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Resonant non-linear normal modes. Part I: analytical treatment
for structural one-dimensional systems

W. Lacarbonara®, G. Rega®®, A .H. Nayfeh®

2 Dipartimento di Ingegneria Strutturale e Geotecnica, Universita di Roma La Sapienza, via Eudossiana, 18,00184 Roma, Italy
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Approximations of the resonant non-linear normal modes of a general class of weakly non-linear one-dimensional continuous
systems with quadratic and cubic geometric non-linearities are constructed for the cases of two-to-one, one-to-one, and
three-to-one internal resonances. Two analytical approaches are employed: the full-basis Galerkin discretization approach
and the direct treatment, both based on use of the method of multiple scales as reduction technique. The procedures yield the
uniform expansions of the displacement field and the normal forms governing the slow modulations of the amplitudes and
phases of the modes. The non-linear interaction coefficients appearing in the normal forms are obtained in the form of infinite
series with the discretization approach or as modal projections of second-order spatial functions with the direct approach. A
systematic discussion on the existence and stability of coupled/uncoupled non-linear normal modes is presented. Closed-form
conditions for non-linear orthogonality of the modes, in a global and local sense, are discussed. A mechanical interpretation

of these conditions in terms of virtual works is also provided.
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1. Introduction

Non-linear modal couplings due to internal reso-
nances are possible in distributed-parameter systems
depending on some geometrical and/or mechanical
control parameters. Non-linear interactions between
the modes are often also responsible for complex
dynamical behaviors [1,2].

On one hand, there is a theoretical interest in
exploring the bifurcation behavior of the non-linear

normal modes of continuous systems per se because
this leads to a deeper understanding of the forced
resonant dynamics when these modal interactions are
activated. On the other hand, there is a practical inter-
est in identifying a priori necessary and sufficient con-
ditions for the actual activation (or non-activation) of
non-linear modal interactions in continuous systems.
In fact, when a system is designed to operate under
dynamic loadings, often one of the designer’s goals
is to ascertain that the system will operate away from
internal resonances leading to undesirable resonant
multimode vibrations.

Starting with Rosenberg [3], the topic of non-
linear normal modes of conservative as well as



non-conservative vibratory finite-degree-of-freedom
and spatially continuous systems, with either weak
or strong non-linearities, has been investigated quite
extensively. Since then a variety of approximate an-
alytical techniques has been proposed to construct
the non-linear normal modes of discrete as well as
continuous systems.

When treating spatially continuous systems, the
approximate techniques include treatments of a dis-
cretized version with perturbation methods and direct
reduction methods. With discretization methods, one
assumes the solution as an expansion in terms of basis
functions forming a complete set and then uses one
of the variants of the method of weighted residuals
(e.g., the Galerkin method) to obtain an infinite set of
ordinary-differential equations usually truncated to a
finite number of equations. Thereafter, the real-valued
or complex-valued form of the invariant-manifold
approach, the energy approach of King and Vakakis
[4], or a perturbation method are used to treat the
discretized equations.

On the other hand, direct analytical techniques
[4—11] are available to construct the non-linear nor-
mal modes of continuous systems without a priori as-
sumptions of the form of the solution. An exhaustive
review of these techniques can be found in [2].

In a few previous works, while exploring internal
resonances in some continuous systems, it was occa-
sionally found that certain modes, although possess-
ing frequencies in proper integer ratios with the poten-
tial for modal interaction activation, were not actually
coupled. For example, investigating non-linear nor-
mal modes in clamped—clamped buckled beams [10],
it was found that some modes could not interact at
all, in spite of proper integer ratios between the asso-
ciated frequencies, due to vanishing of the non-linear
interaction coefficients in the normal forms.

Inspired by these results, we attempt to develop
a general and systematic approach to determine a
priori conditions for activation/non-activation of the
modes under specific internal resonance conditions.
The outcomes of these investigations are presented
and discussed in this paper which is organized in two
parts. The objective of Part I is twofold: (i) to study
the existence and stability of coupled/uncoupled
non-linear normal modes over variation of the inter-
nal resonance detuning in a general and systematic
fashion using a set of partial-differential equations

of motion and boundary conditions with general lin-
ear, quadratic, and cubic geometric operators; (ii) to
determine closed-form conditions for the non-linear
global and local orthogonality of the modes thereby
extending the linear orthogonality concept applicable
to self-adjoint systems entering the finite-amplitude
vibration regime. In Part II [11], the general condi-
tions are used for an in-depth analysis of non-linear
orthogonality of the modes in various structural sys-
tems possessing symmetric and antisymmetric modes
including buckled beams, shallow arches, and sus-
pended cables.

The stated objectives are pursued, in the present
paper, by constructing second-order uniform approx-
imations of the coupled/uncoupled non-linear nor-
mal modes in the cases of two-to-one, three-to-one,
and one-to-one internal resonances. The method
of multiple scales [2] is applied to the infinite set
of ordinary-differential equations obtained via the
Galerkin method or directly to the partial-differential
equations of motion and boundary conditions. In the
first case, the full basis of the eigenfunctions of the
associated linearized system is used as trial func-
tions. The normal modes obtained with the full-basis
Galerkin approach are the same as those obtained with
direct application of the method of multiple scales to
the equations of motion and boundary conditions as
already shown in similar contexts [12—14]. However,
the full-basis approach yields interesting modal rep-
resentations of the coupled/uncoupled normal modes.
These spectral representations, besides shedding light
onto the structure of the non-linear modes, can be
useful for modal convergence investigations (and
reduced-order models selection). For a two-to-one
internal resonance, we also discuss the effects of a
higher-order approximation on the non-linear orthog-
onality and, in the case of activation, on the relative
phase and amplitudes of the interacting modes.

Necessary and sufficient conditions for the local and
global non-linear orthogonality of the modes are ob-
tained in closed form. Two forms of non-linear or-
thogonality are illustrated: a local form and a global
form. In the first case, uncoupling occurs in certain
regions of the detuning-amplitude space. Therein, the
modes cannot interact with periodic exchange of en-
ergy. In the second case, the orthogonality is global in
the sense that it is independent on the detuning, the am-
plitudes, and the relative phases. We show that these



global conditions can be interpreted as an extension
of the linear orthogonality concept applicable to the
modes of self-adjoint systems to their weak non-linear
regime. Clearly, the obtained closed-form non-linear
orthogonality conditions can save an enormous com-
putational effort when it is needed to ascertain a pri-
ori whether orthogonality/non-orthogonality occurs in
self-adjoint systems, the latter leading to modal inter-
actions.

2. A class of one-dimensional continuous systems

Non-linear undamped unforced vibrations of a fairly
general class of one-dimensional elastic continuous
systems around their initially curved static non-linear
configurations are governed, in non-dimensional form,
by

ﬁ+Lu:G2(u7u)+G3(u’u,u) (1)

subject to the linear homogeneous boundary condi-
tions
Bi(u)=0, i=1,2 2)
at both ends of the system. In (1), the overdot indi-
cates differentiation with respect to the dimensionless
time ¢; u(x,¢) denotes the dynamic displacements
measured from the initially curved configuration
and x indicates the coordinate along the horizontal
projection of the centerline of the system; L is a
linear, homogeneous, self-adjoint, positive-definite
integral-differential operator; G, and Gj are quadratic
and cubic geometric operators. The non-linear oper-
ators are non-commutative; i.e., Go(v, W) # Gy(w, V).
The operator notation here used is suitable to deal
with general system-independent dynamics [14—17].
The eigenvalue problem governing the frequencies
and associated mode shapes is
Lo — 0’ =0, Bi(d)=0. (3)
By virtue of the self-adjoint nature of the lin-
ear unforced undamped problem, the mode shapes
¢, (x)—having in general in-plane and out-of-plane
components—are mutually orthogonal and we

assume they have been normalized such that
Jo, @n()T da(x)dx = (Gupu) = Sn and (), Lps)=
®28,n, Where 8, is the Kronecker delta and T in-
dicates the transpose. It is worth observing that in
many practical three-dimensional applications (e.g.,
suspended cables), the in-plane and out-of-plane
eigenvalue problems are uncoupled. Therefore, there
are two sets of eigenvalues and eigenfunctions, one
associated with the in-plane problem and the other
associated with the out-of-plane problem. In this case,
it is easier to treat scalar differential equations rather
than their vectorial counterparts. However, when
we deal with coupled longitudinal and transverse
vibrations of arches and suspended cables or with
bending—torsional vibrations of beams, the kinematic
configuration variables are coupled in the eigenvalue
problem. In this case, the vector notation is an effec-
tive compact representation of the overally coupled
system dynamics.

