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l. Note Technique: CSI estimation in massive MIMO systems
and pilot contamination MRC receiver architecture

JP Cances, B Sissokho, V Meghdadi, A Kora
Xlim Limoges UMR 7252

1- Context and System:

We consider L cells, where each cell contains one base station equipped with M antennas and
K single-antenna users. Assume that the L base station share the same frequency band. We
consider uplink transmission, where the Ith base station receives signals from all users in all
cells (Fig.1). Then, the M x 1 received vector at the Ith base station is given by:

L
Yi = \/p_uzri,l X +n (1)
i1

Where I'; | represents the M x K channel matrix between the Ith base station and the K users

in the ith cell, i.e., [I‘i ,] y is the channel coefficient between the mth antenna of the Ith base
4,

station and the kth user in the ith cell. \/p, X; is the K x 1 transmitted vector of K users in the

ith cell (the average power used by each user is P,) and N; contains M x 1 additive white

Gaussian noise (AWGN) samples. We assume that the elements of N, are Gaussian
distributed with zero mean and variance: fl:nl ”uH] =o2ly and f[nl"' ”u] =Mo2 -

b

I-th cell

L-th cell

Fig. 1: Uplink transmission in multicell MU-MIMO system

2- Physical Channel Model:

Here, we introduce the finite-dimensional channel model that will be used throughout this
technical note. The angular domain is divided into a large but finite number of directions P.



Pis fixed regardless of the number of base station antennas (P<M). Each direction,
corresponding to the angle: @4, €[-7/27/2],k=1.., P is associated with an M x 1 array

steering vector a(g,) which is given by:
_ 1 [ A i) i@ ]
a(g)=—~le X e )

P

Where f;(¢) is some function of 4. Typically, for a regular phased array, we have:

10) =25 5(-Dsin(9)

The channel vector from kth user in the ith cell to the Ith base station is then a linear
P

combination of the steering vectors as follows: Zg”km a(¢,), where Ji, is the propagation
m=1

coefficient from the kth user of the ith cell to the Ith base station, associated with the physical
direction m (direction of arrivald,). LetGi’IE[gm,...,g"K] be a P x K matrix with

i =[Girr»-iue | that contains the path gains from the kth user in the ith cell to the Ith

base station. The elements of G;; are assumed to be independent. Then, theM x K channel
matrix between the Ith base station and the K users in the ith cell is:

I =AG, (3

Where Az[a(@),"_,a(%ﬂ is a full rank M x Pmatrix. The propagation channel G;,
models independent fast fading, geometric attenuation, and log-normal shadow fading. Its
elements iy, are given by:

Jitm = Nikm v Bk m=12,...P  (4)

Where h"km is a fast fading coefficient assumed to be zero mean and have unit variance.

VB models the path loss and shadowing which are assumed to be independent of the
direction m and to be constant and known a priori. This assumption is reasonable since the
value Bijc changes very slowly with time. Then, we have:

G;, =H;, Dil,{z (5)

Where Hi,l is the P x K matrix of fast fading coefficients between the K users in the ith cell

and the Ith base station, the columns H;, (:,k) are independent and we have:



P P
E[HI CROHL 6RO | =F [ iy | = f{zh (m, kﬂ _ f{2|h"km|2:| -1
m=1 m=1

Furthermore within one given column we consider the elements: h, (m,k) independent, i.e.:

f[hi,km hﬁkn] =0if m#n. D;,isaK x K diagonal matrix whose diagonal elements are given

by [Di,l ]k,k = Bik - Therefore, (1) can be written as:

L L
Y =\/p_uAZGi,IXi +n, :\/p_uAZHi,lDillzxi +n, (6)
i1 =

K

In the following sections we will use the following intermediate parameters: f; = Zﬂj,k :
k=1

_ L L
P =z:Biln ,and S, :z:Bil :
i1 i1

3- Channel Estimation:

Channel estimation is performed by using training sequences received on the uplink. A part of
the coherence interval is used for the uplink training. All users in all cells simultaneously
transmit pilot sequences of length z symbols. The assumption on synchronized transmission
represents the worst case from the pilot contamination point of view, but it makes no
fundamental difference to assume unsynchronized transmission. We assume that the same set
of pilot sequences is used in all L cells. Therefore, the pilot sequences used in the Ith cell can

be represented by a K xr matrix.[p, ¢ =.[p, ¢ (> K), which satisfies ¢¢" =1, where:

P, =7 P, . From (6), the received pilot matrix at the Ith base can be written as:
L
Y, =[P, AY H,; D’'g+N, (7)
i=1

Njis the resulting noise matrix of size Mxrand of course we have: E[N,]=0,,..
E[NN/]=zcl1, and Z[N'N, |=Mo?1,.

3.1. Minimum Mean-Square Error (MMSE) Estimation:

We assume that the base station uses here MMSE estimation. The received pilot matrix Y

is multiplied by ¢" at the right side to obtain:Y,, =Y, ¢ :



Y~p,l :Yp,l ¢H
L
= «f ppAZ H;, Dil,/|2 +N, ¢" (8)
i=1
L
= /ppAZ H, D +W,
i=1

With:W, = N, " . Since we consider here M-PSK modulation format for the transmit pilot
matrixwe can denote ¢ as:

(et it ... ol ... i
ej‘921 ej‘922 ejgZp ejﬂz,

1 : : : :
¢_f ol @it . gl . ol
engl ej9K2 engP ej‘9l<r

Jkn

. The matrix product
T T

1 1
Hence, we have: ¢(k,m)=a, | =Tejgk'm and ¢" (n.k)=hb,, =— \F

N, ¢" yields:

