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HEARING PSEUDOCONVEXITY IN LIPSCHITZ DOMAINS WITH
HOLES VIA 0

SIQI FU, CHRISTINE LAURENT-THIEBAUT, AND MEI-CHI SHAW

ABSTRACT. Let Q = \ D where € is a bounded domain with connected complement
in C™ (or more generally in a Stein manifold) and D is relatively compact open subset
of 0 with connected complement in Q. We obtain characterizations of pseudoconvexity
of Q and D through the vanishing or Hausdorff property of the Dolbeault cohomology
groups on various function spaces. In particular, we show that if the boundaries of Q
and D are Lipschitz and C?-smooth respectively, then both Q and D are pseudoconvex
if and only if 0 is not in the spectrum of the d-Neumann Laplacian on (0, q)-forms for
1< g <n—2whenn>3;or0is not a limit point of the spectrum of the d-Neumannn
Laplacian on (0, 1)-forms when n = 2.
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1. INTRODUCTION

The classical Theorem B of H. Cartan states that for any coherent analytic sheaf F
over a Stein manifold, the sheaf cohomology groups H?(X, F) vanish for all ¢ > 1 (cf. [12,
Theorem 7.4.3]). The converse is also true ([24, p. 65]; see [12, pp. 86—89] for a proof of this
equivalence). The J-complexes of the smooth forms, the L%OC forms, and the currents on
Q) are all resolutions of the sheaf O of germs of holomorphic functions. As a consequence,
the Dolbeault cohomology groups obtained through these resolutions are all isomorphic to

H4(2,0) and will all be denoted by H%4(£2). However, this isomorphism does not hold in
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general if one considers the Dolbeault cohomology groups for the O-complexes acting on
function spaces with some growth or regularity properties on the boundary of the domain.

When 2 is a relatively compact pseudoconvex domain in a Stein manifold, it follows from
Hérmander’s L?-existence theorem for the d-operator that the L2-Dolbeault cohomology
groups Hg;q(Q) vanish for ¢ > 1. The converse of Hormander’s theorem also holds, under
the assumption that the interior of the closure of €2 is the domain €2 itself. Sheaf theoretic
arguments for the Dolbeault cohomology groups ([24, 16, 29, 2, 23]) can be modified to
give a proof of this fact (see, e.g., [8, 9]). We remark that some regularity of the boundary
is necessary in order to characterize pseudoconvexity by the L?-Dolbeault cohomology.
The Dolbeault isomorphism also fails to hold between the usual Dolbeault cohomology
groups and the L2-Dolbeault cohomology groups. For example, on the unit ball in C?
minus the center, the L2-Dolbeault cohomology group H%Ql (B2 \ {0}) is trivial but the
classical Dolbeault cohomology group H%!(B?\ {0}) is infinite dimensional.

It follows from the work of Kohn [15] that, if © is a bounded pseudoconvex domain
in C" with smooth boundary, then the Dolbeault cohomology groups H5:! () with forms
smooth up to the boundary also vanish for all ¢ > 0 and the converse is also true. But
this does not hold in general if the boundary of the domain is not smooth. For example,
on the Hartogs’ triangle T = {(z,w) € C?; |z| < |w| < 1}, by [28], we have that H**(T) is
trivial but Hy' (T), the Dolbeault cohomology of forms with coefficients smooth up to the
boundary, is infinite dimensional. In fact, it is not even Hausdorff (see [21]). In general,
the Dolbeault cohomology groups with some growth or regularity properties up to the
boundary are not the same as the usual Dolbeault cohomology.

Andreotti and Grauert [1] showed that, for a relatively compact domain € with smooth
boundary in a complex manifold that is strictly pseudoconvex (or more generally, satisfies
Condition aql), the Dolbeault cohomology group HP?(2) is finite dimensional. Further-
more, by Grauert’s bumping methods, the usual Dolbeault cohomology group is isomorphic
to the Dolbeault cohomology group with regularity up to the boundary (see, e.g., [11]). It
follows from Hérmander’s work ([13, § 3.4]) that on a bounded domain €2 with C3-smooth
boundary in a complex manifold, if the boundary b(2 satisfies the a, and a4+1 conditions,
then H73'(€2) is isomorphic to H?(Q). (See [22] for relevant results.) In particular, when
Q is an annulus between two C3-smooth strictly pseudoconvex domains in a complex man-
ifold, the L? cohomology group H%Qq(Q) is finite dimensional when 0 < ¢ < n — 1. When
the domain 2 is an annulus between two weakly pseudoconvex domains with C? smooth
boundary in C", similar results are proved in [26]. The regularity of the boundary can be
relaxed by assuming only that D has C? boundary (see [27]). In this case, H7J(Q) = 0
for all ¢ # 0 and ¢ #n — 1.

In this paper, we study the Dolbeault cohomolgy groups on various function spaces for a
bounded domain €2 in C" (or more generally in a Stein manifold) in the form of Q@ = Q\ D
where  is a bounded domain with connected complement in C" and D is relatively
compact open subset of {2 with connected complement and with finitely many connected
components. We obtain characterizations of pseudoconvexity of 2 and D through vanish-
ing or Hausdorff property of the Dolbeault cohomology groups on various function spaces,
including those of forms with coefficients smooth up to the boundary and of extendable
currents. In particular, we consider L?-Dolbeault cohomology groups and spectral theory

1Recall that the boundary bS) satisfies condition a4 if the Levi form of a defining function has either at
least ¢ + 1 negative eigenvalues or at least n — ¢ positive eigenvalues at every boundary point
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for O-Neumann Laplacian on the domain . We show that if _the outer boundary b is
Lipschitz and the inner boundary bD is C%-smooth, then both Q and D are pseudoconvex
if and only if 0 is not in the spectrum of the d-Neumann Laplacian on (0, q)-forms for
1<qg<n-—2whenn>3;or0 is not alimit point for the spectrum of the 9-Neumannn
Laplacian on (0, 1)-forms when n = 2 (see Corollary 5.4, Theorems 5.6, and 5.7 below).

An earlier result in this spirit is due to Trapani in [32]. In his case, vanishing and
Hausdorff properties of the classical Dolbeault cohomology groups characterize the holo-
morphic convexity of D; not just the pseudoconvexity of D. Our results and methods are
different from the results in [32] (see the remark at the end of section 3).

The plan of the paper is as follows: In Section 2, we first recall the classical Serre
duality and the definitions of various Dolbeault cohomology groups and their duals. In
Section 3, we study the Dolbeault cohomology groups on forms that are smooth up to the
boundary and on extendable currents. We obtain necessary and sufficient conditions for
the vanishing or Hausdorff properties of these Dolbeault cohomology groups. Sections 4
and 5 are devoted to the L?-theory for 0 on such a domain €. In Section 4, we study
the relationship between the Dolbeault cohomology groups of 2 and those of €2 and D on
L? or W1 spaces. In Section 5, we establish necessary and sufficient conditions for such
domains 2 that have vanishing L? or W!-Dolbeault cohomology groups. In particular, we
show that when the boundary of D is Lipschitz, the Dolbeault cohomology groups with
W/llocfcoefﬁcients are vanishing for 1 < ¢ < n — 1 and Hausdorff for ¢ = n — 1 if and only if
both Q and D are peudoconvex (see Corollary 5.3). When the inner boundary bD is C? and
the outer boundary bQ is Lipschitz, we obtain a characterization of pseudoconvexity of Q
and D by the vanishing and Hausdorff properties of the L?-Dolbeault cohomology groups,
which implies the above-mentioned statement that one can determine pseudoconvexity of
Q and D from spectral properties of the 9-Neumann Laplacian on €.

2. DOLBEAULT COHOMOLOGY AND THE SERRE DUALITY

Let X be an n-dimensional complex manifold. If D CC X is a relatively compact subset
of X, we consider the d-complexes and their dual complexes associated with several spaces
of forms attached to D (see section 2 in [20] for more details)

We first recall definitions of several function spaces and their duals. Let £(D) be the
space of C*°-smooth functions on D with its classical Fréchet topology. It is well known
that its dual can be identified with the space £'(X) of distributions with compact support
in D. We will also consider the space C°°(D) of smooth functions on the closure of D;
this is the space of the restrictions to D of C*-smooth functions on X. It can also be
identified with the quotient of the space of C*°-smooth functions on X by the ideal of
functions that vanish with all their derivatives on D. We endow C°°(D) with the Fréchet
topology induced by £(X). If D has Lipschitz boundary, the dual space of C*®(D) is
the space £5(X) of distributions on X with support contained in D. In general, when
the boundary of D is not necessarily Lipschitz, then we only have that the dual space of
C>(D) is always a subspace of E5(X). We refer the reader to [20] for details.

