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Abstract: This paper deals with a natural stochastic optimization pro-
cedure derived from the so-called Heavy-ball method differential equation,
which was introduced by Polyak in the 1960s with his seminal contribu-
tion [Pol64]. The Heavy-ball method is a second-order dynamics that was
investigated to minimize convex functions f. The family of second-order
methods recently received a large amount of attention, until the famous
contribution of Nesterov [Nes83|, leading to the explosion of large-scale
optimization problems. This work provides an in-depth description of the
stochastic heavy-ball method, which is an adaptation of the deterministic
one when only unbiased evalutions of the gradient are available and used
throughout the iterations of the algorithm. We first describe some almost
sure convergence results in the case of general non-convex coercive functions
f. We then examine the situation of convex and strongly convex potentials
and derive some non-asymptotic results about the stochastic heavy-ball
method. We end our study with limit theorems on several rescaled algo-
rithms.
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1. Introduction

Minimization problems with deterministic methods. Finding the min-
imum of a function f over a set ) with an iterative procedure is very popular
among numerous scientific communities and has many applications in optimiza-
tion, image processing, economics and statistics, to name a few. We refer to
[NY83] for a general survey on optimization algorithms and discussions related
to complexity theory, and to [Nes04, BV04] for a more focused presentation on
convex optimization problems and solutions. The most widespread approaches
rely on some first-order strategies, with a sequence (X)r=>0 that evolves over
Q with a first-order recursive formula X1 = V[ Xy, f(Xk), Vf(X)] that uses
a local approximation of f at point X}, where this approximation is built with
the knowledge of f(Xj) and V f(X}) alone. Among them, we refer to the steep-
est descent strategy in the convex unconstrained case, and to the Frank-Wolfe
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[FW56] algorithm in the compact convex constrained case. A lot is known about
first-order methods concerning their rates of convergence and their complex-
ity. In comparison to second-order methods, first-order methods are generally
slower and are significantly degraded on ill-conditioned optimization problems.
However, the complexity of each update involved in first-order methods is rela-
tively limited and therefore useful when dealing with a large-scale optimization
problem, which is generally expensive in the case of Interior Point and Newton-
like methods. A second-order “optimal” method was proposed in [Nes83] in the
1980s’ (also see [BT09] for an extension of this method with proximal operators).
The so-called Nesterov Accelerated Gradient Descent (NAGD) has particularly
raised considerable interest due to its numerical simplicity, to its low complexity
and to its mysterious behavior, making this method very attractive for large-
scale machine learning problems. Among the available interpretations of NAGD,
some recent advances have been proposed concerning the second-order dynam-
ical system by [WSC16], being a particular case of the generalized Heavy Ball
with Friction method (referred to as HBF in the text), as previously pointed out
in [CEG09a, CEG09b)]. In particular, as highlighted in [CEG09a], NAGD may
be seen as a specific case of HBF after a time rescaling ¢ = 4/s, thus making
the acceleration explicit through this change of variable, as well as being closely
linked to the modified Bessel functions when f is quadratic.

Stochastic optimization methods. In problems where the effective compu-
tation of the gradient is too costly, an idea initiated by the seminal contributions
of [RM51] and [KW52] is to randomize the gradient and to consider a so-called
stochastic gradient descent (S.G.D. for short). This situation typically appears
when the function to minimize is an integral, an expectation of a given ran-
dom variable or in discrete minimization problems with a very large number
of points. Even if this field of investigation has been initiated in the fifties,
the study of S.G.D. algorithms has met a great regain of interest in the large
scale machine learning community (see, e.g., [GY07, Bot10]), owing in particular
to its ability of being parallelized. In this setting, stochastic versions of deter-
ministic accelerated algorithms recently received a growth of interest (see e.g.
[JKK*17, Nit15]) and led to many open questions (as mentioned in the com-
munication http://praneethnetrapalli.org/ASGD-long.pdf). In the sequel,
we are going to focus on some of them for the HBF model.

Objectives and motivations. The HBF ordinary differential equation,
whose equation is given by (2.1) is a second order system which can be viewed
as a gradient descent with memory (see (2.2)). The aim of this paper, which
is mainly theoretical, is then to study stochastic optimization algorithms de-
rived from these deterministic dynamical systems. Before going further in the
presentation of this procedure, let us go deeper in the general objectives and
motivations of the paper.

From a theoretical point of view, we could formulate the general motivation
as follows: what are the consequences of the memory on the convergence of the
HBF-optimization procedure ? To this (too) general question, our first general
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objective is to exhibit some conditions on the memory which guarantee the
a.s.-convergence towards local of global minima. This part of our work can be
viewed at the middle of two topics: the study of the long-time behavior of HBF
ordinary differential equations (see [CEG09a, CEG09b]) and, on the other hand
of, HBF stochastic differential equations (on this topic, see [GP14], [MS17]). In
particular, the hazard involved in stochastic algorithms is located between the
fully deterministic dynamics of an O.D.E. and the purely randomized dynamics
involved in stochastic differential equations and it could be interesting to fill the
gap between these two settings.

At a second level, we aim at studying the rate of convergence of the HBF-
procedure. In particular, compared to the standard stochastic gradient descent,
what are the effects of the memory on the (asymptotic of non-asymptotic) error?
We will tackle this question from a theoretical and numerical point of view.

From a dynamical point of view, our original motivation was to take ad-
vantage of the exploration abilities of the HBF. Actually, as a second order
method, the deterministic HBF ordinary differential equation already possesses
the ability to escape some local traps/minimizers of the function (which is not
the case for the standard gradient descent). As a complement of the above the-
oretical questions, it may be of interest to wonder about the relevance of this
optimization procedure in a multi-wells setting. This question seems to be very
difficult to tackle in full generality but may be of primary importance for nowa-
days machine learning problems where non-convex multi-modal are commonly
encountered, for example in the matrix completion problem (see, e.g., [BMO05]).
Starting from this multi-modal motivation, some old works investigated the abil-
ity of the S.G.D. to escape local traps (see, e.g., [BD96, Pem90] for pioneering
almost sure convergence results towards local minimizers). Recently, [LSJR16]
establishes the convergence towards a local minimizer with probability 1 when
the initialization point is randomly sampled, whereas [JKN16] studies the partic-
ular case of the matrix completion problem with the S.G.D. Beyond the natural
exploration of the state space ability of the HBF, the recent work [JNJ17] has
also investigated the escape properties of another second order stochastic algo-
rithms with inertia and has shown the ease of stochastic accelerated gradient
descent to escape from local minimizers faster than the standard S.G.D.

State of art. As a stochastic version of the HBF strategy, our work falls into
the field of second order stochastic gradient algorithms with a memory that
produces an acceleration of the drift. We detail below some important references
relevant with these themes of research.

Standard S.G.D. and Averaging. As mentioned before, the development of
efficient methods to minimize functions when only noisy gradients are available
is an important problem in view of applications.

To this end, let us recall the existing results for the standard S.G.D., generally
called Robbins-Monro algorithm. In this setting, it can be shown in a strongly
convex setting that the algorithm can attain the rate O(1/n) (see e.g. [Duf97]),
but is really sensitive to the step sizes used. This remark led [PJ92] to develop an
averaging method that makes it possible to use longer step sizes of the Robbins-
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Monro algorithm, and to then average these iterates with a Cesaro procedure so
that this method produces optimal results in the minimax sense (see [NY83]) for
convex and strongly convex minimization problems, as pointed out in [BM11].

HBF-algorithm as a pertubed second order O.D.E. Numerous studies have
addressed a dynamical system point of view and studied the close links between
stochastic algorithms and their deterministic counterparts for some general func-
tion f (i.e., even non convex). These links originate in the famous Kushner-Clark
Theorem (see [KY03]) and successful improvements have been obtained using
differential geometry by [BH96, Ben06] on the long-time behavior of stochastic
algorithms. In particular, a growing field of interest concerns the behavior of
self-interacting stochastic algorithms (see, among others, [BLR02] and [GP14])
because these non-Markovian processes produce interesting features from the
modeling point of view (an illustration may be found in [GMP15]). Our work is
also linked with random dynamical systems (X,,,Y},)n>1 where the two coordi-
nates do not evolve at the same speed: this will be the case when we handle a
specific polynomial form of memory function (see below). This field of research
has been investigated by the pioneering work [FW84] where homogeneization
methods are developed for stochastic differential equations. For optimization
procedures, this two-scales setting appears in [Bor97] (see also [Bor08]) where
under an appropriate control of the noise and some uniqueness conditions, the
a.s. -convergence is obtained through a pseudo-trajectory approach (on this
topic, see [BH96]). We will come back on this connexion in the beginning of
Subsection 3.2.1 (see (3.2)).

Accelerated stochastic methods Several theoretical contributions to the study
of specific second-order stochastic optimization algorithms exist. [Lan12] ex-
plores some adaptations of the NAGD in the stochastic case for composite
(strongly or not) convex functions. Other authors [GL13, GL16] obtained con-
vergence results for the stochastic version of a variant of NAGD for non-convex
optimization for gradient Lipschitz functions but these methods cannot be used
for the analysis of the Heavy-ball algorithm. Finally, a recent work [YLL16]
proposes a unified study of some stochastic momentum algorithms while assum-
ing restrictive conditions on the noise of each gradient evaluation and on the
constant step size used. It should be noted that [YLL16] provides a preliminary
result on the behavior of the stochastic momentum algorithms in the non-convex
case with possible multi-well situations. Our work aims to study the properties
of a stochastic optimization algorithm naturally derived from the generalized
heavy ball with friction method.

Organisation

Our paper is organized as follows: Section 2 introduces the stochastic algorithm
as well as the main assumptions needed to obtain some results on this optimiza-
tion algorithm. For the sake of readability, these results are then provided in
Section 2.4 without too many technicalities. Sections 3, 4 and 5 are devoted to
the proof of these results (some technical details are postponed in the appendix
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sections). More precisely, Section 3 is dedicated to the almost sure convergence
result we can obtain in the case of a non-convex function f with several local
minima. Section 4 establishes the convergence rates of the stochastic heavy ball
in the strongly convex case. Section 5 provides a central limit theorem in a
particular case of the algorithm. Finally, in Section 6, we focus on a series of
numerical experiments.

2. Stochastic heavy ball

We begin with a brief description of what is known about the underlying ordi-
nary differential equation (referred to as a dynamical system below).

2.1. Deterministic heavy ball

This method introduced by Polyak in [Pol64] is inspired from the physical idea
of producing some inertia on the trajectory to speed up the evolution of the
underlying dynamical system: a ball evolves over the graph of a function f
and is submitted to both damping (due to a friction on the graph of f) and
acceleration. More precisely, this method is a second-order dynamical system
described by the following O.D.E.:

&y + ey + Vf(ze) =0, (2.1)

where (y¢)¢=0 corresponds to the damping coefficient, which is a key parameter of
the method. In particular, it is shown in [CEGO09a] that the trajectory converges
only under some restrictive conditions on the function (v;)¢>0, namely:

+o0
o if § ~yds = o0, then (f(z¢))i=0 converges,
0

t
D —fr.d
0

S
oif (e dt < oo, then (z4)¢=0 converges towards one of the minima of
0

any convex function f.

Intuitively, these conditions translate the oscillating nature of the solutions of
(2.1) into a quantitative setting for the convergence of the trajectories: if the
convergence v; — 0 is sufficiently fast, then the trajectory cannot converge (the
limiting case being & + V f(x) = 0). These properties lead us to consider two
natural families of functions (v;)¢=0: v = r/t with r > 1 and v = v > 0.
To convert (2.1) into a tractable iterative algorithm, it is necessary to rewrite
this O.D.E. using some coupled equations on position/speed, such equations are
commonly referred to as momentum equations (see, e.g. [Nes83] for an example).
Consistent with [CEG09b], (2.1) is equivalent to the following integro-differential
equation:

: I
Ty = —MJO h(s)V f(xs)ds, (2.2)
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where h and k are two increasing functions related to . This equivalent feature
of the integro-differential formulation given by Equation (2.2) should be under-
stood as a differential equation that produces the same integral curve, up to a
suitable change of time, than the one produced by Equation (2.1).

Even though any couple of increasing functions may be chosen for h and k,
it is natural to consider only the situation where h = k to produce an integral
over [0,t] that corresponds to a weighted average of (V f(zs))se[0,4- In such a
case, h then represents the amount of weight on the past we consider in (2.2).
Through the introduction of the auxiliary function y; = k(¢ So $)V f(xs)ds,
it can be checked that Equation (2.2) can be rewritten as a ﬁrst order o.d.e. In
the special case h = k, this leads to the system

>=
~—

-
—~

:i’t = —Yt . _ (t _ t)
{yt =r(t)(Vf(z) —y) with (?) (t (t) (2:3)

In the spirit of [GP14] (in a stochastic setting), we will mainly consider this
weighted averaged setting for two typical situations that correspond to a stable
convergent dynamical system in the deterministic case (see [CEG09a] for further
details):

e The exponentially memoried HBF: k(t) = e and h(t) = k(t) = AeM
(and to a constant damping function v, = +/A). In this case, 7(t) = A so
that (2.3) is an homogeneous o.d.e.

e The polynomially memoried HBF: k(t) = t**! and h(t) = (a 1)t
that r(t) = ‘XTH Here, the damping parameter satisfies vs = 1) In
this case, we retrieve the o.d.e. of the NAGD when o = 1 (see [WSCIG]
and their “magic” constant 3 = 2« + 1 in that case).

x
~
x

2.2. Stochastic HBF

We now define the stochastic Heavy Ball algorithm as a noisy gradient dis-
cretized system related to (2.3). More precisely, we set (X, Yp) = (z,y) € R*?
and for all n > 0:

{Xn+1 = Xn - ’yn-‘rlYn

(2.4)
Yn+1 =Y, + 'VnJrlrn(vf(Xn) - Yn) + '7n+17anAMn+17

where the natural filtration of the sequence (X,,Y,)n>0 is denoted (F,)n>1
and:

e (AM,) is a sequence of (F,)-martingale increments. For applications,
AM,, 1 usually represents the difference between the “true” value of
Vf(X,) and the one observed at iteration n denoted 0, F(X,,&,), where
(&n)n is a sequence of i.i.d. random variables and F is an R¢-valued mea-
surable function such that:

VueRY  E[0,F(u,&)] = Vf(u)
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In this case,
A]\471,-&-1 = vf(Xn) - aarF(Xnvgn) (25)

The randomness appears in the second component of the algorithm (2.4),
whereas it was handled in the first component in [GP14]. We will introduce
some assumptions on f and on the martingale sequence later.

e (Yn)n>1 corresponds to the step size used in the stochastic algorithm,
associated with the “time” of the algorithm represented by:

T, = ;1 Yk such that nirr}roo I, = +4oo0.

For the sake of convenience, we also define:

L =Y,
k=1

which may converge or not according to the choice of the sequence (i )k>1.
e (7n)n>1 is a deterministic sequence that mimics the function ¢t — ()

defined as:
h(I's)

k(Tn)

Ty = (2.6)
In particular, when an exponentially weighted HBF with k(t) = €™ is
chosen, we have r, = r > 0, regardless of the value of n. In the other
situation where k(t) = t", we obtain r, = 7T, 1.

2.3. Baseline assumptions

We introduce some of the general assumptions we will work with below. Some of
these conditions are very general, whereas others are more specifically dedicated
to the analysis of the strongly convex situation. We will use the notation |.|
(resp. |.||r) below to refer to the Euclidean norm on R? (resp. the Frobenius
norm on Mg 4(R)). Finally, when A € Mg 4(R), | Alloc will refer to the maximal
size of the modulus of the coefficients of A: || A := sup; ; |4; j|. Our theoretical
results will obviously not involve all of these hypotheses simultaneously.

Function f. We begin with a brief enumeration of assumptions on the func-
tion f.

e Assumption (Hy) : f is a function in C2(R%, R) such that:

lim  f(z) = +ooand |[D?f|, := sup |[D*f(z)|r < +o0and [V f|?* < cf f.

|| —>+00 z€RY

The assumption (Hy) is weak: it essentially requires that f be smooth, coer-
cive and have, at the most, a quadratic growth on co. In particular, no convexity
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hypothesis is made when f satisfies (H;). It would be possible to extend most
of our results to the situation where f is L-smooth (with a L-Lipschitz gradi-
ent), but we preferred to work with a slightly more stringent condition to avoid
additional technicalities.

e Assumption (Hgc () @ f is a convex function such that D?f is Lipschitz and

a = inf Sp (D*f(x)) > 0.
z€R?

In particular, (Hsc(a)) implies that f is a-strongly convex, meaning that:
d d «@ 2
V(z,y) eRTxRT  f(2) > f(y) + (VYo —y) + Fle —yl"

Of course, (Hgc(v)) is still standard and is the most favorable case when dealing
with convex optimization problems, leading to the best possible achievable rates.
(Hgsc () translates the fact that the spectrum of the Hessian matrix at point
x, denoted by Sp (DQf(x)), is lower bounded by a > 0, uniformly over R%. The
fact that D2 f is assumed to be Lipschitz will be useful to achieve convergence
rates in Section 4.2.

