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On the optimality of stripes in a variational model with non-local
interactions

Michael Goldman*! and Eris Runat?

'LJLL, Université Paris Diderot, CNRS, UMR 7598, France.
2Max Planck Institut fiir Mathematik in den Naturwissenschaften, Leipzig

Abstract

We study pattern formation for a variational model displaying competition between a local
term penalizing interfaces and a non-local term favoring oscillations. By means of a I'—convergence
analysis, we show that as the parameter J converges to a critical value J., the minimizers con-
verge to periodic one-dimensional stripes. A similar analysis has been previously performed by
other authors for related discrete systems. In that context, a central point is that each “angle”
comes with a strictly positive contribution to the energy. Since this is not anymore the case in
the continuous setting, we need to overcome this difficulty by slicing arguments and a rigidity
result.

1 Introduction

Motivated by recent works [I8] 19] 21] on striped patterns in Ising models with competing interac-
tions, we consider for d > 2, J,L > 0 and p > 2d the functional

= 1 - XE(z) — x|
Fio(F):=— J/ VB dHt — / dxdy | , 1
#L(E) Ld < HEN[0,L)? vl 0,0)dxrd T —y[P +1 M

where E is a [0, L)% —periodic set, ¥ is its external normal and | - |; denotes the 1-norm. As in
the discrete case, it can be shown (see Proposition B.5) that for J > J. := [pa %, the energy is
always non-negative and thus minimizers are the uniform states while for J < J,, there exists non
trivial minimizers. We are interested here in the behavior of these minimizers as J 1 J.. Building
on the computations made in [I§], it is expected that for 7 := J. — J small enough, minimizers
are periodic striped patterns. A simple computation (see (30])) shows that the optimal stripes have
width of order 7=/ (®=4=1) and energy of order —r®~4/(P=d=1) This motivates the rescaling given
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in (@) which yields stripes of width and energy of order one as 7 goes to zero. After this rescaling,
we are led to study the minimizers of

Fri(E) = - —/ v dH
’ Ld HEN[0,L)?

d
L E d—1 /
i i lGildHT = —xp(z+Q)|dz| d¢ | .
/Rd |C|P + +p/(p—d—1) [/3E0[07L)d ; |7/ ||C | 0.0y |XE(3§‘) XE(x C)| T C

1 )

Our main theorem is a I'—convergence [7] result for F; r.

Theorem 1.1. For p > 2d and L > 0, the functionals Fr  I'—converge as T goes to zero with

respect to the L'— convergence to the functional defined for sets E = ExRIL where E is L—periodic
with 4{0E N[0, L)} < 400, by

N L
ForlB) =7 | 0B} + [ o 3 1al= [ g~ xpla+ Gl dc

a [P <
xz€HEN[0,L)

and Fo 1(E) := 400 otherwise. Moreover, if E™ is such that sup, F; (ET) < 400, then up to a
relabeling of the coordinate axes, there is a subsequence which converges in L' to some set E with
E=FExR¥ and 4{0EN[0,L)} < +oo.

This theorem is a restatement of Theorem [5.Jl Using the method of reflection positivity, we can
then compute the minimizers of the limiting energy (see Theorem [6.4]).

Theorem 1.2. There exists h* > 0 (whose value is given in Lemmal[61]) such that for every L > 0,
minimizers of Fo 1, are periodic stripes of width h with

1
h—h* < —.
h-n S 5

As a direct consequence of Theorem [Tl and Theorem [[.2] we obtain the following corollary

Corollary 1.3. Let E7 be minimizers of Fr 1. Then, up to a subsequence, they converge as T goes
to zero to stripes of width h with |h — h*| < 1.

Let us notice that as pointed out in Remark [6.5] for most values of L, the minimizer of Fg r, is
unique. In this case, up to a rotation, the whole sequence E” converges.

We now give an outline of the proofs of Theorem [T and Theorem [[L2, and discuss the relations
and main differences with those in the discrete setting [19, 21]. The main ingredients in the proof
of Theorem [[T] are Lemma which permits to identify the part of the energy which penalizes
non straight boundaries, the slicing formula (2]), the crucial (but simple) estimate (7]) which leads
to the estimate (I2) of the non-local part of the energy by the local widths and gaps and then
to an estimate of the perimeter by the total energy, and finally a rigidity result (see Proposition



[M.3) which proves that in the limit, sets of finite energy must be one-dimensional. Let us point out
that this last ingredient is based on the study of a functional which is somewhat reminiscent of
integral characterizations of Sobolev spaces that have recently received a lot of attention [5, [8, 14].
This connection will be further explored in a future work. As in the proofs of [19, 21], a central
point is to estimate the cost of “angles”. However, this is where the biggest difference between
the discrete and the continuous settings appears. In fact, in the discrete one, angles are quantized
and thus carry a positive energy (see for instance [21, Lem. 2]) while in the continuous one, they
can be extremely small and give almost no contribution to the energy. Moreover, in the discrete
case, the number of “angles” gives an upper bound on the perimeter, which is again not the case
in the continuous setting. The same observations also hold for the local widths and gaps (which in
[19] 21] appear in the form of the distance between bonds facing each others). For all these reasons,
it seems difficult in our setting to estimate the contributions of the “angles” for 7 > 0. This is the
main reason why we need to pass to the limit 7 — 0. This can be compared to the striking result
of [21] where the authors were recently able to prove that for 7 small enough but positive, periodic
stripes are actually local minimizers of the discrete energy. Yet, we believe that our approach based
on slicing and on the splitting estimate (@), gives a good insight on some of the more combinatorial
proofs of [19, 21]. The proof of Theorem is based on reflection positivity [15] and does not
differ much for instance from the proofs in [16] 20]. Nevertheless, there are some subtleties coming
from the non-integrability of |z|~®~%+1) around zero. Let us finally point out that besides [I7, 20]
we are not aware of many examples where reflection positivity has been used in a continuous context.

