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Institut Jean Lamour, CNRS, Nancy-Université, Nancy, France. 

Abstract 

This paper presents a 2-D steady-state model developed for simulating on-grate municipal solid waste 

incineration, termed GARBED-ss. Gas-solid reactions, gas flow through the porous waste particle bed, 

conductive, convective and radiative heat transfer, drying and pyrolysis of the feed, the emission of 

volatile species, combustion of the pyrolysis gases, the formation and oxidation of char and its 

gasification by water vapor and carbon dioxide, and the consequent reduction of the bed volume are 

described in the bed model. The kinetics of the pyrolysis of cellulosic and noncellulosic materials were 

experimentally derived from experimental measurements. The simulation results provide a deep insight 

into the various phenomena involved in incineration, e.g., the complete consumption of oxygen in a 

large zone of the bed and a consequent char-gasification zone. The model was successfully validated 

against experimental measurements in a laboratory batch reactor, using an adapted sister version in a 

transient regime. 
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Introduction 

The bed of refuse particles that burns on the grate of the incinerator is the real heart of the municipal 

solid waste (MSW) incineration process. It is the place where waste-to-energy conversion occurs and 

the refuse is reduced into ash, but also the place where most of the pollutants (NOx, heavy metals, etc) 

are released. A detailed knowledge of what exactly happens when the bed is incinerated is therefore 

highly desirable before strategies for controlling and optimizing the process can be proposed. This 

knowledge cannot be readily obtained from direct experimental studies on industrial-scale incinerators; 

in contrast, mathematical modeling and numerical simulation appear to be an attractive approach for 

quantitative insight into the mechanisms and variables of waste-bed incineration.  

This stated, and probably because modeling such an ill-defined fuel and complex apparatus seems to 

be a challenging task, reports of mathematical models of MSW bed combustion are few.1-4 Since the 

pioneering work of Essenhigh,1 however, these models have become more sophisticated in their 

description of the physical and chemical phenomena, i.e., heat transfer, gas flow, drying, pyrolysis, 

combustion of gases and of char, bed shrinkage, and sometimes bed mixing. Most are one-dimensional 

and transient, which is a proper description of the batch incineration of a fixed bed, but insufficient if 

modeling of the gas and solid flows, or just of bed mixing, is intended. The most advanced work to date 

is that of Sheffield University, UK, which actually gave birth to the software named FLIC.4, 5 This 

model describes most of the phenomena involved and uses kinetic data from the literature, e.g., 

pyrolysis kinetics are taken from literature data obtained in the case of coal.  

When developing the present model, we took advantage of the most relevant descriptions of earlier 

studies. Whenever possible, we also tried to improve the modeling, for example, when selecting 

pyrolysis kinetics derived from dedicated experiments, adding the reactions of char gasification, refining 

the description of char combustion, writing a 2-D model, and offering the possibility of simulating the 

stirring of the bed. The aim was to develop a comprehensive, state-of-the-art model, based on 

experiments and validated against experiments, whose detailed features are given in the present paper. 
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Beyond enlightening us on the behavior of the burning waste bed, a bed model should be designed to 

be usefully coupled to a model of the remaining sections of the incinerator, namely the postcombustion 

chamber and the boiler, to enable a full simulation of industrial units. This approach was successfully 

employed for grate6 or rotary kiln7 plants. We used it for predicting the speciation of heavy metals 

throughout the furnace.8 

 

Mathematical Model of MSW Bed Combustion 

The present bed model, developed into software registered as GARBED-ss, is two-dimensional and 

steady state. It describes most of the actual physical, chemical and thermal phenomena (Figure 1) taking 

place in a burning MSW bed, e.g., solid and gas flow, drying and pyrolysis of the feed, combustion of 

the gases released from pyrolysis, formation of a carbonaceous residue (char) and its subsequent 

degradation by gasification and combustion, heat transfer, and particle and bed shrinkage.  

 

 

Figure 1. The physical, chemical, and thermal phenomena taking place in the bed under combustion. 

The following assumptions were made to simplify the description of these phenomena. The feed 

advances on the moving grate parallel to the grate and at constant velocity, except when stirring is 

considered. Primary air (the air for combustion) is injected into the incinerator under the moving grate. 