Denote by Dp(X) the subspace of D(X) consisting of functions with support in D,
endowed with the natural Fréchet topology. If D has Lipschitz boundary, the dual of
D5(X) coincides with the space of restrictions to D of distributions on X. This dual is
called the space of extendable distribution on D and will be denoted by D’(D). Moreover
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D5 (X) is a Montel space as a closed subspace of the Montel space £(X) and hence reflexive,
which implies that the dual space of D'(D), endowed with the strong dual topology, is the
space D5(X). As before, when the boundary of D is not Lipschitz, we only have that the
dual space of D'(D) is a subspace of D(X).

Recall that a cohomological complex of topological vector spaces is a pair (E®, d), where
E*® = (E%)4cz is a sequence of topological vector spaces and d = (d?)qez is a sequence of
densely defined closed linear maps d? from E? into E9t! that satisfy d?t!od? = 0. To any
cohomological complex (E*®, d)we associate cohomology groups (H%(E*®))qcz defined by

HY(E®) = kerd?/Imdi!
and endowed with the quotient topology. We fix 0 < p < n and set £Y =0 and d? = 0, if
¢ <0and 0 < p<n. We consider the d-complex (E®, d) with d? = 0 if 0 < ¢ < n and
d? =0 if ¢ > n acting on:
(1) E?=&P9(D), the space of C*°-smooth (p, ¢)-forms on D.
(2) B1= Cgf’q(ﬁ), the space of C**-smooth (p, ¢)-forms on D.
(3) E? = D'P4(D), the space of extendable (p, ¢)-currents on D.

The associated cohomology groups with (1)-(3) are denoted respectively by HP(D),
HYY(D), and HP4(D).

The dual complex of a cohomological complex (E,,d) of topological vector spaces is
the homological complex (Ey, d'), where Ey = (Ej)4ez with Ej, the strong dual of E9 and
d' = (d})qez with dj, the transpose of the map d?.

Set Ey =0 and d;, = 0 if ¢ < 0. If the domain D has Lipschitz boundary, then the dual

complexes of the previous cohomological complexes are (E,,d") with dfl =0for0<qg<n
and:

(1) E, = &m™P"=9(D), the space of currents with compact support in D.
(2) E, = ngp "X, the space of currents with compact support in X whose sup-
port is contained in D. B
(3) B, = %ﬁp’nfq(X), the space of C*°-smooth forms with compact support in D.
The associated cohomology groups are denoted respectively by H,~ »"~ (D), H%_CZ ’:f_q(X )
and HZX P"79(X).
D,oco
The next proposition is a direct consequence of the Hahn-Banach Theorem.
Proposition 2.1. Let (E*,d) and (E,,d') be two dual complezes, then
Imdi = {g€ E™ | (g,f) =0, Vf € Kerd,}.
Let us recall the main result of the Serre duality (see [3],[25] and [19]):

Theorem 2.2. Let (E®,d) and (E,,d’) be two dual complexes. Assume Hqy1(E,) = 0,
then either HITY(E®) = 0 or HT 1 (E®) is not Hausdorff.

If (E*,d) is a complex of Fréchet-Schwartz spaces or of dual of Fréchet-Schwartz spaces,
then, for any q € Z, H11(E®) is Hausdorff if and only if Hy(E,) is Hausdorff.

As a consequence of the previous theorem and of the solvability of the Cauchy-Riemann
equation with prescribed support in the closure of a bounded domain with connected
complement in a Stein manifold of dimension n > 2, in bidegree (p,1), 0 < p < n, we
obtain
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Theorem 2.3. Let X be a Stein manifold of compler dimension n > 2 and D CC X a
relatively compact subset of X such that X \ D is connected. Then

(i) Either H*"~Y(D) =0 or H*"~ (D) is not Hausdorff;
if moreover D has Lipschitz boundary,

(ii) Either HY" (D) = 0 or HY" ' (D) is not Hausdorf}:

(i4) Either H*"~1(D) = 0 or H*"~1(D) is not Hausdorff.

For a more general result and the proof of this theorem, see Theorem 3.2 in [20].

3. CHARACTERIZATION OF PSEUDOCONVEXITY BY EXTENDABLE DOLBEAULT
COHOMOLOGY

3.1. Necessary condition for the outside boundary. Let X be a Stein manifold of
complex dimension n > 2 and 2 a relatively compact domain in X. Let us denote by D
the union of all the relatively compact connected components of X \ Q and set Q = QUD.
Note that ©\ D is a closed subset of Q and we use H/(Q2\ D) to denote the Dolbeault
cohomology groups for forms smooth up to the boundary of D.

In his paper [32], Trapani proved that if H%4(Q) = 0forall 1 < ¢ < n—2and H%"~1(Q)
is Hausdorff, then Q has to be pseudoconvex. We now prove that this result extends to
cohomology with growth or regularity conditions up to the boundary.

Theorem 3.1. Let X, Q and Q be as above. Then _
(i) for each g € N with1 < q <n—2, H2A(Q\ D) =0 implies H%(Q) = 0;
(ii) HY""H(Q\ D) is Hausdorff implies H*"~1(Q) = 0

Proof. Let us first prove (i). Let f € Cgf’q(ﬁ) be a O-closed form. Then its restriction to

Q\ D is a d-closed smooth form on Q\ D. Since H2I(Q\ D) = 0, there exists a form
g € Cyo- 1(Q \ D) such that f = dg on €. Let § be a smooth extension of g to Q. Then
f — 0g is smooth and O-closed on Q and f — 0g vanishes on Q \ D. Therefore we can
extend f — g by 0 to a O-closed form on X. Since X is Stein, there exists a smooth form
u on X such that f = (4 u) on €.

Let us now consider the assertion (ii). We first prove that H%"1(2) is Hausdorff. Let
fe C{ion_l(ﬁ) be such that, for any d-closed (n, 1)-current T with compact support in €,

(T, f) = 0. Then for any (n, 1)-current S with compact support in Q \ D, we have
(S, f) = 0.

In particular, f is orthogonal to any current with coefficients in the dual space of COO(Q\D).

Using the assumptions that Ho" '(Q\ D) is Hausdorff, we get from Proposition 2.1
the existence of a form g € CS?R_Q(() \ D) such that f = dg on Q. Then following the
proof of assertion (i) we obtain that H%" () is Hausdorff. Since X \ Q is connected,
it follows from Theorem 2.3 (see also Theorem 3.2 in [20] and Theorem 2 in [31]) that
HO"1(Q) = 0. O

It is well known (see, for example, Corollary 4.2.6 and Theorem 4.2.9 in [12]) that a
domain U in C" is pseudoconvex if and only if we have H%9(U) =0 forall 1 < ¢ <n—1.
So from Theorem 3.1 we can deduce:
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Corollary 3.2. Letn > 2 and D CC Q be two relatively compact open subsets of C™ such
that both C"\ Q and Q\ D are connected. Assume HRI(Q\ D) =0, if 1 < q<n—2, and
HYNQ\ D) is Hausdorff, then Q is pseudoconvex.

Note that, replacing smooth forms up to the boundary by extendable currents in the
proof of Theorem 3.1, we get:

Proposition 3.3. Let n > 2 and D CC Q be two relatively compact open subsets of
C" such that both C" \ Q and Q\ D are connected. Assume that H*9(Q\ D) = 0, if

1<q<n—2, and H*"Y(Q\ D) is Hausdorff. Then Q is pseudoconvex.

Let us notice that the vanishing or the Hausdorfl property of the Dolbeault cohomology
groups of the annulus = Q \ D are in fact independent of the larger domain  as soon
as it satisfies some cohomological conditions.

Proposition 3.4. Let D CC Q1 cC Qs be bounded domains in C* such that Ho,q(§2) =0
for some q, 1 <q<n-—1. Then we have the following:

(i) H'(Q \ D) = 0 implies HX' (0 \ D) =0,

(i’) H%(Qy \ D) = 0 implies H*(Qy \ D) =0,

and

(ii) HX'(Qy \ D) is Hausdorff implies HX'(Qy \ D) is Hausdorf,

(ii’) H%4(Q \ D) is Hausdorff implies H%1(Qy \ D) is Hausdorff.

Proof. Let us first prove (i). Let f € C&%(Qg \ D) such that df = 0. Using the assumption
HY4(Q \ D) = 0, we get a form u € Cff;_l(ﬁl \ D), which satisfies du = f on Q; \ D.
Let x be a smooth function on C" with support in {2; and identically equal to 1 on a
neighborhood of D. Consider d(xu), it belongs to C§% (22 \ D) and is such that f —9(xu)
vanishes near the boundary of D. After extending by zero in D, we get a 0-closed form
on Qy, still denoted by f — d(xu). Since H%4(€y) = 0, there exists v € Co%—1(€22) such
that dv = f — O(xu). After restriction to Q2 \ D, we get f = 0(xu+v) on Q2 \ D.