Let us now comment on some choices we made in (Il). First, as in the discrete case, we are re-
stricting ourselves to p > 2d. This condition ensures that the energy of stripes scales differently
compared to the energy of a checkerboard (see [18]). This is reflected in the fact that for the limiting
functional, only striped patterns are admissible. Unfortunately, this leaves out the most interesting
cases d = 3 and p = 1 or p = 3, corresponding to Coulombic or Dipole interactions. Second,
we decided to work with the 1—perimeter instead of the usual Euclidean perimeter. This choice
makes the splitting and slicing arguments work better by identifying the preferred axes of periodic-
ity. The extension of this work to the classical perimeter will be the subject of further investigations.

The functional () is one of the simplest examples of a variational problem with competition be-
tween a local term penalizing interfaces and a repulsive non-local term. This competition leads to
a complex pattern formation. The closest model to (1) is certainly the sharp interface version of
the Ohta-Kawasaki functional which has been used to model diblock copolymers [28, 1T}, 23 27] or
nuclear matter [29]. Minimizers of this type of variational problems often exhibit periodicity (see
for instance [9] for some numerics). However, besides the one-dimensional situation [26] (see also
[25] BI] for an almost one-dimensional case) and the low volume fraction limit [10} 22| 24} [6] not
much is known. To the best of our knowledge, the only results available on periodicity of minimiz-
ers for intermediate volume fractions are [20] and the uniform local energy distribution [12] 2] as
well as minimality in the perimeter dominant regime [32] (1, 30} [13]. We refer to [19] 21] for more
references in particular on the discrete setting and to the review paper [4] for a discussion of the
related issue of crystallization.



The paper is organized as follows. In Section 2] we set some notation and recall basic facts about
sets of finite perimeter. In Section [8] we derive the functional F; , from (1) and prove some useful
estimates. In Section Ml we prove the rigidity result Proposition £33l Then, in Section Bl we prove
our I'—convergence result. Finally in Section [6] we study the minimizers of the limiting problem.

2 Notation

In the paper we will use the following notation. The symbols ~, >, < indicate estimates that
hold up to a global constant. For instance, f < g denotes the existence of a constant C' > 0 such
that f < Cg, f ~ g means f < gand g < f. We let (e1,---,eq) be the canonical basis of RY.
For (z,¢) € (RY)? and i € {1,...,d}, we let x + ; := = + (;e;, and then zi 1= x — z;. We will
denote by |z| the Euclidean norm of z and by |z|; := Zf 1 li| its 1—norm. For L > 0, we will
let Qp := [0,L)%. We let 0;f := 8{ -. When it is clear from the context, we will not specify the
measure of integration in the 1ntegrals We take as a convention that whenever we integrate over
(x,¢) (respectively (z,z)), the integral on the unbounded domain always concerns ¢ (respectively
z). For a k—dimensional set £ C R¥, we let |E| be its Lebesgue measure.

2.1 Sets of finite perimeter

The purpose of this section is to recall the definition of sets of finite perimeter. For a general
introduction we refer to [3]. Let us start with the one-dimensional case. We say that a L—periodic
set E C R is of finite perimeter if £ N [0,L) = UY,I; for some N € N and some disjoint intervals
I;. We then let

Per(E,[0,L)) := 2N.

By periodicity, we will often assume that £ N[0, L] = UX (s;,t;) with s; > 0 and ¢ty < L. For any
interval I, we let Per(E,I) := §{0ENI}.

We can now turn to higher dimension

Definition 2.1. A Q;—periodic set E is said to be of finite perimeter if Dxg, the distributional
derivative of xg, is a locally finite measure. For such a set, we let OF be the collection of all points
x € spt(DxE) such that the limit

im DXE(B(JJ" P))
pl0 [Dxg|(B(z,p))

Pla) = -

exists and satisfies [v¥ ()| = 1. We call v¥ the generalized outer normal to E. We then have
Dxg = —vEHITVLOF, where H™' is the (d — 1)—dimensional Hausdorff measure.

We then define

Per1<E,@L>:=/aEmQ| Bahant o) = [ S I (@) 4 o).

ENQL ;=1



As for the one-dimensional case, by periodicity we will always assume that |Dxg|(0Qr) = 0 so that
Pery(E, Q) coincides with the 1—perimeter of F in (0, L)<,

Forie {1,...,d}, ;- € [0,L)%! and E C Qp, we define the one-dimensional slices
Em; = {l‘l € [O,L) : l‘i—I-JEZJ' € E}

Note that in the above definition there is an abuse of notation as the information on the direction
of the slice is contained in the index x;. As it would be always clear from the context which is the
direction of the slicing, we hope this will not cause confusion to the reader.

Then, for every i € {1,...,d}, the following slicing formula holds (see [3| § 3.7])

/ vF| = / Per(E, 1, [0, L)). @)
SENQ, [0,1)d1 i

Let us point out that with the exception of Section [ by approximation we can always work with
polygonal sets having only horizontal and vertical edges. For these sets, both the definition of
Per; (F,Qr) and ([2) can be obtained without referring to the theory of sets of finite perimeter.

3 The functional and preliminary results

We recall that we are considering the functional

Fusl) = gz (TPens(.00) = [ Kate—plet) ~ xe)]).

LXRd

where K;(() := mpﬁ for some p > 2d. More generally, for 7 > 0, we let K.(() := W.

Notice that the functional F J,I can also be written as

Fault) = g5 (7Pen(B.0) = [ KalOlste) = xela+Q)1) ®

LXRd

The aim of this section is to give some first properties of F J,- We will in particular show that
there exists a positive constant J. such that for J > J. all minimizers of F 7,1 are trivial while for
J < J. they are not. This will lead us to study the behavior of these minimizers in term of the
parameter 7 := J. — J after suitable rescaling.

Remark 3.1. Since E is periodic,

/ Kl(:c—y)!xE(a:)—XE(y)!=/ Ky (@ — y)x(@)xe (9).
Qr xR? Qr xRd



Indeed, since |xp(z) — xp(z+ Q)| = xg(@)xe:(x + () + xp(z + ()xpe(x), it follows from @) and

/ Ky (Oxs(@)xse @+ ¢) = / K (Q) / 5@ - Oxee(®)
Qr xR Rd QrL+¢
— / K1(0) / 5@ - Oxpe (@)
Rd

L

_ / K1(C)xme (@)X (@ + €.
QL xR

We recall that for (z,¢) € (R?)?, we let z + (; == = + Ge; and G- := ( — (.