The solid bed is considered to be a porous medium made up of spherical particles which allows gas to 

flow through it. The MSW feed consists of moisture, fixed carbon, volatile matter and inert matter or 
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ash. The gas phase consists of oxygen, nitrogen, water vapor, carbon monoxide, carbon dioxide, 

methane, and hydrogen. Gas and solid temperatures are considered separately. Heat transfer in the bed 

takes place by convection, conduction, and radiation.  

The solid feed, as it advances over the moving grate, is first dried and then devolatilized. The latter 

process, often termed pyrolysis although oxygen is present in this case, releases volatile gases (H2O, 

CO2, CO, H2 and CH4) and leaves behind a carbonaceous residue (char). Pyrolysis gases burn with the 

oxygen injected as the primary air. Char also burns with oxygen when the latter is available, otherwise, 

it can be gasified by H2O and CO2. Gasification has been ignored in previous models, whereas our 

results show its significant contribution. The final solid particles after complete combustion, i.e. the 

bottom ash, or slag, correspond to the inert part of the initial feed. The significant decrease in bed 

volume is modeled through a progressive shrinkage of the waste particles. Optionally, stirring of the 

feed, which is superimposed on its axial progression, is accounted for. 

Writing and solving the local balance equations expressing the conservation of momentum, energy, 

and mass form the basis of the model. The relevant equations are listed in Table 1, and the source terms 

corresponding to the various heterogeneous and homogeneous reactions considered are given Table 2. 

The next paragraphs explain in more detail how the various physical, chemical and thermal phenomena 

are modeled and how their rates are determined. 

 

Table 1. Local balance equations solved in GARBED-ss 

Heat, 
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= agh Tg �Ts( ) � ri �rhi
i�{all heterogeneous reactions}

� + Srad

 (1) 

vs= velocity of the solid (subscript s) feed, m s-1; �app,s= apparent density, kg m-3; 

cps= specific heat, J kg-1 K-1; Ts= temperature, K; x= distance along the grate, m;  

�eff= effective thermal conductivity, W m-1 K-1; z= height in the bed, m; ag= specific 

surface area of the bed, m-1; h= gas-solid heat-transfer coefficient, W m-2 K-1; ri= rate 

of reaction i, kg s-1 m-3; �rhi= heat of reaction i, J kg-1; Srad= source term due to 

radiation, W m-3 
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Heat, 

gas 

 (2) 

vg,x= horizontal superficial velocity of the gas (subscript g), m s-1; �g= density, kg m-3; 

cpg= specific heat, J kg-1 K-1; Tg= temperature, K; vg,z= vertical superficial velocity, m s-

1; �b= porosity of the bed; ri
*= molar rate of combustion of species i, mol s-1 m-3; 

�rhi
*= molar heat of reaction, J mol-1 ; r*

prod,i= net molar rate of production of species i 

by all heterogeneous reactions, mol s-1 m-3; cpi
*= molar specific heat, J mol-1 K-1 

Mass, 

solids 

;  i � {moisture, volatile matter, char or ash} (3) 

wi= mass fraction of component i in the solid; Swi
= net rate of production of i by 

heterogeneous reactions, kg s-1 m-3 

Mass, 

gases 

;     i � {all gaseous species} (4) 

yi= mass fraction of species i in the gas; Syi
= net rate of production of i by all reactions 

involving it, kg s-1 m-3 

Momentum, 

gas 

 (5) 

K= permeability of the bed, m2; Mg= molar weight of the gas mixture, kg mol-1; p= gas 

pressure, Pa; R= ideal gas constant, J mol-1 K-1; �g= gas viscosity, kg m-1 s-1 

 

Table 2. Main transformations considered in the model and their rates 

 Mechanism Rate Ref. 

Drying  (6a) 

 (6b) 

km= mass-transfer coefficient, m s-1; 

pH2O= partial pressure of water vapor 

(subscript surf: at the particle surface), Pa 

(9) 

Pyrolysis 
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4

kgCH
4
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2
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(7a) 

�i= mass of i produced by the pyrolysis 

of 1 kg of volatile matter. See Table S1 

of SI for the values. 

rpyro = 225.7e
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+ 0.045e
�
3230

R

1
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�
1

1000

�
��

�
�� �appwncell

 (7b) 

wcell, wncell = mass fractions of cellulosic and 

noncellulosic matter 

(10) 
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 (8a) 
 (8b) 

ci = molar concentration of i, mol m-3  

(11) 

