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AnaHorarus

IIpeoskennas panee aas obsacreil Kiaacca C2 perysisgpu3alus CJIeI0B U Olle-
PaTOPOB HANPSXKEHUIN TOTEHITHAJIOB YIIPYTUX BOJIH 0000IAaeTCa Ha CJIyYIail JIMII-
1eBbIX obstacreil. B wacTtHOCTH, 9TO 0000ITIEHIE TTO3BOISIET JOCTATOTHO JIETKO ITOJIY-
YUTHb CBONCTBA 0TOOPAaYKEHUI TTOTEHIINAIOB YIPYIUX BOJIH U3 CBOACTB 0TOOpaKEHUI
TTOTEHITNAJIOB CKAJIAPHOTO ypaBHeHWs [elbMroibila, He UCIOIb3ys ODIIYI0 TEOPHUIO
CHCTEM DJIIANTAYCCKUX YPABHEHUN A5 JUNIIMAIEBLIX obracTeii. CKaaspHbIE TPOM3-
Boauble ['fonTepa (PyHKITHMH, ONPENeJeHHON Ha TPAHUIE TPEXMEpPHOH 00,1acTh, BbI-
pasKarTcd Yepe3 KOMIIOHEHTHI TTOBEPHYTOrO TTOBEPXHOCTHOTO IPAJUeHTa V o0t X 10
970l (QPYHKIWE B KAHOHUYIECKOM 0a3nce MPOCTPAHCTBA, COMEPIKAIEro 3Ty 00JaCTh.
YCTaHOBIEHO, UTO STH IPOU3BOIHBIE OIIPEAESIOT Ha IPAHUIE JAMIINIEBOi obracTn
OrpaHUYeHHbIE OIIePATOPHI, JeiicTryomue u3 H® B H5~! (0 < s <1),KOTOpPbIE MOXK-
HO UCIIOJIb30BATh B YUCIEHHBIX aJTOPHTMaX MeTOJIa TPAaHNIHBIX 3JIeMeHToB. /laeTcs
npezacrapaeHue omeparopa ['fonTepa m MOTEHIMAJIOB NPOCTOrO W ABOIHOrO CJIOEB
VIIPYTUX BOJIH B JBYMEPHOM CJIyYae.

KiroueBbie cjioBa: rpaHMyHble WHTErpPaJbHBIE ONEPATOPbI, MPOU3BOHbIE [I0HTEpA,
YOPYTHe BOJTHBI, TOBEPXHOCTHBIE MOTEHITUAJIBI, JTUIIIHIEBBI 00JIaCTH.

BBenenne

B nanmoit padore gepes QF u Q- = R? x inusQ+ 0603HATAI0TCS COOTBETCTBEHHO OIPAHT-
JeHHad JINNIIANEBA 00JacTh B IpocTpaHCTBe *R3 u ee BremuocTh. CraenoBaTenpno, )
1 (2~ mMeroT oOIIYIO0 IPaHUIly, KoTopas obo3Hadaercs depe3 0S). Ilosepxunocts 0f) mmeer
7e6eroBy Mepy § U eJIMHUYHYI0 HOPMaJb M (puc. 1), OIpemeseHHYI0 MOYTH BCIOIY IO
Mepe $ M HALPABJIEHHYIO BO BHeIHOCTH obsactu QT [1, P. 96]. Ckangpuoe npoussejenune
JBYX BEKTOP-CTONIONOB @ u b ¢ Tpems kommonentamu a; u by, j = 1,2, 3 (BeuecrBeHHbBIME
WJIH KOMIIEKCHBIMHU) OMpPeJIeIfeTcss KBaapaTuaHoii (hopmoii

3
a-b:aTb:bTa:Zajbj,
j=1

rie @' — BeKTOp, TPAHCIHOHUPOBAHHLIH K BEKTOPY a.
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Puc. 1: T'eomerpust paccmarpuBaemMoii obJiacT.

Jaee obiienpunsgaThie 0003HAYEHUS, UCHOJIb3yeMble B Teopun JAudpepeHnuaibHbIX
YyPABHEHWH B YaCTHBIX IPOU3BOIHBIX [2| He mogcHs0TCs. B JanHOil paboTe HCIOIb3Y 0T A
npocTpancTBa Dpere:

H' (R*) ={veD (R*; pve H" (R’) Vo € D (R%)}

H () ={veD (Q7); IVeH] (R, v=V]s-},
H o (R*) ={ve H™ (R*); 3R >0, v|jz>r =0}

comp

He () ={veH™(Q7); Ve HL, (R, v=V]o-},

comp comp

OIIpeIeIeHHbIE [ JII0O0T0 1EeJI0r0 1.

