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Abstract

Jarnik gave a relation between the two most classical uniform exponents of
Diophantine approximation in dimension 2. In this paper we consider a twisted
case, between the classical and the multiplicative one, and we show that no ana-
logue to Jarnik’s relation holds.
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1 Introduction and main result

Given 0 = (01,03) with 1, 61, 05 linearly independent over Q, the exponent w(8)
(resp. the uniform exponent @(8)) is defined as the supremum of the real numbers
v such that for arbitrarily large real number H (resp. for every sufficiently large
real number H) the system of inequalities

0<|¢g—pi1b1 —p2b2| <HY, |p1i|<H, |p2o| <H

has an integer solution (p1, p2, q).

On the other hand, the exponent A(8) (resp. the uniform exponent A(6)) is
the supremum of the real numbers v such that for arbitrarily large real number
H (resp. for every sufficiently large real number H) the system of inequalities

0<|q| <H, |¢bh —p1| <HY, |gb2 —p2] <H"
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has an integer solution (p1, p2, q).

Dirichlet’s box principle (or Minkowski’s first convex body theorem) provides
the lower bounds

MmgampﬂzmimmZsz%.

The first result is Jarnik’s relation [4] linking both uniform exponents:
Theorem 1 (Jarnik, 1938). For any pair of real numbers @ = (61,02) with 1, 6,

0o linearly independent over Q, both uniform exponents satisfy the relation

A(6) +

0 =1. (%)

Recently, Laurent [5] proved a theorem giving every possible value of the
quadruple Q2(6) = (w(0), \(0),&(0), A(0)) when 6 ranges over R" such that 1, 0y,
0> are Q-linearly independent, called spectrum.

Theorem 2 (Laurent, 2009). For any pair of real numbers @ = (01, 62) with 1, 6,
0o linearly independent over Q the four exponents of Diophantine approximation
satisfy the relations

2<@(0) <+oo, MO)+ gy =1, ULED < \(9) < «O-EH-1,

Conversely, for each quadruple w,®, A, A satisfying

|

2< O <400, AL=1 @b )\cw@)

w—+w w ’

€

there exists a pair of real numbers @ = (01,02) with 1, 01, 0 linearly independent
over Q with
A,
&(0) =&, A
In [1], Jarnik noticed that there is no analogue to relation (%) in higher di-

mension. It is an open question to find an analogue to Jarnik’s relation in the
multiplicative case, recently studied by German [2].

Given 6 = (61,02) with 1, 61, 6, linearly independent over Q, the multiplica-
tive exponent wy (@) (resp. the uniform multiplicative exponent & (0)) is defined
as the supremum of the real numbers v such that for arbitrarily large real number
H (resp. for every sufficiently large real number H) the system of inequalities

0 < |q—p161 — pabo| < H™Y, max(L,|p1|) max(1, |ps|) < H?



has an integer solution (p1, p2, q).

On the other hand, the multiplicative exponent Ay (@) (resp. the uniform
multiplicative exponent Ay (8)) is the supremum of the real numbers v such that
for arbitrarily large real number H (resp. for every sufficiently large real number
H) the system of inequalities

0<|gl <H, |g01—p1|-|gb2—po| < H?

has an integer solution (p1, p2, q).
Minkowski’s first convex body theorem [6] provides the lower bounds

N 1
Wi (6) > G (0) > 2 and Au(8) > Ax(0) > 5.
We observe that
{z,y € R [ max(1, [a) max(L, |y]) < H*} = Upsi<a{w,y € R | [a < H*, [y < H270}

where we have a union of uncountably many sets. It is thus natural to consider
the following twisted exponents. See the paper of Harrap [3] for further twisted
Diophantine approximation.

Given 0 = (61,02) with 1, 0y, 0 linearly independent over Q, and i, j non
negative real numbers with i + j = 1, the twisted exponent w; (@) (resp. the
uniform twisted exponent @; ;(0)) is defined as the supremum of the real numbers
v such that for arbitrarily large real number H (resp. for every sufficiently large
real number H) the system of inequalities

0<|qg—p161 —pabo| < H™, |p1| < H*, |po| < HY

has an integer solution (p1,p2,q) with (p1,p2) # (0,0).

