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Effect of nonlinear wave collapse on line shapes in a plasma
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PACS 52.35.Mw — Nonlinear phenomena : waves, wave propagation, and other interactions

Abstract — The nonlinear interaction of waves can change the structural and radiative properties of
plasmas. We describe the main features of a fully ionized unmagnetized plasma affected by strong
Langmuir turbulence characterized by nonlinear wave collapse, and propose a simple model for
evaluating the changes expected on a hydrogen line shape affected by such conditions. Our model is
based on a stochastic renewal model using an exponential waiting time distribution and a half-normal
probability density function for the electric field magnitude of the turbulent wave packet. The first
results obtained with a simulation calculation of the hydrogen L, line show that strong Langmuir
turbulence can provide an additional broadening to a Stark profile.

Introduction. — The influence of collective electric fields on
a line shape emitted in a plasma has been studied for several
decades in different types of plasmas [1,2,3]. Most of the
collective fields considered were described by linear waves,
e.g. the electronic Langmuir plane wave oscillating at the
plasma frequency. The observed spectroscopic effects were
the formation of satellites or dips, and changes in the overall
shape of the line. In this work, we consider in an unmag-
netized plasma the nonlinear coupling of Langmuir waves
with ion sound and electromagnetic waves. In such conditions,
the density fluctuations associated with ion sound waves affect
the Langmuir waves, refracting them in regions of low densi-
ty. Coherent plasma wave packets localize in such regions,
and evolve to shorter scales and higher intensities [4]. Compu-
ter simulations reveal the existence of a wave packet cycle
with a collapse arrested by dissipation, and of a nucleation
mechanism allowing the creation of a new wave packet. If
energy is supplied from an external source, localized wave
packets may be created at a high rate, and the plasma will
contain many of those coexisting wave packets. We consider
in the following the effect of the presence of such collapsing
wave packets on the line radiation emitted by an atom in the
plasma. Interesting applications for this study concern plasmas
in interaction with an energetic beam of particles. For example
in astrophysical contexts, active galactic nuclei [5], or pulsar
radio sources [6]. Relevant laboratory plasmas are laser plas-
mas [7], radio experiments [8], or possibly also magnetic
fusion plasmas, since such plasmas can be affected by energe-
tic beams of runaway electrons [9]. The paper is organized as
follows. In the next section, we make a short review of the
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main characteristics of strong Langmuir turbulence and
present the wave packet cycle. The third section presents a
stochastic model adapted for line broadening calculations in
such conditions, and the last section is a discussion of the first
calculations on the hydrogen L, line (transition from n=2 to
n=1, where n is the principal quantum number).

Strong Langmuir turbulence and the wave packet cycle. —
We consider electron, ion and electromagnetic waves in a
fully ionized unmagnetized plasma submitted to an external
source of energy, such as a beam of energetic charged
particles. This source of external energy may be coupled to
the plasma waves, thus increasing their intensity, and allowing
the start of nonlinear processes such as wave-wave
interactions [10]. Langmuir waves then couple with ion sound
and electromagnetic waves and we enter in the domain of
strong Langmuir turbulence and nonlinear wave collapse. A
nonlinear plasma has a refractive index that depends on the
intensity of waves present. The reason for this is found if we
consider the nonlinear ponderomotive force per unit volume:

Fy,= ——V ’ (€9

where E is the magnitude of the electric field of the wave
oscillating at frequency w, and brackets denote a time
average. The electronic plasma frequency is defined by
w, = /N.e?/me,, with N, the electronic density, m and e the
electron mass and charge, and g, the permittivity of free
space. This force acts in a direction opposed to the gradient of
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the field. Due to this action, a coherent and intense Langmuir
wave packet moves a part of the plasma out of the region of
maximum field value. At the location of the wave packet, one
observes a plasma density depression, and an increase of the
refractive index. A localized wave packet refracts in these
regions of low density, further increasing its intensity, and
thus expelling even more plasma. The nonlinear dynamics for
this process is well described by the Zhakarov equations [11].
The first Zhakarov equation describes how density
fluctuations modify and amplify Langmuir wave packets, and
the second one takes account of the effect of intense waves on
the density fluctuations. The study of these equations, together
with numerical simulations, has revealed the complex
dynamics of wave packets in cases where the ratio W of the
wave energy density to the plasma energy density is not small.
This ratio W is given by:

goEf

W=———,
4N kT,

(2)

where E_ is the magnitude of the turbulent Langmuir field, kg
the Boltzmann constant, and T, the electron temperature.