Noise sequence (AM,,+1),>1. We will essentially use three types of assump-
tions alternatively on the noise of the stochastic algorithm (2.4). The first and
second assumptions are concerned with a concentration-like hypothesis. The
first one is very weak and asserts that the noise has a bounded L? norm.

e Assumption (Hgyp) : (p = 1) For any integer n, we have:

E(|AMys]?1Fn) < 0*(L+ £(Xa)%.

The assumption (He2) is a standard convergence assumption for general
stochastic algorithms. For some non-asymptotic rates of convergence results, we
will rely on (Hyp) for any p > 1. In this case, we will denote the assumption
by (Hg,). Finally, let us note that the condition could be slightly alleviated by
replacing the right-hand member by o2(1+ f(X,,) +|Y,|?)?. However, in view of
the standard case (2.5), this improvement has little interest in practice, which
explains our choice.

e Assumption (Hgquss,s) @ For any integer n, the Laplace transform of the

noise satisfies:

a2t

Vt=0 E[exp(tAM,11)|Fn] < e 2

2

This hypothesis is much stronger than (H, ) and translates a sub-Gaussian
behavior of (AM,,4+1)n>1. In particular, it can be easily shown that (Hggauss,o )
implies (Ho,p). Hence, (Hgauss,o) is somewhat restrictive and will be used only
to obtain one important result in the non-convex situation for the almost sure
limit of the stochastic heavy ball with multiple wells.
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e Assumption (Hg) : For any iteration n, the noise of the stochastic algorithm
satisfies:
Voe STt E((AM,,v)| | Xn,Yy) = ¢, >0,

where S?~! stands for the unit Euclidean sphere of R

This assumption will be essential to derive an almost sure convergence result
towards minimizers of f. Roughly speaking, this assumption states that the
noise is uniformly elliptic given any current position of the algorithm at step n:
the projection of the noise has a non-vanishing component over all directions v.
We will use this assumption to guarantee the ability of (2.4) to get out of any
unstable point.

Step sizes. Omne important step in the use of stochastic minimization algo-
rithms relies on an efficient choice of the step sizes involved in the recursive for-
mula (e.g. in Equation 2.4). We will deal with the following sequences (v,,)n>0
below.

o Assumption (H}) : The sequence (v, )n>0 satisfies:

VneN ’ynznlﬁ with  Be(0,1],

leading to:

VB e (0,1) r, ~ T pi-s whereas Iy ~~logn when g=1.

-3
Memory size. We consider the exponentially and polynomially-weighted HBF
as a unique stochastic algorithm parameterized by the memory function (7, )n>1.
From the definition of 7, given in (2.6), we note that in the exponential case,
rn, = 7 remains constant while the inertia brought by the memory term in the
polynomial case (7,,)nen is defined by 7, = ﬁ Under Assumption (Hg), we
can show that regardless of the memory, we have:

Z YnTn = +0.

neN

This is true when r,, = r because v, = yn~? with § < 1. It is also true when
we deal with a polynomial memory since in that case:

o if B <1, then Yurn ~ 0" x (1 — By~ 148 ~ (1 — B)n~"
T

e if f =1, then v,7r, ~ nlogn and D ., YTk ~ log(logn).

Similarly, we also have that in the polynomial case, regardless of 3:

i <+,

n

although this bound holds in the exponential situation when 8 > 1/2. Below,
we will use these properties on the sequences (n)ns0 and (r,)n>0 and define
the next set of assumptions:
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e Assumption (H,): The sequence (r,),>0 i a non-increasing sequence such
that:

Z Yn41Tn = +00 and Z ’yflﬂrn < 4w

n=1 n=1

and

. 1 1 1
lim sup — = =:¢c. <1.
n—-+ao0 2771-&-1 Tn Tn—1

In the exponential case, ¢, = 0, whereas if r,, = r/T,, it can be shown that

Cr = 2%« and the last point is true when r > 1/2. In any case, ro, will refer to

the limiting value of r,, when n — +00, which is either 0 or r > 0.

2.4. Main results

Section 3 is dedicated to the situation of a general coercive function f. We obtain
the almost sure convergence of the stochastic HBF towards a critical point of f.

Theorem 2.1. Assume that f satisfies (Hs), that (He 2) holds and that the
sequences (Yn)n=1 and (1n)n>1 are chosen such that (H}) and (Hy) are fulfilled.
If for any z, {z, f(z) = 2z} n{z,Vf(x) = 0} is locally finite, then (X,) a.s.
converges towards a critical point of f.

This result obviously implies the convergence when f has a unique critical
point. In the next theorem, we focus on the case where this uniqueness assump-
tion fails, under the additional elliptic assumption (Hg).

Theorem 2.2. Assume that [ satisfies (Hg), that the noise is elliptic, i.e.,
(He) holds, and the sequence (yn)n>1 is chosen such that (Hy) and (H,) are
fulfilled. If for any z, {x, f(x) = 2z} n {x, Vf(z) = 0} is locally finite, we have:

(a) Ifrn =r (exponential memory) and (He 2) holds, then (X,,) a.s. converges
towards a local minimum of f.

(b) If r, = rI';;t and the noise is sub-Gaussian, i.e., (Hgauss,o) holds, then
(Xn) a.s. converges towards a local minimum of f when 8 < 1/3.

Remark 2.1. > The previous result provides some guarantees when f is a
multiwell potential. In (a), we consider the exponentially weighted HBF and
show that the convergence towards a local minimum of f always holds under the
additional assumption (Hg). To derive this result, we will essentially use the
former results of [BD96] on “homogeneous” stochastic algorithms.

> Point (b) is concerned by polynomially-weighted HBF and deserves more com-
ment:

o Flirst, the result is rather difficult because of the time inhomogeneity of the
stochastic algorithm, which can be written as Zni1 = Zp + Yne1Fn(Zn) +
Yt 1AMy 1 the drift term F,, depends on Z,, and on the integer n, which
will induce technical difficulties in the proof of the result. In particular, the
assumption 8 < 1/3 will be necessary to obtain a good lower bound of the
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drift term in the unstable manifold direction with the help of the Poincaré
Lemma near hyperbolic equilibrium of a differential equation.

o Second, the sub-Gaussian assumption (Hgauss,s) i less general than
(Hy,2) even though it is still a reasonable assumption within the framework
of a stochastic algorithm. To prove (b), we will need to control the fluctua-
tions of the stochastic algorithm around its deterministic drift, which will
be quantified by the expectation of the random variable sup,s,, vi| AM|>.
The sub-Gaussian assumption will be mainly used to obtain an upper bound
of such an expectation, with the help of a coupling argument. Our proof
will follow a strategy used in [Pem90] and [Ben06] where this kind of ex-
pectation has to be upper bounded. Nevertheless, the novelty of our work
s also to generalize the approach to unbounded martingale increments:
the arguments of [Pem90, Ben06] are only valid for a bounded martingale
increment, which is a somewhat restrictive framework.

In Section 4, we focus on the consistency rate under stronger assumptions
on the convexity of f. In the exponential memory case, we are able to control
the quadratic error and to establish a CLT for the stochastic algorithm un-
der the general assumption (Hgc(a)). In the polynomial case, the problem is
more involved and we propose a result for the quadratic error only when f is
a quadratic function (see Remark 2.2 for further comments on this restriction).
More precisely, using the notation < to refer to an inequality, up to a universal
multiplicative constant, we establish the following results.

Theorem 2.3. Denote by x* the unique minimizer of f and assume that (Hg),
(Hy), (Hsc (@) and (Hg,2) hold, we have:

(a) When r, =r (exponential memory) and B < 1, we have:

E[|Xn — 27 + [Ya]?] <

T

If (Hp,o0) holds and =1, set o, =1 (1 —a/1— M) where \ denotes
the smallest eigenvalue of D? f(x*). We have, for any e > 0:

-1 if vy, > 1

n
E[|X, —z*|? + |V,.[?] <
[ I+ 1Ya]?] et if v, < 1.

(b) Let f:R% — R be a quadratic function. Assume that r,, = rT;1 (polyno-
mial memory) with B < 1. Then, if r > 2(11;_%), we have:

E[|Xn —2*[* + Do Ya[?] < 7a

When r,, = rI';;t (polynomial memory) and 3 = 1, we have:

1
E Xn )12 1 Yn 2 g .
[ = *  + lognl Y, ] < oo
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For (a), the case § < 1 is a consequence of Proposition 4.3 (or Proposition
4.1 in the quadratic case), whereas the (more involved) case f = 1 is dealt
with Propositions 4.1 and 4.4 for the quadratic and the non-quadratic cases,
respectively. We first stress that that when 8 < 1, the noise only needs to satisfy
(Hs,p) to obtain our upper bound. When we deal with § = 1, we could prove a
positive result in the quadratic case when we only assume (Hy p). Nevertheless,
the stronger assumption (Hg o) is necessary to produce a result in the general
strongly convex situation. Finally, (b) is a consequence of Proposition 4.2.

Remark 2.2. > [t is worth noting that in (a) (B8 = 1), the dependency of the

parameter o, in D2 f only appears through the smallest eigenvalue of D? f(x*).

In particular, it does not depend on infd Ap2f(z) as it could be expected in this
zeR4

type of result. In other words, we are almost able to retrieve the conditions that
appear when f is quadratic. This optimization of the constraint is achieved with
a “power increase” argument, but this involves a stronger assumption (Hg o)
on the noise.

> The restriction to quadratic functions in the polynomial case may appear
surprising. In fact, the “power increase” argument does not work in this non-
homogeneous case. However, when B < 1, it would be possible to extend to
non-quadratic functions through a Lyapunov argument (on this topic, see Re-
mark 4.3), but under some quite involved conditions on r, 8 and the Hessian
of f. Hence, we chose to only focus on the quadratic case and to try to obtain
some potentially optimal conditions on r and B only (in particular, there is no
dependence to the spectrum of D?f). The interesting point is that it is possi-
ble to preserve the standard rate order when 3 < 1 but under the constraint
r > 2(11;—66)’ which increases with B. In particular, the rate O(n=1) cannot be

attained in this case (see Remark 4.2 for more details).

Finally, we conclude by a central limit theorem related to the stochastic
algorithm the exponential memory case.

Theorem 2.4. Assume (H;) and (Hsc(w)) are true. Suppose that r, = r and
that (H}) holds with 8 € (0,1) or, B = 1 and ya, > 1. Assume that (He,p)
holds with p > 2 when 8 <1 and p = o0 when 8 = 1. Finally, suppose that the
following condition is fulfilled:

E [(AMpi1)(AMyiq)' | Froi] 2252,V in probability (2.7)

where V is a symmetric positive d X d-matrix. Let o be a d x d-matrix such that
oot =V. Then,

(i) The normalized algorithm (fvl’ j;_) converges in law to a centered
PRV .

Gaussian distribution ugg), which is the invariant distribution of the (lin-

ear) diffusion with infinitesimal generator L defined on C2-functions by:

Lg(z) = <Vg(z), (%1{B=1}12d + H) z> + %Tr(ZTD2g(z)Z)
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0 -1 0 0
HZ(TDQf(x*) rfdd> and 2:=(O 0>'

(ii) In the simple situation where V = 031y (0o > 0) and 3 < 1. In this case,

with

the covariance of uéé’) s given by
ag ({D*f(@*)}™" Ouxa
2 O4xd rlg
In particular,
Xn L n (0 18{D2f(x*)}—1> (2.8)
- 'S . .

Remark 2.3. > As a first comment of the above theorem, let us note that in
the fundamental example where:

AMn-H = Vf(Xn) - amF(Xmgn)’ n

\%

1

7

the additional assumption (2.7) is a continuity assumption. Actually, in this
case:

E[AM,AM}!|F,—1] = V(X,,), with V(z) = Cov(F(x,&1)).

Thus, since X,, — x* a.s., Assumption (2.7) is equivalent to the continuity of
V in z* so that:

V= V(z*).
> Point (it) of Theorem 2.4 reveals the behavior of the asymptotic variance of Y
increases with r. This translates the fact that the instantaneous speed coordinate
Y is proportional to r in Equation (2.4), which then implies a large variance of
the Y coordinate when we use an important value of r.
> When § = 1, it is also possible (but rather technical) to make the limit
variance explicit. The expression obtained with the classical stochastic gradient
descent with step-size yn~1 and Hessian \, the asymptotic variance is vy/(2\y —
1), whose optimal value is attained when v = A\~1 (it attains the Cramer-Rao
lower bound). Concerning now the stochastic HBF, for example, when d = 1
and r = 4\ (the result is still valid in higher dimensions, see Section 5), we can
show that:

2 ry3
li E[X2] = 0}
W B = 0 e e e —ay)

where &y =14+ 4/1 — % and & =1—4/1— %. Similar expressions may be
obtained when r < 4X. Note also that we assumed that vo,. > 1, and it is easy
to check that this condition implies that yr > 1 because a.. < 7, regardless of r.
In the meantime, this condition also implies that 2 \y > &y = &_.

Finally, this explicit value could be used to find the optimal calibration of the
parameters to obtain the best asymptotic variance. Unfortunately, the expres-
sions are rather technical and we can see that such calibrations are far from
being independent of A, the a priori unknown Hessian of f on x*.
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3. Almost sure convergence of the stochastic heavy ball

In this section, the baseline assumption on the function f is (Hg), and we
are thus interested in the almost sure convergence of the stochastic HBF. In
particular, we do not make any convexity assumption on f.

Below, we will sometimes use standard and sometimes more intricate nor-
malizations for the coupled process Z, = (X,,Y,). These normalizations will
be of a different nature and, to be as clear as possible, we will always use the
same notation Zn and Z, to refer to a rotation of the initial vector Z,,, whereas
Zn will introduce a scaling in the Y;, component of Z,, by a factor /ry,.

3.1. Preliminary result

We first state a useful upper bound that makes it possible to derive a Lyapunov-
type control for the mean evolution of the stochastic algorithm (X,,Y;)n>1
described by (2.4). This result is based on the important function (x,y) —
V,(z,y) that depends on two parameters (a,b) € R? defined by:

— WV f(x),y). (3.1)

Volx,y) = (a+bry—1)f(x)

a
27—

We will show that V,, plays the role of a (potentially time-dependent) Lyapunov
function for the sequence (X, Y, )n>1. The construction of V,, shares a lot of
similarity with other Lyapunov functions built to control second-order systems.
If the two first terms are classical and generate a —|y|? term, the last one is
more specific to hypo-coercive dynamics and was already used in [Har91]. Recent
works fruitfully exploit this kind of Lyapunov function (see, among others, the
kinetic Fokker-Planck equations in [Vil09] and the memory gradient diffusion
in [GP14]). This function is obtained by the introduction of some Lie brackets
of differential operators, leading to the presence of (V f(z),y) that generates a
mean reverting effect on the variable x.

With the help of V,,, we derive the first important result on (X,,, Y}, )n>1. The
proof is deferred to the appendix paragraph in Section A.1.

Proposition 3.1. If (Hy2) and (H,) hold and (r,)n>1 satisfies (Hy), then we
have:

()

n

sup(ELﬂ)QJ]+

n=1

—anﬂ)<+w

(i) (Vo (Xn,Yn))ns1 is a.s.-convergent to Vy, € Ry. In particular, (X,)n>1
and (Y, /\/Tn)n=1 are a.s.-bounded.

) Z Ynt+1Tn (” Yol + | V(X )2> <+ a.s.

n=1
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(iv) (Yn/A/Tn)n=0 tends to 0 since n — +00 and every limit point of (X,,)n=0
belong to {x,V f(x) = 0}. Furthermore, if for any z, {z, f(z) = 2z} n
{x,Vf(x) = 0} is locally finite, (X, )n=0 converges towards a critical point

of f a.s.

Note that if (H,) holds, then (ii7) provides a strong repelling effect on the
system (z,y) because in that case, >, ¥,4+17, = +00. This makes it possible to
obtain a more precise a.s. convergence result, which is stated in (iv).