On the other hand, the twisted exponent A; j(@) (resp. the uniform twisted
exponent \; ;(6)) is the supremum of the real numbers v such that for arbitrarily
large real number H (resp. for every sufficiently large real number H) the system
of inequalities

0<|gl <H, |g01 —pi| <H ", |gb2 —po| < H Y

has an integer solution (p1, p2, q).
Again, Minkowski’s first convex body theorem [(] provides the lower bounds

wm(@) Z @i,j(a) Z 2 and )\z‘,j(a) Z 3\27](9) Z

N |



In his PhD thesis, the author gives relations analogue to those of Theorem
2 in the twisted case. At present, there is no construction proving that these
relations are best possible.

The goal of this paper is to show that there is no analogue to Jarnik’s relation
in the twisted case. We first need to introduce the following notion.

Fix two real numbers R > 1 and p > 1, we call (u, R)-sequences a pair
of sequences of positive integers (Ay)n,>1 and (By)n>1 satisfying the following
properties:

(i) There exist disjoint finite non-empty sets of prime numbers S and 7' such
that, for each n > 1, the set S contains all the prime factors of A,, and the
set T contains all the prime factors of B,,.

(ii) For each p € S and ¢ € T, the sequence (v,(Ay))n>1 and (v4(By))n>1 are
strictly increasing sequences of positive integers.

(iii) We have

im log(Any1) — lim log(Bn+1):
n—>+00 IOg(An) n—+00 IOg(Bn)

For fixed R > 1 and p > 1 and any choice of S and 7', one can construct such
sequences. For example, suppose that S = {p1,...,px} and T = {q1,...,q},
where p1,...,Dk,q1,...,q are distinct prime numbers. Setting P = pip2---pi
and Q) = q1q2 - - - q;, we consider

A, = PLGM" log Q] and B, = QLau"Rlog ij

where |x] is the integer part of the real number x. Then the sequences (Ay,)n>1
and (By)n>1 form a pair of (i, R)-sequences, provided that the real parameter a
is large enough to ensure property ().

Theorem 3. Let i, j be two non negative real numbers with i > j and i+ j = 1.
Fiz two real numbers p and R satisfying the conditions:

. u [
p>2 R<j(u—2),R>—"— and R>—"—. 1
(n—2) = AT (1)

For any (u, R)-sequences (Ap)n>1 and (Bp)n>1, we consider the pair of real
numbers

0= (91,92) = (Z A;l,ZBn_l) .

n>1 n>1
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Its twisted exponents satisfy

1 -1
0i;(0) = min(QjMR,QiMM R),

/1
Aij(0) = min (22'(1 Tyt (M_DR)> |
wij(0) = 2i(p—1).

Hence, for any (u, R)-sequences, one gets a point 8. Theorem 3 then computes

~

the three exponents @; ;(0), A; j(0) and w; ;(0) for each i, j for which (1) holds.

Note that in the case i = j = 1/2, one gets
-1 pu—1
@(@) = min (M, MR) ,

o) = min(l—uR ’1_(M_M1)R>’

which agrees with Jarnik’s relation ().

With a suitable choice of the parameters p and R, we can deduce the following
theorem as a corollary.

Theorem 4. Let i, j be two non negative real numbers with i > j and i+ j = 1.
Let W be a real number with w > 61 and

fe (1, (1_23) min (?,1, (1_ 2)))
21 W 21" 27 W

There exists uncountably many 0 such that &; j(0) = 0 and 5\”(0) =\

Thus, no analogue to Jarnik’s relation holds for the twisted Diophantine ap-
proximation. It is still an open question to find the optimal interval for A; ;(8).

Notation: Given two sequences (a)n>1 and (by)n>1, we write ap, > by, (resp.
ap, < by) if, for sufficiently large n, there exists a real number ¢; such that
ap > c1by, (resp. there exists a real number ¢y such that a, < c9by,). Finally, we
write a, < b, if both a, > b, and a,, < b,.



2 Sequence of minimal points and proof of
Theorems 3 and 4

The main tool to compute the exponents of Diophantine approximation and prove
Theorem 3 is the notion of minimal points, as introduced by Davenport and
Schmidt in [1, §3] or Jarnik in [4].

Let L and N be two functions from Z' to R, where [ is a positive integer.

