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DISPERSIVE EFFECTS OF WEAKLY COMPRESSIBLE AND FAST
ROTATING INVISCID FLUIDS

VAN-SANG NGO & STEFANO SCROBOGNA

ABSTRACT. We consider a system describing the motion of an isentropic, inviscid, weakly com-
pressible, fast rotating fluid in the whole space R?, with initial data belonging to H® (]RJ) ,8>5/2.
We prove that the system admits a unique local strong solution in L> ([0,7]; H® (R?)), where T
is independent of the Rossby and Mach numbers. Moreover, using Strichartz-type estimates, we
prove that the solution is almost global, i.e. its lifespan is of the order of €™, a > 0, without any
smallness assumption on the initial data (the initial data can even go to infinity in some sense),
provided that the rotation is fast enough.

1. INTRODUCTION

In this paper, we consider the following system of weakly compressible, fast rotating fluids in the
whole space R?

1

at (peﬁusﬂ) + div <p5,9us,9 ® uz—:,H) + ﬁ

(CRE. ) op™Y + div <p5’9u€’0> =0

0 &0 _ c,0 0
() = ().

Here, the Rossby number ¢ represents the ratio of the displacement due to inertia to the displacement
due to Coriolis force. On a planetary scale, the displacement due by inertial forces, i.e. the collision
of air molecules (in the case of the atmosphere) or water molecules (in the case of oceans) is generally
much smaller than the relative displacement due to the rotation of the Earth around his own axis.
Away from persistent streams such as the Gulf stream, the value of Rossby number is around 1073.
On the other hand, the Mach number is a dimensionless number representing the ration between
the local flow velocity and the speed of sound in the medium. For geophysical fluids appearing in
meteorology for exemple, the Mach number 6 is also very small.

VP <p€’9> + ée?’ A (ps’eue’e) =0

We want to have a few words about the low Mach-number regime and the fast rotation limit.
For the weak compressible limit, the fluid is expected to have an incompressible behaviour. In the
fast rotation limit, the Coriolis force becomes dominant and plays a very important role. Indeed,
the fast rotating fluid have tendency to stabilize and to move in vertical columns (the so-called
“Taylor-Proudman” columns). This phenomenon can be observed in many geophysical fluids (such
as oceanic currents in the western North Atlantic) and is well known in fluid mechanics as the
Taylor-Proudman theorem (see [35] for more details).

We remark that if ¢ < 6 or € > 6, then either the high rotation or the weak compressibility
dominates the other, and one can separately take the high rotation limit and the weak compressible
limit. In this paper, we are interested in the case where these two numbers are very small and
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where the high rotation and weak compressibility limits occur at the same scale, i.e. § =& — 0.
Moreover, in our study, we suppose that the fluid is inviscid and isentropic, which means that it
has no viscosity and the pressure satisfies

P = P(p) = Ap",

where A > 0 and v > 1 are given. We refer the reader to [35] and the references therein for further
physical explanations, and to [8] for a brief physical introduction of fast rotating hydrodynamic
systems with strong emphasis on the problem under the mathematical point of view.

1.1. Formulation of the system. Let us give a brief explanation of the formulation of our system.
In general, the motion of a compressible fluid with a homogeneous temperature can be derived from
the laws of conservation of mass and of linear momentum (see [2], [28] or [30] for instance), and is
described by the following system

O (pu) + div (pu @ u) — div (o) = pf
Op + div (pu) = 0.

Here, o is the stress tensor and f represents the external body forces acting on the fluid (grav-
ity, Coriolis, electromagnetic forces, etc...). For an isotropic newtonian fluid, the stress tensor is
supposed to be linearly dependent on the strain rate tensor D = % (Vu + TVU), and writes

o=—pl+Adivu+pu(Vu+TVu),

where the scalar function p stands for the pressure, 1 is the identity matrix (tensor) and g, A > 0
are the Lamé viscosity coefficients (which may depend on the density p). In fluid mechanics, p is
referred to as the dynamic viscosity of the fluid and in a case of a barotropic fluid, p is a function
of the density p only. These considerations lead to the following system describing the motion of a
compressible newtonian barotropic fluid

{at (pu) + div (pu ® u) — div ()\divu—i-,u (Vu—l—TVu)) +Vp=pf

(CNS) :
Op + div (pu) = 0.

In the case of low Mach-number flow, the Mach number 6 is suppose to be very small (the fluid is
pseudo-incompressible), we perform the rescaling

L 1 [t
Pe(tal‘):p<0,$) and ue (t,x):€u<07$>’
and the system (CNS), endowed with some initial data, becomes
i . 1
O (P%e) + div <p9u9 ® u9> — pAu? — (N + p) Vdiv o + @VP(,O@) — 0t
(CNSg) A’ + div <p9u6’> —0

6 60 _ 6 60
(p ¥ >‘t:0_ (po,u>.

In physical experiments and observations, A and p are usually very small. For this reason, it makes
sense to study the case of inviscid compressible fluids where A = 1 = 0 and we obtain the following
system

Oy (peue) + div (poue ® ue) + iVP(,O‘Q) =0f

92
(CEy) By’ + div <p9u0> —0

0,0 _ 0
(1)) = (o 8).
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Now, for geophysical fluids such as the oceans or the atmosphere, effects of the rotation of
the Earth can not be neglected. Rewriting the systems (CNSy) or (CEp) in a rotating frame of
reference tied to the Earth, we have to take into accounts two factors, the Coriolis acceleration
and the centrifugal acceleration. We assume that the centrifugal force is in equilibium with the
stratification due to the gravity of the Earth, and so can be neglected. We also suppose that the
rotation axis is parallel to the x3-axis, and that the speed of rotation is constant, which is often
considered in the study of geophysical fluids in mid-latitude regions. Then, the system (CNSy)
writes

( Oy (ps’eue’e) + div (p€’9u€’9 ® uEﬂ) — uAu? — (A + p) Vdiv us?
1 1
+ ﬁvp (pE,G) + *63 A (peﬁu&,@) =0
(CRNS. ) 0 €
atpeﬁ + div <p5,0u5,6‘) -0

=0 e,0 c,0 6,0)
You = ug ) -
\ (P ’ ) ‘t:O <P0 170

In the case where there is no viscosity, we obtain the system (CRE. ).

1.2. Brief recall of known results. For non-rotating fluids, many results have been obtained
concerning the systems (CNSy) and (CEy) in the case of well prepared initial data, i.e.

p8:1+0(92) and divud =0 (9),

for which, we refer to the works 23], [25], [27] or [29]. In the case of ill prepared initial data, it is
only assumed that

ph =1+ 60
and (be,ug) are only bounded in some suitable spaces which does not necessarily belong to the
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kernel of the penalized operator. If Pug — vp when 6 goes to zero', one expects that u? — v where

v is the solution of the incompressible Navier-Stokes equations

o +v-Vu— pAv+ VII =0,
(INS) dive =0

vli—o = vo.
The expected convergence is however not easy to be rigorously justified. The main difficulty lies
in the fact that one has to deal with the propagation of acoustic waves with speed of order 67!, a
phenomenon which does not occur in the case of well prepared data.

In [31], P.-L- Lions proved the existence of global weak solutions of (CNSy) for initial data with
minimal regularity assumptions. The fluid is supposed to be isentropic and the pressure is of the form
P (p) = ap?, with certain restrictions on v depending on the space dimension d. In the same setting
P.-L. Lions and N. Masmoudi in [32| proved that weak solutions of (CNSy) converges weakly to weak
solutions of (INS) in various boundary settings. This result is proved via some weak compactness
methods (see also [22| and [18]). In the work of B. Desjardins, E. Grenier, P.-L. Lions and N.
Masmoudi [14], considering (CNSy) with f = 0, in a bounded domain © with Dirichlet boundary
conditions, the authors proved that as § — 0, the global weak solutions of (CNSy) converge weakly
in L? to a global weak solution of the incompressible Navier-Stokes equations (INS). In [13], using
dispersive Strichartz-type estimates, Desjardins and Grenier proved that the gradient part of the
velocity field (i.e. the gradient of the acoustic potential) of the system (CNSy) converges strongly to
zero. Finally, we want to mention the works of R. Danchin [10] and [12]. In [10], the author proved
global existence of strong solutions for the system (CNSy) for small initial data in some suitable,

Here P is the Leray projector on the space of solenoidal vector fields defined as P = I — A~V div
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critical, scale-invariant (Besov) spaces, in the same spirit as in the work of Cannone, Planchon and
Meyer [4] or the work of Fujita-Kato [21] for the incompressible model. In [12], the author addressed
to the convergence of (CNSy) to (INS) for ill-prepared initial data when the Mach number 6 tends to
zero. When the initial data are small, the author obtains global convergence and existence, while for
large initial data with some further regularity assumptions, it is shown that the solution of (CNSy)
exists and converges to the solution of (INS) in the same time interval of existence of the solution of
(INS). For compressible inviscid fluids in the non-rotating case, in A. Dutrifoy and T. Hmidi [16],
the authors considered the system (CEg) in R? with initial data not uniformly smooth (i.e. the C!
norm is of order O (0~%),«a > 0). The convergence to strong, global solutions of 2D Euler equation
is proved by mean of Strichartz estimates and the propagation of the minimal regularity.

In the case of incompressible fast rotating fluids, we first recall the works of J.-Y. Chemin, B.
Desjardins, I. Gallagher and E. Grenier [6] and [7] for incompressible viscous rotating fluids, with
initial data of the form

ug = Up + Uo,

where the 2D part up only depends on (x1,x2) and the 3D part uy belongs to the anisotropic
Sobolev spaces H**, with s > % It is proved that the 2D part is governed by a 2D incompressible
Navier-Stokes system, while the 3D part converges to zero as the Rossby number ¢ — 0, using
Strichartz estimates obtained for the associated linear free-wave system. As a consequence, if the
rotation is fast enough, the solution of the 3D incompressible viscous rotating fluids exists globally
in time and converges to the solution of the 2D incompressible Navier-Stokes system. In the case of
incompressible, inviscid fluids, however, we cannot get the global existence of strong solutions when
the rotation is fast, due to the lack of smoothing effect given by the viscous term. It is proved in
A. Dutrifoy [15] that if the rotation is fast enough (¢ — 0), the solution of a incompressible inviscid
rotating fluids exists almost global in time, with the lifespan is at least equivalent to Inlne~!.
However, in the case where the viscosity is not zero, but very small (of order £, for o in some
interval [0, ap[), when the rotation is fast enough, the global existence on strong solutions can still
be proven in the case of pure 3D initial data (see [34]).

