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NON-ABELIAN SYMMETRIES OF THE HALF-INFINITE XXZ SPIN CHAIN

PASCAL BASEILHAC AND SAMUEL BELLIARD

ABSTRACT. The non-Abelian symmetries of the half-infinite XXZ spin chain for all possible types of integrable boundary
conditions are classified. For each type of boundary conditions, an analog of the Drinfeld-Jimbo presentation is given for the
corresponding symmetry algebra. In particular, two new algebras arise that are, respectively, generated by the symmetry
operators of the model with triangular and special Uy (gl2)—invariant integrable boundary conditions.

MSC: 81R50; 81R10; 81U15.
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1. INTRODUCTION

Identifying non-Abelian infinite dimensional symmetries of quantum integrable systems provides a very efficient start-
ing point for transferring the Hamiltonian and eigenstates formulation into the langage of operator algebra, representation
theory and related special functions, on which the non-perturbative analysis is thus based. Besides the restricted class of
models with conformal symmetry for which the Virasoro algebra and its representation theory play a central role, in the
thermodynamic limit of lattice systems it is known that quantum groups, related current algebras and infinite dimensional
g—vertex operators representations provide an appropriate mathematical framework. As an important example, in the
thermodynamic limit N — oo of the finite XXZ spin chain with IV sites and periodic boundary conditions, the Uq(s/l\g)
algebra emerges as a hidden non-Abelian symmetry of the Hamiltonian [FM92, J92, DFJMN92]. Based on the represen-
tation theory of the Uq(s/l;) quantum affine algebra at level one and its current algebra, an explicit characterization of the
Hamiltonian’s spectrum, corresponding eigenstates, as well as multiple integral representations of correlation functions
and form factors of local operators has been given [DFJMN92]. This approach has been later on extended to lattice
systems with periodic boundary conditions associated with higher spins [ILJMNT92] or higher rank affine Lie algebras
[Koy93], as well as for certain class of boundary conditions, see for instance [JKKKMW95, BB13, BKo13, BKo14, Koj10].

For lattice models with general integrable boundary conditions, identifying the non-Abelian symmetries in the ther-
modynamic limits has remained essentially unexplored although coideal subalgebras of quantum affine Lie algebras
are natural candidates. For instance, in the thermodynamic limit N — oo of the finite open XXZ spin chain it
was expected tlﬁt non-Abelian infinite dimensional symmetries emerge, that are associated with certain coideal sub-
algebras of U,(sl2). Recall that the Hamiltonian of the half-infinite XXZ spin chain is formally defined as (see also
[JKKKMW95, BB13, BKo13, BKo14]):

o
(1.1) Hixx; = Z( gk 4 ohtlgk 4 Aghtly k)+hB

k=1

w\»—‘

with boundary interaction

(g—a ") (4 —e) 4 1 1 1
hp = — o3 — kiopl +k_o).
¥ 1t )™ e ket
Here 0153 and 04 = (01 +1i03)/2 - see Appendix A - are usual Pauli matrices, A = (¢ + ¢~')/2 denotes the anisotropy
parameter and ey, ky are scalar parameters associated with the right boundary field. Formally, the Hamiltonian acts on
an infinite tensor product of 2—dimensional vector spaces. Note that the ordering of the tensor components in (1.1) is
such that:

(1.2) V= CPC?xC?.
1
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Given the Hamiltonian of the half-infinite XXZ spin chain (1.1), until recently the hidden non-Abelian symmetry for ¢
generic and any type of boundary conditions! k., 1 has remained unknown. However, at the end of the article [BB13], it
was pointed out that for the generic case (ki # 0 and e # 0) and the diagonal case (k1 = 0 and ey # 0) the respective
hidden non-Abelian symmetries are associated with two different coideal subalgebras of Uq(s/l\g): the ¢-Onsager algebra
[T03, B04] and the augmented ¢-Onsager algebra [BC12, BB13] (see also [IT09]).

In this letter, we present a unified picture that complete the preliminary observations of [BB13]. Namely, for each
type of boundary conditions, the non-Abelian symmetry algebra of the half-infinite XXZ spin chain is identified and
characterized through generators and relations. In particular, two new coideal subalgebras are obtained.