Definition. A sequence of (L, N)-minimal points (My)>o0 € (Z')N is a sequence
such that

(i) (N(Mg))k>o is an increasing sequence with N(Mp) > 1 ,
(if) (L(Mpy))k>0 is a decreasing sequence with L(My)

<1,
(iii) for every k > 0 and every point M € Z!, if N(M) < N(Mj1) then L(M) >
L(My).

We can normalize any functions L and N to satisfy the conditions N(Mp) > 1
and L(Mjp) < 1. These conditions are not restrictive. They are imposed to sim-
plify the further use of minimal points. Note that there is no unicity, because
there may exist My, and M| such that L(M}) = L(M]) and N (M) = N(M])
but My # M, Ilc

Let @ = (x0,x1,x1) be an integer triple. Consider the following functions with
parameters ¢, j and 0

Ly(x) = max (ya;091 — 21|V |20y — x2|1/(2j)) ,
N)\(x) = |l’0‘,

Ly(x) = |x101 + 2262 — x0|,

Nw(a}) — max (|$1|1/(2i)7 |3§'2’1/(2‘7)> ,

where |z| is the absolute value of the real number x. They are related to the
twisted exponents through the following proposition.

Proposition 1. Let 8 = (61,602) be a pair of real numbers and 0 < j < i < 1 such
that i + j = 1. Let (an)n>1 (resp. (bn)n>1) be a sequence of (Ly, Ny)-minimal
points of @ (resp. (Ly, N,)-minimal points). We have the relations

3 E log Ly (an . log Ly (an
)\i,j(e) = liminf,, 00 (*%) s i () =limsup,,_, (—W) ,
. S log Lu (bn : 1og Lu (bn
G1(8) =limintuoo (~ghliiny) wia(0) =lmsup, o (~EReS)



We omit the proof of Proposition 1. It is an easy consequence of the defini-
tions of a sequence of minimal points and of the twisted exponents.

This proposition gives us the exact values of the two uniform exponents if we
have enough information about the tail of a sequence of minimal points, since
only the asymptotic behavior is significant. From now on, every statement is
implicitly considered for sufficiently large n.

For every (u, R)-sequences (Ay)n>1 and (Bp)n>1 with p and R satisfying the
conditions (1) from Theorem 3, we set 8 = (0;,602) = (2721 ALY s Bgl).
We also set for every integer n > 1 the integers

n n
AL =Y A, A" and B, =) B,B;". (2)
k=1 k=1
With this notation, we have

Lemma 1. Under the assumption of Theorem 3, the sequence of primitive integer
points

(A1, A1,0),(B1,0,By),...,(A;,, Ay, 0),(B),,0, By), (A}, 1, Any1,0), . .. (3)
consists ultimately of a sequence of (L, N, )-minimal points.
Lemma 2. Under the assumption of Theorem 3, consider
Cn = (A,By, A, By, A, By},) and Dy, = (Ayy1Bn, A}, B, Apny1By).

Ultimately, C,, and D,, consist in (Ly, Ny)-minimal points . We denote by
Eni,....Engs, (resp. Fyi,...,Fny,) the intermediate (Ly, Ny)-minimal points
between Cy, = Ep o and Dy, = E,, 5,11 (resp. Dy, = Fy 0 and Cpy1 = Fpy,41).

For 0 <k < s, and 0 < K < t,, the intermediate (Ly, Ny)-minimal points
are of the shape

En k,0

3 3 /

Enp = <En,k,07En,k,1a 3 B, |,
n

Fn k’,0
3 ) /
Fn,k’ = (Fn,k’,Oa A An7 Fn,k’,2 .

n

Furthermore, they satisfy

1
Api1)?, Na(Fpq) = Batt

1
La(Fok) = 1Fn k002l = (5,

1 % 1 ) ABn
La(Bng) = |Enrobill® = (g Be) s Na(Ena) < 40

where ||x|| denotes the distance from the real number x to a nearest integer.
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Lemmas 1 and 2 will be proved in Section 3. We show now how Theorem 3
and 4 can be derived from Proposition 1 and Lemmas 1 and 2.

Proof of Theorem 3.

