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1. INTRODUCTION

In this paper we define relative congruence ideals for various automorphic symmetric powers
Symm™ f of a Hida family f over Q in big ordinary Hecke algebras for symplectic and unitary
groups (these powers are now known to be automorphic for m < 8) and we prove, under some
assumptions, that they coincide with the characteristic power series of (the Pontryagin duals of)
Greenberg Selmer groups over QQ for related symmetric powers Ay = Symm®” @ det ™™ p¢ of the
Galois representation of the family f. Note that these Selmer groups over Q are modules over the
weight variable Iwasawa algebra which are finitely generated but a priori not known to be torsion
except for the symmetric square. It follows from our result that they are. Similar results when one
includes the cyclotomic variable (that is, for Selmer groups over the Z,-extension Q4 of Q) could
probably also be studied but are not dealt with in this paper. Let us be a little more precise.

Let N > 1 and let p be an odd prime not dividing N. Let A; = Z,[[X]] be the one variable Iwasawa
algebra identified to the completed group algebra of 1+ pZ, by the choice of a topological generator
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u of the group 1+pZ,. Let hy be the cuspidal Hida Hecke algebra (generated by the Ty’s for ¢ prime
to Np, by the diamond operators < a >¢ for a € Z; for the cohomological weight 0, and by U,. The
ring h; is reduced; it is endowed with a structure of A;-algebra by the homomorphism sending X to
(u)o—1 for which it is finite and flat. Let p: hy — Ay be a surjective Aj-algebra homomorphism onto
a local domain which is finite and torsion free over A;. Geometrically, it amounts to considering
an irreducible component of Spech;. Let k = A;/ma, be the residue field of A;. Let I'g be
the absolute Galois group. We assume that the residual Galois representation p,,: I'o — GL4y (k)
associated to p is irreducible. It is well-known that under this assumption there exists a continuous
Galois representation p,, : I'g — GL2(A;) associated to p. Let w be the cyclotomic character modulo
p (we shall also denote by w its Teichmiiller lift). The ordinarity condition for x implies that there
exists a unique integer a € [0, p — 2] such that the restriction of the representation P, to an inertia

group I, at p is conjugate to
1 *
0 w—a—l

The integer a is fixed throughout the paper. Let Sty be the standard representation of GLs. For any
j>1,let A7 = Symm?* ® det ™7 Sty ; we assume from now on that p > 2j + 1; in particular, viewed
as a Z,-schematic representation, the (2j + 1)-dimensional representation of GLg, A’ has irreducible
geometric fibers. Let A{L = Al op,: Tg — GLgjt1(A1). Its restriction to the local Galois group
g, leaves stable a decreasing filtration (F*A7), with A;-free graded pieces gr* A7, on which the
inertia subgroup I, acts by X*. Here, X: I'g — A denotes the restriction (to I,,) of the universal
deformation of the p-adic cyclotomic character y unramified outside poo: if y (o) = w(o)u’(?) (that

is, £([z,Qp]) = log,(2)/ log,(u) for z € Z)). then
X(0) = x(0)(1+ X))

Let 12(1 be the normal closure of A;. It is a two dimensional normal local ring, hence it is Cohen-
Macaulay so that A, is free over A;. For any Z,-module M, we denote by M* = Hom(M,Q,/Z,)
its Pontryagin dual. Let us consider the minimal p-ordinary Selmer group associated to A{L :

Sel(Al,) = Ker [ H(Q, A}, @4, A7) = [[H' (I, A}, ®4, A7) x H' (I, (A /F* A}) ® 4, A7)
L#p

Its Pontryagin dual Sel(Aﬂ)* is finitely generated over El_ Recall that the Greenberg-Iwasawa
main conjecture implies (by taking the cyclotomic variable s to be 1) that

1) there is a p-adic L function L, (A7) in A, interpolating normalized special values L*(Aﬁk, 1)
where fj, runs over the eigenforms of classical weights k > 2 occuring in u. B

2) Sel(AJ,)* is torsion and a characteristic power series is equal to L, (A7) up to a unit in Ay; this
means, more precisely, that the localization at each height one prime of /L of its first Fitting ideal
Fitto (Sel(A%)*) is generated by Ly (AJ).

Let T be the localization of h; at the maximal ideal corresponding to the residual representation
Py- The homomorphism 4 factors through Tq. We still denote p: Ty — A; the resulting homomor-
phism. Extending the scalars, it gives rise to a surjective homomorphism ’i‘l =T ®n, gl — gl
which we again denote by u. The context should make clear the meaning of this notation. Since T
is reduced and A; is a domain which is flat over Ay, we see that Ty is reduced too. By tensoring
with Ky = Frac(4;), we have a splitting

Tl ®1‘4”1 K:l = ICI X ’E[v‘ll,’cl
where the first projection is given by p ® Idg,. Let ’i" be the image of the second projection
T, — T’ x,- One defines the congruence ideal of u by ¢, = T, N (4; x {OT, }). We view this ideal

as an ideal of A;. Recall that for a finitely generated Aj-module M , any generator of the smallest
principal ideal Xy, containing the first Fitting ideal Fitto(M) of M is called a characteristic power
series : Xp; = (Char(M)). It is non zero if and only if M is torsion. Consider the assumption
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(¥) N is squarefree, there exists a subfield k" C k such that SLy(k’) C Im p,, C GL2(k’), moreover
for any prime ¢ dividing N, the restriction to I, of p,, is non trivial (hence unipotent).

Let o« = p(U,). Let Ry be the universal deformation ring for N-minimal p-ordinary deformations
of p,. Recall a special case of theorems by Wiles and Hida

Theorem 1.1. Assume (x) and either a®> #1 (mod my,) ora+1<p—1, then Ry = Ty and T,
is local complete intersection over Ai. Moreover, ¢, is a principal ideal of A;.

The precise definition and some properties of local complete intersection algebras are given Section
8.4 below.

Corollary 1.2. Assume (x) and a+1 <p—1, then
(a) ¢, = (Char(Sel(AL)*)),
(b) ¢ = (Lp(AL))-

Note that the p-adic L function L,(A},) interpolating the special values L*(Ag )) has been con-
structed by one of the authors [H88b] (see also his notes of the Pune course [H16]).

The goal of this paper is to establish analogues of part (a) of the theorem above for higher j’s,
provided the automorphic base change is established for Symm™ for certain values of m less than
2.

Theorem 1.3. Assume (x) and 3(a+ 1) <p—1. Then,

e for j = 3, the characteristic power series of Sel(.AfL)* is a generator of the ideal of congru-
ences between the family Symm®u and Siegel families which are not of the form Symm?®u/
for other GLgy-families i/,

e for j =2, the characteristic power series of Sel(A},)* is a generator of the congruence ideal
between the family Symm?®y and families on U(4) which don’t come from Siegel families.

Similarly, we have

Theorem 1.4. If one assumes besides (x) that 4(a + 1) < p — 1, then for j = 4, the characteristic
power series of Sel(AfL)* is a generator of the congruence ideal between the family Symm4y and
families of unitary forms on U(5) which don’t come from congruences between Symm?®p and families
on GSp, by the integral transfer from GSp, to U(5).

See Sections 3 and 4 for a more precise form of the statement and its proof. To put these results
in perspective, let us mention a more elementary result.
Let p be a prime of A;. For j = 3,2, 4, consider the condition

(S]) Fltt()(sel(.Afi)*) Ccp

and the conditions

(C3) there exists a Hida family G of Iwahori level N on GSp, which is not the Symm?® of a Hida
family on GL;y and such that Symm®y = G (mod p)

(Cs) there exists a Hida family G of Iwahori level N on U(4) which does not come from GSp, by
base change and such that Symm®y = G (mod p)

(Cy) there exists a Hida family G of Iwahori level N on U(5) which does not come from GSp, by
base change and such that Symm*y = G (mod p),

Theorem 1.5. Assume (x), then (C3) implies (S3) or (S2) or (Sy).

See Section 5. It requires a theorem of big image of Galois established by [HT15] when A; = Ay
and by A. Conti in his thesis [Conl6b] in general. Note that the conditions (C;) are not mutually
exclusive so that the difficulty of separating a priori the possible conclusions (S;) is not so surprising.

Our theorems do separate the conclusions and imply in particular for j = 3,2,4 that (C;)implies
(S;). Their proof require using more advanced tools, namely R = T type theorems in the minimal
level case and Hida—Tate theory of conguence ideals for Gorenstein rings. Actually our method
applies to more cases:
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Theorem 1.6. Assume (x) and that p —1 > n(a+ 1). Assume also that N has at least two prime
factors. Assume that the transfers Symm™ * and Symm™ from GLo(Q) to GL,, resp. GL,41 are
established.

Then, the characteristic power series of Sel(.AZ)* is a generator of the quotient of the congruence
ideal between the family Symm™ p and families of unitary forms on U(n+1) by the congruence ideal
between the family Symm™ 1 and families of unitary forms on U(n). In particular, the quotient of
these ideals is integral and principal.

This theorem applies for n = 5,6,7,8 by [CT15] where the Symm™ transfer is established for
m < 8. See Section 6 for a more precise statement and the proof.

We finally give an analogue result starting from a Hida family o on GSp,(Q) instead of a Hida
family u on GL2(Q). The method and result are similar although the Hida family o is two variable
so that the commutative algebra results involve three—dimensional local rings, so that we can only
compare localizations at height one primes of the congruence ideal and the characteristic power
series of the standard (degree 5) Selmer group. The tool this time is the base change from GSp,(Q)
to U(4) (for an imaginary quadratic field) established by C.-P. Mok [Mok14] and [Clo91] and the
conclusion is that the two variable characteristic power series of the degree 5 Galois representation
associated to the family o generates the height one part of the ideal of congruences between the
base change of o to U(4) and families on U(4) which don’t come from GSp,(Q). See Section 7 for
the statement and the proof.

2. THEOREMS R,_1 =T, _; FOR n >4

2.1. Big ordinary Hecke algebra for unitary groups. Recall that we fixed a squarefree integer
N =gq1-...-qr prime to p. As stated in Theorem 1.6, we will need to assume in some cases that
k > 2. Hida theory for unitary groups [PAF, Chapt.8] is developed using coherent cohomology but
hereafter we follow the presentation of [Gel0, Section 2| (see also [Gel6]) using definite forms of
unitary groups. We fix an auxiliary imaginary quadratic field K = Q(v/—A) of negative discriminant
—A relatively prime to Np such that p = pp® and ¢1 = q1q¢ split and g2 remains inert in K. Let
D be a central division algebra over K of rank n? whose ramification set Sp consists in the primes
above ¢;. From the calculations of [Clo91, (2.3) and Lemma 2.2], we see that

(Case 1) If n is odd or is divisible by 4, then for any k > 1, there exists an involution of second
kind * on D which is positive definite at co and such that the unitary group U(D, %) is quasisplit at
all inert places.

(Case 2) If n = 2m with m odd; for k > 2 there exists an involution of second kind * on D which
is positive definite at oo and such that the unitary group U(D,*) is quasisplit at all inert places
except ga.

We fix G = U(D, x) as above.

Definition 2.1. We fix an auxiliary level group UP = Hle Uy, x UNP of Iwahori type of squarefree
level N ; this means that for each prime q dividing N, Uy is

-equal to the standard Iwahori subgroup of G4 if G is quasi-split at q (that is, either G4 = GLj, (Kq)
if q splits in K, or if G is the quasi-split unitary group),

-Uq is a minimal parahoric subgroup if G4 is not quasisplit.

Remark 2.2. Let llg be any cuspidal automorphic representation on G with cohomological weight
and level U = UP x U,. Let q be a prime dividing N which is inert in K; the condition Hg“,q #0
implies that the base change of Ilg 4 to Kg has fized vectors by the Twahori subgroup of GLy(K,). Let
ong, be the p-adic Weil-Deligne representation of llg 4. Let on, , be its restriction to the inertia
subgroup 1,. If the reduction modulo p of oni.,, is regular unipotent, the same holds for o, and
Ilg,q is the twist of the Steinberg representation by an unramified at most quadratic character.

This remark will be useful later.

We fix an isomorphism i,: G, = G(Q,) = GL,(Q,), which we use to identify these groups. Thus,
we can view U, = i, 1(GL,(Z,)) as a hyperspecial maximal compact subgroup of G. From now on,
we omit the mention of 4, and we simply write U, = GL,,(Z,). Let I,, C U, be the Iwahori subgroup
and for 0 < b < ¢, [g,c C U, be the subgroup of matrices whose reduction modulo p®, resp. P,
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belong to the group of Z/p°Z-points of the subgroup B of upper triangular matrices of GL,,, resp.
to the group of Z/p®Z-points of the group N’ = diag(1,...,1,%) - N* where N7 is the group of
upper unipotent matrices. Note the difference with [Gel0, Def.2.1] where the condition modulo p®
is that u € N*(Z/p’Z). Here we enlarge the group NT to N’. This is because we want to define a
big ordinary Hecke algebra depending only on the semisimple variables of the diagonal torus T, not
on the whole of T. Let T°° = Ker(det: T — G,,). We have a decomposition T' = T%% x G,,, given
by u — (u®*,det u) where u = diag(us,...,u,) and u** = diag(u1, ..., Un_1,(Us ... Up_1)71).

Let Gy be the locally compact group of finite adeles of G and Gg be the subgroup of principal
adeles. By compactness of G, G is discrete in Gy and for any compact open subgroup U of Gy,
the quotient Gg\G/U is finite (see [PR94, Chap.5, Section 3, Th.5.5]). We fix from now on the
auxiliary level group U = U? x U, of Iwahori type of squarefree level IV in the sense of Definition
2.1. As usual, one can add another auxiliary prime r (in the sense of Taylor-Wiles) prime to Np to
assure that U is sufficiently small: Gg N U = 1. After localization at a suitable maximal ideal, it
will not introduce extra ramification at r for the automorphic forms occuring in the Hida-Geraghty
Hecke algebra of auxilary level U defined below.