The text is organized as follows. In Section 2, four different types of coideal subalgebras of Uq(S/l\g) are defined though
generators and relations in a Drinfeld-Jimbo’s type of presentation. The coaction and counit maps are given in each
case. Then, it is shown that these algebras are symmetry algebras of the Hamiltonian (1.1) for generic (ex+ # 0, k+ # 0),
triangular (e # 0,ky = 0,k_ # 0), diagonal (e # 0, k+ = 0) and special® boundary conditions (e; = 1,e_ = 0, k+ # 0),
respectively. Note that since the case of upper triangular (k— = 0, ky # 0) and lower triangular (ky = 0, k_ # 0)
boundary conditions are related through conjugation of the Hamiltonian (1.1) by the spin-reversal operator v = H]oil oy,
it is sufficient for our purpose to restrict our attention to the case of lower boundary conditions. In Section 3, we propose
an alternative and simpler derivation of the symmetry operators which is based on the remarkable connection between the
infinite dimensional algebra 4, introduced in [BK05] and the g—Onsager algebra. Concluding remarks follow in Section
4.

Notation . The g—commutator [X, Y}q =gXY — ¢ 'Y X is introduced, where q is the deformation parameter assumed
not to be a root of unity.

2. FOUR DIFFERENT TYPES OF q—ONSAGER SYMMETRY ALGEBRAS

In the first part of this Section, four different types of coideal subalgebras with central extension are introduced through
basic generators and relations. The coaction and counit maps are given. Note that two of these algebras have already
appeared in the literature: the g—Onsager algebra [T03, B04] and the augmented g—Onsager algebra [IT09, BC12, BB13].
The two others, the so-called triangular g—Onsager algebra and U, (gl2) invariant ¢—Onsager algebra® are new. In a second
part, depending on the choice of boundary conditions, by analogy with [J92, eq. (3.2)] it is shown that the Hamiltonian
(1.1) commutes with all generators of one of these four algebras.

2.1. The g-Onsager algebra. The g—Onsager algebra Oq(s/l\g) is an example of tridiagonal algebra [T03]. Including a
central extension, it is generated by two elements Wy, W1, a central element I" and unit. The defining relations are:
(2.1) [Wo, [Wo, [Wo,Wi] ], ] = p[Wo,Wi] .
W, Wa, W Wl J, ] = p[WaWol.
[WO,F] = [Wl,l"} =0,
where p is a scalar. Without loss of generality, let us define
(2.2) p=(q+q ") kyk_

where k1 are nonzero scalars. By analogy with the situation for Hopf algebras, one endows the ¢—Onsager algebra with
the coaction map 6 : Oy(sla) — Uy(sla) ® Oy(slz) defined by:

(2:3) 5(Wo) = (kyer+k ¢ 'figd")@1+4¢" @Wy,
S(W1) = (k_eo+kiq ' fog™) @1 +¢" W, ,
or) = ¢r

Hn (1.1), we implicitly assume that e +e_ # 0.
2The corresponding Hamiltonian can be understood as the thermodynamic limit of the Uy(sl2) invariant spin chain studied in [PS90].
3However, note that the generators of the Uy (gl2) invariant g-Onsager algebra have already appeared in [R12, Kol12].



and counit & : Oq(s/l\Q) — C:
(2.4) EWp) =€, EWp) =€, ET)=E1)=1.

This induces an homomorphism 1 = (id x £) 0§ : O, (s/l\g) — Uq(s/l\g) from the g—Onsager algebra to a subalgebra of
Uq(s/l;):

(2.5) Y(Wo) = kyer +k_ ¢ figd" +epg™
P(W1) = k_eo+kiq ' foq" +e_g"™,
P(I) = ¢-

2.2. The triangular g—Onsager algebra. The triangular ¢—Onsager algebra OE(S/Z\Q) is generated by three elements
To, T1, Isl, a central element I and unit. The defining relations are:

(2.6) [To, [To, '51],171] = p¢[To, Th), [T1, [Ty, f’l}q] = p¢[To, T1],
[T1, To) = pl, [To,T] = [T1,T] = [P1,T] = 0.

g1
Let us define:

(2.7) pr=k_(qg+q ") and  p=—epe_(g—q "),

where k_, ey are nonzero scalars. We endow this algebra with the coaction map d; : Oé(s/l\g) — Uq(s/l\g) ® Oé(s/l;) defined
by:

(2.8) 5(To) = kg 'fid"@1+¢"®To,
0¢(T1) kleg®1+¢" Ty,
5i(P1) = k- (fex, eolq + ¢°[f1, folg) ©® 1+ ¢° @ Pi+(?—q7?) (qflelqho ® T1+ ¢ foq® ® To) ,
5¢(I") ¢l

and counit & : Oé(S/l\g) - C:

(2.9) E(To)=er, E(T)=c., &P1)=p &) =&EQ) =1

This induces an homomorphism t; = (id x &) o §; from the triangular ¢—Onsager algebra to a subalgebra of Uq(;fg):

(2.10) U(To) = kg 'frd" +erd™,
(T = k_eg+e_q",
Ve(P1) = (¢*—q ) (e—q erd" + s fog" ) + k_([e1, eolq + ¢°Lf1, folg) + D",
w(l) = ¢~

2.3. The augmented g-Onsager algebra. The augmented ¢g—Onsager algebra Of]l(s/l\g) has been introduced in [BB13],
as a generalization® of the augmented tridiagonal algebra introduced in [IT09]. It is generated by four elements Ko, Ky, Z, Z1,

4In [IT09], the special case T' = 1 is considered. In [BB13], the central element is not explicitly introduced and the first relation is replaced
by [Ko, Ki] = 0. Note that for the level one g—vertex operators representations constructed in [BB13], one has I' = q.
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a central element I' and unit. The defining relations are:

(2.11) KoKi = KiKg=e_e, T,
KoZi = ¢ *ZiKo , KoZi = ¢°Z1Ko ,
KiZi = ¢°Z:iKy, KiZi = ¢ *Z:Ky |
21, [Z4, [21721](1](]_1] = paZi(KiKy — KoKo)Zs,
(24, (24, [21721]q]q71] = paZi(KoKo — KiKy)Z,

(2,,T] = [2,,T] = [Ko,T] = [K;,T] =0
with the identification:
(@® —a7 )" —a7*)°

(2.12 pd =
) q—q!

We endow this algebra with the coaction map dg4 : Og(;l\g) — Uq(.;g) ® 03(57\2) defined by:

(2.13) 54Ko) = " @Ky,  da(K)=¢" oKy,
6a(Z1) = ¢“@Zi+ (" —q %) (¢ "eod™ @Ko+ frg° ®Ky) |
6a(Z1) = ¢“@Z1+(* —q ) (for° ® Ko +q erqd" @ Ky) |
(I = ¢l

and counit & : Ofll(s/l\g) — C:

(2.14) Ea(Ko) =€r, Ea(Ki) =€, Eu(Z1)=Ea(Z1)=0, Ea(l)=e €, Eu(1)=1.

This induces an homomorphism 14 from the augmented g—Onsager algebra to a subalgebra of U, (s/l\g)

(2.15) Ya(Ko) erq™ Ya(Ki) = e_q" |
a(Zr) = (@®—a ) (erq  eod™ + e frg" ),
a(Z1) = (¢®—q ) (=g "erqd" + ey fog" ),
Ya(T) = e_eqrq’

2.4. The U,(gl2) invariant ¢—Onsager algebra: The U,(gl2) invariant g—Onsager algebra Ofl(s/l\g) is generated by six
elements e, f,¢", X, Y, \?, a central element I' and unit. The defining relations are:

_d"—q"

(2.16) [e,f] q—q 1’ [e, qh]q = [qhvﬂq =0,

[qhv X] =0, [X7 e] =Y, [f7 X] =Y,

[qh7Y]q = 07 [e7Y]q = 07 [qhaY]q*1 = Ov [fv Y]q*1 = Oa

.Y = (¢+q )Xe", [Y.f]=(g+q ")X¢",
X IVY] = (¢ —q )% (qYfee — g 'Yeff+ (g + ¢~ ')*Xefq")q"
+ (P - a+a ) ((q2 —q P —=1)VYe+ (@ —¢ 2+ 1)Yf— (¢ + q‘l)th)QO
+(@® =g Hg+q ") (q‘2\~(e — @Y+ (g + q_l)th)7
[Y,[] = [Y,T] = [X,T] = [e,T] = [f,T] = [¢",T] = 0.



