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Machine condition monitoring and fault diagnosis of rotating machinery are very important because of the wide use of rotating machinery in industry. Couplings and gears are used in many mechanical sys tems to connect elements and transmit power. The system is usually modeled as a single degree of free dom system with a piecewise linear spring property, where the mass of main machine is only considered. In the present study, the dynamic behavior of a system with an unsymmetrical nonlinearity and a signif icant mass of the connecting part was investigated both experimentally and by numerical simulation. In the experiment, a 1/3 sub harmonic oscillation was observed, but this oscillation was not found in the simulation using a single degree of freedom system, in which the mass of the connecting part was ignored. However, when a two degrees of freedom system was used that considered both the mass of the connecting part and the impact property, the 1/3 sub harmonic oscillation was observed. Thus it is recognized that an adequate mathematical model for diagnosis in the early stage of abnormality must be selected on the basis of the mass ratio between the connecting part and the main body.

Introduction

Machine condition monitoring and fault diagnosis of rotating machinery are extremely important because of the wide use of rotating machinery in industry. If the condition of a system be comes abnormal, a nonlinear vibration often arises, and thus fault detection and diagnosis by monitoring any nonlinear vibrations is an effective approach. To construct a monitoring system, it is nec essary to determine the relation between abnormal conditions and nonlinear vibrations. Rigid couplings, flexible couplings and gears are used in many types of rotating machinery to connect elements and transmit power. It is important to identify abnormal condi tions involving connecting parts as early as possible because any damage to them has a great influence on rotating machinery.

Here a flexible coupling is considered. By simplifying the con struction, it is composed of a driving element, driven element and flexible material. The fluctuation of torque is considered as an external force that acts on the driving element of coupling. The flexible material between a diving element and a driven one is modeled as a soft spring. The shaft which connects the driven element of coupling and main machine is modeled as a hard spring. So this system has a piecewise linear spring property, which is a nonlinear property.

For a rigid coupling or a gear, it is modeled as a rigidly connect ing element without clearance in a normal condition, while in an early stage of abnormality, there may be a clearance in the con necting part so the restoring property should be modeled as a piecewise linear one.

There have been many studies of nonlinear vibrations in mechanical systems that have a piecewise linear spring property [ 1 14]. A rotating system having connecting parts with a piecewise linear spring property has been modeled as a reciprocating system, and these systems have been investigated both theoretically and experimentally. It is usually said that in the case of symmetrical nonlinear property, 1/3 sub harmonic resonance is observed, although in the case of unsymmetrical nonlinearity, there is 1/2 sub harmonic resonance. Moreover, when the system with slight damping vibrates under a certain condition, bifurcation and a chaos phenomenon can be seen. In early studies, a method for obtaining a general solution was proposed by using a harmonic balance meth od, and the chaos phenomenon was simulated [1 8]. More recent research can be explained as follows. Kim et al. have investigated the smoothing method of piecewise linear spring properties of a system with a 2.5% damping ratio and without spring in the clear ance. The higher harmonic resonance has been shown by some numerical methods [START_REF] Kim | Effect of smoothening functions on the frequency response of and oscillator with clearance non-linearity[END_REF]. They proposed a new multi term harmonic balance method to improve the numerical analysis of super and sub harmonic response. The stiffness ratio, which is the ratio be tween soft spring (clearance spring) and hard spring (main spring), was set as 0.0 0.25, and the damping ratio of the system was 0.5% [START_REF] Kim | Super-and sub-harmonic response calculations for a torsional system with clearance nonlinearity using the harmonic balance method[END_REF]. They also investigated the effect of impact damping of a sys tem having a piecewise linear spring property and showed the dif ferences between impact damping and linear viscous damping in terms of frequency responses [START_REF] Kim | Effect of non-linear impact damping on the frequency response of a torsional system with clearance[END_REF]. Duan and Singh have investi gated the isolated sub harmonic resonance branch in the frequency response of a system with a 2% damping ratio and for a 0.1, 0.25 stiffness ratio, and it was shown that the isolated branch disap peared at damping ratios greater than 8% [START_REF] Chengwu | Isolated sub-harmonic resonance branch in the frequency response of an oscillator with slight asymmetry in the clearance[END_REF]. One of the authors investigated the nonlinear vibration of a system having a piecewise linear spring property with a 2.5% damping ratio for the clearance portion and a 0.5% ratio for the main portion, and for 0.0, 0.15, and 0.25 stiffness ratios. A chaos phenomenon was observed under some conditions [START_REF] Hossain | Chaos and multiple periods in an unsymmetrical spring and damping system with clearance[END_REF][START_REF] Hossain | Preloading effects on clearance problem in rotor-coupling vibration system: experimentation and simulation[END_REF].