Let us now focus on fast rotating, compressible fluids. To the best of our knowledge, there is no
result yet concerning the the inviscid system (CRE; g). In the viscous fast rotating case, in [20], E.
Fereisl, 1. Gallagher and A. Novotny studied the dynamics, when § = ¢ — 0, of weaks solutions of
the system (CRNS, ) in R? x T!, with non-slip boundary conditions

3
UE’ ‘$3:071 =0 and (5273, —51,3,0)’13:0’1 :07

where S is the stress viscous tensor
2
S(Vu) =p (Vu+TVu - 3divu]> .

Their result relies on the spectral analysis of the singular perturbation operator. Using RAGE
theorem (see [36]), the authors proved the dispersion due to fast rotation and that weak solutions
of (CRNS,g) converges to a 2D viscous quasi-geostrophic equation for the limit density. We refer
to [20] for a detailed description of the limit system. In [19], Feireisl, Gallagher, Gérard-Varet and
Novotny studied the system (CRNS; y) in the case where the effect of the centrifugal force was taken
into account. Noticing that this term scales as €72, they studied both the isotropic limit and the
multi-scale limit: namely, they supposed the Mach-number to be proportional to €™, for m > 1. We
want to point out that, in the analysis of the isotropic scaling (m = 1), the authors had to resort to
compensated compactness arguments in order to pass to the limit: as a matter of fact, the singular
perturbation operator had variable coefficients, and spectral analysis tools were no more available.
Recently in [17], F. Fanelli proved a similar result as the one proved in [20], by adding to the system
(CRNS. ) a capillarity term and studying various regimes depending on some positive parameter.
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To complete our brief survey of known results, we want to remark that all the compressible
systems previously mentionned are isothermal. In the case of variable temperature, the generic
system governing a heat conductive, compressible fluid is the following

Op + div (pu) = 0,
O (pu) + div (pu @ u) — div (1) + VP = pf,

() (o () )

which can be derived from the conservation of mass, linear momentum and energy. We refer the
reader to [30] and references therein for more details. Here, the fluid is always supposed to be
newtonian and e = e (t,x) is the internal (thermal) energy per unit mass. The heat conduction ¢
is given by ¢ = —kVT, where k is positive and 7T stands for the temperature. If e obeys Joule rule
(i.e. e is a function of 7 only), the initial data is smooth and the initial density is bounded and
bounded away from zero, the existence and uniqueness of a local classical solution has already been

known for a long time (see [24] or [33]). In [11], R. Danchin proved that (HCCNS) is locally well
N

N_g
posed in the critical scale-invariant space Bp’: 1 (RN ), p € [1,00][.

(HCCNS)
=div (7 u) —divg+ pf - u,

1.3. Main result and structure of the paper. The aim of this paper is to study the behavior
of strong solutions of the system (CRE.y) in the limit § = ¢ — 0 and in the case of ill-prepared
initial data in the whole space R3, say

PO = 1+ 6[)0.
Let 7 = (v — 1)/2. We consider the substitution

(474)/?

1+eb® = - (p°)7

and (CRE. y) becomes (after a few algebraic calculations)
1
o’ + . (FVE + € Auf) +uf - Vs +7 bV =0
(1.1) O + gdiv u® +utVH* +7 b divu® =0
(0%, u™) =0 = (o, w0) -

From now on we shall always consider the system (CRE. ) in the form (1.1) or in a more compact
form

u® 1 u® u® - Vu® +5b0°VHe |
(1.2) 8t< b° > B 53( b ) + <u’3-Vb5+7bEdivua> =0,
(u®, b%) ;g = (uo0, o) ,

where B is the following operator

0 1 0 —~01
. -1 0 0 —~0s
(1.3) B= 0 0 0 —~03 |’

501 -0, —703 0
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and where 0;, for any 7 € {1,2,3} stands for the derivative with respect to x; variable. Moreover
we can write the nonlinearity as follows

u® -V 0 0 b0
(1.4) u® - Vu® +75 bV | A(U,D)U = 0 u® -V 0 %bfc‘); u®
' u - Vb* +7 b5divu® ) ’ - 0 0 u® -V Ab°0s b )

Fb°01 AV Oy Fb°03 ut -V

3
where U stays for ( ZE > With all the above considerations, the system (1.2) can be rewritten as

1
O — ZBU + A(U, D)U =0,
Ul,—o = Uo = (uo,bo) .

(1.5)

Remark 1.1. We would like to underline that, given a L? (R3) vector field F', we have

(BF| F) o) = (?F‘ ﬁ)LQ(RB) —0

In order to state our result, we recall the definitions of the functional spaces we will use in our
paper. We use the index “h” to refer to the horizontal variable, and the index “v” or “3” to refer to
the vertical one. Thus, z, = (21, z2) and &, = (£1,&2). The anisotropic Lebesgue spaces L L with
p,q > 1 are defined as

P 1
LPLI(R®) = LP(R2; LI(R)) = {u eS8 fullp g = [/ qd:rh] P < +oo}.

2
Rh

/ |u(xp, x3)|? des
Ry

Here, the order of integration is important. Indeed, if 1 < p < g and if u : X7 x Xo — R is a function
in LP(X;; L9(X3)), where (X1, du1), (Xa,dusz) are measurable spaces, then u € LI(Xo; LP(X7)) and

[l Laxszr )y < Nl o (xyzacx)) -

We recall that the non-homogeneous Sobolev spaces H® (R3), with s € R, are defined as the closure
of the set of smooth functions under the norm

folla- ([ (1+16) i) ac)

For any s > 5/2, 59 > 0, 1 < p < 2, we define the spaces

4 4 4
(1.6) Yosop = H™ (R?) N LELE (R N IRLY (R?),
endowed with the norm
(L.7) loll g p = 020 {l g 1l g g ol 2 -

From now on, for any initial data Uy € Y s, p, We set
2
(1) C(U0) = max {[|Usl g+ 1U02 0} -

The main result of this paper is the following theorem.

Theorem 1.2. Let s > 5/2, sg > 0 be fized constants, 1 < p < 2 and the initial data Uy € Y g p-
There exists a time T* > 0 and a unique solution U = (u®,b%) of system (1.1) satisfying
U® € L= ([0,77]; H® (R*)) nC ([0, T7); H* (R?)),
6



where the mazimal time T* tends to infinity as € tends to zero, more precisely, there exist positive
constants C > 0 and o > 0 such that
C
> ———
€7 C(U()) 60"

Vv

where C(Up) is defined in (1.8).
Remark 1.3.

(1) The estimate of the lifespan T of U® is much better than in [15] (for incompressible fast
rotating fluids). The reason is that we only consider 3D initial data, which is of finite energy
in R3. As a consequence, the limit system is zero, since the only vector field of finite energy
in R3 which belongs to the kernel of the penalized operator B is zero. In the more general
case where the initial data is the sum of a 2D part (which belongs to the kernel of the
penalization operator ) and a 3D part (of finite energy in R?), the limit system is not zero
but some 2D nonlinear hyperbolic system. Thus, in the case of general data, we can only
hope for a similar lifespan as in [15|. This general case will be dealt in a forthcoming paper.

(2) If Up is small, then the lifespan is inversely proportionnal to the Y 5, ,-norm of Up, which
is somehow expected for this type of hyperbolic system with small initial data.

(3) The initial data can be chosen not only to be large but to blow up as e — 0. Indeed, for
data Up ~ &7, with 0 < w < §, the maximal lifetime of the solution still goes to co as

Tr = g(@m20) _y o,

Throughout this paper, we set
(1.9) Crr = {6 ERE| €] <R[l =7 16a] =7} .
Our strategy to study the system (1.1) consists in finding a solution of to (1.2) of the form

U° = () = U + U°

where U~ = (ﬂg ,55) and U = (ﬁﬂ?ﬁ) are respectively solutions to the following systems

~ 1 ~
0,0 — élgﬁs —0 00" — ZBU* + AU, D)U =0

U|,_y = Y0z (D) (uo, bo) US| =(1—0,x (D)) (uo,bo) ‘

t=0

Here, the frequency cut-off radii 0 < r < R will be precisely chosen, depending on ¢ and ¥, g is
a radial function supported in C%’g r and is identically equal to 1 in C, r. The precise definition of
U, g will be given in (3.1) in Section 3. We will also prove in Section 3 that, if R is sufficiently large,
the system describing U¢ can be considered as a 3D hydrodynamical system with small initial data,
which is known to be globally well posed in critical spaces (see [4], [10], [21], [26]). For the linear
part U~ which describes the evolution of 3D free waves, we will prove that it goes to zero in some
appropriate topology using similar Strichartz-type estimates as in [6], [7], [15] or [34]. We want
to emphasize that, unlike the RAGE theorem using in [20], Strichartz estimates give very precise
quantitative estimates of the rate of decay to zero of U, ase — 0.

This paper will be organized as follows. In Section 2 we introduce the notation and a detailed
description of the critical spaces that we are going to use all along the work. Moreover, we introduce
some elements of the Littlewood-Paley and the paradifferential calculus, which is primodial to the
study of critical behavior of nonlinearities. In Section 3, we study a specific decomposition of the
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initial data in two parts, one only containing medium Fourier frequencies and the other very high
or very low frequencies and we provide a precise control of the latter. Section 4 is devoted to the
study of the cut-off linear free-wave system associate to (1.1). Using the spectral properties of
the penalized operator B defined in (1.3), we prove some Strichartz-type estimates for this system,
which show that its solutions vanish in some appropriate LP (R+; L4 (]R3)) spaces as € — 0. The
nonlinear problem is finally dealt in Section 5, where, combining with the results of Section 4, we
prove an existence result for the system (1.1). Performing a bootstrap procedure, we also prove
that the solution of (1.1) is almost global when the rotation is fast enough.

2. PREMILINARY

The aim of this section is to briefly recall some elements of the Littlewood-Paley theory, which
are the main technique used all along the paper.

2.1. Dyadic decomposition. We recall that in R?, with d € N*, for R > 0, the ball B4(0, R) is
the set

Ba(0, R) = {g eR? ;| < R}.

