 16 384 realizations for each fixed ag
and . The numerical results are presented in two periods in space.

First we present the results in the deterministic case, namely the case that the source term is equal to

-05

Figure 1: Solutions in the deterministic case
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Position of the shock as a function of time  +

Position of the shock

Figure 2: The positions of the shock

The figures show that after a certain time, a shock appears and moves with a constant speed.

7.3 Comparsion between two different types of noise term

We consider the case that ag =1 and 8 = 1, so that @ = 1/27 and we compare the numerical results of two
different types of noise.

7.8.1 Empirical mean value and one single realization

For the Brownian motion case;

3 Deterministic case  + 3 Deterministic case  +
Mean value of realizations = One realization  x

2 2

1 1

0 0

1 1

2 2

Figure 3: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢t = 0.05
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3 Deterministic case  + 3 Deterministic case  +
Mean value of realizations = Onerealization
2 2
1 1
+ +
X + %
0 0 -
1 1
2 2
0 05 1 15 2 0 05 1 15 2

Figure 4: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢ =1

3 Deterministic case  + 3 Deterministic case  +
Mean value of realizations Onerealization  x

2 2

1 1

0 0

1 1

2 2

0 05 1 15 2 0 05 1 15 2

Figure 5: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢ = 20

For the Q-Brownian motion case;

3 Deterministic case  + 3 Deferministic case  +
Mean value of realizations = One realization  x

2 2

1 1

0 0

1 1

2 2

0 o0z 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

Figure 6: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢ = 0.05
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3 Deterministic case  + 3 Deterministic case  +
Mean value of realizations = Onerealization
2 2
1 1
- +x
b +
0 0
1 1
2 2
0 02 04 06 08 1 12 14 16 18 2 0 02 04 06 08 1 12 14 16 18 2

Figure 7: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢t =1

3 Deterministic case  + 3 Deterministic case  +
Mean value of realizations Onerealization  x

2 2

1 1

0 0
1 1
2 2
0 02 04 08 08 1 12 1.4 16 18 2 0 0.2 0.4 06 08 1 12 1.4 16 18 2

Figure 8: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢ = 20

The mean value of the realizations is close to the deterministic solution in both cases. For single realiza-
tions, at time ¢ = 1 the Brownian motion shifts the position of the shock; and in the @)-Brownian motion
case, the stochastic solution is perturbed around the deterministic solution.

7.8.2 Variance and covariance for two fixed points

We first present the variance Var [u(x;,t)] for all ¢ € {1,2,...I} at different times ¢t = 0.05, ¢ = 1 and ¢ = 20,

1 1
t=0.05 '+ =005+
t=1 x t=L
=20 * =20 *

0.5 05

05 05

Figure 9: Variance in the case of Brownian motion (left) and Q-Brownian motion (right) for fixed time
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We then present the discrete L' norm of the variance as a function of time, namely

I
[[Var [u(-, )] 1 o.1) = Z |Var [u(z;, )]| d.

* L1 norm of the variance as a function of time ~ + t L1 norm of variance as afunction of time~ +
05 05

0 0
05 05

1 1

Figure 10: L! norm of the variance as a function of time in the case of Brownian motion (left) and Q-Brownian motion (right)

These results show that in the Brownian motion case, the L' norm is increasing as a function of time;
meanwhile in the Q-Brownian motion case, the L' norm of the variance tends to a stable value as time
increases. Since the L' norm of the variance is increasing in the Brownian motion case, we propose to
compare the results to the case that the amplitude @ = 1/7, which is twice as the previous amplitude that
we considered.

2 L1 norm of variance as a function of time + 2 L1 norm of variance as a function of time +
15 15

1 1
05 05

0 0

Figure 11: L' norm of the variance as a function of time in the case of the Brownian motion with a = 1/27 (left) and o = 1/7
(right).