ITockombKy obmacts Q1 orpanmvena, npocrpamctsa H], (W) u Hy, (W) COBIIa-
naoT ¢ npoctpancrsom H™ (QF). IIna npocrpancrsa HY ucmonb3yercs oOIEenpUHATOE
oboznadenne L2,

OGosnauum 4epes ut = (u|g+)lon (v~ = (ulg-)|sq) caen Ha rpanune 0 cyxke-
nust bysxmun v Ha QT ( Q7). [lanee jyist YyHKIMA ¢ HYJIEBBIM CKAYKOM IPU II€PEXOJe
depes rpanuiy (ut = u”) Tepmun "caen" wHe ucnoabsyercs. s obozHadenus yHKIHO-
HAJTLHBIX IPOCTPAHCTB BEKTOPOB, KOMIOHEHTH KOTOPBIX MPUHAIICKAT HEKOTOPOMY CKa-
JIIPHOMY (DYHKIIMOHAJIBHOMY ITPOCTPAHCTBY, UCIIOJIL3YIOTCs OOIepUHSIThIe 0003HAYEHU S
(nanpumep, H® (0€); C3) oGoznavaer MpoCTPAHCTBO BEKTOPOB U , KOMIIOHEHTHI KOTOPBIX
u; (7 =1,2,3) npunaanexar npocrpauctsy H° (09)).

HOna1<i<3,1<j<3uue H}, (R npoussognas [onrepa

/\/ll(;n)u = 10z, u — 1;0p;u (1)

MPUHAITEZKAT TpocTpancTBy L (0F2) , Tak KaK c1ebl YaCTHBIX TPOU3BOAHEIX Oy U I Oy U
npunasexar HY/2 (0€), a KoMITOHeRTH n; W N, BEKTOPa HOPMaIM 1 K noBepxHocTH Of)
npunaaiexkar L (0). Hanomuum, uro ecan obiactb T 10CTaTovHO peryJsipHa, Ha-
npuMep apagerca Cl'-061acTBIO, TO MPON3BOIHAL ./\/lgjn)u IPHHAIJIEXKAT IPOCTPAHCTBY
H'Y2(09). VnpiMu cJI0BAME, €C/IH PEryJisipHOCTD 00/1ACTH TOJIBKO JMIMIKIEBA, IPOUCXO-
OUT MOTePs IIaIKOCTH ./\/ll(J")u na 1/2 nopsika.

[TpuBeeM U3BeCTHBIE CBOMCTBA IIPOM3BOAHLIX ['ToHTepa /g obnacreit Q1 | riagkocTnb
KOTOPHIX He ke Kiaacca CHl. TlycTs

3
{ej = [51j7(52j,(53j]—|—}j:1 ((513 =1 npu 1= j, 5ij =0 Ipu 1 7& j)*



KaHoHn4ecKkuii 6asuc B R? u, ciemoparenbho, n; =mn-e; upu j = 1,2, 3. Onpenenum 11
1<i<3,1<j<3,i#J
Tz’j = njel- — niej. (2)

Od4eBuaHO, 9TO

Mﬁj")u =Vu- -1, =0,

U,
ij

rie

Taxum obpazom, ./\/lz(f) SIBJIAIOTCS TaHT€HIIMAIbHBIMI IIPOU3BOIHBIME Ha Of) U, CJ1e0Ba-
TEJBHO, MOTYT OBITH BRIYMC/ICHBI, IO Kpaiineit Mepe mia dpynkmumit u € C! (R3) u obracreit
Q" knacca Ct, 6e3 ucnob3zopanud 3Hadenuit pynknuy v B QT nam Q. DTu npousBoHbIe
seesenbl H.M. Tiorrepowm [3]. B pabore [4] nokazano, aro oHu MOIYT OBITH HCIOIb30BAHbI
JIJIsT YCTAHOB/IEHUS CBA3U MEYK/Iy TPAHUYHBIMU MTOTEHITHAJIAMI CUCTeMbI ypaBHeHnit Jlame
u ypasrenus Jlamraca (em. [4] C. 314 u [5, c. 48]). B paborax |5, ¢. 49] u [6] mpoussos-
uple ['OHTepa HCHOJIB30BAHBI JJIs 3AIIUCH OIIepaTOpa HAIPS2KEHHl, COOTBETCTBYIONIETO
IOTEHIUATY JBORHOrO yupyroro ciaos. B |7, 8] T npou3BoaHbIe UCIIONB30BAHBI TPU UC-
CJICIOBAHUU MTOBEPXHOCTHBIX MOTEHINAJIOB YPABHEHUS PACIPOCTPAHEHUS YIPYIUX BOJIH.
Bo Bcex mepedmc/eHHbIX BhIIIe paboTax IPeIloIarajJoch, 4To 004acTh (T npuHa ekt
kaaccy C? (B JeficTBUTEILHOCTH, JOCTATOYHO NpUHaieskHocT Kiaaccy Chl).

Henpio qanHO# pabOTHI ABJASETCS OIIpeiesieHre Mpou3BoaHOM ['TonTepa 115 JUIIIHIe-
BBEIX obJ1acTeit, T. e. g obsacteit ki1acca COl. 9To m03B0aUT 0606IUTE HOJIyUeHHBIE Pa-
Hee Pe3yabTaThl Ha 00JaCTH ¢ YacTO BCTPedalolneiicss B MPUKIAIHBIX 33a1UaX reoMeTpHeii.
Bosee Toro, onpegenenubie TakuM 06pa30M MpOU3BOAHbIE [ TOHTEPA MOYXKHO UCITOIH30BATH
JIJIST AIIITPOKCAMAIINH TTPUMEHSIEMBIX B METO/E TPAHUIHBIX KOHEUHBIX JIEMEHTOB OIEPATO-
POB HaIIPSAKEHHS, COOTBETCTBYIONIUX MOTEHIHAIY IIPOCTOTO CJI0A U MOTEHITUAJIY JIBOMHOTO
CJI0s1 CUCTeMBI ypaBHeHH#H JlamMe u cucTeMbl BOJTHOBBIX YPaBHEHHUN TEOPHUHU YIIPYTOCTH.