 (9a)  (9b) (12) 

Gas 

combustion 

 (10a)  (10b) (13) 

Char 

combustion 

C + �O
2
� 2� �1( )CO

2
+ 2 1� �( )CO

(11a) 

See SI for the way of determining � 

(11b) 

bO2
= Péclet number for Stefan flow; 

�act= fractional reduction of reaction surface 

area; subscripts: chem= chemical reaction, 

diff= diffusion 

(9) 

 (12a) 

Char 

gasification 

 (12b) 

 

(12c) 

i= H2O or CO2 

(9) 

 

Heat transfer. The solid waste particles are considered uniform in temperature, as justified by a 

particle Biot number lower than 0.1 under typical incineration conditions.9 Particles in the bed exchange 

heat with their neighbors by conduction and radiation. Radiation is the primary mode of heat transfer in 

the layers under combustion. Radiation coming from the walls of the incinerator furnace and the flame 

initiates the combustion of the upper layers of the waste bed. Inside the bed, associated with conduction, 

radiation allows the flame front to progress downward, opposite to the gas flow. An expression for the 

source term for radiation Srad and correlations for calculating the effective conductivity of the bed 

(calculated values ranging from .5 to 60 W m-1 K-1) are given by Asthana14 and are also available in the 

Supporting Information (SI). In the gas phase, heat transfer by conduction is negligible compared to 

convection, as justified by a particle Péclet number greater than 50. The gas-solid heat-exchange 

coefficient h (calculated values ranging from 5 to 60 W m-2 K-1) is obtained from the relation of Wakao 
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and Kaguei.15 The heat of the heterogeneous reactions is attributed to the solid phase as these reactions 

take place either inside the porous particles or at their surface. 

Drying. Like Shin and Choi,3 we assume that drying takes place in the ‘constant-rate’ regime, where 

the rate is determined by the external mass transfer, as expressed in Table 2, Eq. (6b). Formulae for 

calculating the mass-transfer coefficient15 and the saturation pressure are given in the SI. 

Pyrolysis. During pyrolysis, the organic matter is decomposed and, as temperature increases, 

partitioned into volatile matter, i.e. gases and tar, and a carbonaceous residue, char. At high heating rates 

or high temperatures tar is in turn cracked into lighter gaseous species. If oxygen is present, most of the 

species evolved are directly oxidized. Globally, for our purpose, the decomposition of volatile matter 

can be considered to produce a mixture of gases and char. Gas composition and the respective amounts 

of gases and char depend on kinetic factors related to both the solid fuel and the local decomposition 

conditions, particularly the heating rate. Considerable research work addressed this issue. In MSW-

incineration studies, the simplest representations used a constant decomposition temperature2 or a single 

Arrhenius-type equation for all the constituents with coefficients taken from experimental studies on 

wood.3 The most advanced of these4 uses the model of distributed activation energies, which introduces 

a stochastic variable into the rate law in the form of a distribution of activation energies16 but with 

numerical coefficients corresponding to data on coal. We decided to use the model of Garcia et al.,10 

which was specifically developed for interpreting MSW-pyrolysis experiments and which accurately 

reflected our experimental results on the pyrolysis kinetics of MSW samples (as shown in the SI). This 

model distinguishes between cellulosic (wood, paper, cardboard, etc.) and noncellulosic fractions in 

MSW and attributes to each fraction its own kinetics (Table 2, Eq. 7b). Furthermore, predicting the 

composition of the gas mixture released from reaction mechanisms alone still eludes current models, 

particularly in the case of MSW pyrolysis. The composition has to be fixed a priori; we calculated the 

set of �i (see SI) to satisfy the elemental composition and calorific value of MSW. 
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Oxidation of pyrolysis gases. The combustible gaseous species released from pyrolysis directly burn 

with the oxygen of the primary air. Global rate equations for these homogeneous combustion reactions 

are available from the literature (Table 2, Eqs. 8b-10b).  

Combustion of char. Like coal pyrolysis, coal, coke and char combustion has been extensively 

studied, even though no specific study concerned the carbonaceous residue from MSW pyrolysis. This 

heterogeneous combustion produces CO and CO2 in proportions that mostly depend on temperature. 