We use two approaches to the analytical construc-
tion of the non-linear normal modes: the discretiza-
tion approach and the direct treatment, both based on
the method of multiple scales as reduction technique.
To avoid some drawbacks of the method of multi-
ple scales applied to the equations of motion cast in
second-order differential form (in time), we use the
state—space formulation and cast the equations of mo-
tion in first-order differential form [2,18] as follows:

ui—v=0,

v + Lu = G;(u,u) + G3(u,u,u). 4)

In view of the analysis of the transverse dynamics
of shallow systems which is tackled in Part II, lon-
gitudinal inertia can be neglected because the longi-
tudinal modes are widely spaced from the transverse
modes of vibration. This allows to use the classical
condensation procedure for eliminating the longitudi-
nal displacement component as a kinematic unknown.
Consequently, to investigate modal interactions in
the planar dynamics described by the transverse dis-
placement component u(x,f) only, we perform a
full-basis discretization of (4) by letting u(x,t) =
S20° 1 ae(D)i(x) and v =377 | z4(£)pu(x). Sub-
sequently, we employ the Galerkin method leading
to the following infinite set of non-linearly coupled



ordinary-differential equations for planar interactions:
qk —Zp = 09
2 + OFg

oo o0 oo

=0 Aaigi + 33> Tundiqjan.

=1 j=1 i=1 j=1 h=1
k=12,...,0 (5)
where
Aij = (01 G2(¢i, ¢;)) and
Lijn = (QxG3(Pi, by, b)) (6)

On the other hand, when studying modal inter-
actions in the non-planar dynamics of cables de-
scribed by two displacement components (in-plane
and out-of-plane), the full-basis Galerkin dis-
cretization leads to two sets of coupled non-linear
ordinary-differential equations, as documented in [11].

3. Discretization approach

In the present and following sections, we use the
method of multiple scales [2] to construct uniform
asymptotic expansions of the solutions of (4) and the
associated boundary conditions in the case of small but
finite (moderately large) dynamic displacements, and
the expansions of the solutions of (5), when bimodal
two-to-one, three-to-one, and one-to-one internal res-
onances may be activated. We use the discretization
approach, first, and, successively, the direct treatment.

We assume that the generalized coordinates for the
displacement and the velocity g, (z; ¢) and z(¢; €) can
be expanded, respectively, as

qi(t; ) = eqr1(To, T1, T2) + & qia(To, T1, T2)
+&qi3(To, T1, o) + -+ -, (7

zi(t; 8) = ez1(To, T1, Ta) + &22zk2(To, T1, To)
+&z13(To, T, Ta) + -+ (8)

where g, and z; are O(¢) and gy; and z;; are O(1), with
¢ denoting a small non-dimensional parameter of the
order of the amplitude of the solution and the symbol
O standing, as typical in asymptotic analyses, for “of
the asymptotic order of” [19].

The time scales T}, are defined as Ty =¢, 1| = &,
and T, = ¢?¢ and the first derivative with respect to
time is defined as 0/0t =Dg +&eD; +¢&>D; + - - -, where
D, =0/0T,.

Substituting (7), (8) and the time-derivative ex-
pansion into (5), and equating coefficients of equal
powers of ¢ yields

Order &:
Dogr1 — zx1 =0, %)
Doziy + w}qi = 0. (10)
Order &*:
Dogi> — zro = —Digia, (11)
Dozio + wiqia = —Dizi + Y _ Y Aingingm- (12)
=1 =1
Order &:
Dogiz — zi3 = —Diqia — Dagi, (13)

2
Dozi3 + @i qr3

oo oo

=—Dizio — Dazis + > _ Y Ain(qpam + 4j24m)
=1 =1

oo oo 0

+Zzzrkjhl%'lqh1q”- (14)

j=1 h=1 I=1

For bimodal interactions between the mth and nth
modes, the preliminary steps of the analysis are com-
mon to all of the internal resonances being investi-
gated. Because the mth and nth modes are the only
modes involved in the internal resonance, we express
the solutions of (9) and (10) as

i1 = Ar(T1, T2)e (S + 1) + cc, (15)
zk1 = 10pAr(T1, T2)e O (Spm + S1a) + ce, (16)

where A4; denotes the complex-valued amplitude of
the kth mode and cc indicates the complex conjugate
of the preceding terms.

Substituting (15) and (16) into (11) and (12) yields

Doqkz — Zjp = —(D|Ak)eiwan(5km + 5kn) + CC, (17)
Doziz + g
— 10k (D1 A ) T (S + St )

+ Mg A7 T + A ]



+ Aknn [AﬁeZim,, To + An/In]
+ (Atgnn + At )Am Anei(m,,,+m,,)ro

+ (Akmn + Aknm )An/]mei(mn —om)To -+ cc. ( 1 8)

In the next sections, we treat separately the cases
of two-to-one, three-to-one, and one-to-one inter-
nal resonances and we construct systematically their
second-order expansions.

3.1. Two-to-one internal resonances w, ~ 2w,

Non-linear resonant terms due to a two-to-one in-
ternal resonance are associated with the quadratic
non-linearities. They appear at second order. Hence, a
second-order expansion corresponds to a higher-order
approximation of the investigated interaction. Our
interest in seeking a higher-order approximation of
the non-linear normal modes due to a two-to-one
internal resonance is twofold. First, we aim at a pre-
liminary estimation of the influence of higher-order
effects, in general, on the expansion and, more specif-
ically, on the non-linear modal orthogonality in such
a relatively simple case. Furthermore, by doing so,
we attempt to establish a systematic approach to
construct second-order expansions of the non-linear
normal modes under various internal resonance
conditions.

The nearness of the internal resonance is expressed
as w, = 2m,, + €0, where ¢ is a detuning parameter
of order O(1). We note that, in force of the internal
resonance condition, resonant terms appear in (17)
and (18) when k& = m or n. That is,

Dogmz — zmr = —(D1 Ay )e T + cc, (19)

Dozya + Whgmr = =i (D1 A )™
+ (Ammn + Amnm )A,,zimei“"”Toei”T‘

+cc+ NST (20)
and

Dognr — zmy = —(D14,)e' "™ + cc (21)

2 . im, T¢

Doz + 0,qm2 = —iw,(D14,)e""™°
2 iw, Ty ,—ioT)
+ ApymA;, e 0e 0

+cc + NST, (22)

where NST denotes non-resonant terms.

Therefore, to render the problems solvable, we im-
pose the orthogonality of the right-hand sides of the
inhomogeneous equations (19) and (20) and those
of (21) and (22) to every solution of the associated
adjoint homogeneous problem. The solutions of the
adjoint problems are [iwy, 1]exp(—iw;Ty), k = m,n.
Imposing the orthogonality yields

ZimelAm = (Ammn + Amnm)An/imeiaTI b (23)

2iw,D1 Ay = ApymA>e™ T (24)

Solving (23) and (24) for D,4,, and D,4,, and substi-
tuting the results into the second-order equations (17)
and (18), we obtain

Dogizr — zi2

i - . .
m ¢ T
= (Ammn + Amnm )AnAmelw °e'’ I5/071
20,

i

+ 2w,

A Ay @ T0e ™1 51, + cc, (25)

Dozio + Wiqra
= — L (pmn + Ay ) A A€ 0771 51,

— % ApmmAZ e Toe=1T1 5,

+ A [ A5, 5T + 4,,4,,]

+ Apn[ 25T + 4,4,]

(At + A YA Ay

+ (Atonn + At Y An A€ =70 o cc.(26)
The solution of the inhomogeneous equations (25)
and (26) is unique and straightforward when k £ m
and n; on the contrary, when k = m or n, the cou-

pled ordinary-differential equations (25) and (26)
exhibit resonant terms in their right-hand sides as



already pointed out. However, because these equations
have been rendered solvable, their solutions can be
determined within an arbitrary constant. To determine
the solutions of (25) and (26) when k£ = m and n, we
let

qm2 _ szA A elmeoemTl

ZE,,RZ) - ZmZAn/Imeiwm To eiaTl 5 (27)

(R) 2 iw,Ty ,—icT
9y = Omd, e e,

’(12) — ZnZA,Zn 1wnToeflaT1 (28)
where the superscript R indicates the resonant part
of the second-order solution associated with the mth
and nth coordinates, respectively, and O, and Zj, are
constants. Substituting the assumed forms of the so-
lutions, (27) and (28), into (25) or (26) when k = m
and n, we obtain linear relationships between O, and
Zj in the form

Ly = iwQOZ - (Ammn + Amnm ):

20,

Zp = iannZ - ; Anmm- (29)
2w,

To remove the indeterminacy, we require that the so-

lutions [Q)», Zj>] be orthogonal to the adjoints [iw;, 1],

for j=m and n. That is, [Q>,Z)>] - [iw;, 177 =0 where

(.) indicates the dot product. The result is

Ammn Jr Amnm Anmm
ST and Q=ML (30)

QmZ -

Zj2 = —i(j)ijz, for ] =m,n. (31)

Then, we can express the second-order solutions as !