First, notice that
|An91

Using Proposition 1, we can thus compute

— Al| < |A,A; 14| and |By0s — Bj,| < |B,B; 4]

))

—log|A! — A0 —log |B!, — B,0
@;j(@) = min |liminf og |4y, il 1’,liminf og | B, = 2|
"T log|BalE MU loglAps|®
log Apy1 — log A, log By 11 — log B
= min (27 lim inf —&£nt1 — 108 . 2i lim inf 08 bp41 — log n)
nee log By, nreo log An11
. w1
= 2] ——— 2 —R
m1n< I~ R . )
« log L)(FE, log L (F;
Aij(6) = min (liminf min _ o8 LA(Bni) Jliminf min _ log Ln(Fnp)
n—00 0<k<sp IOgNA(En,k-i-l) n—oo 0<k<t, logNA(Fn,k—i-l)
1 log B 1 log A
= min | liminf min — 1—M liminf min — 1_M
n—00 0<k<s, 21 log En,k+1,0 n—00 0<k<t, 23 loan,kJrl,U
log B 1 log A
= min | lim 1nf — _ _98n Jiminf — |1 — 08 Lntl
n—oo QZ IOgEnlo n—oo 2] loan,l,O
G =)
= min 1-—= ),
( ( ) 2j (bn—1R
—log |A] — A0 —log |B!, — B0
w; (@) = max | limsup og|An — 1|,limsu o8| By — 2
n—00 log |Ay|2% n—00 log | By, |2
log Apy11 — log A log B, 11 — log B
— max <2j lim sup —22nHL — 08 fn o) i qup 28 Zntl — 108 ">
— max (2)(5 — 1), 20 — 1)) = 20 — 1).
This completes the proof of Theorem 3. O

Proof of Theorem 4.



Theorem 4 is a corollary from Theorem 3 if we choose the parameters from
the following proposition

Proposition 2. For every w > 61, the parameters

o / 1675
2i7 2 2 ’
B 2i1R
- %R — &

satisfy the conditions (1) from Theorem 3.

The key point is to notice that

is equivalent to
0 < R(2iR — ) < 2j.

With the choices of the Proposition 2, we have
&:;(0) = min (2 L gk R)
1,7 - ..7 R /,L
_ i (24 A\
m1n< ]R(%R_@),w) w,
N 1 2iR — & 1 21
2i;j(6) = min ( (1 _R@ik-d) ”)) . <1 - ’))
’ 21 w 27 w
(3 (1-2) (3 (1-3)))
21 w 2i’ 2] @

To get uncountably many pairs @ with given exponents, note that Theorem 3
also holds for

m

0=(01,02) = > end,', D B,
n>1 n>1

where €, and €], are £1. In this case we define

n n
= Z EnAnEkAlzl and B = Z el Bnel B!
= k=1



3  Proof of the lemmas on minimal points

First of all, observe that in the definition of (u, R)-sequences, the condition (1)
on the disjointness of the sets S and T' of prime numbers ensures that for every
n>1,

ged(Ay, By) = ged(Ay, AL) = ged(By, B,) = 1,
where A/, and B, are given by (2). This ensures that the terms in the sequences
in Lemmas 1 and 2 are primitive points.

Proof of Lemma 1 .

Since R > 1 and i > j we have |An\i < |Bn|% Furthermore, the condition
R < j(p—2) from (1) implies that & > % This implies that |Bn\% < |An+1\%.
Thus, the sequence (3) is increasing with respect to N,,. To prove that it consists
ultimately of consecutive (L, N, )-minimal points , it is enough to show that, if
n is large enough, there is no primitive integer point © = (x¢, x1, z2) either with

L
No(a) = max{|z1|3, 22|57} < BY and Lo, () = |zo—21601 —220s] < | A" — Anbs],

(4)

or with

1 1 1
Ny () = max{|a1 |27, [22| % } < A2, and Ly(x) = |zo—x101—2202| < |B),—Bpbs|.