Arthur’s law17 is often used for determining the CO/CO2 ratio as a function of temperature; we used a 

slightly more detailed relationship18 to calculate it (see SI). In the conditions of MSW incineration, char 

combustion occurs in a mixed regime, limited by both reaction kinetics and external diffusion.9 

Following Rosendahl,19 we introduced two refinements in the calculation of the reaction rate. The first 

was to consider that, as combustion progresses, the increase in ash content decreases the surface area 

available for reaction, which is reflected by the coefficient �act in the rate expression presented Table 2, 

Eq. (11b). The second was to account for Stefan flow, i.e. the perturbation to external mass transfer 

caused by the strong outward flow of the evolved gases. This introduces the factor bO2
, a kind of Péclet 

number, in the same rate expression. 

Gasification of char. Gasification of carbon (char or coke) by steam is a well-known process for 

producing syngas. Both steam and carbon dioxide can gasify carbon according to the reactions written 

Table 2, Eqns. (12a-b), the steam reaction being typically thrice as fast.20 Thermodynamic calculations 

indicate that these reactions occur at high temperature with high H2O and CO2 concentrations. As will 

be shown, these conditions are those prevailing in a large section of the MSW bed in incineration. 

Therefore, despite these reactions having been, surprisingly, ignored in earlier models, they were taken 

into account in the present one. The kinetics were modeled with the same type of rate expressions as for 

char oxidation, because all three reactions proceed by heterogeneous consumption of the same solid. 

Gas flow through the bed. The equation for momentum transfer through a packed particle bed such 

as MSW particles on the incinerator grate reduces to Darcy’s law. When combined with the continuity 
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equation, i.e. the overall mass balance of the gas phase, the gas velocity can be eliminated to yield an 

equation in p2 (Table 1, Eq. 5). The latter equation is solved to calculate the pressure field and, from it, 

the gas velocities vg,x and vg,z are derived using Darcy’s law. 

Evolution of the particles. The reduction in volume (typically 90%) and in mass (75%) of the MSW 

when incinerated is considerable and must obviously be appropriately described in a mathematical 

model. Goh et al. calculated the change in bed volume by considering the detailed evolution of six 

different components of MSW, one being the internal porosity of the waste particles;2 we followed a 

similar approach. During drying and pyrolysis, it is assumed that the matter released is replaced by a 

new internal porosity, with the volume of the waste particle remaining constant (Goh et al. assumed the 

volume replacement of volatile matter was only partial). The reduction in particle and bed volume is 

then associated with the consumption of char, either by combustion or gasification (Figure 2). The 

equations for calculating the volume, mass, density and diameter of the particles are given in the SI. 

Additionally, the height of the grid cells used for the numerical solution also changes proportionally to 

the particle volume. 

 

Figure 2. Evolution of a waste particle with time 

Stirring of the bed. Most industrial-scale incinerators adopt the practice of mixing the fuel bed in 

order to decrease the time required for complete burn out and to eliminate any unburned chunks in the 

colder layers. An option for simulating feed stirring was introduced in GARBED-ss. As in the work of 

Ryu et al.,21 stirring is modeled through a process of exchanging adjacent layers.14 The resulting 
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movement of the solid appears sinusoidal. Nakamura and Themelis studied the distribution of tracer 

particles in a waste bed stirred by alternating bars and reported a movement close to sinusoidal.22,23 

Boundary conditions. The partial derivative equations expressing the local balances require 

boundary conditions to be set for their solution. Solid and gas flowrates, temperatures, and compositions 

are known at their respective inlets, i.e., under the feeder and under the grate. The grate temperature, the 

exact value of which has little influence on the calculation, is taken as the average between the 

temperatures of the inlet gas and of the first layer of solids. Pressure is known at the gas outlet, above 

the bed surface. Moreover, at the gas outlet, the diffusive fluxes are assumed negligible compared to the 

convective ones, and the radiation flux received from the furnace walls above is taken as that of a gray 

body at 1000 °C. The latter condition can be easily changed, and, whenever GARBED-ss code is 

coupled with furnace calculations, this radiative heat flux indeed becomes a result of the furnace 

simulation. 