For assertion (ii), note that if f € C§% (€22 \ D) is orthogonal to d-closed currents with
compact support in Q9 \ D, it is orthogonal to 0-closed currents with compact support in

Q1 \ D, then the proof follows the same argument used to prove (i). The proofs of (i’) and
(ii’) are similar by substituting smooth forms with currents. g

Corollary 3.5. Let D CC §~21 CC §~22 be bounded domains in C™ such that ﬁg s pseudo-
convex.

(i) Assume that HRd(Q\ D) =0, if 1 < ¢ < n—2, and He '(Q1 \ D) is Hausdorff.
Then Hod(Q\ D) =0, if 1 < q<n—2, and HY"~ 1(QQ\D) is Hausdorff.

(ii) Assume that H*9(Q;\ D) =0, if 1 < ¢ <n—2, and H*"1(Q, \ D) is Hausdorff.
Then H*1(Qu\ D) =0, if 1 < q <n—2, and H*"~ 1(92 \ D) is Hausdorff.

Note that by Corollary 3.2 and Proposition 3.3, if 21 = o \ D is connected, each of the
hypothesis in (i) or (ii) of Corollary 3.5 forces ©; to be pseudoconvex. Note also that if

Qg = Oy \ D is connected, the condition Qs pseudoconvex is necessary for the conclusion
n (i) or (ii) of Corollary 3.5 to hold.
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3.2. Necessary condition for the inside boundary. Let X be a connected, complex
manifold and D a relatively compact open subset of X with Lipschitz boundary. If D is not
a domain (i.e., a connected open set), then the Lipschitz boundary assumption implies that
D is a finite union of domains. The Dolbeault cohomology groups for D are the direct sum
of the corresponding cohomology groups on each connected components. In this section we
will prove that in any dimension n > 2 and for some Dolbeault cohomology groups on X \
D, such as forms smooth up to the boundary, vanishing and Hausdorff properties of these
groups implies pseudoconvexity for the domain D, provided its boundary is sufficiently
smooth. A related result for n = 2 was proved in [30].

We will first relate the Hausdorff property or the vanishing of the cohomology groups
with prescribed support in D with the same property for the cohomology groups of X \ D.

Proposition 3.6. Assume H%"971(X) =0, for some 2 < ¢ <n. We have
(i) if H%qOO(X) is Hausdorff, then Hod™ (X \ D) is Hausdorff,

(i) if H%qcm(X) is Hausdorff, then H*~1(X \ D) is Hausdorff.

Proof. Let f € C§5_1(X \ D) be a 0O-closed form such that for any d-closed (n,n — q + 1)-

current 7" on X with compact support in X \ D, we have (T, f) =0. Let f~be a smooth
extension of f to X, then 5,7? is a O-closed smooth (0, ¢)-form on X with support in D.
Let us prove that for any d-closed (n,n — g)-current S on D extendable to a current in X,
we have (S, 5f> = 0. Let S be an extension of S to X with compact support, then, we get

(5,0f) = (5,8]) = (9. ])
and since T' = 95 is a -closed (n,n — g+ 1)-current on X with compact support in X \ D,
the orthogonality property of f implies

(95, f) = (95, f) = 0.
By hypothesis H%qoo (X) is Hausdorff, therefore there is a smooth (0,¢ — 1)-form ¢ in X

with support in D such that 5]7: Og on X. Hence f— g is a O-closed smooth (0,q — 1)-
form on X, whose restriction to X \ D is equal to f. Therefore, H*4~1(X) = 0 implies
that there exists a smooth (0,q — 2)-form h on X such that 0h = f— g and by restriction
to X\ D we get h = f on X \ D. This proves that HX? ' (X \ D) is Hausdorff. Assertion
(ii) can be proved in the same way. O

Proposition 3.7. Assume H*4(X) =0 and either H™"9t1(X) = 0 or H"" (X)) =
0, for some 2 < q <n. We have
(i) if HoA~ (X \ D) is Hausdorff, then H%QOO(X) is Hausdorff,

(ii) if H*=1(X \ D) is Hausdorff, then H%qcur(X) is Hausdorff.

Proof. Let f be a O-closed (0, q)-form on X with support contained in D such that for
any d-closed (n,n — q)-current T' on D extendable as a current to X, we have (T, f) = 0.
Since H%4(X) = 0, there exists a smooth (0,q — 1)-form g on X such that g = f on X.
In particular, 9g = 0 on X \ D.

Let S be a d-closed (n,n — ¢ + 1)-current on X with compact support in X \ D. Since
H™=atl(X) = 0 or H" (X)) = 0, there exists a (n,n — g)-current U on X such
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that U = S. (Here and hereafter we use He""?(X) to denote the Dolbeault cohomology
groups with compact support in X.) Hence OU = 0 on D. Thus

<Svg> = <5Uvg> = <U75.g> = <U7 f) =0,

by hypothesis on f. Therefore, the Hausdorff property of H, 9a=1 (X'\ D) implies that there
exists a smooth (0, ¢ —2)-form h on X \ D such that Oh = g. Let h be a smooth extension
of h to X. Then u = g — Oh is a smooth form with support in D and

Ou=0(g—0h) =dg = .
Assertion (ii) is proved in the same way. O

Corollary 3.8. Let X be a complex manifold of complex dimension n > 2 and D be a
relatively compact open subset of X with Lipschitz boundary. Assume H*4(X) = 0 and
HYH(X) =0, for some 1 < q<n—1, then

H%q;l(X) is Hausdorff < H24(X \ D) is Hausdorff,

H%chi(X) is Hausdorff < H"(X \ D) is Hausdorff.

)

Proof. By Theorem 2.2, the assumption H%9"1(X) = 0 implies that H;"" ?(X) is Haus-
dorff. Since H%4(X) = 0, we have Ho"""%(X) = 0. The corollary then follows by applying
Propositions 3.6 and 3.7. U

By applying the Serre duality for the complexes (5’%'()( ),0) and (D%'(X ),0), we
obtain:

Corollary 3.9. Assume that X is a Stein manifold and D a relatively compact open subset
of X with Lipschitz boundary. Then for any 1 < qg<n—1,

(i) ch’,q(X \ D) is Hausdorff if and only if H»"~9(D) is Hausdorff,

(ii) H*9(X \ D) is Hausdorff if and only if HX"9(D) is Hausdorff.

In the special case ¢ = 1, the following theorem is a direct consequence of Corollary 3.9
and Theorem 2.3.

Theorem 3.10. Let X be a Stein manifold of complex dimension n > 2 and D be a
relatively compact open subset of X with Lipschitz boundary such that X \ D is connected.
Then

(i) H%' (X \ D) is Hausdorff if and only if H"1(D) = 0,

(ii) HOY(X \ D) is Hausdor{f if and only if HY" (D) = 0.
Theorem 3.11. Let X be a complex manifold of complexr dimension n > 2 and D be

a relatively compact open subset of X. Assume HY"(X) = 0, H*TY(X) = 0, for some
1<qg<n-—1, then

HZYX)=0 & HY(X\D)=0;

HYNX)=0 < H(X\D)=0.

D,cur

Proof. The proof is analogous to the proof of Corollary 3.8, Propositions 3.6, and 3.7. [
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Corollary 3.12. Let X be a Stein manifold of complex dimension n > 2 and D be a
relatively compact open subset of X with Lipschitz boundary such that X \ D is connected.
Consider the assertions

(i) For all1 < q<n—2, H*(X \ D) =0 and H** (X \ D) is Hausdor{f;

(ii) For all2 < q<n-—1, H%?CW(X) =0 and H%ZW(X) is Hausdorff;

(iii) for all1 < g <n -1, H'(D) =0.

(i’) For all1 < q<n—2, HY(X\ D) =0 and HY" *(X \ D) is Hausdor{f:
(ii’) For all2 <q<n-—1, H%?OO(X) =0 and H%ZO(X) is Hausdorff;

(iii’) for all1 < ¢ <n—1, H*(D) = 0.

Then the triplets of assertions (i), (ii) and (i), respectively (i’), (ii’) and (iii’), are
equivalent.

Proof. Using the Serre duality the corollary follows from Corollary 3.9, Theorem 3.10 and
Theorem 3.11. O

Note that, under the hypotheses of Corollary 3.12, the assertions (ii) and (ii’) still hold
for ¢ = 0 and ¢ = 1 by analytic continuation and the fact that He"'(X) =0 and X \ D is
connected.