Ammn + Amnm

1 allon—wn)T;
qi2 = 402 AnAmel(w @n) 05/cm
wm

Anmm A2 21(0,,,7'05

T aur

'When the term (1 — Okj) is zero in these expressions, it is
tacitly intended that the corresponding multiplicative function must
be removed (in spite of its vanishing denominator).

Akmm

+CO% . 4602 AfnezuUMTO(l - 5kn)
m
Akmn + Aknm i
w/% - (CO,, - wm)z o
A -
xel(wnfw,,,)To(l . 5km)+ kmm AmAm
oF
Ajonn 2 2iw, Tt
o g2eienTo
o} — 402"
+Aknn Y /I + Akmn + Aknm
(1)1% o w% - (wm + wn)z
xAmAnei(tvm+w,,)To + cc, (32)
= i At A 2 @0,
4w,
. Apmm 2 i T,
o A e iy, 05
4w, " kn

A
+21w,,,72 o A2 (1 = 8y,)

4w 2
i,y g2t
wk 42
. A A
+1(wn wm) km(n+ knm :
— Wy — COm)

X Ay A€ @m0 — 5y,

Akmn + Aknm
Fi(w, + @, )——
(@ ") — (m + 0, )?
><AmAnei(“””“"”)T0 + cc. (33)

Substituting the second-order solutions, (32) and
(33), into the third-order problem, (13) and (14), and
imposing again solvability conditions yields the mod-
ulation equations governing the dependence of the
complex-valued amplitudes 4,, and 4,, on the scale T,
in the form

2Dy A = KymA2 Ay + KpnAnAnA,, (34)

2iw,DrA4, = KupA24, + KynApApnA,, (35)



where the coefficients Ky, and K, are given by the
following infinite series:

o0

J=Lj#n

2Ajmm Ajmm
X +
( w3 w7 — 42,
9

+— Anmm(Ammn + Amnm) + 3memm, (36)
42

2Ajnn Ajnn
(Amnj + Anjn) | =5~ + 7 4

J

S
K= Z
j=1

+31 wnns (37)

oo

Kon = Z

J=L.j#m

1 1
X
(a)jz — 92, + cujz — a),zn>

24 jnn
+ wjz (Amm/ + Amjm)

J

(Amjn + Amn_j )(Ajmn + Ajnm)

Amml’l —"_ A’nnm 2 4
o & A & M)
[0)]

2
8wz, o

+2(annm + le‘l""’l + F"I""’H‘I)' (38)

Using the method of reconstitution [2], we can ex-
press the derivative of 4 with respect to time ¢ as
A=¢D1A+ &DyA + - - - . Therefore, substituting (23),
(24), (34), and (35) into this equation, we obtain the
modulation equations up to third order as

2i0mAm = (Apmn + Apm)Ap A€ + KpmA% A,
+KmnAmAn/In: (39)

i,y = AppmA2e ™ + K, 424,
+KumAnAnAm, (40)

where ¢ was, for convenience, set equal to unity (this
is admissible for the bookkeeping function of ¢).

By virtue of the conservative nature of the problem,
(39) and (40) must be derivable from the Lagrangian

L=T—- ™ 4 p®), (41)
where
T= iwn(An/in - AHAH) + 1a)m(AmIAIm - /ImAm) (42)

is the system kinetic energy associated with the inter-
action;

V) = V(K24 + K

+2KnAnAnAndn) (43)

is part of the Lagrangian associated with the
resonance-independent non-linear elastic potential
energy (the superscript N indicates the non-resonant
part of the Lagrangian); and

V) = —L(S4,45,6" + cc) (44)

is part of the Lagrangian associated with the resonance
detuning-dependent elastic potential energy.

Consequently, imposing that (39) and (40) sat-
isfy the Euler—Lagrange equations [20] based on the
Lagrangian (41) yields

S= Sm = 2Sm (45)

Kyn = Ky, (46)

where S, = Amn + Apnm and S, = Apun-

Letting Ax(¢) = (1/2)ax(¢) exp(ifi(¢)), we can ex-
press the first- and second-order generalized coordi-
nates as

gr1 = ai cos(wit + Bi)(Spm + Ot (47)
1 Anmm
G2 =5 a G072 cos 2(@mt + P )On
1 Aomn + Apm) -
2 402, "

><COS((O\)n - U)m)t + ﬁn - ﬁm )5km
1 5 Agwm 1,

T2 T3
knn knn
cos2(w,t .
w? — 4w? (ont + ) + w?



(Akmn + Aknm)

1
+—=apa
"0l — (on + ©n)?

2

xcos((wm + @)t + B + 1)

1 Akmm

2
+-a, S
2 2

w; — 4w},

cos 2(wput + P )(1 — 1)
+l ana (Akmn + Aknm)
27" w02 — (0 — op)?

@)t + B — Bu)(1 = Opm).  (48)

xcos((w, —

Using the assumed full-basis modal expansion for
the displacement u(x,) =Y, qi(t)¢(x), the latter
can be expressed, up to second order, as

u(x,t) = a cos(wyt + B ) Pu(x)
+ay cos(wput + Pu)pm(x)
+5{anlcos 20wt + B (x) + Knn(x)]
+ay,[008 2(Wmt + B Whim(X) + Kpum(X)]
Fanam[cos((wy + @)t + Bu + B )Ypun(X)

+COS(((,(),, — Wy )t + ﬁn - ﬁm)Kmn(x)]}s (49)

where ¢ was reabsorbed in the amplitude expres-
sions and the second-order shape functions are given
by

oo

Amm
@)= D )
k= 11#

'""2'" dn(x), (50)

40

- Akmn + Aknm

Pr(x)
k=1, kotm Pk - ((U,, - wm)z
Ammn + Amnm

+ 402,

Pm(x), (1)

o0

=3 din__ g, (3,

42
k=1

00
Akmn+Aknm

W()=) S

Vo () Zw/%_(wm'i‘wn)z

k=1

b (x), (52)

o0

o) = 3 2 g, 0)

k=1 'k
> A nn

Kn(0) = Y =5 ul). (53)
k=1 "k

In (49), the amplitudes and phases are governed
by (39) and (40). We also observe that the func-
tions x,,, and k,, are associated with zero frequency;
hence, they govern the new equilibrium configura-
tion produced by the quadratic non-linearities around
which the system periodically oscillates. Clearly,
the displacement field (49) depends, in principle,
on all of the eigenmodes, directly, through (50)-—
(53) denoting second-order spatial corrections and,
indirectly, through the amplitudes and phases which
are solutions of the modulation equations gov-
erned by the coeflicients K;; and S. In these coeffi-
cients, the quadratic non-linearities produce contri-
butions from all of the modes as also documented
in [14]. On the contrary, the effects of the cubic
non-linearities, for second-order expansions, are ac-
counted for solely by the mode shapes involved in the
resonance.

It is also clear that high-frequency modal contribu-
tions are less significant either in the spatial functions
or in the amplitudes and phases through the interaction
coeflicients, because the associated frequencies appear
(in the denominators of the shape functions f; (i;;)
or in those of the coefficients) squared or as the dif-
ference of the square of the frequency and the square
of the dominant frequencies. The modal convergence
of the non-linear normal modes depends on the rate
of convergence of the series expressing the interaction
coeflicients.

3.2. Three-to-one internal resonances w, =~ 3w,

The analysis up to (18) holds for a three-to-one as
well as a one-to-one internal resonance. The difference
is that these internal resonances are associated with
third-order effects; hence, the solutions do not depend
on the time scale 7). Consequently, the solutions of
(5) are assumed in the form of (7) and (8) neglecting
the dependence on T7.



We can express the solutions of (17) and (18) with
Dy =0as

qi2(To, 1)

Akmm A2 2iwnm, To 4 Lhonm Akmm

= AnAy
w? — 402, w?

Aknn 2 2iw, T, Aknn -
714 10y 1o AnAn
+ w? — 4w? tz w?

Akmn + Aknm

A A ell@nton)T
(j)i - (wm + Wy )2 !