For 0 < r1 < 7y, we defined the annulus
Aq(r1,72) & {f eR? . < €| < 7«2},

Next, we recall the following Bernstein-type lemma, which states that Fourier multipliers act almost
as homotheties on distributions whose Fourier transforms are supported in a ball or an annulus. We
refer the reader to [5, Lemma 2.1.1] or [1, Lemma 2.1] for a proof of this lemma.

Lemma 2.1. Let k € N, d € N* and R,r1,72 € R satisfy 0 < r1 < ro and R > 0. There exists a
constant C' > 0 such that, for any a,b € R, 1 < a < b < 400, for any A > 0 and for any u € L*(R?),
we have

(2.1) supp (@) C Ba(0,AR) = sup [[0%l|p < CEAFHGET) a0
|a|=k
(2.2) supp (@) C Ag(Mr1, Ara) = CTFAR[|ul Lo < sup 0%l 0 < CFAF || fa -

|al=

In order to define the dyadic partition of unity, we also recall the following proposition, the proof
of which can be found in [5, Proposition 2.1.1] or [1, Proposition 2.10].

Proposition 2.2. Let d € N*. There exist smooth radial function x and ¢ from R to [0,1], such

that

4 3 8
(2.3) suppx € B | 0,= ), suppp e Ag| -, 5,

3 4’3
(2.4) VEER?, x(O+ D @27 =1,

>0

(2.5) i—71=2 = suppp27?)Nsuppp(27?) =2,
(2.6) j=>1 = suppxNsuppp(277)=2.

Moreover, for any & € R, we have

(2.7) S EGED I ACEIIEE
j=0
8
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The dyadic blocks are defined as follows
Definition 2.3. For any d € N* and for any tempered distribution u € S'(R?), we set

Agu=F " (p(2771EDu(s)) Vg € N,

A yu=F 1 (g(€)u(s)),

Aqu = 0, \V/q < _27

Squ = Z Agu, Vg > 1.
q¢'<q-1

Using the properties of ¢ and ¢, for any tempered distribution u € S'(R%), one can formally write
u= Z Agu in,
g>—1
and the non-homogeneous Sobolev spaces H*® (]Rd), with s € R, can be characterized as follows
Proposition 2.4. Let d € N*, s € R and u € H*(R?). Then,
f 3
2
fullg- o= ([ 16y P )~ | 3 22 gl
Rd g>—1

Moreover, there exists a square-summable sequence of positive numbers {cq(u)}q with 3, cg(u)? =1,
such that

(2.8) [Aqull o < eq(w)27 Jull s -

2.2. Paradifferential calculus. The decomposition into dyadic blocks allows, at least formally,
to write, for any tempered distributions u and v,

(2.9) uy = Z AquAgv
qEZ
q €z

The Bony decomposition (see for instance [1], [3] or [5] for more details) consists in splitting the
above sum in three parts. The first corresponds to the low frequencies of w multiplied by the high
frequencies of v, the second is the symmetric counterpart of the first, and the third part concerns
the indices ¢ and ¢’ which are comparable. Then,

wo =T,v+ Tyu+ R (u,v),
where

Tuv = Z Sq—1ulgv
q

Tou = Z Sq—1vAgu

q
R (u,v) = Z Aqulgv.
la—q'|<1
Using the quasi-orthogonality given in (2.5) and (2.6), we get the following relations.
Lemma 2.5. For any tempered distributions u and v, we have
Ay (Sq/_lqu/U) =0 if ’q - q,‘ 29
Aq (Sq/+1'LLAq/U) =0 Zf q/ < q— 4.



Lemma 2.5 implies the following decomposition, which we will widely use in this paper
(2.10) Aguw) = Y Ay (Sp—1vAgu) + > Ay (Syraulgv).
lg'—ql<4 q'>q—4

As in J.-Y. Chemin and N. Lerner [9] we will also use the following decomposition of the first term
on the right hand side of (2.10)

(211) ) Ay (Sy_1vAgu) = Suldgu+ Y [Ag, Syoru] Agv+ Y (Sy— Sy_1)u Agv,
la'—q|<4 lg'—q|<4 lg'—ql<4
where the commutator [Ag, a] b is defined as
[Ag,alb= Ay (ab) — alAgb.

We also recall the following lemma concerning the commutators. One can find a proof of this lemma
in [1, p. 110].

1 1 1 1 3 3
Lemma 2.6. Let be p,q,r € [1,00] such that — + — = — and f € WP (]R ), ge L1 (R ) Then

p qg T
(2.12) 1A, gl < C27 IV fll o lgll o -

2.3. Auxiliary estimates. We first recall the following classical product rule in H?® (]R3) spaces.

Lemma 2.7. For any s > 0, there exists a constant C' such that, for any u, v in H? (R3) NL> (R3),
we have

Cs+1
(2.13) v s <

(lll oo N0l s + 10l oo lleell ) -

To prove Lemma 2.7 it suffice to decompose the data uv using the decomposition (2.10) and apply
repeatedly Hoélder inequality.

In this paper, in order to perform a bootstrap argument in Section 5, for ¢ > 0, we define the
spaces LP ([O,ﬂ, H? (RS)), with p > 2, as the closure of the set of smooth vector-fields under the
norms

1
||u”zp([07t]7Hs) = (Z 22‘15 HAquHiP([O,t],LQ) ) 2.
q

From the above definition, it is easy to see that, for any p > 2, Lp ([O,t],Hs (R3)) is smoother
than LP ([0, t], H® (]R3)). From the above definition, we can prove the following lemma which gives
similar estimates as (2.8).

Lemma 2.8. Suppose that u belongs to Lp ([O,t], H?® (]R3)), with s > 0, then there exists a square-

summable sequence of positive numbers {cq(u)} ., with Zcq(u)2 =1, such that
q

||AqUHLp([o,t],L2) < cq(u)27" HUHEp([o,t]VHs) :

For functions in LP ([O, t], H® (R3)), we can prove similar estimates as in (2.13).
Lemma 2.9. Let T > 0. For any s > 0, there exists a constant C(s) depending on s such that, for
any u, v in L=([0,T], H* (R*)) N L>([0, T], L> (R?)), we have

HUUHZoo([O,T],Hs) <C(s) (H“HLOO([O,T],LOO) HU”Zoo([o,T],Hs) + HuHEoo([(LT],Hs) HUHLOO([O,T],LW)) :
10



Finally, we recall the definition of the weak-LP spaces and a refined version of Young’s inequality
that we need in Section 4 (see [1] for a proof, for instance).

Definition 2.10. For 1 < p < oo and for any measurable function f : RY — R, we define the space
LP>°(RY) & {f ‘R — R measurable : || |0 < —i—oo} ,

where the quasinorm

3=

def
1l Zsupr ({z € R+ |f(@) > A})7,
A>0
and where 11 is the usual Lebesque measure on R?,

Theorem 2.11. Let p,q,r €]1,00[ satisfying
1 1 1
+ + -

Then, a constant C' > 0 exists such that, for any f € LP>®RY) and g € LI(R?), the convolution
product f * g belongs to L"(RY) and we have

(2.14) 1f *gllpr <Ol ooo lgll o -

3. DECOMPOSITION OF THE INITIAL DATA

We recall that, for 0 < r < R, in (1.9), we defined
Crr=1{¢€ RE | 1€l <R |&| =7, 18| =71}
Let 4 a C*°-function from R? to R such that

1 if 0<lg<1
VO=9, € > 2

and ¥, r : R? — R the following frequency cut-off function

a a0 =v () - ()] - (5)]

Then, we have ¥, p € D(R3), supp ¥, g C C%’QR and ¥, p = 1 on C, g. We will decompose Uj in
the following way

Up=Uy+ (,70,
where
To = Pr.allo = rr(D)Uo = F (0r(©)T0(6))
Our goal is to get precise controls of the H* (R3)—norms of Uy with respect to the frequency
cut-off radii r and R.

Lemma 3.1. Let s > g, so > 0, p €]1,2[ and the initial data Uy € Yy g p, where Yy o is defined

as in (1.6) and (1.7). There exists & > 0 such that, for R > 0 large enough and r = R™°,
], < ¢ cwmr.

where C(Up) is defined in (1.8).
11



Proof. By the definition of H* (R3)—norm, we have

HS

@], </||§3|<T (1+162) |oo @[ agag+ [, (1+167) B @)[ dads,

Enl<R [€nl<r
S|~ 2
w[ (1) B e
[€1>R
=1L+ I+ Is.

In what follows, we denote as Fy, and JF, respectively the horizontal and vertical Fourier transforms.

Let g, p’ be positive numbers such that ¢ = p%l’ ¢ =2 and p' = %. Thus 1 < p < 2 < ¢, and

p’ € [1,00] and the following relations hold

1 1 1 1
p q p q

For the first integral, we write

B L |62+ €\, o
h _ﬁ§3<r <1+£§ (1+53)

[€nl<R

< CR2S/ / (1+&)°
[gsl<r Jlgnl<R
s~ 2
cor [ [+ [toef agag
|éa|<r JRE,

Plancherel theorem in the horizontal variable yields

L < CR25/ / (1+¢&)°
€| <r Rgh

= CR2S/| | /]R2 (1+&)° |7V (zh, &3)|7 dwp, d &s.
3|1<r '

Oo(o)| dgsdg,

0o (©)] dgnag

0o (©)] d&ndg

Applying Fubini theorem and Holder inequality in the vertical direction, we get

1 1
L < CR® / (1+&)" / / | FoUo(an, &) &) dan
|§3|<7‘ R R£3

q
< CR287“”1'/ </ | FoUo (21, 63)|? f3> dzp,
Rz \JR,

Finally, we use Hausdorfl-Young inequality in the vertical direction, taking into account the relation
r ~ R™% to obtain

2
Th

N

2 2\° |55 2 2s— 3 2
(3.2) I1=/§3|<T (1+ 1P +€) |To ©)| dgsagy < CR™ ¥ |Uol3ayy.