Strong turbulence conditions have been found above a
threshold for W depending on the plasma conditions.
Zhakarov equations in one-dimension reduce to the nonlinear
Schrodinger equation in the adiabatic limit, for which density
fluctuations are changing slowly. This equation has been
useful for understanding the qualitative features of turbulent
wave packets. The same equation has been used in hydrody-
namics and optics for analysing the behavior of rogue waves
[12]. Stable soliton solutions have been found in plasmas,
with a localized and oscillating electric field modulated by a
Gaussian or Lorentzian envelope [13]. We will use in the
following such a modulated wave packet as a basic piece for
building our model for a line shape emitted in a plasma sub-
mitted to strong Langmuir turbulence.

Using more realistic 2D and 3D computer simulations,
solitons lose their stability, and the medium exhibits numerous
localized wave packets, each one undergoing a whole cycle
with an average duration which scales as the inverse of the
average of W [4]. Best fits to 3D numerical simulations
predict a characteristic time T between collapses such as
[14,15]:

T ~ 40 (W) lw,?, 3)

where the brakets denote an average value of W. For the
following calculations, we consider, as observed in
experiments [4], that W can reach values of the order of one,
and we will use a characteristic time between collapses in the
range 30-50 times the inverse electronic plasma frequency.
The cycle starts most frequently by a nucleation mechanism
due to the presence of wave packets trapped as standing
waves in density depressions with a high refractive index. If
the wave packet accumulates enough energy from the
background turbulence or from the external source of energy,
the intensity of the wave increases and spatially narrows. This
phase is the wave collapse, during which the amplitude of the
wave electric field can reach values several hundred times
larger than the background plasma microfield, according to

eq. (2) written for values of W of the order of one. The arrest
of wave collapse follows, and is mainly due to transit-time
damping [14]. Finally, the wave energy is rapidly dissipated,
and a renucleation takes place, allowing the start a new wave
packet cycle. In strong turbulence conditions, many localized
wave packets coexist, together with propagating waves. It is
possible by coupling these two components to estimate the
number density of collapse sites. The mean interpacket
separation has been found to be about 2 to 3 times of the
packet length scale at the start of collapse (close packing
assumption) [4].

A model for the effects of wave collapse on a radiating
emitter. —

We propose a simple statistical model to investigate the
effect of multiple collapsing wave packets on a line shape
emitted by an atom in a strongly turbulent plasma. We assume
that the measurement time of the spectrometer is much larger
than the characteristic times of Langmuir wave oscillations
and collapse. We will also consider that the line formation
depth is large compared to the spatial scale of the collapsing
wave packets, a condition which is similar to what is assumed
in the micro-turbulent case in astrophysics [16]. Observed
along a line of sight in optically thin conditions, many atoms
contribute, and the spectral line appears as an average over the
statistical properties of the turbulent Langmuir field. We
propose to use a stochastic renewal process for modeling the
effects of such a turbulent field. The Langmuir electric field
applied on a single emitter is a sequence of oscillating fields

with a phase ¢; and duration g, each field E‘J having a different
direction and magnitude:

\

E1 COS(th + ‘pl) S1(0), 0<t<ty
2 EZ Cos(a)pt + 4’2)52(17), LSt ¢
Ew= : : )
Ej cos(wpt + @) S;(©), tj-1 S.t =

The function S; modulates the amplitude of the field during
the time interval 4, with an adjustable time width of the enve-
lope function. In the following, we modulate each plane wave
with a Lorentzian shaped envelope S; centered in the time
interval 5, and with a peak value equal to 1. The time width at
half maximum AT, of the envelope can be changed in the time
interval . If the ratio AT,/ is large, we recover the plane
wave model used in the linear regime. We study in the next
section the effect of the shape of the envelope. Numerical
simulations of wave packet collapse are a guide for choosing

this shape in different plasma conditions [4]. With this model
of modulated wave packet, we try to reproduce at the emitter’s
location the effect of a wave packet cycle, from the time of
nucleation at the beginning of the time interval, to the final
dissipation time, going through the maximum field magnitude
value supposed to be attained at the middle of the time inter-
val. The sequence of wave packets represented by eq. (4) is a
modeling of the emitter’s perturbation by successive wave
packet cycles. We assume that each emitter is always per-
turbed by a nearby wave packet which is renewed at the end
of each cycle, using the fact that the wave packets are close