()

Assuming that there is a primitive point (xg, z1, z2) satisfying (4), one finds

Aanxo — A,,anIl — AnB;LCL'Q = Aan(.’Eo — x101 — $292)
— Bn(Afn — An91)az1 — An(B;L — Bn92)$2 (6)

The left hand side of this equality is an integer. If it is 0, then B, divides
A, Bl x9, thus B, divides x5 and so x5 = 0 because of the hypothesis |z3| < By,.
Thus we obtain A,xg — Al x1 = 0. As x is a primitive point, this implies that
(xo,21) = £(A], A,) and so |zg — 161 — w26y = |Al, — A,01| contrary to the
hypothesis. So the left hand side of (6) has absolute value at least 1 and thus

1 < AuBy|A! — An01| 4 By|AL — A ||z1| 4+ Ap| B!, — Bbs||as]
< ARALBo+ AgALL B 4+ AuBE B,

n‘n+

because

A B
|A;L — An91\ <2 n and |B':z — Bn92| <2 n .
An+1 BnJrl

10



We obtain a contradiction by showing that the three summands in the last
expression above tend to zero as n goes to infinity. First, R < p — 2 implies that
2log A, + log B,, — log Ap+1

R+2—u:nh_>rrgo log A, = —p1 <0.

That is,

Then, R < j(u — 1) implies that

Jlog Ay, +log By, — jlog Apy1

R+j(1 —p) = lim oz A, =—p2 <0.
That is, ' '
AnAT_LJlrlBi/] ~n—o0 A;P2/J —n—00 0.
Finally, (1 —2)R > 1 implies that
log A 2log B,, — log B
Rp—2)—1= lim ~8An 20800708 8ni1 _ g

n—00 —log A,

That is, .

Similarly, if the condition (5) has a solution (zg, z1,%2), An+1 can not divide
x1 and we deduce the lower bound

1 < An+1Bn|B;L — Bn91| + Bn‘A;LJrl — An+191|]3:1| + An-i-l’B;L — Bn92|\x2|
< BB, Ang1+ BrAL AL+ A:t:-]l/anB'r:-il-l'

Again, the three summands in this expression tend to zero as n goes to infinity
because R(p—2) > p, R < p(p —2) and R(p — 1) > £ according to (1).
Thus, we proved Lemma 1. O

Proof of Lemma 2.
First, we show that ultimately the point C, and D, are (L), N))-minimal
points, then we prove the properties of the (L), N))-minimal points lying respec-

tively between C,, and D,, and D,, and Cj11.

Since Ap4+1 > A, and By,+1 > B, by the property about valuations of (u, R)-
sequences, the sequence

C1,D1,...,Cn,Dp,Coist, ...

11



is strictly increasing with respect to N,.

Note that, if n is large enough

LA(Ca) = max{(|4u01 — Ay B)"®)(1Buba = B[ 4,)Y/ @),
= (|Anfy — A},|B,)" ),
= (AA, L B,V

since |Bpby — Bl |A, =< AnB;ian goes faster to zero than |A4,0; — Al |B, =<
AnAr_leran and we have j <.
Suppose that a non-zero integer point & = (o, x1, x2) satisfies

Li(z) < Lx(Cn) and Ni(x) = |zo| < NA(Dn) = Ant1Bn. (7)

We have the integer determinant
Ty X B .

det ( B B > < |20l|B),—Buba|+Bu|wa—wob2| < Api1 BB, {1 +BnLa(Cr).
n n
(8)

Since R(pu — 2) > u, the first summand An+1BELB;i1 tends to zero as n goes
to infinity. Since R < j(p — 1) and Ly(Cp) =< (AnA;ian)l/(%), it follows that
B, Lx(Cp)% tends to zero as well. Thus, if n is large enough, the determinant in
(8) is zero. Then, (xo, z2) is a non-zero integral multiple of (B, B},), in particular

B,, divides zy. Consider the integer determinant, for & = (xg,z1,z2) with the

stronger assumption that Ny(x) < Ny(Cp) = A Bp:
To T B .
det < A(:z AZL ) < |wol|| A}, — Anbr |+ Ap|z1 — 2001 | < AiBnAni1+AnLA(Cn)2 .
9)

Since R < u — 2 summands tend to zero as n goes to infinity. Thus for
sufficiently large n, the determinant in (9) is zero. Then, (xo,21) is a non-zero
integral multiple of (A, A),), in particular A,, divides zg. Since A, and B, are
coprime, A, B, divides zo and Ny(x) > A, B, = N)(C,,). This proves that C,, is
a (Ly, Ny)-minimal point.

