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TIAN’S INVARIANT OF THE GRASSMANN MANIFOLD
JULIEN GRIVAUX

ABSTRACT. — We prove that Tian’s invariant on the complex Grassmann manifold
Gpq(C) is equal to 1/(p + ¢). The method introduced here uses a Lie group of
holomorphic isometries which operates transitively on the considered manifolds and
a natural imbedding of (P1(C))" in G, 4(C).

RESUME. — On prouve que l'invariant de Tian sur la grassmannienne G, ,(C) est
1/(p+ q). La méthode présentée dans cet article utilise un groupe de Lie d’isométries
holomorphes qui opére transitivement sur les variétés considérées ainsi qu’un plonge-
ment naturel de (P* (C))p dans G 4(C).

1. INTRODUCTION

On a complex manifold, an hermitian metric h is characterized by the 1-1 symplectic form
w defined by w =i gxz dz* A dz*, where gyz = hyz/2.

The metric is a Kahler metric if w is closed, i. e. dw = 0; then M is a Kahler manifold.
On a Kihler manifold, we can define the Ricci form by R = i Ryzdz* A dz", where
Ryg = —0Oxzlog|g|.

A Kahler manifold is Finstein with factor k if R = kw. For instance, choosing a local
coordinate system Z = (z1,...,2,), the projective space P, (C) with the Fubini-Study
metric w = i00log(1 + ||Z|?) is Einstein with factor m + 1.

On a Kéhler manifold M, the first Chern class C*(M) is the cohomology class of the
Ricci tensor, that is the set of the forms R + i00yp, where ¢ is C* on M. If there is
a form in C'(M) which is positive (resp. negative, zero), then C'(M) is positive (resp.
negative, zero). If a Kdhler manifold is Einstein, then C'(M) and k are both positive
(resp. negative, zero). In the negative case, it was proved by Aubin ([Aul], see also
[Aud]), that there exists a unique Einstein-Kahler metric (E.K. metric) on M . It is so
for the zero case too ([Aul], [Ya]). The question for the positive case is still open: some
manifolds, such as the complex projective space blown up at one point, do not admit an
E.K. metric (for obstructions, see [Li] and [Fu]). Aubin [Au2] and Tian [Ti] have shown
that for suitable values of holomorphic invariants of the metric, there exists an E.K. metric
on M.
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For w/2m in C* (M), Tian’s invariant (M) is the supremum of the set of the real numbers

a satisfying the following: there exists a constant C' such that the inequality / e <O
M

holds for all the C'* functions ¢ with w+idd¢ > 0 and sup ¢ > 0, where w = i gap dzNdZ"
is the metric form. Such functions ¢ are said w-admissible.

In [Ti], Tian established that if «(M) > m/(m + 1), m being the dimension of M, there
exists an E.K. metric on M. This condition is not necessary: it does not hold on the
projective space, where Tian’s invariant is 1/(m + 1).

In the same paper, Tian introduces a more restrictive invariant ag(M ), considering only
the admissible functions ¢ invariant by the action of a compact group G of holomorphic
isometries. The sufficient condition for the existence of an E.K. metric on M remains
ag(M) > m/(m+ 1); it is more easily satisfied if the group G is rich enough.

In many cases, the group G is a non-discrete Lie group. The invariant ag(M) can be
computed using subharmonic functions methods and the maximum principle (for effective
examples, see [Bel], [Be2], [Be-Chl], [Be-Ch2], [Re]).

In this paper, we prove the following theorem:

Theorem 1.1. Tian’s invariant on G, 4,(C) is given by a (G,4(C)) =1/(p+ q).

This generalizes the known result on P™(C) ([Ti], see also [Au3]). Let us also mention
that Tian’s invariant has been computed on P”(C) blown up at one point and on certain
Fermat hypersurfaces using Hérmander L? estimates for the 0-equation ([Ti]).