For ¢ > b >0, let U = UP x Ib¢. Let E be a sufficiently large p-adic field; let O be its valuation
ring. Any (n — 1)-tuple A = (A1,...,\,_1) € Z"! defines a character of the diagonal torus T of
GL,, (and of T°°* =T NSL,) by

>\n—1
n—1

diag(ty, ... ty) =120 -t

Let us assume that Ay > ... A\,—1 > 0, let L,(O) be the "maximal” O-representation of GL,, of
highest weight A\ (see [PT02]). Let wy be the longest element of the Weyl group of GL,,. Then
L (0) is defined as the algebraic induction of wyA from B to GL,,, that is, the O-module of rational
functions ¢ € O[GL,] such that ¢(tnTg) = (woeA)(t)p(g) for any b = tnt € B. We define the
O-module Sy (U%¢; O) of cuspidal forms of level U*€ for G by

S\(U"%0) = {s: Go\Gf — LA(0O); s(wu) = u;l -s(z) for anyu € U}

For ¢ > 0, let hy(U"%; O) be the O-algebra of endomorphisms of Sy (U%¢; O) generated by the Hecke
operators
We ]-i 0

o Ty = [Ub’cag)gUb*C])\, where 1 = 1,...,n, o) = < 0 1.

>, and & runs over the

degree one primes of Ok, relatively prime to M Ap.

o Uyi= (wo)\)(ag))fl[Ub*cag)Ub’C]A, i=1,...,n—1, where w is a uniformizing parameter
of p and ag) = ( woli 1 0 _ ) as before,

o (u)y = [UbuU"]) where u € T(Z) (actually, it depends only on the image of u in
T°(Z/p"Z)).

Recall that [U%¢aUb] acts by ([U»¢aU%)\-s)(z) = Y, @i p-s(za;) where Ub¢aU%C = | |, oy U
(see beginning of [Gel0, Sect. 2.3]). The operators Tt ;, Us,; and (u)y preserve integrality [GelO,
Def. 2.3.1 and 2.3.2].

Let e be the ordinary idempotent associated to Uy, = H?:_ll Ug,i. We define

hp_1 = yLne -ha (U4 0)

It does not depend on the dominant weight A [GelO, Prop.2.6.1]. It is reduced [Gel0O, Lemma
2.4.4]. Let Ty = T(Z,), T* = T**(Z,); and similarly let T, = Ker(T(Z,) — T(Z/p'Z)), Tg* =
Ker(T*%(Z,) — T**(Z/p*Z)). We can decompose Ty = T(Z/pZ) x T1 and Ty = T5* x (1 +pZ,). For
p > 2, let u =1+ p. We can identify the O-algebra A,,_; of power series in n — 1 variables to the
completed group algebra O[[T5*]] by sending 1+ X; to diag(1;—1,u, 1,,—1—4,u~t). We view h,_1 as
a A,,_1-algebra via the weight 0 diamond action T} — k) _;, u — (u)o. As a A,,_;-algebra, h,,_1 is
finite torsion-free. Indeed, the proof of [Gel0, Prop.2.5.3] goes through when one replaces the group
Ty by the group T;°, because with our modified definition of the groups U b we do have

S\USS0)Te = $\(U"0)
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hence, by Hida’s lemma (see [Gel0, Lemma 2.5.2], we see that

e KUE™)E/0) = e S\(U"; E/O)
which is the key step for the vertical control theorem and its corollary [Gel0O, Coroll.2.5.4]. From

this fact, the finiteness and torsion-freeness of our Hecke algebra over A,_; follow as in [GelO,
Coroll.2.5.4].

2.2. Symm" ! Langlands functoriality. We assume that the Symm™ ! Langlands functoriality
from GLs to GL,, is established (sending non CM classical cusp eigensystems to cuspidal eigensystems
on GL,). It is known for n — 1 < 8 thanks to the works of Kim-Shahidi [KS02b], Kim [Kim03]
and Clozel-Thorne [CT14], [CT15]. Let m be a non CM holomorphic cuspidal representation of
GL2(Ag) cohomological for a local system of highest weight a > 0, with conductor N and level
group Uél)(N) = {u € GLQ(z);u (mod N)upper triangular}, (that is, dim 7Us (V) = 1). The
Langlands parameter 7o, : Wg — GLy(C) of T is given by ro(2) = diag((z/z)(*t1/2, (z/2)+D/?)

for z € We and r(j) = < (_1O)a+1 (1) >

By assumption, there is an automorphic cuspidal representation II = Symm”™ 'z on GL,,. The
Langlands parameter Ry, : Wr — GL,,(C) of I, is given by its restriction to W¢ by

Reg(2) = diag((2/2) " D@HD/2, (o /)90 D2 (o pz)=(nmDlat/z),

It follows from the local Langlands correspondence for GL,,(Ag) that II is Steinberg at all primes
dividing N. Let IIx the base change of IT to GL,, (A k) (see [AC89, IIL,5]); the Langlands parameter
of Ik oo 18 Roo|we- It is cohomological. Moreover, Il 4 is Steinberg at all primes q of K dividing
N. In particular, Iy is square-integrable at both places of Sp; therefore, by the Jacquet-Langlands
correspondence for GL,, (see [Vi84] and [AC89]), it descends to a cuspidal representation IIp on
D*(Ak). Note that IIp oo = Ik « is cohomological. By [Clo91, Lemma 3.8 and Prop.4.11 ], IIp
descends as a cuspidal representation Il on G (for more general results of descent from D* to
G, see Labesse [Lab09, Th.5.4] and C.-P. Mok [Mok14]). The difference with [Clo91, Prop.4.11] is
that here Il o is the irreducible representation of highest weight ((n — 1)a, (n — 2)a,...,a,0) of
the compact group U(n) (instead of being a cohomological representation of U(n — 1, 1)); moreover,
Ilg q is Steinberg at all places q of K dividing N. Note that

e For any rational prime ¢ prime to Np which splits in K, say, ¢ = ££¢, the Hecke eigenval-

ues t¢; on the 1-dimensional space Hgg of the Hecke operators T¢;, i = 1,...,n — 1, are
determined by the relation between Hecke polynomials:

P01 = Sym™ ! P(T) € B[T]

where
PINT) = T2 - a,T + " = (T — ag)(T = B,),

Sym™* PI(T) = (T — o )T — o) 2, ... (T - B1Y),

and
PETVT) =T — te T o+ (Z1) g 002 T e (1) gD e,
e if a # 0, the local component II, is unramified and the eigenvalues u ; of the normalized

Atkin-Lehner operators Uy ; (¢ = 1,...,n — 1), on the finite dimensional vector space H;P

are given by
n

i1 Ywi (i—1)ay _ n—1 p(1)
H(T P ———w ) =Sym" " P.(T)

=1 U, i—1

where one has put Uy 0 = Ug,, = Id. Explicitely, one has uq,1 = ag_l, U2 = a;}_Qp/;”a yeees

Um,n—1 = O‘p(pﬂ#)n72

, where a, is the unit root of P#?(T). Note that the eigenvalues u ;
are p-adic units since £ is. This follows from Lemma 2.7.5 of [Gel0] because the weight
A= (A1,...,A\n) is given by ((n — 1)a, (n — 2)a,...,a,0), hence it is regular if a # 0, hence

the lemma applies.
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Let hiv_"e“’ be the N-new quotient of h;. For any prime ¢ prime to Np splitting in K as ££°, let
PUT) = T = Te T 4+ (Z1) U2 17 g (-1 2T,

be the universal Hecke polynomial of the spherical Hecke algebra of GL, at £ and Pq(l)(T) =
T? — T,T + qS, the universal Hecke polynomial of the spherical Hecke algebra for GLy at ¢. Recall
that £: Z) — pZy, is defined by x = w(2)u@). We can interpolate the formulas above:

Proposition 2.3. There exists a ring homomorphism 0: h,_1 — hyi above the algebra homomor-
phism A,_1 — Ay given by 1 + X; — (1+ X)"7% fori = 1,...,n — 1. The homomorphism 0 is
characterized by the fact that for any prime q prime to Np splitting in K as £€°, the image by
0 of the universal Hecke polynomial Pg("_l)(T) is Sym™ ! Pq(l)(T), while the images 8(Ug ;) are
given by (U,§1))"—21'+1 (w(Z)(1+ X)"2))i=L Let © be an N-new p-ordinary holomorphic cuspidal
automorphic form m on GL2(Q) of highest weight a > 0. Let pr: h{vfnew — O be the associated
eigensystem. Let 0, = 0 (mod X —u®+1). Then for any rational prime q split in K as E€°, pr 00,
sends the universal polynomial Pénfl) (T) to Sym™* Pr (T) and if we put Py (T) = (T'—ay,)(T—f,),

ordy(ap) =0, we have pirx 0 0,(Us ;) = ()c;;’i(p’g#)i*1 fori=1,...,n—1.

Proof. For primes q # p, the statement is obvious. For the prime p, for any a # 0, one gets
O(Usi) = (ULP)" 24 (£)26-D (mod X —u +1).
w
But we have for a > 0
n—i( Pp yi-1 n—i; Pp \ic1, P a(i—1) n—2i+1; P \a(i—1)
ap (ﬁ) = Q, (W) (;) =, (;)
as desired. 0

2.3. Galois representations. Let ['g = Gal(Q/Q) and 'y = Gal(K/K). In this section we
use notations and results of [CHTO8, Sect.2.1]. Let G, = (GL, x GL;) x {1,5} where j2 = 1
and j(g,p)j~t = (Y97 u,p). It is a non connected group scheme over Z. Let v: G — GL; be
the homomorphism given by (g,x) — p and v(j) = —1. We have the inclusions of Lie algebras
sl, C gl, C LieG,. Note that ad(g, 1)(X) = gXg~! and ad(j)(X) = =t X. We fix a sufficiently large
p-adic field E with valuation ring O. In this section, we consider representations p: I'x — GL,,(R)
and homomorphisms r: I'g — GL,,(R) for various O-algebras R. The theorem below follows from
[Gel0, Proposition 2.7.2] (see also [CHT08, Proposition 3.3.4]) and [Gel0, Corollary 2.7.8].

Theorem 2.4. Let N be a dominant weight for GL,, ; for any cuspidal automorphic representation
1, of G(Ag) occuring in e - Sx/(U%Y, E), there exists a continuous semisimple representation
pr,: e — GL,(F)

such that

(i) for q prime to Np splitting in K as ££°, pr, is unramified at g and the characteristic polynomial
of Frobg is Py, (1),

(it) pfy, = prp X' "

1i1) for any prime q inert in K not dividing Np, pn. is unramified at q

pPrig
(iv) if moreover X' is regular, pri, 1s crystalline and ordinary at p and p©. For instance at p:

Ypa * *
Xﬁlwp,Q
puylrs, ~
XﬁnJrlq;Z)p,n
where 1y ;o Arty: KX — EX is given on OF by x — x~ n=i+1 and by ;0 Arty () = urr ; [urr -1,
i=1,...,n—1 where umy ; is the unique unit eigenvalue of Uy ; on (H'G,p)lp fori=1,...,n—1.

In particular, denoting by Art the global Artin symbol of K, we have for any x € (’)qup

det prr,, o Art(z) = 2~ S (i i)
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As explained in [Gel0, Proposition 2.7.2], the key ingredient in order to apply the main result
of [HTO01] is Coroll.5.3 of [Lab09]. The uniqueness of the unit eigenvalue of Uy ; on (H/)gp for
i=1,...,n—1is proven in [Gel0, Lemma 2.7.5 (2)].

By the theorem 2.4, we have a perfect pairing (,): E™ x E™ — E and a character y =
x!7": Tg: Ig — E* such that

o (y,x) = —p(c)(z,y)
* (pn, (6)z, py, (coc)y) = p(0)(z,y).

By [CHTO08, Lemma 2.1.1], there is a bijection between ”polarized representations” (p, u, (, ))
where p: I'x — GL,,(E), u: I'g: I'g — E* are homomorphisms and (, ): E™ x E™ — E is a perfect
pairing, and homomorphisms r: I'og — G, (E). We have —u(c) = (—1)". One can take the pairing
0
1
(x,y) = txJ,y where J, = Symm" 'J, is antidiag(1, —1,...,(—=1)""1). Therefore, Theorem 2.4
yields

to be Symm™ ! of the standard pairing on E? given by J, = ( _01 ) It is therefore given by

Corollary 2.5. For IIj, as above, there exists a continuous homomorphism
RH’G: FQ — gn(E)
such that
e for ¢ € 'k, one has Ry, () = (pn/c(é),xl_"(é)),
® Ruy (c)=(J; ' (=1)")].
Let m be an N-new p-ordinary cuspidal holomorphic representation of level N cohomological
of highest weight a > 0 occuring in the Hida family p. Let p: g — GL2(O) its p-adic Galois

representation. Assume that the residual representation p = p,.: I'g — GL2(k) has big image, in
the sense that there exists a subfield ¥ C k such that

SLy(K') C Im 5, C GLo(K).

Note that up to conjugation the restriction of p,. to a decomposition group D, at p is given by

Qri————
where o = 1u(U,).