Lemma 3.2. For every QQp—periodic set E and every T > 0, it holds

[ KO~ + Ol < /Q . Zm X+ G)
il LK Z|><E —xe(r + G)xe() — xe(e+GHl (@)

Proof. We claim that for every i € {1,...,d},

d

/QLXRd K (Qlxe(@) = xpl@+ Q)| < / KA ()Y Ixs(@) = xp(@+G)l

QrxRd i=1
. / KA(O)lxe(@) — xp(@ + G)lIxe@) — xele + ). (5)
Qr xR

Summing (Bl) over ¢ and dividing by d, would then yield ({). Without loss of generality, we can
assume that ¢ = 1. By disjunction of cases, it can be seen that for every z, (,

Ixe(z) —xe(r + Q)| =Ixe() — xe(r + Q)| + [xe(@ + () — xe(@ + ()
—2lxe(®) — xp(r+Q)|Ixe(r + ) — xe(z +)]. (6)

We thus have by integration and using the periodicity of E as in Remark B.1],

| A Oe@ e+ Ol = [ K@) s )l et~ e+ ()

QLXRd

2 / K (Olxi(@) — xae + Q)llxe() — xe + )l
Qr xR

XE( +1§C) —XE (x+ZC])

Using that by the triangle inequality,

d
xe(@) — xe(@+ ) <Y

and using again periodicity of E, we get (Hl).



Remark 3.3. Using (@) recursively, one could get an equality in () by replacing the term fQLde K. (¢) 2?21 IxE(a

xe(@ + G)|Ixe(x) — xe(r + )| by a more complex one. However, for our purpose this simpler
bound is sufficient. Notice also that if E depends only on one variable, then equality holds.

For a L—periodic set E = U;cz(s;,t;) C R of finite perimeter, we let for i € 7Z,
h(t;) == h(s;) :==t; —s;  g(t;) =541 —ti  g(s:) == 8 — ti_1.
We then define for z € R, and i € Z,
n(ti, z) = min(z4, h(t;)) + min(z_, g(t;))

and

n(si,z) == min(zy, g(s;)) + min(z_, h(s;)).
For a QQr-periodic set E of finite perimeter, the functions h,,, g, and n,, are defined by slicing.
For instance, for x; € Ele such that v (z1,z{) > 0 (so that z; = t; for some 4) and ¢ € R,

Mg (21, 1) o= min((C1) 4, byt (21)) + min((C1) -, g1 (21)).

We can now prove a simple but crucial estimate
Lemma 3.4. For every L—periodic set E of finite perimeter and every z € R, it holds
L
| @) —xplatldr < 3 e, 7)
0 2€0EN[0,L)
By integration, for every T > 0, every Qr—periodic set E of finite perimeter, every ¢ € R% and

ie{l,...,d},

/ K, (O)lxs(x) — xp(z + G| < /
Qr xR4

OENQ L

W [ KOs a6, Q

Proof. Let us prove (). We consider only the case z > 0 since the case z < 0 can be treated in a
similar way. Up to a translation, we can assume that £ N[0, L) = UY,(s;,t;) for some N € N. We

then have by periodicity of E,
L N o s L N o s

| e - xp@r 2 =Y [+ [ st [ xeera+ Y [ oxee2)
0 i=1"YSi 0 tn i=2 ti—1

N t; N si
:Z/ XEC(33+Z)+Z/ XEe(z + 2).
i=1" 8 i=17ti—1

For every i € [1, N], if x € (s;,t;) and x +z € E¢, then z+ 2z > t; and thus |z —t;| < min(z, h(t;)) =
n(ti, z). Similarly, fori € [1, N—1],if ¢ € (t;—1,s;) and z+z € E, then |z —s;| < n(s;, z). Therefore,

1

L N
| et@) = xsta+ 2ide < Yonenn) +ntt ).
i=1

which proves (7). O



Proposition 3.5. For J > J. := [pa K1(Q)|¢1| and every Qp—periodic set E, fJ7L(E) > 0.

Proof. Putting Lemma, together with (&), we get

FonlB) > (J Per, (B, Q1) - Z: Lo B[ Keoms <:ci,<i>]>
> %23/% IRy RG]

1 E
= — \1[ /Kl \Cl@
L Jopng,

which proves the claim. O

Letting 7 := J. — J for J < J., it is possible (see for instance the proof of (B0) below) to compute
the energy of periodic stripes Fj, of period h to get

Frp(Ep) ~ —% +h~ =),

p—d—1)

Optimizing in h, we find that the optimal stripes have a width of order 7—/( and energy of

order —7r(P=d)/(p=d=1) Letting 8 := p — d — 1, this motivates the rescaling

vi=7%%, L= rYPL and -%J,L(E) = T(p_d)/ﬁ]:,ri(ﬁ). (9)
In these variables, the optimal stripes have W1dth of order one. From now on, when there is no
ambiguity, we will drop the hats. Let us define K fRd K- (z,€)d€. Since for z € R,
1 1 1
— — N d§ S —— - ;- (10)
2|P=dt T 1 7 =d+D/B ~ foay (|22 + [€[2)P/2 + 7978 2P~ d+T  7p—d+1)/B
we have IA(T(Z) ~ W, where we have let ¢ := p — d + 1. We then let for i € {1,...,d},
i 1 7>
2B 3o (R | [ bl [ beto) -t + 6
R OENQL QL
and
2
I (F):=— ; Ly
HE)= g | K Z () — X+ GlIxe() — xs(e+ )
Notice that () in particular implies that for every ¢ and i € {1,...,d},
[ wPlal - [ ) - xeta+ 6l 20, (1)
OENQL QL

We define also for E C R, L—periodic and of finite perimeter, the one-dimensional functionals

B~ [ R (Per B0l - | L\XE<x>—xE<x+z>\),

8



so that by Fubini,
L L(E) = _Ld/ Gl (B, )dwit.
[0,L]4~1 '

Lemma 3.6. For every QQp—periodic set E of finite perimeter, we have

fT,L<E>=$<—Per1<E,@L>+ JREC [/6 Sl - |, eete) —xste+)

ENQr =1

By Lemmal3.2, this yields

d
1 .
FrulB) 2 ~ gz Per(B.Qu) + 3_0.(B) + InulE)

Proof. By writing that J Per1(E, QL) = —7 Per1(E, QL) + Jpa K1(C) [ypng, S WEGl, we get

Fri(E) = Li <—TPGF1 (E,Qr) / Ki(¢ [/ Z v1Gl —/ Ixe(®) = XB(T + ()| ) :

OENQL =1

Making the change of variables given in (@) and letting also ¢ := 7~ /# ¢, we obtain
_ ~d/8 _

— _(p—2d)/B ~
FL(E) = ( T Pery (E, QL)

7'_2d/5 5 R R R
*fw /a Z‘V H@\—/ Xg(@) — x(@ +0)| )

EOQLZ 1
T(p_d)/ﬁ =~ o~ =~ o~ . - —~
T (~renEp+ [ K@ | [ WG+ I - | @ - xp@+ )
L 9ENQ; Q;

L

).