We endow this algebra with the coaction map §; : O;(S/l\g) — Uq(s/l\g) ® O}, (5/1\2) defined by:

(217) (52(6) = ¢e®1 -I-qho Qe, 51(](:) — fO ® q—h +1 ®f, 5i(qh) _ qho ®qh7
§i(X) = (lerse0lg — [f1, folg1a) @1+ ¢ @X+ (" —q ) (" Ter@we— ¢ Lofg"),
(2.18) 5i(Y) = ([[er.e0]se0], —a g+ a7 N fig") @1+ @Y

2h
— C _1
+(¢* —q 2)<th e eolg @ et (¢* — g er @ e + ¢t i ® qu 1 )

(2.19) 5(Y) = a*([[f1fol Jol ;o — a7 @+ a7 erd™) @ ™"+ q° @Y = (¢ = a7 ) (¢°[fo, fily @ F
h _ _—h
+q' e, @ % +a-a e hefe"),
6(T) = ¢l
and counit &; : O;(EE) — C:

(2:20) gile)=&(f) =&X) =&(Y) =&(Y) =0, &(¢") =&T) =&1)=1.

This induces an homomorphism ¢; = (id®¢&;) 0d; from the U, (glz) invariant g—Onsager algebra to a certain subalgebra
of U, (sly):

(2.21) Vi(e) = eo, i) = fo, i(d") =q",
¥i(X) = lex, eolg — [f1, folg—145
Pi(Y) = [[61, 60] ; eo]q —q¢“ g +q ") frg",
Pi(Y) = qc([[f17f0]7f0j|q—l —q g +q "eig),
¥i(I) = ¢°.

2.5. Non-Abelian symmetry algebras of the Hamiltonians. In the thermodynamic limit of the XXZ spin chain
Hamiltonian, it is well-known that the Hamiltonian commutes with the generators of the quantum affine algebra Uq(s/l\g)
acting on an infinite tensor product representation [FM92, J92, DFJMN92|. In this subsection, we basically use similar
arguments in order to characterize the hidden non-Abelian symmetries of the open XXZ spin chain for four different types
of boundary conditions. As an example, let us consider the Hamiltonian (1.1). On the semi-infinite tensor product vector
space (1.2), the generators (2.5) of the g—Onsager algebra act as (see also [BB13]):

(2.22) WS = (0P (kyoy +h o )@I®--@I) + e (- @¢7°®q7),
j=1 sitej
oo
W = S (@ e @ (ko thoo )@l @ @) + e (- @q T Rq),
J=1 sitej

where the coaction map (2.3) is iterated repeatedly and (2.5) is used. The action of the operators (2.22) on (1.1) is easy
to compute. On one hand, introduce the local density h; = cri“a{ + J§+1Jé + Aoéﬂag. By straightforward calculations,
one first observes:

(2.23) WS = 0¢? ®¢? @OTip1,; 0I®--- @I
where

Dit1,=Q2kyor —2k_0_) ® (A —q%)o3+ (Aq™> — 1)o3 ® (2kpop —2k_o_).
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Summing up the local densities, after some simplifications one ends up with:
- 0 1 — o o
(S h W) = a0 47 ©4™) @ (s ko)
i=1

On the other hand, the contribution from the boundary term in (1.1) is non-vanishing. It gives:

1
(b W] = Sla—a ) (- 847 ©47) & (ksor — ko).

Combining the above expressions together and repeating the analysis for Wl(oo), we conclude that the g—Onsager
algebra is a symmetry algebra of the Hamiltonian with generic boundary conditions:

Although the calculations become quickly more involved, the same technique is then extended to the Hamiltonian
(1.1) with triangular (ex # 0,ky = 0,k_ # 0), diagonal (ex # 0, ks = 0) and special boundary conditions (e; = 1,e_ =
0,ky+ # 0), respectively. With respect to the boundary conditions chosen, it is found that the corresponding Hamiltonian
is commuting with all generators of the triangular g—Onsager, augmented ¢—Onsager and Uy (glz) invariant ¢—Onsager
algebras acting on (1.2), respectively. In the next Section, we present an alternative and much simpler derivation of the
symmetry operators generating the four different types of g—Onsager algebras.

