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Adiabatic elimination for open quantum systems
with effective Lindblad master equations *

R. Azouit', A. Sarlette?, P. Rouchon'

Abstract— We consider an open quantum system described
by a Lindblad-type master equation with two time scales.
The fast time scale is strongly dissipative and drives the
system towards a low-dimensional decoherence-free space. To
perform the adiabatic elimination of this fast relaxation, we
propose a geometric asymptotic expansion based on the small
positive parameter describing the time scale separation. This
expansion exploits geometric singular perturbation theory and
center-manifold techniques. We conjecture that, at any order,
it provides an effective slow Lindblad master equation and
a completely positive parameterization of the slow invariant
sub-manifold associated to the low-dimensional decoherence-
free space. By preserving complete positivity and trace, two
important structural properties attached to open quantum dy-
namics, we obtain a reduced-order model that directly conveys
a physical interpretation since it relies on effective Lindbladian
descriptions of the slow evolution. At the first order, we derive
simple formulae for the effective Lindblad master equation. For
a specific type of fast dissipation, we show how any Hamiltonian
perturbation yields Lindbladian second-order corrections to the
first-order slow evolution governed by the Zeno-Hamiltonian.
These results are illustrated on a composite system made of
a strongly dissipative harmonic oscillator, the ancilla, weakly
coupled to another quantum system.

1. INTRODUCTION

Solving the equation of evolution for an open quantum
system - the Lindblad master equation [5] - is generally
tedious. To gain better physical insight and/or for numeri-
cal simulations, it is of wide interest to compute rigorous
reduced models of quantum dynamical systems. In a typ-
ical case, a system of interest is coupled to an ancillary
system expressing a measurement device or a perturbing
environment [12]. The quantum dynamics describes the joint
evolution of both systems and we want to determine a
dynamical equation for the system of interest only, from
which we have “eliminated” the ancillary system.

A standard tool for model reduction is to use the different
time scales of the complete system to separate the quantum
dynamics into fast and slow variables and then eliminate the
fast ones. This technique is known as adiabatic elimination.
In quantum Hamiltonian systems, regular perturbation theory
can be easily applied as the propagator remains unitary,
and the construction of the reduced model to various orders
of approximation is standard [19]. In contrast, for open
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quantum systems, described by a Lindblad master equation
[5], the case is much more complicated and involves singular
perturbation theory. Several particular examples have been
treated separately. In [6] different methods are proposed to
perform an adiabatic elimination up to second order on a
lambda system. In [16] and [18] the problem of excited states
decaying towards n ground states is treated. A specific atom-
optics dynamics is investigated in [1]. In the presence of
continuous measurement, [9] presents a method of adiabatic
elimination for systems with Gaussian dynamics.

Perturbation theory for open quantum systems, with
e.g. Lindblad dynamics, has attracted much less attention
than their Hamiltonian counterpart. Treating the Lindblad
master equation as a usual linear system, or applying the
Schrieffer-Wolff formalism which is generalized in [13] to
Lindblad dynamics, requires the inversion of super-operators
which can be troublesome both numerically and towards
physical interpretation. In [2] we made a first attempt to
circumvent this inversion, using invariants of the dynamics.
This provides a first-order expansion only, and in general
linear form — i.e. not necessarily with the structure of a
Lindblad equation. A more physical expression for the slow
dynamics has been derived for the formalism of quantum
stochastic models introduced by Hudson and Parthasarathy,
first in [3] then generalized for unbounded operators in
[4]. The original dynamics, of the full system, is proven
to converge to the reduced slow dynamics as the speed of
the fast dynamics tends to infinity. In the present paper,
we make this picture more precise (for finite-dimensional
systems). First, we characterize the order of convergence via
an asymptotic expansion, in Lindblad form, up to second
order. Second, we also give the quantum geometric expansion
for the modified center manifold, i.e. the invariant subspace
on which the slow dynamics evolves; the latter was not
considered in [3], [4].

Compared to standard perturbation theory for dynamical
systems, the key feature of a geometric method to perform
an adiabatic elimination for open quantum systems is that the
resulting reduced model is explicitly described with the struc-
ture an effective Lindblad equation; and the reduced state is
parameterized by a reduced density operator, whose mapping
to the initial system state space is expressed in terms of
Kraus operators, ensuring a trace-preserving completely
positive map. By preserving these structural properties of
open quantum dynamics, we obtain a reduced model that
directly conveys a physical interpretation. As far as we
know, combining asymptotic expansion with both completely
positive map and Lindbladian formulation has never been



addressed before. This work is a first attempt to investigate
the interest of such combination with lemmas 1, 2 and 3
underlying the conjecture illustrated on figure 1.