3.2. Conwvergence to a local minimum
3.2.1. Nature of the result and theoretical difficulties

To motivate the next theoretical study, we address the result of Proposition 3.1.
We have shown in this corollary the almost sure convergence of (2.4) towards a
point of the form (z4,0) in both exponential and polynomial cases where x4, is
a critical point of f. This result is obtained under very weak assumptions on f
and on the noise (AM,,+1)n>1 and is rather close to Theorems 3-4 of [YLL16]
(obtained within a different framework). Unfortunately, it only provides a very
partial answer to the problem of minimizing f because nothing is said about the
stability of the limit of the sequence (X,,)n>0 by Proposition 3.1: the attained
critical point may be a local maximum, a saddle point or a local minimum. This
result is made more precise below and we establish some sufficient guarantees
for the a.s. convergence of (X,,) towards a minimum of f, even if f possesses
some local traps. To derive this important and stronger key result, we need to
introduce the additional assumption (Hg), which translates an elliptic behavior
of the martingale noise (AM,, +1)n>1 and we have to overcome several difficulties.

e The proof follows the approach described in [BD96] and [Ben06] but re-
quires some careful adaptations because of the hypo-elliptic noise of the al-
gorithm (there is no noise on the z-component) for both the exponentially
and polynomially-weighted memory. Therefore, even though the global
probabilistic argument relies on the approach of [Ben06], the estimations
of the exit times of the neighborhoods of unstable equilibria (local maxima
or saddle points) deserve a particular study because of the hypo-ellipticity.

e Moreover, the linearization of the inhomogeneous drift around a critical
point of f in the polynomial memory case is a supplementary difficulty
we need to bypass because in this situation, the algorithm (X,,,Y,)n>1
does not evolve at the same time-scale on the two coordinates. We should
emphasize that one should think of the use of the recent contributions
of [Bor97, Bor08] on dynamical systems with two different time scales.
Let us briefly discuss on the approach developed in these works: [Bor(8]
investigates the behaviour of

($n+17yn+1) = (xnayn) (32)
+ (an[h(xnvyn) + AMrllJrl]v bn[g(xnvyn) + AMr%Jrl]) ’
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where b,, = o(a,). This is exactly our setting in the polynomial memory
case since Y, 1, = 0(7y,). Unfortunately, [Bor08] assumes that the differen-
tial equation & = h(x,y) has a globally asymptotically stable equilibrium
for any given and fixed y € R%, which is false in our case since & = —y is
solved by x; = x¢ — ty and has no stable equilibrium except when y = 0.
Therefore, it is not possible to use the former works of [Bor97, Bor08] in
our polynomial memory case.

Note that some recent works on stochastic algorithms (see, e.g., [LSJR16])
deal with the convergence to minimizers of f of deterministic gradient descent
with a randomized initialization. In our case, we will obtain a rather different
result because of the randomization of the algorithm at each iteration. Note,
however that the main ingredient of the proofs below will be the stable manifold
theorem (the Poincaré Lemma on stable/unstable hyperbolic points of [Poi86])
and its consequence around hyperbolic points. This geometrical result is also
used in [LSJR16].

3.2.2. Exponential memory r,, =1 >0

The exponential memory case may be (almost) seen as an application of Theo-
rem 1 of [BD96]. More precisely, if Z,, = (X,,Y,,) and h(z,y) = (—y,rV f(z) —
ry), then the underlying stochastic algorithm may be written as:

Zn+1 = Zn + 'Ynh(Zn) + 'YnAMna

When r, = r > 0 (exponential memory), Proposition 3.1 applies and Z, -~
Zy = (X, 0) where X, is a critical point of f. For the analysis of the dynamics
around a critical point of the drift, the critical poinf of f is denoted zg and we
can linearize the drift around (zg,0) € R? x R? as:

2w = (oot i) (57) + 00 =0l

where I; is the d x d identity-squared matrix and D?(f)(z) is the Hessian
matrix of f at point xg. When z( is not a local minimum of f, the spectral
decomposition of D?(f)(x¢) leads to the spectral decomposition:

IPe O4(R)  D*(f)(z0) = P~'AP,

where A is a diagonal matrix with at least one negative eigenvalue A < 0.
Considering now Z,, = (X,,,Y;,) where X,, = PX,, and Y;, = PY,,, we have:

Zni1 = Zn + h(Zn) + Ya PAM,,

where h may be linearized as:

T~ >\ 0 —Id .f\f_f\fo ~ ~ 12 ~
h(Z,9) = (rA —Tld) < ¥ ) + O(|Z — Zo|*) where Zo = Pxy.
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In particular, if ey is an eigenvector associated with the eigenvalue A < 0
of D?f(xg), we can see that the linearization of h on the space Span(ey) ®

(1,0,...,0) acts as:
0 -1
Anr = <7‘)\ —r> '

Its spectrum is Sp(Ax,;) = —5 £ 4/ % — 7. The important fact is that when
A < 0, the eigenvalue —5 + 4/ % —r\ is positive and whose corresponding

eigenspace is Ey = (1, z—4/1- )\/r) . In the initial space R? x R? (without

applying the change of basis through P ® P), the corresponding eigenvector is:

1 1
e§=e>\®<§—4/z—)\/r>e,\

Consequently, when z( is not a local minimum of f, it generates a hyperbolic
equilibrium of h and we can apply the “general” local trap Theorem 1 of [BD96].
If HE; denotes the projection on the eigenspace Span(ej\'), then the noise in

the direction EY is:

& = (0,AM,) = @ﬁ‘j’“j%k.
A A

Now, Assumption (Hg) implies that:

lim inf E HH%+ (0, AM,,)

n—>-+00

= ce, > 0.

We can then apply Theorem 1 of [BD96] and conclude the following result.

Theorem 3.1. If (Hs2), (Hy) and (He) hold and r,, = r, then X,, a.s. con-
verges towards a local minimum of f.

3.2.8. Polynomial memory rp, = rI',;;1 — 0

We introduce a key normalization of the speed coordinate and define the rescaled
process:

X,=X, and Y, =+T,Y,.

We can note that 17” = \rYnrn 2 and the important conclusion brought by
(iv) of Proposition 3.1 is that (X,,Y,) “2> (X4,0) still holds (under the
assumptions of Proposition 3.1) We can write the recursive upgrade of the couple

()an, }an) The evolution of (X,,)n>0 is easy to write: X, 11 = X,, — ’\Y}’I%?n The

~

recursive formula satisfied by (Y;,)n>0 is:
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e

Va1 [Yn + Yn+1Tn+1 (Vf(X ) -Y, + AMn.:,.l)]

Fn n n n Fn i
vV HY . In+1 \/ HVf( )_TV +1 +1Yn
VI vI VT, vIn L,

Yn+1 \/ "HAM

/ \/—

Hence, the couple ()Z'n, }N/ ) evolves as an almost standard stochastic algorithm,
_1/

+1

Jr

whose step size is Y11 = Yne1l'n

{anLl = Xn - §n+1i>n

- N N N (3.3)
Yn+1 = Yn + T'YnJrlvf(Xn) + 7n+1Qn+1AMn+1 + ’)/n+1Un+17

where ¢4 1 = A/Tni1/Tn =1+ 0(n"1) as n — 400 and (U, 4 1)n>1 is defined
by:
1/2 = rgui +o(n™ ") o

Uns1 = i Vot r(gn1 = DV F ().
. . . . Ty = —y
This dynamical system is related to the deterministic one < . or
Ye =V f(2)
equivalently:
2 =F(z) with F(z)=F(z,y) = (—-y,rVf(z)). (3.4)

It is easy to see that when z is a local maximum of f, then the above drift
is unstable near zo, = (zs,0). Unfortunately, Theorem 1 of [BD96] cannot be
applied because of the size of the remainder terms involved in (3.3) and the
a.s. convergence of (X, Y, )0 requires further investigation. From [Ben06], we
borrow a tractable construction of a “Lyapunov” function 5 in the neighborhood
of each hyperbolic point, which translates a mean repelling effect of the unstable
points. This construction still relies on the Poincaré Lemma (see [Poi86] and
[Har82] for a recent reference). Again, in the neighborhood of any hyperbolic
point, we will treat the projection Il as a projection on the unstable manifold.

Proposition 3.2 ([Ben06]). For any local mazimum point o of f, a compact
neighborhood N of zo = (24,0) and a positive function n € C*(R% x R4, R%)
exist such that:

(i) Vz = (z,y) € N,Dn(z) : RY x R — R4 x R? 4s Lipschitz, convex and
positively homogeneous.

(i¢) Two constants k > 0 and ¢; > 0 and a neighborhood U of (0,0) exist such
that:

Vae N VueU  n(z+u) > n(z) +(Dn(z), uy— klul?,
and if | |+ denotes the positive part:
VzeN VueU  |Dn(z)(u)ls = eI (u)].
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(#i7) A positive constant K exists such that:
Vze N (Dn(z),F(2)) = kn(2)

When d = 1, it is possible to check that if A is a negative eigenvalue of the
Hessian of f around a local maximum z, then the drift may be linearized
in (—y, A\(x — x5)) and a reasonable approximation of 7 is given by n(z,y) =
1|y—+/—Az|?. Nevertheless, the situation is more involved in higher dimensions
and the construction of the function 7 relies on the Poincare stable manifold
theorem. We are now able to state the next important result.

Theorem 3.2. Assume that the noise satisfies (Hgauss,o) and (Hg), that the
function satisfies (Hg), and that v, = yn=? with B < 1/3, then (Xn)n=0 a.s.
converges towards a local minimum of f.

The proof relies on an argument of [Pem90, Ben06] even though it requires
major modifications to deal with the time inhomogeneity of the process and the
unbounded noise, which are assumed in these previous works. We denote N as
any neighborhood of zy, and consider any integer ng € N. We then introduce
Zn = (Xp,Y,) and the stopping time:

T::inf{nZno : Zn¢/\f}.

We will show that P(T' < +00) = 1, which implies the conclusion. We introduce
two sequences (,)n>n, and (Sn)nsne:

n
Qpy1 = [U(Zn+1> - 77(Z7L)]17L<T +Yns1lpzr and S, = n(an) + Z Q.
k=no+1
(3.5)
Note that the construction of n implies that z — Dn(z) is Lipschitz, so that
the following inequality holds:

| Dl zip | u?
5 :

This inequality provides some information when u is small. In the meantime, n
is positive so that:

n(z +u) —n(z) = (Dn(z),u) -

Vae (0,1] 3ko >0 VY(z,u)e N x R?

n(z +u) —n(z) =<{Dn(z),uy — kaHUH1+a (3.6)

The family of inequalities described in (3.6) will be used with an appropriate
value of a in the next result.

Proposition 3.3. The random variables (2y)n>0 satisfy the following condi-
tions:

(i) A constant ¢ exists such that:
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(17) A sequence (€,)n>0 exists such that:
15,56, E[Qni1]|Fn] =0,
with €, ~ en= =2 for a large enough ¢ and a = (1 — B)/(1 + B).
(iii) Assume that B < %, then (S2)n>0 has a submartingale increment:
E[S7 1 — SalFal = amin
for a small enough constant a.

The proof of this technical proposition is deferred to the appendix paragraph
A.2 We use now the key estimations derived from Proposition 3.3 to obtain the
proof of Theorem 3.2.

Proof of Theorem 3.2: The proof is split into three parts. We consider:

S, =Sy + i Qp and define Op = 2 5/12.
k=1 izn
In our case, we have chosen 5 € (0,1/3) and we can check that:
Ap ~n~ A2 g6 that 6, ~n 5. (3.7)
We consider the sequence ¢,, defined in Proposition 3.3:
en ~TrYV2~ 30 with a= % >1/2.
In this case, we have:

en =n~ 32 = 5(n782) = 0(3/6,) because B <1/3 <1/2.

The proof now proceeds by considering the sequential crossings .S,, < ¢/, and
S, = ¢/, for a suitable value of c.

Step 1: S, becomes greater than /bd,, with a positive probability.
For a given constant b and a positive n € N, we introduce the stopping time:

T=inf{z‘>n 151’2\/()»51’}’

and we show that an e > 0 exists such that P (7 < o) > 1 — e. For a given by
(#it) of Proposition 3.3, we consider:

k
MkIS,z*aZ:yf.

=0

(Mpg)k>n is a submartingale, so that (Mg.7)k>n is also a stopped submartin-
gale. This yields:

mAaT m
E[Shnr — SalFn] = aE [ D a?m} >a (Z 1?) P(T >m|F,). (38)

n+1 n+1
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. 2 2 ihto:
In the meantime, we can decompose S}, .- — S5 into:

SonT = S0 = Shar—ShaTo1+ ShaT—1 — i
< 28maT1QmaT + Qo+ ST
< 28 7o +200 1
< 200 a1 + 202, 1.

Since (0k)g>n is decreasing, we then have d,,,7—1 < d,. We then study the
remaining term. We can use Equation (3.3) and the Lipschitz continuity of 5
over the neighborhood N (before time T') to obtain a large enough C' such that:

Q72n/\T = an/\T [1m/\7—71<T + 1mAT712T]
~ - 2
= [n(ZmAT) - n(Zm/\Tfl)] 1m/\T71<T + ’?»rznAT]-m/\TflzT
< C[:Y'rzn/\T +:Y72n/\7'“AMmAT”2]'

However, nothing more is known about the stopped process | AM,, »7[? and we
are forced to use:

E[SZ 7 — S2|F,] < 205, +2C [&2 +E [sup a,ﬁAMkHzH .
k=n

Given that all AMj, are independent sub-Gaussian random variables that satisfy
Inequality (A.6), we can use Theorem A.1 and obtain that a constant C' large
enough exists such that for any € > 0:

E[S2, 7 — S2|F,] < 206, + 2C72 log(7;,2). (3.9)
We can plug the estimate (3.9) into Inequality (3.8) to obtain:
206, + 2C3; log (7, %)

a Zzin-kl 5/2

P(T > m|F,) <

Letting m — 400, we deduce that:

26 2072 log(7:2
P(T = ool ) < 22 4 260 08(% ")
a ady,

According to the calibration (3.7), we have 32 log(%,,?) = 0(6,). Consequently,
we can choose n large enough such that:
b
IP’(7'<oo\]-'n)>1—3—. o
a

Step 2: The sequence (Sk)g=n may remain larger than /b/26, with a positive
probability.
We introduce the stopping time S and the event F,, € F:

S:inf{izn:5i<g\/§} and En={sn>\/5\/§}.
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Since the sequence (9;);>y is non-increasing, (i7) of Proposition 3.3 yields:

E[Sit1)as — SinslFi] = LssiE[Sip1 — SilFi]

Ls>ilg s, fias, B [Siv1 — SilFi

> Lszilg . fis B Xin] 7]
> lszils>eE[Xina|Fi] > 0.

Hence, (S;ns)i=n is a submartingale and the Doob decomposition reads S;,s =
M;+1; where (M;);>n, is a Martingale and (I;) is a predictable increasing process

such that I,, = 0. Hence,

P(S = 0| F,) =Pz, (w >n:S; > ?m) =P, (\ﬁ >n:M; > gx/ﬁ)

On the event E,,, S,, = M,, = v/b\/3,, so that M;—M,, < M;—+/b\/6,,. Therefore:

]P(W =>n:M; > %x/én \Fn) 1g, =P <\ﬁ >n:M;— M, > —\/75\/6”|fn> 1g,.

The rest of the proof follows a standard martingale argument:

E ((M; — M,)*Fy)

N

<

E ((Mj41 — M;)?*|Fp)
E (B ((Mj41 — M;)?|F;) | Fn)

E (E ((Sj+1 — S5)?1F;) — (g1 — 1;)?|1 Fn)

Jj=n
i—1 1—1
E ((Sjs1 — S5)%1Fn) < DL E(Q3 4] Fn)
j=n j=n
c Z ~J2»+1 < cdp,
Jj=n

where we used the upper bound given by (i) of Proposition 3.3 in the last line.
Now, the Doob inequality implies that:

P(

inf (M; —M,)<-s|F,) = P( inf (M;—M,—1t)<—-s—t|F,)

n<is<m

n<i<m
< P( sup |M;— M, —t| <s+t|F,)
n<is<m
E (M — My — 1)%|Fn)
(s+1)2
E ((My, — My)?|Fy) + 82 ¢b, + 12

(s + 1)2 BCETE

N
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We apply this inequality with s = 4\/(% and use (s+t)? < (1+9)s2+(1+971)t?
for any ¥ > 0. It leads to:

b by + 2
P inf (M; —M,) < ——\/0,|Fn | < .
<né?<m( S5Vl ) S Gt s o e

We now choose 9 = 4c/b, t = /5, and deduce that:

< ———.
c+1+b/4c

P( inf (Mi_Mn)g_\/?T)Vén']:n) s

Consequently, we deduce that:
b
P(S = | F,)1p, = Pz, (Vl =>n:M; > %\/ (5n> 1g,

< 1 c+1 1. — 1
- c+1+b/ac) " btde+ a2 P

Step 3: (Sp)n=0 does not converge to 0 with probability 1.
We denote G as the event that (S,,),>0 does not converge to 0. For any integer
n, we have the inclusion:

{S=+oo}:{Vi>n:Si> b/4\/§}cg,

which implies:

E[1g|Fi |17 = E[1g|Fi]1r—ilp, > mlmm -l
Hence,
E[1g|F.] = ). E[lgly—i|F.] = E[E[1g|F]17—; | F,]
i=n
S E[1y| ]
b+ 4c + 4c? =

b b 3b
— P z——(1-— .
b+ 4c+ 4c¢? (T < +o0lFn) b+4c+402( a)>0

Since 1g € Fo, we have lim,_, 4 E[1g|F,] = 1g. The previous lower bound
implies that G almost surely holds. o

Conclusion of the proof: The stochastic algorithm does not converge to a local
trap.