3. AN ALTERNATIVE DERIVATION OF THE SYMMETRY OPERATORS

In the g—Onsager approach of the finite open XXZ spin chain [BK07] with left and right generic non-diagonal boundary
conditions, it is known that all local or non-local conserved quantities are generated from elements in a certain quotient® of
the infinite dimensional algebra A, [BK07] (see also [BK05]). In the literature, the generators of A, are usually denoted
W, Wet1, Grt1, ,C’;k+1|k € Z4}, and Wy, W, are called the fundamental generators. Importantly, Wy, W, satisfy the
defining relations of the ¢g—Onsager algebra (2.1) [B04, B05].

By analogy with Onsager’s [Ons44], Dolan-Grady’s [DG82] and Davies’ [D90] works on the Onsager algebra, generalizing
the results of [BKO05, Subsection 2.4.2] it was shown in [BB10, Example 2] through a brute force calculation that the first
few ‘descendants’ generators W_1, W5, Gy, Ql, G, ,C';g can be written as polynomials in the two fundamental generators
Wy, Wiy only. Including a central element -y, for instance one finds:

(3.1) G = [Wl,Wo}q —(q—q Mepey,
1, 2 ) (a—q")?
Wot = - (0 + g WoWiWo = WEW = WING) 4+ Wh = 5 —ereqWWo
1
02 = W((Q‘?’ +a I = (6 + WP + (677 = @) (Wi Wo + WIWgWL)

(@77 + ¢+ 27 HY WO WoW, + (¢° + ¢ + 20) Wi WoWL W,
(g —a HYOV; +W1?) — (@ + ) (a— ¢ ") Pere—y (@MW — q’lWoWﬂ)

1)3

2q—q1_62€272(q—q_ (v*-1 )
P+q? T plg?+q? q+q1)3(¢® +q72)

The expressions for the elements g}, Wo, Q~2 are obtained from Gy, W_1, G> by exchanging W, <> W, in the above formulae.

—((51 +e)y 7 pq2(

5Because the generators of Ay act on a finite dimensional vector space V) of dimension 2V, they satisfy additionnal relations that are
g—deformed analogs of Davies’ relations. Compare the first reference of [BKO07, egs. (17),(18)] to the first reference of [D90, eq. (2.6a),(2.6b)]
for details.
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Actually, under certain assumptions it is possible to show that all descendants generators of the algebra 4, admit a
unique explicit polynomial formulae in terms of the two fundamental generators Wy, W, [BB10]. Roughly speaking, they
take the form:

(3.2) W = F_iWo, Wr), Gr+1 = Fr1(Wo, Wh),
Wk+1 = ffk(Wl, Wo), gk+1 = fk+1(W1,W0) forall ke N,

where {F(X,Y),k € Z} is a family of two-variable polynomials in X,Y. Note that the polynomial formulae that are
obtained in [BB10] can be independently derived using the connection between the algebra A, and the reflection equation
algebra [BS09]. Details will be reported elsewhere.

We now show how each realization of the four different types of ¢g—Onsager algebras in terms of Uq(s/l\g) Chevalley
generators (2.5), (2.10), (2.15), (2.21) can be recovered in a straightforward manner starting from the polynomial formulae
(3.1) for the first few descendant generators. Define:

(3.3) Wo = 9(Wp), Wi = (Wq), v =),

with (2.5). Observe that the polynomials (3.2) can be systematically expanded in terms of the Chevalley generators
and parameters ki, ey. The explicit expressions for the first few examples (3.1), sufficient for our purpose, are reported
in Appendix B. Then, we specialize case by case the boundary parameters into these expressions. According to the
specialization chosen, the corresponding ‘reduced’ descendant generators do produce the symmetry operators of each of
the g—Onsager algebras exhibited in the previous Section. Explicitly, we obtain:

e Triangular boundary conditions k_ # 0, k. =0, ex # 0.

