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Modified scattering for odd solutions of cubic nonlinear
Schrodinger equations with potential in dimension one

Jean-Marc Delort*
Université Paris 13,
Sorbonne Paris Cité, LAGA, CNRS (UMR 7539),
99, Avenue J.-B. Clément,
F-93430 Villetaneuse

Abstract

We show that the global odd solutions of a cubic Schrédinger equation with potential,
with small smooth decaying initial data, do not scatter in one space dimension. More pre-
cisely, we obtain for the asymptotics of such solutions an explicit expression, involving a
logarithmic modulation in the phase of oscillation. This property has been known for long
in the potentialless case. In the presence of a (generic) potential, some commutation issues
of the Klainerman vector field like operator used in order to exploit dispersion appear.

Our method of proof uses the wave operators of the stationary Schrédinger operator, in
order to reduce the problem to an equation without potential, but with a variable coefficients
pseudodifferential nonlinearity. Exploiting the fact that we are working only with odd solu-
tions, we may overcome the commutation issues alluded to above, and, using semiclassical
analysis, deduce from the PDE an ODE, whose analysis provides the wanted asymptotics of
the solution.

0 Introduction

In recent years, several works have been devoted to the question of long time asymptotics
of solutions of nonlinear hyperbolic equations with data given by a small perturbation of a
stationary solution. In higher space dimensions, let us mention the contributions of Soffer and
Weinstein [22] 23, 24], and more recently of Cuccagna [4], Bambusi and Cuccagna [2], Cuccagna
and Maeda [6], Cuccagna, Maeda and Phan [7]. We do not try to give an exhaustive bibliography,
and refer to the most recent papers cited above and their list of references for a more complete
description of works in dimension larger or equal to two. Let us mention also, in a more geometric
framework, the results of Donninger, Krieger, Szeftel and Wong [14].

We are interested here in one dimensional problems for which, in contrast with what happens
in higher dimension, and even for small perturbations of the zero state, the dispersion of the
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partielles d’évolution”.
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linear part of the equation is too weak to expect that the solution of the nonlinear problem will
have, when time goes to infinity, the same asymptotics as linear solutions. For instance, for
one dimensional Klein-Gordon equations with quadratic or cubic nonlinearities, and small and
decaying Cauchy data, one proves that the global solutions (when they exist) have asymptotics
at infinity that differ, through a logarithmic correction in their phase of oscillation, from the
asymptotics of solutions of the linear problem (see [10, 1T}, 18, 26]). A natural question is thus
to ask if one may put into evidence a similar phenomenon when considering initial data that are
a small perturbation of a (non zero) stationary solution.

Such a problem has been recently attacked by Kowalczyk, Martel and Munoz [17] for the so-
called “kink problem”. They consider a solution to 02¢ — 02¢ = ¢ — ¢>, in one space dimension,
starting from initial data of the form ¢|—g = H + 1, 0s¢|i—0 = @2, where H(x) = tanh(z/v/2)
is a stationary solution and (p1,2) is small in the energy space and odd. They could prove
that the local energy decays to zero, as well as the finiteness of some space-time weighted L2
estimates for the dispersive part of the solution. Their result is probably optimal under the
assumptions they are making, but opens new questions. In particular, up to stronger decay
assumptions on the initial data, is it possible to uncover the asymptotics of the solution in order
to exhibit modified scattering, that is expected from the fact that, in one space dimension, a
cubic nonlinearity plays the role of a long range perturbation?

A first step towards such a goal is to study long time asymptotics for small solutions of one
dimensional Klein-Gordon or Schrédinger equations in one space dimension, where one adds to
the Laplace operator a smooth rapidly decaying potential V. This has been done by Cuccagna,
Georgiev and Visciglia [5], for Schrodinger equations with a nonlinearity vanishing at order p > 3
at zero. In this case, assuming that the operator —A 4+ V has no eigenvalues, they could show
that solutions of the nonlinear problem scatter. One cannot expect the same result if p = 3:
actually, when V' = 0, it has been known since the work of Hayashi and Naumkin [I5], Lindblad
and Soffer [I9] and more recently Ifrim and Tataru [16], that one has only modified scattering
when the initial data are small, smooth and decaying. For the defocusing cubic Schréodinger
equation, Deift and Zhou [9] showed that the same modified scattering holds for large initial
data, using the complete integrability of the equation. In the regime of nonlinearities playing
the role of a long range perturbation, we do not know of results showing modified scattering,
when one allows variable coefficients, either in the linear part of the equation or in front of the
nonlinearity. The only works we are aware of concern time decay of solutions for one dimensional
Klein-Gordon equations with variable coefficients nonlinearities by Lindblad and Soffer [20] and
Sterbenz [25].

Our goal in this paper is to obtain, for solutions of the cubic Schrédinger equation

2
(Dt — % - V(a:))u = r(x)|ul*u,

with small smooth initial data ug such that xug is in L?, a one term asymptotic expansion of
the solution displaying the modified scattering phase we expect. We may do that only under
convenient assumptions, namely that %72” + V(z) has no eigenvalue, that V' is a “generic” even
potential belonging to S(R), that x is smooth, even, with " in S(R), and that the initial data
ug is odd. This last assumption is essential for us, as in the work of Kowalczyk, Martel and
Mutioz [17] cited above.

The method we adopt relies, as in many previous works in the subject, on the use of the wave



2
operators W associated to % + V(z). We set u =W w, for a new unknown w, that solves an
equation of the form
Da2c * 2
(Dt — —)w = Wi [k(z)|[Wiw|"Wiw].

() .

In that way, we reduce ourselves to a constant coefficients linear part, but up to a nonlinearity
containing the operators W, ,W7}. To analyse this equation, we use a strategy combining ideas
from Alazard and Delort [1], Delort [12], Ifrim and Tataru [16] and Stingo [26] in the constant

coefficient case: we set w(t,z) = %v(t, #) for a new unknown v and obtain from (%) a semi-

classical equation satisfied by v (with semiclassical parameter h = 1/t). We prove then energy
estimates for the action of the operator (z +tD,) acting on w (or of the corresponding operator
obtained by change of variables acting on v). We deduce on the other hand from the PDE an
ordinary differential equation satisfied by v, which is the classical counterpart of the quantum
problem (x). The analysis of that ODE allows one to uncover the asymptotics of v, and thus of
w and u, when time goes to infinity.

The new difficulties one has to cope with, in comparison with constant coefficients problems,
come from the fact that the operator W, in the right hand side of (*) may be written, under our
assumptions, as a variable coefficients pseudo-differential operator. Because of that, an operator
like = + tD, does not commute nicely to it. Nevertheless, using that our unknown w is odd,
one may re-express the results of such a commutator from the action of x + tD,, itself. This is
what allows one to obtain energy inequalities for (z + tD,)w. Once such bounds are secured,
one may deduce from the PDE satisfied by v and ODE using symbolic calculus for semiclassical
pseudo-differential operators.

1 Statement of the theorem and first reductions

1.1 Statement of the main theorem

We consider V' : R — R a potential belonging to S(R). Then the operator —%A—i—V = —%%—H/
is a self-adjoint operator whose spectrum is made of an absolutely continuous part, equal to
[0, +0o0[, and of finitely many negative eigenvalues (see Deift-Trubowitz [§]). In this paper, we

assuine moreover

1
(1.1.1) - §A + V has no eigenvalue

(as for instance if V' is nonnegative). For £ in R, we define the Jost function fi(x,§) (resp.
fa(z,€)) as the unique solution to

d2
(1.1.2) —waer(x)f:ng

that satisfies fi(x,&) ~ € when x goes to 400 (resp. fa(z,€) ~ e ¢ when z goes to —o0).
We set

my(z,€) = e " fi(x,€)

(1.1.3) ma(z, &) = € fo(z, ).



We shall say that the potential V' is generic if

(1.1.4) TV ) (1, 0) dar £ 0.

—00

Notice that the above integral is convergent as my(z, ) is bounded when z goes to +o0o and has
at most polynomial growth as x goes to —oo (see [§] Lemma 1 and lemma below). We say
that V is very exceptional if

+o00 +oo
(1.1.5) V(z)m(z,0)dz =0 and V(z)zm(z,0)dz = 0.

— 00 — 00

Remarks e There are lots of (even) potentials for wich (1.1.1)) and (1.1.4]) hold true. Actually,
it is proved in [§], page 153, that any nonnegative potential in S(R) that is not identically zero

satisfies ([1.1.4)).

e We do not know if there are non trivial potentials V', even, such that and hold. If
one drops the condition , there are examples of even potentials in S(R) that satisfy .
If one sets V(x) = —3cosh 2, it is proved in [3] Lemma 2.1 that the transmission coefficient
of this potential satisfies T'(0) = 1 (see [8] or Appendix below for the definition of the
transmission coefficient). This implies on the one hand that does not hold (as is
equivalent to 7'(0) = 0 — see [8,27] or below) and that moreover [V (x)m;(x,0)dx =0
i.e. that holds, as follows from and in the appendix of the paper.

Our main result is the theorem below, where we denote D, = %%, D, = %8%. In the rest of the

paper, we shall write frequently D for D,, when there is no risk of confusion.

Theorem 1.1.1 Let V' be an even potential belonging to S(R), satisfying and either
(1.1.4) or (1.1.5). Let K be a real valued smooth even function, with Oyx in S(R). For any 0
in |0, i[, one may find so in Ry and for any s > so, some €y €]0,1[, such that the following
statement holds true: For any odd function ug in H*(R;C), satisfying

(1.1.6) luollze + lawoll 2 < 1,

there is a family of continuous functions (Ae)eejo,eo[; bounded in L>(R) N L?(R) such that, for
any € €)0, €y, the unique global solution of the equation

1
(1.1.7) (Dt — §D§ — V(x))u = k(z)|ul’u

uli=1 = €ug

has when t goes to +00 an asymptotic expansion

2

= (Y exp|—i% +in (. B A (B
(1.1.8) u(t,z) = \/iAE(t) exp[ o + ie Lﬁ(t, t)‘A€<t)‘ } +r(t,z)
t dr )
where Ly(t,z) = / k(Tx) — and r and A. satisfy
1 T

_3 _1
lr(t, Mz = O(et™ 1), |lr(t, )|l 2 = O(et™1%9)

(1.1.9) - ) . .
[ Ac(z) (tz) || 1o = O(et™7T0), || Ac(z)(tz) |12 = O(et 5T 2).