Let IT = Symm" 7 be the n — I-symmetric power cuspidal representation of 7 on GL,(Q) and
II¢ its base change to G. Let
Ry = Symm™ 'p,: Tg — GL,(O)
be the Galois representation associated to II.
By [CHTO08, Lemma 2.1.2], the continuous homomorphism
RHG : FQ — gn(O)

associated to Il¢ is given as follows. Let ¢ be a complex conjugation in I'g. For o € I'xr, we put

i (0) = (Ru(0), (det pr(0))" ")
0 -1

and for o0 € T'g\T'k, and J,, = Symm”" " < 1 0

) (so that J,, = antidiag(1, —1,1,...,(=1)""1)).
Then we put
Rug(0) = (Ru(o)J ™", (=1)" " (det pr(a))"™1)j.
Moreover, we have
vo Ry, = 6" - (det Ry)" L.
where §: I'g/T'x = {£1}. It is ordinary at p and each prime q of K dividing N, its restriction to

the inertia subgroup I, is regular unipotent.
Note that by our assumption, there exists a subfield k&’ C such that

Symm" *SLy (k') € Im Ry C k™ - Symm™ ' GLy (k)
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This implies that the residual image of Ry is big in the sense of [CHTO08, Definition 2.5.1] (see
[CHTO08, Lemma 2.5.4] for details). Let m be the maximal ideal of h,_; associated to the residual
representation

R= RHG: FQ — gn(k)
We fix a decomposition group D, = I'k, at p in I'g. Note that after a given conjugation, one can
assume that the restriction to D, is upper triangular, with diagonal

diag (unr(a)"_l7 unr(@)” 2w L ,w—(n—l)(aﬁ-l))

which we rewrite as
diag (1, Ppw ™, P70,
Let T,,_1 be the localization of h,_; at m and, for any weight X" € Z'} congruent to ((n —1)a, (n —
2)a,...,a,0) modulo p — 1, let T» (U%!, O) be the image of T,,_; in Endp(e - Sy (U%L, E)) We
shall compare, under certain assumptions, T, _1, resp. Tx (U%!,0) , with the universal ordinary
deformation ring R,,_1, resp. and Ry of the representation R defined as follows. Let CNL¢p be the
category of complete noetherian local O-algebras A with residue field k = O/wgrO. For an object A
of CNLp, a lifting r: I'g — G,,(A) of R is a continuous homomorphism such that r (mod m,) = R.
Two liftings r,7': T'g — Gn(A) of R are equivalent if there exists g € 1 + m4M,(A) such that
r' = g-r-g~'. We consider the functors of liftings D and Dy from CNLg to Sets defined as follows:
e The functor D sends an object A to the set of equivalence classes of liftings r: I'g — G, (A)
of R which satisfy the two following conditions
1) r is N-minimal: for each prime ¢ dividing N there exists g, € 1,, + my4 - M, (A) such
that for any o € I,

pry or(o) = gq - exp(tp(o)Ny) - gq_l

where

01 0

0 0 1

No=110 0
0 0 1
0 0 0
2) r|p, is ordinary, that is, there exist characters t,.1,...,%rn: ', = A and g €
1,, + maM,(A) such that for any o € I'g,,
wr,l(o) * . *
X_lqu,Q(O—) -1
pryor(o) =g- . ‘g

Xﬁn+1wr,n (U)

with the condition that for any j = 1,...n, 1, ; is a lifting of ¢, ;.

e The functor Dy, is defined similarly, replacing condition 2) by the stronger condition 2)y/
r|p, is ordinary with characters v, ; lifting of E]‘ (j=1,...,n) and for any j = 1,...n and
for any z € Oy,

Py (Arty(2)) = g A,

The functor D, resp. Dy is the functor of N-minimal ordinary, resp. N-minimal ordinary of
weight A" deformations of R. Note that condition that the characters 1, ; are liftings of EW» implies
that ¥, ;|7, is a lifting of w=U~D+) (=1 ... n).

Let ¢, be the least common multiple of all integers k less than n.

Let us consider the following conditions

la) a?n-1 # 1 (mod wg) holds,

1b) (n —1)(a+1) < p— 1 holds.

Condition 1a) implies that the characters Ej: D, — k> associated to R p, are mutually distinct
on the Frobenius element [p,Q,], while condition 1b) implies that the restrictions to the inertia
subgroup of the characters @j are mutually distinct. In the following subsections devoted to the
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proof that R,,_; = T%_,, assumption la) is assumed (although we could have assumed 1b) instead).
However, in the application of this theorem to the determination of the Selmer group in later sections,
assumption 1b) seems unavoidable to the best of our knowledge, and will therefore be assumed.

Lemma 2.6. Assu_ming condition I_a) or 1b) , the functors D and Dy are representable by universal
couples (Rp—1,7™"") and (Rx/,m7"") where R,_1 and Ry are objects of CNLp and r*™": T'g —

Gn(Ry—1) and r¢7%: Ty — G,(Rx) are continuous homomorphisms such that pry or*™™  resp.
T\ is conjugate in 14+mpg, My (Ry,_1), resp. in 14+mpg,, M, (R ), to
o) ok '

N C))

X o)
with w;””” lifting @j (G=1,...,n), resp.

(o) * . *
X~ (o)

X (o)

with the same lifting condition, and such that the restriction of wgf/’f;-” o Art, to Oy is giwen by
e} Gj=1,...,n).

Proof. As noted above, the restriction of pr; oR to the decomposition group D, at p is upper trian-
gular and its diagonal is given by diag (unr(@)"~!, unr(@)"3w=2"1, ... unr(@) " Hw-(r-DletD),
Hence either assumption 1la), resp. 1b), assures that the characters on the diagonal are mutually dis-
tinct on D, resp. I,. This is well known to assure that the functors D and D). satisfy Schlessinger’s
criterion for representability (see for instance [Ti02]). O

The ring R,_; has a natural structure of A, _j-algebra given by the characters 3" : K —
R)_,. More precisely, by identifying Z, = O,, we view the topological generator u of 1 + pZ, as
topological generator of 1 4 p. we then define the structural morphism A,,_; — R, _1 by sending
1+ X; to 4™ | o Arty(u)~! for i = 1,...,n — 1. Note that ¢ is determined by the determinant
relation [, x "+l = y " +D/2,

Let Py be the prime ideal of A, _; defined as the kernel of the morphism

T35 5 0%, diag(ty, ... t) = £ .. tan.
Lemma 2.7. For any X' congruent to ((n — 1)a, (n — 2)a, ..., a,0) modulo p — 1, the natural ring
homomorphism
R, 1— Ry

induces an isomorphism

Rnfl/P)\/Rnfl = R)\’~

Proof. Tt suffices to check for each j = 1,...,n that """ o Art, modulo Py is given on Oy by

@ — z~*n-i+1. This is the case on 1+ p by definition of Py,. This is also the case on Oy tors = Hp—1

since 1/}}-”‘“’ is a lifting of @j. =

Proposition 2.8. There is a unique lifting R": Tg — G(T%_,), resp. R, : Tg — Gn(TA (UL, 0))
of R such that for any Hecke eigensystem Oy, : Ty — O, resp. O : T, (U, 0) — O asso-

ciated to a cuspidal representation I, on G, one has HH/G o RM' = RH'G‘ By universal property,

u

the homomorphism R" gives rise to a surjective A, _1-algebra homomorphism ¢pn: Ry,_1 — TY .

Similarly, the homomorphism R%, gives rise to a surjective O-algebra homomorphism ¢pn @ Ry —
)\I

T')\/(Uvo’l7 O)
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Proof. The existence of R" resp. R}, follows from [Gel0, Prop.2.74]. Its restriction to the inertia
group I, at any prime divisor g of N is regular unipotent by Remark 2.2. Its ordinarity at p follows
from [Gel0, Cor.3.1.4]. This gives rise to ordered characters ¢!, i = 1,...,n lifting the ordered

—h .
characters ¢, , © = 1,...,n and such that

oy *
. X1 (o)
prio R ‘FKF ~

X" (o)

Actually, viewing the topological generator u of 1 + pZ, as topological generator of 1 + p, we have
Y10 Arty(u) = (1+ X;)~" as the series (1 + X;)~! interpolates the values u=*i at X; = u™.
The N-minimality of R" follows from that of Ry, for all II,’s occuring in T¥_;. By universal
property, this yields the existence of a unique ring homomorphism ¢gn: R,—1 — T4 _; such that
Gprr 0 RU™Y ~ RN The relation ¢pn o 8" = ! implies that ¢pn is A,,_1-linear.

The surjectivity of ¢pr and (;SR;;/ follows from the absolute irreducibility of R and Carayol’s
theorem : T ; = A, [TrR"|r,] and R, = A,_1[Tr R*"*|p,] hence T ;| = ¢pn(Rn_1).
Similarly for ¢gn O

/

Let X € Z be an arbitrary regular dominant weight congruent to ((n — 1)a, (n — 2)a,...,a,0)
modulo p — 1. We shall use the technique of classical Taylor-Wiles systems to prove that ¢ R, is an
isomorphism and that the rings Ry, and T are local complete intersection over O. From this it
will be easy by varying A’ to deduce that ¢zr is an isomorphism and that R,,—; and T¥_, are local
complete intersection over A, _1.

We follow (in an easier situation) the proof of [Gel0, Section 3] which itself relies on calculations
of [CHTO08, Section 3.5].

2.4. Galois cohomology. Let p > 2 and R = Symm”flﬁﬂ where 7 is holomorphic cuspidal on
GL5(Q), of square free conductor N and cohomological for a local system of highest weight a > 0.
We assume it is p-ordinary. Therefore it occurs in a (unique) Hida family p. We assume that p,
has big image and that it is N-minimal as above. We also assume 1a).

Note that the image R(c) of the complex conjugation ¢ is conjugate in G, (k) to (J, 1, (=1)")j
where J,, = antidiag(1, —1,...,1,(—1)""!) From this we have as in [CHT08, Lemma 2.1.3] :

Lemma 2.9. dimg(gl,)"! =n(n—1)/2.

Proof. For X € M, (k), we have Ad R(c)(X) = J; ' Xj 'J,. We have J; ! = (-1)""1J, = tJ,
and jXj~! = —*X, hence

AdR(c)(X) = X if and only if J,1X is antisymmetric. The subspace of these matrices has
dimension n(n — 1)/2. O

Let M = gl,(k) = Adg, R and M* = Homg (M, k(1)) its k-Cartier dual. For N = M or M*,
let h°(N) = dimy H%(T'g, NV); for any place v of Q, and any fixed decomposition group D, C I'g,
let hé (M) = dimy, HY(D,, M) (i = 0,1,2). Let Q@ = {q1,...,q-} be a finite set of primes disjoint of
those dividing Np such that for any i =1,...,r, ¢; = v;v{ splits in K. For any finite place v # p of
Q with v ¢ @, let

Lo, = L,(M)=H.,(T,, M) =Ker(H T,, M) — H'(I,, M)) = Ker(H (D, /I,, M)

unr

for each v € @, let Lo, C H'(D,,, M) to be specified later in such a way that dimy Lg ,—h9(M) = 1.
We also put Lo, =0 and
Lgp=Ly(M)= Im(L;(M) - Hl(va M)
where L, (M) = Ker(H'T,, FOM) — H'T,,, FO(M)/F*(M))).
For any place v of Q, let Lé’v be the orthogonal in H*(D,, M*) of Lo, C H'(D,, M) for the
local Tate duality H'(D,, M) x H'(D,, M*) — k. When Lq, = H}, (T, M), one has L, =

unr

HL. . (T, M*). Moreover it is easy to check that L,(M)+ = L,(M*) associated to the p-ordinarity

unr



CONGRUENCE IDEALS AND SELMER GROUPS 12

filtration of M* given by F'(M*) = (F*=%+1=%(M))+ where a, resp. b is the smallest, resp. largest
weight of F*(M) (that is, F*(M) = M # F*Y(M), and F*(M) # 0 but F**'(M) = 0). Let
Lo = (Lgw)e and LG = (L, ). We define the Selmer groups

Hp (M) = Ker <H1(r, M) -~ @HY(D,, M) /LQ’U>
and
Hl% (M*) = Ker <H1(F,M*) — P H'(D., M*)/L{v>

They are finite and their cardinalities are denoted by hlﬁQ(M ) resp. hp., (M*). The Poitou-Tate
Q

Euler characteristic formula, as formulated for instance in [DDT94, Theorem 2.18], yields

hzg (M) = hpy (M*) = h%(M) = h%(M") + > (dimy Lo, — (M),

Proposition 2.10. We have:
(i) dimg Lo ¢ — hY(M) =0 for any £ ¢ Q and ¢ # p,
(ZZ)dlmk LQ7q — h(q)(M) =1forqe @,
(iii) dimy, L, — hy(M) < n(n—1)/2, (this uses 1a) and 1b)).
(iv) h% = h®(Doo, M) = n(n —1)/2
(v) hO(M) =0 = h°(M*) =0.
It follows that

hio(M) = hpy (M) <£Q =r.

Proof. From the Poitou-Tate Euler characteristic formula, the last inequality follows from the four
first formulas. The first equality is clear from the exact sequence

0 — HO(Dy, M) — M™ "5" M — HY(Dy/I,, M) — 0.

Let us check the inequality at p. We proceed as in [GeTi05, Lemma 10.4.4]. Let b,,, n,, t, be the
Lie algebras of the upper triangular, upper unipotent subgroup, resp. of their quotient. We have an
exact sequence

H°(Dy,ny) — HY(Dy, by) — HY(Dy, by /1)) = HY(Dy,my) — HY(Dy, by,) — HY(Dy, b /1))
Moreover, we also have an exact sequence
0 — H'(D,/I,,b,/n,) — H'(D,, b, /n,,) — H' (I, b, /1)

By assumptions la) and 1b), we have h°(D,,n,) = 0 and h?(D,,n,) = h°(D,,ny (1)) = 0. There-
fore, we have L,(M) = L,(M) and

h%(D,,b,) — h°(D,, b, /n,) + h*(Dy,n) — dimy, Lo, + h* (D, /1, b, /0,) =0
By cyclicity of D, /I,, we have h°(D,, b, /n,) = h*(D,/I,,b,/n,). Moreover By Tate local duality,
we have
h°(Dp,n,) — kY (Dy,ny,) + h*(Dy,ny,) = — dimy, n,,

Hence h'(D,,n,,) = dimy n,,. We conclude that dimy L, — h°(D,, b,) = dimg n, = n(n—1)/2. It
implies dim Lg , — h%(D,, gl,) < n(n —1)/2 as desired. Satement (iv) follows from 2.9. Statement

(v) follows from the fact that M (and M™) is the sum of the irreducible I'-modules Xi = A (k)
(j =1,...,n — 1) which satisfy H(I", A7,) = 0 since 2j < p and SLy(k') C Im 5, C GLa(K'). O
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2.5. Application of Chebotarev density theorem. Let M = gl,, (k). Let r = dimy, Hlﬁﬁ (To, M*)I
For ¢ prime to Np splitting in K, let X2 — @, X + ¢*"! = (X —@,)(X — Bq), where 6(17311 € k.
We write R|p, = @q @ 54 where Eq = unr(a,)""! and §, is the unramified D,-module given by
the sum of all eigenspaces corresponding to the other eigenvalues ag*iﬁfp i # 0. We assume that
(6(1/&1)6"*1 # 1 (mod mg) so that the eigenvalues a}}*iﬁfl, i=0,...,n— 1 are mutually distinct.
Therefore 5, does not contain 9, as Dg-submodule. Given a finite set of primes g prime to Np, split
in K as above and such that ¢ =1 (mod p), let us define
Lg,q = Hl(Dq/quAdgq) D Hl(D«pAd@q)

We notice as in [CHTO08, Section 2.4.6] the obvious

Lemma 2.11. We have dimy Lg g — h(M) = dimy, H' (I;, Ad¢,)P* = 1.