Our method applies to general open quantum systems
with two time scales, described by two general Lindbladian
super-operators (1), and where the fast Lindbladian makes
the system converge to a decoherence-free subspace of the
overall Hilbert space. We then use a geometric approach
based on center manifold techniques [8] and geometric sin-
gular perturbation theory [11] to obtain an expansion of the
effect of the perturbation introduced by the slow Lindbladian
on this decoherence-free subspace. For general Lindbladians
satisfying this setting, we get explicit formulas for the
Lindblad operators describing the first order expansion. In the
particular case of a Hamiltonian perturbation, we retrieve the
well known Zeno effect. Furthermore, for a fast Lindbladian
described by a single decoherence operator and subject to a
Hamiltonian perturbation, we derive explicit formulas for the
first-order effect on the location of the center manifold and
for Lindblad operators describing the second order expansion
of the dynamics. This allows to highlight how a first-order
Zeno effect is associated to second-order decoherence.

We apply our method to a quantum system coupled to
a highly dissipative quantum harmonic oscillator (ancilla).
Our general formulas directly provide an effective Lindblad
master equation of the reduced model where this ancilla is
eliminated. The result for this example is well known, which
allows us to emphasize how the correct results are obtained
also on infinite-dimensional systems, and to appreciate the
computational simplicity of applying our formulas in com-
parison with specific computations like [7]. Our results also
agree with those obtained from the formulas of [3], [4], and
show that they in fact captured up to second-order effects.
Although we here limit ourselves to second order, we believe
that in principle our method could be extended to arbitrary
order and provide more accurate results also for sizable
perturbations on quantum IT systems.

The paper is organized as follows. Section II presents
the structure of two time scales master equation for open
quantum systems, as well as the assumptions and properties
of the unperturbed system used for deriving our results. In
section III we present a geometric approach for performing
the adiabatic elimination and derive a first order reduced
model for arbitrary perturbations. In section IV we develop
the second order expansion for a class of systems. In section
V we illustrate the method where the ancilla is a highly
dissipative harmonic oscillator.

II. A cLASS OF PERTURBED MASTER EQUATIONS

Denote by 9 a Hilbert space of finite dimension, by
D the compact convex set of density operators p on H
(p is Hermitian, nonnegative and trace one). We consider
a two-time scales dynamics on 9 described by the master
differential equation

d
o= Lo(p) + €L1(p) (D

where € is a small positive parameter and the linear super-
operators £y and £; are of Lindbladian forms [5]. That is,
there exist two finite families of operators on H, denoted
by (Ly,) and (L;,), and two Hermitian operators Hy and H,
(called Hamiltonians) such that, for » = 0, 1, we have

’Qr(p) = _i[Hr’ P] + Z Lr,vpLZ,v - %LI,VLr,Vp - %pLI,VLr,w (2)
v

It is well known that if the initial condition p(0) belongs to
D, then the solution p(¢) of (1) remains in D and is defined
for all + > 0. It is also known that the flow of (1) is a
contraction for many distances, such as the one derived from
the nuclear norm || - ||;: for any trajectories p; and p, of (1),
we have [jp1(t) — p2(Dlli < llo1 () — p2(¥)l; for all £ > #'; see
e.g. [17, Th.9.2].

We assume that, for € = 0, the unperturbed master equation
%p = Lo(p) converges to a stationary regime. More precisely,
we assume that the unperturbed master equation admits a
sub-manifold of stationary operators coinciding with the Q-
limit set of its trajectories. Denote by

Do ={peD| Lp) =0

this stationary manifold: it is compact and convex. We thus
assume that for all pg € D, the solution of %p = L(p)
with p(0) = po converges for ¢ tending to +co towards an
element of Dy denoted by R(pg) = lim,_,,c p(#). Since for
any ¢ > 0 the propagator ¢™*° is a completely positive linear
map [17, Chap.8], R is also a completely positive map. By
Choi’s theorem [10] there exists a finite set of operators on
H denoted by (M,,) such that

R(po) = ), MypoM} (3)
M

with 3, M;M# = [, the identity operator on H. The form
(3) is called a Kraus map. We thus assume that

Dy ={R(p) | p € D} and Vp € Dy, R(p) = p.