G -
Wole,»0 =wi(To).  Wilkmo=w(Tr), | = (P,
—+ k:+4)0
e Diagonal generic boundary conditions ki = 0,e+ # 0.
G Gi -
Wolke—0 = va(Ko), Wilkr—o = va(Ky), — =a(Z1), T— = a(Z1).
k_ k+—0 k’+ k+—0
e Special diagonal boundary conditions k1 =0,e_ =0,e; = 1.
Wik —0,e5—1,e.—0 = 0, Wolky —0,e4—1,e.—0 = U (Fq_h) ,
G1 2 -2\ —1_ —h G 2 -2
7 =¥y - r 5 T = Y; — If s
k_ k+—0,e4—1,e_—0 ¢ ((q q ) 7 ¢ ) k+ k+—0,e4—1,e_—0 w ((q q ) )

Walki—0,er—1,e-—0 = i ( 2 — (q1+h +q¢ M (g - q_l)Qfe)) ,

q+4q
W_1lks—0,e,—1,e.—0 = ;i ((qq;qq_llqu_hr) ;
7 bt ete o = Y (—q‘QEZ - Z_iirvq‘h - q‘1<fq_+2—11))2 Fquh> :
o I R _—1\2
I O = es =ik

Finally, as an alternative check of the analysis of the previous Section, we now show that according to the choice
of boundary conditions, the corresponding above set of operators acting on the vector space (1.2) commute with the
associated Hamiltonian. For generic boundary conditions k4, e, from (2.24) recall that the two operators Wy, W, acting
on (1.2) commute with the Hamiltonian. As a corollary of (2.24) and (3.2), for generic boundary conditions it implies
that any descendant generator is commuting with (1.1):

(3.4) [Hyxxz: FeOVE WEN] =0, [Hyxxr FOVO W] =0 forall ke
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Specializing the boundary parameters accordingly, it implies that the four different types of g—Onsager algebras are
symmetry algebras of the Hamiltonian.

Let us remark that the defining relations of the current algebra associated with the ¢g—Onsager algebra are given in
[BS09]. For the triangular, augmented and U, (gl2) invariant g—Onsager algebras, the defining relations of the correspond-
ing current algebras can be derived, respectively, by taking appropriate limits of the relations in A,, given by [BS09,
Definition 3.1] and [BS09, Proposition 3.1].

4. CONCLUDING REMARKS

It is instructive to consider the limit ¢ — 1 of the four different types of ¢—Onsager algebras described in Section 2. In
particular, in this limit the ¢g-Onsager, the augmented g-Onsager and the U, (gl2) invariant g-Onsager algebras specialize
to three different invariant fixed-point subalgebras of U (S/l\g) For the g-Onsager algebra with ¢ — 1, the corresponding
automorphism is the Chevalley involution of U(gl\g), given by 6(e;) = fi, 0(h;) = —h;. For the augmented g-Onsager
algebra with ¢ — 1, one considers the composition of the Chevalley involution with the outer automorphism of U (S/l\g) It
reads: 84(eo) = f1, 0a(er) = fo, 0a(fo) = e1, Oa(f1) = eo and 04(ho) = —hy. For the U,(gl2) invariant ¢-Onsager algebra
at ¢ — 1, one considers the composition of the Chevalley involution with the Lusztig’s automorphism of U (8/1\2) [L93].
It reads: 6‘1‘(60) = €y, ez(fo) = fo, gz(ho) = ho, Hd(fl) = [[61,60],60]/2, Gd(el) = Hfl,fo],fo]/2 and Gl(hl) = —hl — 2h0.
From that point of view, three of the algebras introduced in Section 2 can be understood as a g—deformation of these
invariant fixed-point subalgebras of U (S/Z\Q) [Kol12]. For the ¢g—Onsager and augmented g—Onsager algebras, see [BC12]
for details. Note that it is a simple exercice to apply the technique of [BC12] to the U,(gl2) invariant ¢-Onsager algebra.
Besides these three algebras, let us point out that the triangular g-Onsager algebra gives an example of coideal subalgebra
that does not correspond to an invariant fixed-point subalgebra of U, (s/l\g) even at ¢ — 1.

From the point of view of physics, in the thermodynamic limit of the open XXZ spin chain with Hamiltonian (1.1), the
solution of the model (spectrum, eigenstates, multiple integral representations of correlation functions and form factors)
can be derived using infinite dimensional (g—vertex operators) representations of the symmetry algebras here considered.
Clearly, the g—vertex operators for each symmetry algebra follow from the representation theory of Uq(.;l\g). Note that the
solution for special, diagonal and triangular boundary conditions is given in [JKKKMW95, BB13, BKo13, BKo14]. For
the Hamiltonian with generic boundary conditions, although g—vertex operators for the ¢g—Onsager algebra are known
[BB13], the solution remains an open problem.