Consider NV a neighborhood of a local maximum of f, and its associated func-
tion n given by Proposition 3.2. We then consider the random variables (€2,,)n>0
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and (Sp)n=0. We have seen that S,, does not converge to 0 with probability 1.
We define: N
’TN::inf{n>0 : Zn¢./\f}.

and assume that Ty = +00. In that case, we always have:

Qpyr1 = U(Zn-kl) - U(Zn) and Sy = 77(271)
The limit set of (Zn)n>0 is a non empty compact subset of N, which is left
invariant by the flow (®;):>¢ of the O.D.E. whose drift is F'. Now, consider z in
(Zn)n=0 and apply (iii) of Proposition 3.2. We then have n(®(z)) = e*'n(y).
Since (®¢(z)) < supyr 1, we therefore deduce that n(z) = 0. Hence, the unique
limiting value for (S, )n>0 is zero, meaning that S,, —> 0 as n —> +00. However,
we have seen in Step 3 that S, does not converge to 0 with probability 1.
Therefore, P(Tyr = +0) = 0 and the process does not converge towards a local
maximum of f with probability 1. =

4. Convergence rates for strongly convex functions

This section focuses on the convergence rates of algorithm (2.4) according to
the step-size 7, = yn~? for A-strongly convex function f with a L-Lipschitz
gradient, corresponding to the assumptions (Hgc(\)) and (Hs).

4.1. Quadratic case

We first study the benchmark case of a purely quadratic function f, meaning
that V[ is linear. In this case, f(z) = 1| Az|? and Vf(z) = Sz, leading to the
following form of the algorithm:

{ Xns1 = Xn — Yns1Yn

A1)
Yn+1 = Yn + 7n+1rn(SXn - Yn) + ’7n+1TnAMn+1a (

where S is a d x d squared matrix defined by S = A’A. The matrix S is assumed
to be positive definite with lower bounded eigenvalues, e.g., Sp(S) < [\, +o0[
when f is (Hsc(A)) with A > 0.

4.1.1. Reduction to a two dimensional system

Equation (4.1) may be parameterized in a simpler form using the spectral de-
composition of S = P~'AP, where P is orthogonal, and A is a diagonal matrix:

V(i,j)e{l...d}>  Ajj=X\di;=A>0.

Keeping the notation ()v(m}v/n)nzl for the change of basis induced by P, we
define X,, = PX,, and Y,, = PY,, and obtain:

~

XnJrl = Xn - ’YnJrli}n
S;nJrl = ?n + PYnJrlTn(AXn - }\;n) + '7n+1rnPAMn+17
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Since A is diagonal, we are now led to study the evolution of d couples of
stochastic algorithms:

fs)ﬂ = ZB/S) - ’Yn+1§//r(j)

Vie{l...d} { , : A , -
Torr = B + YarrrnAED = J0) + mra AMLY,

where we used the notations X,, = (:E,(f))lggd and Y, = (ﬂgf))l@gd. Conse-
quently, in the quadratic case, the stochastic HBF may be reduced to d couples
of 2-dimensional random dynamical systems:

Vie{l,...,d}? 2(21 = (I + Y1CSN ZD + ’Yn+17"n22AN7(f4217 (4.2)

n

where
Z00) . (x() (D) @_( 0 -1 _(0 0
zy) = (&,,9,)) and C\Y = <)\(i)7’n —Tn> and Yo = <0 1)

A0 = A ;= A>0and (ANéi))nzl is a sequence of martingale increments.

It is worth noting that due to the multiplication by the matrix P, the martin-
gale increment AN,(lZl1 potentially depends on the whole coordinate (Z(lj ))léjéd'
In a completely general case, this involves technicalities mainly due to the fact
that the system (4.2) is not completely autonomous (in general, the components
Z(Li) and Z(«f ) do not evolve independently). To overcome this difficulty, the idea
is to obtain some general controls for a system solution to (4.2) and to then
bring the controls of each coordinate together. For the sake of simplicity, we
propose in the sequel to state the results in the general case but to only make
the proof for (4.2) with the assumption that:

E[AND) P|IF] <o+ | XD)?). (4.3)

From now on, we will omit the indexation by j to alleviate the notations. An
easy computation shows that the characteristic polynomial of C,, is given by:

ra\2  rp(dX—1r,
Ko, ()= (14 72) " AT,

We now consider the two different cases:

e For all n > 1, C,, has two real or complex eigenvalues whose values do not
change from n to n, which corresponds to r, = r. This case necessarily
corresponds to an exponentially-weighted memory and r, is thus kept
fixed constant: r,, =r =4\ or r,, = r < 4\.

e For a large enough n, C,, has two complex conjugate and vanishing eigen-
values. This situation may occur if we use a polynomially-weighted mem-
ory because, in that case, r, — 0 as n — +o0.
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4.1.2. Exponential memory ry, =1

We first study the situation when r,, = r, which is easier to deal with from a
technical point of view.

Proposition 4.1. Let 0 > 0. Assume that a.s. Vn > 1, E(|AM,,11]*|F.) <
o2(1 + f(X,)). Let (Zp)nso be defined by (4.1) with Sp(S) < [\, +oo[ and

rn, =r. Set:
o r(l— 1—%), if r =AM
' r if r <4\,

Assume that v, = yn=?, we then have:
(i) If B < 1, then a constant c, . exists such that:
¥n=>1  E[|Xa]* +[Yal?] < craqvn
(¢1) If B =1, then a constant ¢, ~ exists such that:
Vn>1 E[|Xn]? + |Yal?] < craqn” 1279 Jog () Livar=1,

Proof of Proposition 4.1: According to Subsection 4.1.1, we only make the proof
for a system solution to (4.2) with the assumption that (4.3) holds. We begin
with the simplest case where r = 4)\. The above computations show that:

D) _—T—M} o
2 i 2 ’ '

Sp(Cr) = {,U-ﬁ- =

. . . . 1 1
while the associated eigenvectors are given by e = i and e_ = B )
— s .
and are kept fixed throughout the iterations of the algorithm. Consequently,
(4.2) may be rewritten in an even simpler way:

> _ (1 +mps 0 > b3
Z’I’L+1 - ( 0 1 + V1 Z’I’L + T’Y?’L+1§n+17 (45)

where Z, = QZ, ((Z,) being defined by (4.2) ) where @ is an invertible ma-
trix such that C,, = Q7! <M0+ NO ) Q@ and fvnH = Q¥2AN, 1. The squared

norm of (Zn)n>1 is now controlled using a standard martingale argument and
Assumption (H, 2):

E[1ZilP1Fa] < [0+ pmen)® + C2 1 Zal? + Co2,

so that by setting u, = E[||Z,[?], this yields:

Unt1 < (14 204941 + Crvigr) + Covigr (4.6)
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The result then follows from Propositions B.1 (#i7) and B.2 (iii) (see Appendix
B).

We now study the situation r < 4. In this case, C,, possesses two conjugate
complex eigenvalues:

Sp(C) = {M— _ _T—HV;(ZD\_T)ML— _ —r—i«/;(4)\—r).}’ (47)

Once again, we use the notation (Zn)n>1 defined as Zn = QZ, with Q an
invertible (complex) matrix such that S, = Q7! (H0+ MO ) Q and &,41 =

QY2AN, 1. The squared norm of (Zn)n>1 may be controlled while paying
attention to the modulus of complex numbers, and we obtain an inequality
similar to (4.6).
> 2 2 2 712 2
E[1ZualP1F] < max (114 pommen®s 1+ o) 1Zal® + ConZ o,

Y417\ 2 >
< ((1— ) +cwz+1) 12 + ConZn,

2
< (1 = Yn1T + 01712b+1) HZ7LH2 + 027’2-&-1'

Once again, we can apply (ii¢) of Propositions B.1(ii:) and B.2(i4i) to obtain
the desired conclusion. o

Remark 4.1. In the above proposition, the constants c, . are not made ex-
plicit. However, it is possible to obtain an estimation if we assume that

E[|[AM,1|?] < o? and 7 =4\
In this particular case, with the notations of (4.6), we have:
Un+1 < (1= aryn) un + 17202 Qr P71
where u, = E|Z,|2. The Propositions B.1 (iii) and B.2 (iii) now imply that:

B[1Z2] < E[|Zof?] et + 0, 2L

n»

which, in the end, provide an explicit upper bound of E| Z,|? since Z, = Qr_lén.

A more important issue concerns the rate obtained when 8 = 1 and we can
remark in the statement of Proposition 4.1 that this rate depends on the size of v
and of a,.. In particular, the best rate (of order O(n=1)) is obtained when yo, >
1, meaning that o, must be as large as possible to optimize the performance of
the algorithm and we therefore obtain a non-adaptive rate. It is easy to see
that r —> «,. increases on [0,4A] and decreases on [4\,+00). It attains its
mazimal value (max,c«, = 4\) when r = 4\. This maximal value is twice
the size of the eigenvalue of the (standard) stochastic gradient descent (SGD).
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Finally, lim,_, o a, = 2\. This limiting value 2\ corresponds to the size of
the eigenvalue of the SGD. In other words, the limit r = +00 in HBF may be
seen as an almost identical situation to SGD.

If we compare the rate of convergence of HBF to the one of SGD using the
same step size v, = Yn~ ', we see that choosing a reasonably large v makes it
possible to obtain a less stringent condition on vy to recover the (optimal) rate
O(n=Y). In particular, the rate of the HBF is better when r = 2\ than the one
attained by the SGD. Unfortunately, it seems impossible to obtain an adaptive
procedure on the choice of (v,r) that guarantees the rate O(n=1), unlike the
Polyak-Ruppert averaging procedure.

4.1.3. Polynomial memory r, = rI';t — 0

This case is more intricate because of the variations with n of the eigenvectors
of the matrix C,, defined in (4.2).

Proposition 4.2. Let 0 > 0. Assume that a.s. Vn > 1, E(|AM, 1|*|Fn) <
o%(1 + f(X,)). Let (Zn)nso be defined by (4.1) with Sp(S) < [\, +oo[ and

Th = 7

n

(i) IfB<1andr> 2(11;7%), a constant cg xr exists such that:

V=1 E[Xu* < cprrmm
and
Vn =1 E|Y,.|? < cgaynTn.-
(1) If B =1, a constant C exists such that:
C
1 X<
logn

and

C

nlogn

vn=1 E|V,|*<

Remark 4.2. We can observe that when B < 1, the rates of the exponential
case are preserved under a constraint on r which becomes harder and harder
when [ is close to 1: r needs to be greater than 2(11;7%) Carefully following the

proof of this result, we could in fact show that when 1/2 < r < 2(1%%)’ then

E|X,|? < Cn~=(r=2)1-8) | Since (r — %)(1 —B8) — 0 as 8 —> 1, our upper
bound in (logn)~! related to the case B = 1 becomes reasonable. Another possible
interpretation of the poor convergence rate in that case is that the size of the

negative real part of the eigenvalues of C, is on the order @, which leads to a
contraction of the bias equivalent to O (6_62? Flogk ) Regardless of ¢, we cannot

obtain a polynomial rate of convergence in that case since Y.} ﬁgk ~ loglogn.
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Proof of Proposition 4.2:

Proof of (i): We study the case 8 < 1 here. According to the arguments used
in the proof of Proposition 4.1 and Subsection 4.1.1, the dynamical system
may be reduced to d couples of systems in the form (xff ),yff))ngl so that we
only make the proof for a system solution to (4.2) under assumption (4.3).
Another key feature of the polynomial case has been observed in the proof of
the a.s. convergence of the algorithm (Theorem 3.2): the study of the rate in the
polynomial case involves a normalization of the algorithm with a /r,-scaling
of the Y coordinate. Therefore, we set Z, = (Xn,f/n) with X,, = X, and
Yy, = Yy,/1/Tn. With these notations, we obtain (similar to Lemma A.2):

~ - ~ ~ - ’r‘n
Zn+1 = (I2 + '7n+10n)Zn + Tn+14 . ZQANTL+1; (48)
n+

with J541 = Ynt14/7n and:

with

1 Tn T
Pn 1= = —1) - .
Yn+1 Tn+1 vV Tn+1
Since r,, = rI';;1, the following expansion holds:
1 1 Tn
n=——| 7= — +0| |- 4.9
= (2 ) <p) ()

In particular, for a large enough n, p, < 0 if and only if r > 1/2. Furthermore,
an integer ng € N exists such that for any n > ng, C,, has complex eigenvalues

given by:
(n) 1 . T'n 2 n—+0o0 .
py’ == | pn s[4 — P +ivA.
o 2 Tn+1

We define the diagonal matrix:

A, = Ef) 0
0 u(_")

and let Q,, be the matrix that satisfies Q,,'A,,Q,, = C,,. We have:

1 1 1 -
THe TR e AN
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We can now introduce the change of basis brought by @, and the new coor-
dinates Z,, := Q),,Z,. We have:

~ _ ~ 1> B Tn
Zng1 = Qni1 (I + An11Cn) Q" 2 + Tn+14 T—Qn-HEQANn-H
n+1
— ~ 7 ~ Tn
= QnJrlin(IQ + 7n+1An)Zn + Tn+1 iQnJrlEQAanLl' (410)
V "n+

We now observe that:

Qn-HQ;l = I2 + Tn with Tn = (Qn—H - Qn)Qr_Ll
and that for n large enough:

[Tl < ClQnst = Qnlloo = O™ = p]) = O(lpns1 = pu| + [Fm(u D = u{))).

2
Expansion (4.9), the fact that , [ =1+ 11t 1O (712_;1) and the Lipschitz
continuity of  — /1 + x on [—1/2, +00) yield:

Tn Tn — Yn—1 Tn _B43
||Tn|@=0<—.+7>=0(—3>=0n )

n

From the above, we obtain, for any z € R2,

2
_ . ~ Pn Tn
1Qn+1@Qy  (In + Ans1An)z[> < (1 tnt1gy @ (F_%)> I2]?

2
~ ~ Yn
+ (vnHJm(u(f)) +0 <F>> Bl

which after several computations yields:

- - n 1
1Qn1Qy  (Is + Ant1An)z|* < <1 + 7F+1 (5 -7+ 0(1))> [E&

Note that a universal constant C' (independent of n) exists such that |Qpn41]e <
C' and the upper bounds above can be used into (4.10) to deduce that:

. 1 A
Zual? < (1 w2 (G ) o () ) IZ.1°

2
~ Py Tn
+ 1AM, + CF—HHANn+1H27 (4.11)

where (AMn)n>1 is a sequence of martingale increments and b a large enough
constant.
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1-8

When v,, = yn~? with 8 < 1, the fact that T',, = =5 +O(1) combined with

the upper bound of the variance of the martingale (4.3) imply that:

~ « b > 1
B2l < (1- 24 S ) BIZP + Com
where o := (r — )(1 — 8). Under the condition r > 2(11;7%), we observe that:
a> .

An induction based on Inequality (4.12) yields:

~ - n o b
E|Zo+1?] < ElZ. 4[] (1 oy ;)

l=n,

+ C i k=18 ﬁ (1—%+%>

k=n.+1 l=k+1

~

where in the second line, we repeated an argument used in the proof of Proposi-
tions B.2 and made use of the property a > . To conclude the proof, it remains
to observe that [Q;, 1]« < C regardless of n. o

(i1) When S = 1, Inequality 4.11 leads to:

o N b
nlogn n2logn

C

n2logn

Bl Zoi 2] < (1 ) E[] 2,2 +

and a procedure similar to the one used above (given that Y, _,(klogk)™! ~
log(logn)) leads to the desired result. oo

4.2. The non-quadratic case under exponential memory

The objective of this subsection is to extend the results of the quadratic case to
strongly convex functions satisfying (Hgc(«)) for a given positive . As pointed
out in Remark 2.2, we are not able to obtain neat and somewhat intrinsic results
in the polynomial memory case, so we therefore preferred to only consider the
exponential memory one.

With the help of Subsection 4.1.1, we can restrain the study to the situation
where d = 1 and f has a unique minimum in z* and we denote A\ = f”(z*),
which is assumed to be positive. We also assume that f” = inf,cg f”(z) > 0. It
is worth noting that in this setting, we are able to obtain some non-asymptotic
bounds with some assumptions on A only. This means that our results do not
involve the quantity f”. To only involve the value of the second derivative in
z*, the main argument is a power increase stated in the next lemma.
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Lemma 4.1. Let (uﬂ“))wo,@l be a sequence of non-negative numbers satisfying
for every integersn =0 and k > 1,

(k) (k+1)

Upiq S (1= arynt1 + bk'yfl_‘_l)u;‘k) + Ck(7721,+1 + Ynt1Uy, ) (4.13)

where (ag)k=1 and (by)k=1 are sequences of positive numbers. Furthermore, as-
sume that K > 2 exists and a constant C' > 0 exists such that:

vn=1, ulf) <Cr,. (4.14)

Then, suppose that v, = yn=B (y>0, Be(0,1]) and that a := ming<x ar > 0
and b := maxp< g by < +00.