I\II ¢H (n1 m) = in| (n, k) ¢H (k, m) = iinl (n’ k) e_jem‘k
k=1 \/; k=1
In the same way we obtain:

¢ NIH (n1 m) = i¢(n, k) n,*(m, k) an (m k)ejenk

Tkl

The matrix product: W,W" = N, ¢"N, ¢"¢N/" is thus equal to:

N, ¢"¢ N/ (n,m) :Z N, ¢" (n, k)¢ N/ (k,m)
=g%§n(n,s)e‘j Trz_l:n "(m,r)e’%

LS ) o
:_Z n (N, s)n, (m,r)e’(ek*f %.s)
T k=1

s=1 r=

=

Taking the expectation, we obtain:



[N NS (m)]=2 S 33 [ (o ) Je

k=1 s=1 r=1
Clearly,f[n,(n,s)n,*(m,r)]=a§| if and only if: M=N and I'=S. In these conditions we
obtain:
K

f[NI PPN/ (n,n)}:EZ:TaﬁI = KcﬁI
T

k=1

We eventually obtain : £[W,W," |=E[N,¢"gN" |=Ko? 1,
Concerning the other quantityf[Wl”W,] , We can obtain directly:

f[lewl]zf[¢NlH N|¢H:|=¢T[N|H N, ]¢H = Mo-ri I

Remark : If we only consider one column (typically the nth column) of W, denoted as W, ,
we have :

E{w,wy} =021, and E{wnw,|=Mo’

We are now coming back to the channel estimation problem. Since H|,| has independent
columns, we can estimate each column of H, independently. Let ypm be the nth column of

~

Yo, - Then:
L
Yoin =~/ Pp ANy, |]|-(12+\/pp Azhiln illr/12+WIn 9)
il
Where hnn and W, are the nth column of H” and W, respectively. Denote by:

L
Ziy =P, A hy, 12 ¢+ w,,, then the MMSE estimate of hy, is given by :
il

I:llln = ﬂlllézwl pp AH (ppﬂIInAAH + Rz|n )_lypln (10)

L
with: R, =F{z,zi}=p,AA" Y B, +o2l, (11)
i=1,i=l

Reporting (11) into (10), we obtain:



-1
By L ~
hIIn :ﬂlﬂz pp AH (ppﬂllnAAH + ppAAH z ﬂiln +O_r§, IM] ypln

i=1,i=l

L -1
S N LR RN I
i=1
We can rewrite ﬁ”n in the following form :

1/2 H -1
. " N/lo AT p, < N
hlln :”—sz_SZﬂilnAAH + IM] Yoin

1/2 -1
= - ﬁ [\/ pp Zﬂlln \/pp ZIBIH’] AH +1 J ypln

Gn| n| n|

n il

n, i=1 nI

= —”“ \/pp Zﬂ”nAH [\/ Py 5 Z,Bnn \/pg Z:BimAH + IMJ ypln

f Zﬂ”n nI i=1 nI n 1=
. : " H H 15 : pP \
The former equation can be written: by, =AB"(BB" +1,,)"¥,,,, with: B=|— Zﬂi.nA
O-nl i=1

1/2

and A= + Using the matrix inversion lemma, we have:
2
1,6n| ZIBiIn
i=1

P(1,+QP) " =(1,+PQ)"'P

With the following sizes for P and Q: [Q]mxn,[P]nxm . We use this lemma with: P=B",
O = B, we obtain: B (BB" + IM)_1 =(l,+ B"B)™B", so we eventually obtain:



ﬁlln = —’”;7( " AA" Zﬂlln j \/7 z:Bnn A" ypln
Zﬁlln -

by, = F el [ps AAHZL:ﬂiln+ IPJ A" Yoin (12)

Oy, i=1

L -1
hy, = ﬂlﬁz ( Py AA" Zﬂiln + O-ri IPj A" Yoin
)

L
Mp, > By - Since the uplink is
i=1

The kth diagonal element of ppAAH Zﬂ,,n in (12) equals:

i=1
typically interference-limited we have:T"ZﬂiIn >>a§|, therefore, ﬁ,,ncan be
approximated as:

-1

L
hy, = I1I:12\/ pp[ppAAH Zﬂian A" Yo (13)
i1
Thus, the MMSE estimate of H|, is:

Hy, = p,"2(A"A)TAY D'D)2  (14)

L

Where: D, =)’ D; . Then, the estimate of the physical channel matrix between the Ith base
i=1

station and the K users in the Ith cell is given by:

I, =AH, D2 = p;l/ZHA\FpJD[lD" (15)

WhereIl , = A(AH A)_lAH is the orthogonal projection onto A. We can see that since post-

multiplication of Y, with ¢" means just multiplication with the pseudo-inverse(¢¢H = IK),

Y .1 is the conventional least-squares channel estimate. The MMSE channel estimator that we

derived thus performs conventional channel estimation and then projects the estimate onto the
physical (beamspace) model for the array.