We first compute the volume element of the metric (lfp " then we will establish some
general preliminary results concerning Tian’s invariant as well as imbeddings of {IP’l((C )}p
in G, ,(C) which allow us to deduce a (G, ,(C)) from « (P*(C)).

2. BASIC PROPERTIES OF THE GRASSMANN MANIFOLD

We propose here a short survey of the properties of Grassmann manifold (for more details,
see [Ko-No]). We denote by G, ,(C) the set of the subspaces of dimension p in CP9; in
particular, G4,,(C) is the complex projective space of dimension m. It is known (see
[Au3]) that on P,,(C), the Fubini-Study metric is Einstein with factor m + 1 and that
Tian’s invariant is 1/(m + 1). Now, let M*(p + ¢,p) be the set of the matrices of rank
p in My, ,(C). The group GI,(C) acts by multiplication on the right on M*(p + ¢, p).
More precisely (M*(p+q,p), 7, Gpq(C)) is a principal fiber bundle with group GI,(C).
The group Gl,,(C) acts by multiplication on the left on M*(p + ¢,p) and induces an
action on G, ,(C); so does the unitary group U(p + ¢). These groups act transitively on
G)p,(C), which shows that G, ,(C) is compact.
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We denote by Z the set of all increasing-ordered subsets of p elements in {1,...,p + q}.
Let P be an element of M*(p + ¢,p), P = (pij)1zi<p+q. By Cauchy-Binet formula we
1<j<p

get: det('PP) = 3, ;|detm,(P)|?, where m;(P) is the matrix (p;;) ic; . The form

1<j<p

w, where w = 790 log det(th), is invariant by the action of GI,(C) on M*(p + ¢,p),
and so it projects onto a form i’%,q‘ The metric %,q is a Kéhler metric form on G, ,(C).
For p = 1, this metric on G1,,(C) is the Fubini-Study metric on the complex projective
space. The action of the unitary group U(p + ¢) on G, ,(C) preserves the metric %,q SO
that U(p+¢q) is a group of holomorphic isometries which operates transitively on G, ,(C).
For [ in Z, let U; be the set of the matrices P in M*(p + ¢, p) such that det(m;(P)) is
non-zero. Then 7(Uy) is a coordinate open set on G, ,(C), the matrix Z; in M, ,(C) is
the coordinate, the inverse of the chart ¢; sends M*(p + ¢,p) onto 7(U;) and we have
mr (apl_l(ZI)) = I® where I® is the p x p identity matrix, and m[c(gol_l(ZI)) = 7.

Lemma 2.1. For I inZ, let A\; be the map from w(U;) to Ry defined by
M(Z) = |det(ld+12,Z,) |70,
Then ()\1) ez are the components of a mazimal differential form n on G, ,(C), namely:
n=A(i/2)" (dZNdZ),.

Proof. 1t suffices to show that the following transformation rule holds:
2

0
det 3_Z§ on m(Ur) N7(Us).

Let P; be the matrix ¢;'(Z;). Then PI{mT(PI)}_l = Py, s0 Z7 = mj.(Pr) {m;(PI)}_l.
The differential of the map which sends Z; on P; is the map which sends H on H , where
mye(H) = H and m;(H) = 0. The change of charts sending Z; on Z5, we obtain

) {mz(P)} " = mp(Pr) {mz(P)} " my(H) {mz(Pp)}
(FD ymz(H))a !,
P),

for every I, Iin Z, Aris equal to Ay x

9

D Zy(H) = m .(

Let us define a map u from M, ,(C) to M,,(C) by u(H) = m.(H) — vmﬂf(ljl). We
can choose I = {¢+1,...,q+p}and I = {1,...;r} U{g+1+r,...,q+ p}, where
0 <r <inf(p,q). We define the k x [ matrix EZ-(EXI) by (E-(k-Xl))/\H = 0, 0;,. We have