(i) If B € (0,1), a constant C > 0 exists such that for every ke {1,... K},

(i) If B = 1 and ay > 1, a constant C > 0 exists such that for every k €
{1,..., K},
vn =2, o® <conl (4.15)

Proof of Lemma 4.1:

Let K > 2. We proceed by a decreasing induction on k € {1,..., K}. The
initialization is given by (4.14). Then, let k € {1,..., K — 1} and assume that
u,(lkﬂ) < Crt17n (where Cf is a positive constant that does not depend on n).
We can use this upper bound in the second term of the right hand side of (4.13)
and obtain:

. _
“51421 < (1= aynsr 072, )ul) + C2

where C' is a constant that does not depend on n.
When g < 1, it follows from Proposition B.1(éii) that:

Vn > 1, u;’“) < V- o

If 8 =1 and ay > 1 now, the above control is a consequence of Proposition
B.2(4i%). This concludes the proof. oo

We will apply this lemma to ul) = IE[|ZL|2]’“] where Z,, is an appropriate
linear transformation of Z,,. Therefore, we will mainly have to check that Con-
ditions (4.13) and (4.14) hold.

Proposition 4.3. Assume (H,), (Hsc(a)) and (Hy o) with p = 1. Let a and
b be some positive numbers such that (A.1) holds. Then, an integer K > 1 exists
such that for any p > K:

E[VY (X0, V)] < Cpym.- (4.16)

Furthermore, if r, = 7 and v, = yn~? with B € (0,1), then (4.16) holds for
p=K =1 under (H,2) instead of (Hg,0). As a consequence,

Ef X — 22 + [Ya 2] < C. (4.17)
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Remark 4.3. Note that the second assertion (4.17) easily follows from Equa-
tions (A.2) and (4.16) and from the fact that under (Hgc (), a constant c
exists such that for all x, f(x) > c|z|*.

Moreover, note that this proposition is not restricted to the exponential mem-
ory case. In particular, as suggested in Remark 2.2, this Lyapunov approach
could lead to some (rough) controls of the quadratic error in the polynomial case
when the function is not quadratic.

Proof of Proposition 4.3:

We begin by the first assertion under Assumption (H, o). Going back to the
proof of Lemma A.1 (and to the associated notations), we obtain the existence
of some positive a and b such that

Vn+1(Xn+17 Yn+1) < Vn (X'ru Yn) + 'Yn+1An+1 Wlth
A1 = —cap|[Yal® = rab|VF(Xn)|* — brodV f(Xn), AMpi1) + ARny1 (cap > 0).

Denoting the smallest (positive) eigenvalue of D?f(x*) by ), we have:
IVF(@)|? = Az]* = C Af ().

Following the arguments of the proof of Lemma A.1 once again, we can easily
deduce the existence of some positive € and C such that:

E[An+1|Fn] < (2 + Cyns1)rn Vo (Xn, Vo) + Cypg1rn.
Using (Hy,o), we also obtain for every r > 1:
El| Ans1]"|Fn] < Cr(1+ Vi (Xn, Ya)).
As a consequence, a binomial expansion of (V,,(X,,Yy) + Yns1An11)" yields:
E[V,5 1 (Xns1, Yos1)|Fn] < (1= Kevg1rn + Cvapymn) V,E (X, Vo) + CY2 1.
Setting u, = E[V, (X141, Yns1)], we obtain:
Un+1 < (1 = KeYng1mn + C¥2 1 170)Un + CY2 4 17Tn.

Now, assume that v, = yn~? with 8 € (0,1] and successively consider expo-
nential and polynomial cases:

e If r, =r and f < 1, the result holds with K = 1 by Proposition B.1(iii).

o
e If r, = r and 8 = 1, we have to choose K large enough in order that
Ke~y > 1. In this case, Proposition B.2(7i7) yields the result. o

e Ifr, = /T, and 8 < 1 now, then the above inequality yields the existence
of a p> f and a ng = 1 for K large enough such that:

Vn =ng, Upyr < (1 — B) up + Cn P81,
n
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We have:

w<u [] (1-2) v 3 w5 [T (1-2).

k=ng k=ng+1 l=k+1

Given that 1 — z < exp(—z) and that },;_, + = logn + O(1), we obtain:

n
up <Cn7P(1+ Y, kM) <on?
k=no+1

where in the last inequality, we deduced that —3—1+p > —1 since p < .
<o

Proposition 4.4. Assume (H,), (Hgc(o))and (Hgy,0) and v, = r for all
n = 1. Set A = f"(x*). Then, assume that vy, = yn~" with B € (0, 1].

o If B <1, then:
E[| X5 — 2*|*] + E[|Ya]*] < Cn.

o If 3 =1, then for every € > 0, a constant C. exists such that

E[”Xn - x*HQ] < ani((TJrE*mhzu)V)Al.

Proof of Proposition 4.4:
The starting point is to linearize the gradient:

(X)) = MNX, —2*) + ¢ where ¢, = (f"(&) — f"(x*)(X,, — 2*).
Since f” is Lipschitz continuous, then:
|¢n‘ < C(Xn - I*)2- (418)

Let us begin with the case where the matrix C), defined in (4.2) has real eigen-
values py and p— (given by (4.4)). With the notations introduced in (4.5),

. 1+ 0 . 0 -
Zpt1 = ( 70+1M+ 14+ ’Yn+1,u—) Zy + 1 m+1Q <¢n> + 7 Vnt16ns1. (4.19)

As a consequence,
1Zn1l® < @+ w4y * 120l + Consal Zal® + visa (1 Zal* + AN [*) + AMania

where (AM,,) is a sequence of martingale increments. Using the elementary
inequality |z| < e + C.|z|?, z € R (available for any ¢ > 0),

1Zne1l? < [+ @us +€)vnrr + Crnp )] Z0]?
+ Cﬂn+1HZnH4 + C'VZ+1||ANTL+1H2 + AJVn+1~

Then, by Assumption (Hgs o) and the fact sup,, E[|Z,|"] < +o0 for any r > 1
(by Proposition 4.3 for example), we obtain, for any k > 1,
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E[1Z0il®] < (U+k@us +2)pnsn + Cir2 EN 2]
+ CheCrmaiBZal42] +92,).

At this stage, we observe that Assumption (4.13) is satisfied with ul =
E[|Z,|*] and ar = k(2uy + €). Using Proposition 4.3 and Lemma A.1(i),
we check that the second assumption of Lemma 4.1 also holds. Thus, the result

follows in this case from this lemma. o

5. Limit of the rescaled algorithm

In this paragraph, we establish a (functional) Central Limit Theorem when
the memory is exponential, i.e., when 7, = r and when (Hgc(«)) holds. In
particular, f admits a unique minimum z*. Without loss of generality, we assume
that «* = 0.

5.1. Rescaling stochastic HBF

We start with an appropriate rescaling by a factor ,/7,. More precisely, we
define a sequence (Z,,)n>1:

g I ( X, Y, >
YV \V V)
Given that f is C? (and that 2* = 0), we “linearize” V f around 0 with a Taylor
formula and obtain that &, € [0, X,,] exists such that:

Vf(Xn) = D?f(&n) X

Therefore, we can compute that:

. ) B 0
Znt1 = Zn + Yns1bn(Zy) + Vnt1 <AM +1>

where b, is defined by:

1 _
bn(z) = ( [ _ 1) 2+ Chz, z€R* (5.1)
Yrn+1 Yn+1
where:
~ Tn 0 _Id
C, = . 5.2
Tn+1 (TD2f(§n) Tld) (5:2)

It is important to observe that:

1 T . P P A L[ oY) g <1
— (VW*)*” ) [”%*“(" 1)‘1]*{ Lo(l)iff=1
(5.3)
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We associate to the sequence (Z,)n>1 a sequence (Z(™), >, of continuous-
time processes defined by:

Z" = Z,+B™ + M™, t>0, (5.4)
where:
N(n,t)
B" = 3 qibic1(Zie1) + (E— t)by g Zxgnn):
k=n+1
) N(n,t) 0 0
e k Z-H b <AM’€> Vi (AMN(n t)+1> '
=n »

We used the standard notations t, = Iy, — I'n above where N(n,t) =

m
min{m)n, > 'yk>t}.
k=n+1

To obtain a CLT, we show that (Z(™),>; converges in distribution to a sta-
tionary diffusion, following a classical roadmap based on a tightness result and
on an identification of the limit as a solution to a martingale problem.

5.2. Tightness

The next lemma holds for any sequence of processes that satisfy (5.4).

Lemma 5.1. Assume that D*f is bounded, that supy=, E[|Zk|?*] < +0 and
that a p > 2 exists such that supys, E[|AM|P] < 400, then (Z(™),>1 is tight
for the weak topology induced by the weak convergence on compact intervals.

Proof of Lemme 5.1:

First, note that Zon) = Z,, the assumption sup;-; E[|Zx[?] < 4o implies
the tightness of (Z(g"))@l (on R2%). Then, by a classical criterion (see, e.g.,
[Bil95, Theorem 8.3]), we deduce that a sufficient condition for the tightness
of (Z(),>1 (for the weak topology induced by the uniform convergence on
compacts intervals) is the following property: for any 7' > 0, for any positive &
and 7, a § > 0 exist and an integer ng such that for any ¢ € [0,T] and n = ny,

P( sup HZE”) — Zt(n) | =¢e) <nd.

se[t,t+6]

We consider B(™ and M separately and begin by the drift term B(™). On
the one hand,

N(n,t+6)+1
P sup |BM—B™|>c]| <P Do wlbr-1(Zea)| =€
s€[t,t+6] k=N(n,t)
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The Chebyschev inequality and the fact that [|bg(z)] < C(1 + ||z|) (where C
does not depend on k) yield:

N(n,t+6)+1 2

P ( sup [B(" — B > ) <ePE|| Y w+IZen)
se(t,t+6] k=N (n,t)

The Jensen inequality and the fact that Zgi%ﬁ:g“ Ve < 20 when n is large

enough imply that a constant C' exists such that for large enough n and for a

small enough §:
P( sup |BM™ —B™|>¢e|<e?xCo*1+supE[|Ze)?]) <nd o
s€[t,t+5] k=1

. . . =
We now consider the martingale component M (") if we denote cv=, / ﬁ,

we have for any t > 0,
M@ — (1- Q)M](vn()ms) + aM](\/'n()'rL,s)+1

S

so that MV — M{"| < max{| My, o = MM, ) 0 = ML) As

consequence,
(n) _ agr(n)
<P sup |Mp =M™ =€

P sup HMS(n) - Mt(n) [ =e
selt,t+4]

Let p > 2 and applying the Doob inequality, the assumption of the lemma leads

N(n,t)+1<k<N(n,t+8)+1

to:
P sup |[M® M| >e <5*P1E[M<~”> — M p]
(SE[W] M8 — b M) =M
and the Minkowski inequality yields:
N(n,t+0)+1
(n) _ -p 5 P
P sup MMV -M"|zec] < 3 RE[AM[].
selt,t+6] K= N (mot) 41

Under the assumptions of the lemma, E[[||[AM||?] < C. Furthermore, we can

use the rough upper bound:

N(n,t+8)+1 . » N(n,t+6)+1
z |
Y WS D wm<nd
E=N(n,t)+1 k=N (n,t)+1

for large enough n. This concludes the proof. =
Corollary 5.1. Let the assumptions of Theorem 2.4 hold, then (Z™),s, is

tight.
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Proof of Corollary 5.1:

To prove this result, it is enough to check that the assumptions of Lemma 5.1
are satisfied. First, one remarks that the assumptions of Theorem 2.4 imply the
ones of Theorem 2.3(a) so that E[|Z,, —2*||*] < C, (this also holds when 3 = 1
since we assume that ya, > 1). As a consequence, sup, E[| Z;[?] < +o0.

On the other hand, since (H,p) holds for a given p > 2, we can derive by
following the lines of the proof of Proposition 4.3 that sup,,-; E[V?(X,,Y,)] <
+00. As a consequence, sup,, E[fP(X,,)] < 400 and (H, p) leads to:

sup E[|AM,|?P] < sup E[fP(X,)] < +oo. o
n=1 n

5.3. Identification of the limit

Starting from our compactness result above, we now characterize the potential
weak limits of (Z(™),,~;. This step is strongly based on the following lemma.

Lemma 5.2. Suppose that the assumptions of Lemma 5.1 hold and that:

E[AM, (AM,)"|Fn_1] 2=F2-V  in probability,
where 02 is a positive symmetric d x d-matriz. Then, for every C2-function
g :R?** > R, compactly supported with Lipschitz continuous second derivatives,
we have:

where 'Y;-sl-lez — 04n L' and L is the infinitesimal generator defined in Theorem

2.4.

Remark 5.1. We recall that L is the infinitesimal generator of the following
stochastic differential equation:

dZ; = HZdt + YXdB,

where: H = %l{ﬁﬂ}lgd + H and ¥ is defined in Theorem 2.4. (Z;)i=o lies
in the family of Ornstein-Uhlenbeck processes: on the one hand, the drift and
diffusion coefficients being respectively linear and constant, (Z;)i=o s a Gaus-
sian diffusion; on the other hand, since H has negative eigenvalues, (Z)i=o 18
ergodic.

Proof of Lemma 5.2:

C will denote an absolute constant whose value may change from line to line,
for the sake of convenience. We use a Taylor expansion between Z,, and Z, 1
and obtain that 6,, exists in [0, 1] such that:
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9(Zni1) = 9(Zn) = (Vg(Zn), (Zn11 — Zn))

We first deal with the remainder term R( 1 and observe that (Cy,) introduced in
(5.2) is uniformly bounded so that a constant C' exists such that |[b,(2)|| < C|z].
We thus conclude that:

HZn-H - Zn“ <C ('Ym—lHZnH + \/'Yn-&-lHAMn-HH) .

Using (Hy,p), we deduce that for any p <

]

E [HZnJrl - ZnHﬁ] < g (5.6)

Since D?g is Lipschitz continuous and compactly supported, D?g is also e-Holder
for all € € (0,1]. We choose € such that 2 + & < p and obtain:

_ — e 14+ £
E[|Rn+1]] < CE[|Zns1 = Za|***] < Cif -

We deduce that 'y;ilRSJ)rl — 0in L. o
Second, we can express (5.3) when vy, = yn~? with 8 € (0,1] in the following

form:
1 Y ) 1
€p 1= — — 1) — —15_1» = 0(1).
Yr+1 <\/ T+l 2y~ =1 @

Then, given that D?f is Lipschitz (and that z* = 0), it follows that:

Vze R x R? < (en + [ Xal)l2]

1
bn(Z) — (%1{[3:1}]2(1 + H) z

where (g,,)n>1 is a deterministic sequence such that lim,,_, ;o &, = 0.

Under the conditions of Theorem 2.4, we may apply the convergence rates
obtained in Theorem 2.3 and observe that sup, E[|X,[?] < 7, meaning that
sup,, E[| Z,|?] < +c0. Since | X, | < ||Z,||, we deduce that:

E[(V9(Zn), (Znsr = Zu ) Fn] = i1V 9(Zn), (== Lp=1y L2a + H) Zn )+ RY

\[

where %ﬁle) — 0in L' as n — +o0. Let us now consider the second term of
the right-hand side of (5.5). We have:

E[(Zn+1 = Zn)" D*9(Zn)(Zn+1 = Zn)|Fn]
= ’Yn+1Zinng(Z ) [AMn+1A +1|}—n] Rv(ﬂ?)

0,3
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where
|’YT:—~1-1RS’L3)| < CVnHHZnHQ S50 in LY

under the assumptions of the lemma. To conclude the proof, it remains to note
that under the assumptions of the lemma for any ¢ and j,
(BE[AM] AM;  |Fn])n>1 is a uniformly integrable sequence that satisfies:

E[AM! AM] ||F,] =Vi; in probability.

Thus, the convergence also holds in L'. The conclusion of the lemma easily
follows from the boundedness of D?g. oo

We are now able to prove Theorem 2.4:

Proof of Theorem 2.4, (i): Note that under the assumptions of Theorem 2.4, we
can apply Lemma 5.1 and Lemma 5.2 and obtain that the sequence of processes
(Z™),,>1 is tight. The rest of the proof is then divided into two steps. In the
first one, we prove that every weak limit of (Z(™), > is a solution of the mar-
tingale problem (£,C) where C denotes the class of C2-functions with compact
support and Lipschitz-continuous second derivatives. Before going further, let
us recall that, owing to the Lipschitz continuity of the coefficients, this mar-
tingale problem is well-posed, i.e., tha,t existence and uniqueness hold for the
weak solution starting from a given initial distribution p (see, e.g., [EK86] or
[SV06]).