An invariant operator attached to the dynamics %p = Lo(p)
is a Hermitian operator J such that for any time 7 > 0 and
any initial state pp = p(0), we have Tr(Jp(t)) = Tr(Jpo).
Such invariant operators J are characterized by the fact that
£:(J) = 0 where the adjoint map to £y is given by

5(A) = ilHo, A1+ Y LY ALoy = SL} LoyA - JAL] Lo,
v

for any Hermitian operator A.

Thus by taking the limit for 7 tending to +oco in
Tr (Jo(t)) = Tr(Jpg), we have, for all Hermitian operators
00, Tr(JR(pg)) = Tr(Jpg). Denote by R* the adjoint map
associated to R:

R(A)= ) MiAM, @)
U

for any Hermitian operator A on H. Then, Tr(R*(J)pg) =
Tr (Jpg) for all py, implying R*(J) = J. Le. invariant opera-
tors J are characterized by £(J) = 0 and satisfy R*(J) = J.



We assume additionally that 9y coincides with the set
of density operators with support in Hy, a subspace of H.
In other words the unperturbed master equation features a
decoherence-free space Hj. Denote by Py the operator on
H corresponding to orthogonal projection onto Hy. Conse-
quently, for any Hermitian operator p, we have PyR(p) =
R(p)Py = R(p). Thus Tr (R*(Py)p) = Tr (R(p)) = Tr(p) for all
p which implies:

R*(Py) = 1. )

Moreover, for any vector |c) in Hy, R(|c){c|) = |c){c|. This
implies that, for the Kraus map (3), there exists a family of
complex numbers A, such that 3, |4,/* = 1 and

Vlc) € Ho, Mylc) = A,lc). (6)
III. FIRST ORDER EXPANSION FOR ARBITRARY PERTURBATIONS

We consider here the perturbed master equation (1) whose
unperturbed part %p = Lo(p) satisfies the assumptions of
Section II: any trajectory converges to a steady-state; the
set of steady-states 9, coincides with the set of density
operators with support on a subspace Hy of H. This section
develops a first-order expansion versus € of (1) around D.

Denote by H, (subscript s for slow), an abstract Hilbert
space with the same dimension as Hj. Denote by D; the set
of density operators on ;. Denote by {|v)} (resp. {|c,)}) a
Hilbert basis of H, (resp. Hp). Consider the Kraus map K
defined by

Vp, € Dy, Kops) = SopsSy € D (7)

where So = >, ¢, ){v]. We have SOSS = Py, the orthogonal
projector onto Hy and S (T)S o = I,, the identity operator on
H,.

As illustrated on figure 1, we are looking for an expansion
based on linear super-operators {K,,},,>0 between D, and D
and on Lindblad dynamics {Qs,m 0 O Dy such that any
solution ¢t +— py(t) € Dy of the reduced Lindblad master
equation

d

d_tps = 2s(ps) = mzzofmgs,m(ps) (8)
yields, via the map
p(1) = K(py(0) = D €"Knlps(1)) , ©)
m=0

a trajectory of the perturbed system (1). We combine here
geometric singular perturbation theory [11] with center
manifold techniques based on Carr asymptotic expansion
lemma [8] to derive recurrence relationships for K, and £,,.
These recurrences are obtained by identifying the terms of
the same order in the formal invariance condition

o(K(py) + €21(K(py)) = %p = K(%ps) = K(24(py)).

po€D

d
—p = L(p) = Lo(p) +€L1(p)

dt
¢ Slow evoltior,
K (pso) A0
= R(po) ; = (ps(t)
7 /
slow invariant /. attractive / sub-manifold
/+ /
pe , D
H H H E,E B B B S B EEEEEN
/o /
x
[

Ips(t)

V.\A@S

d
ps0€ Ds aps = Ls(ps) = €¥s1(ps) +€25~'s.2(ps) +...