Z?]
mp(BEP) = EX*P i i <r, and 0if i > r,

and  m ;. (EZ(?XP)) = El(qj?) if ¢ > r, and 0 if ¢ < r. Hence

(v m;(EU.(’q.Xp))) = Vai mI(E(qXp))” 0jp = Yai 0j5 if @ <7, and 0 elsewhere.
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Now the map which sends H to 7m7(ﬁl) can be restricted if 1 < j < p to the span
Bj of the (Ei’j)lﬁiﬁq‘
0. The map which sends H to ymj.(H) maps also B; into itself. The right upper

The r first columns of its matrix are those of v, the others are

block of its matrix is 7" the other elements are 0. This allows us to compute the

matrix of the restriction of u to Bj;, whose determinant is (—1)7*@=") det (%»j) gt 1<i<q -
1<j<r

p
So detu = (—1)px>(@=) [det(%j) q-rHSiSq] . For 1 <1 < ¢, let C; be the span of the

1<5<r

(Eij)i<j<p- Each C; is stable by the map from M, ,(C) to M, ,(C) which sends H to
H a~!. The matrix of the restriction is a™!, so the determinant of the map is (det o)~
Hence

| det DZ7(H) |2 = | det (7i) ‘QP x | det o !72{1.

q—r+1<i<q
1<j<r

Let A be the right r x r upper block of a. The left (p —r) x (p — r) lower block of «
is 1) and the right (p — ) x r lower block is 0, so det a = (—1)"®~") det A. The left
r x (p —r) lower block of 3 is 0, the right r x r block is (") so that the left r x r lower
block of v is AL,

From this we deduce |det DZ;(H)‘2 = | det |_2(p+Q). Since Pya~! = Py, we have

)‘T: ‘det(tp'fpf> ‘(erq) = }detoz ‘2(p+q))\[ - ‘det %

-2

As.
07, !

Lemma 2.2. The unitary group U(p + q) preserves n.

Proof. We call I the set {g+1,...,q+p}. We define P; in 7(Uy) by P; = ;' (Z). Let U
be an element in U(p + ¢) such that m(UP;) is invertible. Let P; = UP; {mI(UPI)}_1
and Z; = mlc(PI). We have Z; = mye(U) Py {mI(U)PI}_l. So

DZ;(H) = my(U) [Fl{m[(U)PI}_l — P{my(U)P} 'y (U) H {mI(U>PI}‘1].

Thus DZ;(H) = XH6', where § = m;(U)P; and X = m(U) [1P+9) — Pt my(U)].
Let X7 be the ¢ x ¢ matrix of the ¢ first columns of X. Then, XH = X,H and we get
DZ;(H) = X;H6~'. The determinant of the map from M, ,(C) to M,,(C) which sends
H to H6~ ' is (detd)~%. The determinant of the map from M, ,(C) to M,,(C) which
sends H to X, H is (det X;)?, so det DZ; = (det X;)? (det §)~9. We divide U into four
blocks:

U, U,
U= ( Uq qu > , U, e M,(C), U, € M,(C), U,, € M, ,(C), U,, € M, ,(C).
p,q p
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Then & = U,y Z; + Uy, 50 X1 = Uy — (Uy Zt + Uyp) (Upg Z1 + Up) ' Uyp. Let Z in
My 4p+4(C) be the matrix with blocks Z, = IV, Z,, = 0, Z,, = Zr, Z, = 1), the
notations being the same as above. Writing det U = det(UZ) and using the column
transformation C; <+ C] — Cy (Up,q Zr+ Up) - Up,q where C) is made of the first ¢ columns
and C5 of the remaining ones, we get

det U = det [Uq — (U, Z1 + Uy (Upg Z1 + U,) UM] x det (U, g Z1 + U,).