Akmn + Aknm

1 A(w,— )T
> 5 ApA e M 4 cc,
W — (0, — W)

(54)

Zky = Dogpa- (55)

Substituting (54) and (55) into (13) and (14) yields
resonant terms in the mth and nth third-order equations
depending on the type of internal resonance. Express-
ing the nearness of the three-to-one internal resonance
as w, = 3w, + ¢*¢ and imposing the solvability con-
ditions yields the following modulation equations:

2ime2Am = KmmAgnlam + KmnAmAnI‘In
A Ay AL e, (56)
2iwnDZAn = KnnAi/‘In + KnmAnAm/Im

+A,43e7 T, (57)

The coefficients K, K., and A, are obtained as

> 24 A
B Jhh Jhh
Ky = Z (Apnj + Apjn) ( o7 + o 4w,21>]
=1 j J
+3  phhn,  h=m,n, (58)

— 2 Ajun
Ky = Z [(Ammj + Am]m)TIZ
j=1

J

1 1
X +
(w?—(co,,—i—wm)z a)?—(co,,—wmy)]

+2(L ynnm + Lianmn + Tmnn ) (59)

4 2 anmm- (60)

= Z (Anmj + Anjm)zi +
j=1
Again, exploiting the conservative nature of the
problem, we impose that (56) and (57) be derivable
from the Lagrangian expressed by (41)—(43) with the
coefficients given by (58) and (59)

A -3 .
y@ — —;(AnAfne“” + ce). (61)

In addition to the resonance-independent symmetry
condition (46) (i.e., K, = K,»), we obtain the fol-
lowing resonance-dependent condition:

A=Ay =34, (62)

The displacement field is expressed again by (49)
with Yo, Yhn> Kmm, and K, given by (52) and (53),
whereas Y, and k,,, are replaced, respectively, with

oo

A mm
() =D - Bl (63)
k=1 k
> Akmn + Aknm

Kmn ('x) = Z

k=1 CL)]% - (wn - wm)z

Pr(x). (64)

3.3. One-to-one internal resonances w, ~ @y,

One-to-one internal resonances may occur in two
cases: at crossover points (where the frequencies of
two or more modes coalesce by transversal intersec-
tion over variation of a system parameter [21] or at
veering points (where the frequencies of two or more
modes coalesce by tangential intersection [22]). For
example, in the case of suspended cables with sup-
ports at different levels, it was found [23] that the
eigenfunctions are a mixture of symmetric and anti-
symmetric components. In this case, the curve veering
phenomenon occurs between the frequencies of the
lowest two modes upon variation of a modified cable
parameter accounting for its elasto-geometric proper-
ties including the inclined geometry.

For a one-to-one internal resonance, we express
its detuning as w, = ,, + ¢*¢. For a one-to-one in-
ternal resonance at a crossover point, the detuning
parameter can be either positive or negative whereas
for a one-to-one internal resonance at a veering
point, the detuning parameter does not change sign.



Nevertheless, the theoretical analysis performed here
holds also for the veering case.

Substituting (15) and (16), (54), and (55) into (13)
and (14), and imposing that the inhomogeneous equa-
tions be solvable leads to the following modulation
equations:

21me2Am = KmmAfngm + KmnAmAn/In + RSAi‘aneigT2
+RAApAne ™ + RyA2 A, e

+Rs A A" (65)

2iw,DrA, = KyyA? A, + KumAnA Ay + R\ A2 A,e 71T
+RyAp Ay A,e " 4 RyA2 A, e T

R4 A% A, T, (66)

We exploit the conservative nature of the problem
by imposing that (65) and (66) be derivable from the
Lagrangian expressed by (41)—(43) and

V(J) — _(KlAi/In/ImeiaTz +K21‘IanmAneiaT2

YK AL P 4 ce. (67)

In addition to the resonance-independent symme-
try condition (46) (K, = K,»n), we obtain the
resonance-dependent conditions

2K; =Ry =2R4 =2Rs, 2K, =Rs=2R; =2R;,

and 2K3 = R3 = Rg. (68)

The coefficients Ky, are given by (58), K, is given
by (59) and the resonance-dependent interaction co-
efficients are expressed as

o0

Klzz

j=1

Ajnn

(Apmj + Anjm)m

Ajmn + Ajnm
2

Wj

+annm + anmn + annn

+ (Annj + Anjn)

(69)

= 2 1

K, = § (Anmj + Anjm) <w2 + 602_4602> Ajmm
j=1 J J m
+3anmﬂh (70)
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oo

2K3 = Z (Annj + Anjn)

J=1

Ajmm
2 2
w; — 4wy,

A jmn + A jnm
+ (Apmj + Anjm)ja)iz]

J
+anmn + annm + anmm- (71)
The displacement field is given by (49) with the

same second-order functions governing the displace-
ment in the case of a three-to-one internal resonance.

4. Direct approach

In this section, we attack directly the equations of
motion and boundary conditions with the method of
multiple scales. We seek uniform expansions of # and
v in the form

3
ue, )= u(x. To. T1, 1) + -+
k=1

3

ol 1) =Y ol To, T, To) + - -
k=1

(72)

with ¢ possessing the same meaning as in the preceding
sections.

Substituting (72) into the scalar form of the equa-
tions of motion (4) and boundary conditions (2), us-
ing the independence of the time scales, and equating
coeflicients of like powers of ¢ yields

Order ¢:
Dou1 — U = 0, (73)
Dov; + Lu; = 0; (74)
Order &
Douy — vy = —Dyuy, (75)
Dovy 4 Luy = —D1vy + Go(uy, uy); (76)
Order &:
Doyuz — v3 = —Douy — Dyuy, 7)
Dyv3 + Lus = —Dov1 — Dyvy + Go(uy,uz)
+Go(uz, ur) + G3(uy, ur,uy). (78)

The boundary conditions are given by (2) at all orders.



Because the mth and nth modes are the only modes
involved in the internal resonances, we express the
solution of (73) and (74) as

uy = Ap(T1, T)e " 0 p (x)

+A4,(T1, T2)e "™ ¢y (x) + cc (79)
and
01 = 10nAu(T1, T2)e " Ty (x)

+iwnAu(T1, T2)e T pu(x) + cc. (80)

Substituting (79) and (80) into (75) and (76) yields
Doty — v3 = — (D14 ",
—(D14,)e ", + ce, (81)
Dovy + Luy
= — i0n(D14,)e "
—i0,(D14,)e " ¢,
+ 45,7+ A, A 1Go( s )
+ [Ap Ay T 4 4,4,,e1 O 0om)T0]
X[Ga(Pms Pn) + Go2(Pn, P)]
+ 47”4 4,4,1G(bas pn) + ce,

The analysis here performed is common to the con-
sidered internal resonances. In the next sections, we
treat separately the cases of two-to-one, three-to-one,
and one-to-one internal resonances.

(82)

4.1. Two-to-one internal resonances

Due to the two-to-one ratio between the frequencies
of the mth and nth modes, resonant terms may arise
at second order; namely,

Douy — v
= — (D1 Ay)e 10 p,, — (D14,)e 0 ¢, + cc,
(83)
Dovy + Luy
= — 1w, (D14, )eimeo(f)m _ iwn(DlAn)eiw”TOd)n

2 Liw, Ty ,—ioT) T alonTo AioT
+Ame]wn 'e”!? 1G2(¢ma ¢1n) +AnAmew)I Ak

11

X [Go(Pm» Pn) + Go(y, dm)] + cc + NST.
(84)

Because the associated homogeneous problem ad-
mits non-trivial solutions (i.e., the eigensolutions), the
second-order problem is solvable only if solvability
conditions are satisfied. To this end, the right-hand
sides of (83) and (84) are required to be orthogonal to
every solution of the homogeneous adjoint problem.
That is, we impose the orthogonality of the resonant
inhomogeneous terms to [iw,,, 1] exp(—iw,, Ty )¢,, and
to [iw,, 1]exp(—iw,Ty)p,.

Imposing these conditions and accounting for the
definition of Ay; provided in (6), we obtain the same
solvability conditions as those obtained with the dis-
cretization approach; namely (23) and (24). There-
after, solving these equations for D 4,, and D14, and
substituting the results into the second-order equations
(81) and (82), we obtain

. (Ammn + Amnm)

DO”Z — Uy =1 AnAmel(wn_wm)To ¢m

20,

A -
T g2 efonTo gy 1 cc,

T (85)

Dovy + Lu,
=4, 5" (G s Pm) —
+ 45”0 Go (¢, Pn)
+ A Ay [Go (s i)
+ Go( s Pu)] + ApA e =T
X [G2(bms b)) + Go b bin)
= 2 (Apmn + A )b) + AnAn Go( s b

+AngnG2(d)n» ¢n) + cc.