3.2. Bayesian estimator with MAP rule:

We start from equation (7):

L
Yp,l :Yp,l ¢H = «f Py AZ Hi,l Dil,/l2 +W|
i=1



Let ypm be the nth column of\pr, . Then:

L
ypln =4 Pp Ahllnﬂlllr/12 +4PpA Zhiln |1Ir/12 +w,,  (16)

i=1,i=l
Where Ny, and W, are the nth column of H;, and W, respectively. Denote by:

L
Ziy =Py AD N B + W, , We can write:

il
ypln = xé pp AhIInIBI1I:12 + ZIn (17)

Applying Bayes’ rule, the conditional distribution of the channel N, given the observed

received training signal Yy, is:

pP(hyn) p(ypln|hlln)
p(ypln)

p(hlln‘ypln) = = p(hlln) p(ypln|hlln) (18)
We use the Gaussian probability density function (PDF) of the random vector h“n and assume

its elements: Ny, (D), .., hy, (i), 1y, (P) , are mutually independent, giving the joint pdf :

exp[—hy R':.i hy,]

1In

(19)
(E)P detR

p(hy,) =

Since the elements: hy,(1),...,1,(i),....hy,,(P) are mutually independent this reduces to:

_exp[- hy, My
P

p(hy,) = i (20)
(v27)
We also have:
~ EXp[_(y In p Ahllnﬂlﬂz)H Rz_l(y In "~ p Ah”nﬂﬁ'f)]
p(ypln |hlln) = : \ﬁ - : \/:p (21)

=F det R,

Combining (20) and (21) and reporting into (18) we obtain:

exp(—f (hy,)) (22)
(\27)P 77 det R,

p(hlln‘ypln) =



with: R _f{(\/p_pAZh”nﬁ,”Z+Wm)(\/p_pAZh“n B2 4w, ) }and:

i=l i=l

f (M) = i M+ (T =Py AN B R (T 510 =[P, ANy B

The ML estimation h, of h, is given by:

ln

h,, =arg max, . €Xp(=f(hy,))

A

Ry, =argmin, .. f(h,) (23)

1In

A 1
hlln_ IIn ppAH(p /3||nAAH+R ) Yom

We have clearly:

= Z {(\EAE hilnﬂillé2 + Wln )(\/?Ag hllnﬁllr/12 + Wln :| (24)

Rz,n _O_n M + p ZﬂllnAAH

il

And we find again:
A -1
hy, = IIn P, A" [ppAAH Zﬁnn + O-ri Iy j Yom (25)

To obtain (23) and (25) we have applied (39) and (40) (see Appendix) with: R, =1,R =R
S=p,BiA.

3.3. Bayesian estimation with vectorized model:

We start from equation (8):

Yoir=Yp, & :\/ppAzHi,lDij:{2+Nl¢ :\/ppAZHi,IDil,{Z +W,
i=1 i=1

~ L
Yo, = ppAH”Dllyfz+ /ppAZH”Dﬁ{%WI

il

Starting from this equation we begin by vectorizing the received matrix Vp,, of size M xK,
we obtain the vector:



YWp,l (’l)

Vour =| Ypi (k) (26)

Yo (LK)

MKx1

With:

~ L
Yo (k) =, [AH,, D,{{Z](:,k)+\/pT,{AZHLI Dﬁ{z}(:,k)+W, (k)

il (27)
Y1 (k) =[P, [AH D] + 2, ()

With: zl(:,k)zm{AiHi,. Difﬂ(uk)wv.(:,k)

il

Clearly, we have the property:

[aH,,DH2] (k) = AH,, (k) BH2(28)

Applying Bayes’ rule, the conditional distribution of the channel H,(:,K) given the observed

received training signal ym is:

P(H, CRY (1K)

= p(H"'(:’k))p(\?p,l(:’k)‘Hl,l(:vk)) B _ v _ (29)
) (Y, (k) = p(H; (k) pOY oy K| Hy (K))

We use the Gaussian probability density function (pdf) of the random vector HH(:,k) and

assume its elements: H, | (Lk),....H;; (LK),....H,, (P,k) are mutually independent, giving the
joint pdf:

expE-H,] (:'k)R:“(:,k) HY (k)]

(v27)P detR

Hy (k)

p(H, (k)= (30)

Since the elements: H,, (LK),...,H,,(m,k),.... H,,(P,K) are mutually independent, this reduces
to:



exp[—H ) (k) Hyj (k)]

31
(2rz)P 31

p(H,, (G k)=

We also have:

P(Y o GR)H, (5K))

_ eXp[‘NpJ (k) —AH | KB R2,1(:,|<) (Y~p,l (k)= AH,, GRAO1T (32
(7)7 GetR,,

Combining (31) and (32) and reporting into (29) we obtain:

expCf(Hi, (K)))
AB

p(Hy (KO 5 :K)) = (33)

Where: A= («/Z)P , B=(7)" det R, ., this yields :

F(H, (k)

- - 34
= HJ (k) HT G+ (Y (K) = AH CR)BIE) T RZ g (Y 5 (K) = AH GK) i) 9

Using the maximum a posteriori (MAP) decision rule, the Bayesian estimator yields the most
probable value of channel estimation given the observation:Y ,, (:,k).

HIf Gk =argmax . o p(H,, G K)|Y, 1K)
H/ (k) =arg min .., f(HLGK) (35)
HY G K) = [P, B A (P, B AA™ + Ry, 1) Y, (LK)

It is straightforward to show that (see equation (24)):

L
RzI Gk = Oﬁ, Iy + ppZ:BnkAAH (36)

il

And we find again:

Hy (k) = P, B A (o Ly + P, 2 B AR Y, (LK) (37)

Reminder Appendix 1:

If we have the following equivalent model:



y=Sh+n (38)
With the following pdf :

exp(-1(h))

p(hly) = ”

Hp-1 Hp-1
I(h)=h"R "h+(y—Sh)"R“(y-Sh)  (39)
The Bayesian estimator yields the most probable value given the observation y and this yields:

h=RS"(R +R SS")"y (40

4- Uplink Data Transmission:

We consider the context of an uplink transmission where the base station uses the channel
estimates to perform signal processing techniques such as MRC (Maximum Ratio
Combining), ZF (Zero Forcing) or MMSE (Minimum Mean Square Error).