packed [4]. The renewal process requires a waiting time
distribution (WTD) for sampling the wave packet durations z.
We have used a simple exponential law v exp(-vt), with vthe
jumping frequency chosen as the inverse of the characteristic
time T between wave packet collapses. For each change of the
field, the phase and direction are randomly distributed, and we
need to prescribe a probability density function (PDF) for the
magnitude value |E;|of the turbulent Langmuir field. PDFs of
electric field strengths have been studied and measured in the
case of electron-beam experiments. For ratios W of the order
of one, a Gaussian distribution of the electric field strengths
has been measured [17], and is also predicted theoretically for
the highest fields [15]. In the following, we have used a half-
normal distribution for the reduced electric field magnitude
F=E/E,, with the Holtsmark microfield E, defined by
Eg=e/(4ngry?), where the average interparticle distance ry is
given by (4/3)nre®N,=1. The PDF P(F) can be written in
function of the standard deviation o of F:

V2 F?
P(F)=a—ﬁexp<—ﬁ> (5)

For this PDF, the standard deviation o is related to the
average magnitude E;of the turbulent Langmuir field by the
relation o = Jn—/z E;/E,. We have also made some
calculations using a log-normal PDF with the same average
field, without changing significantly the results described in
the results section. Log-normal PDF have been measured e.g.
for the fluctuation of density in tokamak plasmas [18,19].

—
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Fig. 1: Piece of history of one electric field component obtai-
ned by our model for a Lorentzian envelope function with a
time width taken to 20 % of each time interval between two
successive jumps (time in units of the inverse plasma fre-

quency).

Figure 1 presents, in units of the inverse plasma frequency, a
piece of the history of one electric field component obtained
by our model. The electric field with magnitude E; has been
generated along a half-normal PDF with an average value E_
equal to hundred times the Holtsmark field, and the
component plotted is modulated by a Lorentzian envelope

with a time width taken as 20 % of each time interval . For a
temperature of 2.8x10* K, and a density of 10 m?, the
jumping frequency has been taken equal to a)p/SO. In
accordance with eq. (4) and the WTD, the electric field vector
and phase are renewed for each new time interval. The fast
oscillation seen on fig. 1 is at the plasma frequency, and the
number of oscillations in each wave packet is sampled by the
WTD.

Our model uses such electric field histories to obtain the
dipole autocorrelation function (DAF) and the line shape of an
emitting atom. Using a dipolar approximation, the time
dependent interaction potential between the atom and an
electric field E is written as V(t) =— D.E(t), where D is the
atomic dipole operator. The atomic DAF C(t) is given by [20]:

C(t) = Tr(D U*(t)DU(t)p), (6)

where the trace is over the atomic states, U(t) is the atomic
evolution operator, o the density matrix, and the angle
brackets imply an average over all the realizations of the
turbulent Langmuir field. The evolution operator is obtained
by solving the Schrddinger equation for a Hamiltonian H,
+V(t), with Hy the unperturbed atomic Hamiltonian. It is
actually more convenient to use a time evolution operator
U(t) in the interaction representation, using the relation
U(t) = exp(iHy/h)U(t). This operator obeys the
Schrédinger equation:

au(e)
dt

ih = V'(®)U(b), @)
where V(1) is the interaction representation of V(t). Using the
electric field history given by eq. (4) we have solved
numerically eq. (7) using an implicit scheme algorithm with a
good compromise between accuracy and computing time [21]:

U(t+dt)=[1—dtv(t+dt)] [ ©

+dt —] U). (8)

The DAF is obtained after an average over a large number
(10%) of independent electric field histories. A discussion of
this time dependent function provides specific information on
the dynamics of the perturbation [22]. The sampling of the
stochastic variables is done on the computer with
pseudorandom number algorithms, associated to numerical
techniques such as transformation or rejection methods [23].
This simulation of the stochastic process is flexible, and well
suited to the study of strong Langmuir turbulence. Such
computer simulations have been used for more than 3 decades
for obtaining accurate line shape calculations, but up to now
mostly in equilibrium plasmas conditions [24,25,26].

The calculations presented in the following concern only the
hydrogen L, line, neglecting fine structure in order to obtain a
fast numerical evaluation. Using the spherical quantum
numbers n,I,m, the subspace for principal quantum number n
contains 4 states, and the matrix representation of the quantum
operators are 4x4 matrices.
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Fig. 2: (Color on-line) Dipole autocorrelation functions (DAF)
for L,, submitted to strong Langmuir turbulence calculated for
a jumping frequency 1=w,/50, and an average field E =100
E,, in a plasma with a density N.= 10'® m™ and temperature
T.= 2.8x10* K. We have plotted the DAF for four different
shapes of the envelope (Time in @s™ units)
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Fig. 3: (Color on-line) Same as fig. 2 for narrower shapes of
the Lorentzian envelope.