As mentioned above, a single degree of freedom system with slight damping has been used in many studies of nonlinear vibra tion in a system having a piecewise linear spring property, with the objectives of the studies being primarily analysis of bifurcation and chaos phenomenon. But in many practical machines, appropriate damping is achieved to suppress the undesirable vibration of the machine. In addition, a single degree of freedom system has been studied where the mass of main machine is only considered. That is to say, the mass of the connecting part is ignored because it is relatively small compared with the main machine. But this situa tion is not necessarily valid in practical cases, especially for the precision instrument, because the mass of the connecting part can not be ignored.

In this study, a concept of constructing mathematical model is proposed for diagnosis of a machine having a connecting part whose mass can not be ignored. In an early stage of abnormality, a rotating system having a connecting part is modeled as a recip rocating system and an experimental instrument is constructed. The nonlinear vibration is first checked in the experiment. Then the experimental setup is modeled as a single degree of freedom system with a piecewise linear spring property, and the simula tion is carried out under the same condition as the experiment. After that, considering the mass of the connecting part, the sys tem is modeled as a two degrees of freedom vibro impact sys tem. The nonlinear vibration is simulated and compared with the experimental data. Then the effect of the mass of the connect ing part is discussed. Finally, the concept of constructing mathe matical model of a system having a piecewise linear spring property is proposed.

Reciprocating machine experiment

Experimental setup

In this study, a torsional vibration of rotating machinery having a connecting part is considered. The vibration is caused by the fluc tuation of torque during transmitting a static torque. The experi mental setup of a reciprocating machine that replaces the simplified rotating system is shown in Fig. 1. An exciter creates a sine wave and transmits vibrations to a clearance spring, a con necting part, a main spring, and the main body. This system is ex cited by the displacement X 0 = E sin xt, which means the torsional vibration of driving element of the connecting part caused by the fluctuation of torque. The displacement of the main body is X. Both X 0 and X are measured by laser displacement sensors. The mea surement of the displacement of the main body means the moni toring of the shaft vibration in the rotating machinery. The mass of the main body and the connecting part are m m and m c , respec tively. The stiffness of the clearance spring and the main spring are k c and k m , respectively, and their damping coefficients are c c and c m , respectively. The clearance spring means the restoring property of rubber used in a flexible coupling or the one of the clearance in a gear at an early stage of abnormality, and the main spring represents the one of shaft. Therefore, the spring constant of the main spring is bigger than that of the clearance spring. The con necting part hits the stoppers, and the motion is restricted. This means, for example, the driven element hits the driving one in the case of an abnormal gear. The widths of clearance, where the clearance spring works, on the left and right hand sides are d 1 and d 2 , respectively.

Experimental results

The effects of unsymmetrical clearance on dynamic behavior are investigated based on the experimental results. The parameters of the experimental setup are m m = 0.773 kg, m c = 0.245 kg, k c = 4.9 Â 10 3 N/m, k m = 14.7 Â 10 3 N/m, c c = 6.82 N s/m, c m = 18.5 N s/m, and E = 0.75 Â 10 3 m, respectively. The spring constants and damping coefficients were identified by experimen tal modal analysis. When the mass of the main body is only consid ered, the damping ratio of the clearance portion is 5.5% and that of the main portion is 8.7%. These values are larger than those ob tained in previous studies. In addition, the stiffness ratio is 0.33, so that the clearance spring is also larger than that observed in pre vious studies.

In the case of unsymmetrical clearance, i.e., d 1 = 0.6 mm and d 2 = 1.5 mm, some results of dynamic response and frequency analysis are shown in Fig. 2. Characteristic nonlinear vibrations, which are sub harmonic oscillations, occur around the excitation frequency 40 Hz. In Fig. 2b, there are some peaks other than the excitation frequency, and in Fig. 2d, there is a strong peak at 1/3 of the excitation frequency. Thus, the system is dominated by the frequency under this condition. The resonance curve is shown in Fig. 3. The black circle () corresponds to the synchronous compo nent of the excitation frequency, and the triangle ( 4) is at 1/3 of the excitation frequency. These results indicate that the 1/3 sub harmonic oscillation occurs in the experiment with unsymmetrical clearance.

It is generally said that a 1/2 sub harmonic response is observed in the case of unsymmetrical clearance, but in this experiment, there was a 1/3 sub harmonic response. To determine the reason for these results, a simulation was carried out under the same parameters as the experiment.