Similarly, if a non-zero integer point © = (g, x1, z2) satisfies
La(z) < La(Dy) = (Aps1BnB, )3 and |2g| < Nx(Cng1) = Ans1Bnta

and if n is large enough, then (o, x1) is a non-zero integral multiple of (A1, A4}, 1)
and if we strengthen the condition to Ny(x) < Nx(Dy) = Ant1Bn, then (zg,x2)

12



is a non zero integer multiple of (B, B,). Thus, D,, is a (Ly, Ny)-minimal point.

Consider any (Ly, Ny)-minimal point & = (zg,z1,22) € Z3 with N,(C,) <
xo < Nx(Dy). We claim that for n large enough, we have

Ly(z) = |woby — 21|/ 3.

Indeed, for such @, recall that (zo,x2) is an integer multiple of (B, B},). Since
xq is strictly less than A,,+1B,, and By, and A, are coprime, the points (xg,z1)
and (Ap41,A;, 1) are linearly independent. Thus we have

Zo Z1
det
¢ ( An—H A;1+1 )

This provides

1< < zollAf1 — Ans161] + Anyalzy — Orzo).

1
|z1 — O120] > 5 (10)
An+l

because R > p(pu — 2) implies for sufficiently large n

_ 1
|lzol| A7, 1 — Ant161] < A%HBnAn}rQ < 5
Furthermore,
x A, 1B
|2y — g0 = B—U\BnGQ - B| < %. (11)
n n+1

. o . . Apy1Bn \ 1/ (29)
Finally, the condition R > Lj(ﬂ_l) implies that (7&1+1 ) tends to zero faster

than A;i/l(%). Hence the result.

Let Eno = Cn, En,...,Ens,, Ens,+1 = Dy denote a sequence of (Ly, Ny)-
minimal points, chosen with positive first coordinate. Suppose that n is large
enough, by the above each E,, j has the form
n,k,0

E E
"’k’OB’) where ?GN* (0<k<s,+1),

En,k = (En,k:,Oa En,k,la B n
n n

and we have LA(En’k)% = |Epko01 — Engal for B = 0,...,s, but not for
k=s,+1.

We now show that

By

. B
—— < I (Fhk 2 < n
2NN (Ep ji41) ()

T NA(Enpt1)

13



By Minkowski’s first convex body theorem, for each real number H > 0, there
exists a non-zero integer point (zg, z1) satisfying the three conditions

B
By, | xo, |xo] < H and |zob) — x1| < Fn

For n large enough, fix k € {1,...,s,} and choose H in the range
N)\(En,lc) <H< N)\(En,k-l-l)a

then we get a non-zero integer point * = (zg, z1,z2) where z¢ and x; are given
by Minkowski’s theorem and xy = zoB;, ' B/,. This point satisfies

NA(Eng) < Na(z) < Nx(Eppi1)

and the conditions (10) and (11). So,
. B,
L,\($)2Z = ’.21?091 — xl\ S ﬁ

By definition of (L), N))-minimal points, we have Ly(E, ;) < Lx(x). Thus, by
letting H tend to Ej, 41,0 we get the upper bound

. B
LyE, )< ——"
MEn)™ < Nx(En k1)

For the lower bound, notice that B,, divides F), ;o and E,, 1110, and that two
consecutive (Ly, Ny)-minimal points are independent. Thus

Enko  Enga
B, < |det 1l 1 < EnkolEngrin — 01En k10l + En k1,0 Enka — Enkobi]s
Enki10 FEngii
< 2FE, kt10/Engk — Engob1]-
So,
. B
Ia(Epp)? > ———n
" 2N)\(En,k+1)
In particular, since £y = C,, we have
B?’L Bn - An+1

Ny(E,1) < - = = .
M En) La(Cn)¥ — A,AN B, T Ay

Similarly, we show that for n large enough, any (Ly, N))-minimal point =
(20, 71, 29) With Nx(Dy) < Nx(x) < Na(Cpy1) has

L)\(ZI}) = |x092 — :IZQ‘I/(Qj),

14



and that the intermediate (Ly, Ny)-minimal points F}, i, = (Fy, 1.0, f{;if A1, Fogk2)
satisfy

A1 2j At
— < IHh(F, )< T
2N)\(Fn’k+1) B )\( n,k) - N)\(Fn,k+1)

via Minkowski’s first convex body theorem and consideration on a good determi-
nant.

This completes the proof of Lemma 2. O
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