Numerical solution. The partial derivative equations are rendered discrete and solved using the 

classical finite volume method.24 The so-called upwind scheme and a Gauss-Seidel iterative method are 

employed. Two features of our work are more original: first, the solution of the pressure/velocity 

coupling through the p2-equation presented above and, second, the adaptive grid, in which the height of 

cells shrinks with the advance of the combustion. The number of meshes (typically 150�75) was chosen 

as a compromise between accuracy and computing time. Convergence is reached after a few millions of 

iterations, when all relative residues become lower than a set criterion (typically 10-6). 

 

Results and Discussion 

The calculations were applied to simulating the MSW bed of the incinerator in Strasbourg, France, 

during a typical operation. This incinerator uses three successive grates (1.15, 5.50, and 5.50-m long, 

respectively), which were combined into one in the results diagrams for the purpose of representation. 
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The waste feed was 11 tons h-1, the bed height 0.8 m, and the primary air flow rate 30000 m3
STP h

-1, 

injected at 25°C. The complete operating conditions and feed characteristics are given in the SI. 

The results calculated from the model include the solid and gas temperatures and compositions, gas 

pressure and velocity, and reaction rates, together with other secondary variables and parameters. It 

would have been impossible to measure any of these parameters experimentally at each point in real 

industrial or pilot incinerators. By calculating these variables from the model simulations, 2-D maps of 

isovalues (lines or contours) can be traced throughout the bed. An analysis of the entire set of results 

provides an insight into how and where the various transformations are taking place. A synthesis of the 

different zones found in the bed, as revealed by the model, is illustrated in Figure 3. In this diagram, as 

well as in all the following ones, the axis representing the bed height has been magnified (five times) for 

better legibility. 

 

Figure 3. Synthesis of the distinct zones in the burning MSW bed, as predicted by the model 

Five distinct zones separated by four fronts can be identified in the bed. Initially, the MSW feed 

containing moisture is dried. Pyrolysis immediately follows drying; the speed of this transformation 

limits it to a narrow zone, i.e. the pyrolysis front. Above the pyrolysis front is the ‘active combustion 

zone’ where the combustion of the gases released from pyrolysis takes place. In the zone above active 

combustion, oxygen is completely depleted (see Figure 4e below), and the char left behind by pyrolysis 

can only be gasified by CO2 or H2O. The oxidation of char only begins downstream, at the last 

combustion front where oxygen again becomes available. The profile of the bed surface reflects the 

consumption of char either by gasification or by combustion. Such zones have already been identified in 
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previous studies,2,3 but not always distinguished in this way. In particular, the char-gasification zone is 

of a different shape and greater extent according to our calculations (see Figure 5c below). 

Figure 4 shows the main results including the contours of solid and gas temperatures, mass fractions 

of moisture and volatile matter in the solid and mole fraction of oxygen in the gas phase for the standard 

operating conditions of the Strasbourg incinerator. Please note that the contour legends used in these 

figures may be misleading on proofs printed in black and white.  

 

Figure 4. Main results from the model: (a) Temperature of solid, (b) temperature of gas, (c) mass 

fraction of moisture in the solid, (d) mass fraction of volatile matter in the solid and (e) mole fraction of 

oxygen in the gas phase. 

It can be seen that upstream of the drying front, the temperature of the solid does not increase 

significantly as the heat is consumed primarily for the vaporization of moisture present in the feed. 
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Downstream of the drying and pyrolysis fronts, the temperatures suddenly rise because of the oxidation 

of gases released from pyrolysis, which is highly exothermic (Figure 4b). This oxidation of gases 

consumes all the oxygen in the gas phase as can be seen in the form of a large reducing zone in Figure 

4e. Only when this gas-combustion front reaches the grate (at about 5 m) does oxygen again become 

available for the oxidation of char. This char-oxidation zone is the hottest part of the waste bed, with a 

solid temperature of nearly 1200 °C. The shapes of the temperature and water-content maps agree well 

with previous publications; however, it is not easy to further compare the full set of results with those of 

earlier studies, where generally only scarce isoline data were presented. 

Figure 5 describes more precisely the processes of formation and destruction of char. Figures 5b and 

5c are plotted with logarithmic scales. Char first appears in the bed at the pyrolysis front (Figure 5a). 