Results. —

Most of the calculations of hydrogen L, DAF and line shape
have been performed for a plasma temperature T.= 2.8x10* K,
and a density N,= 10 m. For such conditions the plasma
exhibits most properties of a fully ionized plasma, and still
contains numerous neutral atoms emitting hydrogen lines.
Although being mainly studied for high density plasmas,
detailed Stark line shapes are also needed for low density
plasmas, since they enter in the modeling of radiative transfer
together with Doppler broadening [27]. The numerical
integration of the Schrédinger equation has been performed
using a time step equal to 10°° times the inverse of the average
Stark shift ws. This frequency is defined by os=DEy/A, where
D=3ea, for the substates n=2, and a, is the Bohr radius. We
present in figs. 2-5 the DAF for L, subject to the single effect
of the field defined by eq. (4), and calculated for a jumping
frequency 1=a,/50, and an average field E, =100 E,. These
values have been chosen using egs. (2-3), and correspond to
an average value of W equal to 0.8.

DAF Lyman a
N_=10"®m™ Wave packet shape
T=2.8x10"K Tya
v=0,/50 ot
11 = ’
b E=100E, — Plane wave

0 T T T
0 1 2 : 3 4
Time (o, )

Dipole autocorrelation function

Fig. 4: (Color on-line) Same as fig. 2 for short times and three
shapes of the Lorentzian envelope.
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Fig. 5: (Color on-line) Same as fig. 3 for short times and three
shapes of the Lorentzian envelope.

We have plotted in figs. 2-3 four different DAF corresponding
to different envelope shapes, which are governed by the ratio,
expressed in percentages, of the Lorentzian time width A7; to
the time interval 7 between two successive steps. In fig. 2 the
DAF with the strongest damping, corresponding to the
broadest line shape, is obtained for plane waves (solid line),
which is the case of infinite value for the ratio A47;/z. For
values of this ratio larger than or of the order of 200 %, we
observe that the decay of the DAF is similar to what is
observed for plane waves. For ratios varying from 100 %
(dashed line), to 70% (dotted line), and to 40 % (dash-dotted
line), the decay is regularly reduced by a factor 2.5, if we
examine the DAF at the exponential decay time. For values of
the ratio between 50 % and 40 %, the decay is almost
unchanged, announcing a change of behavior. For the same
conditions, but different shapes of the wave packet, we have
plotted in fig. 3 the DAF for four decreasing values of the
ratio A7; /. As this ratio is decreased, from 40 % (dash-dotted
line) to 20 % (dotted line), and 10 % (dashed line), the decay
is now increased, contrary to what is observed in fig. 2. For
values of the ratio smaller than 5 %, corresponding to an



envelope of the electric field appearing as a well isolated
wave packet in each step of the renewal process, the DAF
converges to a limit close to the DAF calculated for a ratio of
2 % (solid line). In this limit each wave packet contributes in
an additive manner to the decay of DAF (impact limit for the
field with the chosen PDF and WTD).

The response of the DAF to the plasma frequency oscillation
is visible in fig. 4, which shows its short time behavior. The
oscillations seen are in phase with the plasma frequency, and
have a maximum amplitude and duration for the plane wave
case (solid line). For aratio A7;/zequal to 100 % (dotted line)
and 40 % (dashed line), one observes a regular decrease of the
amplitude and duration of the oscillation as the width of the
Lorentzian envelope is reduced. In fig. 5, it can be seen that
the oscillations are reduced for a ratio of 20 % (dashed line),
and that for smaller ratios the DAF converge to its limit plot-
ted here for a ratio of 2 % (solid line). For the wave packet
shapes presented in Figs. 3 and 5, the DAF obtained with the
narrowest Lorentzian envelopes are the least damped for early
times, and the most damped for late times. This is consistent
with a broadening by separated wave packets as for impact
broadening. Several studies on the shape of a collapsing wave
have been performed using Zhakarov equations or numerical
simulations [4,28,29], suggesting that the wave packets are
well separated in time during the wave packet cycle. Using the
results of three dimensional collapsing wave packets, calcu-
lated numerically using the nonlinear Schrédinger equation
[29], we have chosen a ratio AT, /t equal to 20 % in our line
shape calculations. In accordance with our study presented in
figs. 2-5, this value minimizes the damping effect on the DAF,
and thus also the broadening effect of Langmuir turbulence on
the line shape.