Remarks: e The index of regularity sg in the statement may be estimated from below in
function of #. Our proof will give sg =1+ 2—39.

e The global existence of solutions for with small H!(R) data is immediate. The point
in the theorem is the asymptotic expansion , which shows that, for the cubic Schrédinger
equation with a potential, one gets the same type of asymptotic expansions as in the potentialless
case (see Hayashi-Naumkin [I5], Lindblad-Soffer [19] and Ifrim-Tataru [16]), at least under our
oddness assumption on the initial data.

e The assumptions that V and k are even, so that an odd initial data generates an odd solution,
will play an essential role in the proof. Actually, already in the case of the linear equation without
potential (D; — %g)u = 0, the solution with initial data uy € S(R) at t = 0 has principal part
when ¢ goes to +o00 given by

e/t ( f) iz

U 2t ,
v 2t 0
1

2
In particular, if ug is odd, this may be written as W%B (%)6_227 for some function B in S(R),

so that ||<$>71U(t7ﬂf)||Loo(dx) will decay like ¢~%/2 when t goes to 400, instead of t~/2 in the
general case. Such an enhanced decay will play an essential role below.

e The estimates ((1.1.9) for A, means that A, has some vanishing property when z goes to zero.
This reflects the fact that we consider only odd solutions.

1.2 Reductions

We denote by W, the wave operator associated to P = —%A + V, defined as the strong limit

1.2.1 =s— lim ePe it
(21 We=a= lim ce
where Py = —1A. One knows (see Weder [27] and references therein) that, since we assume

that V has only continuous spectrum according to ,

(1.2.2) WiW3i =1dg., WiW, =1ds.

and, more generally, that if b is any Borel function on R

(1.2.3) b(P) = Wib(Po)W5, b(Fy) = Wib(P)Wy.
In particular, Wi P = PyW, so that, if we define

(1.2.4) w=Wiu

the first equation implies

(1.2.5) (Dt — %Di)w = Wi [k(z)|[Wiw|* Wiw].

Notice that since P and Py preserve the space of odd functions, so do W, W, so that we shall
have to study ((1.2.5)) when w is odd. For such w, we shall obtain in appendix |A.1|an expression
for Wiw given by the following proposition.




Proposition 1.2.1 Let x+ be smooth functions, supported for £z > —1, with values in [0, 1],
with x—(z) = x+(—2), x+(z)+x-(x) = 1. There are smooth functions e;(§), j = 0,1, satisfying

(1.2.6) 0Fe;(§)] < Caf€) 777, ¥BEN,j =0,1
(1.2.7) |a§[e0(§) + [€ler(€) — 1)) < Cp(e) P, VB € N, V¢ with [¢] > 1
(1.2.8) leo (&) + [€ler(€)| = 1, for any & # 0,

there are smooth functions mj(x,f), j = 1,2, satisfying for any M > 0, any N in N, any «,
in N
(129) 10907 [ma(2,€) — 1]| < Capn(z) ()7 7P, Yo > M,V €R

h 1020 [ma(x,€) — 1]] < Capn(z) (€)™, Vo < M,V €R

such that, if we define
6+(Jj, ) = ml(xag) [60(5) + ‘5’61(5)}

(1:2:10) e (2, ) = ma(e, &) [en(~) + [€ler (~6)]
and set
(1211) a(m,f) = X+($)6+(CE,§) + X,($)6,($,§)’

then for any odd function w

(1.2.12) Wow = a(z, Dyw & %/emga(m’,f)uﬁ({) dc.

Remark: We shall see in Appendix |[A.1| (see (A.1.2)) that since the potential V is even,
ma(z,&) = my(—x,§) so that a(—x,—¢§) = a(x,§). This reflects the fact that W, preserves
the space of odd functions (and the space of even functions).

It follows from (1.2.9)), (1.2.10), (1.2.11)) that we may write

CL(I’,S) = a()(l',f) + al(x7§)’5‘

where ag (resp. aq) is a pseudo-differential symbol of order 0 (resp. —1). Consequently, operators
[x,a(x, D)], [x,a(x, D)*] are bounded on L?, so that assumption (1.1.6) implies that wy = Wiug
satisfies

(1.2.13) [Jwol| s + [Jzwol[ 22 = O(1).

The proof of the main theorem is thus reduced to the proof of estimates and asymptotics for
the solution w of ([1.2.5)) with odd initial condition wq satisfying ([1.2.13]).

2 Semiclassical formulation and symbolic calculus

In this section, we shall rewrite equation (|1.2.5) as a semiclassical equation, and prove some
preliminary results that will be useful to obtain L? or L> bounds in the remaining sections.



2.1 Semiclassical formulation

Let us introduce some notation following Dimassi-Sjéstrand [I3]. An order function on R? is a
function M : R? — R, such that there are constants Cy > 0, Ny > 0 so that, for any (z,&,y,n)
in R? x R?,

No
M(x,€) < Co(1+ [ —y* + |& = nf*) 7 M(y,n).
Let  be in [0,1]. If M is an order function, we denote by Ss(M) the space of smooth functions

(h’xvé-) - ah(x7£)
10,1] x R* = C

that satisfy for any «, 5,y estimates
(2.1.1) |(hn) 1020 ap(x,€)| < CapyM (2, )h =02~ (1=98,

Below we shall be mainly interested in the cases d =1 or § = % We shall need also the subclass
21((€)™) of S1((€)™), where m is in R, defined by the condition

(2.1.2) |(hon) 050¢ an(,€)| < Cagy (€)™ n"
where we gain a negative power of (§) for any J¢ derivative.

Let A be in [0,1]. We associate to a symbol (ap)s in Ss(M) a family of operators acting on
(families of) functions in S(R) by

(2.1.3) Opian)o = 5 [ € Va0 + (1= Ny, ul) dyde,
which has a meaning as an oscillatory integral. We shall use actually only the cases A = 1 (usual

quantization), A = 0 (dual quantization of the preceding one) and A = % (Weyl quantization),
given respectively by

Oph(an)v = ﬁ [ e R, €o(y) dyde = ala, kD)
Opf(an)y = 5 [ € D han(y,€)oy) dyde
=7t [ e . me)o) dydg}

ZZ’ é x—i_
Op} (an)o = O (e = 5 [ = han(T1L, €)o(y) ayee.

(2.1.4)

Remark that the three definitions coincide if ay, is independent of z. We notice also that, if we
denote by (Opp(an))” the formal adjoint of Opj(ay), we have the equalities

(2.1.5) (Opi(an))” = Opy(an), (Oph(ar))” = Opj(an), (Opy' (an))” = Op} (an).

As (2.1.4) defines operators that are bounded from S(R) to S(R), we may extend them by
duality from S’(R) to S'(R).

Finally, we shall have to consider as well symbols that are not smooth at £ = 0, like a(x, §)[¢],
where aj, is in S5(1). We shall extend the notation Opj,(+), Op}(-) to such generalized symbols,



writing Op} (an|€|) (resp. Op)(anl€|)) for Op} (ap) o |hD| (resp. |hD| o OpY(ay)). Of course, we
shall use this notation only when we make act these operators on spaces of functions on which
|hD| is well defined, like Sobolev spaces.

Let w(t,x) be some function in C°([1, +oo[, H*(R)) N C([1, +-00(, H*~2(R)) for some s > 2 and
define a new function v by

(2.1.6) w(t,z) = %v(t, x)

t
If we set h = % €]0, 1], we get
Dyw = \/E[(Dt - %(a:th + tha:))v} (t, %)
(21.7) — VA[(D: — Op} (x))v] (£, )
D2w = Vh[Op} (€)e] (1, ).

Let us define from

(2.1.8) ap(z,§) = a(%,é) = ag,n(x, &) + ayp(z, &)[¢]

where, according to ((1.2.10)),

(2.1.9) a@,€©) = x4 (5 )m1 (5.€)es(@) + x= (7 )ma(5. ~€)es(=9)

for j = 0,1. It follows from (1.2.6), (1.2.9) that a;j; belongs to the subspace S1((6)7) of
S1((€)™7) defined by (2.1.2)), and that for any N in N

T T

(21.10) (5) fasn(@.©) = s (7)es(©) = x- (3 )es (~€)

belongs to %1 ((€) 771) € S1((¢) /"), We deduce from (1.2.12) and (2.1.6), (2.1.8)

L

(2.1.11) Wiw(t, z) = i [Opy (an)v] (t’ %)

so that equation ([1.2.5)) and (2.1.7)), (2.1.5) imply that v satisfies

(2.112) (D 0p3 (e + 5 ) ) = 0w (@) [ (&) [OPh(an)ol*Op )]

In the rest of the paper, we shall study the solution v to (2.1.12]).

2.2 Symbolic calculus

The general formula for the symbol of a composition of operators (in Weyl quantization) is
given in Proposition 7.7 of [I3]. It turns out that we shall need such a formula only when one
of the symbols is a linear form. In this case, the formula just follows from the definition of the
quantization in . More precisely, we consider M7 and Ms two order functions and symbols



aj in S5(M;), j = 1,2 for some § € [0,1]. We assume that aj or ap is a linear form on R? (in

which case the corresponding order function may be taken to be (2?2 + &2 + 1)%) Then we have
the following exact composition formulas:

Op}(a1) o Op} az) = Op [ar0z + +0pandaa)
(2.2.1) OpY(a1) o OpY (as) = OpY {alag — %axalﬁgag}
Opy (a1) 0 Opy (ag) = Opy’ [alaz + %{ah az}}
where
(2.2.2) {a1,a2} = 0ca10 a2 — Opa10cas.
Let us recall some properties related to the boundedness of our operators on various spaces.

We define for s in R, HS (R, C) as the space of families of functions (v); indexed by h €]0, 1],
satisfying

def
(2.2.3) Ion)nllms, = sup [fonllm; < +o0
h€o,1]
where
(2.2.4) lonllzz; = [OPR ({€)*)vn]l 2

In the sequel, we shall frequently omit the explicit dependence of vy, in h in the notation. We
shall use:

Lemma 2.2.1 Let m,s be in R, X in [0, 1].

(i) Let a be in S%(<§>m) Then there is C > 0 such that for any (vy)p in HZ.(R,C), any h in
10, 1]

(2.2.5) Hopﬁ(a)vhHH;w < Cllon|lmg-

(ii) Let a be in S1((§)™). Then there is C > 0 such that for any (vp)n in HE,(R,C), any h in
10,1]

(2.2.6) 10pR(@)vnll - + [OPR(@)vnl rs=m < Cllvnlls; -

(iii) Assume m < 0 and let a be in 1 ((§)™). Then there is C > 0 such that for any v in L,
any h in 10, 1]

(2.2.7) 10pA(@)v] o < Cllv]Le

The above lemma is proved in Appendix [A2]

We shall use several times the following Sobolev estimates:



Lemma 2.2.2 (i) There is C > 0 such that for any (vg)p, in HL(R,C), any h in ]0,1]

1 1 1
(2.2.8) [vnllzee < Ch™2|[vpl| s [[RDvn||f-

(7i) Let x be in C5°(R), x =1 close to zero, s >0, 0 > 0. There is a constant C > 0 such that
for any 7 in N, with j < s —1, any (vy)p in HS.(R,C), any h in ]0,1], any £ in N, £ < s;

(2.2.9) 1OPR (1 = X) (&) vn| e < CH o

; sl )1
(2.2.10) IRDP 0P (1 = X) (W E)on[ oo < CHZET27I72 ug 1.
(iii) Let z — (2) be in L?. There is C > 0 such that for any (vy), in L%, any h in ]0,1]

(2.2.11) HOp}Z}V (%‘i}f))vh

< Ch™ 4 |lup | -
Loo

Proof: (i) Estimate (2.2.8)) is just Sobolev embedding.