B norenmnuanax Teopun yupyrocTu mpou3Boanbie ['loHTepa comepKarcs B BUIE KOMIIO-
HEeHT ME?) (1,7 = 1,2,3) xococummerpuunoii marpuups M ™| neiicrsyiomeil na BexTop-

dpyHKIMIO U :
3

(M™u), =3 MPu;  (i=1,2,3),

i=1

re (./\/l(")u)z. uuj (j=1,2,3) — komuonents Bexkropos M™u n u coorsercrsenno. B
[5] aTa Marpuna HazbiBaeTcs Mpou3BOAHBIME [TOHTEpa B MarpudHOil dhopme. B manHoi
pabote 6yaem nHazbiBarh M™u MaTpureii nponssoaubx IoHTEpA.

Matpuna Tpou3BOIHBIX ['TOHTEpa MOPOKIAeT PA3JIHIHBIE OEPATOPDI, HMEIOIIIe Pa3-
JIUYHBIE TpeJcTaBaennst. Vcmonp30BaHme ITUX OMepaToOpoB MO3BOJUIO PA3BUTH TEOPHIO
MOBEPXHOCTHBIX MOTEHINAIOB ypaBHeHuil JlaMe B cTaTHYecKUX 3a/1a9aX TEOPHH YIIPYTO-
cru |4, 5, 7, 6], a Takzke pazpaboTaTh AJrOPUTMBI MPEIO0YCIOBIMBAHISA B METO/IE TDAHN Y-
HBIX 9JIEMEHTOB DellieHust 3aa4 paccenBanus ynpyrux BouH [9]. B psae pador [10, 11] ome-
paTop M ™ ucnonbsyercsa 6e3 ynoMmHaHNa NPOR3BOAHBIX L'onTepa. Bo Beex BbIme yio-
MSHYTHIX TIPeJCTaBIeHUSX TPOU3BOIHBIX ['TOHTEepa MCIOAB3YIOTCS JTHO0 3HAYeHUsT hyHK-
MU BHYTPU O0JACTH, KaK, HApUMED, B omnpeaenennu (1), 1ubo KpUBU3HA MOBEPXHOCTH
0. D10 3aTpyAHAET IPUMEHEHUE TAKOIO POJA NPEJICTaBJeHu IPOU3BOIHBIX [ I0HTEepa B
METO/1€ KOHEYHBIX TPAHUYHDBIX 3JIEMEHTOB WM UX UCIIOJb30BAHUE IIPH ONPEIEICHUN TACTA
00yC/JIOBJIEHHOCTH MATPHUIIBI B YUCTEHHBIX AJTOPATMAX.

B nyrkTe 1 manHoi paboThl OKA3aHO, YTO BEJTHIHHBI /\/ll(;z)u SIBJIAIOTCS KOMITOHEHTAME
HOBEPHYTOrO MOBEPXHOCTHOTO TpajneHTa Vaqu X 1 GYHKIUU U B OPTOHOPMUPOBAHHOM
Ha3uce HPOCTPAHCTBA, B KOTOPOE MOIPYZKeHa paccMmarpuBaemast 001acTb. DT0 CBOHCTBO,
B COBOKYIIHOCTH C HEKOTOPBIME CBOHCTBAMM JIBOHCTBEHHOCTH MO3BOJIAET ONPEIEIATH JIaH-
Hble TIPOU3BO/HBIE KAK OrPaHUYeHHBIe ONlepaTophl, fAeiicTyiomue uz H* (02) B H5~1 (9N2)
g 0 < s < 1. 910 yTBepKaeHHe KBUBAJEHTHO YTBEPKIECHUIO, 9YTO U — VoqU X T



ABIAETCS OTPAHMICHHBIM ONepaTopoM, jeficTyiommuym u3 H® (0Q) B H*™1 (0Q; C3?) nna
0 < s < 1 (mausbii pe3yabrar ObLI MOAYYEH APYIHM METOIOM i s = 1/2 B pabo-
Te [12]). M3 mocsenHero yTBepKIeHHUs CJAEIYeT, 9TO COUPSZKEHHbIH YKa3aHHOMY BBITIIe
OIIepaTop, COIMOCTABJISIONINI MOBEPXHOCTHBINA poTop Vg - U X T BEKTOPHOMY MOJIO U
[13, p. 73|, TakxKe ompegessgeT orpaHMYeHHbBIA onepaTop, AeficrByommit u3 H* (0$2; C?)
B H*1(09) nna 0 < s < 1. Cieayer orMeTuTh, uto B |13, P73| moBepXHOCTHBIH POTOP
PacCMaTPUBAJICA TOJIBKO JIJIsI KACATE/IbHBIX BEKTOPHBIX moJieii. OMHAKO, TTOCKOIbKY B €ro
OTIPE/IEJIEHUH COJIEPKUTCSA BEKTOPHOE MPOU3BEIEHNE, STOT ONEPATOP MOXKHO 0000IIHNTEL HA
CJIydail IIPOU3BOJIBHOTO BEKTOPHOIO IIOJI.