= ‘det 5‘72@“). We have P; = AP;6~, so

Hence ‘det DZI‘Q

= 2

A = det(BrPy) "M = det('BrP;) P x [det 6| 27T = A, |det DZ;| 7,
which proves the result. Il

Proposition 2.3. 1. dV <C§ ) =1.

pq

. = ) ~(rt+9)
211z, |4, | ={aet(19+12,2,)}
@ _ @
5. R (%4]) o (p—i_q)fgp,q'

Proof. 1. Let I in Z. It is easy to compute %’q at the point Z; = 0: %’q(H, K) =
Tr(HK). Then dV(fffp’q){ (i/2)" (dZ NdZ), = Mzpmgr SR dv(‘q, ) and 1 are

Zi=0
invariant by the transitive action of U(p + ¢), we have dV(%q) =1.

2. Since dV(%vq) = ‘%}q’l. (i/2)74 (dZ N dZ),, property 1 gives the result.

3. Remark that ;é;’q = 90 log{det(I® +'Z,Z;)}. Since R (%ﬂ) = —i00 log ‘%7(1 .
we obtain R (%q> = (p+ q)%ﬁq, which expresses that %ﬂ is Einstein, with factor
p+q. U

3. SOME GENERAL RESULTS ABOUT TIAN’S INVARIANT

3.1. Tian’s invariant with a normalization on a finite set. If X is a manifold, we

will denote by px a measure on X compatible with the manifold structure.

Theorem 3.1. Let M be a compact Kdhler manifold. We suppose that there exists a
compact Lie group G of holomorphic isometries. Let A, = {Py,..., P,} be a finite subset
of M. Let a(w) (resp. a, (w) ) be the supremum of the set of the nonnegative real
numbers « satisfying the condition: there exists a constant C' such that the inequality

e~ < C holds for all the w-admissible functions ¢ with supyp > 0 (resp. with
M
©(P;) >0 for 1 <i<mn). Suppose in addition that the orbit of each P; under the action

of G has positive measure. Then a(w) = a, (w).
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We first establish a few lemmas which will be useful for the proof.

Lemma 3.2. Let (gpn)n>0 be a sequence of admissible functions with nonnegative mazrima.
Then there exists a subset Q0 of M, with u,,(2) = p,, (M), and a subsequence pp, of @n,
such that for every p in Q, the sequence ((pnk (p))

onp).

k>0 has a finite lower bound (depending

Proof. 1t is sufficient to assume that ¢, has null maxima. Let (), be a point such that
©n(Qy) vanishes. Green’s formula runs as follows:

/son / (Qn, R) Ap,(R) dV(R),

with G(Q,R) > 0 and / G(Q,R)dV(R) = C, where C is a positive constant (see
[Aud]). Since ¢, is admissible, Ay, is less than m, m being the dimension of M. Thus

/ lon] < CmV. Furthermore, / Ap, =0, so / |Ap,| = 2/ Ap, < 2mV.
M M M {Apn>0}

For every @ in M, we have Vi, (Q) = / VoG(Q, R)Ap,(R)dv(R), so that
M

| 1wl [ [ 1¥e6(@ Rla@]1agu(Rldu(R) < 2mCV,

since / IVoG(Q, R)|dv(Q) is a continuous, hence a bounded function on M. Thus

(gpn)nzoj‘és bounded in the Sobolev space H'!(M). By Kondrakov’s theorem, we can ex-
tract from (¢, ),>0 a subsequence which converges in L'(M), and after an other extraction
we can suppose that this sequence converges almost everywhere to a function ¢ of L'(M).
Since ¢ is finite almost everywhere, we get the result. O

Lemma 3.3. Let (gon)n>0 be a sequence of admissible functions with nonnegative mazima
and suppose that there exists a compact group G of holomorphic isometries of M such that
the orbit of each P; has positive measure. Let ® : G — R U {—o0} be the map defined by
d(g) = glnf }g%(gpk og). Then there exists g in G such that ®(g) is finite.