[€nl<R

Similar calculations lead to the following estimate for the second integral

2 2 S~ 2 28*% 2
(3.3) e (1+!§h! +§3> ’Uo(f)‘ d&sd&, <CR™ Y |Ullgapy -

[Enl<r
12



The third term contains only the very high frequencies, hence is much simpler to control

Bu = [ () (1) G ae < R 00

We choose the free parameter § such that

o
p =2(s+ sp).
Combining the estimates (3.2) to (3.4), we can conclude the proof. O

4. STRICHARTZ-TYPE ESTIMATES FOR THE LINEAR SYSTEM

We recall that the projector P, g associates any tempered distribution f to

(4.1) Prf = Upr(D)f = F ' (9@ F(6)

where the function W, g is defined in (3.1). In this section, we consider the following frequency
cut-off free-wave system

1
U =-BU
(4.2) e
==
U ‘t:O = Pr.rUo-
where the linear hyperbolic operator B is defined in (1.3). Since the system (4.2) is linear and the
Fourier transform of the initial data are supported in ng R, the Fourier transform of the solution

U® (t) is also supported in C%QR for any t > 0. The aim of the present section is to analyze the
dispersive properties of system (4.2) as € — 0, i..e to prove the following theorem
Theorem 4.1. Let q € [2,+00] and p > %. For any Uy € L? (R3), the system (4.2) has a global

solution U" such that,

— 33,4 _2 1
(43) HUaHLp(R+;Lq(R3)) < CR2 q+P’]" pep HUO||L2(R3)'

Writing this system in Fourier frequency variable, we get

= 1 ~—
U =-BU"
(4.4) B
Um0 = U, r(D) Uy,
where
0 1 0 —1vé1
=~ _ -1 0 0 *iié-g
B(§) = 0 0 0  —iv&s

—iy§1  —iy&e  —ivEs 0

The characteristic polynomial of g(f) writes
(4.5) Pajey (\) = det (B(€) = Mz ) = X'+ (1+72 ) 22 + 723,
So, straightforward calculations shows that the eigenvalues of g({) are

SGETNE ((1 + 7P + 62\/ (1+721eP)” - 47263?)-

13




where €1,€e5 € {—1,1}. We recall that, for any A, B € R, we have

A=1+7% |§|

B= (1 +7 \§|2)2 — 45°83,

Then, setting

we can rewrite the eigenvalues as

(4.6) Nrerl©) = 1 (% L+ 72 62 + 276 + a1+ 77 € — mg) .

We remark that a similar spectral analysis has already been performed in the work [20] with the
difference that the domain considered in [20] was of the form R2 x T} instead that R3.

Now, in order to understand the behavior of the solutions to (4.2) we define the following operators
G (1) f (@) = F~H (eXOF (9)) () = / I (y) eXOTE gy,
RZxR3

where the eigenvalues A (§) are given in (4.6)

_ 0 2162 4 on 2112 _ om
A6 =%5 (\/1+7 €l +27£3+i\/1+7 i —27£3>-
Lemma 4.2. For any f € L' (R3) and for any t > 0, we have

Cmax {254,259} () 1o

Remark 4.3. The estimates in Lemma 4.2 are not optimal for ¢t < . Indeed, for ¢ < €, using
Bernstein lemma 2.1, we can simply bound

s,

x>

h o~ h
(4.8) HAj G (t fH oy S OP2 [ AbAEN f(p .
< 2925 || ALAY
L2(R3)
< 0%k ‘Ah
L1(R3)

< C2%2% || £ 11 gy
To prove Lemma 4.2, we write

APAYGH (1) f(z) = /

Ry

) /R PO (977 jgy ) o (27F o] ) dedy

3

(19) Ky (ra) = | O (2l (2 )

14



The key point to prove Lemma 4.2 is to estimate the kernel function K ’\k using the method of [6]
and [7]. For that purpose, we perform the change of variables
z=2z and (=27¢
Then, we have
Kj)\k(T T) = 23”()\1@(77 z),
where

(410) () = [ PO 6o (27F ) .
¢

We remark that the invariance of K ]’\k by rotation in the plane Rgh allows to restrict the study to
the case zo = 0. Indeed, if 2o # 0, we can perform a rotation of angle 8, with cot 8 = j—; to suppress
the second component of z. Following the ideas of [6] and [7], we will apply an integration by parts
to kﬁk(T, z). Let

A;(Q) = \/1 + 22752 | + 21
B,() = 1+ 2972 (P — 24176,

i

A(Q) = A (2Q) = +5 (45(¢) + B;(<))

122772 1 1
a;(¢) = I () = £ ;CQ <Aj + — >

We consider the operator

(4.11) L)% 5 (1d — ia ).
J

Direct calculations give

e (07 () = 9 (24 ).

thus,
Ru(rz) = [ @O (217F 60)) Lo (o (f0nD) e,
Re
where
T, 1 1-— Ta2
(4.12) Ly (¢ (IGl) = 5 1 (9¢,a5) @ (I¢l) + ag‘z@(’ChD

1+7a? 1+

Lemma 4.4. There exists a constant C > 0 such that
C(1+27)
L+ min {1,299} 732

"Lx (@ (1G] <

Proof. By definition of ¢, to estimate I?j:k, we can consider

3 8
n < ) < o
1 |Cnl 5 [¢3] 3

15



Then, there exist constants C1,Cy > 0 such that

129 < A; \/221 1Cul? + (1 + 2079¢3)? < Cymax {1,27}

G127 < Bj(¢) = /299 G2 + (1 — 2779¢)? < Comax {1,27} |

and
AP B el
4O BO= "0+ B0 ~ A0 +B©Q AT

As a consequence, we have
(4.13) Cymin {1,2%} |(a@s] < |a;(€)] < C227.

Now, differentiating a; with respect to (2, we get

O a:(C) = +i22-172 ( 1 + 1> odj—14 < 1 + 1 )
O =22 TG E 5) ~7 7 \Gor F By
Then, we can choose Co such that

(4.14) 0c,05(C)] < Co27.

Using Estimates (4.13) and (4.14), we obtain

e )| ¢
1+Ta 1—|—m1n{1 2%} (3¢
. ] 2 Cc
i (O¢ya5) (1+m) % (ICnl) 1 + min {1, 2%} 7¢3¢3
iy, cr
T+ r 2 9, (IC])| < = 1+ min {1,237} 7¢3¢2

which imply ( )
C(1+2

T,
7 (G < T o g

Lemma 4.5. For any 7 >0, j,k € N,
~ A .
‘)Kﬁk(T’ ')HLOO <C (1 + 2]) max{l’ 2—7]}7_—%

(2j_k<3> C31HL2° '

Proof. We recall that

Ru(rz) = [ er @O (2774 ) Lo (o (1) de.
(S

Then, using Lemma 4.4 and the definition of ¢, there exist positive constants ¢y, co > 0 such that
j—k “ dGs
v (2 C3> 1+ min {1, 2%} 722
c + min {1, }TCQC?, I

<2jik<3) Ci”_lHLgo ’

Hf@k(ﬂ -)HLEO <C(1+2)

<C(1+2)max{1,27% } 77

16



From Lemma 4.5, we deduce the following immediate corollary

Corollary 4.6. For any T >0, j,k € N,

HKﬁk(Tv ‘)‘ Lo S C (241*’c + 25jfk) max {1727%} -

N

T

Proof of Lemma 4.2. We recall that

ARAYG) (1) fla) = K (’f, ) « I(@).

Using Young’s inequality, we obtain

fspaioro],, < ()

Lemma 4.7. Let 0 < r < 1 < R and recall that

Crr={E€R’| [&n],[&s] =7, [¢] < R}.
Let W, R : R3 = R, supp v, g C C%’QR and \I’hR|C =1. Then,
R

1
5j _ i €\ 2
£l < Cmax {2% =+, 2775 (2)F ] 1

L

1
_ g\ 2
1% R (DYGA) | ooy < Cr B (5) 7 S n )

Proof. We choose m1 € Z_ and mg € Z such that

3 8 3
Z < 7,,27177,1 § g and Z g R2im2 §

w| oo

Then,

0 k(DI ey < 3 S [abaieor], .-

Jj=m1 k=my

It remains to apply Lemma 4.2 to obtain Lemma 4.7.

Lemma 4.8. Fort < e, we have

H\I’r,R(D)GA(t)f”Loo(RS) < CR’ HfHLl(RS) :

Proof. We use the same estimates as in Remark 4.3.

Lemma 4.9. For any q € [2,4+00] and § € R such that % + % =1, we have

2
. PN N
19 (DIGA O sy < © [min {1,120 (3] e
Proof. We already prove that

190 (D)GA0) ey < CRmin {1, (2l
The definition of ¥, p(D)G(t) implies that

190/ (D)CAD ] (et < C Il 2oy -
17



Since the point (5’ %) belongs to the line segment [(0, 1), (%, %)], the Riesz-Thorin theorem yields

. N AN
19 (DIGA O sy < € [min {1,120 (3N e

g

The following theorem gives Strichartz estimates of U in the direction of each eigenvector of the
operator B.

Theorem 4.10. Let q € [2,+00] and p > —‘12 Then,

3_
H\IjTyR(D)GA(t)f”Lf(Lq(Rs)) < CR2 4

4
Pr PE? Hf||L2(R3)~

Proof. Following the ideas of [6] and [7], we will apply the so-called TT* method, which consist in
an argument of duality. Let p and § such that

1 1 1
-+ =-=-+ :1,
p p q

1
q
and

B={eeD®R: xR | ¢l pg <1}

Then, considering ® = V¥, p(D)¢p and using Plancherel theorem and Cauchy-Schwarz inequality, we
have

||\I,7",R( JGA(t )fHLP (L9(R3)) — SUP/ (v r,R(D)G)\(t)f7 ‘P>Lg dt

eBJR,

~ (2m) sup/ F(t.6)® (1.6 e O e
peEB JRL xRS

€

< 2m) P sup | £l 2 / B (1,6) e Ot
peB Ry

2
Le
It remains to estimate

1_‘/ @(t,ﬁ)ez/\(g)dt‘ .
R+ Lg

Recalling that A(£) is an imaginary number, using several times Fubini’s theorem, Plancherel theo-
rem and Holder’s inequality, we have

I? = </IR+ (¢, f)ee ) dt /]R+ @(S,E)eik(é)ds>L2
/RS (/R cf»(t,g)e?@dt) (/R cfws,g)e—?@)ds) d¢
¢ + +
:/R3 (/(R )ﬁ(t,g)@(s,g) G dsdt) de
£ +
_ /(R . /R (W (D)ot ) (Vr r(D)GA(E — $)p(t, 2)) i b ds
+ 3

<c /(R g e R(D)GAE— (D) e .
+

18




Next, using Lemma 4.9, Holder’s inequality, we get

o 1 -1Y11 4
R3min{1,}m}] ds di

It — s|2

1—-2
R>min{ 1 LIE_% qu
-2

< Cllelpgeny B0 |[le g = 810)

P<o (el ledis
R+)

<Cllelg | [ Io@l
Ry L
t

9y
D
Lt

2,.—1,.—1 1*3
M (t) = |min 1,]%747162 .
t]2

If (p,q) = (+00,2), Theorem 4.10 is obvious from the definition of W, r(D)G(t). In the case
where ¢ > 2, we study two different cases

where

D
opr>q47—thhenM€Lf.Foranyq>2,

2
1M 5 = /R4T_2Edt+/+oo e ge_é)dt p
Ltg - 0 R4r—2¢ t
P Y .
:(R47’_26)p 1—|—/ <7’> dr <C(R47“_2€)P.
1

Thus, using the classical Young’s inequality, we obtain
2
q

3(1—
@ip)  r<orl e,

3(1-2 502
iy 1M1 g < R0 (R 22)3 el .
t

r
o If p = ffqz then Young’s inequality does not work anymore because M ¢ L?. Since M
P
belong to the space Lf’oo and
2
M, g ~ (BY %) 7,
Lt2’
applying Theorem 2.11, we also get
3(172> 4.2 N2 42
< CR a) (R*r E)pH(p”Lg(L%).