4.1. Maximum Ratio Combining:

In this case the Ith base station processes the received signal by multiplying it by the
conjugate transpose (Hermitian) of the channel estimate. From (6) and (14), we obtain:

f =f:? Y|

L H L (41)
— p;“ZDII D,‘{ /pp AY H,, D{? +le HA[,/pu AY H;, D}{ﬁxj + nlJ
i=1 j=1

With: TI, = A(A" A)* A"
Remark : II}' = [A(AH A) A ]H - A[(AH A)’l]H A" = A[(AH A)’l] A" =11,

To further proceed with (41) we directly suppose that we operate with a huge number of
antennas, i.e. we suppose that M grows towards infinity. We simplify first the quantity: 11, ;

to do this we consider the case of a uniform array. The response vector is thus given by:

10 e o )
a(¢k):_[1’e 127rdsm(¢k)//1’m,e j2z(M-1)dsin(4 )/ 2 (42)

/P



d is the antenna spacing between radiating elements and A is the wavelength. Then, we have,
for k #1:

ia(¢k)Ha(¢l):LM_lejZEdm(sin(ﬂ()—sin(ﬁ))/i

M MP &,
11— eiZRIMEIG) NG/ 2 )
" MP 1_ e 1274 Gn@)-sin@)/ 2

1 jzﬂd(M1)(sin(¢k)sin(qﬁ,))/{sm(”d M (sin(@y ) —sin(g ))//1)}

="e - - -
P M sin(z d (sin(g,) —sin(4))/ 1)

From (43) it is clear that, fork =1 : lim, %a((pk)'* a(#)=0

For k=1, we have immediately, lim,, %a(@)"‘ a(¢ ) =1/P. Therefore, we deduce:
. 1 .y 1 . H M

limy,,, =~ A A= Furthermore, we have: lim,, ., Trace [AH A|= BP-Mm.

Using this property, we can write:

P

M= AT A AT =y, ACD 1) A = D AAT (44)

Remark: In the general case, we have:

i@ i) L mifulde)
1 | el gmif2() .. g-if2(de)
JP| Lo
o) omifu(®) . omifu(de)
_ v v B}
M Zel(fi(m—fiwﬁz)) ZeJ(fi((A)—fi(qﬁp))
@) i) . gifu (@) = =]
. . _ M M
AH A 1 |elfild) Qifa() . Gifm(d) | 1 Zej(fi(¢2)‘fi(¢l)) M zej(fi(¢2)—fi(¢P))
IV S A = , o
elfilde)  if2(dp) .. gifw(4p) " : " : ‘
Yl 3 el (e)- %) .. M
Li=1 i=1 2

Concerning the product: AA" , We obtain:



[eih)  git(s) el (8) ]
1 | elhi®)  lt) o ifu ()
1;':)
INACSIN ACY elf ()
_ . . -
i(f,(4)-1,(4) iy (4)-1,(4)
p Ze](z i 1\ Ze M \%i 1\%
[ e i) i) i) ] i=1 i-1
P P
1 | e i) g R@) TR 1 zei(flw.)ffzw.)) P Zej(fM(zé,)—fz(m)
H
=— =7 i i=1
P P
e @) gl () eI ()

Ze’“‘“” fu (4) Ze‘””’) AC) I p

L i=1l .

So, the term AA™(m,n) is equal to (in the case of a linear phased array):

P P
AAH (m.n) :%Zei(fn(qﬁ.)fmm» :%Zenn«nl)sin(m(ml)sin(qﬁ.))m
i=1 i=1

P
AAH (m,n) = %Zeizﬂ«nmsinm»u
i=1

A coarse approximation of matrix AA" in the case where P—>00could be: AA™ =1y,

Using (43) and (44) into (41) and the fact that as M — oo the products of uncorrelated
quantities can be ignored [5], we have:

d Moo - 1/2 V2,
To M >D, D, {ZH,,D j (ZHJ,D ,] (45)

Then, using: lim,, ﬁ

A" A= % I, itis straightforward to obtain :

r o S
! M D,,D [ZHI,DUZJ > H;,Difx; (46)
Jp M =

The interpretation of (46) is quite simple: since the elements of H;, Dl’zare independent, the

above result reveals that the performance of the system under the finite-dimensional channel
model with P angular bins and with an unlimited number of base station antennas is the same
as the performance under an uncorrelated channel model with P antennas.



4.2. Analysis of the Pilot Contamination effect:

To gain further insight into the pilot contamination effect, we derive lower bounds on the
achievable rate for a finite and an infinite number of base station antennas (the analysis
requires that M>P). To obtain these lower bounds we use the techniques of [3,4,6]. We

assume an uniform array at the base station, and the elements of H,, are i.i.d Gaussian

random variables. Let I, be the nth element of the received K x 1 vector I and denote

L
fin = Tiny/ Pp Zﬂnn ! By » We deduce from (41) that:
i=1

L H L
[ z(mAzgiln +W|nj HA(\/p_uAZGj,IXj +n|J (47)
i1 i1

Remember that we have: G”z[gjll,...,gj,K]which is a P x K matrix with:

Ojk = [g ikt jip ]T which is a vector that contains the path gains from the kth user in the ith
cell to the Ith base station. Equation (47) can be rewritten as:

L L
JPo 2 gl AT +wig JA(AH A" A" [\/ P AY.GjiX; +”IJ
=1 j=1

L
=1

H L
ﬁn :(\/FPA Giln +Wlnj HA(\/p_UA;G“Xj +H|J

- (\/Ei gt AM L wl AAT AT AH J[\/p_UAZL:G” X + nIJ (48)
j=1

i=1

L L L L
=4 Pp Py Z giTnAH Asz,l X +4/Py Wlﬂ AZGj,I Xj+4/Pp Z gi|-I|nAH n + Wlﬂ A(AT A) AR n
i=1 j=1 j=1 i=1
Equation (48) is eventually equivalent to:

L
= T T
j=l

L L
With: @, =[Py Py D GinA" AG ++/PpyWin AGj and zj, = ({/Pp D Gin A" +Wjg JIT 4N,
i=1 i=1

We have:
Elah = [P, pElgh A" Agy, fel  (50)

Where €, is the nth column of the K x K identity matrix. By adding and subtracting f{a,Tn}
into (49) and using (50) we obtain:



L
(8 =75{a,Tn}x| + (o, —f{aﬁ]})xl +ZazJTnxj +2,
i } (51)
=4 Pp puf{glFllnAH Agy, }Xln +(a|Tn —Z’{am) X| +Za}-nxj + 2y

j#l

Let define the function C(x) as: C(x) = log, (1 + x) , the nth user in the Ith cell can achieve an
uplink rate of at least:

f{(E]I|_I|n'o‘|-|Aglln} 2

ol el +

In this case, the achievable uplink rate of the nth user in the Ith cell in (52) can be lower
bounded by (60) since we have:

"=/, P Elof AT Agy, Je

= pppuTrace[f{g.“.nA” Agyn fele,Eloth A" Ag,, |]
=Py Py [f{anAH Ay }]ZTrace[eIen]
=P, P, [E{at A" Agy, ]

Pp Py

L
> |,
j=1

2

| e,

We study the product gﬁ'nAH by considering only one column of matrix: A" , we have :

(e i) goihd) . gl
1 | e @) i) . aihb@)
A=[a(d),...aldp)]=—
i \/B . . . .
S LTICVRNS (MICYRENSNS (M CY)
Hence, we obtain:
(e if@) ]
17 « . e If(42) 1 & . it (o
H AH /. ifi(#))
A" G K) =—=19/1n1,--,0 =—)> Oypi€
IIn \/B[ lInl IInP] : \/Bé Inj
g if(#)

In this case, we obtain:



IxM

And it is straightforward to calculate:

f{gll-llnAH Aglln}

1 C i1 (¢; c -t (¢; o ifwm (4; c —ifm (4;
:Ef{{zgnnjej (¢J)J(zg”nje i (¢‘)J+---+[Zgunje’ (¢;) Zgllnje ifw (95) (53)
j=1 j=1 j =

j=1
M & 2 M & 2 M P 2 M
:?éf“gllnj }:Féf[ﬁun hllnj }:Fﬂllnéf“hllnj }ZFﬂnn

Hence, we obtain:
2 M?
[f{anAHAglln}] :?ﬂlfn (54)

- Concerning: f{|z,n|z} , we have :

L
f{|Z|n|2} _f{ ‘(\/FTpZ i A" +w I AN,
i—L

]
=f{(mggiTnAH +w, I ,n,n 11"} (\/pTg Ag;), + Wi )}
:f{(mggiTnAH +w/ )HAf[n,n,H ]Hj (J?pg Adip, + Wiy )}
=f{(m§giTnAH + Wi M p02 1,,I1Y (\/FPZZ Adip, + Wi )}
:a;f{qpﬁ ggi”.nAH WL (P, ZAgi.n + Wiy )}
=a§|f{(m Zgi”.nA“ FWiDILA(/Py ZAgi.n + Wiy )}

Remark :
1,04 = AAR A2 AR [aaH a2t A ]!

=AAT A)TAR AAR A TTAR
=AA"ATAY =11,



We use the independency of columns g;,, and g, i.e.. f[gi'l"n gjln] =0, fori#j.

B L
E{ ot} =02 {f pp;gnnAHnAAgi.ﬂ}+f[wmnAnsz.n]}

i L
:Gri {f pngiTnAH A(AH A)_lAH Agilnj| +T[WIﬂHAWIn]}

i=1

B L
:Gri {f pngiTnAH A gilnj|+f[wl|: A(A" A)lAHWm]}
i1

Due to (53), we have :
M
f{GHnAH Al }: P_ﬂnn

The singular value decomposition of matrix (AH A)'1 yields :
(A" A =uDbU"

D is a diagonal matrix which can be written as: D=diag[4,4,,...4 .., Jwith 4 =1/ f; i =
1,...,P designing the eigenvalues of matrix A" A. Thus, we have:

E| wi A(A" A AR w, | =F[ wi AUDUM AMtwy, | :f[ wii AUD| wi Au]H }

We have:
e i) goifd) . gifde)
17 . . . e-if(B)  gmifa(d) . a-ifa(de)
H
WlnA:ﬁ[Wln(l)!wln(z)v-"’wln(M)] . .
et @) o-ifu(d2) . gifm (de)

_ ip[w,*n e T4 4 pwi (M)e @) wh (e 1100) 1w (M eI (0) ]

7

Hence, the kth column of matrix W} AU is thus written as:
(Wi AU) (k)

=i{iu(m k)iW* (i)e_jfi(¢m):|
\/B m=1 ' i=1 "



In these conditions we have:

f[ (wi AU ). k) D (w? AU ) (:,k)}

:—f|:ZU(m k)ZW (|)e ifi (¢m)l ZU (p k)ZWm(J)le i(#p) }
r=1 j=1

ol

ﬂ“k ZU(m k)ZU (p k)f|:ZW (|)e ifi (¢m)zw (J)elf i(#p) :l]

m=1

1 L it (#) o= ifi (9n)
=5 ngU(m k)ZU (p, k)zzf[wm(')wln(J)]e €

j=1li=1

=3 AKZU(m,k)ZU*(p,k)za; o I (45~
PL m p=1 i=1

Ao P P, M (g f
_ k™ n ZU(m,k)ZU (p, k)zel[f|(¢p) fi (¢m)]
P m=1 p=1 i=1

And we eventually obtain:

2 pppM™ :
f[wl':AUD[W;'AU]H}:G—;ZZZZ}LKU(m,k)U*(p,k)ej[f‘(¢p)_f‘(¢m)] (55)

k=1 p=lm=1i=1

Concerning: f{ |z,n|2 } this yields :

2

o, M L o
f{|Zln|2}= Ilz, Po D Bim +
i=1

5N

3q|\>

Mo 1M
M

Mo 3
Mo 2]
Mz Iz

Mo? L
:E{|Zln|2}= l ppzﬂiln +
)

Z
T

©
Il
N
3
]
N
Il
[N

ﬂku (m k)U (p k)el[f(¢p) f(¢m)]} (56)

5N

Mo
M

Mo 2 _ o
Z'{|Zln|2}: Pnl pplgln + M

=
1]

1 p=Im=1li=1

o
Il

P M .
> > AU (M KU (p, k)eJ[fi(¢p>fi(¢m>]}

P P M i
ZZZU(m,k)u*(p,k)e‘[fi<¢v>‘fi<¢m)] , we obtain :

p=1m=1i=1

Using the notation: s

M _ ot ®
T{lzmlz}= on { PpLin + 'kZ;Suf'z(;,k)] (57)

Remark: in the case of a uniform array, we have:

273 —1)d .

fi(¢p): Sln(¢p)



And we obtain:

P j2x(i-1)d
K=

Moi (  _  op BB 2 M . [Sin(gp)-sin(gin)]
£ 2’} (ppﬂmel\;' 333 IRV TNCY TR 9

_ n
P 1 p=Im=1i=1
Remark: UsingLemma 1(Eq. (59)), it is possible to obtain a simpler expression. We have:

f[WlﬂHAHZWm]

= %T race[HAHZ ]T[Wﬁ: Wln]

= %T race[ HAH‘Z] Mo)  (see (59))

= o} TracdII , |

To proceed further on with this expression, we need to calculate:

Tracd I, ] = Tracd A(A A) 2 AH |

P P
. MTrace[AAH ]:MM -p
And, hence we obtain:
M —
f{|Z|n|2}M—>oo :o-rzh(pp F'Bln-i_arz‘l Pj (58)
- Concerning: f[ H a, sz , we have:
f(”a}n ijf(a}na;n)

L L
= f([\/ Pp Py ZgiTnAH AGj ++/ Py Wlt: AG;, ](\/ Pp Py ZGHAH Agnﬁ',n ++ puG}-,'IAH Wi, j]
i=1 m=1

L L
= Pp Puf(Z ginA" AG G} 3 A" Agmln}+ puf(wlt: AG;,Gj) AHWIn)
i=1 m=1

L L
=Py puf( ZgiTnAH Af[Gj,IGrI]ZAHAngnJ+ Pp puf(anAH AGj,lGjH,lAHAgjm)
m=1

i=Li%j

+ puf(wllz Af[Gj,IG}—,lI ]Ame)



Concerning the product: G; |G

Gl
Ojik2

H
il

jikm

gjikp

we have:

9jik1
Jjik2

9jikm

9jikp |

9jm
*
gjl21

9jim

| 9jika

9ijn2
*
9ji22

9ijim2

Ojik2

9k
*
912k

9 jimk

9Kk

[ K K
2 *
Z|gjlkl| zgjlklgjlkz
k=1 k=1

K
Zgnkz Gjia
k=l
K K
Zgjlkmgjlkl Zgjlkmgjlkz
k=1 k=l

K K
Zgjlknglkl ZgjlknglkZ
L k=1 k=1

€ 2
Z|gjlk2|

k=1

9jnp
*
gji2p

9jimp

9jikp |

K
*
zgjlklgjlkm
k=1

K
Zgnkz Ojlkm
k=1

K 2
PR
k=1

- :
Zgjlknglkm
k=1

« -

*
zgjlklgjlkP
k=1

K
Zgﬂkz djikp
k=1

-
ZgjlkmgjlkP
k=1

K )
Z|gjlkP|

k=1

K 2 K 2 K 2 K 2
E[Gj,IGrI]:diag 3 Z‘gjlkl‘ E Z‘gjlkz‘ a3 Z‘gjlkm‘ a3 Z‘gjlkP‘
k=1 k=1 k=1 k=1

_gjlll gjiz1
Oji2 9ji2
G, ,GH=| ° '
el Gjium  9jiam
| 9jnp 9jup
So, we obtain:
With:
Thus :

K K
230w |3 n [
k=1 k=1

F [Gj,IGTI ]: diag{gﬂjlkf“hjlkl‘z:l’ :Zlﬂjlkfl:‘hjlkZ‘z} : '-’gﬂjlkf[‘hjlkm‘z}""ki_lﬂjlkfl:‘hjlkP‘z:H

Then, we use the following lemma:

Lemma 1: If we consider a given complex random vector V of size K x 1 with i.i.d random
variables of variance o2 and a complex deterministic matrix W of size K x M, then we have:

%Z[VHV]Trace(WWH)

£[VHww v |

(59)



Proof:

Wi W Win Wim
d; W Wy 00 Wy, oo Wpy
d : R : : )
We takeVas: Vv =| 2| and W as:W = , in these
: Wpl sz an WpM
dy . : : :
Wy Wko Wkn Wim
conditions, we have :
AR
Wi Wi Wi Wim
Wy Wpp Woh, Wom
Wpr  Wp2 Won Wom
W1 Wko n Wigp 0 Wiy

K K K K
:(dl d, - dp - dK):(ZWkldk Zszdk Zkadk ZWkMko
k=1 k=1 k=1 k=1

And, we have:

£[vrww v ]
K 2 1k 2 K 2 K 2
k=1 k=1 k=1 k=1

2]