Then, as char is oxidized (Figure 5b) or gasified (Figure 5c), the bed height decreases and the mass 

fraction of ash in the bed increases (Figure 5d). A sharp fall in bed height can be noted between x = 5 

and 6.4 m as the oxidation of char begins in this zone. In the oxygen-depleted zone downstream of the 

gas-combustion zone, char oxidation is not possible; the only consumption of char in this zone is by 

gasification. This makes the bed surface profile somewhat steeper than those found by others4,21 but in 

agreement with observations made through the end window of the Strasbourg incinerator. Figures 5a 

and 5d also show some unburned char in the bottom layers of ash near the grate. This is because of the 

relatively lower temperatures in this zone (cf. Figure 4a), which do not allow full oxidation of the char.  

Figure 6 illustrates the 2-D nature of the gas-pressure and velocity fields. In industrial incineration 

practice, the total flow rate of the primary air is distributed among the different grate sections in order to 

optimize its use for combustion. In the case simulated, the three sections received 1%, 89%, and 10% of 

the total flow rate, respectively. The distribution of the primary air and the presence of large thermal 

gradients at the level of the combustion fronts cause horizontal pressure gradients in addition to the 

vertical ones. This entails a change in the direction of the gas flow, as shown by the velocity vectors that 

curve round under the fronts of combustion of the pyrolysis gases and of the char, which, because hot 
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zones, are regions of lesser permeability. The interest of a truly 2-D model for correctly describing gas 

flow is thus clearly obvious. 

 

Figure 5. Char evolution: (a) Mass fraction of char, (b) char oxidation rate, (c) char gasification rate and 

(d) mass fraction of ash. 

 

Figure 6. Gas flow: pressure and gas-velocity vectors. All vectors are plotted with the same magnitude 

for better legibility. The red triangles show the limits between the three sections of the grate. 

These three results exemplify how the model helps us to understand in detail the processes involved in 

the combustion of a waste bed on a traveling grate, at a local scale where measurements would not be 

possible. Other simulation results, like the influence of several operating parameters (e.g., feed 
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composition; total flow rate, distribution, and temperature of the primary air),14 are not reported here for 

brevity’s sake. Additionally, the calculated values of temperatures and compositions form a valuable 

basis for further calculations regarding pollutant formation from MSW incineration.8,25,26. 

 

Experimental Validation of a Sister Transient Model  

In the Strasbourg incinerator, the combustion is indeed completed at the end of the second grate, in 

good agreement with the model prediction. Other than this, a direct validation of the calculations by 

comparisons with measurements in on-grate industrial incinerators has not been possible as readings can 

be taken only at a few points, such as at the exits for the gases and the slag. 

However, a sister version of the same bed model, in a transient regime (named GARBED-tr), aimed at 

simulating a batch incinerator was also written.9 The equations were rewritten in cylindrical coordinates 

with additional accumulation terms to account for the transient regime. Apart from that, both 

mathematical models are otherwise identical. We therefore considered that validating the transient 

model against experiments would indirectly validate the steady-state model (the authors of other 1-D, 

transient, fixed-bed models have made the same assumption, but in the opposite way, when using this 

type of model for simulating incineration on a moving grate). Of course, further comparison of the 

steady-state model results with data measured on a full-scale plant would be welcome for reinforcing 

the validation. 

Calculated results from the transient model were compared with experimental results from a fixed-bed 

batch pilot incinerator (KLEAA, at Forschungszentrum Karlsruhe, Germany). The pilot pot was 

cylindrical, with diameter and height each equal to 0.25 m. Thirteen thermocouples were placed within 

the pot, inside the solid bed at different heights at intervals of 1.5 cm. The primary air was injected 

under the pot through a grate at the bottom and a gas analyzer was connected downstream of the gas 

vent at the top. The waste used in the experimental measurements was wood chips, whose composition 

is given in SI, Table S2. A fairly good agreement was found between the model predictions and the 

experimental observations (Figures 7 and 8). 
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Figure 7. Comparison of temperatures of thermocouples predicted by the GARBED-tr model with those 

measured experimentally in the batch furnace 

 

Figure 8. Comparison of evolution of gases above the bed predicted by the GARBED-tr model with that 

measured experimentally in the batch furnace 
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The consecutive abrupt rise in the temperatures of the thermocouples (TC1 to TC13, Figure 7) was a 

result of the propagation of the flame front. The rate of this propagation was well reproduced by the 

model. The slight differences between calculated and measured temperature values could be attributed 

to the sheaths of the thermocouples, which partly shielded them from radiation and increased their 

thermal inertia. A sudden increase in the temperatures recorded by the thermocouples between 1600 and 