Fig. 1: Adiabatic elimination, based on geometric singular pertur-
bation theory, of the fast relaxation dynamics d%p = £y(p) for an
open quantum system governed by the Lindbladian master equation
%p = L(p) = Lo(p) + €L1(p) where € is a small positive parameter.
It provides two asymptotic expansions of the slow dynamics. The
parameterization via density operators p, of the slow invariant
attractive sub-manifold (related to £¢(p) = 0) is based on the map
p = K(py) = Ko(ps) + €K (o5) + . . .. The slow dynamics corresponds
to ditps = L,(ps) = €L,1(ps) + ezﬂs,z(px) + .... The super-operators
Ko, Ky, ...and £, ¥,,, ...are obtained by identifying terms of
identical order versus € in the geometric invariance condition
QO(KO + EK]) + GQI(KO +eK; +.. )
= Ko(éﬁ_ﬂ + 622&2 + .. ) + EKl(GQS.l + 622&2 + .. ) + ...

We conjecture that, at any order versus €, the super-operator K is a
Kraus map (up to higher-order corrections) and the slow evolution
4p, = L(p) is of Lindbladian type.

This means that, for any p; € D,, we have

2 {Z Eme(ps)] + €Ly [Z " Kn(py)

m>0 m=0

- Z " Ko {Z emlﬂsvm’(Ps)] . (10)

m

The zeroth order terms in epsilon yield
2o(Ko(ps)) = Ko(Ls0(05))-

With K, defined in (7), we have 80<Ko(ps)) = 0 and thus
£50(ps) = 0. Consequently, for m > 1, we have

(1)

530 (Km(ps)) + 9’1 (Km—l(pf))

= > Koo (o). (12)

m'=1

The first order terms in epsilon define K; and £;; by

o(Ki(p9) + €i(Kolpy) = Ko(Ls1(05))-

The following lemma proves that the super-operator £; (o)

defined by this equation is always of Lindblad form.
Lemma 1: Assume that £{(p) = —i[H}, p] for some Her-

mitian operator H, on H. Then, if £ satisfies (13), we have

13)



1(ps) = —ilHy1,p,] where Hy; = S{H S is a Hermitian
operator on ;.

Assume that £(p) = LlpLJ{ - %(LIL]/) +pLIL1) for some
operator L; on H. Then, if £, satisfies (13), we have

Lo1(pe) = ) AupsAl = 3(AlAup + piAfA,)  (14)
M

with A, = SgMﬂLlS o and the Kraus operators M, defined
by (3).
The result for a general Lindbladian dynamics (2) for r = 1
follows by linearity.
Proof: By definition we have Ro Ky = Ky and R o

Lo = € o R = 0. Then R(Sll(Ko(ps))) = Ko(L51(py))- Left
multiplication by S 8 and right multiplication by S yields

u1(ps) = SIR (ﬁl(sopssg))so

since § gS o = I is the identity operator on H,.
For £,(p) = —i[H},p] we have, exploiting the fact that
M,So = 2,50 and S)So = I:

.
i

SSR(E;(SO,OSSO))SO
= Z S MU (H1S0psS§ = SopsS JH )M
=i Z (HA;S 3) MuH, S o, + iz psS HI M} (4,8°)
= —iﬂZ: S IMIM,H\ S opy + izﬂ: S SH\MIM,,S°

u H
=~i[S{HSo . p,| (15)

since ', M;M# = I. We get the Zeno Hamiltonian H;; =
S H1So.

For €(p) = LipL] - %(L’;Llp +pLTL1), similar computa-
tions yield

SR (Ql(SopsSO))So

= > SIML1SopsS LIMSS
u

=1 SIM(LILiSopsS | = SopsS JLILI )M S
u

= [Z A,lpSAZ] ~1SILILSops — psSILILiS o
M

with A, = SgMHLISQ. It remains to prove that 3, AZA” =
S gLI'LlS o for showing that we indeed have a Lindblad
formulation. This results from the following computations:

DA = SILIMIS oS IMuL1S
H M
= S{LIR*(SoSHLiSo = S{LILiS.

where we use that SOSS = Py and R*(Py) = 1. u

IV. SECOND ORDER EXPANSION FOR HAMILTONIAN PERTURBATIONS

We assume here that ¥ is defined by a single operator
Ly, Lo(p) = LopLj — 3(LjLop + pLiLo), and that the pertur-
bation ¥; is Hamiltonian, £,(0) = —i[H},p], where H; is
a Hermitian operator. The following lemma gives a simple
expression for Kj(p,) solution of (13).