3(1-2
(4.16) 2 <crt(-i) el ey 1M

Since,

we immediately deduce that,

_ 3_3,4 _2 1
H\II?%R(D)G/\(t)fHLf(Lg) < 0(27[') 3R2 q+PT’ PEP HfHL% .

Remark 4.11. We want to make some remarks about the dispersive result in Theorem 4.10.
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(1) Unlike the case of viscous fluids (see for instance [6], [7] or [34]), we cannot obtain disper-
sive estimates for W, p(D)G(t)f in an L} (L%)-norm, due to the fact that we do not have
damping effect given by the viscosity terms. This is one of the main reasons why we can
only obtain an almost global existence result.

(2) The result of Theorem 4.10 is slightly better than the dispersive estimates obtained in [15]

in the sense where we can treat the limit case p = ;‘_—(12, using Theorem 2.11 to get (4.16). In

general cases, (4.16) is known as the Hardy-Littlewood-Sobolev inequality, where one uses
d
the fact that the function |z|”» belongs to LP* (R?) but not to L? (R?).

Proof of Theorem 4.1. We recall that in the Fourier variable, the system (4.2) writes variables

= 1=

(4.4) .
U |10 = Wy g(D) Uy,
where
0 1 0 —iF&
| ! 0 0 —ivé
- 0 0 0 —iv&s

—1y§1  —iy2 —1YE3 0

We also recall that the eigenvalues of B are

Nl =1 <\/1 £ JE? + 2965 + e/ 1+ TP - 2’753) ,

with €1, ey € {—1,1}. Since B is a skew-Hermitian matrix, the unit eigenvectors 761762 (&) corre-
sponding to the eigenvalues A, ¢, (£) form an orthonormal basis of R*. Decomposing

D= Y Conl® V.
61,626{—1,1}

the solution of the system (4.4) write
= ¢
TCt= Y @929 ) Vaul®).

€1,62€{—1,1}
Using the orthogonality of {761,62 (5)} and applying Theorem 4.10 and Plancherel theorem, we
have
_ _ t
HUEHLp(RJr;Lq(RS)) S Z H]: ' <‘1’T,R(‘f)€5/\61’62(€) Cerex (§) 761,62(5))‘
€1,e2€{—1,1}

SCRVEET I Y [Can© Vaw©

€1,e2€{—1,1} ¢

LP(R4;L9(R?))

3_3,4 _2 1
< CR? athr T hew Z C€1,62(§)761762(§)

e1,e26{—1,1} 12

3344 _2 1
< CRT 4 or™ves Uil o)

Theorem 4.1 is then proved. t
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5. THE NONLINEAR PART

uE

In this section, we decompose the local solution U® = < be

> of (1.1) into two parts

Us =T +U°,
where U" is the global solution of (4.2) and U€ solves (locally) the system

—uf - Vuf — b Vb
—uFVIF —b° div uf

0¢|_ =lo=01-Pn)li

0,0° + B0 — (
(5.1) <

As proven in Section 4, the linear system (4.2) is globally well-posed in L*°(R,, H® (R3)4) and its
solution goes to zero as € — 0 in some LP (R, ; L?)-norm. On the contrary, the system (5.1) is a
nonlinear hyperbolic system, the solutions of which can only be expected to exist almost globally

in time, in the sense that, there exist T° — 400 as ¢ — 0, such that, Us e L™ ([O, T¢], H® (R3)4>.

The main goal of this section is to prove the following theorem.

Theorem 5.1. Let s > g, so > 0, 1 < p < 2 and the initial data Uy € Y ) p, where Yy g is

defined in (1.6) and (1.7). Then, for any 0 < e < 1, there exist T} > 0 and a unique solution U® to
the system (5.1) satisfying

Ue e L ([O,Tg], H* (R3)4) nc ([0, T, H* (R3)4) .

Moreover, the lifespan T} of Ue goes to oo as € — 0 and there exists constant C > 0 and o > 0

such that o
C
e
€ C(Uo) ex
where C(Uy) is defined in (1.8). In addition, we can choose 3 > 0 such that the asymptotic behavior

of Us when £ — 0 is determined as follows
U* =0 (™).
H Loo (0,7, H*) (6 )

The proof of Theorem 5.1 will be divided into two parts

Part 1 In the first part, using an iterative scheme, we prove that, for £y small enough (which will

be precised later), and for any e €]0, gg|, there exists a unique strong solution U¢ of (5.1) in
L*> ([0,T], H* (R®)), with the lifespan 7' > 0 independent of €.

Part 2 In the second part, we prove more refined estimates which, combining with a bootstrap
argument, allow to prove that the maximal lifespan T goes to oo as € — 0, despite the fact
that (1.1) is a 3D nonlinear hyperbolic system.

5.1. Local-in-time existence result for the nonlinear part. Throughout this part, we will
always fix constants 3,0 > 0 and the Rossby number £ > 0. We also set the radii of the frequency
cut-off to be

(5.2) R=¢P r=RI9=¢

Our choice of these parameters will be explained and precised during the proof, at the place where
we need to ajust their values. The setting of » and R in (5.2) is to prepare for the bootstrap
argument in the second part.

21



Our goal is to prove the existence of a unique, local strong solution of the system (5.1). To
simplify the notations and the calculations, we rewrite (5.1) as follows

be div u®

~ ~ & £
8tU5+1BU5:—uE-VU5—7< bV )
(5.3) <

U =0 = (1 - PT,R) UO

where we set U = U° + U¢ and where U° is the solution of (4.2) . Our approach can be resumed
in the following steps

(1) We introduce a sequence of linear systems, indexed by n € N, starting from (5.3) and
by induction with respect to n, we construct a solution of the n-th system defined in

L ([O,Tn] ,H? (R3)4), for some given o €]s, s + so[ and for some T}, > 0.

(2) We prove that we can choose €9 > 0 small enough such that, for any € €]0,¢q[, the se-
quence of solutions of the previously introduced linear systems are uniformly bounded in

L™ ([0, T2] ; H°(R?)*), for some T. > 0 independent of n.
(3) We prove that the sequence of solutions is a Cauchy sequence in L™ ([0, T:); H* (R®)4).

(4) We check that the limit U satisfies (5.1).

The main technique result needed for our approach consists in the control of the bilinear terms.
This control is given in the following lemma, which will be proven in the appendix.

Lemma 5.2. The following estimates hold

(5.4) /) VU (7)) | AT )> dr
L2
~ ~ 112
< O C(Ug)b2 2R tiet + C C(Up)byg2 24 <R7?§5tiei+tHU6 _ )HU } ,
Lo ((0.4],H°) Lo ((0.1],H°)
(5.5) / (A (05 (1)V (1) | AT (7)o + (A (0°(7) div (7)) | A (7)) dr
~ 112
< CCUo)bg2 MR 1k + C C(Up)h2 2 ( R et +1 |0 (e ,
Lo (0.4],H°) Lo ((0.4,H°)

where by s a summable sequence such that Zq by = 1.

Step 1. We fix o €]s, s + so[, say 0 = (s + %). For any n € N*, we define the operator

Jnf =F" <1{\5|<n}m{\5h|>1/n}m{|ss|>1/n}f )
which is continuous from L? (R3) to L? (R3). Setting U0 = 0, by induction, we define the following
family of linear systems, related to (5.3)
0,0+ + %Bﬁ"“ = Jur (AU, D) Ty U™
(5:34) Ut = 0yt = F7 (1p0meyF (1 — Prr) Uo)

[t=0
T
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A is defined in (1.4). We remark that since U° =0, U! is solution to the following linear system

o0 + 180"+, (A (U, D) J1[71> = —J1 (A (U, D) iU")
(5.30) ~ 3
Up_, =Us = F ' (1po1)F (1 = Prr) Uo)

We have U° € L (R+,H O‘(R3)4), for any a > 0, because of its frequency localization property

and Lemma 3.1 implies that (701 € H?(R3)*. Then, we can easily construct U I with the Fourier
transform of which localized in B (0, 1) using Hahn-Banach theorem.

Now, for any n € N*, let L? (R?’) be the space

12 (R®) = {f € L2 (R%) | Suppf < ({le] < n} N {1&] > 1/n} 0 {l&s] > 1/n})}

Let n > 0 be a fix positive constant and we suppose that, for any 0 < k < n — 1, we can construct
a unique maximal solution U¥*! of (5.3;) in

4\ oo - 4
ct ([OaTkHLLzH (R%) ) nL ([O7Tk+1] ,H (R?) )
such that
P <7
Loo([0,Th41[;H?)
Thanks to the embedding H° (R3) < L*°(R3), we have U™ € L> ([0, T.], L™ (R3)4>, which implies
that
st (AU™ (), D) Jun U™ (1)) € L2 (R?)",
and we can rewrite (5.3,,) as an ODE

QU™ = Ly U™,

where the linear operator £, 1 maps continuously L? (R3)4 to L? (R3)4. The Cauchy-Lipschitz
theorem ensure the existence of a unique maximal solution to the system (5.3,,)

0t e et ([0, Tl 12 (R?))
Moreover, since J,QLJrl = Jn+1, applying Jy,4+1 to (5.3,), we obtain, by uniqueness, that
Jn—l—lﬁn—i_l _ ﬁ-n—i—l'

Hence, gntl belongs not only to L? (R3)4 but to L3L+1 (R3)4, which conclude the first step by
induction.