Before closing this section, we prove several estimates which are consequences of (7).

Lemma 3.7. Let £ C R be a L—periodic set of finite perimeter and let 5 :=p—d — 1. Then, for
every T > 0,

GL(E) 2 min(h(z) "%, 77") + min(g(z) %, 77").
’ (12)
2€dEN0,L)

As a consequence, if gidL(E) < 77t then

. in(h > gld (p)-1/8, 13
seiy " H ) 2 G ) v



For L>7>0andt € [0,L), let I;(r) := (t —/2,t +1/2). Then, for every § > /5,
Per(E, I(r)) — 1 < ro~' +6°GH (E). (14)
In particular, for r = L, after optimizing in § this implies
Per(E, [0, 1)) 1+ max(rGX4 (E), (LG, () #=). (15)

Proof. We start by proving (I2]). By (@),

= [ K.(2) (|2| Per(E,[0,L)) — L!xE(a:)—xE(w+2)!
/ < / )

/ R (12| - n(z, 2))
xEBEﬁ[OL)

Z x?'Z?

i b )

where in the last line, we have used (I0). Assume now that E = U;cz(s;,t;) and that = = s; for some
i € Z (the case x = t; can be treated analogously). Then, for g(x) > z > —h(x), |z| — n(z,z) = 0.
Therefore,

+o0o
1d > Z = g(.Z')
gT,L(E) ~ Z \/h 24 + TQ/ﬁ /(1‘) 24 + T‘]/ﬁ

z€HEN|0,L)

> Z min(h(z) ™7, 771) 4+ min(g(z) 7,771,
2€dEN(0,L)

where we have used that ¢ — 2 = 3. Estimate (I3]) follows directly from (I2]). Let us finally prove

(I4]). Let
As :={x € OEN Li(r) : min(h(x),g(x)) > d},

so that in particular 45 < 1+ Crd~! and for z € ASNOE N I(r), since § > /8,
1<6° (min(h(m)_ﬁ,T_l) + min(g(a:)_g,T_l)) .

Using (12]), we obtain

Per(E, Li(r)) —1=—-1+ > 1+ > 1

r€A;s x€ASNOENI(r)

<rot 4 Z 68 <min(h(a;)_5, 771 + min(g(x)7?, 7_1))
x€A§NOENTI(r)

Srit+67G1(E),
which proves (I4).

10



Remark 3.8. Estimate ([5) shows that for every i, the function z;- — Per(E, . ,[0,L)) is almost
in LP=9([0, L)4-1).

A simple consequence of (4] is that the perimeter and the energy are controlled by the non-local
terms.

Lemma 3.9. For every Qr—periodic set F,

d
Fro(B) 2 =14 Gh(E) + Ir.1(E) (16)
=1
and
Peri(E,Qr) S L max(1, Fr 1 (E)). (17)

Proof. Estimate (I6]) follows from integrating (I5) and Young’s inequality. Estimate (I7) then
follows by integrating (I4]) applied to r = L and 6 = 1. O

We finally give another consequence of (I4]) which resembles (I5]). Since we are going to use it only
for 7 = 0, we state it only in that case but an analogous statement holds for 7 > 0.

Lemma 3.10. For every Q—periodic set E of finite perimeter and every m € N with m > 2,
te0,L), L>r>0andi€c{l,...,d},

p—d
ot e D0 s Par(E 1) = m)| S GBS ()

Proof. Let B, (I;(r)) == {z; € [0,L)%1 : Per(E, ., I;(r)) = m} and let 2} € B,,(I;(r)). Thanks

to ([I4)), for every ¢ > 0,
m—1<ré ™ + 687Gy ().

Optimizing in §, we get m — 1 < Tﬁ/(ﬁﬂ)géi(Ex_l)l/(ﬁH), which can be equivalently written as

We can thus conclude that
. 1
Giu(B)= 33 [ GHL(EL) 2 IBall)L = 1

from which (O8] follows.

11



4 A rigidity result

In this section, we prove that in the limit 7 = 0, sets of finite energy must be stripes. For a set E
of finite perimeter, we introduce the measures

so that actually by the slicing formula [3, Th. 3.107] (see also [3, Cor. 2.29]), |Oixg| = u; for

ie{l,...,d}.
We then define for x € Qr and i € {1,...,d} the lower (d — 1)—dimensional densities

O;(x) := lirrn_>i(r)1f 7Mi(3f(1r)),

where Q,(r) := z + [~7/2,7/2)%. In particular, ©; = [vF|, H¥ ! —a.e. on OF.

Lemma 4.1. Let E be a Q— periodic set of finite perimeter and such that Z?:l gé’L(E) +
In.1(E) < +o0o. Then, for every x € Qr, and every i € {1,...,d}, ©;(z) € {0,1}.