% Anmm ¢n]

(86)

Based on the right-hand sides of (85) and (86), the
second-order solution can be assumed in the form

= BT () 4 Ay (0)
+Ai62iwn Ty Yo (x) + Anx‘Iann(x)
“r‘AnAmei(wnerM)To 'Pmn(x)

+Angn1ei(wn_wm)TOan(x) + cc, (87)



Uy = Afnezi""” fo Hnm (X)) + A )
FAZEO Ty () + Ay Con(x)
A A O ()
Ao, (1) + . (88)

Substituting (87) and (88) into (85) and (86), we
obtain a set of coupled boundary-value problems in
the unknown functions Wy (yu) and nxx (Cir ) which,
in turn, can be decoupled yielding

L'Pmm - (,Oi lem = G2(¢ma d)m) - Anmmd)m (89)
Lan - wzlemn = G2(¢ma ¢n) + G2(¢m ¢m)
_(Ammn + Amnm)d)ma (90)
LY = 40, W = Go s ). 1)
L'Pmn - (a)m + Wy )2 len
:G2(¢M7 (pbl’l) + G2(¢n’ d)m)a (92)
LXmm = G2(¢ma ¢m)s Ler = G2(¢na ¢n )7 (93)

with all of the functions satisfying the boundary con-
ditions (2). On the other hand, the functions associ-
ated with the second-order velocity field are given by

A

Nmm = 216Om lIjmm —1 e ¢n7 (94)
2w,

. . Ammn + Annm
Cmn = l(a)n - CUm)an - 127 ¢ma (95)
(&7
Npn = 210)11 anna Nmn = l(wm + wn)qjmna
Cnn = Cmm =0. (96)

The solutions of the boundary-value problems (91)
—(93) are uniquely determined; however, because the
homogeneous problems associated with (89) and (90)
admit non-trivial solutions (¢, and ¢,,, respectively),
their solutions are uniquely determined by imposing
the orthogonality of [V, #mm] to the adjoint solution
[iw,, 1]¢, and that of [y, {na] to the adjoint solution
[iwm, 11¢,, respectively. Using the modal expansion

12

method, we can express the sought solutions as

oo

>

[0)]
k=1,k#n K

oo

Nimm = iwn §

k=1,ks#n K

—iw, :
42

A mm Anmm
I i) + Gop B D)

lPmm = >
(O

i (x)

2
wy

%(ﬂ] ; (98)

Ammn + Amnm
2
43,

Pm(x), (99)

[eS)

. Akmn + Aknm

e =ion D, Z o
k=1,kstm k m

. Ammn + Amnm
O T ey
m

Pr(x)

bm(x)| - (100)

Comparing (50) with (97) and (51) with (99), we
conclude that the functions ¥,, and y,, obtained
with the direct approach are the same as y,,, and x,,,
obtained with the full-basis discretization approach.
It can also be proved, using a technique similar
to that used in [14], that the remaining functions
Wons Wns Ynm»> and Yy, obtained with the direct ap-
proach, are, respectively, the same as Y., Y Kuns
and x,,,, obtained with the discretization approach,
respectively.

Substituting (79), (80), (87), and (88) into the
third-order problem yields

Douz — v3
=~ (D2 — (Da,)e T,
_Dl(Aiefio'Tl )eiw,,T(] qjmm

— D(4, A, )e 0y, 4+ cc + NST, (101)

Dovs + Lus
=—iwy, (DZAm)eiwm To (;bm - iwn(DZAn )eiwn To ¢n
— D (AﬁqeiiUTl )ei(un To Nmm

- Dl (AﬂlaﬂleiUTl )ei(u"’ TO gﬂ‘ll’l



+ A5, A€ [Go (W ms D) + Go( s Poum)
+2G2(Pms Lmm) + 2Go2Glnms Pm)

+3G3(dms s )]

+ A Ap Ay [Go (Vs )

+ Go( G Won) + G2(Yonns 1)

+ Go(Gns o) + 2G2Glons b)) + 2Go(Gns n)
+2G5(hus s i) + 2G5 (b P b)
+2G3(hus s )]

+ A2, TGy (P ) + Gobas W)
+2Go( s n) + 2G2(uns bn)

+3G3(hus s )]

+ Ay A A " [Go(P s $n) + Go( P Vo)
+ G2 Gtms D) + Go P> Tonn) + 2G2(Loum» 1)
+2Go Py Zm) + 2G3(Pims o i)
+2G3(Pms P> Gin) + 2G3(Ps Gy )]

+cc 4 NST. (102)

Because the associated homogeneous problem ad-
mits non-trivial solutions, the third-order problem is
solvable only if the right-hand sides of (101) and (102)
are orthogonal to every solution of the adjoint homo-
geneous problem. The solvability conditions are for-
mally the same as (34) and (35), obtained with the
discretization approach, except for the fact that the
coefficients are now expressed as

Kin = (0nGo(bn, Oin)) + (DnGa(Whi, 1))
+2(PrGo(Pns xnn)) + 2(PnG2(1nn» P1))
+3(PnG3(n> Pns P1))s

Kon = ($n GoPns Vo)) + (PnGo(ns Pn))
(P Go( B L)) + (D G2(omns b))
+2(PnGo(Pms 1)) + 2(PmG2(Lons Pm))
+2(PnG3(Pns P Pm)) + 2{Pm G3(Pns Pms Pn))
+2(PnG3(Pms Pu, on))- (104)

h=m,n, (103)
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These coeflicients can be shown to be the same as
those obtained with the discretization approach [14].

The displacement field can be expressed as in (49)
with all the ¥’s and the y’s substituting the ¥/’s and
the x’s, respectively. Therefore, having established the
equivalence of the functions ¥’s and y’s with ¥/’s and
K’s, respectively; having established the equivalence
of the modulation equations obtained with both ap-
proaches, we conclude that the approximation of the
resonant non-linear normal modes obtained with the
direct approach is the same as that obtained with the
full-basis discretization approach. This result is gen-
eral and holds also for a three-to-one and a one-to-one
internal resonance.

4.2. Three-to-one internal resonances

Because resonant terms do not arise at second order,
the solvability conditions for the second-order prob-
lem, (75) and (76), require that D;4,,=0 and D4, =0.
Therefore, as expected, the amplitudes and phases of
the interacting modes do not depend on the scale T7.
Then, the solutions of (75) and (76) can be expressed
as

1y = Aznezimeo Yom(x) + Amz‘Imem(x)
+Ai62i(u,, To Yo (x) + Anx‘Iann(x)
A Ay Ay T, (x)

A, Ay omToy (X)) + ce, (105)
02 = ATy () + A Ay Cum(X)

A5 0 () + Ay n(x)

+AnAmei((U”+(0m )To nmn(x)

+A, A e @ men)lor (X)) + ce. (106)

The second-order shape functions ¥.., Yuns Xmms
and y,, are solutions of the boundary-value prob-
lems (91)—(93). On the other hand, ¥, and y,,, are
now obtained as solutions of the following modified
boundary-value problems:

Llpmm - 4603” lemm = G2(¢,,,, ¢m)a

Lan - ((,O,, — Wp )Zan

:G2(¢m: d)n) + GZ(Q’)H» ¢m): (107)



with ¥, and y,,, satisfying the boundary conditions
(2).

Substituting (79), (80), (105), and (106) into
(77) and (78), resonant terms arise depending on
the type of internal resonance. Imposing solvability
conditions, we obtain the modulation equations with
the same structure as (56) and (57). The pertinent
resonance-independent coefficients have the expres-
sions given by (103) and (104) and must be evaluated
using the newly defined functions. On the other hand,
the interaction coefficients A, and A, are given by

Am - <¢mG2(¢m Tmm» + <¢mG2(q]mm, ¢n)>
(P G2 Pms Zmn)) + (P G2omns Pm))
+<¢MG3(¢I’H ﬁbms ¢m )> + <¢mG3(¢m, ¢na ¢m)>

+<¢mG3(¢ma (;bm; ¢n)>s (108)
An = <¢nG2(¢m> lPmm)> + <¢nG2(qjmma ¢m)>
+<¢nG3(¢m: ¢ma ¢m)> (109)

4.3. One-to-one internal resonances

The analysis performed for the three-to-one in-
ternal resonance holds for the one-to-one internal
resonance up to second order. The solvability con-
ditions at third-order yield the modulation equa-
tions with the same structure as (65) and (66).
The resonance-independent coefficients have the ex-
pressions given by (103) and (104) whereas the
resonance-dependent interaction coefficients are now
expressed as

Kl = <¢nG2(¢)m> ann)> + <¢nG2(ann> ¢m)>
H(uGo(Dus Yomn)) + (P G2(Lonn> Pn))
+<¢nG3(¢na ¢na ¢m)> + <¢nG3(¢n> ¢ma d)n )>

+<¢nG3(¢ma d)na ¢n)>, (110)
K> = <¢nG2(¢ma qjmm» =+ <¢nG2(lema ¢m)>

+2<¢nG2(¢ma Xmm» + 2<¢nG2(Xmma ¢m )>

+3<¢nG3(¢ma ¢ma ¢m)>, (111)
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2K3 = ($nGa(Pn, Urum)) + (PuG2(Wams D))
H(PuG2(Pms onn)) + (PnG2(Lnns D))
H(DnG3 (s Py D)) + (DnG3(Dons Pus Pm))
(D G3(Pns Pins b)) (112)

5. Coupled/uncoupled non-linear normal modes.
Non-linear orthogonality

In the next sections, we discuss conditions for the
existence of coupled/uncoupled non-linear normal
modes and the associated stability for each internal
resonance condition. Moreover, we discuss neces-
sary and sufficient conditions for the occurrence of
non-linear orthogonality between the modes. To this
end, we use the modulation equations governing the
amplitudes and phases of the interacting modes. There
are two forms of non-linear orthogonality: a local
form and a global form. In the local case, there are
regions in the frequency-detuning-amplitude space
where coupled non-linear normal modes (multimodal
periodic motions with a constant relative phase) ei-
ther do not exist or they are unstable. Hence, there
cannot occur periodic exchanges of energy between
the modes. Of course, this circumstance does not
necessarily imply absence of other forms of inter-
action between the modes such as quasiperiodic or
non-periodic interactions. In the global form, the or-
thogonality is independent of the detuning, the ampli-
tudes, and the relative phases. We show that the global
conditions are an extension of the linear orthogonal-
ity concept applicable to the modes of self-adjoint
systems when they enter their weak non-linear
regime.