Jlastee B paboTe MoKa3aHO, YTO TPOU3BOAHBIE ['TOHTEpA MZ(?) MOKHO TpPeICTAaBUTh B
Buae auddepeHnuaabHbIX HPOPM U MOJYUUTH JJI STHX OIepaTopoB (OPMYJIy MHTEIPHU-
poBaHUs 10 YacTaM Ha ydactke O0f). dra (opmysia nojiydeHa HpsAMbIM BbIYUCJCHUEM B
pabore [3]. Oxnako, dopmanusm quddepernunaabHbX GOPM MO3BOAET HOHITH OCHOBHbIE
HNPUHIUITB, UCHOJIb3yeMble TPU MoaydeHun 31oit popmystsl. Takzxke dhopmasmam audde-
PEeHIHAJIBHBIX (OPM HCIIOAb3YeTCI B JAHHON padoTe sl MOIyYeHHs sIBHBIX BbIPazKeHUi
JIJIS TIPOU3BOIHBIX ['TOHTEpa KyCOUHO-TMIAIKON (DYHKINK, OMpeaeIeHHOR Ha IPAHNIIEe KPH-
BOJIMHEITHONO MHOTOTDAHHMKA, YTO MO3BOJISIET HCHOJIB30BATH UX B AJTOPUTMAX METO/IA
IPAHUIHBIX JIEMEHTOB.

B 1. 2 npuBojsTcs pasjinuHbie W3BECTHBIE TPEICTABJIEHUsT MATPHUIIBI TPOU3BOIHBIX
I'torrepa M™) . C ucnosnb3oBanueM BeKTOPHOH ¢opMysibl ['puHa, BBeIeHHON /i 4acT-
HOTO caydast B [14] u B Gosee obmeii dpopme B [10, 11|, mosyueHO BapHaNMOHHOE BBIPA-
JKeHne MaTpunsl mpousBogasrx M(™ wepes obbéMmuble HHTErpaibl. B myHkTe 3 maeTcs
o6obIenne Ha CIydail JUIIITUIEBBIX 00JacTeil MeTona peryaspusanin (cnocoba cBeeHus
WHTErPAJIOB C CHHTYJISIDHBIME SIAPAMU, COJEPIKAIUXCSA B MOBEPXHOCTHBIX MOTEHIHAJIAX,
K MHTErpajaM, CXOJANUMCS B OOBIYHOM CMBICTIE), TpeIoKeHHoro B |7, 8] miuga ciayuas
HOBEPXHOCTHBIX MTOTEHIHAJIOB yIPYrux BoJH. Clemyer OTMETHTB, UTO s THCJIEHHOTO
PeIleHns 3301 O PACCEMBAHNY YIPYTHX BOJH, OBLIN IPEII0KEHBl U APYTHe, SHATHTE -
HO 00Jiee CJIOXKHBIE CIIOCOOBI DEryJIsIpU3AIlii CHHTY/ISIPHBIX MHTErpajoB (CM., HAIpEMED,
[15, 16, 17, 18, 19, 20] ).

Haxkomner, B myHkTe 4 ¢ HCIIOJb30BAHHEM CBA3U MEXKJY JIBYMEPHBIMU H TPEXMEPHBI-
Mu sapaMu ['puHa ypaBHeHHs [eIbMIOJIbIIa METOIBI PETYISPH3AIUT, IIPUMEHIeMble TPU
HCCJIeIOBAHIE TPEXMEPHBIX 3a7a4, 0000IMAalTCd Ha CJOyYail 3a7ad O PacupoCTpaHEeHUN
IJIOCKKUX YIPYTHX BOJIH.

1 O6o06menne mpon3BoAHBIX ['TOHTEepa Ha ciydaii JuI-
HINIEeBbIX obJIacTeil

Huke ycranaBamBaroTCsd HEKOTOPbIE CBOMCTBA ONeparopa MPOU3BOAHBIX [rOoHTEpa s
JIMTIUIIEBBIX o0Oj1acTeit. lajee nmokaszaHo, 9TO ¢ UCIOJI30BaHUEM OllepaTOPa 3BE3/IbI XO/I-
’Ka IIPOU3BOIHBIE ['TOHTEpa MOXKHO IPeICTaBUTh B BuAe AuddepeHnuaabHoil 2-hopMHI.
DTO MO3BOJIZET MOJIYIUTH (POPMYJY HHTEIPUPOBAHHSA MO JacTaM Ha ydacTke 0f). Tak:ke
HOJIy9eHO HPEJCTaBJICHHe MPOU3BOAHBIX ['TOHTEpa, KOTOPOEe MOXKHO HCIOJIb30BATh B aJl-
ropuTMax I'paHUYHBIX 3JIEMEHTOB (B IpOrpaMMHBIX KOMILJIEKCaX, UCIIOJb3YIOINX METO
I'PaHUYIHBIX SJIeMeHTOB).