2000 s, as seen in both the experiments and model predictions, was due to the oxidation of char, which 

is a highly exothermic reaction. The CO and CO2 concentrations were well predicted by the model 

(Figure 8) and the pattern of oxygen evolution was reasonably well predicted. One significant difference 

concerns water vapor, for which the calculated value shows an early rise, whereas its measured increase 

is delayed until 600 s. Our explanation is that some condensation likely occurred in the exhaust tube; the 

gas composition was indeed measured downstream, at the inlet of a postcombustion chamber, whereas it 

was calculated at just above the bed. Another difference is in the concentration of hydrocarbons CxHy, 

measured as a whole, whereas the model considers methane, CH4, to be the only hydrocarbon released 

in pyrolysis. 

 

Conclusions 

A new mathematical model simulating the combustion behavior of an MSW bed on the traveling grate 

of an incinerator was developed, named GARBED-ss. A two-dimensional, steady-state model, it 

describes most of the physical, chemical, and thermal phenomena involved: gas and solid flows, heat 

transfer in and between both phases by convection, conduction, and radiation, drying and pyrolysis of 

the feed, the oxidation of the pyrolysis gases, the gasification of char by H2O and CO2 and its 

combustion, the reduction in bed volume, and, optionally, stirring of the bed. Several of these features, 

such as accounting for char gasification and using a two-component, experimentally derived kinetic law 

for pyrolysis, are specific to our model and represent improvements on those previously proposed. The 

local momentum, heat, and mass balances are rendered discrete and solved numerically using the finite-

volume method, with mesh size decreasing in height according to char consumption. The model, or 
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more precisely its sister version in the transient regime, was validated by successfully comparing 

calculated solid temperatures and outlet gas composition to the corresponding data from experiments 

performed in a pilot batch furnace, using wood chips as the fuel. 

The set of calculated results (temperature and composition of gas and solid, reaction rates and extents, 

gas velocity, etc) give a valuable insight on how waste bed incineration occur. Five zones (fresh feed, 

dried feed, pyrolysis zone, char, and ash) separated by four fronts and characterized by the principal 

chemical processes taking place, were identified. An important result is the presence of two oxidation 

fronts, above which stretches a large oxygen-depleted zone in which char is gasified by water vapor and 

carbon dioxide. 

This model can serve as a basis for additional simulations related to the incineration process, such as 

(i) testing the influence of operating conditions,14 (ii) using calculated temperatures and compositions 

for predicting pollutant formation from the bed (e.g., thermodynamic8 and kinetic26 calculations on 

heavy metals), and (iii) coupling the bed model with a model of the remaining sections of the 

incinerator, with the bed model thus providing the furnace model with accurate boundary conditions. 
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1. Additional Equations 

Heat Transfer. The radiative source term Srad accounts for the absorption of the incident radiation I0 

according to Beer’s law. We calculate it as:1,2 

  
Srad = I0 ��Ts

4( )�e�� �z
 

where z’ is the distance from the bed surface and � is the absorption coefficient given by 

 

  
� =

3 1� �b( )
2 dp

 

The radiative transfer between particles inside the bed is included as a contribution to the effective 

thermal conductivity of the bed.3 The relation recommended by Zhou et al.4 in the case of MSW is used: 

�eff = 1� �b( )�s + �rad  

with the radiation contribution from Hottel and Sarofim5 
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�rad =

16
3
� de,rad Ts

3  

where � is the Stefan-Boltzmann constant and de,rad the equivalent particle diameter for radiation, equal 

to 

  
de,rad =

2�b

3 1� �b( )
dp =

�b

�
 

 

Drying. The water-vapor pressure at the particle surface is assumed to be the saturation vapor 

pressure at Ts, taken from Keey:6 

ln pH2O,surf( ) = 25,541� 5211Ts
284 � Ts � 441K  

The mass-transfer coefficient is calculated using the Wakao and Kaguei correlation for a fixed bed:7 

   
Sh = 2+1,1Re p

0,6 Sc
1
3  , where

   
Sh = 

kmdp

DH2O/ gas
, 

   
Rep = 

�gvdp

�g
,  and 

    
Sc = 

�g

�g DH2O/ gas
 

Although established for fixed beds, this correlation was retained considering that the solid velocity of 

MSW on the grate is very small compared to the gas velocity.  