In addition, we express the displacement field of the
coupled or uncoupled non-linear normal modes by in-
corporating the solutions of the modulation equations
for each resonance condition.

5.1. Two-to-one internal resonances

We express 4; in the polar form 4; = (1/2)a; exp
(iB;), separate real and imaginary parts in the



modulation equations (39) and (40), and obtain their
real-valued form as

dm:mama,, siny, (113)
amﬂ.m =——-——a,a,Cosy — m 3n
40)/71 m
K,
B a2, (114)
8wy,
d, = ——— a’ siny, (115)
. K,
2 nn 3 mn 2
nPy = — m COS Y — n nys 116
@b Swna o8y Swna Swnaa (116)

where the relative phase between the interacting
modes is given by y = ot — 2f,, + Su-

There are two possible sets of solutions: (i) cou-
pled resonant modes (a,, #0 and a, #0) and (ii) the
high-frequency uncoupled mode (a,, =0 and a, #0).

In the case of coupled resonant modes, because
am#0 and a, # 0, we can solve for 5, and 5, and
substitute the result into the equation governing the
relative phase, thereby obtaining

2
{Scosy ( — a’;) a,
aﬂ

F(4K oy — K )a? 4 (4K i — Ko )a;] . (117)

r=o 16w,,

Consequently, (113), (115), and (117) govern the
slow amplitude- and phase-modulations of the coupled
non-linear normal modes. The fixed points of these
equations (i.e., a@,, =a, =y =0) correspond to periodic
motions of the original system. These solutions are
given by

— K )ayzn + (4Kmn — Ky )a2

Y =nm, (4Kmm n

2
+Scosy <8 - Z’;) an+ (160p)c =0.  (118)

n

We note that, when the approximation of the
two-to-one internally resonant non-linear normal
modes is truncated to second order, (113) and (115)
are the same as in the first-order approximation and
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yield the same relative phase y = nn. Consequently,
the relative phase is not affected by the order of the
approximation. On the contrary, (117) is affected by
higher-order terms. At the same time, we note that
these higher-order terms are not associated with the ef-
fects of the two-to-one internal resonance. Therefore,
higher-order terms do not influence the activation of
the resonance but only the detuning-amplitude rela-
tionship and the stability bounds of the ensuing solu-
tions. Hence, to analyze conditions for the resonance
activation or the dual problem of orthogonality, we
consider the phase equation neglecting higher-order
terms; that is,

S cosy a?
8- 1) g,
7t 16w, ( aﬁ)a

and the associated detuning-amplitude equation

a2
Scosy <m>
ay
o
-8 [Scosy+2wm ()} =0.
an

Eq. (120), when S # 0, possesses the following real
solutions:

Y= (119)

(120)

A

12
(a): c = £2V2 {1 + ‘f} ., y=2nm, (121)
Gy

A

12
(b): ¢ = 422 [1 - :] . p=Qn+ D, (122)

where ¢ = a,/a,, 6 = d/a,, 6, =S/(2wy,), and n is
an arbitrary integer number. The coupled mode (a)
exists for & 2 F|d,| if S 2 0. On the other hand, the
coupled mode (b) exists for ¢ < £|d,| if S = 0.

We compute the eigenvalues of the Jacobian matrix
of the right-hand sides of (113), (115), and (119). One
of the eigenvalues is zero (the system is undamped)
and the other two eigenvalues are

A= ii% anlc® + 16172,

(123)
Therefore, the coupled non-linear normal modes are
marginally stable (centers) [24] for any value of the
internal detuning.

The displacement field, to second order, on
account of the solutions for f,, and f,, can be



expressed as
u(x,t)
=dap COS(met + ﬂmO)d)m(x)
+a, cos[2(@unt + Bmo) + V]1Pa(x)
+ 3{a,[cos[2(@nnt + B0 mn(X) + Zmm(X)]
+ aﬁ [COS[4(met + ﬁmO) + 21/] q/nn(x) + Xnn(x)]
+ anam[cos[?’(met + ﬁmO) + V] (Pmn(x)

+ cos(@mnt + o) fmn(x)]}s (124)
where
WOpN = Wy — |:460m COos yan]
Kmm 2 Kmn 2
— — 125
Sw’n m Swm an ( )

is the non-linear frequency expansion of the mth mode,
am/a, is given (when considering the first-order so-
lution) by (121) when y = 2nm or by (122) when
y=(2n+ 1)m and B, is a constant. Clearly, if the ex-
pansion is truncated to first order, we capture neither
the second-order frequency corrections nor the space—
time corrections to the first-order displacement field.
Furthermore, inspecting the displacement field (124)
and the non-linear frequency (125) truncated to first
order, and the structure of the solutions, (121) and
(122), we conclude that the branches of the two so-
lutions described by (121) and (122) which are anti-
symmetric with respect to the origin in the c— plane
(i.e., putting ¢ — —c and y — 7 + m) correspond to
the same coupled mode.

In the case of the uncoupled high-frequency mode
(aw = 0 and a, #0), putting a,, = 0 in (116), we
solve for B, and obtain 8, = —K,,/(8w,)a*t+ Buo. We
compute the eigenvalues of the uncoupled mode us-
ing the low-order expansion. To this end, we express
the complex-valued amplitudes 4,, and 4,, in different
coordinates [10]; that is, 4,, =(1/2)( pm — g ) exp(is)
and 4, = (1/2)a, exp(ifi,). We substitute these trans-
formations into (39), determine s such that the re-
sulting equations are autonomous, linearize them, and
substitute for Bn. The eigenvalues of the resulting
equations are

A= ii“zi[&z — &, (126)
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Fig. 1. Regions of existence and stability of the non-linear normal
modes of type (a) and (b) due to a 2:1 internal resonance when
(1) § < 0 and (ii) S > 0. Dashed lines indicate the unstable region
of the uncoupled mode.

Therefore, the uncoupled mode is marginally stable
(center) when |G| > |G;|; it is unstable (saddle) when
|6] < |64|; and it is degenerate (center-saddle) when
6] = 164l

The approximate displacement field of the uncou-
pled high-frequency mode is readily expressed as

u(x, t) =day COS(G)nNt + ﬁn0)¢n(x)

“F% aﬁ[cos 2(a)nNt + ﬁnO)ann(x)

+ 2 (X)], (127)
where
K}‘ll’l
O =0 = g a (128)

is the expansion of the non-linear frequency of the nth
mode.

In Fig. 1, we show the ranges of existence and sta-
bility of the normal modes based on the truncated ap-
proximation. Therefore, the system possesses either
three modes (two coupled stable modes and one unsta-
ble uncoupled mode when —|6;| < 6 < |ds|) or two
modes (one coupled stable mode and one stable un-
coupled mode, outside of the previous range). Hence,
local orthogonality between the modes never occurs

for a two-to-one internal resonance.

Thus far, we have discussed the case S # 0. Next,
we concentrate on the occurrence of the global
non-linear orthogonality condition for the modes.
The non-linear interaction coefficient governing the
two-to-one interaction is S = 2A4,,,,,. Therefore, it is
easy to prove the following.



Proposition Ia. A necessary and sufficient condition
for orthogonality of the non-linear normal modes due
to a two-to-one internal resonance is S = 0.

To show the sufficient condition, we note that when
S = 0, the potential energy V(%) resulting from the
postulated interaction, given by (44), is identically
zero; hence, the interaction is not activated. To show
the necessary condition, we note that if the modes
are orthogonal/uncoupled, no potential energy can be
stored into the system as a result of an inactive inter-
action. Therefore, setting V(%) to zero yields S = 0. In
conclusion, if the modes are orthogonal, necessarily
§=0.