Remark 7.1 The phenomena that a richer randomness in noise implies less fluctuation in the solution can
be observed in a different setting of SPDEs. Consider a stochastic heat equation du = Audt + dW (z,t) on
R? with an initial value u(x,0) = 0 for simplicity and with an additive noise W (x,t) which is a Q-Brownian

motion. Then the solution w is given in a mild form u(z,t) fo fde — s,x,y)dW (y, s)dy, and therefore
its variance is easily computed as

t
Var(u(z, £)) = / ds / p(ss 2,y )p(5, 2, y2) Q1 ya) Ay,
R4 x R4

where p is the heat kernel. In particular, if W is the space-time white noise, Q(y1,y2) = J(y1 — y2), so
that Var(u fo (2s,x,2)ds = /t/(27) when d = 1. While, if W is the Brownian motion 3(t) only
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in time, Q(y1,y2) = 1, so that Var(u(x,t)) = t for every d > 1. Indeed, u(z,t) = S(t) in this case. This
simple example, though it is totally different from our equation, indicates that the fluctuation of the solution
determined from the noise with richer randomness is asymptotically smaller as the time grows.

We fix 21 = 0.25 and z2 = 0.75 and then present the covariance Cov [u(z1,t), u(z2,t)] as a function of
time, where

Cov [u(z1, 1), u(xs,t)] = Ef(u(z1,t) — Efu(z1, 1)]) (u(zs,t) — Efu(zz, 1)])]

Covariance for fixed two points  + Covariance of wo fixéd points  +

05 05

0 0
i §
-05 -05

Figure 12: Covariance in the case of Brownian motion (left) and Q-Brownian motion (right) as a function of time

The covariance tends to a fixed value as time increases and the limit values are close in the two cases.

7.8.8 Comparison between different amplitudes in the Q-Brownian motion case

In order to study the influence of the amplitude of the noise in the Q-Brownian motion case, we propose to
consider the case that ag =27 and S =1

3 Deterministic case  + 3 Deferministic case  +
Mean value of realizations = One realization  x

Figure 13: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢ = 0.05
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3 Deterministic case  + 3 Deterministic case  +
Mean value of realizations = Onerealization
2 2 f
x %
1 1

Wv XQE: o
. . g‘f g“

Figure 14: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢t =1

3 Deterministic case | + 3 Deterministic case  +
Mean value of realizations x One realization S

2 2

" & W
’ ! « =
9 9 F £

/ ;

1 1

. .
, L %

0 0.2 0.4 06 08 1 1.2 1.4 16 18 2 0 0.2 04 06 0.8 1 1.2 1.4 16 1.8 2

Figure 15: Empirical average (left) and one realization (right) comparing with the solution in the deterministic case at ¢t = 20

We present the L' norm of the variance in this case:

L1 norm of variance as a function of time + L1 norm of variance as a function of time +
05 05 (
0 0
05 05
1 1
0 5 10 15 20 0 5 10 15 20

Figure 16: The L! norm of the variance in the cases that o = 1 (left) and o = 27 (right) as a function of time

In these two cases, the L' norm of the variance tends to a constant as time increases, and as the amplitude
of the noise is stronger, the limit value is larger, which is as it could be expected.
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7.4 Some conclusions and discussions

In the Q-Brownian motion case, we have considered cases that Q = —A~! with the series truncated
by a fixed number M = 100 for the numerical simulations. We consider different noise amplitudes, namely
ag =1, B =1and ag = 27, 8 = 1. The numerical results show that when a( is larger, one realization in
stochastic case is more dispersed. The average of the realizations is a good approximation of the deterministic
solution and as time tends to infinity it converges to the space-average of the initial function [12], which
is constant 1/2 in our case. While the deterministic solution is discontinuous at the shock, the average of
the realizations of stochastic solutions has a smoothing effect. When the amplitude is larger, the smoothing
effect is stronger, and the average goes faster to the space-average.

While comparing the results of the Brownian motion case and the Q-Brownian motion case, the averages of
realizations approximate the solution in the deterministic case. In single realizations, the Brownian motion
type noise shifts the shock position; meanwhile in the @-Brownian motion case, one single realization is
perturbed around the deterministic solution. If we consider the variance, the L' norm of the empirical
variance increases as a function of time in the Brownian motion case while the L! norm of variance tends to
a constant which depends on the amplitude of the noise term.

Acknowledgement The authors would like to thank Ludovic Goudenége, Max von Renesse and Hendrik
Weber for helpful discussions.
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