Proof. For definiteness, we prove the assertion for ©1. Let us first show that ©; < 1. We recall
that B=p—-d—-1>d—-1.
For r > 0, let

Sy :={zf €[0,L)"! ' min min(g,. (1), hyo (x1)) > 7}
21 €0E_ i i
1

For x{ € 8¢, by [@3), r 2 Q&dL(Exll)—l/ﬁ7 that is golflL(Ele) > r~8. Integrating this, we get that

551 S Go,p(B)Lr. (19)
We claim that for Z = (71,77) € Qy,
1
©1(z) = liminf — / Per(E, ., Iz, (r))dzt, (20)
=0 g (s, pme e
1

Il
Kl

where for (z1,21) € [0, L)? and r > 0, Q%% (r) := 21 +[—r/2,7/2) " and Iy, (r) :

1
Indeed, letting as in the proof of (IX)), By, (Iz, (1)) := {zi € [0,L)4! : Per(Ele,I (1)) = m}, for
r > 0 we have

Per(E, |, I, (r))dat =

/ / Per(E,., I, (r))dxi
Q, L (nss Q, L (NNSENBS 1z, (r)) '

8

+ / Per(E, ., Iz, (r))dzt.
Q, L (INSENB2(Iz, (1) '

12



Since on the one hand, from (T3]

/ Per(E, ., I, (r)do} < 2/8%] < Gb 1 (B,
Q1 (NSENB2(Iz, (1) '

and on the other hand, thanks to (I8) and g >d—1>1,
/ Per(E, 1, Iz, (r))dey < Z m| B (Iz, (r)| < Go, 1, (B)LM7,
Q, L (INSENBS (L2, (1)) '

we get
/§ Per(E, 1, I, (r)dzt < G, (E)L%P. (21)
L (NS¢ '

From this (20) follows. Since for i € S, and I C [0, L) with |I| < r, Per(Ele,I) e {0,1}, 20)
implies that ©1 < 1.

Assume now for the sake of contradiction that there exists z € @, such that 0 < ©1(z) < 1. Let

A= {21 € Q%% (r)NSy : Per(E 1, Iz, (r)) =1} and
B = {:171l € Q%% (rns, : Per(Ele,Lgl(r)) =0}.
Then, thanks to (2II), there exists 6 > 0 such that for all 7 > 0 there exists 0 < r < 7, with
ord=t <Al < (1 —6)rdt and orit < |B| < (1 —&)ri L.

Letting
A={zteA : E,. NIz (r) = (s(x1), 71 +7/2)} and B:={z{ € B: B, NIz (r) = Iz, (1)},
we can assume without loss of generality that

ril 2 <A< (1 —6)r*™'  and 6?2 < |B| < (1-6)rtl (22)

Indeed, the case when ([22) holds with A¢ (respectively B) instead of A (respectively B) can be
similarly treated. Reducing the integral defining Iy 1,(E) to the set

{zf € A, z1 € (s(zg) — 1, s(z2)) C E;f’ x1+ (€ (s(xi),s(xi) +7) C B, and 1 + (- € B},

we can now estimate

s(zi) s(zi)—z1+r X~($J_ + CJ_)
I, (E / / / / St dGdG dan dey
—r Js(xy)—x1 Cl |<2+/d—1r ’C’
S // ml / ml —m1+r‘~’ N
e B dCldazldxl
Ldyp AJs(zd)—r Js(zi)—z1
2
> -
~ Ldrp—2d’

which using that 24P is unbounded as r goes to zero, contradicts the fact that Iy 1(E) is finite. O
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Lemma 4.2. Let E be a Qr—periodic set of finite perimeter such that 2?21 Qé’L(E) + 1y,.(E) <
+o00. Fori e {l,...,d}, if ¥ € Qp is such that ©;(Z) = 1 then ©;(% + (;*) = 1 for all ¢ € R%.

Proof. Assume for definiteness that ©1(z) = 1 and let (i € R9"! be such that ©1(z + (i) = 0.
For all 7 > 0, there exists r < 7 such that

3 4
p1(Qz(r)) > Zrd ! and Ml(QE+Ef- (r) <
Since ¢+ — ,ul(Qg-chCll (7)) is continuous (this is a consequence of zi — Per(Emf_,Ijl(T)) €
LY((0,L)471)), there exists (i~ € (0,(i") such that

(@i (1) =

Arguing exactly as in the proof of Lemma [£.1], we reach a contradiction. O

rd_l.

B~ =

We are finally in position to prove a rigidity result for sets of finite energy.

Proposition 4.3. Let E be a Qp—periodic set of finite perimeter such that Zle gaL(E)—I—Io’L(E) <

+o00. Then, E is one-dimensional i.e. up to permutation of the coordinates, E = E x Ré-1 for
some L—periodic set E.

Proof. Let us prove that there can be at most one ©; which is not identically zero. Since ©; = ||
HP 1 —a.e. on OF, this would prove the claim. By Lemma @2 if Z is such that ©;(Z) = 1 for
some i € {1,...,d}, then for every (i, ©;(% + ¢;*) = 1, which in turn implies that Z + ;- C OF .
Since E has finite perimeter (in @)1), it can contain at most a finite number of such hyperplanes.
If now @ is a cube which does not intersect any of these hyperplanes, then ©; = 0 in @) for every
i €{1,...,d} and therefore |Dxg|(Q) = 0 so that either Q C F or Q C E°. In @y, the set E is thus
made of a finite union of hyperrectangles, which constitute a checkerboard structure. Arguing as
in the last part of the proof of Lemma [£.1] we obtain that Iy 1,(E) = 400 unless this checkerboard
is one-dimensional. O

Remark 4.4. For a set E of finite perimeter it can be readily seen that Iy 1(E) finite, implies that
every blow-up of E is an hyperplane orthogonal to some coordinate axis. This in particular implies
that for H¥ 1-a.e. x € OE, v¥ = ¢; for some i € {1,...,d} (with i depending on x). However,
it does not seems to be easy to conclude from this fact that E is one dimensional. In a work in
progress, we will show that the conclusion of Proposition [{.3 actually holds without assuming that
E is of finite perimeter or that Qé’L(E) is finite.

5 The Gamma-convergence result

In this section, we prove our main result, which is the I'—convergence of F, 1 to Fo . Recall that

1 (- Per(E,[0,L)) + Qé‘i(ﬁ)) if E=E x R for some L—periodic
Fo,o(E) == set E of finite perimeter,

400 otherwise.