1.1 Csoticmsa onepamopa npoudeoduvix I'onmepa dr48 Aunuuyesovir 0040~
cmet

B cuty pasencTsa (3) U B COOTBETCTBUH C OIpeJie/ieHIeM, TPUBEIeHHBIM B pabore [1, c.
147, onepatop M apnserca kacarebHBIM (TaHreHIHATBHBIM) IHDDEPEHIHATBHBIM
) paTop ij o it penIy



orrepaTopoM mepBoro nopsijaka Ha J€) . OTciona cieayer mepBoe CBOMCTBO OTIepaTopa Mpo-
u3BOAHBIX [IOHTEpA, T0KA3aTeIHCTBO KOTOPOTO cojtepKuTest B jemmve 4.23 B [1].

IIpenaoxenue 1 s amoboti dynxyuu u € H' (0Q) ewinoanaemea nepacencmeo

oy < C oy (@)

u‘
NpUYeEM KOHCITNAHING C ne sasucum om dﬁymcuuu u.

3aMeTnM, 9T0 BEKTOP T;;, ONPEIEIEHHBIN B COOTHOIIEHNN (2), C HCIOIb30BAHIEM JBOTi-
HOT'O BEKTOPHOT'O IPOU3BEIEHAA MOXKHO 3alIUCATh B CIEAVIONIEM BHJIE:

Ti=(M-e)e,—(n-e)e;=nx(exe;) (1<i<3,1<5<3).
Torna npoussoaHas ['toHTEpa Mz(j")u npeJICTaBIsgercs B BUJIE:
Mg?)u:Vu-nx(eixej):Vuxn-eixej. (5)

B 5) M
dbopmyne (5) M;;”u npeacrapasercs B KauecTBe KOMIOHEHTHI (UM KOMIIOHEHTBI CO
3HAKOM MHUHYC) TIOBEPXHOCTHOIO POTOPA U B KAHOHHYECKOM Oazuce R3
(n), _
M;i"u = Vaqu X 1 - €; X €; (6)
(cM., HAIpUMep, ONpeJie/ieHrHe W CBOMCTBA MOBEPXHOCTHOIO TpajuenTa Vaqu U MOBEPX-
HOCTHOTO poTopa (byHKIMHA B caydae, korga T npunamzexur kiaccy C? [13, p. 69].)

Bameuanue 1 Popmyaa (6) nosyuena ¢ dpyeom eude 6 [4] (Popmyaa (1.12) 6 2n.5). B
darnoti pabome npouszeodnas Iowmepa npedcmasiena wepes KoOMNOHEHMbL NOGEPTHOCTN -
noeo 2paduenma¥V gou, KOMNOHEHMbL 6EKMOPE eOUHUNHOT HOPMAAU TV U CUMB0Ab, Jlesu-
Queumui €;jy;

3

M§Z)u =— Z £ijk0s; U, (7)

i=1
20e
3
agku = Z €ijkNy (VagU)]- .
ij=1

Hocrorvky

Os;u = (n x Vqu),,

€ YHEMOM PABEHCTNEA
3
€ Xe;= g €ijk€k (8)
k=1

dopmyay (1) moscro sanucams 6 eude

3
My = D (Voou x n); e;-e; x ey,

J
i=1

N3 nocaednezo pasencmea credyem gopmyaa (6). Bamemum, 4mo KomMnaxmmas $opmyaa
< (n)

(5) u dopmyaa (6), 6 Komopot npouseodnas owmepa My u evipasicaemes uepes Kom-

nonenmu, eexkmopa Vaou X m, 6 asnom eude He Guiau npusedenv, wu [4], Hu 6 dpyeux

pabomax. O0naro 2mo passuvrvie 3anuct 000t u mot sce dopmyan, Kak ciredyem us3

d0Ka3aMeNCMEa NPUBEIEHHOT, HUMCE NEMMDL.



CrpaBeuBa CIeIyIONIas JeMMa, ToKazanHad B [3] 1aa obnacreit kmacca CH (0 < a < 1)
0oJs1ee CI0KHBIM CIOCOOOM.

1

3
comp (R?) enpasedausa gopmysra unmezpuposanus no

Jlemmva 1 . Jlaa ¢ynwuyut u,v € C
YACTAM:

/ v/\/ll(-?)u ds :/ u/\/lg?)v ds. (9)
G9)

o0

JdokazareabCcTBO. YTBepKICHUE JeMMBI HETTOCPEJICTBEHHO CIeAyeT U3 PaBEHCTBA
V X (uve; x e;) = vV x (ue; x e;) —uV X (ve; X €;)

u opmysbl ['prHa, CrpaBelIuBoOi JIIs JUIIIHIEBLIX obaacteil (eM. Teopemy 3.34 B [1]):

V-V x (uwve; X e;) dx:j:/ (V X (uve; X e;)) - nds =

G)
=F (/ UME?)U ds —/ u./\/lg?)v ds) )
) 09

V'VX(U’UBZ‘XBJ'):O.