(ii) Inequality (2.2.9) just follows from the definition of the Hj norm. Estimate ([2.2.10]) follows
from (2.2.8) and (2.2.9) applied with £ = 0, s replaced by s — j (resp. s —j — 1) and v}, replaced
by |hD| vy, (resp. (hD)|hD| vp,).

(iii) is an estimate of Ifrim-Tataru [I6]. Notice that the distribution kernel of Op)" (7(%)) is
nothing but

1 i(z— r+y & 22—y 1 T —y
2.2.12 - i(x—y)&/h de = 7t 1 .
( ) 27rh/6 7(2\f \f) {=e ™ \/E(}-& 7>( \/ﬁ)
As F¢ Ly is in L?, inequality (2.2.11)) follows by Cauchy-Schwarz. O

We introduce the following operator

(2.2.13) £=20p (e +6) = ;Oph( +€) = ; Opl(w + &)

that plays an essential role in the long time analysis of solutions to Schrédinger equations. We
shall exploit the fact that we work with odd solutions in the proof of the following lemma, that
allows to bound a weighted L? or L> norm of the action of a semiclassical operator on an odd
function v in terms of an L?-norm of Lv, with a gain of a positive power of h.

Lemma 2.2.3 (i) Let q be in Ry, ¢ an element of S1((€)”?). There is a constant C > 0 such
that for any family of odd functions (vy)p in H (R, C) such that (Lvp)y, is in H (R, C), one
has for any h in ]0,1] the estimate

(2.2.14) H< ) “Opl(e) ‘

Moreover, for any o €]0,1], any s > 1/o, there is C > 0 and for any (vy)p in HE 49(R,C), odd,
with (Lvp)p in HA(R,C), any h in |0, 1]

, < Ch[l|Lonll o + llonll -

(2.2.15) H<> Opi( UhH <Chl_”[Hthlth—q%—||vh||HZ—q]

10



1) Let a;p be in S1 §_j ,7=0,1 and set
J7

an(z,8) = aop(x, &) + a1 p(x, £)[€].

There is C > 0 such that for any odd (vy) in L?, such that (Lvy)p, is in L?, one has for any h
in 10, 1]

(2.2.16) 1) “op} (anon]| , < COh[I1Conllze + fonlze]-

Moreover, for any o €]0,1], any s > 1/0, there is C > 0 such that for any odd (vp,), in HS.(R, C)
with (Lvy,)p in L?, one has for any h in 0, 1]

(2217) [(5) " Ophtanyen] < Oh3 [l1£omllza + flonlig].

Proof: (i) We prove first (2.2.14) when ¢ = 0. We write v for v;, to simplify notation. Since v
is odd

T 1
o(w) = %[v(m) —u(-a) = [1(80)(Ax) i
so that, since by , [Op}(c), z] = —ihOp}l(g—g),
(2.2.18) Opl (c)v = g / 110 (gg)[(m)(m)} A\ +i= / OpL (¢)[(Dv)(A\z)] dA.

We may write by (2.2.13), D = £ — #, so that (2.2.18) is the sum of the following quantities

(2.2.19) 2 / )(Lo)(Aa)] dA+ i / OpL () [(Lo)(Ax)] dA
and
1t 0c
(2.2.20) - / Op} (52 ) (Aw)o(a)] dA — i / Opl (&) [(Aa)v(Aa)] dA.
2/ 0¢
Since ¢, g—g are in S1(1), it follows from (ii) of lemma that the L? norm of the product of
<%>_2 by (2.2.19) is bounded from above by
1
(2.2.21) Ch/ 1(£0)(\2) | 22z dA < CHI|L0] 2,
—1

so by the right hand side of (2.2.14)) with ¢ = 0. Consider next (2.2.20)), where we commute the
z against v to the operators Opy, (4¢ ) Op} (c). We get by (2.2.1)) expressions of the form

1.2
n/ 11 AOph(e) )] dX, @ [ 11 AOph(ex) ) dx, o [ 11 XOp} (cs)[u(Az)] dA

for new symbols ¢, ¢, 3 in S1(1). The product of these quantities by <%>72 has L? norm
bounded from above by Chljv| 2, so by the right hand side of (2.2.14)) with ¢ = 0. When ¢ > 0
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= E( ,6)(€)77, with & in S1(1), so that (2.2.14) with ¢ = 0 applied to the odd

we write ¢(z,§)
function @ = (hD)™ %v gives

() ovktere] , < Cr[lLmD) vl -+ ol ]

from which the wanted estimate follows, as [, (hD) 9] is bounded from H_? to L.

To prove (2.2.15)), we take x in C§°(R), equal to one close to zero and decompose

X

(%) oph(e)v = Oph(x(€)[( ) Oph(e)e] + Oph((1 )N ) Oph(e)]
By £23) and
[oph — )N () Oh(ere] [ < OBl

which is bounded by the right hand side of (2.2.15)) if sc > 1. On the other hand

X

-2
z 1
(%) Oph(e)]
to which we may apply (2.2.14]) to finish the proof of (2.2.15)).

(ii) Let us deduce (2.2.16]) and (2.2.17) from (2.2.14) and (2.2.15). Note that it is enough to
show (|2.2.16]) and

(2.2.22) |5 0phtane],, < cn==liculze + ollm;).
h

[ophxreen[(F) opk(e) o, son

L2

as (2.2.17)) will follow from these two inequalities and (2.2.8]). If we replace in (2.2.16)), (2.2.22),
ap, by ag p, these two inequalities follow from ([2.2.14)) and ([2.2.15]). Consider now the contribution
of ay p(z,£)|€]. Applying (2.2.14)), (2.2.15) with ¢ = 1 to a; p, we get

[

|5 omh maw\)%sc*hl-o[nthwHH;+\|th|v||H;-1]

H <C’h[H£|hD|vHH v+ [[[hDll - }

As [L,|hD|] = isgn (hD) is bounded on L?, we bound the above two expressions respectively by
the right hand side of (2.2.16)) and (2.2.22f). This concludes the proof. O

2.3 Reduction to local operators

We want to express the action of a pseudo-differential operator on a function f from the product
of f and of the restriction of the symbol of the operator to

(2.3.1) A={(z,6) eR¥z+£=0}

up to a convenient remainder. We shall consider symbols in the subclass of Sq((§ >7j ) that we
define now.

12



Definition 2.3.1 We denote by S1((€)™) the space of symbols a in Sy ((€)™) such that for any
integer N

(2.3.2) <%>Nh81a €5 ((&)™).

We shall prove the following result:

Proposition 2.3.2 Consider a function ap(x,§) of the form

(2.3.3) an(z,§) = aon(,§) + a1,n(w, §)[E].

(i) Assume that a;y, belongs to S1((€)77), j = 0,1. Define
R'(f) = Opj(an) f — ap(x, —x) .

Then for any 0,9 €]0, %[, any s > 1+ é, there is a constant C > 0 such that, for any function
f for which the right hand side of the following inequalities is finite, for any h in 0, 1]

(2.3.4) IR ()2 < C[W 2 Lf N2 + B £l

1

_3qg 1l _o_
(2.3.5) IR (£)llzee < Ch2=2Lf g2+ h2 =57 Fllg + h]|flloee .

(ii) Assume that in M, ajn belongs to S1((€)77), 5 =0,1. Define
R°(f) = Opj(an) f — an(z, —)f.

Then for any o,0 in |0, %[, any s > 1+ %, any N in N, there is C > 0 such that, for £ = 0,1,
and any function f, any h in ]0,1],
H

0
R )

o . s x\—N
(23.6) (D) R(Nllzz < C[REILf |2+ 10D fllgg + o ED|(F) |

3 3

(23.7) [RUS)llz= < OB~ 37IL ] g + h3 3770 flly +h 3737

()l

We first settle the case of smooth symbols.

Lemma 2.3.3 Let x in C°(R), x =1 close to zero.
(i) Let ajp, be in S1((€)77), j =0,1 and set
Ri(f) = Opy(ajn)f — ajn(z, —x)f.

Then for any o in )0, %[, any s > %, any £ in N, there is C' > 0 such that for any function f,

any h in |0, 1],

(2.3.8) IR e < O [ ODL AR LS 2 + 11l

13



(2.39) IR e < O IOph (W)L 22 + 1|
(ii) Let ajp be in Sy((€)77), j = 0,1 and set
RY(f) = Opp(ajn) f — ajn(z, —x)f.

Then for any o €]0, %[, any s > %, any £, N in N, any function f, any h €]0,1],

(2.3.10) 1By < Ch =[N f e + WLz + 3 [(5) " ] ]

1_ (4l 1yp/a\—N
(23.11) [1RDI BNl < Ch2=" DL sz + 1y + 7 [(F) /]

L2]'

Proof: We treat (i) and (ii) at the same time. We shall prove (2.3.8)) and ([2.3.10). Then (2.3.9)
(resp. (2.3.11)) follows from (2.2.8)) combined with ([2.3.8)) (resp. (2.3.10))). We write

(2.3.12) ajn(2,§) — ajn(z, —z) = ajn(z, §)(1 = X)(h7E)
+ (ajn(x, &) — ajn(z, —2)) X (7€)
+ajp(x,—x)(X(R°) —1) =T+ 11+ 111

where x € C§°(R) is such that xx = x, X =1 close to zero. We have

10DA (az (2, (1 = ROV flge < CIOPL(A = )BT fll s < CHTC=HD| f|l;
according to lemma (ii) and (2.2.9). In the same way

10Df (a1, )(1 = ) (7)) fll e = 0Ph (1 = X)(h7E)OPR(ajn) fllze < ChTC™ D f .