14



Theorem 5.1. It holds:

i) [Compactness and lower bound] Let E™ be a sequence of Q1 —periodic sets such that sup, F, ,(E7) <
+00, then up to a subsequence and a relabelling of the coordinate azes, E™ converges strongly
in L' to some one-dimensional Qp—periodic set E of finite perimeter. Moreover,

lim i(I)lf./.".r,L(ET) > .FOJ,(E). (23)
T—

ii) [Upper bound] For every set E with Fo (E) < 400, there exists a sequence E™ — E with

limsup Fr .(E™) < Fo,r(E). (24)

T—0

Proof. Let us start by proving i). Let E7 be such that sup, Fr(E7) < 1. Then, by (I7),

~

sup, Per1(E™, Q1) < 1 so that we can extract a subsequence converging in L' to some @ —periodic
set E of finite perimeter. Let us first prove that

hmigfgiL(ET)zggL(E) forie{l,....d}  and  liminf I (E7) > IoL(E). (25)
T— ’ )

T—

By (I8) and Proposition 3] this would prove that F is one-dimensional. For definiteness, let us
prove the inequality concerning g; - The proof of the related lower bound for I, ;, is similar (and

actually simpler). For 7 > 7/, since K, < K,/ and recalling (T,
6L L(E”) < Gl ().

Now, if 7 is fixed, by Fatou and (IIJ),

’

ETNQL

> g [R@ | wal- [ e -t +ol
=G, 1(B),

where we have used that for fixed (3, faEmQL [vE||¢1] — fQL IXE(x) — XE(z + (1)| is lower semicon-

liminf G! , (E7') > S / K, (¢1) lim inf /
7'—=0 ’ Ld R )

7'—=0

W~ /Q X (&) = X o+ <1>|]

tinuous with respect to L' convergence. Finally, using again (1)) and the monotone convergence
theorem, we have
liminf Gy, (E™) > lim G [ (E) = Gy 1 (E),
7'—0 ’ T—=0 ’

which proves (25). From this point, in order to show the lower bound (23], we are left to check
that
lim i(I)lf —Per1(E",Qr) > —Per1(F,Qr).
T—

This is not straightforward since we have a minus sign in front of the perimeter. By slicing it is
enough to prove that for i € {1,...,d},

lim inf—/ Per(E7,,[0,L)) > —/ Per(E,.,[0,L)). (26)
7—0 [07L)d71 [ [07L)d71 v
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Thanks to (I8), for a.e. z; € [0, L)% 1, Qi’dL(E;L) is bounded (by a constant depending on ).
Therefore, by (3],
2, (A (20, 0 () 2 oy,

for some constant c¢,. > 0. This implies that the L' convergence of E”, to E . improves to

Hausdorff convergence of the boundaries (by choosing opportune representatives in the L' class)
and in particular, since E7, C R, that for 7 small enough, Per(E7 ,[0,L)) = Per(E,.,[0,L)).

Letting

frlat) = Per(E7.,10,L))  and  fa)) = Per(E,.,[0,L)),
we have just proven that f,(z;) converges to f(z;i) for a.e. z;. Notice that since E is one
dimensional, f is actually constant. Let A > 0 be larger than f. Then, the functions f} :=
min(A, f-) still converge almost everywhere to f. Being bounded, we can apply the dominated
convergence theorem to f2. We thus have

liminf—/ fr= liminf—/ 2 +/ 2= f
7—0 [0,L)d—1 70 [0,L)d—1 [0,L)d—1
> lim inf — / 2 —lim Sup/ fr (27)
70 Jlo,nyd-t =0 J{f->N)

= —/ f— limsup/ fre
[0,L)4—1 =0 J{fr>A}

Let us now estimate |{f; > A}|. By (I3,

Wﬂ>W§/

{f=>X}

fosTbig et [ g m et )

Using then Hélder’s inequality and the bound sup, Fr (E7) < 1, we ge

1/(p—d)
AM{fr > A S rLf+ 2247 ( / gii(Ex_L)) STLY+ L2 g L
[0,L)d-1 ¢

This leads to
2d—1

P
Lapplying Holder’s inequality to f{fT>/\}(Lgl,dL(Ezg_))l/(pfd) instead, one could get a better decay rate for {f- >
A}

> a <t
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Arguing as in (28)), and using Hoélder’s inequality again, we obtain,

/ fT 5 TLdg;L(ET) —I-Ld/ (Lgl’d ( ))1/(17 d)
{fr>A} {f+>A} v

/(p—d)
SLY 7+ [{fr > Ay e LD ( / gifi(Em.L))
[0 '

1,2(d-1)
<r1d -
S L <T+)\(P—d—1)/(17—d) :

Thanks to (27), we conclude that

L3d—2
lim inf — > g B —
E= ) /[(J,L)d1 fr= /[O,L)‘“ I e

Letting finally A — +o00, we obtain (20).

We can now turn to the proof of (Iﬂl) Let E be such that Fy L( ) < 4o00. Without loss of
generality, we can assume that £ = E x R for some L— periodic set E of finite perimeter. Since E
is of finite perimeter, we have tha@

¢ := min min(h(z), g(x)) > 0.
x€0F

Arguing as in the proof of (I2), we see that
Lo~ R R L
LB = [ R (Per(B 0. L)1 = [ xglo) = xplo+ )
z|>co

Since Ky is integrable in {|z| > ¢y}, by the dominated convergence theorem,

~

lim G (E) = G5, (E),

so that we can use E = E x R itself as a recovery sequence. O

6 Minimizers of the one-dimensional problem

In this section, we prove that minimizers of Fy r are periodic stripes of period essentially not
depending on L. For a set E with Fq (E) < 400, we identify by a slight abuse of notation, the
set I/ and corresponding one-dimensional set E. That is for a L—periodic set F of finite perimeter,
we consider

FoulB) = 1 (~Per( 0.0+ €, [ [perm 0.0k = [ nto) —xnte 2] ) (29

r |27

2In fact by (I3), we can even get a quantitative estimate of ¢y in term of the energy.
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where ¢ := p—d+1 > d+ 1 and where we have used that for z € R, Ko(z) = C, 7|12| 77 for some
constant C; > 0. Since E is of finite perimeter, we can write it as E = Ujez(s;,t;). As usually, we
can assume that £ N [0, L) = UY (s;,t;) for some N € N, s; > 0 and tx < L.

For h > 0, let Ej := Ugez[(2k)h, (2k 4+ 1)h]. Then, we define
eoo(h) = fO’Qh(Eh) = lim .F07L(Eh).
L—+00

We can now compute

Lemma 6.1. Letting

. 4AC,(1 —27(@3)
Cai= (¢—2)(¢—1) qu 2’

for every h > 0, it holds
eaolh) = —7 + Cgh ™07, (30)

Therefore, h* := ((¢ — 1)C,)~"/@=2) is the unique (positive) minimizer of e (h).