Lemma 2: Assume that £y(p) = LopL(T]— %(L3L0p+pLgLo
and €1(p) = —i[Hy.p]. Then L1(p,) = —i|SJH1So . ps
and Ki(p,) = —i[C1,SopsS | satisfy (13) where Cy is the
Hermitian operator

C1 = 2(LiLo)™ HiPy + 2PoHi(LiLo)™

with Py the orthogonal projector onto 4, and (L(i-)LO)‘1 stand-
ing for the Moore-Penrose pseudo-inverse of the Hermitian
operator L(T)Lo.

The associated first order p;-parametrization of the slow
invariant attractive manifold,

KO(ps) + €K (ps) =
(1 - ie(LiLoy ™" Hy) Sop,S (I + ie(LiLo)™ Hy) + 0(€),

corresponds, up to second-order terms, to a trace-preserving
completely positive map.

Proof: With S02,1(05)S§ = =i PoH1 Py, Sop,S . (13)
reads

2o(K1(ps)) = =i PoH1Po. S 0psS | + i| H1. S 0p,S §]
= —i|PoH\Py — H , SopsS}).

With K;(o;) = —i[Cl,SopsSg] we have also

Lo(Ki(ps) = ~iLo[C1. SopsS ] L
+4 (LgLO [C1.SopsS | +[C1.SopsS | LgLO).

One checks that attractivity and invariance of the steady
states, belonging to D, the density operators with support
on Hy, implies not only £4(Ky(o,)) = 0 but even L3Sy = 0
and S SLS = 0. We thus have

Ly|C1,SopsS | L§ = 0.

Since additionally, PoSo = So. LiLoPy = 0 and
LiLo(L{Lo)™" = I - Py, we have

LiLo[C1,SopsS §| = 21 = PO)H1 PoS opsS i,
Thus
20(K1(ps)) = il = Po)H1 PoS 0psS § — iS opsS { PoH: (I = Po)
= —i[PoH1Po - Hy , SopsS].

The second order term £, (p;) is solution of (12) for m =
2:

Lo (Ka(py) + &1 (Ki(py) = Ko (L52(00) + K1 (L41(py)) -



Using, once again, R o £y =0 and R o Ky = Kj, we get

Lalp) = SIR(E (Kiloo) - Ki (20100) JSo.

The following lemma shows that £;,(o;) admits a Lindbla-
dian form.

Lemma 3: The super-operator £, defined by (16) admits
the following Lindbladian formulation

Lsalpy) = Z B.p,B}, = 3(B}Bups + psB; B,
u

(16)

with B, = 28 M,Lo(LiLo)"'HSo, M, defined by (3) and
(L(T)LO)‘1 standing for the Moore-Penrose pseudo-inverse of
LiL.

Proof: We have R(K1 (ﬁs,l(ps)>) = (. This results from
(K3 stands for SopS | = Ko(ps))

Ky (261(p0)) = —ilC1, =i SoS§HiS 0, psIS ]
= —[C1, PoH: Ky — KyH, Py]
= —2(LLo)""H\(PoH, K} — KyH, Po)
+2(PoH Ky — KyH  Po)H| (L(T)LO)‘1 17)
where we have used Lemma 2 and PyK, = K.

Repeating computations similar to (15), we see that for
any operator A on H, R(APy) = R(PyA) = PyAPy. Since
PoKj = KjPy = K we moreover have R(AK{) = PoAK; and
R(KjA) = KjAP. This gives the result of applying R on all
the terms in (17), and since Po(L{Lo)™" = (LiLo)™' Py = 0,
we conclude that R(K; (%)) = 0.

Thus €,,(p,) = SgR(ﬁ1 (Ki(py)) )SO. Exploiting similar
simplifications, we have

£ (Ki(py)) = —H\(C,Kj — K;C1) + (C, Ky — K;C1)H,
= HIK(;CI + C1K8H1 - (H1C1K8 + K(;CIHI)
= 2H KyH\(L{Lo)™ + 2(L{ Lo)™ H K H,
- 2H,(L{Lo) ' H\ K} — 2K3H, (L} Lo) ™" H,

and, using S{R(AK}) = S{PyAKS = SAK} and the defini-
tion K = Sop‘ysg, we get

Q‘V,Z(ps) =
25 R(HKSHA (L Lo ™ + (LiLoy™ I K3HA JSo
— 28 {H\(LyLo) ™' HiS ops = 20,8 {HI (LyLo) ™ H) .
Since for all A, R(£9(A)) = 0, we have the identity
R(LyAL]) = R(%(L(*)L(,A + ALgLQ)).
With A = (L{Lo) " HiKJHi(L{Lo)™" we get
2R(L0(L(§LO)—'HIK(;‘H1 (LgLorng) =
R((I — PoH KyH (L Lo) ™" + (L{Lo)™ Hi K3 H\ (1 - Po))