K
+---+Z|Wk,\,||2f[
. kel

dy d dy

]

K 2 *|2 K 2 2 K 2
=S| 85|+ Dol | [l |+ Y bl ]
k=1 k=1 k=1

K

= 02{Z|wk1|2 T Wigo|® 4 (Wi |+ -+ [ Wiy |Z}
k=1

=%f[v v ] Tracdww )

Remark: It is possible to generalize this lemma to the case of a random matrix V of size K x
M, and with a matrix W of size K x P. We still have:



£[vHww v |

1
== E[VHV]Tracdww ")
K
dj;  dyp Ay dyy
dy; dy dom doy
We takeVas: VvV =| ’ ’ ' ) ’ and W
dy dip 0 Ay 0 dyy
dy; dg, dgm dkwm
Wip Wy Wi, Wip
Wy Wy Won Wsp
W= ’ o ) " |, in these conditions we have:
Wy o Whoo o0 Wy 0 Wyp
Wip Wk Win Wgp
v Aw
Wi Wy Wi, Wip
Wy Wpy Won Wsp
Wnl Wn2 Wnn WnP
Wi Wko Win Wyp
d11 d21 " dkl dKl
d, dy dy, dy,
: : . : : : K
. . . . . . H *
= 4 * * . =V W (m,n =zdkmwkn =8nn
dlm d2m dkm de k=1
diy  dom i dym

The general term of matrix V "W W "V is thus written as:

M M (K K
VW W "V (m,n) = Zam,kbk,n = Zam,ka:,k = Z(Zd;mwjk}[zdinw;;(}
k=1 i=1

k=t\_j=1
Hence, we obtain :



M
Z[V Hww PV (m, n)] =>F

k=1 k=l i j

[gd:mw,-kj@dmw:;ﬂ=i22f[d;mdm]w,-kw;;

*

Clearly, we have: f[d}‘mdin] =c? if i=j andm=n, otherwise f[djmdin] =0. Hence we
obtain:

£[vHrww V| = Diag o2 Trace W w ")....o2Trace (W w )]:%E[V My [Trace (ww )

\VARY/
11 d12 dln dlM
d21 d22 d2n d2M
dnl dn2 dnn an
dKl dK2 dKn dKM
dy dy diy 1
d12 d22 de dKZ
. : “. . : : K
= o L I=vivinn)=>d, d,,
dlm dZm dkm de ( ) é ok
Gy Gy o dy o,

Hence:

E[V"V(nn)]|=Ko’

And: E[V"V |=Ko’l,End of proof.

Using this lemma here, we obtain:



L
zglll-LAH Af[Gj IG ]ZAHAngnJ
=li#]j

f[
1
P

1
Pz

race[f[ J,G ]] Zf[gnn AHAAHAg”n]

i=li#]

| Selat sl rracd ) afrscd el 1]
- | St e (e Jreacdzfe e ]

P \itixj

Tracd £[G,,G" ||
:Trac{diag{Zﬂjlkf|:‘hj|k1‘2}gﬂﬂkfﬂhjlkz‘zil,-..éﬂjlkf“hjlkm‘ } Zﬂnkf“ J'kp‘ }H
=ki_ﬂj|kf|:2‘hllkm‘ }

K

Zﬂﬂk IBJI
k=1

Hence:

L L
f{ > g A Af[Gj’,G?,]ZAHAngnJ

i=Li

- [ > ot g.un]JTrace[( A’ |

i=li#]

And, using:

if[g#n 9||n = thgnnm” Zﬂnnthhnnm” Zﬂnn

i=Li=] _1|¢Jm_1 i=Li=]j m=1 i=Li=]

We eventually obtain:

[Zg”nAHAf[G“G ]ZAHAngnJ
(60)

i=1i#] m=1
=PiTrace{( ) Jﬁj, _E',B"n

Using the approximation: lim,, , . % AR A= % I, We obtain:



IimM_m Zg”nAHAf[G“G”]ZA Agmln

i=1,i=]

(61)
v Mzﬂj._Zﬁim
=By DB —
ps 7 I%j iln p?
Concerning the term: f(gﬂnAH AG; G A" Agj,n), we have:
f((.:]jlnA'_|'A‘GjIG AHAngn)

=Z| gji A" AZGj,l(: PG (: ’p)AHAgjln]

p=1

K (62)
=F g;'-llnAH AZ gjlpg;'-lipAHAgjln]

p=1

K
=E gﬁnAHA Zgjlpg}-l'pAHAgjan+f(gﬁnAHAgjlngﬁn AHAgjm)

p=1p=#n
For p # n we have:

f(gijHAgjlpgjlp AHAg]In)
= f( gjnA" Af[gjlp Yiip ]AH Agjln)

:%Trace[f[gj,pgj,p]]f o5 A" A A" AG,, ]
2l o Jrecd(a Ak ) racdel )
- E[oih oy Jrracd (A" AF | Tracd £lg 07 ]
With:
Trace £, 015, ]] = f[\gj.pl\z +]g 02| +---+\gj.pp\2} = Bip
So:

f(gJInAHAg]lpgjlp AHAgjln)

- ?f [gjln gjm]T rac{ (A" A)° ] Bip (63)

= % Trace{ (AH A)2 ] BiinBiin



And:

K
f{gj”mAHA ZgjupgﬁpAHAgun]

p=1,p#n
= % T race{ (AH A)2
= % T race{ (AH A)2
= % Trace{ (AH A)2 Bin B —% Trac{ (AH A)2 }ﬂjzln

:é Trac{ (AH A)Z (ﬂjun Bi —ﬁizln)

K
ﬂjln Zﬂjlp

- p=1,p=n

K
Bin Ziﬁjlp —é Trace[ (AH A)Z }ﬂjzm (64)