Finally, an interesting problem would be to extend the analysis here presented to integrable models with higher rank
symmetries of g—Onsager’s type (see for instance [BB09]). The higher rank infinite dimensional algebra extending A,
yet unknown, could be a starting point for the identification of the symmetry algebras.

Acknowledgements: P.B. thanks T. Kojima for discussions. S.B. thanks V. Regelskis for discussions and also LMPT
for hospitality, where part of this work has been done. S.B. is supported by a public grant as part of the ”investissement
d’avenir” project, reference ANR-11-LABX-0056-LMH, LabEx LMH. P.B. is supported by C.N.R.S.

APPENDIX A: Drinfeld-Jimbo presentation of Uq(s/l\g)

Define the extended Cartan matrix {a;;} (ai; = 2, a;; = —2 for i # j). The quantum affine algebra Uq(s/l\g) is generated
by the elements {h;,e;, f;}, j € {0,1} which satisfy the defining relations

[hishjl =0, [hisej]l = agie; o [hiy fi] = —aijfj ,  lei, 3] = 5ijﬁ
together with the g—Serre relations

(4.1) leis [, [eisejlglg—1] =0, and [fi, [fi, [fis filglg—2] =0 .
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The sum ¢ = hg + h; is the central element of the algebra. The Hopf algebrzi\structure is ensured by /‘Ehe existence of a
comultiplication A : U, (sls) — U,(sla) @ Uy(slz), antipode S : Uy(slz) — Uy(slz) and a counit € : Uy (slz) — C with

Ale;) = e®@1+¢"®e;,
Alf) = fiogh+1ef,
(4.2) Ah) = hi@l+1®h;,

S(er)=—q e, S(f)=~fid", S(hi)=—h;  S1)=1

and
E(ei) =&(fi) =€(hi) =0, E)=1.

Note that the opposite coproduct A’ can be similarly defined with A’ = oo A where the permutation map o(z®y) = yQx
for all z,y € Uy(slz) is used.

The (evaluation in the principal gradation) endomorphism ¢ : Uq(S/Z\Q) + End()V;) is chosen such that (V = C?)

m¢lel] = (o, m¢leo] = Co
melfil =¢ o, melfol = ¢ oy,
(4.3) meld™] =q%* | melg™] = ¢,

in terms of the Pauli matrices o4, 03:
(01 (00 (1 0
“~\oo) “"\1o0o) 7 o -1)"

APPENDIX B: Descendant generators in the Drinfeld-Jimbo presentation of Uq(s/l\g)

G1

= (¢° — q*2)<e—qcf1 +erq teod™ + k—flqh160>

+ ki (gereo — g teoer + (afofi — a fifo)de),

€_ —1— — c
(4.5) Wa = (@ e T g R

_ -1
e+((qq+qql))2 (qeleo —q "eger + (qfof1 — q_lflfo)qc)th

(qjﬁ ((q — ¢ Vafofr —a  ffo)der + a2 (g + a7 1) fog"®
— (e1)%e0 + (¢* + g ?)ereger — 60(61)2)

k_ _ _ _ _ _
2((1 “a+a Neo+q (g —a ") frd" (gereo — g teoer)

t+
(¢+a )
— 7 ()2 o = (@ + a2 fufofi + fol1)?)),
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1 2 -2

Ga q—q N T e B _
(4.6) - 6—-&j;‘&:3’((€‘+'q Ygteoq™ + ziqjgzj*q fi(geoer — g eren)
~*(()%fo = (@ +a D fifofr + fo(7)))
-1 2 _ -2
q—q —1\,2c+1 q —q c—1 | hy
-+ €+q + q_1 ((q + q )q fl + q +7q_1 q (qfof1 q flfo)eoq

—q" ((e0)®er — (¢ + a7 ?)eoereo + 61(60)2)> + O(k4) + O(k-).
Note that for simplicity, the terms of order ky and k_ in % are not explicitly written, as they do not contribute

in the limit k+ = 0. Also, the descendant generators g—i , W and ,% can be derived in terms of the generators of

the Drinfeld-Jimbo presentation using the map xzg — z1, 1 — xo, with 2 € {h,e, f}, k+ — ks and ex — ex on the
expressions (4.4), (4.5) and (4.6) respectively.
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