 

Char combustion. In the general equation 

    C + �O2 � 2��1( )CO2 + 2 1��( )CO  

the coefficient � is related to the ratio 
   
f = cCO / cCO2

by 

    
� =

2 + f
2 1+ f( )

 

and must be considered as a function of the temperature. We use the expressions proposed by Linjewile 

et al.8 for its calculation: 
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f = 1340exp �63500
RTs

�

�
����

�

�
����
    850 < Ts � 970 K

f = 4,72.10�3 exp �37700
RTs

�

�
����

�

�
����
    970 < Ts � 1220 K

f = 12,4exp �42000
RTs

�

�
����

�

�
����
    1220 < Ts < 1650 K

 

 

Evolution of the particles. The change in the volume Vp of the waste particles is given by 

  
Vp =Vp,0Gs  

where Vp,0 is the initial volume and Gs a reduction factor that has been calculated by Menard2 as a 

function of the solid composition: 

  

Gs = �p
0

wH2O

�H2O

+
wcomb

�comb

+
wC

�C

�

�
�
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�
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with wi being the mass fraction of i (i = water, combustible matter, carbon, inert, or pyrolyzable matter), 

and �i its density. 

The changes in particle mass, density, and diameter are respectively calculated as: 

mp = mp,0
wI ,0
wI

, 

  
�p = �p,0

1
Gs

wI

wI ,0

, dp = dp,0Gs
1 3

 

The height of the grid cells is altered as for the particle volume, i.e.: 

  
� z = � z( )0

Gs  

 

Specific surface area. The specific surface area of the bed (m2 m-3) is that of a packing of spherical 

particles, i.e.: 

  
ag =

6 1� �b( )
dp
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2. Simulation of Pyrolysis of MSW Samples Using the Model of Garcia et 

al.9 

In thermogravimetric experiments, Menard2 measured the mass loss during the pyrolysis of MSW 

samples at different heating rates. These experiments were then simulated using the model of Garcia et 

al.,9 which distinguishes between cellulosic and noncellulosic waste fractions. The agreement found was 

excellent, as shown below (Figure S1): 

 

Figure S1. Comparison between experimental mass-loss curves and those calculated from the model of 

Garcia et al. Obtained from Menard.2 

 

 



S5 

3. Composition of the Pyrolysis Gases 

Table S1. Composition of the pyrolysis gases. 

i �i, g of i/kg of volatile matter mol of i/kg of volatile matter 

CH4 272 17.0 

H2 34 17.0 

CO 204 7.3 

CO2 407 9.3 

H2O 83 4.6 

 

 

 

4. Composition of the Fuel in the KLEAA Batch Experiments 

Table S2. Composition of the waste bed (wood chips and inert matter).  

 Wood chips Inert matter 

 Dry matter Moisture  

Mass /kg 2.1 0.9 0.775 

Element composition C H O N S ash   

/wt-% 47.3 7.7 45.3 0.33 0.17 1.2   

 

The corresponding lower heating value was 9200 kJ kg-1 and the apparent bed density 250 kg m-3. 
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5. Input Data for the Reference Simulation Presented 

Table S3. Values of the physical and numerical parameters. 

Grate 

Overall length of the grates 12.15 m 

Stirring No 

Conduction grate/feed Yes 

Feed 

Type of fuel MSW 

Mass flow rate of the feed 11 t h-1 

Inlet temperature 25 °C 

Mass fraction of water 0.350 

Mass fraction of volatile matter 0.295 

Mass fraction of fixed carbon 0.100 

Mass fraction of inert matter 0.255 

Bed 

Initial height of the fed bed 0.8 m 

Permeability 10-9 m2 

Porosity 0.5 

Particle T diameter 6 cm 

Particle r diameter 4 cm 

Primary Air 

Overall flow rate 30000 Nm3 h-1 

Fraction of inflow under 1st grate  01 % 

Fraction of inflow under 2nd grate  89 % 

Fraction of inflow under 3rd grate  10 % 

Temperature of primary air under 1st grate  25 °C 

Temperature of primary air under 2nd grate 25 °C 
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Temperature of primary air under 3rd grate 25 °C 

Numerical 

Convergence criterion 10-6 

Meshing 150 �75 
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