In a second step, we prove the uniqueness of the invariant distribution related
to the operator £ and the convergence in distribution to this invariant measure.
We end this proof by showing that (Z(™)) converges to this invariant distribu-
tion, so that the sequence (Z ("))n>1 converges to a stationary solution of the
previously introduced martingale problem. We will characterize this invariant
(Gaussian) distribution in the next paragraph.

Step 1: Let g belong to C and let (]'—t(n))tzo be the natural filtration of Z(™). To
prove that any weak limit of (Z(™)),~; solves the martingale problem (£,C), it
is enough to show that:

¢
v=0. g(2") - g(2") - | LoZtds = MO+ R
0
where (M&n’g))@o is an (]-'t(n))—adapted martingale and RE”’Q) — 0 in probabil-

ity for any t > 0. We set:

N(n,t)

MM =3 (Zrar) — 9(Zk) — Elg(Zii1) — 9(Z)| Fral.
k=n-+1

By construction, (Mﬁ”’g))tzo is an (ft(n))—adapted martingale (given that F =
fé(:)) and:
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t i, B _
R = g(2) = o(Z) - | £o(Zias + [ (£9(2) - Lo(2) ds
zn

where (R})r=1 has been defined in Lemma 5.2. Using an argument similar to
(5.6), we can check that for any ¢t > 0:

SgI;E[HZs(”) ~ZM P < OV,

This inequality combined with the Lipschitz continuity of g and its derivatives
implies that the first three terms tend to 0 when n — +00. Now, concerning the
last one, the previous lemma yields:

N(n,t)—1
E RI|| < CtsupE [y 'RY|] 22255 0.
I;ﬂ k Z‘;I; [|7k k” ©

Step 2: First, let us prove that uniqueness holds for the invariant distribution
related to £. We denote it by MSE ) below. In this simple setting where the co-
efficients are linear, we could use the fact that the process, which is solution
to the martingale problem, is Gaussian so that any invariant distribution is so.
Uniqueness could then be deduced through the characterization of the mean
and the variance through the relationship §L£f (:c)uff )(dx) = 0 (see next sub-
section for such an approach). However, at this stage, we prefer to use a more
general strategy related to the hypoellipticity of L (see, e.g., [GP14] for a sim-
ilar approach). More precisely, set Lp 1= —(y, 0,y + r(D?f(z*)x — y|, d,) and
d

Op =205 af%w where o satisfies oo’ =V (where V is defined by (2.7)). We

have assumed that o is invertible, so that:
span(oy,...,04) = span(dy,, ..., Oy, )

Therefore,
Lie (LD7(71, ce ,O’d) = Lie (LD,ayN. cey &yd)

Now, it is straightforward to check that:

VZG{l,,d} [LD7ay7] (f)zfamm(f)v

and we deduce that Lie (Lp,o1,...,0q4) = Lie (0zy, ..., 0y, Oy, - -, 0y, ). This
means that the Hormandér bracket condition holds at any point z of R??, which
implies that the process admits a density (p:(z,.))t=0 such that for any ¢ > 0,
(2,2') = pi(z,2'), which is smooth on R2¢ x R?, It is moreover possible to show
that these densities are positive, for any ¢ > 0, given that the linear vector field
is approximately controllable: for any time 7" > 0, any n > 0 and any couple
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of initial points (¢, o) and ending points (z7,yr), we can build a function ¢
such that ¢ € L2 and such that the controlled trajectory:

o(t) = —y(t)
{ ' = () (VU(x(t)) —y(t)) + o¢, (5.7)

<
—
~~
~—
|

satisfies: zo = (zo,¥0) and ||z — (7, yr)| < 7. This implies the irreducibility
of the diffusion and, therefore, the uniqueness of the invariant distribution. We
refer to [GP14] for more details on this controllability problem.

Then, checking that L||z|?> < B8 — a|x|? for positive o and 3, it can be
classically deduced from the Meyn-Tweedie-type arguments (see [MT93]) that
the process converges locally uniformly, exponentially fast in total variation to
,ugg ). For more details, we refer to [MSH02, Theorem 4.4]. Below, we will only
use the following corollary: for any bounded Lipschitz-continuous function f,
for any compact set K of R??,

sup| P (2) - D) =15 0 (5.8)

where (P;)¢>o denotes the semi-group related to the (well-posed) martingale
problem (£,C). o

Step 3: Let (Z,,)k>1 be a (weakly) convergent subsequence of (Z,),>1 to a
probability v. We have to prove that v = ugo’i ) To do this, we take advantage of
the “shifted” construction of the sequence (Z ("))neN. More precisely, as a result

of construction, for any positive T, a sequence (¢)(ng,T))g>1 exists such that:
N(T, 1/J(le, T)) = Nkg.

In other words,

7 (Y (ne,T)) _ 7
Zzwnk,m = Zns:

At the price of a potential extraction, (Z¥(+T)), -, is convergent to a contin-
uous process, which is denoted by Z°T below. Given that Z(Tn) — Z(Tn) tends to
0 as n — 400 in probability, it follows that Z;? T has distribution v. However,

according to Step 1, Z°7 is also a solution to the martingale problem (£, C) so
that for any Lipschitz continuous function f,

BLZE TN =) = | (Prse) = i (1) Py ).

Denote by P, the set of weak limits of (Z,,),>1. P is tight and as a result of
construction, Zgo T belongs to P. Thus, for any € > 0, a compact set K. exists
such that for any 7" > 0,

Ju

(Prs(z) = W) Py (d2)| < 201 sup u(KE) < 2] f o
HE

c
=
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On the other hand,

< 31;? ‘PTf(Z) — ,Ugg)(f”

INGICEE L

and it follows from Step 2 that the right-hand member tends to 0 as T' — +c0.
From this, we can therefore conclude that for any bounded Lipschitz-continuous
function f, a large enough T exists such that:

E[f(Z7)] - u$ ()] < Cpe.

Since E[f(Z;O’T)] = v(f), it follows that v(f) = uféf)(f). Finally, the set P

is reduced to a single element P = {uéf )}, and the whole sequence (Z,)n>1

converges to ,ugg ) .

Before ending this section, let us note that ﬂgf) is a Gaussian centered distri-
bution is a simple consequence of Remark 5.1. We therefore leave this point to
the reader. oo

5.4. Limit variance

We end this section on the analysis of the rescaled algorithm with some consider-
ations on the invariant measure ugf ) involved in Theorem 2.4 for the exponential
memoried stochastic HBF, i.e. when r,, = r. As shown in the above paragraph,
this invariant measure describes the exact asymptotic variance of the initial al-
gorithm. We now focus on its characterization i.e., on the proof of Theorem
2.4(#4). In particular, to ease the presentation, we assume that the covariance
matrix V related to (AM,,+1)n>1 is proportional to the identity matrix:

lim E [AMn+1 (AMpi1)! |]-‘n] — 02I; in probability.  (5.9)

n—-—+aoo

We also assume that v, = yn~? with 3 < 1. Then, (i) of Theorem 2.4 states
that (Z,)n>1 weakly converges toward a diffusion process, whose generator £ is
the one of an Ornstein-Uhlenbeck process. Assumption (5.9) leads to a simpler

expression:

L()(x,y) = —y, Vad) + 1<D*(f)(z")z —y,Vy) + TQ%AW- (5.10)

A particular feature of Equation (5.10) when 7,, = yn~? is that £ does not
depend on 8 nor 7. The invariant measure uf) is a multivariate Gaussian dis-
tribution that may be well described in the basis given by the eigenvectors of
the Hessian D?(f)(z*). The reduction to d couples of two-dimensional system
used in Section 4.1.1 makes it possible to use the spectral decomposition of
D?(f)(z*) = P'AP where P is an orthonormal matrix and A a diagonal ma-
trix with positive eigenvalues. The process (X,,Yy) = (PX,, PY,) is therefore
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centered and Gaussianly distributed asymptotically. This process is associated
with d 2 x 2 blockwise independent Ornstein-Uhlenbeck processes, whose gen-
erator is now

2

where we used Tr (PthP) =Tr (D%PPt) =Tr (Dz) in the last line because
PtP = I,. If we denote ﬁgf) the associated invariant gaussian measure, the
tensor structure of £ leads to
Vi # j E(:E,?J)~W§o [j(i)j(j)] _ E(ﬁc,y)~‘/§o [j(i)g(j)] _ E(i,?])~‘yfo [g(i)g(j)] =0.
(5.11)
Now, using the relationship f ﬁ(¢)dﬂf£) = ( for some well chosen functions ¢, we

can identify the rest of the covariance matrix. Denote ¢ any integer in {1,...,d}.

oy (1 g
We chose ¢(Z,9) = -5~ and obtain that /3( 5 ) (&,79) = —2Wg). It

then implies that o
E ;5 i® [z gD] = 0. (5.12)

MO Y L
Picking now ¢(z,y) = {y2} , we obtain L <{y2 )(f,gj) = Ay —

"
N

r {g@}Q + @ so that

7'0'02

5 (5.13)

B st 15V
Finally, we chose ¢(&,4) = (W5 and obtain £ (:Ic(i)y(i)) (Z,9) = — {gj(i)}2 +
rAi{2®}2 — 12Oy Therefore, we deduce that:

o [Ey?) = 2

Es gt o (5.14)

We can sum-up formulae (5.11)-(5.14) in /1503) = N(0,Dy.0,) with Dyoy =
1 - i 8 3
o0? (A ded> Since (X, Y,) = (P-1%,, P~1¥,). we deduce that:

2 \Ogxq 7l
2 2 *\1—1
B) _ o0 ({D*f(2*)}™" Ouxa
He N(O’ 2 ( Odxd rlg ))" ¢

Proof of Theorem 2.4- Step size 7y, = yn~*

This situation is more involved since we can observe that the drift of the limit
diffusion is modified according to the size of . In particular, the generator £ in

that case is shifted from the one above by %I so that:

L£(9)(w,y) = % (Ve @) + (V6. )] 9, Vo) + (D (2" )2 —y, Vi) +7° 7Dy .



506 S. Gadat et al.

Again, we can use the decomposition D?f(z*) = P~1AP where P is an or-
thonormal matrix, and the generator of the rotated process (X,,Y,) = (PX,,
PY,,) is:

b z . 5 1 3 500>
A(¢)($,y) = <2'Y - yavi¢> + <TA513 + (2’)/ — T) y,Vg¢> +7r 7 gqﬁ

The associated Ornstein-Uhlenbeck process has a unique Gaussian invariant
measure ,11501) if and only if ya,. > 1 where «,. is the constant defined in the
statement of Proposition 4.1. The following equations still hold:

Vizj E [EDEV] =K

(Z,9)~hoo

[j;(i)g(j)] - ]E(gz B [y(i)g(j)] =0.
(5.15)
To determine the rest of the covariance matrix, we follow the same strategy

and only address the case d = 1 for the sake of convenience. We define: o2 :=

B pymp (3] 0y =By [77] and 00y = B ) [39])
xz
2

(@,9)~ily

(E7g)
We start by chosing ¢(Z, 9) = % and obtain A(¢)(z,y) = 7 — 9. Therefore,
we deduce that:

2Y0yy = 02 (5.16)

Now we pick ¢(Z,7) = % and obtain A(¢)(z,y) = rAiy + (% _ r) P+ 7«2302
so that:

1 2 2
(r - —7) 02 = PAG,y + —0 (5.17)

Finally, the function ¢(&, %) = 23 yields A(¢)(x,y) = 27 (% — 7“) — g% 4+ rAi?,

which implies:
1
oy =ro; + (; - r> Oy (5.18)

We are led to the introduction of:
/ 4\ / 4\
d_=1—4/1—— and &, =1+4/1——,
r r

2 2 2073 2 2 Ary(2Ary? —ry + 1)

T D@ —a )@ —ay)) T Gro D@ - a )@ —ay)

which leads to:

and

9 )\r’yQ o
Opqy = O . o
VI =120y — Go)(2hy — ag)
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6. Numerical experiments

In this paragraph, the aim is to provide numerical tests related to the HBF-
algorithm. In a first part, we mainly provide illustrations of some of the theo-
retical results established previously. Then, we focus on some numerical compar-
isons with other algorithms widely used in the stochastic approximation field. In
particular, we are interested in the convergence rates of each algorithm, as well
as their behavior in the setting of non-convex potential f with multiple wells,
which is covered by Theorems 2.1 and 2.2.

6.1. About L?-convergence rates

In Theorem 2.3, we proved that under appropriate conditions, the Mean-Squared
Error (MSE) related to the algorithm is O(7,,) when ~,, = yn~? with 8 < 1 and,
in the exponential case, the optimal order O(1/n) can be attained when 8 = 1
but under conditions on 7, v and the Hessian matrix at the minimum. Note
that such types of conditions also appear when 5 = 1 in the classical stochastic
gradient descent (and can be classically overcame by a Ruppert-Polyak aver-
aging). Figure 1 illustrates some of these properties in the exponential and
polynomial cases with the toy-example f(x) = % in the one-dimensional case.
In Figure 1, we focus on the behavior of the (Monte-Carlo estimated) MSE
for different values of r by computing M = 100 paths until n = 10° starting
from (Xo,Yy) = (10,0) with ¢ = 1 and AM,, = Z,, where (Z,),>1 is a se-
quence of 7.i.d. N'(0,1)-distributed random variables. In order to get a more
readable illustration of the rate of convergence, we represent the behavior in
a logarithmic scale, i.e., we draw the graph of the Monte-Carlo estimation of
log p — log(E[| X, —2*|?]) (here, | X} —2*|> = 2f(X})) and look at the influence
of r. Note that in order to avoid some numerical instability of the algorithm at
the beginning of the iterations for large values of r (especially when r = 50),
we introduced an additional truncation trick for the step-size sequence, i.e, we
computed the algorithm with the sequence (%(f))nzl instead of (v, )n>1, defined
by

1
7 = min (% ;) : (6.1)

Such modification is classical in numerical investigations related to discretiza-
tions of continuous dynamics (see e.g [Lem07] for instance in a diffusion set-
ting).

In the exponential case (on the left of Figure 1), the algorithm is computed
with v, = k=L For r = 2,5, 10, 50, the behavior seems to be robust and mainly
reproduces the theoretical decrease in + obtained in Theorem 2.3 (a) as indi-
cated by the estimated slope of the evolution on the log-log scale, which holds
as soon as ya, > 1. For our considered function, it is straigthforward to check
that
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FiG 1. Evolution of log(E[| Xy — x*|2]) with respect to log(k). Left: Exponential memory.

Right: Polynomial memory.
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and the condition vy, > 1 holds only when r = 2,5,10,50. Oppositely, when
r = 1, we then obtain ya,. = 1, which is illustrated by the worse performances
obtained in this case. The algorithm also possesses a lengthy oscillating behavior
which is coherent with the complex eigenvalues of the second-order underlying
linear differential system (see e.g. (4.7)). In the polynomial case (on the right
of Figure 1), we focus our attention on the dependency in r for two choices of
steps: v, = k=P for B = % and 8 = 1. Once again, we observe in the two cases
some oscillations for small values of  (which follow from the same arguments).
When g = 2/3, Theorem 2.3 (b) states that the MSE is O(~,,) if > 5/2, which
explains the bad performances when r = 2. When 5 = 1, our theoretical bound
is O(@). However, from a numerical point of view, it seems that, when r is
large enough, the behavior is rather close to O(1/n), as it is the case for the
exponential case.

6.2. About the central limit theorem

In Theorem 2.4, we stated a CLT for exponential memory under conditions on
the parameters of the algorithm that are similar to those of Theorem 2.3. In
the context of the previous paragraph, we illustrate Theorem 2.4 in Figure 2.
More precisely, on the left side, we compare the estimated density of X,,/\/7
(built by convolution with a Gaussian kernel) with the theoretical one given in
Equation (2.8). Then, on the right side, we consider the polynomial case for
which no theoretical result has been proved. In fact, by drawing the evolution
of n +— ~, 'E[|X,, — 2*|?], we remark that the second moment has an oscillating
behavior, which suggests that the convergence in distribution of (X, —z*)/ /7
does not hold in this case, otherwise we should observe a convergence when n
increases.
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6.3. Comparisons with other algorithms

Figure 3 compares the HBF-algorithm with several stochastic optimization algo-
rithms: the standard Robbins-Monro stochastic gradient descent (SGD) intro-
duced in [RM51] and several second order algorithms: the “optimal” Ruppert-
Polyak averaging algorithm (see [PJ92, Rup88]), the Nesterov accelerated gra-
dient descent [Nes83] adapted in the stochastic framework in a straightforward
way using an unbiased evaluation of the gradient in each iteration, and the
recent SAGE method introduced in [HPKO09]. Note that the Ruppert-Polyak
averaging algorithm is used according to the recommendation of [Bac14] with
v = k~Y/2. As in the previous parts, o = 1 and (AM,,) is a sequence of i.i.d.
N (0, 1) random variables. Finally, the function to optimize is f(z) = |z|?/p with
two values of p: p = 2 (strongly convex situation) and p = 4 (convex situation,
the Hessian being degenerated at 0).