If so > 1, we get the terms in hl_"£||f||Hﬁ in the right hand sides of 1) (12.3.10)), so that term

I in (2.3.12)) induces a contribution to le( f), R?( f) estimated by the right hand side of 1)
{2.3.10)

. Term I11 is treated in the same way, as (hD)*[a; ,(z, —)] is uniformly bounded, for
any ¢. Consider now term 17 and write

(2.3.13) (ajn(2, &) — ajn(x, =) X(h7€) = bjn(x, E)X(A7E)(x +€)
with
(2.3.14) bz, &) = 1M(x A — (1= MN)z)d)

0. 5, h (T, o ag R .

This is a symbol in S;(1), and by , we may write
Opy, ((ajn(@,€) — ajn(z, —2))X(h7E)) f
— hOph (b4 (2 OXNE) LS — S OB (bl OXAEN) .
The H ,‘;—norm of this quantity is bounded from above by the right hand side of , since

XX = X, since we may apply lemma [2.2.1| (i) to the symbols of S1(1) b; X (h7E), O¢[bj X (h7E)],
and since HOp}L()Z(h"f))gHHﬁ < Ch™%"g|| 2. We have thus proved (?2.3.8).
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To show ([2.3.10)), we have to estimate the Opj-quantization of (2.3.13)), when a;, is in S (<§)_j).
By (2.2.1]), we have here

(2.3.15) Op} (b;nX(h7€)(z + €)) f = hOP}((A7€))Oph (bjn) L + ?0p2<>z<h”£>>0p2(a§;’h)f '

By (ii) of lemma we may still estimate the H f; norm of the first term in the right hand
side by h'=7||Lf|| 12, and so by the right hand side of (2.3.10). Since a;p, is assumed to be in
S1((€)77), it follows from (2.3.14) and (2.3.2) that we may write

) e

where ¢; and ¢z are in S;(1). We bound the H} norm of the last term in (2.3.15) by

(2.3.16) ent-ot 2 omen[(5) ][, + loven) iz

L

(Notice that, because we are working with the 0-quantization, the factor <%>7N goes against

f). Using again lemma (ii), we bound (2.3.16) by the right hand side of (2.3.10). This

concludes the proof of the lemma. O

We need another lemma to study non smooth symbols.

Lemma 2.3.4 Let x be in C§°(R), equal to one close to zero, £ = 0,1. For any o €]0, %[, define

(2.3.17) R(f) = [nD|f — |z|Ops (x(h7€)) f.

Then for any s > % + 1, any 0 €]0, %[, there is C' > 0 such that for any function f, any h in
10,1],

(2.3.18) |(hDY R(F)l|2 < C[R fllze + BT NLF N2+ B2 Flag
and
(2.3.19) IRz < O] Fllioe + B2 E|LF g2 + B2 370 fl s |

Proof: We write
(2.3.20) R(f) = (|hD| = |2)Opy, (x(h7€)) f + |hD|Opy (1 = x)(h7€)) f.

The H f; norm of the last term is bounded from above, according to 1) by hse oD £ o
so by the right hand side of (2.3.18)). If we estimate the L° norm of the last term in (2.3.20))
using (2.2.10]), we get a quantity in hiéJ“’(s*%) | fl[#g, that is controlled by the right hand side

of (2.3.19). Denote g = Opj},(x(h7¢))f and let us study the Hf or L> norms of the first term in
the right hand side of (2.3.20)) i.e. of (|hD| — |x|)g. We consider a partition of unity

1=x(&) +x0(&) +x1 (9
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where x1.(€) is supported for ££ > 1, x1 (&) = x1(=¢), and xo is compactly supported and
even. Then, as the inverse Fourier transform of &¢/|¢|xo(¢) is in L'(R) for £ in N, we obtain for
any such /¢, any positive §, any p = 2 or oo

(2.3.21) I(RDY Op} (xo(A°€) E]gllLs < CHOH | g]| 1.
Consider next the function x (h79¢)[¢| = x1 (h79¢)¢ and write
(2.3.22) XL (266 = X4 (W0 (=) (=) + by (2, &) (x + )
with
! 5
be@.8) = [ (A = (1= Na)h~?)

where ¥ (§) = 9¢[€x+(€)]. We notice that b, h‘sa;—g are in S5(1) C S1(1). Moreover, it follows

1
2

from that
1 - 1 -6 1 h . 1 /0by
(2.3.23) Opy, (x+(h™°€)€)g = —xx4 (=h™°2)g + Opy, (b1 )hLg — ;Oph(afg)g-
We may write in the same way
_ _ h ob_
(2.3.24) Opj, (—x=(h"€)§)g = ax’ (=h™*x)g + Op},(b-)hLy — ;Opk(afé)g

for another symbol b_ in S1 (1) such that h‘s% is in S1(1). Decompose then
2 2

(2:3.25) [hDlg = O} (xo(h"©)lEl)g + [Oph (x} (h~°)¢) +ax (~h~*x)]g
+ [0Ph (L (07 (=6)) = ax (=h ™) g + [z](1 = xo) ().

We deduce from ((2.3.23)), (2.3.24)) and ([2.3.25) that, for p =2 or oo

(2.3.26) H(hp)f [|hD|g — |z|(1 = x0)(h%z)g — Op}. (Xo(h_6£)|f|)g]

< Chl[|(hD) Op}(b+)Lgllr + [|(hD) Op} (b-) L]l

o

L H(hD)‘op}L(ai)ﬁg

- H(hD)[Op,ll(%)Eg 5

23

ol

When p = 2, recalling that by is in S% (1) and h‘saa% is in S’% (1), we use (i) of lemma [2.2.1] to
bound the right hand side of (2.3.26]) by

(2.3.27) ChllILll e +h~°llgllze]-

As g = Opr(x(h7€))f, we get an estimate in
Ch' =1Ll 2 + h~°l|gll 2] -
Finally, since [£, Op},(x(h?€))] is bounded on L?, we deduce from (£2.3.26) that for £ = 0,1

(2:3.28) || (hD)![[hDlg — (1 = x0) (h~*x)[zlg — OP} (xo(h~*€)I¢])] L
< OB ILf Nz + BN £l 2],
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Applying (2.2.8)), we deduce from ([2.3.28))

(2:3.29) [|hDlg — (1 = x0)(h™"z)|z[g — Op}, (x0(h°€) ) g,
< Cha75[|ILf| g2 + h 0| £ 2],

To prove (2.3.18), we have to estimate in L? the action of (hD)’ on the first term in the right

hand side of (2.3.20)) i.e. ||(hD)[|hD| — |z|]g|/z2. According to (2.3.28) and (2.3.21)) with p = 2,
this is smaller than the sum of the right hand side of (2.3.18)) and of

(2.3.30) WU gll 2 + [(hD) xo(h~*x)lalgll 2 < CRO|lgll gz < CRO=| £l .2

for £ = 0,1, using that 6 < 1 and, for the last estimate, the definition of g = Op},(x(h7¢))f.
As (2.3.30)) is also controlled by the right hand side of ([2.3.18)), this concludes the proof of that
inequality.

To get (2.3.19), we use (2.3.29)) and (2.3.21]) with £ = 0, p = co. We obtain a bound for
|(JhD| — |z|)g|| e~ in terms of the right hand side of (2.3.19)) plus

é —0
hollgllzee + [Ixo(h ™ z)|x|gl Lo

that we estimate by h’||f||z~ and so by the right hand side of (2.3.19). This concludes the
proof. O

Proof of Proposition : (i) We write according to (2.3.3)

(23.31) Oph(an)f — an(e, —2)f = (Oph(aon) — aon(z, —2))
+ (Opj,(a1,4) — a1 n(z, —2))[|AD|f)
+ayp(x, —2)[|hD|f —|z|f] =T+ 11+ 111.

We write
11T = ay p(w, —2) R(f) — ay (. —2) || Op} (1 — 1) (h7€)) f

where R(f) is defined by (2.3.17). Combining (2.3.18) with ¢ = 0, the fact that a; ;(z, —z) =
O((z)™1) and (2.2.9), we obtain that the L? norm of I1I is bounded from above by the right

hand side of (2.3.4)). If we use instead (2.3.19) and (2.2.10)), we obtain for the L> norm of 111 a
bound by the right hand side of (2.3.5). By (2.3.8) (resp. (2.3.9)) the L? (resp. L®) norm of I is
bounded from above by the right hand side of (2.3.4]) (resp. (2.3.5)). We are left with studying

I1. We apply (2.3.8)) (resp. (2.3.9)) with j = 1, = 0 and s replaced by s — 1. We obtain that
the L?-norm of I is bounded from above by

ChIOPL (A7) LIADIf]| 2 + 1Dl o1
and its L* norm by
ChE % [ Oph(x(h7€))£IRDI (|2 + [AD] | 511
ifs>1+ % Commuting £ and |hD|, we get again contributions bounded from above by the

right hand side of (2.3.4) and ({2.3.5) respectively.
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(ii) Under the assumptions of (ii) of the proposition, we write

(23.32) Op(an)s — an(e, —2)f = (Op(a0n) — don(e, —2)) f
+ kD] (Opj(@1n) — avp(z, —2)) f
+ (|hD| — |z|)[a1 pn(x, —x) f] = I + 1T + II1.

By (2.3.10) with j = 0, (resp. (2.3.11) with j = 0, £ = 0), the H} (resp. L) norm of I is
bounded from above by the right hand side of (2.3.6) (resp. (2.3.7)). To study the H. f; (resp.
L*>°) norm of II, we apply ([2.3.10) with ¢ replaced by ¢ + 1 (resp. (2.3.11) with £ = 1) in the

case j = 1. We get bounds by the right hand side of , respectively.

Finally, write 111 as

(2:3.33) 111 = (|hD| — [2|Op}(x(h7€)) ) a1 (w, ) f] = [2|Op} (1 = %) (7€) [arn(, ) f].
We get for £ =0, 1

(2:3.34)  [|(hD)*[|2|Op4 (1 = x) (7)) larn(z, —2) f1] ] .-

< [|OpA (1 =) (h7€) [arn(w, =) 1| 2 + [|2Op} (1 = X)(A7E)E) [@r n(, —2) f1]] 2
< C[h7(lar (@, —) fllu; + b0 2@ n (@, —2) fllmg + 7D ar (@, —2) g |

by (2.2.9). Since ayp(x, —z), zay p(z, —x) are in L™ as well as their hD derivatives, we get a

bound in hl_géHfHHZ as s > 1/o, so by the right hand side of 1) Consider next the first
2.3.18

term in the right hand side of expression (2.3.33)) of II1. By (2.3.18)), the L? norm of the action
of (hD)* on that term is bounded from above by

(2.335)  C[h*lavs (e, ~2)fll 2 + b Llayn(e, ~o) fll 2 + b0y, ) fl ;]

The middle term may be bounded from

(2.3.36) WL f 2 + b7 AD, Gy p(, —2)] £ 2.
Since
(2.3.37) [hD, @y p(x, —2)] = c1,n(x) + heop()

with ¢ = O(<%>_N) for any N, as aj, is in Si((€)7h), co,, = O(1), we bound ([2.3.36), and
then (2.3.35)) by the right hand side of (2.3.6)). This concludes the proof of that inequality.