As mentioned above in Section 3.1, a domain D in C" is pseudoconvex if and only if
we have H%4(D) = 0 for all 1 < ¢ <n — 1. Analogous results also hold for the Dolbeault
cohomology of forms smooth up to the boundary for any n and of extendable currents for
n=2.

Theorem 3.13. Let D C C" be a domain such that interior(D )= D. If H3Y(D) is finite
dimensional for any 1 < q<n-—1, then D is pseudoconvex. Moreover, when n =2, D is
pseudoconvex provided H*'(D) is finite dimensional.

Proof. Following Laufer’s argument ([17]; see also Theorem 5.1 [18]), we obtain that if
HYA(D) (respectively H%4(D)) is finite dimensional, then H%I(D) = 0 (respectively
H%9(D) = 0). The Laufer’s argument can be applied here because the spaces £(D)
and D’ (D) are invariant under differentiation and multiplication by polynomials. Thus we
can assume that Hgéq(ﬁ) =0forall 1 < ¢ <n-—1orin the case when n = 2, I:I()vl(ﬁ) =0.

The proof uses the forms introduced in [16] (see also [8]). We will prove by contradic-
tion. Suppose that D is not pseudoconvex. Then there exists a domain D strictly con-
taining D such that any holomorphic function on D extends holomorphically to D. Since
interior(D)= D, after a translation and a rotation we may assume that 0 € D\ D and there
exists a point zg in the intersection of the plane {(z1,...,2,) €C? | 21 = -+ = 2,1 = 0}
with D that belongs to the same connected components (as the origin) of the intersection
of that plane with D.

For any integer g such that 1 < ¢ <n and {ki,...,ks} C{1,...,n}, we set

(g —1)! L ja=
u(ky, ... ky) = e > (—1)dz,
j=1
where CTEZJ =dzZp, N... A d/EE A ... Ndz,. (Here, as usual, d/z’:zj indicates the deletion
of dzy, from the wedge product.) Note that u(ki,...,ky) is a smooth form on C" \ {0}.
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Since 0 ¢ D, u(ky,..., k) € C&j’q_l)(D). Moreover, u(ky, ..., kq) is skew-symmetric with
respect to the indexes in the tuple (k1,...,kq). In particular, u(ki,...,k;) = 0 when two

k;’s are identical. A direct calculation yields that

(3.1) Bu(ky, ... kg) = > zu(l,ky,... k).
=1

For any 1 < ¢ < n — 1, we consider the following assertion.

H(q): For all integer r < ¢ and all multi-index K = (k1,...,k,), setting K =0 if r = 0,
there exists a smooth (0,n — 7 — 2)-form v(K) on D such that
T
Ou(K) =Y (1) 2, 0(K \ k) + (1) lu((1,... n) \ K),
j=1
where |K| = k1 +---+k, and (K \ J) denotes the tuple of remaining indexes after deleting
those in J from K.

Note that u(1,...,n) is a d-closed smooth (0,n — 1)-form on C™\ {0} which contains
D. Since HY" (D) = 0, there exists a smooth (0,n — 2)-form v(f) on D such that
Ov(0) = u(1,...,n). Therefore H(1) is satisfied.

Let us prove now that if 1 < ¢ < n —2 and H(q) is satisfied, then H(q+1) is satisfied.
It is sufficient to prove the existence of the v(K)’s satisfying the assertion H(q+1) for
any multi-index of length ¢, the other ones for r < ¢ already exist by H(q). Let K =
(k1,...,kq), we set

w(K) = Z(—szjv(f( \ ki) + (=1 Ey((1,. .. n) \ K).

J=1

The (0,n—q—1)-form w(K) is smooth on D and moreover, using (3.1) and the hypothesis
H(q), a straightforward calculation proves that gw(;K) =0on D. Since HY" 9" 1(D) =0,
there exists a smooth (0,n — ¢ — 2)-form v(K) on D such that
q
(K) =w(K) => (—1)z(K \ kj) + (-1 Flu((1,...,n) \ K).
j=1

A finite induction process implies that H(n-1) is satisfied and for K = (1,...,n — 1),

we can consider the function

n—1
, n(n—1)
F=w(,. ..,n-1)=> (-1Yzuv((1,...,n—1)\j) — (-1)""" 2 “u(n).

j=1

It is smooth on D and satisfies 0F = 0 on D. As F is a holomorphic function on D, it
~ n(n—1

can be extended holomorphically to D. However, we have F(0,...,z2,) = (=1)1T e i
on DN{z =+ = z,-1 = 0}, which is holomorphic and singular at z, = 0, which gives
the contradiction since 0 € D \ D.

When n = 2, let us denote by B(z1, 22) the(0,1)-form % derived from the

Bochner-Martinelli kernel in C?, it is a g—closecl form on C?\ {0}. Then the L!-function
éﬁ defines a distribution in C? which satisfies 8(%) = 2B(z1, 25) on C2\ {0}. On the

other hand, if H%'(D) = 0, there exists an extendable distribution v such that dv = B
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on D and by regularity of the 8 in bidegree (0,1), v is smooth on D, since B is smooth
on C?\ {0}. Set F = zv + E ‘2, then F is a holomorph1c function on D, so it extends

holomorphically to D, but we have F(0,z2) = = on D N {z; = 0}, which is holomorphic

z2

and singular at zo = 0. This gives the contradiction since 0 € D \ D. O

Returning to the case when ) = Q \ D is a bounded domain in C", where D is the
union of all relatively compact connected components of C™ \  as in section 3.1. We can
easily derive the following corollary from Corollary 3.12 and the results of section 3.1.

Corollary 3.14. Let D CC Q be bounded open subsets gf C™, n > 2, such that C™\ Q is

connected. Assume D has Lipschitz boundary and Q = Q\ D is connected. Consider the
assertions

(i) For all1 < q<n—2, H*(Q\ D) =0 and H*""Y(Q\ D) is Hausdorff;

(ii) for all 1 < g <n—1, H%(D) =0 and Q is pseudoconver.

(i’) For all1 < q<n—2, HY(Q\ D) =0 and HZ" " (Q\ D) is Hausdorff:
(ii’) for all 1 < g <n—1, H™(D) = 0 and Q is pseudoconver.

Then the pairs of assertions (i) and (ii), respectively (i’) and (ii’), are equivalent.

We are now in position to give characterizations of pseudoconvexity of the inside and
outside boundaries for domains with holes in terms of their Dolbeault cohomolgy on various
spaces, depending on the regularity of the boundary of the holes.

Corollary 3.15. Let D CC Q be two relatively compact open subsets of C™", n > 2,
such that both C™\ Q and Q \ D are connected. Assume D has smooth boundary. Then
Hoq(Q \D)=0, forall1 <q<n—2, and H*"~ 1(9 \ D) is Hausdorff if and only if Q
and D are pseudoconver.

Proof. The necessary condition is a direct consequence of Corollary 3.14 and Theorem
3.13. To get the sufficient condition, we use Kohn’s result [15], which asserts that if D is
a pseudoconvex domain with smooth boundary then HX?(D) =0, forall 1 < ¢ <n—1
and apply Corollary 3.14. O

Note that, for the necessary condition, D needs only to have Lipschitz boundary. In
the special case n = 2, we also have:

Corollary 3.16. Let D CC Q be two relatively compact open subsets of C? such that both
C2\ Q and Q\ D are connected. Assume D has Lipschitz boundary. Then H3% (Q\ D) is

Hausdorff if and only if Q and D are pseudoconvex.

Proof. The necessary condition is a direct consequence of Corollary 3.14 and Theorem
3.13. The sufficient condition follows from Theorem 5 in [4]. O

Remark 3.17. One can only characterize pseudoconvexity for such domain €2 with holes
by using the right cohomology groups. In an earlier paper by Trapani [30], he proved that
if Q is the annulus between a pseudoconvex domain and some Diederich-Fornaess worm
domain D € C? with smooth boundary, the classical Dolbeault cohomology group H%!(Q)
is not Hausdorff. Thus if we replace Hw'(Q\ D) by H%}(Q\ D), Corollary 3.16 does not
hold.
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4. CHARACTERIZATION OF PSEUDOCONVEXITY BY L2 AND W! DOLBEAULT
COHOMOLOGY

Let X be a Stein manifold of dimension n > 2, equipped with a hermitian metric. Let €2
be a bounded domain in X. Let L2 ,(Q) be the space of (p, q)-forms with L?-coefficients.