The only term we have to evaluate now is:

f(g;'nAHAgjlng}-lln AHAngn)

2
:f([ng,n A"AG,] )
We have:
g:'—llnAHAgjln
1 S if1(4m) : —if1(4) S it (#m) : ~ifm (4)
:E Zgjlnme " Zgjlnke +oeet Zgjlnme " Zgjlnke
m=1 m=1 m=1 m=1

1 * i ()1 * il fur ()~
k m k m

Z%{A#,k +A§1,k +"'+An|\1/|,k}

- . * H fr _fr
With s AL =37 g et ) ()]
k m

And:
[g:'—lln AHAngn]2
= é{(A}nk )2 +(A§1’k )2 +---+(An'\1"’k )2 +ZZ Ani Ank

We have:



f[(A,’;,k)z} :EKZZg*]fmmgjlnkejtfn(cém)—fn(m])(zzgs;lnsgjlntej[fn(yﬁs)—fn(m]ﬂ
k m s 1
=IKZZZZg’;,nmgjlnkgjmsgjlmejtfnwﬂm)fn<m+fn<¢s>fn(¢x>lﬂ

k m s t

- ZZZZZ‘[QJInmgjlnkgjlnsgllnt]ej[f n (@)= fa (d)+ i (86)— T ()]

o oo

—ZZfU
Then, we have to calculate:

:ﬂjln

* j - * i T (ds)-f;
Z‘[Ar;k Artn,k]_f[[zzgjlnmgjlnke][fr(¢m) frm{ﬂj[zzgjlnsgjlnpeu kel }]
k m s p

= ZZZZZ[Q}MQ jlnkg’;lnsg jlnp]e JLEr ()= Fr (BO)+ T (85)— T ()]
- sz[gjmmg jlnk]f[g’jflnsg j|n5]
= ﬂj?ln

With these approximations, we obtain:

Z'[gjln AHAng]
z%[M,Bﬁn+M g2 ] (69)

MM +1) B4
=

In the same manner we obtain:
f(w,n AE[G, GH ] AHw,nj

:ETraCe[f[GJ |G :If[wln AAHWm]]
p (66) (see (68))
_JI_Z Pf[|W|n (1)| |Wln (1)| |Wln(M)| ]

:MUn,ﬂjl
P

We deduce:



. M(M +1 Mo2 .
zj: pggu Trac{(AH Aﬂ(ﬁ'n P =i+ 22 pz( D, +p+"ﬂ"(67)

(|

The calculation of W, A yields:

e ifi@)  omifi@) . gmih(de)
17 . ) e lo@)  gmih@) . gifa(de)
H
WlnA=ﬁ[Wln(l)’wln(z)i'"lwln(M)] .
el @) o-itu (@) .. gifu(de)

= LPI:W;; (l)e_jfl(%) +...+ W;;](M )e‘ij (¢1),“_’ng; (1)e—jf1(¢P) ++W|T1(M )e—ij (¢P)]

75

And, in these conditions, we have:
f[w,t]' AAHw,n]
1 2 2 2
-2 5P oy @ |t @[+ 0| 60
= MO—I’2]|
Remark : Using the lemma of appendix 2, we can directly obtain:

Z‘[wl*:AAme] =%f[w|ﬂwm]Trace[AAH]=ﬁMa§IM =Mo?

We obtain the uplink rate of the nth user in the Ith cell as:

PpPu M? /P2,

R, =C
" L 2 H r 2 2 2 2 2 1p2p2 2 ) GTZH z fi

z pp Pu /P* Trace |:(A A)Z:|(ﬂlnﬁjl _ﬂjln )+ pp puM(M +1)ﬁjln IP* + Pu Mo_mﬁjl /P |- pp puM /P ﬂlln + Mo_m /P ppﬂln + M ZSUIZ(_ k)
j=1 k=1 "

This can be simplified as:

Bin

R|n =C
L

Zl(Trace [(AH A)z](ﬁ,n/}j, - B )/M2 +M(M +1)B5, IM? +ah By P/Mpp)—ﬂ,ﬁ1 +oaPIM| Byl py + -,
J:

2
on, f,
M5 Y *6H

With: c(x) =log, @+ x) and sufi2 " which has been defined in equation (57).



If we examine the behaviour of the former expression for an unlimited number of base station
antennas, we have clearly:

”mmﬁw — Trace [AHA] =P—Trace[| ]:%

Concerning the term at the extreme side of the denominator we have to resort to the original
definition:

B L
f{|Z|n|2} = O-ri {f pngiTnAHHAAgiln:|+f[WI|:HAHZWIn]}
I

B L
= Jr%, {f Py z gi|-l|n ATA(AT A)TAR Agiln:| + f[W||:1_IAW|n]}

i=1

i L
= o-ri {f ppz gil-l|nAH A giln:| +f[W|;| A(AH A)_lAH Wln]}

i=1

We have:

T[w,n A(A" A)‘lAme] S f[ w! AMP I, A" wm} :MPE[WI'; A A" w,n]

We have (see (68)): f[wf: AA" Wm} =M aﬁl , SO we obtain :

[ wi AR A A, | %, PO

Mo n

Reporting all these obtained equivalent values into the former expression, we obtain:

| < 4 (69
Z((ﬂln J| J|I’1)/P+ﬂj|n) ﬂllzn

j=1

R

~
n " ~M-ow

Which can be rewritten as:

2
C - - Lﬁlln (70)
B By P+ B (1-11P) =B
j=1 j=1

Rln ~

M —o00

If P also goes to infinity, the lower bound on the achievable rate becomes:



2
IBIIn
L

> B,

j=1, j=I

Rin ®Mow € (71)