To finish the proof of the proposition, we are left with bounding the L norm of III by the

right hand side of (2.3.7)). By (2.2.8), the L* norm of the last term in (2.3.33)) is bounded from

above by

(2.3.38) Ch~3]||2/Opk (1 — ) (h7€)) [arn (. —) f1]| 22

x| (hD) [|2|OPA((1 ~ ) (h7€)) [ar (. )]

2

L2

These two L? norms are the quantities ([2.3.34)), with £ = 0 or 1, which have been estimated
respectively by Al f| ms and h1_0||f||Hi. We thus obtain for (2.3.38)) a bound in h%_%||f||H;
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which is smaller than the right hand side of (2.3.7)). Finally, the L®> norm of the first term in
the right hand side of (2.3.33)), is controlled according to (2.3.19)) by

(23.39)  C[A|an(z, —2)fli + b2~ 5 || L(@yn(@, —2)f)| o + b2 5 0 flann(@, —) g |

The middle term is (2.3.36) (with £ = $) multiplied by A~ 2. Because of (2.3.37), it is bounded

by the right hand side of (2.3.7)). The same holds true trivially for the other contributions to
(12.3.39). This concludes the proof. O

Corollary 2.3.5 With the notations and assumptions of (ii) of Proposition for any 0,6
in]0,3], any s > 1+ %, there is C' > 0 such that, for any odd function f

(2.3.40) IR ()2 < CRINLS NIz + P71 f ]

1_3, 1_ 3,
(2.3.41) IR ()lzee < Ch27 2| LS |2 + b2~ 27| fllmz + B0l ]| o< ]

Proof:  We apply (2.3.6) with ¢ = 0, (2.3.7), taking N = 2. Since f is odd, we may bound
o\ —2 . . . . _ o
(%) “f;2 in the right hand side of (2.3.6), (2.3.7) from (2.2.14) with ¢ = 1, ¢ = 0. This gives
9.3.40), (2.3.41). O

3 Proof of the main theorem

3.1 Energy estimates

The goal of this subsection is to establish energy estimates for the action of £ on the solution v

of (2.1.12).

Proposition 3.1.1 For any s > 0, there is a constant C' > 0 such that, for any odd vy in
H*(R,C) with xvy in L%, the solution v of , with initial data v|i=1 = vo, satisfies for
any t > 1 such that the solution exists up to time t,

BL1) Lot ez + vt ey < L0, )Lz + lv(d, )l

t dr
+C [ etr e (10 Yo + ot )

T

where h denotes + and h(r) = 1.

Remark: The problem (1.1.7)) is globally well posed in H' and locally well-posed in the space
of functions u in H' with xu € L?, so that our solution v exists for any ¢t > 1 and || Lv(t,-)|| 2
is finite at any t.

We shall prove first two lemmas.
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Lemma 3.1.2 Let ap be the symbol defined in . Then Op} (an), Op)(k(x/h)ay) are
bounded on HS. for any s, and Op,lz(ah) is bounded on L, uniformly in h.

Proof: Since

(312) ah(m,f) = aO,h(maE) + |£|a1,h($a£)

with agp in X1(1) C Si(1), a4 in 21((€)71) € 81((€)71), the Sobolev boundedness properties
follow from (ii) of lemma and from the fact that |hD| is bounded from HZ. to HS ' for
any s.

To prove the L™ boundedness of Opj,(az), we use the structure (2.1.9) of ag s, a1 By (1.2.9),
X+ (F) [m1(%,€) — 1] and x—(¥) [m2(%,£) — 1] are in 21 ((€)71). Consequently, we may write

X

(3:13) an(,€) = x+ (3 )feo(®) + e (Ol = x— (7 ) leo(—€) + ex(=)le]]

= bo(x, &) + bi(z, §)[¢]
with by in $1((€)™1), by in 21 ((€)~%). We may rewrite this as bj(z, &) + b (z, €)xo(£)|€], with
by again in %1 ((¢)71), and xo in C§°(R) equal to one close to zero. By (iii) of lemma

Op},(bh), Op}(b1) are bounded on L*®, and xo(hD)|hD| is also bounded on that space, as its

distribution kernel is bounded by %<%>_2 Modulo operators bounded on L, we may thus
study the action on that space of the quantization of

r
h

If we multiply (3.1.4) by xo(£), we get again a symbol whose quantization is bounded on L°°.
On the other hand, by (1.2.7), (1 — x0)(£)[eo(€) +e1(€)[€] — 1] is in S1((€) "), so the associated
operator is bounded on L* by lemma We are thus left with

Oph[ (x4 (3) +x-(5)) (1 = x0)(©)]

which is trivially bounded on L. This concludes the proof. O

(3.1.4) x+(5) o(&) + ex(©)Ig +x- () leo(=€) + er (=€) e[

Lemma 3.1.3 Let ap, be the symbol defined in .

(i) There is C > 0 such that, for any odd v in L> N L™ such that Lv is in L?, we have

(31.5) |£[owh ((5 )an) [10ph(@n)o|Oph(n)ol]] ||, + [£[10Pk(an)el*[Oph(an)el] |

< ClollielllLvll e + [foll z2].

(ii) For any s > 0, there is C > 0 and for any v in L™ N HE,, any h €]0, 1]

(31.6) [Opf((;)an) [OPh(an)ol"(Op(an)ol) |+ lIOPA(an)ol " Oph(an)el

< CllolFee llvlas -
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Proof: (i) Using that
L[|lw)*w] = 2(Lw)|w|* — w*Lw,

we may write

[0pf (x5, )an) 10p} (an)el*|Op} (an)o]]

as a combination of terms of the form

(3.1.7) (2,00} (+(5 )an) ] [10ph(an)ol’|Op} (an)ol]
(3.1.8) Op} (1 (5 )an) [(1£. Oph(an)]0) (Oph(an)v) (Op] (ar)v)]
(3.1.9) Op} (% (j; )an ) [(Op} (1) £v) (Oph (an)v) (Op] (an)o)]

and of terms similar to , , where the conjugation bar lies on another factor (that
does not modify the estimates below). By lemma the L? norm of is bounded from
above by C||v||2||£v| 2, so by the right hand side of . To bound the L? norm of
by the right hand side of , we see again by lemma that it suffices to prove

(3.1.10) 1L, Opy (an)lvll 2 < C[lILvl| 2 + [|v]] L2].
We write, by ,
(3.111)  [£,Oph(an)]o = [£, Oph(aon)lo + [£, Oph(ar)|[hDJo + Oph(ar) £, [hD o

As [L, |hD|] = isgn (kD) is bounded on L?, (ii) of lemma [2.2.1] implies that the L? norm of the
last term in (3.1.11)) is bounded by the right hand side of (3.1.10)). According to (2.2.1) and the
definition ([2.2.13)) of £, for any function w,

Oajn _ 3%&}
)

(3.1.12) [, Op}(aj)}w = iOp}| o¢ oz

j=0,1.

By (2.1.1), %% is in S1((¢) ) and by (2.1.10), (£)" h%5: is in Sy ((€) /) for any N. It follows

t

from ([2.2.14)) and lemma (ii) that, if w is odd,

1. Oph(asm)ew]l 2 < C[lwlly s + 1Lwlly ], 5= 0,1,

We apply this inequality to w = v when j = 0 and to w = |hD|v when j = 1. We deduce from
the fact that [£,|hD|] is bounded on L? that the L? norm of the first two terms in the right

hand side of (3.1.11]) is bounded by the right hand side of (3.1.10)). Consider finally (3.1.7) and

write

(3.1.13) [, 000 (x(F)an)] £ = [£.00h(k(5 )aon)] £
+ |hD| £, 00 (x5 )arn) | £ + [£. [RDNOP (r(5 ) arn) /.

By (2.2.1)), we have for j = 0,1

(3.1.14) .08 (w5 )ain)] £ = 00| (@:0(5)) = 55 (@ (5)) |
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Again, as & (@;ns(%)) is in S1((&)7 ") € S1((¢)77) and (£)"h 2 (@;nn(%)) is in S1((€)7),
we may write the right hand side of (3.1.14) as
1/x\2 1 T\ —2
Opf, 13w, €) + g<g> ¢2,3(,€)] = Opfery) + EOp?‘(CQ’j)<E>

where ¢y 5, co; are in Sl(<§)_j ), and where we exploited the definition of the 0-quantification.
Consequently
LJ'

o .0 s (ZJasn) . = i+ L)
We thus deduce from that

[[2.008 (3 )an)] 7], < Clitee+ 751
The L? norm of will thus be bounded by

LJ'

C T\ 2
(81.15)  C[IOp}(an)ulli<lIOph(an)oll e + F1OPh(an)olF | (5) ~Ophan)e] |-

As v is odd, we deduce from ([2.2.16]) and lemma that (3.1.15)) is bounded from above by
the right hand side of (3.1.5)).

(ii) Estimate (3.1.6]) follows from the boundedness properties of lemma together with the
elementary inequality

3
lwiwaws gz < CY Nwillmz [ llwllze
i=1 1<j<3
#i
that holds for s > 0. O

Proof of Proposition (3.1.1; The equation (2.1.12)) satisfied by v may be written as
2
COnW VY, -
(3.1.16) (D: — OpYY (2 + : ))v=hf
where according to (3.1.6))
1/l < CllollZoollvlla;.
The Sobolev energy inequality implies

t dr
(3.1.17) o s < oL, )| ae +C/1 [o(r, I Zee (T e, —

h(T) T

(Notice that [D; — Op)' (x€), Op¥ ((€)*)] = 0). Next, we make act £ on (3.1.16), using that
(£, Dy —Op)Y (z¢+ %)] = 0, which just reflects the commutation relation [z +tD,, Dy — %92”} =0.
We obtain

(3.1.18) (De— Op)Y (we + f))ﬁv = hLf

and ||Lf||z2 is bounded from above by the right hand side of (3.1.5)). Using the energy inequality
for (3.1.18) and combining with (3.1.17)), we get (3.1.1]). This concludes the proof. a
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3.2 Reduction to a differential equation

Recall that we have defined in (2.3.1]) the set
A={(z,§) e Rx Rz + £ =0}.

Let v be a C3°(R) function equal to one close to zero, and define for any function f

(3.2.1) fa = Op}Y (7(3:;55))]”.

We have the following estimates:

Lemma 3.2.1 With the above notation

(3.2.2) Ifa — fllzz < ChE|LF| 12
(3.2.3) 1fa — fllzoe < ChT|Lf|L2
(3.2.4) 0P (@ + )21 fall 2 < CR2[ILS| 12
(3.2.5) 10D (@ + O fall o < CHTNLS 2.