Let 0pq: Ly ,(Q) = L2 11 (Q) be the densely defined closed operator such that its domain

consists of all f € L2 (Q) such that 8,,f, defined in the sense of distribution, is in
L}%’q +1(2). Let 5;@ be its Hilbert space adjoint. We drop the subscript p.qg when there is
no danger of confusion. B

Let O, : L;q(Q) — Lf,’qH(Q) be the minimal (strong) closure of 0. By this we mean

that f € Dom(d.) if and only if that there exists a sequence of smooth forms f, in
Cpo(Q) compacﬁly supported in  such that f, — f and df, — 0f in L%. Let 9 = 52
be the dual of J.. Then 9 is equal to the maximal (weak) L? closure of the operator
9 L?,,q(Q)7—> L2, 1(Q). We also define an operator de : L3 ,(Q) — L2 ,,1(Q) to be the
closure of 9 such that f is in the domain of 9; if and only if we extend f to be zero outside
S}, there exists a LquH(Xz form g supported in §2 suchihat df = g in X. The operator
0z corresponds to solving 0 with prescribed support on €2 in theﬁL2 sense.

We denote the cohomology groups in L2  (€2) with respect to & and 9. by H73(€2) and

Hfo(Q). The cohomology group for 9; is denoted by Hg’gg (Q). Note that

HP, () = HEY(X).

Suppose that 2 is a bounded domain in X with Lipschitz boundary. Then the weak
and strong maximal (or minimal) L? extensions are the same by Friedrichs’ lemma (see
[13], [6]). When Q has Lipschitz boundary, we have d. = 0z and

@) HY1() = HES(X).

(For a proof of this fact, see, e.g., Lemma 2.4 in [20]).
The cohomology groups for the d-complexes on forms with W' or I/Vli)c coeflicients
are defined similarly and denoted by H{4 () and Hﬁ’ﬁ (Q) respectively. We will use
loc

WL (X \ Q) to denote the space of functions with W' coefficients on compact subsets
of X\ @ and HjFi (X \ Q) to denote the Dolbeault cohomology groups for forms with
1

coefficients in I/VllO:(cX \ ). Thus the space Hit (X \ Q) is different from the space of
— loc .
Hﬁ’/‘lﬁou(X \ ©), which is isomorphic to the usual Dolbeault cohomology group HP4(X \ Q).

The dual space of WL (X \ Q) is denoted by W=(X \ ©2). The dual complex is denoted by
0. W L (X\Q) — W, H(X \ Q) and its corresponding cohomology groups are denoted

p,q—1
by H g "%/_1 (X\Q). Again, when the boundary of €2 is Lipschitz, this corresponds to solving

0 in W~1(X) spaces with compact support in X \ €.

We first establish the following version of the Hartogs phenomenon. Without loss of
generality, we will deal with only (0, ¢)-forms.
Lemma 4.1. Let Q be a domain in a Stein manifold X equipped with a hermitian metric
and let K be a compact subset of Q. Let Q= \ K. Then 5;2 has closed range provided

=0
0, has closed range.
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Proof. It suffices to show that there exists a constant C' > 0 such that for any f €
=0 =0
dom (9,_;), one can find u € dom (9,_,) such that

(4.2) ou = 0f 7011(2,
ullg < CllOflg-

(see, e.g., [14, Appendix 1]). Evidently, the restriction f|o of f to Q is in dom (522_1).

. . =0
Thus under the assumption, there exists a g € dom (9,_;) such that

q—1
{ dg = 0f on €,
lglla < Cillof e,
where C7 is independent of f. Let x be a smooth cut-off function such that 0 < x <1, x =
1 in a neighborhood of K, and supp x CC 2. Consider a = 9 — I(1—x)g = XOf +0xNg.
Then « is a d-closed form in Laq(Q) and suppa CC . Extend « to 0 outside 2 and

apply Hormander’s L?-estimates to a bounded pseudoconvex domain Qoo ﬁ, we then
obtain v € dom (53_1) such that
Ov=a on (), [vllg < Callallg
for some constant Cy > 0. Let u = v+ (1—x)g. Then u satisfies the desired property (4.2).
d

Lemma 4.2. Let Q) be a bounded domain with Lipschitz boundary in a Stein manifold X

of dimension n such that X \6 is connected. Then R@Zﬁl) = N(gn o) where R and
N denote the range and the null spaces of the relevant operators.

Proof. Let f € N(EZSEQ) Let f9 be the extension of f to X such that f =0 on X \ Q.
Then £ is compactly supported and ¥ fO = 0 in the sense of distribution on X where 9
denotes the formal adjoint of 3. Thus 6 1(xf9) = 0. (Here x is the Hodge *-operator
given by (u, v)dV = u A *v where dV is the volume form. )

Since (2 has Lipschitz boundary, we have from ( 4.1) and since X \6 is connected,

n,1 /3 n, n,1
Hc,L12(Q) = Ha;(X) = HC7L2 (X) = {0}.

. =0 =0 . . . :
Thus there exists u € dom (9, ) such that d,u = *f in X. Since *u is in the domain of

0

*Q

, we have 5*Q(>m) = f on Q. The lemma is proved. g

Let € be a relatively compact domain in X. We denote by D the union of all the
relatively compact connected components of X \ 2 and set @ = QU D.

Theorem 4.3. Let X, 2 and Q be as above. Then

(i) for each 1 < q<n—2, Ho’q(Q) = 0 implies Hg’gq(ﬁ) =0;

(ii) if Q has Lipschitz boundary, H 0 7(Q) is Hausdorff implies H%Qn_l(ﬁ) =0.
Similarly, we have

(iii) for each 1 < q<mn—2, Ho’q ((~2 \ D) = 0 implies H*1(Q) = 0;

() if D has Lipschitz boundary, On 1(Q \ D) is Hausdorff implies H%"~ 1(Q) 0.
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Proof. The proof of (i) exactly the same as in Theorem 3.1 or Lemma 4.1.
The proof of (ii) follows from the L? Serre duality (see [20] and [4]). We provide a
simple proof here for the benefit of the reader.

IfRrR (52,2) is closed, then Hggn_l(ﬁ) is trivial. This is a direct consequence of Lemma
4.2 since

o 8 8 iy

(43) ,R’(gan) :N(an72) = R(anfl) :N(anfl)

Note that in the first equality, we use the fact that R (52_2) is closed.
The proof of (iii) is analogous to the proof of (i), using interior regularity we can choose
g with W1 coefficients on a neighborhood of the support of dy, if f € (VVﬁ)C)()’q(Q). We
get HI(/){,‘II1 () = 0 and by the Dolbeault isomorphism H%¢(€2) = 0. The proof of (iv) is
similar to that of (ii) in Theorem 3.1. O
As in the smooth case, we have:

Corollary 4.4. Let n > 2 and D CC Q be two relatively compact open subsets of C™
such that both C™ \ Q and Q\ D are connected and D has Lipschitz boundary. Assume
HBI’/?OC(Q\D) =0,if1<qg<n—-2,and Ha}zzl(Q\D) is Hausdorff, then Q) is pseudoconvex.

From Theorem 4.3, we deduce:

Corollary 4.5. Let n > 2 and D CC Q be two relatively compact open subsets of C"
such that both C™\ Q and Q\ D are connected, and 2 has Lipschitz boundary. Assume
H%Zq(Q\D) =0,if1<q¢g<n-2, and Hg’gnfl(Q\D) is Hausdorff, then Q) is pseudoconvez.

Proof. We will postpone the proof to the corollary in Theorem 5.1. U

As in the smooth case, the vanishing or the Hausdorff property of the Dolbeault coho-
mology groups of the annulus 2 = Q \ D are in fact independent of the larger domain 2
as soon as it satisfies some cohomological conditions. The following was proved in [5].

Corollary 4.6. Let DNCC ﬁl CC 52 be bounded domains in C™ suEh that ﬁg s pseudo-
convex. Assume Hg;q(Ql \D)=0,if1<qg<n-—2, and Hg;"_l((ll \ D) is Hausdorff,

then H%Qq(ﬁg \D)=0,if1<qg<n-2, and Hggnfl(ﬁg \ D) is Hausdorff.

Note that by Corollary 4.5, if Q; = ol \ D is connected and €21 has Lipschitz boundary,
the hypothesis of Corollary 4.6 forces Q1 to be pseudoconvex. Note also that if Qo = QQ\D
is connected and €29 has Lipschitz boundary, the condition Qs pseudoconvex is necessary
for the conclusion of Corollary 4.6 to hold.

Next we will develop in the L? and W' settings what is done in section 3.2 for forms
smooth up to the boundary and extendable currents.