- R(HlKng(LgLO)" + (LgLo)‘lHlKéHl)

since R(PoHlKng(LgLO)-l) = PoHK{H\(L{Lo)'Py and
(L{Lo)™'Po = 0. Thus

Q‘V,Z(ps) =
48 SR(LO(LSLO)’IHl KSH) (LjLo)™ Lg)s o
— 28 {H\(LyLo) ™' HiS ops = 20,8 {HI (LyLo)™ ) .

Using the decomposition (3) of R we have

4S(§R(L0(L3Lo)—1ﬂlKng(LgLO)-ng)SO = Z BupsB).
u

We conclude by the following computations:

1 ¥ _
2 Z ByB/l =
u
2 Z SSHI(L{Lo) " LIMS oS ) MyLo(L{Lo) ™ Hy S
7

= 25 {H\(L{Lo)™ LiR (Po)Lo(L{Lo) ' Hi S
= 28 {H\(L{Lo) ' L{Lo(L} L) H1S o
= 28\ H\(L{Lo)™ H,S.
]

V. ILLUSTRATIVE EXAMPLE: LOW-Q CAVITY COUPLED TO ANOTHER
QUANTUM SYSTEM

The developments above are rigorous in finite dimension,
but they can be formally applied also on infinite- dimensional
systems, as illsutrated in the following example.

We consider a strongly dissipative driven harmonic oscil-
lator (low-Q cavity) coupled to another, undamped quantum
system with the same transition frequency (“target” system).
Denote Hj (resp. Hp) the infinite-dimensional Hilbert space
of the strongly dissipative harmonic oscillator (resp. the
target system), spanned by the Fock states {|n)}nen (resp. a
possibly infinite basis {|ng)},,); p is the density operator of
the composite system, on H = Hy @ Hp.

In the frame rotating at the common frequency of the two
systems, their coupled evolution is described by the standard
master differential equation:

d . 1
Zp=(ua' - ua,pl + K(&paT -3 (@'ap + paTa))
dt (18)

_ig [iz*iy +ab', p] .

Here @ = a® Iz and b = I, ® b are the annihilation
operators respectively for the harmonic oscillator A and for
the quantum system B (possibly generalized if B is not a
harmonic oscillator; e.g. if B is a qubit, we have b = |g){e|
the transition operator from excited to ground state). The first
line describes the driven and damped evolution of harmonic
oscillator A, while the second line describes the exchange
of energy quanta between the two quantum systems. The
constants (k, g) € R? govern the speed of these dynamics. We
here consider « > g, with the goal to adiabatically eliminate
the fast dynamics of the low-Q cavity and compute its effect



on the other quantum system. The dynamics (18) is then
equivalent to

d
P = Lo(p) + €L1(p)

with Ly = k@@ - @), « = 2u/k and €L(p) =
—ig [&TE + Zzi)T, p]. For this typical example, the results of

19)

2,1 and ¥, are well known (see e.g. [7, chap.12]). Our
results allow to readily retrieve their expression and thus
completely circumvent the trouble of the usual calculation.

In the absence of coupling between the two subsystems
(e = 0), the overall system trivially converges towards
R(pg) = |a){ala ® Tra(o(0)). Here Try is the partial trace
over H, and |a) denotes the coherent state of amplitude
a € C, towards which a classically driven and damped
harmonic oscillator is known to converge. Therefore we have
Ho = la)al ® Hp, Po = la)a| ® I, and My, = |a)(ual ® Ip
with ¢ spanning N. We will naturally describe ps on the
Hilbert space H; = Hp and with basis {|ng)},,, so So =
2nl)ing)(nyl.

For the first-order perturbation, using the property ala) =
ala), Lemma | readily yields

H,, = a/bi +a'by ,

denoting by ¢, the operator on H; equivalent to ¢ on Hp.
This standard result shows that the oscillator A can be
approximated as a classical field of amplitude «. Indeed,
H;, describes e.g. Rabi oscillations for a qubit driven by a
classical field (Hp = span{|g), |e)}); or, when Hp describes
another harmonic oscillator, Hy; is the same Hamiltonian in
fact as in the first line of (18), with classical drive amplitude
iu replaced by a.