Proof: Set 4(z) = 1_%(2) Then using the last equality lb

£ v =onl (3( ) () ) = viol (3("70) ) e

Then (3.2.2) (resp. (3.2.3)) follows from (i) of lemma (resp. from (iii) of lemma [2.2.2)).
To prove (3.2.4]) and (3.2.5)), we remark that repeated applications of the third equality (2.2.1))

gives
0 (o +62) 1 = non (1 (5) (4 ) 1.

Applying again (i) of lemma and (iii) of lemma [2.2.2] we obtain (3.2.4)) and (3.2.5). O

Let us state now the ordinary differential equation satisfied by v, when v solves (2.1.12)).

Proposition 3.2.2 Let 6 €]0, %[ and take s > 1+ %. Let v be an odd solution of )
Then vy solves the ODE
2

x x
(3.2.6) Doy = 5 VA + h/i(ﬁ) lual*va + hr
where r satisfies
1 1_
(3:2.7) Ir(t, M2 < Ch2 (1 + [[o(t, M Z) Lo, )2 + Ch=°|u(t, )l[Feo v (t, )l
and
(3.2.8)

1 1_ 1
(8, M < CRT (L [o(t, ) [Zee) L0 ()l 2 + CRT[u(t, )| Foe 0t g + Ch ot )[[Fo
h still denoting 1/t.
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Let us prove first

Lemma 3.2.3 Let v be a solution to . Then vy satisfies

(3.2.9) (D, —Opy (€ + f))vA

— hOp}¥ <v($ - )) (008 (+(5 )an) [I0ph(ar)el*|Op(an)el]| + hR

where R satisfies

IR(t, )| 2 < ChZ||Lu(t, )| 2

(3.2.10) .
[R(t,)l|ee < ChA[|Lo(t, )| 2.

Proof: Let us compute

D= oni s+ ). 000 (5]

If a(t, x,§) is a symbol, it follows from the definition (2.1.4) of

Opl (a0 = 5 [ % (5, Y he)oly) dyde

:271'

with h =1 that
(3.2.11) [D1, 0y (alt, 2,€))] = Op)Y (D = he - Dea)(t,@,€)).

Moreover, it follows from Proposition 7.7 in [I3] that, if a;, as are symbols, where one of them
is a polynomial of degree smaller or equal to two,

h
(3.2.12) 0} (a1), O} (a2)] = FOPY ({a, a2)).
Actually, in the expansion (7.21) of the symbol of a composition in [13], terms of even order are
symmetric in (aj, az), so that they cancel out in the symbol of the commutator. Only terms of

odd order remain and, if a; or ag is a polynomial of degree at most two in (x, &), one just gets
the right hand side of (3.2.12)). It follows from (3.2.11)), (3.2.12]) that

2 x h? (T
[Dt—OpXV(chi)vOPXV(V( j;))] :Zzopy(V( j{(»ﬁ‘

This implies (3.2.9), with estimates (3.2.10]) for the remainder, using (i) of lemma and (iii)
of lemma 2.2.2] O

Proof of Proposition[3.2.2:  We start from equation (3.2.9). As R in the right hand side of (3.2.9)
contributes to r in the right hand side of (3.2.6]), we see by difference of these two equations

that we have to show that

(3.2.13) h1 [Ova (x{ + f)vA + ;x%,\]
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and

W T + E 0 T\ _ 1 2 1 X 2
(3.2.14) Opy, ('7( T )) [Oph<”<ﬁ)ah)[|oph(ah)v| Oph(ah)v]} *Fv(ﬁ)lvAl vA
are estimated in L? (resp. L) by the right hand side of (3.2.7) (resp. (3.2.8)).

Consider first (3.2.13)) and write x& + % = —%xQ + %(az +€)2. Then (3.2.13)) equals

S 710BY (2 + €Yo,

Its L? (resp. L°°) norm is bounded from above by (3.2.7) (resp. (3.2.8))) according to (3.2.4))
(resp. (3.2.5))).

Consider next (3.2.14)). Notice first that

Opy’ (V(SC;;) - 1) (008 (+(5 ) @) [|Oph(ar)o| Op} (an)o]]

contributes to r in (3.2.6)) as a consequence of (3.2.2)), (3.2.3) and of (3.1.5). We are thus reduced

to showing that
0 T 1 2.1 [z 2
(3.2.15) Oph(fﬂ(h>ah) [‘Oph(ah)v] Oph(ah)v} n(h)|vA| vA
may be estimated by the right hand side of (3.2.7) in L? and (3.2.8) in L*°.
We apply Corollary with 0 = i, o= %9, s>1+4 2—39, 0 €]0, i[ We may write (3.2.15]) as
T\ [- 2
(3.2.16) H(ﬁ> {ah(x, —)|Op},(an)v| Opp (an)v — ]vA|2vA}

up to terms bounded in L? by

(3.2.17) ClRE|Lf |2+ hA0)| f s ]
and in L*° by
(3.2.18) O f s + B3NS g + R3S

where f = |Op}(an)v 2Op}L(ah)v (Notice that f is an odd function as v is odd: see the re-
mark after Definition [1.2.1). By lemmas [3.1.3] and 3.1.2] (3.2.17) (resp. (3.2.18)) is smaller
than the right hand side of (resp. (3.2.8)). We have thus reduced to showing that
(3.2.16) may be estimated in L? (resp. L) by the right hand side of (resp. (3.2.8)). By

Proposition [2.3.2] (i), if we replace in (3.2.16)) one factor Op} (az)v by ax(x, —2)v, and use the
boundedness of Op},(ay,) on L> established in lemma we may rewrite (3.2.16|) as

x
(3.2.19) H<ﬁ) [lan(z, —z)[*o*o — \UA\2UA]
modulo an expression bounded in L? by

(3.2.20) C (A7 Lvll g2 + h® o]l ag) lv]| 70
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and in L*° by

g _

1_3 1
(3.2.21) C(h257 Lol g2 + h2=E ol + B olliee ) o]}

so by the right hand sides of (3.2.7) and (3.2.8) respectively, taking into account the definition
of 6,6.

We are left with showing similar estimates for (3.2.19)), that we rewrite as I + I1 with

1= (3) llan(e, )| = 1ol

(3.2.22) h
II = m(ﬁ) [[o*v = Jval*va].

The fact that I has L? (resp. L°) norm bounded from above by the right hand side of ([3.2.7)
(resp. (3.2.8])) follows from (3.2.2)), (3.2.3) and the fact that, by (2.2.12)), OpXV<’y(“;7E§)) is

bounded on any LP space.

Let us study I. Notice that according to (2.2.14)), (2.2.17)

H<%>_2|”|2”HL2 < Chlo||Fee (1Ll L2 + 0] 2]
[ oo, . < ORE ol [1€0lze + lellg).

Consequently, to get L? (resp. L>) bounds of the form (3.2.20) (resp. (3.2.21))) for I, it suffices
to show that

(3.2.23) lan(z, —z)[* =1 = O(<%>72>.
By @18, @.19),

T

an(e, —2) = x4 (3 )i (5 =) leo(—a) + aler ()] + x- (5 ) m2 (5, =) [eo() + [aler (2)].

By 1’ we may replace above m; and mso by 1, up to a O(<%>_N) contribution. We have
thus reduced ap(z, —x) in (3.2.23)) to

X T

X+ (3) leo(=2) + [aler ()] +x- (5 ) [eo(@) + [alea (@)

Notice that xy+(xz/h) — 1i(z) = O(<%>_N) for any N, so that we may reduce the left hand side
of (3.2.23), up to an admissible error in O(<%>_2), to

L4 (@) (eo(—2) + |eler (—2)) + 1 (@) (eo() + |eler ()| — 1.

Using ((1.2.8]), we see that this last expression vanishes. This concludes the proof of the propo-
sition. O
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3.3 Proof of the main theorem

We prove first L? and L™ estimates for the solution of (2.1.12)).

Proposition 3.3.1 Fiz s > 7, Cy > 0. There are constants A, B, K > 0, ¢y €]0, 1] such that
for any € €]0, o[, any odd function vy in H*(R,C) with

(331) HU()”HS + Hl"UQ”L2 S C'()7

the solution v to with initial data v|=1 = evy exists for t > 1 in C°([1, +oo[, H*(R,C))
and satisfies the estimates

lo(t, ez + Lot ) e < et

3.3.2
e v(t, )|z < Be.

We prove first:

Lemma 3.3.2 Let 0 €0, %[ and take s > 1+ 23—9. There are constants A, B,K > 0, ey €]0,1]
with

(3.3.3) !'>K>B>A

such that, if estimates hold on some interval [1,T] when € < €y, then for any 1 < ¢’ <
t <T, one has the bounds

2B2
(3.3.4) loa(t, )2 = o', )| < ¢4+,

Proof: Computing 0;|vy (¢, .’E)|2 from (3.2.6)), we get by integration

t d
oalt,2)? = oa ¥ @) + 2Rei [ r(rz)on(ra)

t/

from which we deduce

2 ¢ _ dr
(3.3.5) oat )l = foatt, I <2 [ lr(r,2)ll o (7, 2) 1= -
By (3.2.3) and the first estimate (3.3.2)),
(3.3.6) o(t, ) — va(t, )|l < Ot || Loz < CAetE~1 < CAe

if Ke3 is small enough. Taking the second estimate (3.3.2) into account, we get

(3.3.7) loa(t, )|l < (CA+ B)e.
Moreover, by (3.2.8) and (3.3.2)
(3.3.8) Ir(t, )|z < Ct30[(1 + B2 Ae + B3]
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if Ke3 < 6. Plugging (3.3.7) and (3.3.8) in the right hand side of (3.3.5), and taking A < B <
661, we get the bound ((3.3.4)). O

Proof of Proposition As already remarked after the statement of Theorem [I.1.1] and
Proposition [3.3.1] existence of the solution and finiteness of the quantities to be estimated in
is not an issue. We prove by bootstrap, assuming that these estimates hold on
some interval [1,7]. Let us show that, then, on the same interval, holds with A (resp.
B) replaced by % (resp. g) Coupled with the time continuity of the left hand side of ,
this will show that these inequalities hold for any t.

Plugging our assumption (3.3.2) in the right hand side of (3.1.1)), we get

A 23 t K 2 dT 1 CB2
. . s < — e < _
1Lu(t, e + ot ey < e+ CAB% /1 T < Aeh T }

if A has been taken large enough relatively to the constant C in (3.3.1]). Under condition (3.3.3)
on the constants, we bound this by ge as wanted.