Theorem 4.7. Let X be a Stein manifold of complex dimension n > 2 and D be a
relatively compact open subset of X with Lipschitz boundary such that X \ D is connected.
The following assertions are equivalent:

(i) For all1 <qg<n-—2, Hgl’/‘lzl (X \ D) =0 and HI(/)[’/:{_I(X \ D) is Hausdorff;

(ii) For all2 < q<n-—1, HZiz/*l(X \D)=0 and HZ’I;,I(X \ D) is Hausdorff;

(iii) For all2 < q<mn-—1, H%qL2 (X)=0, H%"L2 (X) is Hausdorff;

"Hloc "loc
(w) for all1 < q<n-—1, H3 (D)=



HEARING PSEUDOCONVEXITY IN LIPSCHITZ DOMAINS WITH HOLES VIA 9 15

Proof. The Serre duality for the complexes (W} )%*(X\D), ), respectively ((L%)”’(X ),0),
implies the equivalence between (i) and (ii), respectively (iii) and (iv). Thus it is sufficient
to prove that (i) implies (iii) and (iv) implies (ii).

Let us prove now that, for any 2 < g < n, if Hgl’/‘lﬂ;l(X\D) is Hausdorff, then H%quzQ (X)

is Hausdorff. Let f be a O-closed (0,q)-form on X with L? coefficients and support
contained in D such that for any O-closed L?-form u of bidegree (n,n — ¢) on D, we
have (u, f) = 0. Since H%4(X) = 0 and by interior regularity, there exists a form g in
(WL )0,4—1(X) such that dg = f on X, in particular dg = 0 on X \ D.

Let S be a d-closed (n,n — g + 1)-current on X with compact support in X \ D and
coefficients in W~1(X), then, since H" 97! (X) = 0, there exists an (n,n — g)-current U
with compact support on X such that OU = S and in particular OU = 0 on D. Moreover
U can be chosen with Ll20c coeflicients. Thus

<Svg> = <5Uvg> = <U’gg> = <U’ f) =0,

by hypothesis on f.
Therefore the Hausdorff property of H, 3[’/‘]171(X \ D) implies there exists a (0, g — 2)-form
loc

hon X \ D coefficients in W}l (X \ D) such that oh = g. Let h be a W} -extension of h
to X then u = g — Oh is a L?-form with support in D and

guzg(g—gﬁ) =0dg = f.
In the same way we can prove that, for any 2 < ¢ <n —1, if Hgl’/ql_l(X \ D) =0, then

loc
Oa
M5y, (X) =0 -
Assume now that for some 1 < ¢ <n —2, H73'(D) = 0. Let f be a 0-closed form in
W, ; 4+1(X) with compact support in X \ D. Since X is a Stein manifold, there exists a

(n, q)-form g with compact support in X such that dg = f and by interior regularity g
can be chosen with L? coefficients on D. Since ‘the support of f is contained in X \D, gis
d-closed in D and as H}3'(D) = 0, we get g = dh for some (n, ¢ —1)-form hin L} , (D).
Let h be the extension of h by 0 outside of D. Then g — Oh vanishes on D and satisfies
(g — Oh) = f. This shows H?V(f,tll (X\D)=0.

To end the proof, assume HZ’zn_l(D) = 0. Let f be a d-closed form in W, }(X) with
compact support in X \ D orthogonal to the 0-closed functions, which are W in X\ D and
in particular to the holomorphic functions in X. The Hausdorff property of Hj,_, (X)

implies that there exists an (n,n — 1)-form g with compact support in X such that dg = f
and by interior regularity, g can be chosen with L? coefficients on D. Asfor1 < ¢ <n—2,
we can conclude that f = du, where v isin W} (X) with compact support in X\ D. O

n,n—1

Theorem 4.8. Let X be a Stein manifold of compler dimension n > 2 and D be a
relatively compact open subset of X with Lipschitz boundary such that X \ D is connected.
The following assertions are equivalent:

(i) For all1 < q<mn-—2, Hg’gq(X \D)=0 and Hg’znfl(X \ D) is Hausdorff

(i) For all2 < q<n—1, H'/,(X\ D) =0 and H'[5(X \ D) is Hausdorff

(ii) for all 1 < q <n—1, Hy{(D) =0.
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Proof. The equivalence between (i) and (ii) is a direct consequence of the Serre duality
(see [4] or Theorem 2.2). From Proposition 4.7 in [20], we know that H'75(X \ D) is

Hausdorff if and only if H;LV’?_I(D) = 0. Let us now prove the equivalence between (ii)
and (iii) for the other degrees.

Assume (i) is satisfied. Let f € W, (D), 1< q <n—2, be a d-closed form on D and
let f~ be a W1 extension with compact support of f to X. The (0,q + 1)-form 5f has

L? coefficients and compact support in X \ D. By (i), H 7" Y(X \ D) = 0 and therefore

there exists a form g € L?hq(X) with compact support in X \ D such that 5]7: dg. So
the form f— g is a O-closed form on X whose restriction to D is equal to f. As X is a
Stein manifold, .]?— g = Oh for some LIZO ~form h on X. Then we have f = Oh on D and
it follows from interior regularity that we can choose h to belong to W,iq_l(D), which
proves Hp{(D) = 0.

Let us prove the converse. Let f € L%yq(X), 2 < g <mn-—1, be a 0-closed form with
compact support in X \ D. Since X is a Stein manifold, there exists a (n,q — 1)-form ¢
with compact support in X such that dg = f and by interior regularity g can be chosen
with W1 coefficients on D. Since the support of f is contained in X \ D, g is 0-closed in D
and as Hﬁ}qfl(D) =0, we get g = 9h for some (n, ¢ —2)-form h in W _»(D). Let h be a
W1 extension of h with compact support in X, which exists since D is a relatively compact
domain with Lipschitz boundary. Then g — dh vanishes on D and satisfies (g — 9h) = f.
This shows HZfZ (X\D)=0. O

Corollary 4.9. Let D CC Q be bounded open subsets of C", n > 2, such that C™ \ Q is

connected. Assume D has Lipschitz boundary and 2 = Q \ D is connected. Consider the
assertions: _ _
(i) For all1 < q<mn-—2, HS[’/ql (Q\ D) =0 and HI(/)I’/?_I(Q \ D) is Hausdorff;
loc loc

(i) For all1 < q<n—1, H3(D)=0 and Q is pseudoconver.

and if Q has Lipschitz boundary
') Foralll <qg<n-—2, HD’Qq Q) =0 and HO’anl Q) is Hausdorff;
L L
(i) For all1 < q<n—1, Hyi(D)=0 and Q is pseudoconver.

Then the pairs of assertions (i) and (ii) are equivalent, and if moreover Q has Lipschitz
boundary, (i’) and (ii’), are equivalent.

5. HEARING PSEUDOCONVEXITY WITH L2 DOLBEAULT COHOMOLOGY

It is well known (see e.g. Corollary 4.2.6 and Theorem 4.2.9 in [12]) that a domain
D in C" is pseudoconvex if and only if we have H%4(D) = 0 for all 1 < ¢ < n — 1.
This result also holds for the L2-cohomology, provided D satisfies interior(D)= D (see
[8] and references therein). We will extend the results to the case when the Dolbeault
cohomology groups with W#P-forms are finite dimensional for any given s > 0 and p > 1.
(Here W#P(D) is the LP-Sobolev space of order s.)

Theorem 5.1. Let D CC C" be a bounded domain such that interior(D)= D. Let s >0
andp > 1. IfH%,qS,p(D) 1s finite dimensional for all1 < q < n—1, then D is pseudoconvez.



HEARING PSEUDOCONVEXITY IN LIPSCHITZ DOMAINS WITH HOLES VIA 9 17

We will present a proof using an idea of Laufer [16] as in the proof of Theorem 3.13.
The subtle difference is that while it makes sense to restrict a smooth form on a domain
to the intersection of the domain with a complex hyperplane, restriction of an LP-form to
a complex hyperplane is not well-defined. This difficulty was overcome by appropriately
modifying the construction of Laufer so that the factor z; in (3.1) is replaced by 2" for a
positive integer m. By choosing m sufficiently large, we are able to make this restriction
work. We now provide the detail, following [8]. The following simple lemma illustrates
the idea behind the construction of the forms uq m(k1, k2, ..., kq) given by (5.2) below.