[oE=

[
Jlokazkem Teopemy, BbIPAYKAIONIYI0 ONTUMAJIbHBIE CBOWCTBA OTOOpaKeHWsT ollepaTopa
HPou3BOAHLIX ['ToHTEpA.

Teopema 1 . Ilycmov QF — oepanuuennas aunwuyesa obaacmov. Tozda npodoasicerue
npoussodnoti Ionwmepa /\/lgn) na npocmpancmeo H® (0R), 2de 0 < s < 1, asasemca
02PANUNEHHBIM AUHETHBIM 0TIepamopom, deticmeyouum us H® (02) ¢ H*1 (09).

Hoka3zarenabcTBo. [Tpu s = 1 yTBep:KIeHNE TEOPEMbI HETIOCPEICTBEHHO CJIEYeT U3 OleH-
ku (4). B cuny cBoiictBa cuvmMerpun (9) u mpuHIUIA JBORCTBEHHOCTH, 9TO YTBEPKICHHE
Takyke BepHO npH § = 0. MeToq0oM HHTePHOISIIE YTBEPKICHHE TeOPeMbl 0000IIaeTCs Ha
cryqait 0 < s < 1. m

CaenctBue 1 . Ilpu donyuwenuar meopemo, 1 caedyem, wmo maH2enyuasbHoil 6eKMop
NOBOPOMA ABAALNCA 02PDAHUYEHHBIM AuHeTHbLM onepamopom U — Vaqu X 1v uz H® (0Q)
6 H*71(09Q;C3) dan 0 < s < 1. Caedosamenvno, onepamop u — Vg - U X 1 maksice
AGAACICA 02panunennvim onepamopom us H® (0Q;C?) 6 H1 (0Q) dan 0 < s < 1.

JdokazareabcTBo. /leificTBUTEIHHO, KOMIIOHEHTHI BEKTOPa V goU X M ABITIOTCA HE TeM
MHBIM, KaK MMPOM3BOTHBIMU ['oHTepa, a u — Vo - w X . — onepaTop, CONPSKEeHHBIH ¢
oepaTopoM U — Vaou X 1. |

Bameuanue 2 B [12, C. 855] yemanosaero, wmo ecau u — GyHKUUA, NPUHAONEHCAULAA
H' (R3), mo: 1)sexmop Vu X m zopowo onpedeaer na npocmpancmee H‘Tl/z (09; C3),
080U CMBEHHOM NPOCTPAHCNEY

H?(00;C%) = {v € L (00;C%);  wv=mnx(wxn), weH (QC)};

2) sekmopVu X m sasucum moavko om cieda ulsq dynkuyuu u na 0. Taxoce 6 [12,
C. 850 — 851], wmo npocmparcmeo HH_I/2 (09Q; C3) moorcem Gomy omosicdecmeneno ¢

sammrymolm noonpocmparcmeom H=/2(0Q; C?) (uacmmnwii cayuati caedemeus 1 npu

s=1/2).



CBOiicTBO CHMMETPUH JIJIsT TJIAJKUX O0JACTEll M JOCTATOYHO PEryJISIPHBIX (DYHKIHi
(u € H*(R?), s > 1) uzsecTno pocrarouno gasuo [4, C. 284| u sB/serca HenocpeCTBen-
HBIM CJIEJICTBUEM OIPEJIEIEHNs MATPHUIBI IIPOU3BOAHBIX [ IOHTEDA, & TAKKE CBOHCTBA CHM-
METDHHU U CBOICTB 0TOGPAZKeHUs! OIePATOpPa MEJ")

CaenctBue 2 Mampuua npoussodnsz Iowmepa M™ onpedessem ozparusennvids au-
nedinvidi onepamop, deticmeyrowud us H* (09;C?) ¢ H* 1 (9Q;C3) daa 0 < s < 1, co
CAECOYOULUM CBOTICMBOM CUMMEMPUL:

<”7M(n)u>1—s,m = <“’M(n;”>s7aﬂ’ - , (10)
u € H?(0Q;C%),v e H' (08, C?).

Huotce xax das ousunetinoti gopmos, onpedesennoti na npou3sedenut, CoOnPANCEHHLT Npo-
cmpancme H® (0Q; C3) u H=5(0Q; C?), max u dasa burunetinot gopmol, onpedenernol
na H® (0Q2) x H=* (092) , ucnoavayemes obo3naserue:

3
(0,8), 90 =Y _ (Vi li), 9o, v € H* (00 C*) £ € H* (99;C%).

i=1

Bameuanue 3 J[soticmesennoe npouseedenue H® (02) u H* (0) obviuno obosnauaem-
ca uepes ((,v), o Oaa £ € H™*(0Q) uv € H* (). Taxoe obosnauenue ydobro uc-
NOAB30BAND NPU UCCALIOEAHUY, NOTNEHBUAAG TPOCTNOZO CAOSA 6 MEOPUL PACTPOCTIPAHEHUSA
YNPY2ULT 804k, KOMOPOE NPOBOOUMCH HUMCE.