3. Numerical simulation of a single-degree-of-freedom system

Mathematical modeling

Nonlinear vibrations caused by clearance have been discussed in many papers. Some authors have modeled a rotating system as a single degree of freedom system with piecewise linear spring characteristics, where the mass of the connecting part is ignored [ 7 14]. Fig. 4 shows the physical model of a single degree of free dom system of a reciprocating system, and Fig. 5 shows the piece wise linear spring characteristics. There are three force conditions:

FðX; _ XÞ k m ðX r d 2 Þ þ k c d 2 þ c m _ X r X r > d 2 k c X r þ c c _ X r d 1 < X r < d 2 k m ðX r d 1 Þ þ k c d 1 þ c m _ X r X r < d 1 8 > < > : ; ð1Þ 
where X r is X X 0 . The governing equation of motion is

m € X FðX; _ XÞ: ð2Þ 
In this study, X 0 is taken as E sin xt, and by substituting Eq. ( 1) into Eq. ( 2), the governing equations of motion become

m € X þ c m _ X þ k m ðX d 2 Þ þ k c d 2 Ek m sin xt X r > d 2 m € X þ c c _ X þ k c X Ek c sin xt d 1 < X r < d 2 m € X þ c m _ X þ k m ðX d 1 Þ þ k c d 1 Ek m sin xt X r < d 1 : ð3Þ 
The numerical simulation of Eq. ( 3) is carried out by using the Runge Kutta method. Nonlinear responses are precisely simulated by various methods, i.e., the describing function method, the har monic balance method, the shooting method, and so on. An effec tive tool to analyze chaos phenomenon, AUTO [START_REF] Doedel | AUTO97: continuation and bifurcation software for ordinary differential equations (with HomCont)[END_REF], has been used in many studies, and many types of nonlinear responses that in clude chaos phenomenon have been found for various parameters of the system. But in this study, in considering a practical applica tion, a stable response was found under the same parameters as the experiment, so that a simple numerical integration method was used. 

Numerical results

Fig. 6 shows examples of numerical results where the parame ters are the same as those in Fig. 2. In Fig. 6b there were no char acteristic nonlinear vibrations around the excitation frequency 40 Hz. But around 30 Hz, a peak at a frequency 1/2 times that of the excitation frequency can be found, as shown in Fig. 6d. Fig. 7 shows a resonance curve for simulation, in which a synchronous and 1/2 times synchronous component can be observed. These re sults indicate that the 1/2 sub harmonic oscillation occurs in the simulation of a single degree of freedom reciprocating system. In a previous study [START_REF] Hossain | Chaos and multiple periods in an unsymmetrical spring and damping system with clearance[END_REF], such nonlinear vibration was obtained due to unsymmetrical clearance.

Discussion

A 1/3 sub harmonic oscillation has been observed experimen tally in a reciprocating systems, while 1/2 sub harmonic oscilla tions have appeared in simulation of a single degree of freedom system. The differences between the simulation and the experi ment are thought to be due to the friction of the slide rail, a damp ing factor, and so on. In the present study, the difference is also considered to have been caused by ignoring the mass of the con necting part in the simulation. In our experimental setup, the mass of the connecting part m c was 0.245 kg and that of the main body m m was 0.773 kg. Thus, these factors were taken into account in the mathematical model. When the mass of the connecting part is considered, the impact phenomena between the connecting part and the stopper must also be considered. In this study, a two de grees of freedom reciprocating system that considers impact phe nomena was used.

4. Numerical simulation of a two-degrees-of-freedom system that considers impact

Mathematical modeling

Imamura and Suzuki treated a single degree of freedom vibro impact system without damping, and the coefficient of restitution e was 0.7. The bifurcation of 1/n sub harmonic oscillations and chaos behavior were analyzed by simulation [START_REF] Hitoshi | Dynamic behavior in a vibro-impact mechanical system[END_REF][START_REF] Hitoshi | Global representation of general solution and canonical forms for piecewise linear oscillators (formulation for impact oscillator)[END_REF]. Luo and Xie have investigated the nonlinear vibrations of a two degrees of freedom system with symmetrical rigid stoppers. In the study, the mass ratio of two masses is 0.5, the damping ratio of the sys tem is 5%, and the coefficient of restitution e is 0.8. The stability of periodic motion, bifurcation, and chaos are precisely analyzed by simulation [START_REF] Luo | Stability of periodic motion, bifurcations and chaos of a twodegree-of-freedom vibratory system with symmetrical rigid stops[END_REF].