Proof. Since the contribution of the perimeter to the energy is clear, we just need to compute the
non-local interaction. Denote by

A= [ PertEno20)al - [ " e (z) - e, @+ 2]

We start by noting that

A= [ (= [men)+ [ 22 (- [ xmte+s)
/R’Z\ < /o R |2] h

1 . 1 .
= [ (1= [ ) = [ 5 (=[x 0),

where we have first made the change of variables = y + h and used that x 4+ z € E}, is equivalent
to y + z € Ej5, and then, for z < 0, we have let 2’ = —s and 2’ = h — z (so that if z + z € Ef, also
z' + 7 € Ef). Hence, we want to show that

/w Z—lq <z—/0hXEz(x+z)> = ?;1__22 ITE= qu - . (31)

Since in RY, xge = X{o,n)e = D=1 X[(2k)h, (2k+1)h]

/R+ 274 <z—/0hXE;§(a:+z)> = /[R+ z74 (z—/ohx[oﬁ}c(a:—i-z))

h
2 / L2 /0 X[(2k)h, 2k 1)0] (T + 2).

k>1
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The first term on the right-hand side can be computed as

/]R+ 274 (z— /Ohx[oﬁ]c(:n—l-z)) = /h+0<> 279z —h)= %,

while for the second term we can use that for £ > 1,

(2k+1)h  rh d.ﬁl’dy
/R+Zq/ X[(2k)h, (2k+1)h) (T + 2) = / /

B h (4=2) 1 1 2
S (@-2)(g-1) ((% “heE @k e (2k)q‘2> '

Putting this together, we get

1 h h—(a—2) . 1 2
La( [ xeme) - oms | S me e mee

k>1
Since 1 ! 5
21 -2 NN o =14+ - —, (32)
= ka—2 k>1 (2k — (21<: + 1)~ (2k)4
this concludes the proof of (B1I]). O

Remark 6.2. The sum ), k=(9=2) s finite since ¢ > d + 1 > 3. Notice that actually, the sum
in the right-hand side of ([B2) is finite for every q > 1. Therefore, the energy of periodic stripes is
finite for every q > 1 i.e. forp>d.

The main estimate of this section is the following chessboard estimate:
Lemma 6.3. For every L—periodic set E of finite perimeter, it holds

FouB)2 50 3 h)es(h(e)) + gle)es (o)) (33

2€AEN[0,L)

The proof of Lemma will occupy the rest of this section. Before turning to its proof, let us state
its main consequence

Theorem 6.4. For every L > 0, the minimizers of Fo 1, are periodic stripes Ly, for some h > 0
satisfying

h=h 5 (34)

hIH

Moreover, for L € 2h*N, Ep« is the unique minimizer.

Proof. Let us first prove the last claim. Let L > 0 and let E be any L periodic set then by (B3],
and the minimality of A* for ey,

FolB)> 5 Y hwlen(hie)) + a@enlo@) > 0D ST h@) 4 g(e) = et

z€HEN[0,L) z€HEN[0,L)

(35)
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For L € 2h*N, Ej« is admissible thus we have equalities in ([B5) for minimizers of Fo 1. Since h* is
the unique minimizer of ey (h), this implies that h(x) = g(z) = h* for every = € OF, proving the
claim.

If now L is arbitrary, using the first inequality in ([B8) and (B0), we get

1—
LFo(E) > —Per(E,[0,L)) + §C’q Z h(x)_(q_2) 4 g(x)_(q_g)‘
©€dEN[0,L)

If Per(E, [0, L)) = 2N is fixed, then, from the supperadditivity of z—(1=2),

ST I L\
min hy 7 g = AN <—> ,
Z?ivl hi+g;=2L ZZ:; g 2N

and the minimum is attained only at h; = g; = % Since E L is admissible and satisfies
o L\ (@2
L.F(lL(E%) - —2N + 2CqN <W> 5

we obtain as before that every minimizer has to be equal to E 1 for some N € N. Letting 2N* := %,
2N

we see that the function z — —x + EqL_(q_qu_l is minimized at x = 2N*. This implies that
letting h* := L(2[L/(2h*)])~! and h_ := L(2|L/(2h*)])~!, the only possible minimizers of Fy f,
are Ej+. Since |h* — h*| < L1, this concludes the proof of (34)).

O

Remark 6.5. From the proof of (B4), it is not hard to see that for most values of L, the minimizer
of Fo,r. 15 actually unique and equal to Ep+ or Ej—.

We now turn to the proof of ([B3]). The idea is, as in [19] 20], to use the method of reflection

positivity. As in these papers, the main point is to prove it for the non-local part of the energy.

However, we face here the technical difficulty that the kernel |s|~7 is not integrable around zero
and thus we cannot directly split the integral in (29)) into two pieces. Let us start by recalling that
thanks to (I3]), this integral is actually less singular than it appears.

Lemma 6.6. There exists co(L) > 0 such that every minimizer E of Fy 1, satisfies mingepp min(h(x), g(z))

co(L). For such sets, it holds

X{Jz[>c0} (T — ¥)
0,L] xR |z — yl?

For(E) = % ((—1 + %) Per(E, [0,L)) — C,

e (36)
36

Proof. The claim follows by combining (I3]) with (I6]) and the fact that for a minimizer E, Fy 1,(E) <
0. O

20

Ixe(z) — XE(y)Id:Edy> :

>



Remark 6.7. By working a bit harder, it can be proven that actually the constant cy does not
depend on L. Of course, this also follows a posteriori from Theorem [6.4)

Since L is fixed, we will not explicit anymore the dependence on L of ¢y. We can now proceed as
usually when using reflection positivity, and use the Laplace transform.