The first elementary remark is that the rate is of course deteriorated by the
loss of strong convexity (left side, Figure 3). In this case, the Ruppert-Polyak
averaging outperforms other methods and attains the O(1/4/n) minimax rate
(see [NY83]). When f is strongly convex, the second-order algorithms then all
share an equivalent efficiency with, apparently a O(1/n) convergence rate. This
corresponds to (i7) of Theorem 2.3 when the Hessian at the critical point is
sufficiently large to make this minimax optimal rate possible. Nevertheless, the
ability of the stochastic heavy ball in a more general situation may deserve
further numerical investigation, which is beyond the scope of this paper. The
SGD seems to be a little bit less effective in the strongly convex case. Finally,
the Nesterov adaptation to the stochastic case does not lead to an efficient
algorithm (in comparison to the other methods tested). However, this remark
should be balanced by the fact that we did not use the Lan adaptation of the
Nesterov accelerated gradient descent introduced in [Lan12]. It appears that this
modification that consists in an addition of an intermediary point in the NAGD
seems important to optimize the behavior of the algorithm in the stochastic
case.
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——— Nesterov acceleration v = 1/k
—%— Polyak averaging 3 = 1/Vk
SGD = 1/k
SAGE % = 1/k
—— HBF Expr=10 v = 1/k

—&— HBF Poly r=20 7 = 1/k

Nesterov acceleration 7 = 1/K
—— Polyak averaging . = 1/VE

5 —SGD e = 1/k
SAGE 7 = 1/k

—s— HBF Expr=5 v = 1/k

—6— HBF Poly r=20 v = 1/k

Fia 3. Ewolution of log(E[f(Xy)]) with respect to log(k) with f(z) = |z|P/p. Left: Convex
case p = 4. Right: Strongly convex case p = 2.

6.4. Non-convex case

In this paragraph, we investigate the ability of the stochastic algorithm to avoid
local traps and, in particular, we focus on the behavior of second order algo-
rithms that may be an intermediary step towards global optimization methods
such as simulated annealing. For this purpose, we defined f as:

VzeR f(x) = az* + b(z — 1)

with @ = 1/40 and b = —1/5. These values have been fixed to guarantee the
numerical stability of the stochastic procedures, but the results we obtained may
be replicated for other values. The values of a and b above yield a double-well
potential with a global minimizer of f of around z* ~ —4.9, although f has a
local trap on the positive part at around x ~ 4. The function f is represented
on the top left of Figure 4.

We used 7 = k™! for all of the methods and we varied the initialization point
of each algorithm from —10 to 10 with 100 Monte-Carlo replications. For each
simulation, we arbitrarily stopped the evolution of the algorithm after 7" = 10*
iterations, and considered that optimization was successful when |z — z*| < 1.
This criterion may be replaced by a more stringent inequality, at the price of
an increase of T', without really changing the main conclusions below.

Performances are reported in Figure 4. We observe that both SGD and
Ruppert-Polyak algorithms have the same behavior. This fact is absolutely clear
because Polyak averaging is built with a Cesaro average of SGD. The target con-
vergence point of SGD and of Polyak averaging are thus the same. We can also
note that in the almost no noise setting, the basin of attraction of z* for SGD
may be roughly approximated by | — 0, 1]. Nevertheless, both SAGE and HBF
seem to behave better behaviour with a somewhat larger basin of attraction:
in particular, it is possible to start from an initialization point xy; = 8 and still
obtain convergence of SAGE or HBF towards x*. This last point is clearly impos-
sible with SGD. The same conclusions hold for different values of o (see Figure
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Fic 4. Top left: function f to be minimized. Top right: probability of success of the stochastic
algorithms with respect to the initialization point with small variance: ¢ = 0.1. Bottom left:
o = 1. Bottom right: o = 2.

4, bottom left and right). Finally, we observe that NAGD does not present very
good behavior: the probability of failure when the algorithm is initialized at —4
is lower than 1 for 0 =1 or o = 2.

We can calculate a more quantitative indicator of this behavior with the com-
putation of the average rate of success of each algorithm when the initialization
point is sampled uniformly over [—10;10]. Table 1 seems to indicate that the
stochastic heavy ball leads to a better exploration of the state space, in par-
ticular, with reasonable values of r (see Table 2). These conclusions should be
understood as numerical observations of experimental results on this particu-
lar type of synthetic case, but we do not have any theoretical arguments to
strengthen these final observations at this time.

o SGD | AV SGD | SAGE | NAGD | HBF Poly r=5 | HBF Expo r=5

0.1 | 0.47 0.47 0.49 0.29 0.58 0.52
1 0.47 0.47 0.49 0.27 0.58 0.55
2 0.47 0.47 0.49 0.20 0.58 0.54

TABLE 1

Average rate of success of each stochastic algorithm with a uniformly sampled initialization
over [—10;10] when o varies.
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0.51 0.53 0.55 0.58

Expl | Exp2 | Exp 5 | Exp 10
0.26 0.43 0.58 0.50

Poly 1 ‘ Poly 2 ‘ Poly 5 ’ Poly 10 ’

TABLE 2
Average rate of success of heavy ball stochastic algorithm for several values of r, when o = 1
and the initialization point is sampled uniformly over [—10;10].

Appendix A: Almost sure convergence towards a local minimizer

A.1. Preliminary estimations for convergence towards a critical
point

We first establish a preliminary lemma that translates a mean-reverting effect
on E[V,(X,,Y,)] from n to n + 1.

Lemma A.l. Assume that (Hs2) and (Hs) hold and suppose that ¢, < 1.
Then, for any (a,b) € R2 such that:

a_ (1 |D*flx
E > (5 \ ﬁ \ ’I’QO(Cf — 1) s (A].)
we have:

(1) A constant Cy1 > 0 and an integer ng € N exist such that for any n = ng,

Vez,yeRY,  V,(z,y) = Cy <f(:c) + |y2> ) (A.2)

Tn—1

(#4) Some positive constants Ca, C3 and cqp exist such that:

E[Vn+1(Xn+17Yn+1)|‘Fn]
< Vn(X'mYn)(l + 02’772z+1rn) - Ca,b’yrerHY;LH2 - b’7n+17'n”vf(Xn)H2
+ 03772L+1Tn~ (A-3)

Proof:

Point (7): For any non-negative u, v, the elementary inequality uv < guz + %fu
holds for any p > 0. We apply this inequality with v = |V f(z)|, v = |y|| and
p = 2r, and obtain:

2

KV £(@) )l < raca [VF@) + [y
n—1

It follows from Assumption (H;) that |V f||* < cff. Using the above inequality,
we obtain that for any z,y € R%:

V(o) > (at braca(L =)o) + 52— a5 | 1ol

Choosing now a and b such that a > b/2 and a > bro(c; — 1), we obtain the
first assertion follows from (A.1). o
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Point (i7): The Taylor formula ensures the existence of §,111 and &,412 in
[X, Xn+1] such that:

Vit1(Xn+1, Yns1)
2
= (@+r) (J06) =21 (T IC0). V) + YLD (i)Y,

a
+t o (IYal* + 29n417n (Yo, VF(Xn)) = | Yal?

+ Y+ 1 (VX)) = Vo), AMp 1))

a 2 2 2
5. In n AMn
+ g AMaa

= b{Vf(Xn) = Yn+1D* f(€ns1.2)Yn, Yo + Yns1mn (VF(Xn) = Yo + AMyi)).
Combining the similar terms leads to:

Vi1 (Xng1, Yog1) = Va(Xn, Ya) = b(rn — 1) f(X0)

+ Y1V f(X), Yo) | —a—brn +a+bry,
=0

- 'YnJrerfDnJrlYn - 7n+1ranvf(Xn)H2

+ Yt 1" AN 11 + Ynr1 AR, 11,

where (AN, ),>1 is a sequence of martingale increments, D,, is a d x d-matrix
defined by:

Dn+1=a<1 ! (1* L ))IdbDZf@nH,zx

2Yn+1 \Tn Tn—1

and AR, is a remainder term. Using (H,), we know that D?f is bounded,
and we have the following bound for AR, 11:

”ARnJrlH < CoVng1Tn (HYnH2 + ||AMn+1H2 + va(Xn)HHYnH) )
where C5 is a deterministic positive constant independent of n. The fact that
(rn)ns=1 is a bounded sequence combined with Assumptions (Hy,2) and (H,)
yvields E[|AR, 11| Fn] < Covngrrn (1 + [Ya|? + f(X5)) - It follows that:
Vn = ng E[HARR-&-l‘H]:n] < C2’Yn+17anvn(Xn7Yn)'

Second, the condition given by (A.1) shows that an integer n; > ng and a
constant ¢, > 0 exist such that:

Dn-HYwE82 = Ca,bHYnHQ'

Using the previous bounds in V,,11(X,41,Yn41) and the fact that (r,)nen is
non-increasing shows that:
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Ing=n1 Yn=no: EViir(Xng1, Yai1)[Fal < Va(Xn, Vo) (1 + Cyiyirn)
- Ca,b'VnJrlHYnHQ - b7n+lrn‘|vf(Xn)‘|2' oo

Proof of Proposition 3.1 We use Lemma A.1 to prove the results.

Proof of (i) — (#) — (447): Under the conditions on (r,), we can check that some
positive a and b exist such that the conclusions of the previous lemma hold true.
We then deduce that:

E[Vit1(Xn+1, Yog1) | Fn)
< Vn(Xna Yn)(l + CanJrl) - Un+17

with o, = 27, and Up11 = CapYnt1|Yal? + 0ynt1ma | VF(X0) |2, Subsequently,
using the Robbins-Siegmund Theorem (see, e.g., Theorem B.1 in Section B, bor-
rowed from [Duf97]), we deduce, on the one hand, that sup,,~; E[V;,(X,,,Y,)] <
+o0 and that (V,,(X,,Ys))n>1 almost surely (and in L') converge towards a
random variable V, € R,. In particular, the coercivity of f implies the a.s.-
boundedness of (X,,),>0. On the other hand, the Robbins-Siegmund Theorem
also implies that:

[Yo 2
Z Yna1n | IVF(Xn)|?) <40 as.

n=1

Hence, the three first statements follow. o
Proof of (iv): The proof relies on the so-called ODE method (see, e.g., [Ben06]).
Set ro = lim, _, 1o . We deal with cases ro, > 0 and ro, = 0 separately.

Case ry, > 0 (exponential memory): Set I', = >)'_, v with the convention
7o = 0. Denote by (2(t)):>0 the interpolated process defined by z(I'y) = Z,, =
(Xn,Yn), n >0, with linear interpolations between times I',, and T',, 1 and let
z(™) be the associated shifted-sequence defined by:

ZW(t) =zt +T,) t=0.

Setting e, = (0,(rn_1 — 70)(Vf(Xn) — Yn) + AM,)" and h(z,y) =
(—y,r0o(Vf(z) —y)), we have:

Lni1 = Zp + 'Yn-&-l(h(Zn) + <€n-‘r1)~

Set N(n,t) = inf{k = n,yp41 + ... + 7 = t} (with the convention inf & =
n). Then, since (Z,)n>0 is a.s--bounded, it is a classical result on stochastic
algorithm theory (see, e.g., [Duf97], Theorem 9.2.8 and the remark below) that
if for any T > 0,

N(n,t)+1

limsup sup Z kx| =0 a.s., (A4)
n—>+% te[0,T] k=n+1
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then (2(™),>¢ is relatively compact (for the topology of uniform convergence
on compact sets) and its limit points are solutions to the ODE 2 = h(z). Let
us prove (A.4). Let T' > 0. Using the Cauchy-Schwarz inequality, we have, for
every t € [0,T]:

N(n,t)+1
2 Y (IV F (X—1) [ + 1Y% ])
k=n+1
1 1
N(n,t)+1 2 [N(n,t)+1 2
<V2 D m D (VAP + Vi1 [?) (A.5)

k=n+1 k=n-+1

[SE

+00
< 2(T+71)< > Vk(IVf(Xk—1)|2+|Yk—12)> 150,

k=n+1

where the last convergence follows from (4ii). On the basis of Assumption (He 2)
and (#ii), we also note that ((3)_; VAMg))n>1 is a.s.-convergent so that
> v AM,. It easily follows that:

N(n,t)+1

limsup sup Z YeAMg| =0 a.s.
n—=>+0 te[0,T] | pZp41

and that (A.4) is satisfied. Now, we again deduce from (A.5) that for any T' > 0,

sup |2 (1) — 2 (0)| = sup |20V (1) — Z, | == 0

t<T t<T
so that each limit point is stationary. At this stage, we have thus proven that
every limit point of (2"),>0 is a stationary solution to Z = h(z). This im-
plies that any limit point Zy, of (Z,)n>0 satisfies h(Zy) = 0 (and thus Y, =
Vf(Xx) =0). Actually, let (Z,,)r>1 be a convergent subsequence of the (a.s.
bounded) sequence (Z,)n>0 and denote its limit by Z,. Up to a second ex-
traction, (2("¥)) converges to a stationary solution 2% of # = h(z). As a conse-
quence, h(zZ*(t)) = 0 for any ¢t > 0. In particular, h(2*(0)) = h(Zy) = 0. By
(#4) and the fact that (Y, )n>0 converges to 0, we also deduce that (f(X,))ns=0
is a.s.-convergent. To conclude the proof, it remains to observe that the set
of possible limits of subsequences of (X,,),>1 is connected. This is true since
Xn—Xn-1=—vYn-1 > 0asn— +o0. o

Case ry, = 0 (polynomial memory): In this case, the proof is somewhat
similar but the identification of the asymptotic dynamics requires an appropriate
normalization of Y,,!. Let us set:

Yy

Tn

n
ﬁn = TnVTn, r, = Z Ay X = X0, Yy, =
k=0

Mn fact, due to the asymptotic stationarity, the limiting dynamics is not intrinsic.
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Also set by Zn = ()?n,?n)’ . The dynamic of Z, is described by Lemma A.2
below. We denote as (3(t));=0 the interpolated process, i.e. defined by 3(I',,) =
Zn, n > 0, with linear interpolations between times fn and an and let (™)
be the associated shifted-sequence defined by

) = 2t +T,) t=0.

With this setting, the idea is to show that the sequence (2(")(t))t>0 is tight with
limits being stationary solutions of a homogeneous O.D.E. Z = h(z) (h being the

drift to be determined). The sequence (Z,,),>0 satisfies Lemma A.2 that shows
that Zons1 = Zn + Fnis (B(Zn) + gnH) with (%, 7) := (—§, V(%)) and:

0
En+l = (Ur(zl)vf()?n) + 'U7(12)}~/n + LAJV[n-H) ’

Tnt1

where ’U7(Ll) and U,(f) are given in the statement of Lemma A.2.

On the basis of Assumption (H,), we know that:

. 1 1 1
lim sup - — ) <1,
n—+00 27n+1 Tn+1 Tn

so that:

Tn41

o = 0 (M) = O@Fnt1y/m) and 0@ =0 (yrn).

Thus, (vﬁf))wl and (Ug))n;1 converge to 0 as n — +00. We can now repeat
the arguments used in the situation ro, > 0 and we obtain:

N(n,t)+1

limsup sup Z Y€k =0 a.s.,
n—>+90 te[0,T] | pZpt1

where N(n,t) = inf{k = n,5n1 +...+3 > t}. We can still combine (A.5) and
(#47) to obtain sup,<p |2 () — 2 (0) 22F%E, 0 for any T > 0. We conclude
that (25"))7120 is relatively compact and that its limits are stationary solutions
of 2 = h(z). The end of the proof is exactly the same as in the case 7o, > 0. oo

Lemma A.2. If the sequence (Zl)nzl is defined by Zn = ()Z'n, )N/n) = (X, YTn)’
then N N o

Zn+1 = Zn + ,’7”7“‘1’1 (h(Zn) + énJrl)
where iL(ﬁc,g]) = (=g, Vf(Z) — \/T0y) and

0
En+l = (USLDVf()Z'n) + v,(f)f/n + .,/ AMnH) )

Tn4+1
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with ¥y, 1= YpA/Tn and

W _ [ Tn @_ 1 o ( n )
vy =4/———1 and v, = —v’ + | VT — —— | .
Tn+1 Tn+1 * VIn+1

Proof: First, the fact that )N(n+1 = )Z'n — ’ynH}N/n is obvious. Second,

> > Tn ~ Tn > Tn & Tn
Y, =Y, + VX, — Y, + AM, .
e " Tn+1 ol ( Tn+1 f( n) \/m " Tn+1 n+1>
The lemma follows. a]

A.2. Convergence towards a local minimizer

This paragraph gathers the proof of the technical results used in Section 3.2.
Proof of Proposition 3.3
Proof of (7). When n > T, we have Q,,11 = 4,41 by definition and the conclusion

follows. In the other situation when n < T', we use the Lipschitz continuity of
n: if m = sup,enr [Dn(2)|, then Equation (3.3) yields:

9 Zns1) = n(Za) P < 4m®52 3 (1l + 21V F(K) P + 6B | AMaga |2 + [Unsa ]

The neighborhood N being compact, we deduce from the previous inequality
that a constant C' > 0 exists such that:

E (|20 1[*Lo<r |Fa] < E [[0(Zas1) = 0(Z0) P Laer|Fa| < CF241,

where we used a uniform upper bound on E[|AM,, 11]?1,<7|F,], leading to the
proof of (7). o
Proof of (i7). Note that 1,7 and 1,>7 are F,, measurable and we have:

Li>rE [Qny1]Fn] = 1nzriner = 0.
On the complementary set, we also have:
L0t [Qir|Fa] 2 Lacr | [0(Znsr) = n(Za)]1Fn | = Lacr [n(Znsn) = n(Za)| Fo
Hence, we can use the lower bound given by (3.6): for any value of a € (0, 1]:
1, <7E Q1| Fnl
> Lnar G4 1(D0(Z0), F(Z0)) + A1 (D(Z0) E[A M1 Fo] + Ups) |

~ ~ 1+«
— Lnerka i 5 [ 1Tl + PIV AR + G |AMp ] + [T

where we used the triangle inequality in the last line to derive an upper bound of
|Zns1—Zn|. Whenn < T, Z, is bounded and we have E[|AM,, 1 |?|F,] < 0?M
for a large enough M. Hence, the Holder inequality implies that:

E[|AM, 41| F] < oM
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Therefore, we can find a large enough constant C; > 0 such that:
1o<rE[Qni1]Fn] = 1ner ['~7n+1<Dn(Zn)»F(Zn)> = M1 |Uns1| — Clﬁ/’rllitll] .