A mechanical interpretation of this global non-linear
orthogonality condition can be sought by consid-
ering the mechanical meaning of the coefficient
Apmm = {PnG2(Pms Pm)) =S/2. The latter can be inter-
preted as the virtual work performed by the quadratic
elastic forces associated with the low-frequency mode
in the displacement of the high-frequency mode. On
the other hand, the linear orthogonality condition
({¢pmLn) = 0) implies that the elastic forces associ-
ated with one mode do not perform virtual work in the
displacement associated with the other mode. Hence,

Proposition Ib. A4 necessary and sufficient condition
for orthogonality of the non-linear normal modes due
to a two-to-one internal resonance is that the virtual
work performed by the quadratic elastic forces asso-
ciated with the low-frequency mode in the displace-
ment of the high-frequency mode be zero.

5.2. Three-to-one internal resonances

In this section, we follow the same line of analysis
as that of the two-to-one internal resonance. Express-
ing A; in polar form, and separating real and imagi-
nary parts in (56) and (57), we obtain

A

Ay = —— a,a’, siny, (129)
8wy,
n Kmm 3 Kmn 2
aMﬁm - Swm m 8(0,,, aman
o a,,a,z,, cos Y, (130)
8w,y
A 1 .
an:fg 8o, afnsmy, (131)
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Knn a3 Kmn a a2
- n
8w, " 8w, "

3
— ——a,,cos Y,

== 240,
(132)

where the relative phase between the modes is given
by y =0t — 3B + B

There are two possibilities: (i) @, = 0 and a, #0
and (ii) a,, # 0 and a, # 0. The first case corresponds
to an uncoupled non-linear normal mode whose dis-
placement is in the form of (127). To determine the
stability of this mode, we substitute the polar form for
A, and the Cartesian form for 4,, in (56), determine
s such that the resulting equations are autonomous,
separate the outcome into real and imaginary parts,
linearize the obtained equations in p,, and g,,, and sub-
stitute §, = —K,,,/(8w,)d> in it. The eigenvalues are

9Kmn - Knn
24w, ’

Consequently, the uncoupled mode is always
marginally stable except when 6 = /a2 = —(9K,,,, —
Kun)/(24w,,). At this level of detuning-to-squared-
amplitude ratio, the two eigenvalues coalesce to zero
and the uncoupled mode becomes degenerate.

On the other hand, for the coupled modes a,, # 0
and a, # 0, we can solve for ﬁm and ﬁn and substitute
the result into y = ¢ — 3§, + f, thereby yielding

) l.,(0o
A= :tglan (a,zq +

1 K
= o | 3Kum — . ;
y=0+ 80, ( 3 )am
1 K
o . 3Kmn - ;
+8wm ( 3 ) ;
A an, la& 2
il Imo Z m 1
+8wm cosy(3a 9 Z) . (133)
Therefore, (129), (131), and (133) govern the
amplitude- and phase-modulations of the coupled

non-linear normal modes. Letting ¢ = a,,/a, and as-
suming A # 0, the fixed points of these equations are
given by

0636‘3 + 0(26’2 +oc+ oy = 0,

y=nn, n=20,1,2,... (134)
where
o3 =Acosy, o =3(Kun —Kum), o1 =—-27u3,
otg = 3(Kun — 9Kmn) — 720,06 (135)
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Fig. 2. Regions of existence of the non-linear normal modes due
to a 3:1 internal resonance when (i) 4 > 0 and (ii) 4 < 0.

Because (134) is a cubic equation with real coeffi-
cients, it admits one or three real roots. Changing the
phase by 7 (i.e., y — y+ n) the coefficients of the odd
powers of ¢ change sign; hence, the solutions experi-
ence a sign change (this property holds for a polyno-
mial equation of arbitrary order). However, the overall
solution—coupled mode—is invariant under the trans-
formation y — y + n and ¢ — —c. Therefore, we can
consider only the solutions associated with the phase
y = 2nm.

Consequently, the system possesses either two
(one uncoupled and one coupled) or four (one un-
coupled and three coupled) non-linear normal modes
(Fig. 2). Clearly, local orthogonality never occurs
also for three-to-one internal resonance.

The multivalued-range (three coupled non-linear
normal modes) is 6; < ¢ < 6, when 4 > 0, where

612 = (g F2VN)/(12420,),

g=—270A%K,,,, — 1458K> +27A°K,,,
+486K2, Ky — S4K K2

mn

+2K3 4 34K,

+ 81K2

A=09A* o — 18K Ko + Ky, ).
On the other hand, when 4 < 0, there is only one
coupled non-linear normal mode. This holds for y=nn
with arbitrary integer n.

The stability of these modes can be determined
by investigating the stability of the corresponding

fixed points of (129), (131), and (133). One of the
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eigenvalues is zero and the other two are given by

Amay \/Z’

dpp =720
w

m

where

A, = A2 [—c4—54c2+@

A

X (432K,m — 54K + 6K )c + 243 | .

Evidently, the modes are marginally stable (centers)
when 4, < 0; are unstable (saddles) when 4, > 0;
and are degenerate when 4, = 0 as they undergo a
saddle-center bifurcation as documented in [10]. We
note that also 4, is invariant under the transformation
c— —candy — y+ 7.

The displacement field, to second order, incorporat-
ing the solutions for f3,, and f3,,, can be expressed as

u(x, 1)
=y, COS(@nN 1 + B0 )Pm(x)
+a, cos[3(wunt + Puo) + V1Pu(x)
+ 3{a3,[c08 2(Wmnt + Bn0) Pm(X) + Lmm ()]
+ ap[cos[6(nnt + o) 271 W un(X)+7nn(x)]
+ 2y, [COS[A( Dyt + o) + 71Pn(¥)

+ cos[2(wmnt + Bmo) + V1 xma(¥)1}, (136)
where
[y 700
WyN = Wy — COS Ya,,ay
8wy,
Kmm 2 Kmn 2
—a, — 137
8w, " 8w, " (137

is the non-linear frequency expansion of the mth mode.
Next, we discuss the condition for the global or-
thogonality of the normal modes.

Proposition Ila. A necessary and sufficient condition
for orthogonality of the non-linear normal modes due
to a three-to-one internal resonance is A = 0.

Using the same line of proof employed for the
two-to-one internal resonance, accounting for the ex-
pression (61) of ¥(°) associated with this interaction,
it can be easily ascertained that the proposition holds
true.



Also for this interaction, an interesting mechani-
cal interpretation of the obtained non-linear orthog-
onality condition can be pursued. In fact, the terms
Go(pr, Pir) and Go(Wy, ¢ ) are the third-order ef-
fects of the quadratic elastic forces associated with
twice the frequency of the kth mode. On the other
hand, the term G3(¢y, di, di) represents the cubic
elastic force associated with the kth mode. Therefore,
the non-linear interaction coefficient A4, = A/3 (see
(109)) can be interpreted as the virtual work per-
formed by the total third-order elastic forces associ-
ated with the low-frequency mode—G3( ¢y, Vo) +
G (Y sims Om) + G3(P» B> by )—in the displacement
of the high-frequency mode. Therefore,

Proposition IIb. 4 necessary and sufficient con-
dition for orthogonality of the non-linear normal
modes due to a three-to-one internal resonance is that
the virtual work performed by the total third-order
low-frequency elastic forces in the displacement of
the high-frequency mode be zero.

The non-linear interaction coefficient obtained with
the discretization approach, (60), is a spectral repre-
sentation of the above-mentioned virtual work in the
eigenmode space. In particular, the part of it associ-
ated with the cubic forces is the same. The component
associated with the third-order effect of the quadratic
forces captures, in principle, contributions from all of
the modes of the system. To conclude this section,
it is worth noting the significant computational cost
saved when ascertaining the non-linear orthogonality
as illustrated here in contrast with performing the per-
turbation expansion up to third order. To check for
non-linear orthogonality, it is simply required to com-
pute: (i) the boundary-value problem yielding ¥,
and (ii) the integrals in 4,,.

5.3. One-to-one internal resonances

Separating real and imaginary parts in the modula-
tion equations (65) and (66) yields their real-valued
form as

K
+—3ama,21 cosy) siny, (138)

20,

19

Kom K, K
amﬂ 8w a,3n - S0, maf, - @ a,31 cosy
3K K
S a,zna,,cosy —351 .am €082y, (139)
8wy, 4w,
P KZ 3 Kl 2
a, = (&On a, + 80, ana,

K
+ aa, cosy) siny, (140)

2m,

K 3 Kmn 2 KZ 3
n - ny — m COoS
“ ﬁ 8(0,1 n Swna a 8w, “ ’
K

-2 amai cosy — >4 cos2y, (141)

8w,

where y = at + f, — B

When either both K; #0 and K, #0 or, simulta-
neously, K; #0, K, #0, and K3 # 0, the system pos-
sesses only coupled modes; that is, a,, # 0 and a, # 0.
In this case, solving for f, and f3, and substituting
into the phase equation yields

1
J =0+ ——(Kum — K — 2K3 c08 2y)a,
8wy,
1 2
+7(Kmn - Knn + 2K3 cos2 V)an
8w,
3
FIRLRA £ V7 Y S LIy S R oY )
8w, a, ap al

(142)

Inspecting (138) and (140), we conclude that there are
two possible sets of coupled solutions: (a) siny=0 or
y=nn, n=0,1,2,...and (b) siny # 0. In case (a), the
fixed points are solutions of the following equation:

asc* + a3 + arc? + aye + ap =0, (143)
where
as = KZ Cos?y, az= (Kmn - Kmm + 2K3 )a
ay =3(K; — Ky)cosy,
= —(Kpun — Kun + 2K3) — 8w,,6, ap = —K; cosy,

where ¢ = ¢/a2, cosy = +1 and use of the fact that
cos 2y = 1 has been made.