The dynamic behavior observed in the experiment was investi gated using the two degrees of freedom reciprocating system that considers the impact between the connecting part and the stopper. Fig. 8 shows the physical model. The equation of motion is as follows:

m c 0 0 m m € X c € X m ( ) þ c c þ c m c m c m c m _ X c _ X m ( ) þ k c þ k m k m k m k m X c X m X 0 0 : ð4Þ 
When the impacts occur, the velocity of the connecting part is chan ged according to the impact law, as follows:

_ X 0 c e _ X c ; ð5Þ 
where _ X 0 c and _ X c are the velocities just after and just before the im pacts, respectively. The impact phenomenon is described by the coefficient of restitution e, that is set as 0.7 with reference to [START_REF] Hitoshi | Dynamic behavior in a vibro-impact mechanical system[END_REF][START_REF] Hitoshi | Global representation of general solution and canonical forms for piecewise linear oscillators (formulation for impact oscillator)[END_REF].

Numerical results

The numerical results where the parameters are the same as those in Fig. 2 are shown in Fig. 9. They agree very well for various excitation frequencies. In Fig. 2b, a peak at 1/3 of the excitation fre quency can be observed in the experimental results, and in Fig. 9b results. Fig. 10 shows the resonance curve for the simulation of a synchronous component and for 1/3 that of the synchronous com ponent. This result indicates that the 1/3 sub harmonic oscillation appears in the simulation of the two degrees of freedom recipro cating system that considers impact. The vibro impact system has a large range where a 1/n sub harmonic solution exists, and this experiment is considered as the case of n = 3 [START_REF] Hitoshi | Global representation of general solution and canonical forms for piecewise linear oscillators (formulation for impact oscillator)[END_REF]. It is recog nized that the 1/3 sub harmonic oscillation in the experiment oc curred from the impact between the connecting part and the stopper.

Discussion

Experimental and simulation results indicate that a rotating system must be modeled as a two degrees of freedom reciprocat ing system in the case where the mass of the connecting part is to be considered. The ratio of the mass of the connecting part to that of the main body (m c /m m ) is revealed by the simulation. Fig. 11 shows the dynamic response in the case of m c m m = 0.05. By check ing the results for various mass ratios, we can find a 1/2 sub har monic oscillation due to unsymmetrical clearance in the case where m c m m is less than 0.1. Also in this case, the nonlinear vibra tions due to impact disappear. Fig. 12 shows the results in the case of m c /m m = 0.25. A 1/3 sub harmonic oscillation due to impact oc curs in the case where m c /m m is larger than 0.15. It is recognized that the rotating systems in which the mass ratio is over 0.15 have to be modeled as two degrees of freedom reciprocating systems under the conditions of this study.

Conclusions

The dynamic behavior of a system with an unsymmetrical clearance and a significant mass of the connecting part was investigated both experimentally and by numerical simulation. In the experiment, a 1/3 sub harmonic oscillation was observed, but this oscillation cannot be found in a simulation using a sin gle degree of freedom system in which the mass of the connect ing part is ignored. When a two degrees of freedom system that considers the mass of the connecting part and the impact is used, the 1/3 sub harmonic oscillation can be found. In this study, it is recognized that a mathematical model must be ade quately selected for diagnosis in the early stage abnormality on the basis of the mass ratio between the connecting part and the main body. 

Fig. 1 .

 1 Fig. 1. Experimental setup.

Fig. 2 .

 2 Fig. 2. Experimental results in the case of d 1 = 0.6 mm and d 2 = 1.5 mm.

Fig. 3 .

 3 Fig. 3. Resonance curve of experimental result in the case of d 1 = 0.6 mm and d 2 = 1.5 mm.

Fig. 4 . 1 δFig. 5 .

 415 Fig. 4. Physical model of single-degree-of-freedom system.

  frequency analysis at ω =32.85[Hz] 

Fig. 6 .Fig. 7 .Fig. 8 .

 678 Fig. 6. Numerical results in the case of d 1 = 0.6 mm and d 2 = 1.5 mm.

  , a peak 1/3 of the excitation frequency is dominant in the numerical

Fig. 9 .Fig. 10 .

 910 Fig. 9. Numerical result at x = 45.0 Hz.

Fig. 11 .

 11 Fig. 11. Numerical result at x = 32.85 Hz and m c /m m = 0.05.

Fig. 12 .

 12 Fig. 12. Numerical result at x = 43.8 Hz and m c /m m = 0.25.