Step 2. We recall that throughout this paper, we use C' to denote a generic positive constant which
can change from line to line. In this step, we want to prove that, for previously chosen & > 0 small
enough, the sequence {T,} is bounded from below from zero, which means that there exists 7, > 0
such that, for any n € N,

(5.6) Hﬁ"

<.
(o L)
We will prove (5.6) by induction. For n = 0, we have nothing to do. So we suppose that, for fix

T. > 0 which will be precised later, (5.6) is true for any 0 < k < n. Now, we want to estimate pntl
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in L>® ([0, T.],H° (R3))—norm. Applying A, to (5.3,,), taking the L%-scalar product of the obtained
equation with A,U""! and then integrating with respect to the time variable on [0, ], we get

~ 2 ~ 2
67 Jadmio],, <|addi,

t ~
, +2/0 ‘(JnHAq (u" - VU™ 1)) \AqU““)(r) dr
t
v2 [ty (rm1) | A0+
0

* <J”+1Aq (b" div ™) | Aqgn+1> ’(T) dr

Using the same method as in the proof of Lemma 5.2, we decompose the bilinear term on the right
hand side of (5.7) into the following sums

t ~
/ (i1l (- FU™)) | AT (7) dr < B+ Byt 4 Byt By
0

and

t ~
/ ‘<Jn+1Aq (anbn-‘rl) ‘ Aqﬂn+1>L2 + <Jn+1Aq (bn div u’rl-i-l) ‘ Aqbn+1> (7_) dr
0

<coptty oyttt 4ottty optt
where, applying Lemmas A.1, A.2 and A.3 in the appendix, we have

(5.8) Byt = /D (8, @ VT)) | AT () dr

< ClUoll o R 45002729 || 0. .1009

‘ﬁnJrlH
Loo([0,t],H)
~ 2
< CC(Uy) ther~ 25y 020 <1 + o ) ,
Lo ([0,¢],H)

(5.9) Byt :/Ot)<Aq (@ - VT°)) | A0+ (7) dr

746

< CC(Uy) R™% ticib,2 20 | U™

o]

Leo([0,t],H) Le([0,6],H®)

3 1_B+S 5. |
S U g ]

(5.10) Bytl = /0 t (2 (@ - v01)) | A0" | (7) dr

Loo([0,t],H®)
|

Leo([0,4],H7)

(5.11) Bt :/Ot‘<Aq (@ vom1)) ]Aqﬁnﬂ‘(f) dr

2
n

< Cb27% ||\U

‘fjn-ﬁ-l‘

Loo([0,t],H®)

ﬁn-ﬁ-l H2

L2([0,t],H°)

< COnth,2720°

Leo([0,4,H7)
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and

(5.12) Cp*t= /Ot ‘<Aq <angn+1> ‘A ~”+1 d7'+/ ‘ b d1vﬂ"+1> ‘A b”+1>‘ (1)dr
1
1

< C|Uolly- R tietb, 2727 |U° 2~ (j0.4.517)

‘UHH HEOO([O,t},H")

2,272 <1+ HUHHHLOO([MH )>

(5.13) Cptt= / (2 (95 [agam )| (7) dr + / (A (0 divam+t) [ab" )| () dr

< CC(Up) R= ticib, 272 ||m

Loo([0,t],H) ‘ n+1HZ°°([O,t],HU)

< CC(U())??t% 1_ /3(7+6)b 9- 2q0( + HU"—HHLOO([Ot] Hc))

(5.14) C3t =/ (A, (B"vB1) [aga ) dr—i—/ (2 (0" divart1) |am )| (r) dr

< O C(Uy) R t1cib, 272

s

3 _ BT

< COC(Up)tie

b2 2(]0’

»M’—‘

UnHHLoo([o t],Ho)’

(5.15) ontt = / ] b"Vb”“) A, ~”+1>+<A (bndlan—H) \Aq3"+1>‘(7) dr

2

< Ob,27 %0 U

’fjn+1)

Lo ([0,t],H)

il H2
Lee([0,4],H°)’

L2([0,t],H°)

< Ontbh,2721°

where C(Up) is defined in (1.8).

Inserting Estimates (5.8) to (5.15) into (5.7), multiplying the obtained inquality by 22%°, then
summing with respect to ¢ > —1 and applying Lemma 3.1 leads to

o~

ooy < € CU ™+ Ot | H2

>([0,t],H

)
+ oo et (14 |ama ]

,p

L ([0,4] Hff)) '

We recall that o €]s, s + so[ and n > 0 are fixed positive constants and § > 0 is given in Lemma
3.1. We choose g9 > 0, T. > 0 and 8 > 0 such that

p

B(T+0) < =

3

1
(5.16) CnT.+CC(Uy)Tiel 2 <

203s 3 1_B048) n
CCUo)ef™ +C CU0) Tiel 7 < T
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Then, for any ¢ € [0, 9], we deduce that,

o= <n

Lo°([0,T:],H°)
and Step 2 is concluded.

Remark 5.3. In fact, the time of existence T. = T > 0 depends only on g9 > 0 and thus is
independent of ¢, for € €]0, gq].

Step 3. At first, we will prove that {[7”} is a Cauchy sequence in the space L™ ([0, T);L? (R3)4).

n

We define the auxiliary sequence {17”} by

yrtl = gt _gn W eN.

For any n € N, Vn+l is solution of the system
(5.17)
n+1 1 Tn+1 rn n+1 Tn rn n T7E T7E n+1
OV + BV + A (T, D) V' 4 A (VD) 0"+ A (VD) U + A (U7, D) V" =0
‘7n+1 ’ Un+1 (Ajn
t=0 0
We will need the following estimates, the proof of which is simple and direct.

Lemma 5.4. The following estimates hold

[(a(@mp) v |ty | <c|vor|| HV”“’
L2 L2
(a(o)o [v) [ <efwor] 7], 7.
[(a (v, 0)T | 7y <oV 7], [P
{a@ D)yt |7 <o |97 7|

~ -1 -
Taking the L? scalar product of the first equation of (5.17) with HV"HH , VvVl and using

L
Bernstein Lemma 2.1, Lemma 5.4 and the Sobolev inclusion H? (R3) — Whe (R3), we obtain

a7 < (e )

We recall that, for any n € N,

(5.18) ~"+1‘

# BT ) (7]

n Hf/“

HO‘

H ~n

<
(ot
and that Holder inequality and Strichartz-type estimates (4.3) in Section 4 give, pour tout 0 < ¢t < T,

3
4 J—
LT s < ([ ) 10y < € CORTIRE S

where C(Up) is defined in (1.8). Using Bernstein Lemma 2.1, we also have

H‘7n+1 ’

HUn+1 on i </|$|>n <1+\§\2>_5 <1+\§|2>5’[70‘2d§<CC(Uo)n—zs.
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Integrating (5.18) with respect to the time variable and taking into account all the above inequalities
and remarking that we already choose R = ¢, 8 > 0, we obtain
_B(1+9)

Uit < C CUn ™" + (0T + C CUTEA 5™ ) (01 +v2),

where for any n € N, we set

vy, = HV”

Lo ([0,7],12)
If we choose the parameters such that

5(7+5)<%

(5.19) 5 1
nT+CCUy)Tief ? <

then, for any ¢ €]0, o[, we have

1
Un+1 < C C(Ug) n_° + ivn.
Since s > 5, the series Y., yn ™% is convergent, which implies that the sequence {v"}, is sum-

mable, which in turn implies that {(7”} is a Cauchy sequence in L™ ([O,T],L2 (R3)4>. Since

n

{ﬁ”} is a bounded sequence in L> ([O,T],HU (R3)4>, for some o €]s, s + 5[, by interpolation,
n

we deduce that {ﬁ”

——

is a Cauchy sequence in L> ([O,T], H? (R3)4), and so, there exists U* in

L™ ([O,T], H? (R3)4> such that
U= lim U".

n—-+o0o

Remark 5.5. Fixing s > 2, 59 > 0, 0 €]s, s + so[, n > 0, § > 0, the conditions (5.16) and (5.19)
can easily be satisfied by choosing 8 > 0, T > 0 and g9 > 0 sufficiently small.

Step 4. It remains to verify if U¢ is a solution of (5.1). In fact, we only have to check if we can
pass to the limit in the bilinear term. Since s > %, classical product laws in Sobolev spaces yield
4(7e.0) 0 - a(g.0) 5,

N L MR MGG

’Hsfl

Hs—
< Hfjn_fje Vﬁn—f—l” _i_Hfjn_fje Hfjn-ﬁ-lH
Hs—1 Lo Lo Hs
+ Hﬁe v (ﬁn+1 _ ﬁs) ‘ + Hﬁs ﬁnJrl _ ﬁs
Hs—1 oo oo Hs
<CH[75 on+l _ e +CHﬁn+1H om0
Hs Hs Hs Hs

We recall that U™ and so U¢ are bounded in L ([0, T)|,H*® (]R3)4> by n > 0. Besides, we also prove
in Step 3 that

lim ‘(7" —U* =
n—+o00 Lo ([0,T],H¢®)
Thus, we obtain
lim HA (ﬁE,D) ﬁe—A(ﬁ",D) ﬁ"“H —0,
n—+00 Leo([0,T),Hs—1)
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which allows to pass to the limit and conclude Step 4.

We remark that the continuity in L?(R?)# and the boundedness in H°(R?)# implies the continuity

of U® with respect to the time variable. To finish this part, we study the uniqueness and the
continuity with respect to the initial data of the previously contructed solution. More precisely, we
prove the following lemma.

Lemma 5.6. Let Uy € H5%0 s > 5/2,59 > 0. There exists a unique solution of the system (1.5)
in L ([0, T|;H® (]R3)4>. Moreover, if ® is the function which associates to Uy € H0 the unique
solution U of (1.5), then

o cc(m ®)5 0= (0,1); 8 (R)")).
Proof. Let us consider two initial data U; g € H5"%0, s > 5/2,s9 > 0,7 = 1,2. These data generate
two solutions U;, i = 1,2, to the system
1
8tUZ- - gBUz — —.A (UZ, D) UZ‘,
We remark that 6U = U; — Us solves the system

1
(5.20) { 00U + ZBOU = —A (U, D) Uz — A(Uy, D) 6U
5U|t:0 = U170 — U27().