Using Lo = (Lgw)y With Lg, as before for v ¢ @, and the definition above for v € @, we
define H%Q (Tg, M) and H}., (Tg, M*). Note that, as in [CHT08, Prop.2.4.9], we have a short exact
sequence “

0— H}:é (T, M*) = Hp. (T, M*) — @ H'(Dy/1,, Ad,(1))
q€Q
given by the maps wy: [c] — [¢q] for g € Q, where, for any o € D,
o) = pr. oclo) iy,

where zw is the inclusion of the 1/) -line and pry is the projection onto this line parallely to 3.
q
Moreover each term of the right hand side sum is one-dimensional.
Theorem 2.12. For any m > 1 there exists a set Qn, of primes q splitting in K, say, (¢) = qq°,
and relatively prime to Np, such that

d ﬁQm =T
e for any q € Qum, one has ¢ =1 (mod p™)
o H., (Tg,M*)=0
o for aﬁy q € Qm, R(Frob,) has distinct eigenvalues in k.
Proof. We follow the proof of [CHT08, Proposition 2.5.9]. Let us first assume that we chose primes

q which split totally in K ((,m) and such that R(Frob,) has distinct eigenvalues in k. The condition
H}:L (T'g, M*) = 0 is implied by the isomorphism
Qm

Hp, (g, M*) = €D H'(Dy/I,, Ad,)
4€EQm
of the sum of the maps w, defined above Since M = MV, we have M = M* as Lg(¢,)-modules. For
this, it is enough to show that for each non-zero class [¢] € H1L0 (g, M*) there is a prime ¢ such
that wy([c]) € HY(Dy/I,4, Ad4),) is non-zero.

By Chebotarev density theorem, it is enough to find for each non zero class [c] € Hlﬁm (Do, M™)
an element o € I'g such that o[k ..) = 1, R(0) admits an eigenvalue v with multiplicity 1, and
prs oc(0) o i5 # 0 where iz is the injection of the F-eigenspace of R(o) into the space of R and prs
the projection to this eigenspace. o

Let F,, be the extension of K((pm) cut out by AdR, that is, the field fixed by the kernel of
Ad R|r,. . Let us show that ¢(I'r,,) # 0. By the inflation-restriction exact sequence

H'(Gal(F,,/Q),AdR) — H'(I'g,AdR) — Hom('f,,, Ad R)
it suffices to see that H!(Gal(F,,,/Q), Ad R) = 0. Consider the inflation-restriction exact sequence

0 — HY(Gal(Fy/Q), Ad RE /)y L gL(Gal(F,, /Q), AdR) — HY(Gal(E,,/Fy), Ad R)F®

Since F}/Fy is of degree prime to p, we have

H(Gal(F,,/Fy), Ad B)™¢ = Hom(Gal(F,,/F1),AdR ©)
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but AdR © = 0 (by bigness), hence the right hand side vanishes. Similarly, Gal(F;,/Fp) acts trivially
on V and H!(Gal(Fy/Q), Ad R) vanishes by bigness (see [CHTO08, Cor. 2.5.4]).

Now, we consider ¢(I'g(¢,m)) as a Gal(F, /Q((pm ))-submodule of Ad R. Note that Gal(F,,/Q({pm ))I
contains PSLy (k") hence there exists g € Gal(F,,/Q(¢,m)) of order not dividing p fixing a non zero
element of C(FQ(CPM)); we can even assume that g acting on Ad R has distinct eigenvalues in k,
again by bigness of p., provided that p — 1 does not divide ¢,—1. Let o¢ € I'g(c,m) lifting g and
let 0 = 7o¢ where 7 € T'p, is such that ¢(o) = ¢(7) + ¢(0g) ¢ (09 — 1)V. Such a 7 exists because
c(Co,m)) € (9 — 1)Ad R. The corresponding element o satisfies the desired conditions for some
5 e kx. O

For g € Qu, let X? =@y (X +¢° T = (X —ay)(X —3,), where @, 3, € k. We write R|p, = ¢, &5,

n—1

where ﬂq = unr(a@,) and 5, is the unramified Dj,-module given by the sum of all eigenspaces

corresponding to the other eigenvalues 62_@;, i # 0. Note that 5, does not contain @q as Dg-
submodule. We define
Lg,..q= Hl(Dq/Iqa Aqu) D Hl(an Ad@q)
We notice as in [CHTO08, Section 2.4.6] the obvious
Lemma 2.13. We have dimy Lq,, 4 — hg(M) = dimy H' (I, Ad ¢, )P = 1.

Using Lg,, = (Lq,,v)v With Lg,, , as before for v ¢ Q,, and the definition above for v € Q,,,
we define Hp | (I'g, M) and Hy,, (Tg, M™).
m ]

m

Corollary 2.14. For any set Q., as above, one has dimy HlﬂQ (To, M) <tQm =r.

2.6. Construction of a Taylor-Wiles system. Recall we fixed in Definition 2.1 a level subgroup
UcC G(Z) of level N. Let @ be a finite set of primes ¢ splitting in K such that ¢ =1 (mod p) and
(aq/Bg)"~* # 1 (mod mp). Let A, be the p-Sylow of (Z/qZ)*. We write (Z/qZ)* = A, x Ab. For
each ¢ € @, ¢ = qq°, we fix an isomorphism iq: Uy = GL,,(Oq); we identify Oy/q = Z/qZ. Let

*

Uy = o e Usinlo) = (95" 5 ) (moda) 5€ 87,1 € GLus(O0)

We also write U, C’l =iq(U, (;) We also consider the parahoric group

Vo =to € Usiala) = ( U575 ) @oda) € (D) gus € GLua(O0)

associated to the maximal parabolic subgroup P C GL,, fixing the line < e,, >. Note that U, /U, (; =
Ay Let Uy =[1,c0 U, x U®, Ugo = TyeqUso x U® and Ag = [T e Aq- Note that Ugo/Uf =
Ag. Let hy_1,0, resp. h,—_1.¢, be the (cuspidal) Hida Hecke algebra of auxiliary level group Ué?
excluding the Hecke operators at N@Q, resp.including the Atkin-Lehner Hecke operators U, ; at g € Q.
This is naturally an O[Ag]-algebra. We denote by ag = ([0] — 1,0 € Ag) the augmentation ideal of
O[Ag].

If we put Ugc = U{, N U™, we note that these algebras both act faithfully on e - Sq(E/O) =
ligl(‘ e- SA(UE;C; E/O) (where X is an arbitrary dominant weight, for instance A = 0). By using the
diamonds of weight 0, one endows these O-algebras with a structure of A,_; = O[[T}*]]-algebra.
We have a morphism h,,_1 g — hy—1 which factors through h,—1,0 = hn—1.0/00hn-1,0-

For any fixed dominant weight A" congruent to ((n — 1)a, (n — 2)a, ..., a,0), we also consider the
Hecke algebras e - hX(Ug’l, O), resp. e - E)\r(Ugl, 0) of weight \'. Recall that

hn—l,Q/Pth—l,Q — e- hA/(Ug’l, O)
is a surjection with nilpotent kernel. Let mg be the maximal ideal of h,,_1 ¢ associated to the residual
representation R. Let T,—10= (hn,LQ)mQ resp. Ty g=c¢- h,\/(Ug’l, O)mQ be the corresponding
localization-completion. We denote by Rfy: I'g = Gn(Ty_1,¢) the lifting of R constructed as R" =
Ry over Ty _; =T, _;¢. Similarly for Rf\b,,Q: Ig = Gu(Ty.q).
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For g € Q and for 8 € K, we define compatible Frobenius Hecke operators

1,1 O

c,e _ -—1 ! n—1 ! c,c

V=1, <Uq< o )Uq) X (Ug°)"

It defines an endomorphism of SO(UEQ’C, O)mg- We fix a lifting ¢, of the geometric Frobenius to
Q, given by the Artin symbol [g, Q] on Q2. Let T, o =¢ ho(U5 O)mg and Let RG*: Tg —
Gn(T,%, o) be the push-forward of R% via the surjective homomorphism T,—1q — T, 5. Let

A%° be the unique root of Char RG(¢,) in T,y ¢ lifting the root aj~' € k* of Char R(¢,). By
Hensel’s lemma, for any ¢ > 1 we have factorizations in T;:

Char R%°(X) = (X — A59)Q5¢(X).

Let Y5 = [1,cq @y (4Vy9)eSo (UG, O)mg; it is the largest e-ho (U5 O)me [(4Vy) geql-submodule]]

of So(UG", O)mg on which for any ¢ € Q, V7 — Ag° is topologically nilpotent. Let T,,—1(Y)“) be
the image of e- (U O)m, in Endo(Y;“). We denote by Ryg. be the image of the representation

R" by the projection Ty_; — Tp_1(Y5“). Recall that by [CHTO08, Prop.3.4.4, 8] (here our level
groups Upy® play the role of the group U there).

Proposition 2.15. For any c>1,
o for any B € K NOq, we have (Vi € Ty_1(Y5), and X — V¢ divides Char R%%(¢,) in
Tn_l(Yé’c)[X],
o The map given by ,V°([8,Qq]) = qVﬂC’C for B € K;NOy extends into a continuous character
GV Dy = (Tr1(Y5))* and we have
R;’C|Dq =54 D (V°
where sq in unramified of rank n — 1.
Proof. We refer to [CHTO08, Prop.3.4.4, 8] for the details; we simply mention that the proof relies
on [CHT08, Lemma 3.1.5] which analyzes the g-component of a cuspidal representation occuring

in Tn,l(YCS’C); the possibility of a partial Steinberg component is excluded by the condition ¢ = 1
(mod p). O

Actually, by Hensel’s lemma one can even define a unique root A, € T,_1 o of Char R"(¢,)
congruent to ag_l modulo the maximal ideal such that

Char R"(X) = (X — AT)RQq(X)

with Qq(X) € Tp-1,¢[X] and Qq(A,) € T, o For any ¢ > 1, A, interpolates the AZ¢ via the

morphisms T,,—1,¢ = T, . For any 8 € K N Oy, the operators ,V;*° are compatible when
¢ > 1 varies; they give rise to an element ,V3 € T,,_1 ¢ and to a continuous homomorphism

Dy =T} o
One can then define a subspace Yo C Sq(E/O)m, by Yo = [[,cq @q(Ve)Sq(E£/O)m, such that for
any c¢ > 1, one has ng’ = Y5 ®Qp/Zy via the identification

Sg =e-So(UEJO).

We conclude from 2.15 that for any ¢ € @,
R}|p, = $q® V.

where s, is unramified and ,V ([g, Q,]) = A,.
Let Dg be the deformation subfunctor of D imposing that for any ¢ € Q, the liftings r € Dg(A)
of R when restricted to D, are of the form

8q ® A(g)
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where s, is unramified of rank n — 1 and lifts 5, and 4V, : D, — A is such that 14([¢, Q,]) = ag’l
(mod my). Let R, _1,¢ be the universal deformation ring of Dg. It is endowed with a universal
lifting

Riéniv: FQ N gn(R%niv)
and characters 2" : D, — (R&")* such that

UNIV _ o univ UnNiv
RQ ‘Dq =384 EBwq :

where s%™" is unramified and lifts 5q,and 4" ([¢, Qq]) lifts the root @) ~' € k* of R(Froby).
Similarly, we have

RY 5:Tg = Gu(T )
such that for any ¢ € Q,

h h h

R qlp, = 8% g ® VN -
where z/)ﬁ,yq = qVqO’l. By Proposition 2.15, these automorphic liftings give rise to surjective ring
homomorphisms

Rn1.9 = Tno1,0(Yq) and Ry g = Ty o(Ye)

sending R to R% and YUY to ¢V, resp. RY'S to RY, o and PRPY to GV Let mp
Mgy, , be the maximal ideal of Ry  g. Note that we have canonically

ne1.0 TESD-

mRn—l,Q/(mO + m%{n,LQ) = mR)\'VQ/(mO + m%ﬁyﬁQ)

and that the k-dual of this space is canonically isomorphic to H}CQ (g, M). Moreover, it follows
from 2.14 that

Corollary 2.16. For any set Q,,, as above and for r = dimy, Hlﬁm (Tg, M), one has

dimgmp, _, , /(mo+mp ) =dimHp, (Tg,M)<iQm=r

2.7. End of the proof. We first fix a regular dominant weight A’ congruent modulo p — 1 to
((n—1a,(n—2)a,...,a,0). We assume either 1a) or 1b), so that the characters on the diagonal of
Symm"_lﬁu| p, are mutually distinct. We consider the diagram of morphisms

Byvq,. = Tye.(Ye,)
1 1
Ry — T)\/(Uo’l,O)
The first line is O[Ag,,]-linear. Let My g, be the Pontryagin dual of Y, and My oo, be the
Pontryagin dual of the analogue Yq,, o of Yq,, obtained by replacing the level group Ug,, by Uq,, o-
Similarly, let My, g be the Pontryagin dual of e - Sy (U%!, E/O)y. We know that My o, is free of
finite rank over O[Ag,,] and admits a faithful action of Ty g,,(Yg,,). By [Gel0, Lemma 2.2.6], we
have

My ... /80, Mx Q.. = Mx 0,0,
One also knows that
Ry @ /0, BX Q. = Ry
By Cor.2.14, there are surjections in CN L :
O[Y1,..., Y]] = Ry .o,
Let W,,,: be the composition
O[[Yl, . ,YT]] — R)\/me — R)\/
We also have surjections
O[[Z].) M) Z’r‘]] — O[AQHL]
whose kernels n,, satisfy [, nm = (0). We can lift the map
OllZ1,...,Z:]] = O[Ag,.] = Ry 0.,

to a ma
’ D O[Z1,.... 2] = O[[Ya,....Y,]]



CONGRUENCE IDEALS AND SELMER GROUPS 17

The composition
v, o0d,,: O[[Zl, ey Zr]] — R,\//m@R,\/
has kernel (Z1,...,7Z,) + mo.
On the other hand, it follows from [CHTO08, Cor.3.1.5] that we have a Hecke linear isomorphism
My, g0 2 My g
so that
My Q.. /0, My .q,, = My
One can now apply Diamond-Fujiwara’s version of the Taylor-Wiles machine (see Th.2.1 of [Dia97]
as at the end of the proof of [CHTO08, Theorem 3.5.1] to conclude that the morphism
Ry — TA/(UO’l, (9)

is an isomorphism in CN Le, that M)y, ¢ is free over T/ (U%!, 0) and that these algebras are local
complete intersection.