Proof. Suppose that ® = —oo. For i = 1,...,n, let A; be the set of the g in G such that
Iigr;g(gpk 0g)(P;) = —oo. The sets A; are measurable and U' ; A; = G, so there exists ¢ such

that A; has positive measure. From Lemma (3.2), A;.F; is a subset of Q°. Since 2 and
M have the same measure, the measure of A;.P; vanishes. Let u; be the map from G to
M which sends g to g(F;). Then w; has constant rank on G. Indeed, u; o L(g) = 0, 0 u;,
where L(g) is the left translation by ¢ and o, the map from M to M which sends x to
g.x. Since G.P; has positive measure, u; is a submersion on G, so that u;(A;) has positive
measure. This is a contradiction since u;(A4;) = A;.P;. O
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We can now prove Theorem (3.1).

Proof. 1t is clear that a(w) < a, (w). Conversely, let ¢ > 0. There exists a sequence

(gpn)n>0 of admissible functions with positive maxima such that / e~ (W+)er gheg to
= M
infinity as k£ goes to infinity. Replacing ¢,, by ¢,, — sup ¢,,, we can take sup p,, = 0. First

we apply Lemma(3.2). For the sake of simplicity, we take ¢, = ¢¢. From Lemma (3.3),
there exists an element g in G such that ®(g) is finite; we define Uy, by ¥, = prog—P(g).
Since ¢ is an isometry, ¥y, is w-admissible, and from the very definition of ®, Uy (F;) is

e~ @@V _ (a(w)+e)B(9) / ¢~(@@+PL This proves

nonnegative. Furthermore, /
M

M
that / e (T goes to infinity as k goes to infinity. Then, a, (w) < a(w) +e. This

M
inequality holds for every positive €, and so o, (w) < a(w). O

3.2. Tian’s invariant on a product. For a Kahler form w on a compact Kahler manifold
M, a(w) is defined as in Theorem (3.1).

Proposition 3.4. Let (Mi)1<i<n be compact Kdhler manifolds with metric forms (wi)1<i<n.
We endow the product My X - - - X M,, with the metric wy ®- - -Bw,. Then a(w &---Bw,) =
) érg . aw;).

Proof. 1t suffices to make the proof when n = 2, the general result will follow by induction.
(1) Suppose that a(w;) < a(wy), and let € > 0. There exists a sequence (gpn)n>0 of wi-

admissible functions on M; with positive maxima such that / e (an)+) en goes to in-
My

finity when n goes to infinity. We define v, on My x My by 1, (mq, ma) = ¢, (mq). Thus i,
e (a(w1)+5>¢" =

M1 ><M2

V(Mz)/ e (O‘(WIHS)%, so that / e*(a(“”)“)w" goes to infinity when n goes to

Ml M1 ><M2
infinity. We have therefore a(w; @ we) < a(wy) + . This yields a(w; ® we) < a(wy).

is (w; @ wy)-admissible on M; x Ms, with positive maximum, and

(2) Let us now prove the opposite inequality. Let o be a real number such that o <
inf(a(wl),a(wQ)) and ¢ an (w; @ we)-admissible function on M; x M. If mg is in My,
the function which sends m; to ¢(mq,msy) is wi-admissible. The same holds for M;. Let
(u,v) in My x Ms be such that ¢(u,v) > 0. Then

/ e—acp(ml,mg)dvl AV, = / e—ap(mi,v) </ e [Lﬂ(m1,m2)—@(m1,v)} d‘/g) dv;
M1 X Mao My Mz

< O, / e~ M) gy, < O O
M,
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Thus, a < a(wl D wg) and we get inf(a(wl), a(wg)) < a(wl D w2). O

3.3. Tian’s invariant on G, ,(C). Since there is a natural duality isomorphism between
Gp4(C) and G, ,(C), we can assume that p < ¢ without loss of generality.