Taking L? (R3) scalar product of (5.20) with 06U, and considering the following inequalities,

’<A(5U,D) Us ] 5U> < VU oo sy 18U 7.2

L2(R3)

(A@D)U[60) < 10y 10T

L2(R3) )

we deduce via Gronwall inequality, and the embedding H* (R3) — Whoe (]R3) that
d 2 Ty (r s/w3\H|Ua(T s(m3\ ) dT
15U (1) ey < 15Tl ¢ (e Tt
From the construction of the solution, we have
HU’L‘HEOO([(LT];HS(RS)‘l) < ||Uz’,0HHs(R3) + 1,

hence

293 (101l ey 102 s oy ) ar (42000l a2y #2002 s a) ) T

which implies the uniqueness and the continuity of the solution in the space L ([0, T]; L* (R3)4).

The uniqueness and the continuity in L ([0, T);H?® (R3)4> follows by interpolation. O
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5.2. Lifespan of the nonlinear part. In this part, we will provide a control of the maximal
lifespan T of the solution previously constructed using a bootstrap argument. Applying A, to

(5.1), taking the L2-scalar product of the obtained equation with Aqﬁ ¢ and then integrating with
respect to the time variable on [0, t], we get
(5.21) HAqﬁf H HA UOH +2/ ] VU(7)) | A0 )>‘ dr
t
b*Vb° -~
+2 / (80(Wane ) ) 1850}

We recall that R = ¢ #, 8 > 0. Then, Lemma 3.1 implies, for € > 0 small enough,

dr.

Bsg

S
where C(Up) is defined in (1.8). Let

(5.22) T = sup {T >0 - [ 2", Vi € [O,T]}-

- <
Les([0,1],H*)

The continuity of U* with respect to the time variable implies that Tr > 0. Multiplying (5.21) by
2245 and summing with respect to ¢ > —1, then using Lemma 5.2, for any ¢ € [0, 7*[, we obtain

~ 112
g <5+t
Leo([0,t], H#)
; ~ ~ 12
+CC(Uy) (tieiﬁ(”s) +tHU5 _ )HUE i}
Leo([0,t],H?) Leo([0,t],H*)

which implies, for 0 < € < 1 small enough, and for any ¢ € [0, 7],

~ 12
HUE ~ <Py ooy tiei 25 4 oy ( thei- 257 +t5550) HUE
L= ([0,t],H*) L°°([O t),Hs )

If
(5.23) B (14 + 26 + 4s0) < 1
and if

1
(5.24) C C(Us) (( T it 4 T;ef350> <3
then for € > 0 small enough for any 0 < ¢t < T, we have

H <P 1 Oo(Up) tiei="%" < 2:P%,
2 Loo([0,8],H*)
and so, for any 0 <t < T,
Hﬁe . < 25650.
Loo([0,¢],H?)

Thus, the solution U¢ exists at least up to a time T* > 0 satisfies (5.24). From (5.23), if we set
1 B(7T+0) Bso 1
= - d C=—
« mln{4 5 5 >0 an Tok
then we have
T > CC(Ug) e,

Theorem 5.1 is proved. U
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APPENDIX A. ESTIMATES ON THE BILINEAR TERMS

In this appendix, we prove important estimates on the bilinear term, which allow to prove Lemma
5.2. First of all, we prove the following lemma

Lemma A.1. Let i € {1,2,3} and 0; = 8%1-' For any s > % and for any functions u, v and w in
H? (R3), we have

t
(A-l) /0 ‘<Aq(w(7—) 61'“(7)) ‘ Aqu(T)>L2| dr < qu2_2qs Hw”zw([o’t],]{s) ||uH’2LV2([07tLHs) )
and
t
(A.2) /0 ‘<Aq(w(7') Oiu(T)) | Aqv(T)>L2 + <Aq(w(7') 0;v(T)) ‘ Aqu(T)>L2‘ dr
< Cb2 ol e 0y [l o110 10 2000

where by s a summable sequence such that Zq by = 1.

Proof. We will only prove Estimate (A.2). Estimate (A.1) can be obtained from (A.2) by choosing
u = v. Applying the Bony decomposition as in (2.10) and (2.11) to the products wd;u and wd;v,
we can write

(A.3) t ‘<Aq(w(7) Oiu(T)) ‘ Aqv(7)>L2 + <Aq(w(7) Oiv(T)) | Aqu(T)>L2} dr < Iy + Ip,
0

where
I4= /t ’<Aq Z Sq'+2 (Oiu) Agw ’ Aqv> + <Aq Z Sqr42 (Ojv) Agrw ’ Aqu>’(7') dr
0 q'>q—4 q'>q—4
Iy — /t (a0 > Spawangu| Ap)+ (8, Y Spawdidgv | Au)|(r)dr
0 lg'—ql<4 lg'—ql<4

Since Sy 49 continuously maps L™ (R3) to L (Rg), using Lemma 2.8, Holder inequality and the
Sobolev inclusion H* (R?) < W1 (R3), we get

(A4) Is < Z HSql‘f'Qa’iuHLQ([O,t],LOO) HAq’wHLoo([o,t],m) 18621l L2 0,4, 22)

q'>q—4
+ Z HSq’+2ai”HL2([o,t],Loo) HAqleL‘X’([O,t],LQ) ||Aqu||L2([0,t],L2)
q'>q—4

< Cbg 272 HwHZoo([o,t],Hs) HU||2L“2([0¢]7H5)

where

{bl, =14 D 279 Doy (w) (cq(u) + ¢q(v) p € L1,

'>q—4
qa->q q

using Young convolution inequality and the fact that {cs(u)},, {¢s(v)}, and {cg (w)}q, are square-
summable sequences.

To estimate the second term Ip of (A.3), we decompose it as follows

Ip < Ipy + Ip2 + Ips,
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where

t
Iy = / [(Sqw Agdhu | Ago) + (Sqw Agdyw | Agu)| (v) dr
0

t

Ipy = D> H(Sq = Sg—1) w Agdiu | Ago) + ((Sq — Sy—1) w Agdw | Aqu)| (r) dr
0 Jg—q/|<4
I3 = / Z Aq, Sq/_lw] Ay Oiu ‘ Aqv> + <[Aq, Sq/_lw] Ay Ov ‘ Aqu>‘ (1)dr.
lg—q'|<4

Recalling that S, continuously maps L (]RS) to L™ (]RS), an integration by parts, Holder inequality,
Lemma 2.8 and the Sobolev inclusion H*® (R?) < W1 (R?) give

t
(A5) It = / 15, (B (7)) Agu(r) Agu(r)| dr
0
< ||SqainLoo([o,t},Loo) ||Aqu”L2([o7t},L2) ”Aqv||L2([07t],L2)
<

C'by 2720 ol o 011 1l 72 g0 110y 1122 g0

where {bq}, = {cq(u)cq(v)}, is a summable sequence. For Ips, we remark that S; — Sg—1 does

not contains low frequencies and continuously maps L (Rg) to L™ (RS). Then, using Bernstein
lemma 2.1 and Hoélder inequality, we obtain the same estimates as in (A.5)

/

(A6)  Im<C / S 16Sg = Sy-)w ]| 27 [|Agu()| 2 1Ag0()l] 2 dr

lg’—ql<4

O [T S S 27 8] A

lg' —ql<4

<0 Z 1(Sq — q’—l)ainLoo([o,t],Loo)HAq’“

lg—q|<4

+C Z 1(Sq — Sq’—l)ainLoo([o,t],Loo) HAq’“HLZ([O,t],m) 1Aqull L2 (0,0,2)
lg'—ql<4

’L2([O,t],L2) HAqU||L2([o,t},L2)

< Cby 9724 ||wHL°°([0,t},HS) HUHZ2([0¢]7Hs) Hv”p([mﬂ,}[s)
where
{b}, = Z 9~ (d'=a)s (cq(v)eg (u) + cg(u)ey (v) ¢ €L
lg'—ql<4 q
Finally, for the term Ip3, Holder inequality and Lemma 2.6 yield

Ip3< C Z 271 HSq’*lvaLoo([o,t],Loo) HAq’ai“Hm([o,t},m) ”AqU”LZ([o,t],L?)
la—q’'|<4

+C Y, 271s V0| oo 101,00 18000 | 2 0.4.22) 18920 L2012 -
lg—q'|<4
31



Using the fact that S, continuously maps L™ (}R?’) to L™ (R?’), Bernstein lemma 2.1 and Estimate
(2.8), we have

(A7) Ips<C Z 29798, ’—1vaL<>o([0,t],L>o) [Agu ‘LQ([O,t},L2) ||A‘1U||L2([O,t],L2)

la—q'|<4

+C Z 2771]|s, ’—lvaLoo([o,t],Loo) [Agv ‘LQ([O,t],LQ) 1Aqull 20,4, 22)

lg—q'[<4
< Cby 27 a0l g 1) 10 70 1 102 0.0
where
{bgt, =< D 27006 (cp (u)ey(v) + g (v)cg(w) p € L.
lg’—ql<4 q

Inserting (A.4)—(A.7) into (A.3), we deduce Estimate (A.2). O

In order to prove Lemma 5.2, we also need the following estimates when the bilinear term contains
functions whose Fourier transform is localized in C, r (see (1.9) for the definition of C, g).

Lemma A.2. Let T >0, i € {1,2,3}, 0; = 6%1- and U" be the solution of the cut-off linear system
(4.2). For any s > 2, for any functions v and w in Lo® ([0,T), H* (R®)), for any component @ of
U°, je{1,2,3,4}, and for any 0 < t < T, we have

(A.8) / (A ) 0y ( (1)) ‘Aqw(7)> o dT
3 1. o0
CC(UO)R 2 t4 4bq2 2 HUHZ‘X’([O,t],HS) ||wHZ°°([O,t},HS)’
where C(Uy) is defined in (1.8) and by is a summable sequence such that 3 by = 1.

Lemma A.3. Let T >0, i€ {1,2,3}, 0; = 8%1 and U" be the solution of the cut-off linear system
(4.2). For any s > 2, for any functions v and w in Lo ([0,T), H* (R®)), for any component @ of
U°, je{1,2,3,4}, and for any 0 < t < T, we have

i e b, 272 ||| 2

(A.9) /0 [(Aq (@ (1) 9u(1)) | Agu(r)) .| dr < C C(Ug) R oo (0,81, %) »

and

(A.10) /KA (@ (7) 90(r) | Agw(r)) s + (Ag (@ (7) Br(r)) | Agv(r)),.] dr
< C C(Us) R5 1100278 [0 2w 0.1 10 2o 0,110

where C(Up) is defined in (1.8) and by is a summable sequence such that 3 by =1.