In order to deduce that R,—1 — T¥_; is an isomorphism of A,,_;-algebras and that they are
local complete intersection, we proceed as in [Ti06, Sect.3.2]. We choose a regular dominant weight

X congruent to ((n — 1)a,...,a,0) and we consider the diagram
Rn—l/PRn—l — TZA/PTZA
{ {
R)\/ — TA/(UO’l,O)

where P = Py.. We know that the bottom line is an isomorphism and that the first column
is an isomorphism. It follows that the first line is an isomorphism. and that T¥_ ,/PTY% , &
T (U%!, O) is contained in PR,,_1. Moreover, by Hida’s control theorem M,,_1/PM,,_; = M, g;
hence M,,_1/PM,,_; is free over T%_;/PT%_,. This implies by Nakayama’s lemma that M,
is free over T)*_; (use that M,,_; is free over A,_; by Hida theory). In particular, T¥_; is free
over A,_1. From this we can deduce by a similar argument that the injectivity of R,_1/PR,—1 —
TY_,/PTY_, implies the injectivity of R,,_1 — T%_;. Since P is generated by a regular sequence in
A,—1 and since TY_,/PT%_, is local complete intersection over A,_;/P, the same holds for T¥_,
over A,,_1.

3. PROOF OF THEOREM 1.3

3.1. The case j = 3. The proof of Theorem 1.3 makes use of the Symm? base change from GL2(Q)
to GSp4(Q) as established in [RS07]. The level of the Symm?® of a newform of squarefree Iwahori
level is still squarefree Iwahori [RS07]. Let hy be the Hida Hecke algebra constructed in [TU99] (see
also [H02] or [Ti06]). It is a finite torsion-free algebra over Ay = Zp[[X1, X»]]. Calculations detailed
in [Conl6a, Section 3.3] describe the only possible homomorphism

H(GSpy) NP ® H,(GSpy) ™ — H(GL2)VP @ H,(GLg) ™™

between our abstract Hecke algebras, deduced from the base change map from GLy to GSp, and
compatible with the ordinarity condition. In fact, in [Conl6a, Proposition 3.3.5], A. Conti defines
eight homomorphisms A\V? ® Apis © = 1,...,8 in the context of finite slope case, but only the
first is compatible with our ordinarity assumption. It provides a commutative diagram of algebra
homomorphisms

he 5 oy
T T
A2 — Al

the bottom homomorphism is induced on the highest weights of local systems by n > 0 — (a,b)
where a > b > 0 are given by a = 2n and b = n. Here, n > 0 corresponds to the irreducible
representation Symm”Sts of highest weight n of GL2(Q) and (a,b) corresponds to the similar Weyl
representation of GSpy(Q). For any prime ¢ not dividing Np, let the universal genus 2 Hecke
polynomial at ¢

PA(X) = Xt = T,X° + U(Re + (1+ £280))X? = TS, X +(°S}
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where the coefficients are given by the universal Hecke operators with the notations of Conjecture
2 Section 7 of [TU99]. Then,the homomorphism 6 is defined as follows. For any prime £ not
dividing Np, it send the coefficients of PZ(Q)(X ) to those of the symmetric cube Symm?’PZ(l) =
(X — U)X = UZVy)(X — U V2)(X — V) of the genus 1 universal Hecke polynomial Pe(l) =X? -
Ty X +4S; = (X —Up)(X —Vp). For £ =p, let U, 1, resp. Uy 2, be the double class of diag(p,p,1,1),
resp. diag(p,p?,p, 1), for the Iwahori subbgroup of GSp,(Z,). Then by standard calculations (see
[Con16a, Proposition 3.3.5 and Corollary 3.3.9], we see that 0 sends Uy, 1 to U3. and Uy to U,
Let T2 be the localization of hy at the maximal ideal associated to Symmgﬁ# ; the morphism 6
factors through Ty — T;. Let A = pof. Let ’i‘g =Ty ®a4, Zl Let us still denote by the same letters
the homomorphisms obtained by extensions of scalars to Zl :
and their composition A = p o . Let us recall Theorem 4.2 of [Pil2b] (especially, in the context of
deformations of a residual representation Symmgﬁﬂ, treated in section 5.8.2 of this paper). Let Ro
be the minimal p-ordinary universal deformation ring of Symm?’ﬁu.

Theorem 3.1. Assuming the assumptions () and that either a2 £ 1 (mod ma,) or3(a+1) < p—1,
we have Ry = Ty and Ty is local complete intersection over Ao ; moreover it is finite flat over As.

Note that the auxiliary level of hy is Iwahori of the same squarefree level N as h;.
Note that the theorem implies that Ty — T is surjective.
The Aj-algebra T is reduced and we have quasi-splittings of u, 0 and A :

(1) T, @z, K1 =Ky x TL,)CI
(2) T, ®z, K= (T, ®z, K1) x Té,lcl

(3) ’i‘g ®A“1 K1 2Ky x Tl/\,lCl'

Let 'T‘{g, resp. 'i")\, be the image of T, by the second projection in (2), resp. in (3). Besides the ideal
¢, already defined, one can define two other congruence ideals :

Cp = TQ N (Tl X {OT,H})

and _ _
=Ty N (Al X {O’i‘g\})

Corollary 3.2. Assume (x).
1) Assume either o # 1 (mod ma,) or 3(a+ 1) < p — 1, then the ideals cy, ¢, and \(cp) are
principal and we have the relation

ey = ¢\ (co)

Proof. We know that T; is local complete intersection over A; (i = 1,2). By flatness of Ay over Aq,

it follows that T; (i = 1,2) are local complete intersection over A;. Thus, statement follows from
8.5 and 8.8. 0

Proposition 3.3. 2) If one assumes that 3(a+1) < p—1, the ideal ¢y is generated by Char(Sel(Adsp,p,.))

Proof. Let L be the composition of the isomorphism Ry — To with A: Ty — Al,ég = Ry ®Qa, Al
and L: Ry — A the composition of L ® Idg1 with the multiplication A; ® A; — A;. By flatness of

A, over A1, we see that R» is local complete intersection over A We first apply 8.7 to see that the
principal ideal ¢y coincides with the reflexive envelope of Fitto(C1 (L, A1)). It remains to see that

C1(L, Ay) = Sel(Adgp, p)

It is only to prove this that we also need to assume 3(a+ 1) < p — 1. Indeed, let I = Ker(Az — Aq).
It is a principal ideal, say I = (£). The quotient R, = Ry/{Rs is local complete intersection over
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A and is the deformation ring of symplectic N-minimal ordinary deformations whose Hodge-Tate
weights are of the form (3h,2h, h,0). We have Qg /x, ®r, A1 = Qry/a, ®a, A1. By flatness of A;
over Ay, we conclude

QR2/A2 @A, A= Q§2/21
Let us now compute the Pontryagin dual of C’l(/:f, Zl):

C1(L, A;)* = Hompg, (9 A}) = Hompg, (Qpr, /a, @2, A1, A7)

Ry/Ay»

= HomRz (QRQ/AQ ) AT) = Der/\2 (RQ, AT)
Let Ry(A}) = Ry @ e - AT with €2 = 0, then

Dery, (Rs, A7) = Homg (Ra(A7), A7) = {p € D(Ra(A})); pl0) = (L + ¢+ ¢(0))p"""(0)}/ ~ .

The map p — ¢ induces an injective map ® from this set (which happens to be a group) to the group
of cohomology classes [¢] € HY(I'g, gl,, (A1) ®4, A%). The image of ® is contained in the subgroup of
the cohomology classes such that for ¢ dividing N, ¢(I;) = 0 (this is the N-minimality condition) and
such that c|;, takes values, up to conjugation, in n;\ (A;)®.4, A; where n (4;) = Fil'Ad (Symm®p,,)
is the upper nilpotent subgroup of gl,,(A4;) = Ad (Symm?’pu). This is the min-ord condition. Note
that if p is upper triangular on I, it is still so on D,. The condition

(1) 3(a+1)<p—1

has not yet been used. Recall it is equivalent to saying that the characters on the diagonal of
Symm? ﬁu| 1, are mutually distinct. This condition implies the surjectivity of ®. Indeed, any cocycle
¢ define a unique conjugacy class [p] of liftings of pWe need to check that [p] defines a deformation
in D(Ry(A})); it amounts to verifying that the characters defined by p| p, are in the right order on
the full decomposition group, knowing that they are in the right order on the inertia at p. This is

precisely what condition (1b) imposes.
O

On the other hand, for p > 3, we have a decomposition of Z,-representations of GLy : Adsp, =
A @ A3. This implies a decomposition of minimal p-ordinary Selmer groups

Sel(Adsp, ) = Sel(A},) @ Sel(A?).
Since we know that ¢, = (CharSel(A},)) and ¢y = Char(Sel(Adsy,p.)), we conclude by division

Corollary 3.4. The ideal X(cg) is principal generated by Char(Sel(AfL)).

By definition, the associated primes of A(cy) in in A; are congruence primes between Symm?® (1)
and Siegel families which are not Symm?® of GL2(Q) families. Because of the Greenberg-Iwasawa
conjecture, it is natural to conjecture that the (not yet constructed) p-adic L function of .Ai generates
the ideal A(cg), hence controls then congruences of the above type. This understands a decomposition
(not only up to algebraic numbers but up to p-adic units in a number field) of periods according to
the decomposition

L(Adsp, (1), 5) = L(A,,, )L(A], ).

3.2. The case j = 2. In order to treat the case j = 2, we assume that the integer a associated to
T (hence to p) satisfies 3(a+1) < p—1. We also use another decomposition of Z,-representations
of GLy (valid if p > 3) :

Adg, =A' @ A2 A

The general formulas over Z, are actually

m—1
Ady, = P A’
=1
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for any m > 2, provided p > m — 1, and
m
Adsp,, =P AY!
j=1
for any m > 1 provided p > 2m — 1.

As already mentioned, the Symm? base change to GL4(Q) is established by Kim. Recall that we
fixed a squarefree level N and a prime factor ¢; thereof. As above, we choose an auxiliary imaginary
quadratic field in which p and ¢; split. We then choose a degree 16 skew field of center K with
second kind involution, which ramifies exactly at those two primes. There exists a unitary group U (4)
compact at infinity, quasi split at all inert primes. By Arthur and Clozel, automorphic forms can
be transfered from GL3(Q) to U(4). In his thesis [Gel0], D. Geraghty defined a Hida Hecke algebra
hY associated to U(4) which is finite torsion free over the Iwasawa algebra Az = Z,[[X1, X2, X3]].
At this stage, it is better to write h3 for the Hecke algebra for symplectic forms previously denoted
hg, in order to distinguish unitary and symplectic group Hecke algebras. The Symm?® base change
provides a ring homomorphism h§ — h; with a commutative diagram

h}af — hl
T T
A3 - A

The bottom map is induced by n +— (A1, A2, A3) where Ay > As > A3 > 0 are given by A\; = 3n,
A2 = 2n and A3 = n. But we need a more precise information about this diagram. For this, we note
that the base change from GSpy to GL4 has also been established [Mok14], so that there is also a
commutative diagram of ring homomorphisms

e % ong S on B oA
) ) ) )
Ag — A2 — Al = Al

where the first bottom arrow is given by (a,b) — (A1, A2, A3) wherea >b>0and A\ > Ao > A3 >0
are given by A\; = a+ b, Ay = a and A3 = b. Let T% be the localization of h§ at the maximal
prime corresponding to SymmSEM. The morphism 6’ factors through T% and is still denoted as

¢': TY — T5. Let X' = Ao@. Let TY = T% ®4, A;. We tensorize the morphisms by A; (without
changing the notation) and we get A;-algebra homomorphisms

Te 5Ty D A4,
Let G4 = (GLy x GL1) % {1,5} where j(g,v)j ! = (v'¢~',v). Let R3 be the minimal p-ordinary

universal ring of deformations p: Gg — G4(B) of Symmgﬁu: Gg — GL4(k). By treating a simpler
case than in [Gel0], we prove

Theorem 3.5. Assuming (x) and either a'? #1 (mod my,) or3(a+1) < p—1, we have R = T%,
and this ring is local complete intersection over A3 ; in particular it is finite flat over As.

Again, the Aj-algebra ’i‘},f is reduced and we have quasi-splittings of (A and) 6’ and X’ :
(2) Ty®; Ki=(T3®;7, Ki) x Tp

(3) Ty®z Ki=KixTh .

Let ’i"e,, resp. ’T"A,, be the image of "I“g by the second projection in (2'), resp. in (3'). Besides the
ideal ¢, already defined, one can define two other congruence ideals :

Cor = 'i”?f n (Tg X {Orfé,})

and B B
C = Tg n (A1 X {Of‘;\,})
The formalism of Sections 8.3-8.5 yields the following
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Corollary 3.6. Assume (x).
1) Assume either a'? # 1 (mod ma,) or 3(a + 1) < p — 1, then the ideals ¢y, cx\(cor) and cor
are principal and we have the relation

C\ = C))\(CQ/).
2) If one assumes 3(a+1) < p—1, one has moreover that ¢y is generated by Char(Sel(Adsp,pp)),

Proof. Same proof as in Corollary 3.2. |

Note that the associated primes of A(cg/) in A; are congruence primes between Symm® () and
unitary families which don’t come from Siegel families.