3.3.1. Imbedding of {P*(C)}” into G, 4(C) whenp < q. For win CPU~V w = (w;;) i
123‘%2
i#]

we define the map p,, from { C2\ (0, 0)}p to My1,,(C) by

ﬁw(O\ia Ni)léiﬁp> = Wi-pg; i i>pandi#j+p
L if i>pandi=7+p

We make, for p+1 <@ < p+q, the following row transformations: L; < L;— Z Wi—p; Lj.
1<j<p
i#j+p

We get a matrix (cij) with ¢;; = 0;; A if 1 <@ <pandc¢;j =0;—pp;ifp+1<i<

1<i<p+gq
1<j<p

p + ¢, which has rank p. p,, induces a map from {Pl(C)}p into G, 4(C) as shown on the
following diagram, where v is the projection of the principal fiber bundle {CZ\(O, 0)}p onto

77777

and m{p+1 77777 2p}e (A) = 0(q><p).
{C2\ (0,0)}" "~ M*(p+q,p)
vl l
{PY(C)}" —— Gy4(C)
We have

(70 puw)” (%,q) =400 log (det (tﬁwﬁw)>

_ det (Pup P
— 60 log< _— (Pup.) )+Zz‘aa log (| Ak]? + |k[?)
H(P\k’Q + [l?) =

k=1
=i00log® +~*(FS, & - @& FSy),

where F'S; is the Fubini-Study metric on P'(C). & is invariant by the action of the
structural group C* x --- x C*, so it induces a map ® from {]P’I(C)}p into C. Note that
®([0,1] x --- x [0,1]) = 1. Then (w0 p,) (¢, ) =7 (100 log® + FS, & --- & FSy), so
that pfu(f/(;q) =i00log®+ FS1 @ --- @ FS;.
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3.3.2. Lower bound of a(%’q). For I in Z, we define P; by m;(P;) = I® and m;.(P;) =
0@<P) Ifp = (p;q), we set A, = {PI}IGZ' Since U(p+q) is a transitive group of holomor-
phic isometries of G, ,(C), we know from proposition (3.1), that a(%ﬁ) =a,, ((tqu)
We set I ={p+1,...,2p}. Let ¢ be an admissible function on G, ,(C ), nonnegative on
A,. The last equality of the precedent section shows that the function ¢ o p,, + log ® is
(F51 DD FSl)-admissible for every w in C?@~Y, Furthermore, (go 0 py + log <I>) sends
[0,1] x --- x [0,1] to the nonnegative number ¢(P,). It is known that a(FS;) = 1 (see
[Au3]). Proposition (3.4) yields a(FS; @ - ® FSy) = 1.

Let o be a real number such that o < 1. There exists a constant C, independent of

@, such that /{ }p e~ P o= < (. We define the map F; from 7(U;) to Ry by
P1(C)

Fi(Z;) = det (Id —|—tZIZI). On {IP’l((C)}p, we work with the coordinates py, ..., p, in the
chart Ay =--- =X, = 1. Thus

F av,(Cr
@(M) — p 70 pw(l‘l’) ’ S0 that /MGCP 6—atpopw(l‘) - ( ) S C
H 1+ |p]?) LT+ 1) (0 pulp)
Py k=1

q p
We have the inequality Z Z|Zij{2 < Fy (PI). In particular, for every k in {1,...,p},
i=1 j=1

1+ |pue|* < Fropy(p), and frop,(p) > 1+ Z |wij‘2. Thus, for £ > 0 and w € CP@1),

1<i<gq
5
p
H + ’,Uk| 1 1 1
(Ffopwm»““”w = o pul)) 7w (16 X fwa)" (1 ful®)"
I w L)
1<i<q

1<5<p
i#]
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We have, according to Proposition (2.3),

_O‘Sﬂopw(ﬂ) )
/ /E(C ( )/G(C FI 0,0 ))K+p+q dVM(Cp> de<Cpq )
weCra-1) Jyuecr "
O )
- weCrla—1) s\ L a
eC pec H 1 + |,uk| (FI °© pw(ﬂ))
= - 2—«
H(l + |pl?)

< [ e paty e (E V(€7

B B*Ol‘Popw (;U') » de ((Cp(q—l))
= /Uecp(ql) (/ME(Cp p 2 ) dvp<(c )) X (1 + ||w||2)/i
LT+ 1) (7 0 pulp)

k=1

dv, (@ p(qfl))
gc/ —Mo <O i k> p(g— 1),
weer@ (1 + [Jw|[%)

e v

Thus, we obtain that for all [ in Z, / < C, where C' is independent of ¢.