To get the L™ estimate, we write by ((3.2.3)
[v(t, ) — va(t, )| Lo < CE || Lu(t, )| 12 < CeA

if Ke2 < 1 according to assumption . If B > A, we bound this by e% To get the second
estimate 1' with B replaced by g, we are reduced to showing that ||va (¢, )| Lo < 6% But if
s > 7, and if we take in lemma me 6 in |0, i[, close enough to i to ensure the assumption
of that lemma, we deduce from (3.3.4) applied with ¢ =1 that

€2 B2 €2 B2
Joa(t, M < loa(l, )7 + ETERAET

if B is taken large enough relatively to the L* norm of the initial data. This concludes the
proof. O

To finish the proof of Theorem [I.1.1] we study first the asymptotic behaviour of the solution vy

to (B25).

Lemma 3.3.3 Let 6 €]0, i[, s>1+ %. Let v be the solution to corresponding to an
odd initial data ewy, with wy satisfying . Then, if €9 is small enough, there is a family
(Ae())ero,e0] Of continuous functions, bounded in L>°(R) N L?(R), and a constant C > 0, such
that A (x) satisfies for any € €]0, €[, any t > 1 the vanishing property

(3.3.9) | Ac(2) (tz) "2|| 2 < Ct5F8

(3.3.10) [ Ac(z) (t2) 2| e < O30

and such that, for any € €]0, €[, any t > 1,

2
(3.3.11) vA(t, ) — eAc(z) exp —i% + €2 Ly (t, z)\AE(x)|2] < Cet~at?
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and

2
(3.3.12) vp(t, ) — eA() exp —i% +i62LH(t,x)|Ae(x)\2] < Cet™at?,

L2

where Ly(t,z) = [ k() d{.

Proof: If we plug (3.3.2]) in the right hand side of (3.2.7)), (3.2.8)) written with 6 replaced by

some ' smaller than the 6 of the statement, and close enough to it so that s > 1 + %, and if
we take €y small enough relatively to 6 — 6/, we get estimates

Ir(t, )|l > < Cet™ 5%

(3.3.13) .
Ir(t, Mz < Cet i+

for some C' > 0. By (3.3.4)

Be(z) = lim_ e loa(t, )|

exists, the limit being uniform in z and ¢, and we have

(3.3.14) [Joalt, ) = EBe(-)] ;o = O(27T), t = +oc.
Define

.t-’EQ .92
(3.3.15) g(t,r) = vp(t, z) exp [17 — i€ L,.@(t,x)Be(J:)}.

We deduce from (3.2.6|) that

k(tx)

(3.3.16) Dig(t, ) = " 10 4, 0)? — 2B, (2)]g(t, ) + %r(t, 2).

By (3.3.14)), (3.3.13), we see that e 'g(t,z) converges uniformly when ¢ goes to 400 to some
continuous limit A.(x), with

lg(t,-) — eAc() ||z = O(et™3%7), t — +o0

so that (3.3.11) holds, since necessarily \Ae(x)|2 = B.(z). Integrating (3.3.16|), using (3.3.14)

and applying Gronwall lemma we get

lg(t,z)| < C’[!g(l,wﬂ + /lt Ir(7,x)] dT—T}

Taking the L? norm of this inequality and using the first inequality (3.3.13)), we conclude that
llg(t,)||z2 is uniformly O(e), so that Ac is in L?(R) uniformly in e. Moreover, this uniform

bound, (3.3.14) and the first estimate (3.3.13]) imply that the right hand side of (3.3.16) is

O(etfgw) in L? norm. Integrating from ¢ to +o0, we get (3.3.12)).

By (2.2.16)) applied with a;, = 1, in which we plug (3.3.2)), we get

(3.3.17) ()20 (t, )| 2 < Cet™ 1,
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Let us write
[ A Pa) ™ do < [ 1AL = foalt.a) Pl(ee) ™ da
+/]|UA(t,x)|2 — |u(t, x)\2\<m>—4dx+/<tx>—4|v(t, )| d.

By (3.3.14)), the first term in the right hand side is 0(627573*9). By (3.3.17), the last term is

O(e2¢~2+2K*) By (3.2.3) and (3.3.2), the middle term is O(e2t~175<"). This gives (3.3.9) if ¢

is small enough.

To get (3.3.10]), we write in the same way
el Ac(@)|(tw) ™ < |e| Ac(w)] — [oal|(t2) 7 + [Joa] = [o]|(t2) ™% + (t2) ?[o].
The first (resp. second) term in the right hand side is O(et_%*'e) by (3.3.11)) (resp. by 1'

and (3.3.2)). The last term is controlled by (2.2.17) (with as = 1 and o close to ) by Cet—11?
as well. This concludes the proof. O

Proof of Theorem|1.1.1; To prove the theorem, we have to deduce (1.1.8]) from (3.3.11)), (3.3.12)).
By (3.2.2)), (3.2.3]) and (3.3.2)), we see that (3.3.11) and (3.3.12)) remain true if we replace in their

left hand side vy by v and € is small enough. Recall that by (1.2.2)), (1.2.4) and (2.1.6)

u(t,x) = Wiw(t, z) with w(t, z) = %v(t, %)

so that according to (2.1.11])

ultx) = 7 Ophann] (1)

(3.3.18) \1/ Yo i
=7 [Opj (an)va] (t, ;) 7 [Opj,(an) (v = vp)] (t, ;)-

By (3.2.2)), (3.2.3)), (3.3.2) and lemma the L? (resp. L) norm of the last terms in (3.3.18))
1.18). We

is O(et_%‘”{g) (resp. O(et_%““g)), so may be incorporated to the remainder in
apply to the first term Proposition m (i) where we take

1 20 , 1 2
(3.3.19) d=1-0+7 T <0< mm(49, it ge)

for a small positive v. The assumption s > 1+ 2% of the theorem implies that the assumptions of
the proposition are satisfied and the choices (3.3.19)), together with estimates (3.3.2]), show that

the remainders |D 2.3.5) are O(etfi“’) if € is small enough. Consequently, modulo again
contributions to 7 in (|1.1.8]), we may replace the first term in the right hand side of (3.3.18]), by

1 T x
(3320) %ah(;,—g)’UA(t, 1)
We replace above v, by its expansion obtained in (3.3.11)), (3.3.12]), again modulo a contribution

to r in ([1.1.8). Moreover, according to the expressions (2.1.8)), (1.2.11)) of ap, we are reduced to

€ €T

A o)

ol ity vien (D))

(3.3.21)
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As 1:(z) — xe(z) = O(x)™) for any N, (3.3.9) and (3.3.10) show that, modulo again a
contribution to r in (1.1.8]), we may replace (3.3.21]) by

3322) ZA(F) 1@ (eo(=F) +[Fler (-5)) + 2@ (ea(F) +[Fer(5))]

com|-ig +ien(t a5,

where we used the expressions (1.2.10) of ey,e_ and the fact that in 14 (z)ey(x,£), we may
1»

replace mq, mo by 1, since the error generated is again O((x>_N) according to . Finally,
if we replace in (3.3.22)) eg, e; by the expressions in function of the transmission and reflection

coefficients computed in (A.1.29) below, we get

2

G el et )]

which gives the principal part in ((1.1.8]). O

A Appendix

A.1 Proof of Proposition [1.2.1

We shall give here the proof of Proposition relying on the results of Deift-Trubowitz [8]
and Weder [27].

If V is a real valued potential in S(R), denote for £ real (or for £ in the upper half-plane Im £ > 0)
by fi(x,€), f2(z, &) the solutions of —y” + 2V (x)y = £y satisfying respectively fi(z,&) ~ ¢,
T — 400, fo(z,£) ~ e - —oco. If V is even, we have fi(—x,&) = fao(z,€) by uniqueness.
Set

(All) ml(:L‘,E) = e_ingl(l'ag)v mg(x,ﬁ) = eixﬁfZ(l‘?£)'

Under our evenness assumptions on V'
(A.1.2) mi(—x,§) = ma(z,§).

By lemma 1 of [8], m; solves the Volterra equation

+oo
(Alg) ml(gj,f) =1 —|—/ Dg(gj’ _ m)QV(gj’)ml(x’7€) dx’
where
T ) 2ix€ 1
_ 2ix’€ ! €
(A.1.4) De(z) /0 ! =

If V is in S(R), (ii) of lemma 1 of [8] shows that (1.2.9)) holds for m; (and thus also for mg)
when o = § = 0. To get also estimates for the derivatives, we need to establish the following
lemma, whose proof relies on the same ideas as in [§]:
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Lemma A.1.1 Denote for any B, N in N by Q?V(:c) a smooth positive function such that
Q?\,(x) = ()N forz>1 and Q]‘i](:n) = (z)? for x < —1. Then for any N,a, 3 in N, there is
C > 0 such that for any £ with Im& > 0, any x

(A.15) 10207 [ma (2, €) — 1]| < C (2) ()7,

Proof: Following the proof of lemma 1 in [8], we write

+o0
(A.1.6) my(z,€) =14 gn(x,€)
n=1
with
(A.1.7) gn(x, &) = /< . H —xj-1)2V(xj) dxy ... day,

using the convention z¢ = x. Set Q(x) = Q}(z) and

Ke(y,y') = Dely — y)y) ™2V (y) Q).
Then we may rewrite g, as
— - -1
gn(z,€) = Q(m)/ H Ke(xj,xi-1)xn)”  dy ... day,
LR SR |
or equivalently

n

(A.18) gn(z,8) = Q(ﬂ:)/ [[Ee@+yi+ +yjz+y+ - +yjm1)
y1>07 7yn>0

><Q(x—l—yl—i—---—i—yn)_ldyl...dyn.

By (A.1.4), we have

107 De(y)| < Cs(&) ()7

Fix some integer m. The definition of K¢ implies that for o + 38 < m

(AL9) [090/Ke(x+yr+ +yjo+uy+ +yjm1)]
<CETUz Ayt yi) ey ey P
X W (x4 y1 + - +y)y) 7,

where W is some smooth rapidly decaying function. When y; > 0,...,y; > 0, we may bound
W) P+ y) ety < 0()°

Consequently, (A.1.8) implies that

(A.1.10) |aga§gn(x,g)|gcg(x)“l(gr/ TIW @+ +-+y;)dys - dya.

y120,...,yn >0 j=1
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Define G(z) = [;F® W (z) dz, so that the last integral above may be written

n—1

(-1t / [[GE+n+ - +y)G@+y+ - +yn-1)dys ... dyn—
Y120, yn-120 525

As |G(z)| < CNQ%(z) for any N, it follows from (A.1.10) that, for any N,

n+1

C
(A.1.11) 020 gn(z, )] < =D ()R ().