Moreover, according to the Greenberg-Iwasawa main conjecture, the ideal A(¢q/) should be gen-
erated by the (still conjectural) p-adic L function L,(A2). On the other hand, for p > 3, we have a
decomposition of Zj,-representations of GLy : Adg, = Adsp, ® A?. This implies a decomposition of
minimal p-ordinary Selmer groups

Sel(Adar, pp) = Sel(Adsp, py.) @ Sel(A2)
Since we know that ¢y = Char(Sel(Adsp,p,)*), we conclude by division :

Corollary 3.7. The ideal X(cq) is principal generated by Char(Sel(A2))*.

Proof. Same proof as in Corollary 3.2. (]

4. THE CASE j =4

To treat this case, we fix an auxiliary imaginary quadratic field as above and we choose unitary
groups U(4) and U(5) which are compact at infinity and with the same local conditions at finite
places.

Besides the Symm? base change, we also consider the Symm? base change from GL (established
by H. Kim[Kim03] to GL5, and by Clozel to U(5)). We note the commutative diagram of group
schemes over Zj, :

GLo
(4) Symm?® \, Symm*
GSp, — GSOs
where the bottom arrow is the standard (2 : 1)-covering coming from the exceptional isomorphism
GSp(4) = GSping. Recall that by definition GSO5 = G, x SOs. Therefore, the adjoint action of
Symm*GLs on sos coincides with the adjoint action of Symm>®GLy on sps. We therefore have the
following Z,-decompositions for the action of Symm®*GL; :

so5 = Al @ A3
and
sls=A' e A2 A% e AL
Let R4 be the minimal p-ordinary universal ring of deformations p: Gg — G5(B) of Symm4ﬁu. Since
5 is odd, one can choose an imaginary quadratic field in which p and ¢; split, a skewfield D split
outside q; and ¢G§ and a second kind involution * on D such that G = U(D, ) is definite at oo
and quasisplit at all inert places. Again, by Geraghty’s thesis, the Hida Hecke algebra h, associated

to U(5) is finite torsion free A4. Its localization TY at the maximal ideal associated to Symm%u
satisfies

Theorem 4.1. Assuming a'? #1 (mod ma,) or 4(a+1) < p— 1, we have Ry = TY ; this ring is
local complete intersection over Ay. In particular it is finite flat over A4.

Note that the universal morphism Ry — Rs induced by the diagram (4) gives rise by identification
to a non obvious base change morphism 6”: TY — T3 above the morphism Ay — Ay (also induced
by the diagram (4)). Let T} = T} ®a, A;. We consider the morphisms

~ 0// ~ )\ ~
Ty = T5 5 A
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Let A = Ao 6”. We can define the congruence ideal ¢, as before by
C)\// = TZ ﬂ (Avl X {0,']“?./ }) .
>\//
Corollary 4.2. Assume 4(a+ 1) < p— 1. The ideal ¢y is principal generated by a characteristic
power series of Sel(Ads, Symm4p#)*.
Proof. Same proof as in Corollary 3.2. |
We define a new congruence ideal cg by
Cor = TZ N (T; X {O’T’ }) .
9//
Then,

Corollary 4.3. We have
Chrr = C)\)\(Cgu).
Moreover, the congruence ideal X(co:) divides \(cg) and
Alcgr)
)\(Cgl)
Proof. We have a decomposition of Selmer groups

Sel(Adi,Symm®p,,) = Sel(Adso, Symm®p,,) & Sel(A7) & Sel(A?)

= Char(Sel(A})").

]

Of course this suggests that the prime factors in A; of the (not yet constructed) p-adic L function
L,(Aj,) are congruence primes between Symm® and forms on U(5) which don’t come from GSp(4)
(by the base change given by GSping — GSOs).

5. DIGRESSION: A KUMMER TYPE CRITERION FOR THE NON TRIVIALITY OF CERTAIN SELMER
GROUPS

We keep the notations of the introduction and we assume (x). Let p be a prime of gl. For
7 =3,2,4, consider the condition

(S;)  Fitto(Sel(A7)*) C p
and the condition
(C3) there exists a Hida family G of Iwahori level N on GSp, which is not the Symm?® of a Hida

family on GLy and such that Symm®y = G (mod p).
We prove

Theorem 5.1. Assume (x), then (Cs3) implies (S3) or (S2) or (Sy).

Proof. Let vg: Ty — As be the Hida family associated to G and pg: I'g — GSpy(Az2) be the Galois
representation associated to this Hida family. It is well defined because po = Symm?’ﬁu is absolutely

irreducible by (x). We define T, =T, ®A, A, and Ty = T ®A, A, and we consider
T, 2T, 5 A4

We can decompose Ay ®a, ﬁl as a product of domains B; which are finite extensions of El. Let C
be the normalisation of B;. By assumption, pg,c = pg ®a4, C is not a Symm? but there exists a
prime ideal pe of C above p such that, denoting by ¢, resp. ¢, the homomorphism ¢: C — C/pc,
resp. ¢: Ay /p = C/pc, we have ¢.pg.c = t.Symm® p, (mod p) up to conjugation in C/pc. Note
that pc = Ker ¢ is a height one prime of the normal ring C. Since pg,c is not the Symm?® of a
Hida family on GLo, it follows by a theorem of Conti [Conl6b] that Im pg ¢ contains a congruence

subgroup of GSp,(A1) up to conjugation by an element of GSp,(C). In particular, the adjoint action
Ad° pa.c on spys(C) is irreducible while it becomes reducible when one applies ¢. More precisely:

¢+(Ad° pe.0) = AL (C/pc) @ A% (C/pc)
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Note that C, is a dvr. Let K = Frac(C/p¢c). By [Ri76, Proposition 4.2], there exists a C,,.-lattice
L in spy(Frac(C)) with Galois action such that on the quotient L/pc L, the action of Galois is a non
trivial extension of A}, (K) by A3(K). But Hom(A,(K), A (K)) = A} (K) ® A%(K) ® A} (K) as
I'g-modules. Since we are dealing with N-minimal p-ordinary Selmer groups, the non triviality of
one of the three Selmer groups over K follows. |

6. THE CASE j =n

It follows from [PT02] that for any n with 1 < n < p — 1, we have a decomposition sl,; =
@?:1 AT over Z, which is GLg-equivariant for the action on the left hand side by Ad Symm”. It
follows that for n € [1,p — 1], we have

slyy1 =sl, ¢ A"

where GL; acts by Ad Symm” on the left hand side and by Ad Symm™ ™! on the first factor or the
right-hand side.

From now on, we take j = n —1 or j = n Let h} be the Hida Hecke algebra associated to the
unitary group U(j + 1) chosen to be compact at infinity and with local conditions af finite primes
as before. This algebra is finite torsion free over the Iwasawa algebra A; in j variables. Let us
assume the automorphic base change is established for Symm’ for j = n — 1 and j = n. This
gives rise to algebra homomorphisms 6;: h;-l — hy above the homomorphism A; — A; induced by
m >0 (z1, -+ ,z;) with 21 =m, 9 = 2m,...,x; = jm. Let u: hy — Ay be a Hida family and let
Aj = poj, for j =n —1,n. We assume that the image of the residual representation p, contains
SLa(F,). Let T be the localization of A at the maximal ideal associated to Symmjﬁu. Let R; be
the universal deformation ring for minimal p-ordinary lifts p: Gg — G;41(B) of Symm?’ Pu- We have
proven in Section 2

Theorem 6.1. Assuming (x), n(a + 1) < p — 1, and that the transfer Symm? is established for
j=mn—1n, then for j =n—1,n, we have R; = T and these rings are local complete intersection
over A;.

From this it follows that for j = n — 1,n, the congruence modules ¢y; and ¢y, are principal and
related by the relation

cx; = Aj(co,)eu
Moreover it also follows from the theorem that for j = n — 1,n, the ideal c,; is generated by
Char ((Sel(Ad Symm’p,,))*)). Since we have

Sel(Ad Symm’p,,)) = Sel(Ad Symm’ ' p,,)) @ Sel(A7,),
we deduce by passing to the characteristic power series of the Pontryagin duals that
Cx, = CApq (Char(SelAZ))

and dividing by the invertible ideal ¢,, we conclude that A\,_1(cg, ,) divides \,(cg,) and that the
quotient is the principal ideal (Char(Sel AZ))

This theorem applies to n = 4,5, 6,7, 8 since the transfers Symm?, j = 3,4, 5,6, 7,8 of a classical
form of weight > 2 have been established in [CT15]. For n = 4, we obtain a different proof of the
Theorem 4.3 given in 4 relating congruences on U(4) and U(5). In that case, the congruence ideals
refer to transfers from GSp(4) to U(4) and U(5), while here they refer to the congruences between
Symm?®, resp. Symm* transfers and families on U(4) resp. U(5). For n > 5, there is no alternative
proof because there is no known transfer from GSp, to U(n + 1) compatible to Symm?® and Symm".

The meaning of this is that any congruence prime between Symm” 'y and a family of U (n)-
forms which are not Symm”" ' fromGLs, is also a congruence prime between Symm™yu and a family
of U(n + 1)-forms which are not Symm" from GLy. However, it doesn’t seem that one can define
a cuspidal base change from U(n) to U(n + 1) which would explain this phenomenon by Tate-Hida
formalism. It appears for the moment only as a consequence of our congruence ideal main conjecture
theorem.



CONGRUENCE IDEALS AND SELMER GROUPS 24

7. THE CASE OF THE STANDARD REPRESENTATION OF GSp(4)

This is a digression which does not involve symmetric powers of GLy. Let instead consider a Hida
family of Siegel cusp forms that is, a As-algebra homomorphism o: h§ — As onto a domain Ay which
is finite and torsion free over Az. As we noted above, using the base change from GSp(4) to GL(4)
established in [Mok14] and Clozel’s descent to U(4), we constructed a morphism 6’: hy — hi. We
assume that the residual Galois representation p, is absolutely irreducible. Moreover by ordinarity
the restriction of p, to an inertia group I, at p is conjugate to

1 * * *
w(a2+1) * *
w(@1t+2) *

w—(a1+a2+3)

for a pair of integers a; > as > 0. We assume a7 + az + 3 < p — 1. There can be only one pair
(a1, az2) of integers such that a3 > as > 0 and a3 + as + 3 < p — 1. It is fixed from now on.

We localize the morphism 6’ at maximal ideals associated to p,. We write 6': T} — T3 for its
localization. If the residual image is big (in the sense of [Pi12b] Section 5.8), and that the four Hecke
eigenvalues at p are distinct modulo m4,. Then, let R; ¢ = 2,3 be the minimal p-ordinary universal
deformation rings of p, (for deformations into GSp,(B) resp. G4(B)), we can prove

Theorem 7.1. Assume a1 + as +3 < p — 1; then we have Ry = T and Ry = TY, and the rings
T3 resp. TY is local complete intersection over Ay resp. As.

If we set A = 0 06, we can define three congruence ideals ¢y, ¢, ¢j. Because of the assump-
tion a1 + as +3 < p — 1, we see as in the proof of Proposition 3.3 that the differential module
Qry/p, T2 Ay is isomorphic to Sel(Adsy, p,))* and that similarly Qrs /0, O3 Ay is isomorphic
to Sel(Adsp,pr))*. Hence by Theorem 8.7, we conclude that ¢y = Char ((Sel(Ads,pr))*) and
¢, = Char ((Sel(Adsp,ps))*). We also have the transfer formula of Proposition 8.14 :

6\ = C:rO'(Cgl).
On the other hand, we have
Adsy, (po) = Adsp, (ps) & St

where St, is the composition of o with St: GSp, — GSOs;. From this and Proposition 8.14 (for
v = 2) and Theorem 8.15, we conclude

Theorem 7.2. The reflexive envelope o(cgr) of the ideal o(co) of Ay is principal and is generated
by Char((Sel(Sty))*).

Remark 7.3. The p-adic L function L,(Sty) has been constructed by Zheng Liu in her 2016
Columbia thesis, and the main conjecture implies that o(cer) is also generated by L,(St,). It is
therefore natural to ask whether the height one prime factors of L,(Sty) in Ay are congruence
primes between o and families on U(4) which don’t come from GSp(4).

8. CONGRUENCE IDEAL FORMALISM

We recall a formalism developed by Hida based on Tate’s appendix to [MR70], alongside we
introduce the notion of congruence modules and differential modules for general rings and basic
facts about it. We apply the theory to Hecke algebras and deformation rings to show that these two
torsion modules have the same size (that is, the equal characteristic ideals and Fitting ideals).

8.1. Differentials. We recall here the definition of 1-differentials and some of their properties for
our later use. Let R be a A-algebra, and suppose that R and A are objects in C'N Ly, where W is
a finite flat extenion of Z, The module of 1-differentials Q1,4 for a A-algebra R (R, A € CNLywy)
indicates the module of continuous 1-differentials with respect to the profinite topology.
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For a module M with continuous R-action (in short, a continuous R-module), let us define the
module of A-derivations by

§: continuous
Dery(R,M)=¢8§: R— M € Homa(R, M)|5(ab) = ad(b) + bd(a)
for all a,b € R

Here the A-linearity of a derivation § is equivalent to (A) = 0, because
6(1)=6(1-1)=25(1)=46(1)=0.

Then /4 represents the covariant functor M + Ders (R, M) from the category of continuous
R-modules into MOD.