The lower bound (#i7) of Proposition 3.2 and the definition of U, implies that
a constant Cy exists such that:

- = o C
1n<T]E [Qn+1|-/rn] = 1n<TP)/n+1 |:’<577(Zn) - C17n+1 - \/T2—:|

We now choose o so that 75 | ~ F;l/z, which corresponds to the choice:

_1-8
Oé_l—i—ﬁ'

Defining €, = k! [C’fynH + 02F7_11/2:|7 we then deduce that if n < T, then

Sn = n(Zy) so that:
1Sn>enE [Qn+1|Fn] = Oa

which concludes the proof. In particular, €, must be chosen on the order 75,

(or on the order Iy /2 ~ n=(1-8)/2), o
Proof of (iii). Observe that S2,; — S2 = Q2| + 25,Q,41. Now, if S, > €,
then we have seen in the proof of (ii) that:

ISnBGnE[SrQL+1 - S721|-7:n] lSnZenE[Qi-s-ﬂ}—n] + QSnlSnzenE[Qn-%ﬂ]:n]

= 1g >67LE[931+1|]:71]-

n=

In the other situation, we have S, < ¢,, meaning that n < T and we have
seen in the proof of (ii) that:

Lu<rB[ni11Fal = Luar [Fus1mn(Za) + G (D0 Zn), U]
oA [Tl + ISR+ 1| A+ U]
Consequently, because of the positivity of n, we deduce that:
L <rE[Qn11|Fn] = = Dn(Zn)]| x O(FraT, M%) = 037 41).
We know that Dn is locally bounded on N, we then obtain:

1Sn<6nE[Qn+1|fn] = 1Sn<6n 1n<TE[Qn+1|]:n]
177(Zn)<6n Ln<rE[Qn41|F7]

> =1, <o Lner [ID0(Z2) 0G5 72) + 02, |

= _C'~YH+1 [I‘;lﬂ + '~7n+1] )
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for a large enough constant C'. In the two situations, we then have:
E[SZH - S’I’2L|‘7:n] = ]E[Q?L+1|‘7:n] - 206715’721“ - 2C€n7n+1rr_zl/2~

Finally, Lemma 9.7 of [Ben06] and our hypoelliptic assumption (Hg) implies
that for small enough c:
E[Q5 1| Fn] = ¢4

The conclusion follows if en'?nHI‘;l/z =0 (’ny_l). Since €, is chosen on the
order Ty, /% ~ ¥ with a = (1 — 8)/(1 4 ), this condition is equivalent to:

%1:&-%0( =0 (5’721+1) :

meaning that o > 1/2. It then implies that 8 should be less than 1/3. oo

A.3. Supremum of the square of sub-Gaussian random variables

We consider a sequence of independent random variables (£;);=, of R? such that
each coordinate satisfies a sub-Gaussian assumption (Hgauss,o):

. 2
VAeR Vje{l,...d Vi>n 1ogE[eW]<A2%, (A.6)

where 02 is a variance factor. If (yx)r=n is a decreasing sequence in ¢?(N), we

are looking for an upper bound of:
= & s 161?} . (A7)
k=n

For any v > 0 and any decreasing sequence -y, ~ yn~", we establish the follow-
ing result (useful for Theorem 3.2).

Theorem A.1. If each coordinate fg is absolutely continuous w.r.t. the Lebesgue
measure and satisfies (Haquss,o), then:

my < o*d~y2log(v,?),

where < refers to an inequality up to a universal constant.
We begin with a preliminary lemma.

Lemma A.3. Assume that X is a real random variable that satisfies (Haauss,o )

with median 0: )

IP’(X>O):IP’(X<O):§.
Then, we can find Y ~ N(0,0%) on the same probability space and c large
enough s.t.

| X| < c|Y| a.s.
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Proof of Lemma A.3: We use a coupling argument. We denote F'x as the cumu-
lative distribution function:

N

Fx(t) = LD Fx(w)du = P[X < 1].

Similarly, we also denote W, 2 as the cumulative distribution function of a Gaus-
sian random variable N(0, 02):

275 2
t ez /20

\IIO-Z(t) = - Wdl’ = ]P[N(O,O'Q) < t]

Our assumption on the distribution on X shows that the generalized inverse
of Fx (denoted Fy') exists and if ¢ is a uniform random variable between on
[0,1], then X ~ Fy'(U). We now consider the random variable Y ~ F'(U)
built with the same realization of U. Of course, Y is distributed according to a
Gaussian random variable N(0, 02).
We need to show that a sufficiently large ¢ > 0 exists such that | X| < ¢|Y],
that is:
|F§1(u)| <c ’\11;21 ()] . (A.8)

Using the fact that Fx is an increasing function, and letting u = U,2(y), it is
then equivalent to show that:

VyeR  Fx(—clyl) < ¥e(lyl) < Fx(clyl) (A.9)

We now study two different situations for y. If y = 0, then Inequality (A.9)
holds since the median of X is 0. If |y| < 7 is close to 0, the same inequality is
satisfied with a first-order Taylor expansion. For example, the right hand side

reads:
1 clyl

1
Fx (clyl) ~ 5T fx (uw)du > §+Cfx(0)\y|+0(|y|),
0
which is greater than ¥, 2(|y|) for ¢ large enough. Hence, we deduce that In-
equality (A.9) holds around 0.
Now, we assume that |y| > n > 0, the desired upper bound (A.9) is equivalent
to:

1= Fx(clyl) < 1=¥o2(Jyl).

The Chernoff bound associated with the sub-Gaussian assumption (Hgauss,o)
on the distribution of X implies that:

c21y|?

P(X > c|y\) < eian>O{A202/2—)\c\y|} = ¢ 207 .

At the same time, the lower bound of the Gaussian tail is given by:

—ly|*/20?

V2o

_ _ 1yl2 /262
1—Tye(clyl) = [yl =y 7] = K(8)e v /2
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with k(9) a constant independent of |y| = 0. Hence, the right hand side of (A.9)
holds for a large enough ¢ (independent on ¢2). A symmetry argument permits
to conclude for the left hand side of (A.9).

Inequality (A.9) being equivalent to (A.8), the conclusion of the proof follows.

(m]

We are now looking at to the proof of Theorem A.1.
Proof of Theorem A.1:
We will shift all of the coordinates of the random variables (&;)i>, by their
corresponding medians. Assuming (Hgquss,o), the coordinates (£])1<j<a are
centered and have a second-order moment upper bounded by o? (see [Str94],
for example):

Vizn o Vje{l,...,d}  E[{}] <o’

The Tchebychev inequality implies that each median mf of the random variables
&) are bounded by:

Vizn  Vje{l,...,d} Im]| < V20. (A.10)
We then consider the centered (w.r.t. their medians) random variables:
& =& —ml,

and use the inequality (a+b)? < 2a%+2b? together with the upper bound (A.10)
to deduce that:

d
my = Esupa?|&]? = Esupy? D {6}
k=n k=n j=1

N

d
Esup; [2 ) {6 —mb} + 2do”
k=n j=1
< 2d0272 + 2E sup ’Y;%|\€kH2~

k=n

We can use Lemma A.3 and deduce that up to a multiplicative universal con-
stant:
mr < 2do*y: + 20°E sup 47| Zi %,
k=n

where each (Zj)k>n are ii.d. realizations of Gaussian random variables

N(O, O'QId).
We now aim to apply a chaining argument to control the supremum of the
empirical process above. To apply Lemma A .4, we define 7, := [n;+oo[ and

compute the Laplace transform of the chi-square-like random variables:

d 1 —2)y?
log Bl Zel?=77125171 — &4 el )
o8 e 2 8\ T-2x2
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We can check that up to a universal multiplicative constant, we have:

1—aA la — b|2\2
< MNa—-=>0 - '
I la = bl +

YAeR, VY(a,b)eR,xR,: log

We are naturally driven to define the pseudo-metric on 7, by:
V(i) e T d(i.g) =i =3l

It remains to upper bound the covering number of 7, according to d for any
radius € > 0. Indeed, when 292 < ¢, we have N(¢,7,) = 1 although when
€ < 272, we use the rough bound:

N(e,T) <inf{j > n :2'yj2~ <e}.

v

In particular, if v; = vj ™", we then obtain

N(e, Tp) ~ e 12,

We apply Lemma A.4 and obtain an upper bound for the right hand side of
(A.11). The first term is proportionnal to v2. The other terms lead to the com-
putation of the two integrals (up to some universal multiplicative constants):

o T
J 1og(e~1)de and f log(e™1)de
0 0

The change of variable ¢ = e™® and an integration by parts leads to an upper

bound whose size is log(;,2)7y2. o
The next Lemma, borrowed from [BLM13] (see Lemma 13.1, Chapter 13),
provides a key estimate for the expectation of the suppremum of an empirical
process indexed by a pseudo metric space (7,d). This estimate involves the
covering numbers N (4, 7) associated with the set 7 and the pseudo-metric d.

Lemma A.4. Let T be a separable metric space and (X¢)ieT be a collection of
random variables such that for some constants a,v,c > 0,

N2d2 (i, §)
log EAXi=%51 < axd(i i) + A4 (hd)
og Ee j aXd(i, ) + 2(1 — eXd(1,7)

for all (i,5) € T? and all 0 < X < {cd(i,j)}~'. Then, for anyio€ T:

5/2 5/2

Esup[X; — X;,] < 3ad +124/v VH (u, T)du +12¢ H(u,T)du. (A.11)
€T 0 0

Appendix B: Standard tools of stochastic algorithms

We recall below a standard version of the so-called Robbins-Siegmund Theorem
(see e.g. [Duf97]):
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Theorem B.1. Given a filtration F,, and four positive, integrable and F,-
adapted sequences (on)n,(Bn)n, (Un)n and (Vy,)n satisfying:

o (i) (an)n,(Bn)n, (Un)n are predictible sequences.

o (ii) sup, [[(1 + ap(w)) < 0, DJE(B,) < 0.

o (iii) VneN, !

E(Vat1|Fn) < Va(l + ans1) + Bt — Una
Then:
(i) Vi, converges to Vi, in L' and sup,, E[V,] < co.

(ii) Y E(U,) < w0, DU, < © a.s.
B.1. Step sizes v, = yn =P with 8 < 1

Proposition B.1. For any positive values a > 0 and b > 0, for any 5 € (0,1)
and any sequence (Yn)n>1 defined by, = yn~?, one has:

(i) —a If B<1/2, then Y ayp —by2 > 2Lnt=F — b p1-26

= -3 —28

X n _ 2

(1) —b If 8 > 1/2, then kgl ayk —byi = %nl B _ 2%’1_1
n

(i)—c If B=1/2, then Y, ayi, — by} = %nlfﬁ — by2logn
k=1
(i) An integer ng exists such that
n n

(7i1) An integer ng exists such that

n

n
2
Vn = ng Z vE H (1—ay + ) < Zyng1
k=1  1=k+1 a

Proof: The upper bounds involved in (i) — a, b, ¢ are straightforward. o
Proof of (ii): Using T',, introduced in the beginning of Section 2, we write:

n n n
Z ryi H (1 - a71)2 < Z yie*aﬂll "

k=1 l=k+1 k=1
n n -8
_ Z ,y]%e—al"n-k—al“k < ,726—(11"” Z k’_Qﬂelajﬂk
k=1 k=1

. _ oy p1-8 . . .
The function x — 272%eT-"  being increasing for > ¢, 5, we then

obtain, considering an integer ¢t > ¢, - :
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_ _ /
We can write = 28eK2' ™" = (Ko ﬁ) 7 PK~1(1 — 8)~! and integrating by

parts, we obtain for a large enough n:

Proof of (iii): We only deal with 5 < 1/2, which is the most involved situation.

Using I';, and F%Q) introduced in the beginning of Section 2, we write:

n n n
— (2) _pr®@
it [T a-wusnp) < 3 apemermsorneiio
k=1 I=k+1 k=1

N

n
_ (2) (@)
o—al'n+b; Z%fear’“ bt

k=1

N

n
1-8_ by2 j1-28
726—a1‘n,+b1“5f> Z E2Bork! P -k T2

k=1
. _ ay g 1-f_ by? 1-28 . . .
The function z —— 1=2e1-57 =257 being increasing for x = cqp4,8,
we then obtain considering an integer ¢ > c4p,+,5:

Do [T G—am+v7)

k=1 l=k+1

t 2 n 2
(2) ay 1-B_ _by 1-283 ay _1-B_ _by 1-28
’Ygefarn+brn Z kiQ/Belfﬁk 7172519 + J $72B€1*BI ~1-28°% dx
k=1 t

N

by

_ (2) " g5 ey 1-B_ by% 1-28
snye al'n+00y (Ct—l-f x 2Pe1-8" 1-28% dx
t
(2)
2 —aTp+bl
<'7 e al'y, +0T), (Ct

n -8 _ 1.2, .—28 —28 _ BT w1 2
n J b 3ayz by x n 3byx ayx P P
¢ 2 ay 2

Now choosing t > (3(7/(1)5_1 yields 3byz~2% < ayz =" for any = > t. Integrating
by parts, we obtain:

n n IB
n
> [] A—ap+tf) < Alemetniind (Ct + earﬁnrf))
k=1 l=k+t1 ay

-B
< mn 4 72C«tefaFn+bF£f).
a
Then, choosing ng large enough (that depends on a, b,y and ), we deduce that:

n

n
2
Vn = ng Z’y% | | (1—a71+b%2)<a'yn. o
—k+
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B.2. Step sizes v, = yn~!

Proposition B.2. For any positive values a > 0 and b > 0 and any sequence
(Yn)n=1 defined by v, = yn~t, we have:

n

(i) Y ayp — by = alogn —bn?/6

k=1
1,1 :
. . Py KL if ay>1
(@) > v 11 (1 —ay)? < Cy<{lognnt if ay=1
k=1 l=k+ 1 _ .
a1 Y if ay <1
11 :
. . el if ay>1
(ii) Y 72 T1 L—av+b07) <Cypilognn™? if  ay=1
k=1 = I=k+1 1_1a7n_‘” i oay<1
n n pr(1Fe)
(iv) Foranye>0,a>0andb>0: Y yi1 [ (L—ay+by 7)< QST@
k=1 I=k+1
Proof: The upper bounds involved in () and (i%) are straightforward. o

Proof of (#ii): The situation is easier than the one involved in point (ii) of
Proposition B.1 because in that case, we have:

Vn =1 r'® < 4272/6.

Therefore, we can repeat the computations above and get:

n n n
(2)
Yok [T -antbf) < 3 aferemmraronnioon

k=1 l=k+1 k=1
< efal‘,mtbfy 7r2/6 Z ,YZ al'y
by2n /6 —ay Z 2+a'y
< Yle k™
k=1
We then deduce that:
n n , ﬁn_l if ay > 1
2 o 1_[ (1— a'yl—l—bvl)—'erl””/G lognn=1 if  ay=1 o
k=1 I=k+ 1_1a n- if ay <1
5

Proof of (#ii): We follow the same guideline: remark that (T's, rite ))n>1 is a bound-
ed sequence and write

n
Z o~ 1—[ 1—ay +b71+e < Z v e—aylogn+aylogk+brﬁj+€>
I=k+1 k=1 k+1

n
(+e) _ _
< ,yebl—‘w n a'yf xa'y ldib'
1

ebF$+€)

N
o

a
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