Proof of Lemma A.2. We apply the same Bony decomposition into paraproducts and remainders
as in (A.3) and we have

(A.11) /| 7) 075 (1)) | Aqu(r)) o] d7 < Ja+ T,
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where

L2

Ty = /0 t‘<Aq 3" Sysz (0 (7)) Aq,v(T)‘Aqw(T)>L2‘dT
q'>q—4
Jp = /;KAC, 3 Sq/_lv(T)Aq/(?iﬂj(T)‘Aqw(7)> ‘dT.

lg’ —q|<4

For the term J4, Lemma 2.8 and similar estimates as in (A.4) imply

Ja < Z HSQ’+2 aiﬂjHLl([O,t},Loo) HAq’“
q'>q—4

‘Lm([o,t],LQ) HAQUHLOO([O,t],L?)

3 177¢ —2gs —(¢'—q)s
SCRENU | pago iy 27 | 20 277 P e (@)eq(w) | ol oo a0y 100z 0.,
q'>q—4

Using Strichartz-type estimates (4.3) and fixing 0 < = R%, § > 0, we have
74803 1.
(A12) JA < C C(UO)R 2 t454bq2 2qs HUHZ‘X’([O,t],H‘S) ||w”z°°([0,t},Hs) )
where
{baty =1 D0 27 ey (v)egw) p €0t
qg'>q—4 q

The term Jp is a little more difficult to estimate. Using Holder inequality and the fact that Sy _q

continuously maps H*® (R3) into L? (R3), we have

JB < Z & LlUHLOO([O,t],LZ) ”Aq/az‘ﬂjHLl([o,t],Loo) HAquLOO([O,t],L?)

lg’—ql<4
3 7€
SORET Y (180T | ooy 10 Lo o, 110) 18401 o o, 22
lg’'—ql<4
Strichartz-type estimates (4.3) imply
746 3 1
(A.13) Jp < CR 2 taes Z HAq’ r,RUOHL2 HU”Loo([o,t],Hs) ||AquLOO([O,t],L2)
la’—ql<4

T4 3 1. oo
< CR™F 40,272 | Uo g 0] e 0.y 1oy 10l 0.1

THS 3 1. oo
< CC(U())R 2 t4€4bq2 2q HUHZOO([O,L‘],HS) Hw”foo([o,t],HS)’

where
{ba}, = Z 27Dy (Up)eg(w) 3 € £,
lg’—ql<4 q
Putting (A.12) and (A.13) into (A.11), we deduce Estimate (A.8). O

Proof of Lemma A.3. As in the proof of Lemma A.1, we will only prove Estimate (A.10). Estimate
(A.9) will follow if we choose v = w. Applying the Bony decomposition into paraproducts and
remainders, we have

(A.14) /0 [(Aq (@ (1) 97v(T)) | Aqw(r)>L2 + (A, (@ (1) Ow(T)) ‘ AqU(T)>L2‘ dr < Ka + Kp,
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where

t
K :/0 ‘<Aq Z Syria (B10) Aq/ﬂj ‘ Aqw> + <Aq Z Sq'+2 (Oyw) Aq’ﬂj ‘ Aq’U>‘(7') dr

q¢>q—4 q¢>q—4
KB:/tKAq > Sy @i | M)+ (Ag D Sy @ Agduw | A)|(r) dr.
0 g’ —ql<4 lg'—q|<4

The term K 4 can be bounded by similar estimates as we did for Jp in (A.13)

(A.15) Ka < Z HSq’+2UHLoo([o,t],L2) HAq/aiﬂjHLl([O,t},Loo) HAquLE’O([OJ},LQ)
q'>q—4

+ Z HSq’+2wHL°°([0,t],L2) HAq’aﬂjHLl([Oile“) 18avlo .0
q'>q—4
<SORF e S || AgPrrlol| o 10 o 0.0, 1800 1o (01,22
q'>q—4
+CRB tiet Y || AgPralol| 12 Il oo o, 18q0 oo r0,.2)
q'>q—4
745 3 1

<C C(UO)RTtZEZbQQ_QqS HUHZ"O([O,t},HS) ||w||Zoo([07t]7Hs) 5

where

{bq}q{ > 27 @Dy, (1) (cq(v)—l—cq(w))} el

q'>q—4
The term Kp is more difficult to estimate because we can not simply commute S,/ and 9;. So,
we use the same method as for the term Ip of (A.3) and we decompose
Kp < K1+ Kpa2 + Kps,
where

t
Kp) = / (ST Agdiv | Aqw) + (g Agdiv | Aqw)| (7) dr
0

t . .
Kpy = Z ‘<(Sq — Sq/_l) w Ay O;v ’ Aqw> + <(Sq — Sq/_l) @ Ay ojw ‘ Aqv>‘ (1)dr

0
lg—q'|<4

t . .
Kps = /0 S ([Bg, Sy 1] Agdio | Agu) + ([Ag, Sy17] Agdiw | Agw)| (7) dr.

lg—q'|<4

For Kp1, performing an integration by parts, we have
t .
(A.16) Kpi = / 15,0 (7)) Ago(r) Agu(r)]| dr
0

7€
< ||8,0,U HLl([O,t],L‘X’) ”AqUHLoo([O’t],[;) ||AquL°°([0,t},L2)
< C C(U)R™F ticiby272 o] 7
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where {bq}, = {¢q(v)cq(w)}, is a summable sequence. For Kps, we have

(AIT)  Kp<C / S 1165 — S8 ()| e 27 [ g (D) 2 [ Ag()] 2 dr

lg'—ql<4
+C/ > 1168y = Sy-1)@ ()| o 27 [ A (7| 2 [ Aqu(7) ] 2
g’ —ql<4
sC Z 1(Sq Sq/_l)VﬁEHLl([O,t],LOO) [Agv }LOO([O,t],LQ) 1Aqwll oo (10,11, 22)
la’—ql<4
+C Z 1(Sq - S‘l,—l)VUEHLl([O,t},LOO) HAQ'wHLOO([O,t],LQ) ”AqUHLoo([o,t],m)
lg’—ql<4

THe 3 1 oo
< CC(Up)R = ticib,2 2q HUHZOO o0t Hs HwHEoo 0t HeY 2
([0,¢],H*) ([0,t),H®)

where

l¢’—q|<4

{bq}q = { Z 2_(‘]/—11)8 (cq/(v)cq(w) + Cq/(w)Cq(U))} e /n

Finally, for Kp3 we can write

(A18)  Kps<C Z 2771 ”Sq/*lvajHLl([O,t],L“) (v
lg—q'|<4
+C > gq/_qqu,_lvaﬂ;|Ll([0,tLLw)HAq,wHLw([O,tLLZ) 18601 oo (j0.122)

lg—q'|<4
7+46

< CC(Up)R™= tieib, 272 ||y

‘Lw([o,t],L2) HAquLOO([O,t],L?)

”E‘X’([O,t],Hs) ||w||Zoo([o,t],Hs) )

where

lg’ —q|<4

{4}, = { Z g~ -6 (cq (v)eq(w) + Cq’(w)CQ<U))} el

Summing Estimates (A.15) to (A.18) and putting the obtained result into (A.14), we deduce In-
equality (A.10) of Lemma A.3. O

Proof of Lemma 5.2 We recall the decomposition of U€ as the sum

then, we can write

/( VU(r ’AUE > ‘dT A+ Ay + As + Ay,



where

Alz/ <Aq(()VU ‘AUE > ’dr
0
t
— € €
Az—/o <Aq(()VU ‘AU >L’dr
t ~
A3:/0 <Aq (aE(T) VUE(T)> AU (r >L ] dr
t ~
A, = /0 (8, (@) VO()) | A05(0)) | ar
Using Lemma A.2; we have
A1 < C C(Up) b2 2R3 t1c1 ||TF|
L ([0,t],H*)
~ 12
Ay < C C(Up) b2 2R3 tiet || U||” .
L= ([0,t],H*)
For As, using Lemma A.3, we have
~ 12
A3 < C C(Up) b2 2" R™5" t1e1 ||UF|| .
L ([0.4],H2)

Finally, for A4, Lemma A.1 and the Sobolev embedding H* (]R3) s Whoo (]R3), with s > %, simply
yield

2 2

£

rre

< Cb27 %5 ||U

Ay < Cb27% ||UF
LQ([O t],H?)

Lo°([0,4],H?) Loo([o,t],Hs) Loo([0,4],Hs)

Now, we can prove (5.5) exactly in the same way as we do to prove (5.4). We can decompose the
term on the right hand side of (5.5) as

/ ‘ PIVE(D) | AgT (7)) 2 + (g (°(7) div (7)) \Aq56(7>>L2\ dr
Al + AL+ A+ A
where
" :/Ot <Aq (58 () Vi (7_)) } Aqﬂe(7)>L2 4 <Aq (56(7_) div u5(7)> ‘ que (7')>L2 dr
A :/Ot <Aq (55 (r) Vi (7_)) } Aqae(T)>L2 + <Aq (55(7) div uE(T)) ‘ que (7')>L2 dr
A :/Ot <Aq (Bs () ViF (7_)) | Aqae(T)>L2 + <Aq (55(7—) div uE(T)) ‘ A (7')>L2 dr
A :/Ot <Aq (bg( )V (r )) | Aqa6(7)>L2 + <Aq (55(7-) div uE(T)) | A (7')>L2 dr.

Using Lemma A.2, we have

7+5 3 1

Al < CC(Uy) b2 2R tiei ||U°

Loo([0,4],H®)

| .
Loo([0,4],H®)

1

Ay < C C(Up) b2 2" R tiei
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Next, Lemma A.3 yields

2

rre

Al < C C(Up) b2 2R3 t1et

Loo([0,4],Hs)

Finally, Lemma A.l and the Sobolev embedding H* (]R3) — Whe (]R‘g)7 with s > %, imply

2 2

Te €

Ay < Cb272% 1@ 7o 0.4.10%) ‘ b

< Cby2 2% H(?f

L2([0,t),H*) Lo°([0,4],H?) H Loo([0,4],Hs)

Lemma 5.2 is then proved. O
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