The construction of (g, 4 is easy. Let R®4R be the completion of R ®4 R with respect to
the (mgr ®4 R + R ®4 mpg)-adic topology. The multiplication a ® b + ab induces a A-algebra
homomorphism m : R® R — R taking a ® b to ab. We put I = Ker(m), which is an ideal of
R®4R. Then we define Qpja = I/I%. We endow it with a structure of R-module by action of R®1.
It is a complete module for the mz-topology. Ome checks that the map d : R — Qpr/4 given by
d(@) =a®1—1®a mod I? is a continuous A-derivation. Thus we have a morphism of functors:
Homp(Qp/a,?) — Dera(R,?) given by ¢ — ¢ od. Since Qg4 is generated by d(R) as R-modules
(left to the reader as an exercise), the above map is injective. To show that Qz,4 represents the
functor, we need to show the surjectivity of the above map, which is well known (see [CRT, ]).

Proposition 8.1. The above morphism of two functors M — Hompg(Qg 4, M) and M +— Dera(R, M|
is an isomorphism, where M runs over the category of complete R-modules. In other words, for each

A-derivation 6 : R — M, there exists a unique R-linear homomorphism ¢ : Qrsa — M such that
d=¢od.

We have the following fundamental exact sequences:

Corollary 8.2. Let the notation be as in the proposition.

(i) Suppose that A is a C-algebra for an object C' € C Ly . Then we have the following natural
exact sequence:

QA/C®AR — QR/C — QR/A — 0.

(ii) Let w: R — C be a surjective morphism in C'Ly, and write J = Ker(w). Then we have the
following natural exact sequence:

J/J2 ,8—*) QR/A®RC — QC/A — 0.
Moreover if A= C, then J/J* = QR/A®RC.
For any continuous R-module M, we write R[M] for the R-algebra with square zero ideal M.
Thus R[M] = R @ M with the multiplication given by
(rox)(rex)=r"o (s +r'z).

It is easy to see that R[M] € CN Ly, if M is of finite type, and R[M] € CLy if M is a p-profinite
R-module. By definition,

(8.1) Dera(R, M) = {¢ € Homa_q14(R, RIM])|¢ mod M =id},
where the map is given by § — (a — (a® 6(a)). Note that i : R — R® 4R given by i(a) =a®1is a

section of m : R® 4R — R. We see easily that R&4R/I? = R[Qg,4] by = — m(z) & (z — i(m(z))).
Note that d(a) =1® a — i(a) for a € R.
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8.2. Congruence and differential modules. Let R be an algebra over a normal noetherian
domain A. We assume that R is an A-flat module of finite type. Let ¢ : R — A be an A-algebra
homomorphism. We define
Ci(¢; A) = Qpja @R, Im(9)
which we call the differential module of ¢ . We have seen (for instance Corollary 3.2, (2)) that if R is
a deformation ring, this module is the dual of the associated adjoint Selmer group. If ¢ is surjective,
we just have
Cl(¢; A) = QR/A ®R,¢ A.
We suppose that R is reduced (having zero nilradical of R). Then the total quotient ring Frac(R)
can be decomposed uniquely into Frac(R) = Frac(Im(¢))® X as an algebra direct product. Write 14
for the idempotent of Frac(Im(¢)) in Frac(R). Let a = Ker(R — X) = (1,RNR), S =Im(R — X)
and b = Ker(¢). Here the intersection 14R N R is taken in Frac(R) = Frac(Im(¢)) & X. Then we
put
Co(¢; A) = (R/a) ®r,¢ Im(¢) = Im(¢)/(¢(a)) = 1sR/a= S/b=R/(a® b),
which is called the congruence module of ¢ but is actually a ring (cf. [H88b] Section 6). We can split
the isomorphism 14,R/a = S/b as follows: First note that a = (RN (1,R & 0)) in Frac(Im(¢)) & X.
Then b = (0® X) N R, and we have

14R/a = R/(a®b) = S/b,
where the maps R/(a® b) — 14R/a and R/(a ® b) — S/b are induced by two projections from R
to 1,R and S.

Write K = Frac(A4). Fix an algebraic closure K of K. Since the spectrum Spec(Cp(¢; A)) of
the congruence ring Cy(¢; A) is the scheme theoretic intersection of Spec(Im(¢)) and Spec(R/a) in
Spec(R):

Spec(Co(A; A)) = Spec(Im(¢)) N Spec(R/a) := Spec(Im(¢p)) Xspec(r) SPec(R/a),

we conclude that

Proposition 8.3. Let the notation be as above. Then a prime p is in the support of Co(o; A) if
and only if there exists an A-algebra homomorphism ¢ : R — K factoring through R/a such that
¢(a) = ¢'(a) mod p for all a € R.

In other words, ¢ mod p factors through R/a and can be lifted to ¢’. Therefore, if A is the integer
ring of a sufficiently large number field in Q, |J »Supp(Co(¢; A)) is made of primes dividing the
absolute different 9(R/Z) of R over Z, and each prime appearing in the absolute discriminant of
R/Z divides the order of the congruence module for some ¢.

By Corollary 8.2 applied to the exact sequence: 0 — b — R LA 0, we know that
(8.2) C1(p; A) = b/b2.
Since Cy(¢; A) = S/b, we may further define higher congruence modules by C,(¢p; A) = b™/b"+1,

8.3. Transfer property of congruence modules. Let B be a normal profinite local domain
of characteristic p residue field. We suppose to have a sequence of B-algebra homomorphisms:

R4 S % A of reduced local rings finite flat over B. We put A = po 6 : R — A. We assume that
R, S, A are all Gorenstein rings over B. This means that
(8.3) Hompg(R,B) =2 R, Hompg(S, B) = S and Homp(A, B) = A as R-modules.

We write B = A. Since R is reduced, the total quotient ring Q(R) of R is a product of fields, and we
have Q(R) = Qs ® Q(S) for the complementary semi-simple algebra Qg. Let Rg be the projection
of R in QQs. We have the following (unique) decomposition
(1) Spec(R) = Spec(Rg) U Spec(S), union of closed subschemes inducing R — (Rgs @ S) with
A-torsion module Cy(0, S) := (Rs & S)/R.
Similarly, we have Q(S) = Q4 ® Q(A) and Q(R) = Q4 ® Q(A) as algebra direct sums. Write Sy
(resp. Ra) for the projected image of S (resp. R) in Q4 (resp. @'4). Then we have
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(2) Spec(S) = Spec(S4) U Spec(A), union of closed subschemes inducing S — (S4 @ A) with
A-torsion module Cy(u, A) := (Sa ® A)/S.

(3) Spec(R) = Spec(R4) U Spec(A), union of closed subschemes inducing R < (Ra @ A) with
A-torsion module Cy(A, A) := (Ra & A)/R.

By [H88b, Lemma 6.3] (or [MFG, §5.3.3]), we get the following isomorphisms of R-modules:
(8.4) Co(MA) 2 Ry®r A, Cp(6;5) =2 Rs ®@r S and Co(u; A) =2 5S4 ®@g A.

Write mg : R — Rg and w : R — S for the two projections and (-,-)g : R x R — B and
(,)s : S x S — B for the pairing giving the self-duality (8.3). We recall [H86¢, Lemma 1.6]:

Lemma 8.4. The S-ideal Ker(wg : R — Rg) is principal and S-free of rank 1.

Proof. Let b =Ker(f: R — S) and a = Ker(rs : R — Rg). By assumption, R and S are B-free of

finite rank; so, b is B-free, and by duality, we have an exact sequence 0 — S* LA R* — b* — 0.
Note that b* is naturally an Rg-module which is free of finite rank over B. Thus identifying S = S*
and R* = R by (8.3), we have 6*(S*) = {r € R;r-b =0} = (Q(S) ®0) N R = a; hence 6* induces
S=5">aqa. O

Recall the following fact first proved in [H88b, Theorem 6.6]:
Lemma 8.5. We have the following exact sequence of R-modules:
0— Co(p; A) = Co(M A) = Co(0;5) ®s A — 0.
Proof. Write M* = Hompg(M, B) as an R-module for a R-module M. Note that
Ker(§) = RN(Rs®0) C Rs® S, Ker(A) = RN(RA®0) C R4@A and Ker(u) = SN(S4®0) C SAA.

From an exact sequence 0 — Ker(6) — R — S — 0, we have the following commutative diagram
with exact rows (for a = Ker(rg : R — Rg)):

s 5 R* —— Ker(h)*
| | |
S>a — R — Rg,

which shows Rg = Ker(0)* = ((Rs ® 0) N R)* as R-modules. Similarly, we get Ker(\)* = Ry,
Ker(u)* 2 S4 We have a commutative diagram with exact rows:

0

Ker(6) R S 0
| S
0 A A 0

Applying the snake lemma, we get an exact sequence of R-modules:
0 — Ker(#) — Ker(A) — Ker(u) — 0.

By B-freeness of A and S, all the terms of the above exact sequence are B-free. Thus the above
sequence is split as a sequence of B-modules, and we have the dual exact sequence:

Ker(p)* —— Ker(\)* —— Ker()*
| | |
Sa T) R — Rg.
Tensoring with A over R, from (8.4), we get an exact sequence:

Tork(Rg, A) — Co(u; A) — Co(X; A) = Co(6;S) @r A — 0.



CONGRUENCE IDEALS AND SELMER GROUPS 28

Thus we need to show the vanishing: Tor}%(RS, A) = 0. To see this, we recall a = S. Thus the exact
sequence a — R — Rg can be rewritten as S — R — Rg. Tensoring with A over R, we get an
exact sequence

0 = Torp(R, A) — Tork(Rg, A) - S@r A% ROr A — Rs®pr A — 0.

Since we have a commutative diagram:

SprA ——— A

R®rpA A
and Coker(«a) is a torsion A-module, « is a nontrivial A-linear map of the integral domain A into
itself; so, a is injective, and we conclude Torg(Rg, A) = 0 as desired. |

By (8.4), the three congruence modules Cy(u; A), Co(XA; A), Co(0; S) ® A are residue rings of R;
s0, cyclic A-modules. Moreover, by Lemma 8.4, they are the ring A modulo principal ideals. Write
their generators as Acy = ANR C (Ra®A), Ac, = ANS C (Sa® A) and Scg = SNR C (Rs®S).
Thus we have Co(\; A) = A/ A, Co(p; A) = A/c, A and Cp(6;S) @5 A = A/A(cp)A for the image
A(cp) € A of ¢y € S. By the above lemma, we conclude the following result:

Corollary 8.6. We have A(cp) - ¢, = cx up to units in A; so, for the ideals c» generated by c7, we
have A(cq) - ¢, = cx.

Note here ¢ (resp. A(cg)) is the annihilator Anny(Co(?; A)) (resp. Anny(Co(7;5) ®g A) of
Co(?; A) in A, and ¢y is the annihilator Anng(Cy(6; A)) of Cy(6;S) in S.

8.4. Local complete intersections. Let A be a complete normal local domain (for example, a
complete regular local rings like A =W or A = W[[T]] or A = W][[T1,...,T,]] (power series ring)).
Any local A-algebra R free of finite rank over A has a presentation R = A[[X1,..., X,]]/(f1,-.-, fm)
for f; € A[[X1,...,X,]] with m > n. If m = n, then R is called a local complete intersection over
A. Note that if B is a complete normal local domain which is finite flat over A, the extension
R ®4 B of an A-algebra R which is local complete intersection over A is local complete intersection
over B. There is a theorem of Tate giving the identity of the Fitting ideals of the differential
module and the congruence module for local complete intersection rings. To introduce this, let us
explain the notion of pseudo-isomorphisms between torsion A-modules (see [BCM, VII.4.4] for a
more detailed treatment). For two A-modules M, N of finite type, a morphism ¢ : M — N is
called a pseudo isomorphism if the annihilator of Ker(¢) and Coker(¢) each has height at least 2
(i.e., the corresponding closed subscheme of Spec(A) has co-dimension at least 2). If A = W, a
pseudo-isomorphism is an isomorphism, and if A = W{[T]], it is an isogeny (having finite kernel and
cokernel). The classification theorem of torsion A-modules M of finite type tells us that we have a
pseudo isomorphism M — @, A/f; for finitely many reflexive ideal 0 # f; € A. An ideal f is reflexive
if Hom 4 (Hom (f, A), A) = f canonically as A-modules (and equivalently f = (¢ 4 ()5;(A); i.e., close
to be principal). Then the characteristic ideal Char(M) of M is defined by Char(M) :=[[,f; C A. If
A is a unique factorization domain (for example, if A is regular; a theorem of Auslander-Buchsbaum
[CRT, Theorem 20.3]), any reflexive ideal is principal. If A = W, then |W/ Char(M)|, = ||M||p,

and if further A = Z,,, we have Char(M) = (|M|).

Theorem 8.7 (J. Tate). Assume that R is a local complete intersection over a complete normal
noetherian local domain A with an algebra homomorphism A : R — A. If after tensoring the quotient
fieldQ or A, R4 Q = (Im(A\)®4 Q) S as algebra direct sum for some Q-algebra S, then C;(X; A)

is a torsion A-module of finite type, and we have
Anny (Cy(A; A)) = Char(Ch(A; A)) = Char(Cy(A; A)).

For the reader’s convenience, we shall give a proof of this theorem in the following subsection.
Actually we prove

(8.5) length 4 (Co(A; A)) = length 4 (C1(A; A)),
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assuming that A is a discrete valuation ring (see Proposition 8.12). If A is a normal noetherian
domain, Chara(M) = [[p plenegthap Me g4 the localization Mp at height 1-primes P for a given
A-torsion module M. Since Ap is a discrete valuation ring if and only if P has height 1, this implies
the above theorem.

8.5. Proof of Tate’s theorem. We reproduce the proof from [MR70, Appendix] (which actually
determines the Fitting ideal of M more accurate than Char(M)). We prepare some preliminary
results; so, we do not assume yet that R is a local complete intersection over A. Let A be a normal
noetherian integral domain of characteristic 0 and R be a reduced A-algebra free of finite rank r
over A. The algebra R is called a Gorenstein algebra over A if Homy(R, A) = R as R—modules.
Since R is free of rank r over A, we choose a base (x1,...,2,) of R over A. Then for each y € R,
we have r X r—matrix p(y) with entries in A defined by (yx1,...,yz,) = (x1,...,2,)p(y). Define
Tr(y) = Tr(p(y)). Then Tr : R — A is an A-linear map, well defined independently of the choice
of the base. Suppose that Tr(zR) = 0. Then in particular, Tr(z™) = 0 for all n. Therefore all
eigenvalues of p(z) are 0, and hence p(z) and z is nilpotent. By the reducedness of R, x = 0 and
hence the pairing (z,y) = Tr(zy) on R is non-degenerate.