Next, using D, the unitary displacement operator on Hj,
which satisfies Q,a@f, = a — al, we compute (LSLO)‘l =
DN Dl /k, where Ny = a'a = Y,ar nlna)(nal and
the Moore-Penrose pseudo-inverse of N, is just N;l =
D1 %InA)(nAI. We then compute

Ci = = D,N;'D(@'h + ab )l @I +h.c.
K

2 . —
=~ DN, (@ +a* Db + (@ + ahb D! la)a|® Iz + h.c.

2 _ i
= SN @ + Db + (@ +aDbBH0)e|® I +h.c.
K
2 - <t =
= ZD,N; (@b + b0y + Bl1))a| +h.c.
K
2
== Dl1)al®b + h.c..

From Lemma 2, we see that a pure state |yg) € H, gets
mapped at order zero to |a) ® |y) with |y) = [ig), but at
order one to a slightly rotated state |@) ® |yp) — %(DQID) ®
(blyp)). This expresses that the coupled low-Q cavity A
contains slightly more energy than a coherent state, to the
detriment of system B.

For the second order perturbation, from Lemma 3 we must
compute B, = 2§ SMHLO(LSLO)’IHIS 0- The computations

made for C; above can be used, writing:
2
By = SyMyLo (= Dull)al @ b)S,

2
= WSSM,,(DaaIl)(a/I ®b)So

2
=7 D I slual leXal © b lmg)(ms|

n,m

2
= — a)b; .
N7 (uala)b,
All the obtained B, are in fact identical up to a scalar factor,
so they may be combined into a single operator:

6295,2([%) = g2 Z B;tpsB;E - %(BZBpps +.0SB;B,u)
M
4¢’ 2 t_ Ly ¢
== Eﬂ] Kpaala) (b.psb] = = (bibps + piblbs)

a2 (.1
=25 (bpsb' — 5 (v'bos + pstb)) .
K 2

(Note that {|<yA|oz)|2},,€N just corresponds to the expansion of
the coherent state |@), of unit norm, in the Fock basis.) We
thus get the expected reduced dynamics:

ditps = —ig [a/bz + a*bs,px]

2
L2 (bspsbf - l(bibsps +pxb:b.v)) ,

K 2
which expresses that the B system is subject to slow damping
due to the presence of the low-Q cavity.

Remark: Note that if the slow dynamics includes a
Hamiltonian that acts only on the B system, i.e. of the form
Hg = I, ® Hp (acting only on B), then C; features an
additional term

2
= D,N;'D}(Ix ® Hp)la)Xal® Iy +h.c.
K

- % (TN} D a)al) @ Hy

2 (DaN;'10)el) ® Hp = 0.

Tk
Thus the second-order correction vanishes and the Zeno
dynamics is the only addition up to second order:

ditps = —ig [a/bz +a'bg + HB»ps]

4g? 1 .
+ 5 (bspsbt = (bibop, + psb;bx)) :
K 2 ’

VI. CoNCLUSION

We have shown how to eliminate the fast dynamics in
an open quantum system (Lindblad equation) with two time
scales, and obtain the resulting reduced dynamics explicitly
as an expansion in Lindblad form, where the slow system
is hence parameterized explicitly with a quantum state on
a lower-dimensional Hilbert space, and mapped to the com-
plete Hilbert space by a completely positive trace preserving



map (Kraus map). This is important to guarantee that the
approximate models at various orders preserve the structure
of quantum states (positivity and trace). The Kraus map and
characterization of convergence orders is new with respect to
previous work [3], [4]. We have illustrated on a benchmark
system (highly dissipating quantum oscillator resonantly cou-
pled to another quantum system) how our explicit formulae
directly retrieve the results previously obtained with ad hoc
computations.

We have obtained explicit formulae for the second-order
corrections only in the particular case of a fast Lindbladian
with single-channel damping Ly, and a slow “perturbation” in
Hamiltonian form. Conceptually there should be no obstacle
to extending this theory to any Lindbladians, the key point
being an appropriate way to generalize the pseudo-inversion
(LgLo)‘l. However, the special case completed here will
already allow to answer currently open questions about the
second-order influence of small Hamiltonian perturbations
on stable open quantum systems built e.g. with engineered
reservoirs [15], [14].
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