FN
w(Ur) I
Since G, 4(C) is compact, there exists a family (V;) 1oz Of open sets of Gy, 4(C) such that
V7 is relatively compact in 7(U;) for every I € Z, and J,.; V7 = G, 4(C). There exists

M > 0 such that F; < M on Vj for every I € Z. Thus

o—op —ap p . p+q>
/Gp,q(C) <Z/ SZM /v, Fr =M Z/(UI ( p )

IeT IeT IeZ

We deduce that a(fg’q) > 1

3.3.3. Upper bound of a(%,q). We use here a method which can be found in [Re] for
the complex projective space. Let I in Z. We define K from M*(p + q,p) to P}(R) by
the relation K (M) = [|det m,(H)|?, det MM |. K is invariant by the action of the
structural group G,(C), so it induces a C* map K from G, ,(C) to P!(R). Remark that
¢ =log K is a Kahler potential on Uy for the metric ¢ .

Lemma 3.5. There exists a decreasing sequence ((pn)n>0 of admissible functions with

positive maxima which converges pointwise to — on 7T(U I).

Proof. We construct a decreasing sequence ( f")n>o of C'*° convex functions on R satis-
fying the conditions 1 + f}, > 0, f,(z) = —(1 — 1/n)z for z in [0,n] and f,(z) = —n for
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x > 2n. Let y be an element of 7(U;)¢ and €2, the set of the elements z in 7(U;) such
that ¢(x) > 2n. Since Fi(y) = [0, 1], there exists a neighborhood V' of y such that the
inequality z > e*" holds for every point [1, z| in F;(V). Thus Vﬂﬂ(U[) is included in €2,,.
We have proved that W,, = Q,, U W(U])C, so that W, is an open neighborhood of W(U])C.
We define ¢,, by ¢, = f, 0% on 7T(U 1) and ¢, = —n on W,,. Thus ¢, is well defined and
©n(0) = 0. It remains to show that ¢, is admissible on 7T<U I). We have

(Goa +10000) = v+ 00 00) 8 = (L4 S 0 0)Ohgto + [ 0 b I

Hence the matrix of the metric %q + 100 @, is of the form A + T where A is positive
definite and T has rank one and positive trace. So A + T is positive definite and we get
the result. O

Lemma 3.6. Let n in N* and r a positive real number. Then

M,
/ dVx ( n((g)) ~ 400
Ix|i<r  |det X|
Proof. We can write

Ix||<r \detX\2 o e/ X< 2k |detX{2

We put Y = 2FX, so

/ dVx (M,(C)) _ / dVy (M, (C))
r/2RH1<||X|| <2k \detX\2 1/2<][Y||I<1 |01etY|2

The terms in the series are strictly positive and independent of k. The sum is therefore
infinite. [l

We can now prove that a(%q) is upper bounded by 1. Suppose that oz(r/”q) > 1.
<

Then there exists a positive C' such that for every integer n, / e #n C. Us-

©(Ur)

ing Lemma (3.5) and monotonous convergence, / F; < C. Since w(Ur)¢ has zero
7(Ur)

measure, / F; < C. Let I in Z be such that I N1 = @ (this is possible since
.4(C)

p < q). We have Pi{m;, (Pj)}_l = P;. Remark that mI(PI) 1(Z;). Thus
(

=m
1d+'Z;Z;) = det('P;P;) |det my(Z;)| ™. For ||Z;|| < r, det('P;P;) < M, so that
/ dVZf<Mq,p(C)) Z

I

Zi||<r |detmI(ZI~)’2

< 400. Integrating over the remaining variables ( ) icienye Vields
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dVz(M,(C))

|d ‘2 < 400, which is in contradiction with the result of Lemma (3.6).
et Z

Thus we obtain a(%’q) < 1.

[Aul]
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[Bel]
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