Lemma 8.8. Let A be a normal noetherian integral domain of characteristic 0 and R be an A-
algebra. Suppose the following three conditions:

(1) R is free of finite rank over A;

(2) R is Gorenstein; i.e., we have i : Hom (R, A) 2 R as R-modules;

(3) R is reduced.

Then for an A-algebra homomorphism A : R — A, we have
Co(A; A) = A/A(i(Trr/a))A.

In particular, length 4 Co(X; A) is equal to the valuation of d = N(i(Trg,a)) if A is a discrete valuation
7ing.

Proof. Let ¢ = i~1(1). Then Trp/a = 6¢. The element § = dp/4 is called the different of R/A.
Then the pairing (x,y) — TrR/A(é_lxy) € A is a perfect pairing over A, where ! € S = Frac(R)
and we have extended Trp 4 to S — K = Frac(A). Since R is commutative, (zy,2) = (y,22).
Decomposing S = K & X, we have

Co(A; A) = Tm(A)/A(a) = A/RN (K &0).

Then it is easy to conclude that the pairing ( , ) induces a perfect A-duality between RN (K ¢ 0)
and A @ 0. Thus RN (K @ 0) is generated by A(6) = A(i(Trg/a)). O

Next we introduce two A-free resolutions of R, in order to compute dr/4. We start slightly more
generally. Let X be an algebra. A sequence f = (f1,...,fn) € X" is called regular if x — f;x
is injective on X/(f1,..., fj—1) for all j = 1,...,n. We now define a complex K% (f) (called the
Koszul complex) out of a regular sequence f (see [CRT, Section 16]). Let V = X™ with a standard

base e1,...,e,. Then we consider the exterior algebra
AV =EPnv).
§=0

The graded piece AV has a base €iy,...i; = €y Neiy N+ Ae,; indexed by sequences (t1,...,145)
satisfying 0 < i1 < ip < --- < i; < n. We agree to put /\OV = X and /\j V =0if j > n. Then we
define X-linear differential d: A\’ X — A" X by
J
dles, Neiy Ao Nej,) = z:(—l)“lfirei1 A Neg Neiy N e,

r=1

In particular, d(e;) = f; and hence,

NV/AN'Y) = X/(F).
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Thus, (K%(f),d) is a complex and X—free resolusion of X/(fi,..., fn). We also have
n )
dn(€1 AN WARERIAN €n) = Z(—l)jilfjel N Nej_1Nejrr A Nep.
j=1

Suppose now that X is a B-algebra. Identifying /\ni1 V with V' by
exN---Nej_i1Nejpr N~ Nep — €5
and A"V with X by e; Aea A-+-Ae, — 1, we have
Im(d;, : Homp(/\"~'V,Y) = Homp(/\"V,Y)) = (f)Homp(X,Y),

where (f)Homp(X,Y) = 3, fjHomp(X,Y), regarding Homp(X,Y) as an X-module by yo(z) =
¢(zy). This shows that if X is an B-algebra free of finite rank over B, K% (f) is a B-free resolution
of X/(f), and

Homp(X,Y)

8.6 Ext™(X/(f),Y) = H"(Homp(K%(f),Y)) & —oBl 1)
for any B—module Y.

‘We now suppose that R is a local complete intersection over A. Thus R is free of finite rank over
Aand R= B/(f1,..., fn) for B=A[[T1,...,T,]]. Write ¢; for T; mod (fi,..., f,) in R. Since R
is local, t; are contained in the maximal ideal mp of R. We consider C = B®4 R = R[[T1,...,T,]].
Then

R=R[Ty,....,T.)|/(Ty —t1,...,Tn — tn),
and g = (Th —t1,..., T, —ty) is a regular sequence in C = R[[Ty ..., Ty]]. Since C is B—free of finite
rank, the two complexes K3 (f) — R and K2 (g) — R are B—{ree resolutions of R.

We have a A-algebra homomorphism ® : B — C' given by ®(z) = 2 ® 1. We extend ® to ¢° :
K% (f) = K&(g) in the following way. Write f; = E?:l bi;g;. Then we define @' : K5(f) — KL (9)
by ®!(e;) = 2?21 bijej. Then & = /\j ®!. One can check that this map ®* is a morphism of
complexes. In particular,

(8.7) O,(e1 Ao Aey) =det(bijler A+ Aey.
Since ®° is the lift of the identity map of R to the B-projective resolutions K% (f) and K& (g), it
induces an isomorphism of extension groups computed by K&(g) and K% (f):
®* : H*(Homp(K&(g), B)) = ExtJé(R,B) >~ H*(Homp (K5 (f), B)).
In particular, identifying A" B™ = B, we have from (8.6) that
H"(Homp(K3(f), B)) = Homp(B, B)/(f)Homp(B, B) = B/(f) = R

and similarly
Homp(C, B)
(9)Homp(C, B)

is induced by ®,, which is a multiplication by d =

H"(Homp(K&(9), B)) =

The isomorphism between R and Q]})klf)]rﬁi%

det(b;;) (see (8.7)). Thus we have

Lemma 8.9. Suppose that R is a local complete intersection over A. Let m: B = A[[Ty,...,T,]] =
R be the projection as above. We have an isomorphism:
H C,B
b OmB( ) ) ~ R

(Th — t1,...,T, —t,)Homp(C, B)
gwen by h(¢) = m(p(d)) for d = det(b;;) € C.
We have a base change map:
¢ : Homy (R, A) — Homp(C, B) = Homp(B ®4 R, B®4 A),

taking ¢ to id ®¢. Identifying C' and B with power series rings, ¢(¢) is just applying the original ¢
to coefficients of power series in R[[T7,...,T;]]. We define I = ho: Homa(R, A) — R.
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Lemma 8.10. Suppose that R is a local complete intersection over A. Then the above map I is an
R-linear isomorphism, satisfying I(¢) = m(t(p(d)). Thus the ring R is Gorenstein.

Proof. We first check that I is an R-linear map. Since I(¢) = w(c(¢(d)), we compute I(¢ o b)) and
rI(¢) for b € B and r = w(b). By definition, we see

I(w(bx)) = 7(t(dp(r @ 1)d)) and rI(¢p) = w(be(o(d)).
Thus we need to check m(¢(¢)((r ® 1 —1®b)d)) = 0. This follows from:

r@l-1ebe(g) and det(by)g; = Y Vifi,

where b}, are the (4, j)—cofactors of the matrix (b;;). Thus I is R-linear. Since © mod mp for the
maximal ideal mp of B is a surjective isomorphism from

HomA((A/mA)T7A/mA) = HOHIA(R, A) XA A/mA
onto
HomB((B/mB)T, B/mB) = HomB(C, B) Rp B/mB,

the map ¢ is non-trivial modulo mg. Thus I mod mpg is non-trivial. Since h is an isomorphism,
Hompg(C, B)®c C/me is 1-dimensional, and hence I mod mp is surjective. By Nakayama’s lemma,
1 itself is surjective. Since the target and the source of I are A—free of equal rank, the surjectivity
of I tells us its injectivity. This finishes the proof. |

Corollary 8.11. Suppose that R is a local complete intersection over A. We have I(Trg ) = 7(d)
for d = det(b;;), and hence the different 0,4 is equal to m(d).

Proof. The last assertion follows from the first by I(¢) = 7(¢(¢(d)). To show the first, we choose
dual basis z1,...,z, of R/A and ¢1, ..., ¢, of Homs (R, A). Thus for x € R, writing zx; = ), a;;x;,
we have Tr(z) =, a5 = Y, ¢i(wx;) = Y, xi¢pi(x). Thus Tr =~ z;¢;.

Since z; is also a base of C over B, we can write d =}, bjz; with (¢;)(d) = b;. Then we have

I(Trr/a) = Zxﬂ(du) = Zxﬂf(L(@‘)(d)) = chﬂ(bi) = W(Z bizi) = m(d).

This shows the desired assertion. O
We now finish the proof of (8.5):

Proposition 8.12. Let A be a discrete valuation ring, and let R be a reduced local complete inter-
section over A. Then for an A—algebra homomorphism R — A, we have

length 4 Co(A, A) = length 4, C1 (), A).
Proof. Let X be a torsion A-module, and suppose that we have an exact sequence:
AT L AT 5 X 0
of A-modules. Then we claim length, X = length, A/ det(L)A. By elementary divisor theory
applied to L, we may assume that L is a diagonal matrix with diagonal entry di,...,d,. Then the
assertion is clear, because X = P, A/d;A and length A/dA is equal to the valuation of d.

Since R is reduced, Qg4 is a torsion R-module, and hence Qr/4 ®r A = C1()\; A) is a torsion
A-module. Since R is a local complete intersection over A, we can write

R= A[[Tlv s ’TT'H/(fla R fT)
Then by Corollary 8.2 (ii), we have the following exact sequence for J = (f1,..., fr):
/I @aqry, 1) A — Qagry,.. A RA[Ty,... 1] A — Qpr/a ®p A — 0.
This gives rise to the following exact sequence:

P Adf =N P AdT; — C1 (X A) — 0,

J J
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where df; = f; mod J2. Since C;(); A) is a torsion A-module, we see that length 4(A/ det(L)A) =
length 4, C1(A\; A). Since g = (Th — t1,..., T — tn), we see easily that det(L) = w(A(d)). This
combined with Corollary 8.11 and Lemma 8.8 shows the desired assertion. (]

8.6. A more general setting. Let A; be the power series ring W{[T7,...,T}]]. We consider the
following commutative diagram of local profinite W-algebras sharing the same residue field F with

W:

(8.8) UT UT ) UT

We put X := p/ 0 §'. Consider the following conditions:

(A0) A is an integral domain.
Al) m;j indices the identity A; ®a. ». . Ax = Ay for (j,k) = (m,n) and (j,k) = (n,v); so,
s J 34,k
m>n2>v.
A2) R; is free of finite rank over A; for j = m,n, and A is a torsion-free A,-modules of finite
j J

type.
(A3) Homy,(Rj, Aj) = R; as Rj-modules for j = m,n.
(Ad4) Rj ®a,; A, is a reduced algebra for j = m,n.
(A5) R; is a local complete intersection over A; for j = m,n.

Note that (A5) implies (A4) (e.g., [CRT, Theorem 21.3]).

Lemma 8.13. Suppose (A0-3). Let A be the normalization of A and put ﬁj = Rj Qa, A for
j=m,n.
(1) Suppose that v =1. Then Ej is free of finite rank over A and satisfies Homg(éj, g) ~ Ej
as ﬁj—modules;
(2) Suppose v > 1. Then for each height 1 prime P of g, §j7p = Ej ®z Ap for the localization
Ap of A at P is free of finite rank over Ap and satisfies HomgP(ﬁj,p,ﬁp) = Ej,p as

R; p-modules for j = m,n.
P7“00f.~We only prove the assertion (1), since thg assertion (2) is easier to prove after localization at
P as Ap is a discrete valuation ring. If v = 1, A is reflexive and hence flat over A;. Thus we get
Homa, (Rj, Aj) ®a, A Homg(éj, A)
from [BAL, IL.5.4]. Since Homy, (R;, A;) = R;, we get from the above identity
Rj = R;®a, A= Homa,(Rj, A;) ®a, A= Hom;(R;, A)

as Ej—modules. O

By Lemma 8.13, under (A0—4), the sequences Ron 4, R, % Aifv=1and Em,p 4, }N%n,p 2 Ap
ifv=1for =6 ®1 and p = p' ® 1 satisfies the requirement of R % 5 % A for the ‘transfer

property of congruence modules in 8.3. Thus we get for the annihilators ¢; := Ann 7(Co(?; A)) with
?= A pand cg := Anng (Co(6; R;)) the following transfer formula:

Proposition 8.14. Assume (A0-4).
(1) If v =1, the ideals ¢» (? =X\, u,0) are all principal, and satisfies A(cg) - ¢, = ci.
(2) If v > 1, writing M for the reflexive closure of a torsion-free A,-module M of finite type,
we have the following identity A(;;S_-/cu = Cy.
Proof. By Corollary 8.6, we get the assertion (1) and also the localized identity: A(co)p - ¢, p = ca.p
for each height 1 prime P in the setting of (2), since A(cg.p) = A(cp)p and ¢z p is the annihilator of

the corresponding P-localized congruence module by the definition of the congruence module. Since
M =(p Mp inside M ® 3 Frac(A), we get the assertion (2). O
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Now suppose (A5); so, R; = Aj[[X1,..., Xk]]/(f1,..., fu) for a regular sequence (fi,..., fi) in
MA,[[Xy,...,X,]]- Lensoring A over A; with the exact sequence:

0— (fl,...7fk>—)Aj[[Xh...,Xk]]—)Rj —>O7

we get a sequence,

0= (f1,.. fr) = A[[X1,..., Xi]] = R; — 0,

which is exact. Since R; is Aj-free of finite rank, the first sequence of Aj;-modules is split exact; so,

the exactness is kept after tensoring A. Thus (A5) implies that

(A'5) Ej is a local complete intersection over A for j=m,n.

Thus we may apply Tate’s formula Theorem 8.7 to our setting Em, p— ﬁn p —» A p for each height
1 primes and get the following fact:

Theorem 8.15. Assume (A0-5). Then we have

[ACSY]
[BAL)]
[BCM]
[CRT]

[CHTO08]

[Clo91]
[CT14]
[CT15]
[Conl6a]
[Conl16b]
[DDTY4]
[Dia97]
[GeTi05)]
[GT11]
[Gel0]
[Gel6]
[HTO1]
(HJ]
[H86¢]
[H88b]
[HO2]

[GME]
[MFG]

[PAF)
[H88b]

)\/(\C_g/) - Char(C4 (p, A)) = Char(Cy (), A)).
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