Because (143) is a quartic equation with real coef-
ficients, it possesses either four real solutions, or two



real and two complex conjugate, or two pairs of com-
plex conjugate solutions corresponding to cos y=1 and
cosy=—1. Also in this case, the roots are subject to a
sign change under the transformation y — y + 7 and
they correspond to the same coupled modes. In this
case, the coeflicients of the even powers of ¢ change
sign when the relative phase is shifted by 7. Hence,
there may be either four or two coupled non-linear
normal modes corresponding to siny =0 (y = nmn).

In case (b) (sin y # 0), the coupled modes are solu-
tions of

byc? — by + 81,6 =0, (144)
where
(K1K> — K3)
by =—F-—"= Kmm - Kmn 2K 5
2 2K, + + 2K3
KK, — K?
bl = M +Knn _Kmn + 2K3

2K3
The relative phase is given by

K26‘2 + K,

2nm. 145
4K3C :| +anm ( )

Y= cos™! {—
The quadratic equation (144) admits two real solu-
tions:

by — 8wy6 \"
C:i<1bz”> (146)

provided that b, # 0 and the argument of the square
root is positive. Therefore, considering the coupled
normal modes corresponding to cases (a) and (b), we
may have either six, four or two coupled non-linear
normal modes. Discussion of the stability of the cou-
pled modes in closed form is not a trivial task for this
resonance condition and is not pursued here.

Instead, we analyze a simple case which often oc-
curs in symmetric structural systems with a symmetric
initial non-linear static configuration. As it is shown
in Part II, for these systems, one-to-one internal res-
onances often occur due to crossovers between sym-
metric and antisymmetric modes. The result is that K,
and K, are identically zero (in this case, the system
would possess uncoupled modes as well, herein not
considered); however, K3 # 0. Therefore, the coupled
modes of cases (a) and (b) are given, respectively,

0] O]
(a) >
(ii)
(b)
(a) >
(iii) ®)
(@) >
(iv)
(b)
l@ >
Q1 QZ g

Fig. 3. Regions of existence of the non-linear normal modes of type
(a) and (b) due to a 1:1 internal resonance when K; = K, =0 and
(1) P,P; >0, (11) P, >0 and P <O, (111) Py <0 and Py >0,
and (iV) Pi,Py <O.

by
86 + Ky — Ko + 2K3\"?
rc==
(a) ¢ ( Kmn - Kmm + 2K3 ) ’
Y = nm, (147)
(b c— 86 + Ky — Kun — 2K3\'?
N ES
Kmn _Kmm - 2K3 ’
T
y:(2n+l)§. (148)

In case (a), there are two real solutions when ¢ 2 O,
if P, 2 0; in case (b), there are two real solutions
when ¢ 2 O, if Py 2 0, where Q)5 = (K — Kyn F
2K3)/(8wn) and P13y = (K — Kum F 2K3). These
ranges of existence of the normal modes are illustrated
in Fig. 3.

For sake of discussion, let us assume that P; > 0
and P, < 0; then, the system possesses the coupled
mode (a) when 6 < Q) and the coupled mode (b)
when ¢ > O, (Fig. 3). Therefore, when Q1 < ¢ < O,
there are no solutions; hence, there are no resonant
coupled modes. This is a region of local uncoupling
in the detuning-amplitude plane. In this region, the
modes cannot interact in a periodic fashion. Similar
regions occur in cases (i) and (iv) but not in case (ii)
in Fig. 3.



Coming back to the general case, the displacement
field of the resonant normal modes can be expressed,
to second order, as

u(x, 1) = a COS(Omyt + B0 ) Pm(x)
+a, cos[(wmnt + Buo) + 7]bn(x)
+ 1 {3, [c08 2(mn t+ B0 ) pam () Lonm ()]
+a[cos 2[(mnt + B0 )H7]¥un(X)+un(x)]
+a, @ [C0S[2( @t + Buo) + 7]Pn(x)

+cos Van(x)]}’ (149)

where the non-linear frequency expansion of the mth
mode is given by

) w K a, +3 Ky + sin
=w,— | — 2+3—-a,a a
mN "N 8wy A 8wy T 20, " Y
K,
mm 2 mn 2
XCOSY — — . 150
‘y 8 - m 8(,0”1 n ( )

Next, the condition for the global orthogonality of
the normal modes in the presence of a one-to-one in-
ternal resonance is discussed.

Proposition III. Necessary and sufficient conditions
for orthogonality of the non-linear normal modes due
to a one-to-one internal resonance are K1 =0, K, =0,
and K3 = 0.

The arguments leading to this proposition are
the same as those provided for two-to-one and
three-to-one interactions. These non-linear orthogo-
nality conditions do not lend themselves to straight-
forward mechanical interpretations as for the cases of
two-to-one and three-to-one internal resonances. Here,
they represent some more complex forms of virtual
works (mixed virtual works). However, we empha-
size the relatively low computational cost required
for ascertaining the non-linear orthogonality. To this
end, it is needed to compute (i) four boundary-value
problems yielding ¥, Yans Ymm» and Y, respec-
tively, and (ii) the integrals expressing K, K;, and
K (see (110)—(112)).
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6. Conclusions

Coupled/uncoupled resonant non-linear nor-
mal modes have been constructed in the cases of
two-to-one, three-to-one, and one-to-one internal res-
onances. The method of multiple scales has been
applied to the full-basis Galerkin-reduced model or
directly to the equations of motion and boundary
conditions of a general class of one-dimensional con-
tinuous systems. These systems are non-linear with
weak quadratic and cubic non-linearities. The objec-
tive of this work is twofold: (i) to study the existence
and stability of coupled/uncoupled non-linear normal
modes using a general and systematic approach; (ii)
to determine closed-form conditions for the non-linear
global and local orthogonality of the modes.

Regarding the first issue, we determined the num-
ber of coupled/uncoupled non-linear normal modes
and the associated stability in the detuning-amplitude
space. In the case of a two-to-one internal resonance,
it was also established that a higher-order approxi-
mation (i) does not affect the activation of the in-
ternal resonance; (ii) does not influence the relative
phase of the interacting modes; and (iii) does affect
the detuning-amplitude relationship of the modes and
the associated stability bounds.

The normal modes obtained with the full-basis
discretization approach are the same as those ob-
tained with direct application of the method of mul-
tiple scales to the equations of motion and boundary
conditions. Exploiting the equivalence of the re-
sults obtained with the two analytical treatments is
important because the direct approach only yields
closed-form expressions of the interaction coeffi-
cients in actual computations. In turn, the full-basis
approach yields interesting modal representations of
the coupled/uncoupled normal modes. These spectral
representations, besides shedding light onto the struc-
ture of these non-linear modes, may be useful for
modal convergence investigations and reduced-order
models selection.

Necessary and sufficient conditions for non-linear
orthogonality of the modes, in a local and global sense,
have been determined and discussed. In the cases of
two-to-one and three-to-one interactions, based on the
results of the direct approach, these conditions can
be interpreted as vanishing of pertinent virtual works
thereby extending the mechanical concept of linear



orthogonality to the weakly non-linear vibration
regime of self-adjoint systems. The obtained orthogo-
nality conditions may save significant computational
costs. In fact, to ascertain the occurrence of global
non-linear orthogonality between two modes, it is
needed to: (i) compute some integrals involving the
modes and their derivatives for two-to-one interac-
tions; (ii) solve one differential boundary-value prob-
lem (yielding ¥, ) and perform some integrations to
evaluate the virtual work defined for three-to-one in-
teractions; (iii) solve four differential boundary-value
problems (yielding Y., Yons Ymm,» and ym,) and
evaluate a number of integrals leading to three inde-
pendent interaction coefficients for one-to-one internal
resonances.

These relatively simple computations (solutions of
boundary-value problems and straightforward integra-
tions) save the effort of constructing approximations
to the sought normal modes using an asymptotic tech-
nique up to the resonant non-linear order. The pre-
sented closed-form conditions allow to conclude a
priori on orthogonality or non-orthogonality of the
modes. While the latter leads to non-linear modal in-
teractions, the former, in its global form, prevents the
internal resonance from being activated.
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