Lemma 6.8. Let p > 0 be such that f0+oo p=1 and let

ad—?
Peo(t) = <—1 + #) pla) + 2C13T (a_l(l — em0) Coe—aco) 7

where T is Euler’s Gamma function. Then, for every E with mingecpp min(h(z), g(x)) > co,

+0oo 1 C ad q—1 e
Fo,.(E) =/ — | Peo(@) Per(E, [0, L)) — / xe(r) — xe@)le ¥ ) da.  (37)
o L L(q) Jp,xr
Proof. Since for s >0, s79 = ﬁ f0+°° a?71e™®% we have
[ MBI ) )
0,L] xR |z — yl?
1

400
= — Oéq—l/ X{lzI>e r—y)xex) — xely e—a‘x—y‘da‘
F(q)/o oz A2 3 (@ = y)xe() — xe(y)l

Now, for fixed o > 0,
/ X{Jz|ze0} (@ = Y)xE(x) — xE(y)le Y = / Ixe(z) — XE(y)le "
[0,L]xR [0,L]xR

B / X{|Z|<co} (x - y)‘XE(.Z') — XE(y)‘e_a‘x—y"
[0,L]xR

Since mingepp(min A(x), min g(x)) > ¢, we have

_ e—ale=yl — / _ylemelevlg
X{|z|<co}\ T — Y)IXE\X yle Y
/[OL]XR {J21<co} ( )Ixe(r) = xe(y) > . |

z€OF y\<co
co
= 2Per(E, |0, L))/ ze” ¥
0

=2a7" (a1 (1 — e7%) — cye” ) Per(E, [0, L)).

Putting all this together, we get

X{lz|>e ($ _y)
/ Uetzel T Z9)) ) ()]
[0,L] xR

|z — yla

“+oo aq—l
:/0 (g) [/[OL]XRIXE(w)—XE(y)Ie‘”‘y — 207" (a7 (1 = e70%) — ¢oe™ ) Per(E, [0, L)) | da.

Plugging this into (36) yields (B1). O
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Remark 6.9. Notice that in [B1), we cannot split the integral in two since each of the term is
separately not integrable.

For a,, h > 0, let

1 [ 1
1 _ —ale—y| _ 1 1 _ —alz—y|
ea,c0(h) : o |, /[R IXE, () — XEB, (¥)|e Jlim —— /[0 ’L}XR\XE;L(HJ) XE, (y)le :

Up to noticing that in (33)), the interfacial terms are the same on both sides, thanks to (B7) and
integration in «, Lemma is proven provided we can show

Lemma 6.10. For every a > 0 and every L—periodic set Eﬁ,

=] @) - xele  dndy = 5 Y he)enns(h(e) + gle)en(gla)). (39)
[0,L]xR £€dEN[0,L)

Proof. Since « is fixed, in order to lighten notation, we will assume that o = 1.

As pointed out in [16, Ap. A], periodic boundary conditions are not well suited for the application of
reflection positivity. We will thus prove a statement similar to (38)) under free boundary conditions.
For this, we notice that since the kernel e~ l*l is integrable and since E is periodic,

. 1 e
= e~ el dady = lim -~ xe(@) — xp()le =,
[0,L]xR k—+oo K JiorL)x[0,kL]
We are thus left to prove that for every set E C [0, L) of finite perimeter,
oyl > 1
oo IXe(z) — XxEB(Y)le 23 D h(@)eroo(h(2)) + g(x)e1,00(9(2))- (39)
El xEé)E

In order to prove ([B9) we need to introduce some further notation. For L, Ly > 0, and two sets
FE| C [O,Ll), FEy C (Ll,Ll + Lg), we let L := L1 + Lo, (El,Eg) = F; U Ey and

J (B, Eo) = —/ IX(B1,E) (T) — X(El,Eg)(y)|e_‘x_y"
[0,L]%[0,L]
We then define the set (Eq,0FE) in [0,2L1] by

@) i XE, () for z € [0, L]
X(E1,0E1) : 1— XE, (2L1 _ g;) for x € (Ll, 2L1].

Letting Ly = L — L1, we similarly define, (0 E2, E2) as a subset of [L1 — La, L] by

{XEQ(I') for x € [Ly, L]

xX) =
X(9E27E2)( ) 1— XE2(2L1 —x) forx € (L1 — Lo, L4].

*Notice that here since « is fixed, we do not need to assume that mingz min(h(z), g(z)) > co
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The key estimate is
1
J (B, Bs) 2 5 (T (B, 0E1) + T (OEs, En)) - (40)
Once ({0 is established, ([89) follows by multiple reflections. We refer the reader to [20, Lem. A.1]

or to [16, Ap. A] for instance for a proof of this fact.
Let us prove ([{0). We start by computing 7 (E, E2). By definition,

TEE) =~ [ @ - xm et - [

X (x) — X, ()] €71V
[Ole}z [leLP

9 / e (%) — o, (9) e,
[0,L1]%x[L1,L]

Using that |x g, (¥) — X8, (Y)| = x&: (€)X E5 (Y) +XE; (2)XE, (y) and that for z € [0, L1] and y € [Ly, L],
|z —y| = y — =, we obtain

TEE) == [ o) — s e - [

[Ole}z [leL}

L1 L Ly L
-2 (/ XE16m> (/ XE§€_y> -2 (/ XEf€x> </ XEQe_y> :
0 Ly 0 Ly

Using the definition of (Eq,0F;), we compute similarly

J(E1,0E,) = —/

[Ole}z

X (@) = xm ()l

IXE (%) — X, (y)]e 717 — / o5, (%) = X(omy) (y)|e™ 7Y
[L1,2L1]
-2 / (xE ()X 08 (V) + XE:(2)X0E, (¥))e" ™Y
[0,L1]><[L172L1]
——2 @) - xa @l
0,L1]2
-2 / (xEy (®)xE, (201 — y) + XEe(2)X B (201 — y))e ™Y
[0,L1]><[L172L1]

I Ll Ll 2
== 2/ X5 (%) = X ()] — 26720 </ XE1em> + (/ XEf€m> .
[0,L1]2 0 0

Analogously, we get

L 2 L 2
J(0Ey, Ey) = —2 / XEs () — X (y)]e 1274 — 2620 [( / XE) +< / xEse‘x) ]
[L1,L)2 L1 L,

This concludes the proof of (40) since
Ly 2 L1 2
+e2h </ XE1€x> + (/ XEfex> >
0 0

L 2 L 2
() ()
Ly L1
L1 L L1 L
() ) o[ )
0 Ly 0 Ly

O

2
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