Lemma 5.2. Let vy,...,v,—1 € LP(D), p > 1, and let m be a positive integer. Assume
that G is a continuous function on D such that

n—1
(5.1) G(z) = 2"v;(2).
j=1

If m >2(n—1)/p, then G(0,...,0,2,) =0 for all (0,...,0,2,) € D.
Proof. Let (0,...,0,29) € D. Write 2’ = (21,...,2,-1). Then for a sufficiently small
positive numbers a1 and as, we have
D(ay,az) := {|Z| < a1} x {|zn — 2°| < az} C D.
For any ¢ € (0, 1), we have

n—1

1/p 1/p
[ aeapar) a0 ey
D(al,CLQ) D(alan)

J=1

n—1 1/p
< amem—2(n=1)/p / vi(2, z,)|P dV
1 > D(alm)l i ( )

J=1

n—1 1/p
< am5m—2(n—1)/pz (/ \Uj(z)|pXD(a15,a2)(z) dV> .
j=1 /P

Since m > 2(n—1)/p, letting 6 — 0, we obtain from the Lebesgue dominated convergence
theorem that

/ G0, 2n) [P dV = 0.
D(a1,a2)
Thus G(0', 2,) = 0 for |z, — 22| < as. O

Proof of Theorem 5.1. The proof for W#P-cohomology is the same as for LP-cohomology.
For economy of notation, we will only provide the proof for LP-cohomology. Proving by
contradiction, we assume that D is not pseudoconvex. Then there exists a domain D 2 D
such that every holomorphic function on D extends to D. After a translation and a unitary
transformation, we may assume that the origin is in D \ D and there is a point 2" in the
intersection of z,-plane with D that is in the same connected component of D N {z; = 0}
as the origin.

For any integers a >0, m > 1, ¢ > 1, {k1,...,kg—1} C {1,2,...,n— 1} and k; = n, let

(a+q— )0z, - 2,)™
a+q
T'm

q
(5.2) Uam(k1, .. kq) = (—1) 2, dz,

j=1
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where rp, = |21/2™ + ... + |2,|*™. Evidently, u(ky,...,k,) is a smooth form on C™\ {0}.

Since 0 ¢ D, u(ky, ..., k q) € LZ(?O . 1)(D). Moreover, u(ki,...,kq) is skew-symmetric with
respect to the indices (k1,...,kq—1). In particular, u(kq,...,kq) = 0 when two k;’s are
identical.

For K = (ki,...,kg), write dZx = dz, A ... AdZy,, 20" = (2, -+ Zk,)™ . Denoted

by (ki1,...,kq\J) the tuple of remaining indices after deleting those in J from (ky, ..., k).
It follows from straightforward computations that

_ (a+qlmepezpt
Oua,m(ki,... kg) = — (ATt K (rmde
q
sz 1 deg Z zk de ))
7j=1
n—1
= mz 2 Uam (G K, . k).
/=1
In particular, uam(1,...,n) is O-closed. Our next goal is to solve the O-equation in
LP-spaces inductively with the (0,n — 1)-forms wqm,(1,...,n) as the initial data, and

eventually produce an LP-holomorphic function on D. This holomorphic function has a
holomorphic extension to D. By way of the construction, the extension has singularity at
the origin, which leads to a contradiction. We now provide the details.

We fix m > 2(n — 1)/p. Let M be an integer such that M > dimH%pq(D) for all
1 < q<n-—1. Let Fy be the linear span of {ugm(1,...,n); a=1,...,M" !}, For any
u € Fp and for any {ki,...,kg—1} C {1,...,n — 1}, we set

u(kl,... q—1,T E Cilaj;,m kl,...,kq_l,n)

if u = Z;?:l cjuajvm(l, ...,n). We decompose Fy into a direct sum of M™% subspaces,
cach of which is M-dimensional. Since dim Hyy (D) < M and tgm(1,...,n) € N (Jp_1),
there exists a non-zero form u in each of the subspaces such that duv,(0)) = u for some
vy (0) € Ll()on ) (D). Let F; be the M" 2-dimensional linear span of all such u’s. We
extend u > v, () linearly to all u € Fj.

For 0 < ¢ < n — 1, we use induction on ¢ to construct an M" 9~ 2-dimensional sub-
space Fgy1 of F, with the properties that for any u € Fy41, there exists v, (k1,...,kq) €

LI(’O n—g—2) (D) for all {ky, ..., kq} C {1,...,n—1} such that v, (k1, ..., k) depends linearly
on u; vy(k1,. .., kq) is skew-symmetric with respect to indices K = (ki, ..., kq); and

q
I (K) =m > (1) 270w (K \ ky) + (=) K u(1,.. n\ K),
7=1

where |K| =k + ... + k.
We now show how to construct Fyy1 and vy (k1, ..., k) for u € Foy1 and {k1, ..., kq} C
{1,...,n — 1} once F; has been constructed. For any u € F; and any {ki,...,kq} C
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{1,...,n—1}, writeK:(kl,...,k:) and let
mz zk Mo (K \ k) + ()&l (1, 0\ K).
Then as in the previous case,
Ow,(K) = (—1 QHK‘ mszu 5 (L. ,n\ K)) 4+ 0u(l,...,n\ K)) =0.

We again decompose F; into a direct sum of M n=4=2 Jinear subspaces, each of which is M-

dimensional. Since dim(Hy;'~97%(D)) < M and dw,(K) = 0, there exists a non-zero form
u in each of these subspaces such that dv,(K) = w,(K) for some v,(K) € LI(’O n—g—2) (D).

Since wy, (K) is skew-symmetric with respect to indices K, we may choose v,(K) to be
skew-symmetric with respect to K as well. The subspace F,41 of F; is then the linear
span of all such u’s.

Note that dim(F,—1) = 1. Let u be any non-zero form in F,,_; and let

n(n—1)

F(z) =wu(l,...,n—1) = mizjmvu(l,...,n— 1\7) — (=1)" "2 u(n).

Then F € LP(D) and OF = 0. Therefore, F is holomorphic on D and hence has a
holomorphic extension to D. Restricting to z,-plane, by Lemma 5.2, we have

n(n 1) n(n 1)
F(0,2,) = —(—=1)"" u(n)(0', ) = (=1)"* an ma+1)

where the c,’s are constants, not all zeros. This contradicts the analytlclty of F' near the
origin. We therefore conclude the proof of Theorem 5.1. O

Corollary 5.3. Let D CC Q be two relatively compact open subsets of C", n > 2, such
that both C™ \ Q and Q \ D are connected. Assume D has Lipschitz boundary. Then
H&’/ql (Q\ D) =0, forall1<q<n-—2, and HO" 1((2 \ D) is Hausdor{f if and only if
andlD are pseudoconvex.

Proof. The necessary condition is a direct consequence of Corollary 4.9 and Theorem
5.1. The sufficient condition follows from Hormander vanishing L?-theory and Corollary
4.9. 0

Next we give a characterisation of the annulus domain by its L? Dolbeault cohomology
when the inner hole D has C? boundary.

Corollary 5.4. Let D CC Q be two relatively compact open subsets of C", n > 2, such
that both C"\ﬁ and Q\D are connected. Assume D has C? boundary and Q has Lipschitz
boundary. Then Hg’gq(ﬁ \D)=0, foralll1 <qg<n-—2, and Hgg"fl(ﬁ \ D) is Hausdorff
if and only if(NZ and D are pseudoconver.

Proof. We first prove sufficiency. If D has C? boundary and n > 3, this follows directly
from [26]. If the boundary is only C?, it follows from Theorem 3 in [10] that H{4(D) = 0,
forall 1 < g <n—1. (When the boundary is C*, this follows from the work of Kohn [15].)
The sufficiency then follows from Corollary 4.9.
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The necessary condition is a direct consequence of Corollary 4.9 and Theorem 5.1. [

Next we will set up the spectral theory for the d-Neumann operator. Let X be a
complex manifold of dimension n equipped with a hermitian metric. Let €2 be a bounded
domain in X. Let

% A%

ng(u, v) = @p,q“ﬁp,qwﬁ + <8p7q,1u, a;u,qflv>Q

be the sesquilinear form on L2 (€2) with domain of definition dom (ng) = dom (9,4) N
dom (5;7(1_1). Then Q]?,q is densely defined and closed. It then follows from general
operator theory (see [7]) that ng uniquely determines a densely defined, non-negative,
self-adjoint operator ng: L2 ,(Q) = L2 (Q) such that dom ((ng)lﬂ) = dom (ng) and

3q(u, v) = <(D2q)1/2u, (ng)l/%% for u,v € dom ( gq).

Moreover,
dom (O%,) = {u € dom (Q2,) | dpqu € dom (9,,,), 8, ,_yu € dom (Tpg-1)}-

The operator ng is the O-Neumann Laplacian on L2 (). (We refer the reader to [9, §2]

for a spectral theoretic setup for the 9-Neumann Laplacian.) We will drop the superscript
and /or subscript from Dﬁ ¢ When their appearances are either inconsequential or clear from
the context.