If we sum for n > 8+ 1, we get a bound by the right hand side of (A.1.5)).

We are thus left with studying

8
(A.1.12) > 020 gn(x, ©).

n=1
Notice that (A.1.11) summed for n = 1,...,[5 gives, when |{| < 1, the estimate (A.1.5)) for
(A.1.12)) as well. Assume from now on that || > 1 and let us prove by inductiononn =1,...,0
that ]838? gn(x,&)| is bounded by the right hand side of |i We may write from 1)

gn(z,§) = D¢ (1 — )2V (21)gn-1(x1,&) doy
(A.1.13) o
=/ De(y1)2V (y1 + 2)gn-1(y1 + 2, ) dya
Yi=2

with go = 1. We use in (A.1.13)) the last expression (A.1.4]) for D¢. We have then to consider
two kind of terms. The first one is

/ 2V (y1 + ) gn—1(y1 + 2, &) dyr
1n>0 §

— —2T§22V(x)gn—1($a§) - /

>0 2i€?

Repeating the integrations by parts, we end up with contributions that, according to the induc-
i

o [2‘/(91 +2)gn-1(y1 + %5)] dy.

tion hypothesis (and the fact that go = 1), satisfy estimates of the form ( (with Q’]B\,(az)
replaced by (z) ™), and an integral term of the form

e21€
(A.1.14) / . gMH@f,‘f 2V (y1 + 2)gn—1(y1 + 2, &)] dy1
y1=

for M as large as we want. If M = [, we see that (A.1.14]) satisfies (A.1.5). The second type of
terms coming from ({A.1.13)) to consider is

1

*/ 2V(y1 + ) gn—1(y1 + 2, &) dya

€ Jyi>0
which trivially satisfies (A.1.5)) by the induction hypothesis applied to ¢g,—1. This concludes the
proof. O
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In order to obtain the representation for Wow, when w is odd, we recall first the
definition of the transmission and reflection coefficients. The wronskian of (f;(z, ), fi(x, =£))
(resp. (fa(z, &), fa(z, —&))) is nonzero for any & in R* (see [8], page 144), so that, for real £ # 0,
we may find unique coefficients 77 (&), T5(§) non zero, Ry (§), R2(€) such that

(A.1.15) B
_ ), Lo
fl(maf) - Tg(f) f2( 7€)+T2(§)f2( ) 5)

By Theorem I in [§], these functions extend as smooth functions on R, and they satisfy the
following properties

def

Ti(€) = T2(§) = T(§)
T(&)Ra2(§) + Ri(§T() =0
TP +IR;(©F =1, j=1,2
T(§) = T(=€), R;(€) = R;j(—¢€).

If the potential V' is even, we have seen that f1(—x,&) = fa(z, ), so that, plugging this equality
in the first relation , comparing to the second one, and using that 77 = T5, we conclude
that

(A.1.17) Ryi(§) = Ra(§)-

We denote by R(§) this common value. The integral representations of the scattering coefficients
(see [§] page 145)

(A.1.16)

(A.1.18) ) ~ 2i€ /62 2V (z)my (z, €) d
1. 1 1
TG =" e [ VO o

together with (A.1.5) and the fact that V € S(R), show that 87 R(¢) = O((€) ") for any N, 3
and 8§(T(f) —1) = 0((&)"'7P) for any 8.

We need the following lemma:
Lemma A.1.2 The functions T, R satisfy

(A.1.19) T(0) = 1+ R(0)

in the following two cases:
e The generic case [V (z)mi(x,0)dx # 0.
e The very exceptional case [V (x)mi(z,0)dz =0 and [V (x)zmi(z,0)dz = 0.

Proof: Summing the two equalities (A.1.18) and making an expansion at £ = 0 using (A.1.5)),
we get

R(&) +1=T(¢) {1 — ;/J:O V(z)my (x, &) dx + ;/J:O >V (z)ymy (z, ) da

_7(e) {1 42 /;OO 2V (2)ma (2, 0) da + 0(5)} 50
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so that

“+o0o
(A.1.20) R(0) + 1 — T(0) = 2T(0) / 2V (@)ma (z, 0) d.
In the generic case, by (A.1.18])
+00 -1
(A.1.21) T(E) = if[—/ V(2)ma(x, 0) dz + 0(5)} 50
so that 7'(0) = 0. This shows that (A.1.20]) vanishes in the two considered cases. O

Proof of Proposition [1.2.1;  'We have to prove that W, acting on odd functions is given by
(1.2.12). Recall (see for instance Weder [27] formula (2.20), Schechter [2I]) that Wi w is given
by

(A.1.22) Wow = Fi

where F is the adjoint of the distorted Fourier transform, given by

(A1.23) Fro= - [ hi(e,0)0() de
where
(A.1.24) Vi (z,8) = LesoT(€) f1(2, ) + LecoT (=€) f2(z, —E).

Let x+ be the functions defined in the statement of Proposition and write
V42, 8) = X+ (2)¥4 (2, §) + X (2)¢4 (2, €).

Replace in xy¢4 (resp. x—t_) ¥4 by (A.1.24) where we express fy from f; (resp. f1 for fs)
using the first (resp. second) formula (A.1.15). We get, using notation (A.1.1)

(A.1.25)
U (2,€) = X4 (2) [ (T(€)m (. €) Leso + mi (2, ) Le<o) + P R(—E)mi (2, —€) Le<o

+x-(2) [emg (ma(z, =) 1eso + T(—E)ma(z, —€)1eco) + e “CR(E)ma(z, 5)1§>0] :

Using (A.1.2)), we deduce from ({A.1.22)), (A.1.23) and (A.1.25) that

1 . 1 .
(A126)  Wew= o [ e Qo ds + o [ Eenlw i) de
with

61(3375) = X+(f13)m1(337§) [T(f)1£>0 + 15<0} + X_(a;)ml(—:v, —f) [1§>0 + T(_§)1£<0]
62(‘737 €> = X+($)R(—§)m1($, _§)1§<0 + X- (a;)R({)ml(—x, €)1£>0'

If w is odd, we may rewrite (A.1.26]) as
1 .
Wiw = o [ e"ala, )ie) de
m

(A.1.27)
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with

(A1.28) a(z,€) = er(x,€) — ea(z, —§)
= X+ (@)ma(z, ) [(T(§) — R(&))Le0 + Le<o]
+ x—(x)m1 (=2, =&)[Leso + (T(=€) — R(=£))Le<o]-

Setting

(A.1.29) eo(§) = ) - 5(5) T 1, e1(§) =

T(€) - R(§) — 1
2€

we see that eg, eq satlsfy since ey is smooth at & = 0 because of (A.1.19). Actually, as
T(€) —1is O(()™Y), we even get that e; = O((£)?). We rewrite thus (A.1.28) as

a(z,§) = x+(@)ma(z,§) [eo(§) + er(§)IE]] + x—(w)ma (=, &) [eo(=E) + e (=E)IE]]
which gives using . The equality
eo(§) +ex(§)l¢] = (T(€) — R(§))Le>0 + Le<o

implies (1.2.7), as T(§) — R(§) — 1 is a symbol of order —1. Moreover, (1.2.8) follows from
the fact that |T'(§) — R(§)| = 1, which is a consequence of (A.1.16]). Since (|1.2.9)) follows from

(A.1.5) and (A.1.2)), this concludes the proof of the proposition. O

A.2 Proof of lemma [2.2.1]

Proof of lemma |2.2.1; (i) When m = 0 i.e. a € Sé (1), s = 0,A = 3 (i.e. one considers the

Weyl quantization), property is just L? boundedness of Op," (a), which is Theorem 7.11
of [13]. Since one may express any quantization from the Weyl one (see (7.16) in [13]), the same
property holds for Opj, for any A € [0,1]. The case of arbitrary s, m follows from the symbolic
calculus of [I3] Chapter 7. Actually, is equivalent, by the same reasoning as above, to
the L? boundedness of

Opy ({€)*™™) © Op)Y (@) o OpyY ((6) ™)
and that last operator may be written as Op)" (b) for some symbol b in S 1 (1) by Theorem 7.9
and Proposition 7.7 of [13].

(ii) We cannot deduce directly lemma (ii) from the results of [13], as symbols in S ((§)™)
defined by inequalities with 6 = 1 are not covered by the assumptions made on that
reference. Though, when m = s = 0, we may reduce to the similar inequality for symbols
in S 1 (1), that are treated in [I3]. Actually, define the operator © by

Ou(z) = v(zVh).

Then

© 0 Opj(a) 0 ©~! = Opy(b), © 0 Opj(a) o O~ = Opj(b)
with b(z,€) = a(zvh,&/vVh). As b belongs to S1 (1), Op}(b), Oph(b) are bounded on L2,
uniformly in h, so that Op}(a), OpY(a) are bounded on L2, uniformly in h.
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To deduce for general s, m from that property, we notice first that by it suffices
to treat the case of Op},(a). Take ¢ in C°(R — {0}), ¥ in C$°(R) forming a Littlewwod-Paley
partition of unity, so that 1 = 1 (£) + 37 ¢(275¢). Define for k£ > 1, Al = Op},(p(27%¢)),
Al = Op},(1(€)). Then the L(HE, H3™™) boundedness of Opj,(a) follows from an estimate of
the form

(A.2.1) |A} 0 Opj(a) o Al 2y < Cn2km—NIk=

for any N, k, £, with a constant Cy uniform in h €]0, 1[. Writing ¢(2-*AD) = (2=*hD)N@(2~*hD)
or p(27*hD) = (27*RD)N@(27FhD), with p(z) = %, and using that if a is in S1((§)™), hDa
belongs to the same class by , one deduces immediately from the L? boundedness
of the quantization of elements of S (1) seen above.

(iii) We take here a in the subclass 21 ((£)™), and using the same Littlewood-Paley partition of

unity as above, we write
“+o0o

CL(.CE,&) = Z ak(x’g)

k=0

with ag(z, &) = a(z, )Y(E), ap(x, &) = a(z,&)(27%€) for k > 1. Denote by Kj(z,y) the
distributional kernel of Op},(ay,) i.e.

2k

(A.2.2) Ky(z,y) = @)

[ o, Feyole) de

when k£ > 1, and the similar expression with ¢ replaced by ¢ when & = 0. By (2.1.2),
oP [a(z,25¢)p(€)]27%™ is bounded uniformly in &, so that, performing integration by parts in
(A.2.2), we get

2k 2k -N
Kl g)| < On 2 (14 Sl — )

for any N. This immediately implies that Op,ll(ak) is bounded from L* to L*°, uniformly in
h €]0,1[, with O(2¥™) operator norm. As m < 0, the sum Op,ll(a) of these operators is also
bounded on L*°. This concludes the proof. O
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