The line shape is obtained by a numerical Fourier transform,
and is first calculated for the single effect of strong Langmuir
turbulence. This pure Langmuir line shape may also be con-
volved with an equilibrium Stark broadening line shape,
leading to a full profile which would be emitted in a plasma
containing a large number of collapsing wave packets [14].
Our model assumes that the two broadening mechanisms are
independent, and that it is possible to neglect the effect of
density fluctuations on the Stark profile. Such turbulent fluc-
tuations are known to affect Stark profile in inhomogeneous

plasmas submitted to unstable drift waves [16,30].

For the same plasma conditions already studied, and the
same jumping frequency v=m,/50, and field E =100 E,, we
present in fig. 6 three different L, line profiles. We have
plotted the profiles using alpha units defined by the reduced
wavelength a=AA/E,, expressed in angstrom per cgs field
strength units as in standard line shape tables [20,31]. The
width of the line which is only affected by strong Langmuir
turbulence (dotted line) is only 25 % narrower than the Stark
profile. Compared to the latter, the width of the full profile
(solid line) obtained by the convolution is almost 80 % wider.
In fig. 7 we apply our model to a denser plasma with N,= 10%
m*, keeping a temperature T.= 2.8x10* K. Using egs. (2-3),
we have calculated line profiles for a jumping frequency
v=m,/30, and an average peak field E =60 E,, corresponding
to W=1.34. The width of the line which is only affected by
strong Langmuir turbulence (dotted line) is 4 times narrower
than the Stark profile calculated by an ab initio simulation
(dashed line).

6000+ Lyman o
N,=10" m?
B T=28x10'K
- Y |'=(op/50
@ ‘. E=100E
5 e °  —Full profile
= Pure Langmuir
- - - Pure Stark

0
0,0000 a=A1E,

Fig. 6: (Color on-line) Profile of the L, line for a density of
10" m>, and a temperature of 2.8x10* K. The pure Stark
profile (dashed line) is compared to the pure Langmuir profile
(dotted line) with E;=100 E, and a jumping frequency
v=m,/50, and to a full profile obtained by convolution of the
two previous (solid line).

Lyman o
4000 -
N=10"m"*
T.=2.8x10° K
2 E=60E,
2]
S |'=(r)p/30 —— Full profile
£ | Pure Langmuir
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0,000 0,001
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Fig. 7: (Color on-line) Same as fig. 6 for a density of 10%° m>,
E;=60 Ejand v =0,/30.

The effect of strong turbulence is thus much reduced for this
density, but still significant since the full profile (solid line) is
34 % broader than the Stark profile. We have performed other
line shape calculations for temperatures between 10* and 10°
K, and densities varying from 10%" to 10?* m™, The effect of
strong Langmuir turbulence is always significant as compared
to equilibrium Stark broadening on this line.

Conclusion. —

We have reviewed the main characteristics of the physical
aspects of wave collapse and strong Langmuir turbulence
which may affect the spectra of atomic emission in a plasma.
In such conditions, many localized wave packets coexist if the
plasma is coupled to an external source, and their cyclic dy-
namics includes a wave collapse during which the electric
field reaches values well above the equilibrium plasma micro-
field. We have proposed a stochastic renewal process for
modeling the history of an electric field experienced by an
atom in conditions of strong Langmuir turbulence. The model
requires the PDF for the turbulent electric field and a WTD
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for sampling the times of jJumping from one field to the follo-
wing. An exponential law is used for the WTD, with a jum-
ping frequency taken as the inverse of the mean duration for
the wave collapse cycle, and the wave packet field magnitudes
are sampled along a half-normal PDF. The DAF of the hydro-
gen line L, has been calculated with a numerical simulation
for different shapes of the wave packet, revealing different
behaviors as the width of the envelope is changed. We have
performed DAF and line profile calculations for a temporal
width of the wave packet equal to 20 % of the step duration.
This shape suggested by simulations of the wave packet colla-
pse [4], is also among those minimizing the broadening effect
on the line shape. The main conclusion of the paper is that for
plasmas at about 2 eV, the Stark width of the L, line is increa-
sed in presence of strong turbulence, and this for densities
between 10 and 10%* m™. The width of the line is dependent
on the parameters of strong Langmuir turbulence like the
value of W, and the plasma conditions. A future direction for
this work is the investigation of other plasma conditions, and
the calculation of lines which are better suited for a plasma
diagnostic, such as the hydrogen Balmer lines.
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