1.2 AHsuwie svipasicenun daa npoudeodnvix Ionmepa

Panee mpomssognast ['onTepa Oblia ompejieieHa B CMBICIC DACIPEICTCHHIL: ./\/lz(;l)u €
H*1(0Q) nna w € H*(99), 0 < s < 1. [Ipn penteHnn mpUKJIAJIHBIX 38149 B KAYECTBE
rpauuipl obsractu 0S) acrto Tpebyercs paccMarpuBaTh KPUBOJMHEHHBIH MHOIOIDAHHHUK.
Taxas TOBEPXHOCTH BO3HMKAET TOCJe anmpokcumanuu 0§) TOBEPXHOCTHIO, COCTOAIEH 13
KPUBOJIMHEHBIX TpaHeil u pebep, a Takzke w3 BepiuH (cM. [21, p. 15]). D10 03Hagaer, 4To
rpanuna §) MOKeT OBITh MOKPBITA HEllePeceKalomencs eKoMmosumnueit 7

aQ - UweTw

(T — KOHEeIHOE MHOYKECTBO OTKPBHITHIX obsacteil w C J) Takoe, 4To st BeeX w,v € T,
wNou =0, ectm w # v). [Ipeanonaraercs, 970 KaxKAblil 3JTEMEHT W MPEJICTABIAET CO-
Ooit  “HOIMrOHAJNBHYIO MOBepXHOCTH B TOM cMmbicie, uro w C U, (U, — orkpbitas
C>™®-napamMeTrpusyemMas MOBEPXHOCTH B R3), ee rpaHuna Ow SBJIAETCS KyCOYHO-TJIAIKOMN
KPUBOIi, w — Jmtinuiesa objiactsb B U,,. Jlunmunesa ob1acTh Ha TJIAIKOM MHOTOOOpa3nu
ompenendgeTcsa TakK Ke, KaK H JMNIIHANeBa obracTb B RY ¢ 3aMeHO “JKeCTKHX HepeMe-
menuii 7 (eMm. onpegenenue 3.28 B [1]) wa sokanbubie C*°-nuddbeomopdusMel B 006gacTH,
nexxamue B R?2. Hamomunu, uro QO aBisgeTcs rmod6agbHO JHOIIAIEBOH 00/1aCTBIO. DTO
HCK/II049aeT Hajmaue Ha Of) OCTPOKOHETHBIX MHKOB. lIprMepom Takoi MOBEPXHOCTH SIB-
JASeTCsT ceTKa, obpasylomasica TP TPHAHTYJISINE HoBepxHOcTH Kiacca R3. Ha pme. 2
noKa3aHa IoBepxHocTHad Tpuanryaamua Chl-obmactn. O61acTh U MOBEPXHOCTHAL CET-
Ka TMOCTPOeHbI B iporpamme Gmsh [22|. s TouHo#t oBepxHOCTH w U U, OMUCHIBAIOTCS
B JIOKAJBHBIX CHCTEMAaX KOODAMHAT (JOKAJIBHBIX Kaprax) (cm., Hampumep, [23]|). Ha am-
IIPOKCUMEPOBAHHOMN OBEPXHOCTH W ABJLCTCS TpeyroibHukoM B R3, a U, — MmI0CKOCTLIO,
B KOTOPO# JIEYKAT 3TOT TPEeyTIOJbHUK.

['panuvnble KOHEYHBIE 3JEMEHTHI OOBIYHO OOPa3yIOT IOJMPOCTPAHCTBA CJIEIYIONIEro
HPOCTPAHCTBA;

P (092) = {u € L™ (09Q); ul, 0P, € PP Ywe T}

7



Puc. 2: Obnacts B ¢popMe MHOTOTPAHHUKA, TIOJIYIE€HHAS C TIOMOIIBIO MOBEPXHOCTHOH TPHU-
anryaanun CHl-obaactu

rie d, : D, C R? — U, — nokanbHadg cucreMa Koopaunat nHa U, (cM., nampumep, [23,

2
c. 111]); JP’q(n) — IPOCTPAHCTBO IIOJHMHOMOB CTEIIeHH He OOJIbIIe 1M OT JABYX IepPeMEHHBIX
¢ KOMILIEKCHBIME Koy dunmentamu. Takme mpoctpancTBa copepxarcs B H® (0€) mist
1/2 < s < 1 Toryia u TOJBKO TOIJA, KOIJIa OHU COJAEPIKATCS B

Cr(09) = {ueC’(09Q); ul, €C® (@), Ywe T}
(em., manpumep, [24] mia cnyqaa 002 = R?).
Ecmu u € Cy (0f2), TO MOZKHO OTpeTeuTh MZ(]")TU IOYTHU BCIOAy Ha Of):

(ngnzru> lo=V,ul,xn-e xeVweT,

(V,, — TaHreHIMa bHbI TPAJNEHT HA W; T — BEKTOP HOPMAJIM Ha W, HANPABJICHHBIH BO
sHerHOCTh (27). TTokazkeMm, 9TO