Let o(0,,) be the spectrum of O, ,. Recall that o(d,,) is the complement in C of
the resolvent set which consists of all A € C such that A\ — O, ,: dom (0, ,) — Liq(Q)
is one-to-one, onto, and has bounded inverse. (See [7] for relevant material on spectral
theory of differential operators.) Since [J, , is a non-negative self-adjoint operator on a
Hilbert space, o(0, ) is a non-empty closed subset of the interval [0, co). Let o.(0,4)
be the essential spectrum of 0J, ,; namely, points in (0, ;) that are either isolated points
of the spectrum but eigenvalues of infinity multiplicity; or limit points of the spectrum.
By definition, the essential spectrum o.(0, ;) is also a closed subset and the set of limit
points of o.(0, 4) is the same as that of o(0d,,). We summarize the following spectral
theoretic interpretations for positivity of the 0-Neumann Laplacian Uy, in the following
proposition:

Proposition 5.5. Let (0, , be the 0-Neumann Laplacian on (p,q)-forms.

(1) 0 is not a limit point of 0(Op4) if and only if both R (0pq—1) and R (dp4) are
closed.

(2) 0 ¢ 0e(Opg) if and only if R (Opq—1) and R (dp4) are closed, and HYJ (Q) is finite
dimensional. B B

(3) 0¢ o(Oyyq) if and only if R (Dpq—1) and R (dpq) are closed, and H5 (Q) is trivial.

We refer the reader to [13, §1.1] (see also [14, Appendix A]) for proofs of (1) and (3)
and to [8, §2](see also [9, §2]) for a proof of (2).

Recall that, for a bounded domain 2 in a complex, hermitian, n-dimensional manifold,
the top degree L2-cohomology groups H73'(€2), 0 < p < n, always vanish, hence R (9pn—1)
is closed in this case. So, in top degree, the first assertion of Proposition 5.5 becomes: 0 is
not a limit point of o(0, ,—1) if and only if R (9p ,—2) is closed. Combining Proposition 5.5
with Theorems 4.8 and 5.1, we then have:
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Theorem 5.6. Let X be a Stein manifold of dimension n > 3, equipped with a hermitian
metric. Let Q) = Q\D where Q is a relatively compact domain with connected complement
in X and D CC § is an open set with connected complement in Q and with C?2- boundary.
If both Q and D are pseudoconvex, then there exists a constant C > 0 such that

. Q
(5.3) info(0,,) > C
forall0<p<n andlgqgn—Z and

The converse of the above theorem also holds. We summarize the results in a slight
more general form as follows:

Theorem 5.7. Let Q be a bounded domain with connected complement in a hermitian
Stein manifold and let D be a relatively compact open subset ofﬁ with connected comple-
ment. Let Q = \ D. Suppose Q and D have Lipschitz boundary. Fiz 0 < p < n. If
0¢&oe(dpy) for 1 < q<n-—2whenn >3 orif0 is not a limit point for o.(0p1) when
n = 2, then both Q and D are pseudoconver.

The above theorem is a consequence of Proposition 5.5 and the characterization of
pseudoconvexity by L?-cohomology groups in Section 4. Note that when n > 3, one only
need to assume the positivity of o.(0p4) for 1 < ¢ < n —2. For n = 2, we use, as
noted above, that R (6pn 1) is always closed. For completeness, we provide the proof of
Theorem 5.7. We first establish the following spectral theoretic version of the Hartogs
phenomenon, as in Theorem 4.3. Without loss of generality, we will deal only with (0, ¢)-
forms.

Lemma 5.8. Let Q) be a domain in a Stein manifold X equipped with a hermitian metric
and let K be a compact subset of Q. Let Q@ = Q\ K. Then

(1) inf U€(D~q) > 0 provided inf o.(CJ;) > 0.
(2) infU(DSq)) > 0 provided ian(D?) >0

Proof. To prove (1), from Lemma 4.1 and Proposition 5.5, it suffices to show that Hg;q(ﬁ)

is finite dimensional provided Hggq(Q) is finite dimensional. Let R: N (53) - N (53)
be the restriction map § — f[|qg. Repeating arguments used in Lemma 4.1 (with Of re-
placed by ) yields that R induces an injective homomorphism from H gf(fl) into Hg;q(Q).
Therefore, dim Hg’zq(ﬁ) < dim H%Qq(ﬂ). This concludes the proof of (1) and hence that of
(2) . O

The following lemma is a spectral theoretic interpretation of Theorem 4.8 (in a slightly
more general form):

Lemma 5.9. Let D be a relatively compact open set in a Stein manifold X of dimen-
ston n > 2 with connected complement and Lipschitz boundary. Let Q X\ D. Then
0¢ O'e(DQ) for 1 < g <n—2and 0 is not a limit point for a.(C8_|) if and only if

dlmH;LVql(D)<oo 1<g<n-2, anddlmH"n 1( D) =0.
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Proof. Note that by Proposition 5.5, as already mentioned above, 0 is not a limit point
of oo (! ;) is equivalent to R (5,?_2) is closed, which is equivalent to H%znfl(Q) is Haus-
dorff. By [20, Proposition 4.7], this is also equivalent to H&}?il(D) = {0}. In light of
Proposition 5.5 and by L?-Serre duality, dim Hg’f(Q) = dim H%z;q(X) for2<qg<n-1.
So it remains to show that for 1 < ¢ <n — 2, dim Hy/{(D) = dim HMH (X)),

Q,L2
Suppose dimHg’ngl(X) = N < oo. Let gj, 1 < j < N, be d-closed (n,q + 1)-forms
supported on § such that {[g;] ;VZI spans Hg’gl(X). Since X is Stein, there exists (n, q)-

forms h; with leoc—coeﬂicients such that 9h; = g;. (Here, we identify g; with its extension
to X by setting g; = 0 outside D.) Since g; is supported on X \ D, Oh; = 0 on D. Now
let f € W,%7q(D) be any O-closed form. Since D has Lipschitz boundary, there exists an
extension f € W, (X) of f to X. Since 8f = 0 on D, under the assumption, there exists
age ng(X), supported on X \ D, such that

N N
af =09+ chgj =0g + chf)hj,
j=1 J=1
for some constants ¢; € C, 1 < j < N. Therefore, there exists (n,q — 1)-form u with
leoc—coefﬁcients such that

N
f:g—i-Zthj + Ou.
j=1
Note that using the interior ellipticity of 0 @® 3", we may choose the forms h; and u to
have W'-coefficients on D. Restricting to D, we then have f = Z;VZI cjhj + Ou, which
implies that dim H{{(D) < N.

Conversely, suppose dim H}p1 (D) = N < oco. Let {g; szl C W&’q(D) be d-closed forms
such that {[gj]}j-v:l spans Hy i (D). Let f € ng,q+1(X) be a O-closed form with compact
support in X \ D. Since X is a Stein manifold, there exists an (n,q)-form u with L2 -
coefficients such that Ou = f. Using the interior ellipticity of 0 @ 5*, we may choose u so
that u € Wéq(D). Since f is supported on X \ D, du = 0 on D. Under the assumption,

there exists h € W! (D) such that

N
u = gh + Z bjgj,
j=1
for some constants b; € C, 1 < j < N. Let gj, h e W,iq(X) be any extensions of g; and
h respectively from D to X with compact supports in X. Let g = v — oh — Z;\le bjg;.
Then g is compactly supported on X \ D and

N
dg=1f—>_b05,
j=1

which implies that dim nggl()() < N. O
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We are now in a position to prove Theorem 5.7. By Lemma 5.8, Lemma 4.1 and
Theorem 4.3 (ii), we know that Hg’f(Q), 1 < ¢ < n — 2, are finite dimensional and

Hg;"fl(ﬁ) is trivial. By Theorem 5.1, Q) is pseudoconvex.

Applying Lemma 5.9 with X = ), we then have dim HS",% (D) <o00,1<g<n-—2,and

H I(/)I’/?_I(D) = {0}. Applying Theorem 5.1 again, we then conclude that D is pseudoconvex.

Remark 5.10. In Corollary 5.3, we only need to assume that the boundary is Lipschitz when
we use Dolbeault cohomology with W1 coefficients. But in Corollary 5.4, the boundary
D needs to be C? smooth. Note that the necessary condition in Corollary 5.4 still holds if
the boundary of D is only Lipschitz. We do not know if we can replace the C? assumption
by the Lipschitz condition in Corollary 5.4 or Theorem 5.6. We conjecture that they
still hold if the boundary of D is only Lipschitz. This has been verified when the inner
domain D is a product domain or piecewise smooth pseudoconvex domain (see the results
in [5]). In particular, when the domain € is the annulus between a ball and a bidisc in
C2, one has that H%;(Q) is Hausdorff. This yields the W1 estimates for 0 on bidisc using
Corollary 4.9. The general case with Lipschitz holes is still an open problem.

Remark 5.11. Suppose that the number of holes in Q\Q = D is infinite and each component
is pseudoconvex, the boundary € is not Lipschitz. But one still can have interiorQ) = Q.
We do not know if the d-Neumann operator Up,q has closed range for 1 < ¢ <n—1. In
fact, one does not even know if the classical Neumann operator has closed range.
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