M{Pu= M uVu € Cr (09). (11)

qTO6bI YCTaHOBUTB 9TO TOKAECTBO, HeO6XO,ZLI/IMO HNCIIOJIb30BAaTh HECKOJIBKO yTBep)K,Z[eHI/IIU/I.
Bo-mepBhix, ul, siBAsieTCsT CJeI0M HEKOTOPOit QYHKINK U, TIPHHAJIEKAIIEH KIaccy
C* B R3-okpectnoctu U,,. Torna BepHO ciegyiomniee paBeHCTBO:

Voul, xn-(e; x e;) =(Vuy,) |, xn- (e X e;) =
= (e; X €j) X (Vuy) |, - n.
Uctonb3ys (8), KAHOHUYECKOE OTOXKICCTB/ICHUE BEKTOPHBIX 110J1ed ¢ 1-dpopmamu na R? u

omepaTop 3Be3bl Xomxka Ha R MoxkHO 3ammcars Bipazkenne as(e; X e;) X (Vuy,) |, B
CJICIYIOIIEM BUJIE:

3
(€5 % €;) X (V) [y =Y cip # (dry Aduy) | =

k=1
3
= e x (d(—ugda)) |-
k=1

Orciona caemyer dbopmyna, moaydeHHas B [3| mOKOMIOHEHTHO, Ge3 HCIOIb30BAHMUSI
dopmanusma auddepeHIuaIbHbIX (hopM.



JIemma 2 Jina u € C® (W) uv € Cgomp (R3) cnpasediuea Gopmyra unmezpuposani no
YACTNAM

3
/Uunxn-eixedeZ— g %k/ uv dry—
w

k=1 O
—/quv X1n-e; Xe;ds.
w
Opuernmavusa Ow onpedessaemcs HanpasAeHUuem 8EKMOPa .

doka3zareabcTBo. JlemMma ciieiyeT u3 COOTHOIIEHUI

V.,uv =vV,u+ uV,v,

3
/unv xn-(e xej)ds= Zéijk / % (d (—uvdzy)) - nds =

3
:Z&jk/d(—uvdxk)
k=1 w

u popmysel CTokca. W
W3 npuBeeHHON HUXKE TEOPEMBI CJIEIyeT IIPOCTOH CI1ocod BHIUUCICHUSI MPOM3BOIHBIX
FIOHTepa IIpHu HUCIIOJIb30BaHUU I'PaAaHUYHbIX KOHCYHbLIX 9JIEMCHTOB.

Teopema 2 @opmyaa (11) eepra dasa 060t pynryuy u € Cr (0N2).

IoxkazareabcTso. Ouesnino, uro Cr (0Q) C H' (99). Torja u3 cpoiicrBa cummMerpun
(10) caemyer, uto aug mobeix u € Cr (0Q) u v € C2 - (R3) Bepmo

comp

(n) _ (n) _ (n)
<v,./\/lij u>1_578Q = <u,./\/lji v>s7m = /39 uM;; uds.

NurerpupoBanue 1o 4acTaM TPUBOJIUT K PABEHCTBY

3
/ u/\/lg»%-vds = — Z Z 5ijk/
a0

weT k=1 )

Z/ uvdxy =0
Owey

weT

uvdxk—l—/ UMEZ%—uds.
G

[Tockosbky

B CITY TIPOTHUBOTIOOKHON OPUEHTAIINN HA KaXKI0M KPUBOJIUHEHHOM pebpe HelmepeKphiBa-
foreficst gexkommno3urnun J rpanutbl 0f), moydaeM

(n) — (n)
<U,Mij u>1—s,a§z = /89 oM;; Tuds.

Torpa dopmyra (11) umeer mecro B cuity miornoct Coo,n (R?) 8 H'7* (002) . =

Bameuanne 4 [Tromuocmo C,,, (R*) 6 H* (09) (0 < s < 1) daa aunwuyesot obaacmu

Q" dokasveaemca mar oce, kax doxazvieaemcsa niomrocmo Cop, (R?) 6 L? (09) (cm.
meopemy 4.9 6[25]).



2 Jlpyrue npejcraBjaeHUs MAaTPUIlbl MPOU3BOAHBIX I'TOH-
TEPA

CHavaja paccMOTPUM CYIIECTBYIONIHe (DOPMBI MPeICTABJIEHNsT MATPUIIBI MPOU3BOIHBIX
[onTepa B TOM cIydae, Korna obtacth T npunamaexut xiaaccy CH u BEIACHEM, MOXKHO
JIM 3TU TPEJICTaB/IeHUs 000OIUTh Ha Caydail JunimuieBbix obJacreil. B wacTnocTu, Ha-
MOMHUM Bapuaruonuyio dpopmy 3amuct M ™ ¢ ucroab30BaHIeM 06HLEMHBIX HHTETPAJIOB,
KOTOpasd yzKe MCIOIb30BAJACh B APYTUX PAOOTAX.

2.1  O9xsusasenmmvie GopmvL 3anUCU MAMPUYv, NPoudsodnvr onmepa

CHadasa IpuBeeM KOMIIAKTHOE BBIPAXKEHHE JIsi MATPUIBI TPOU3BOAHBIX ['TonTepa |7

loc

MMy = Vun —nV -u, u € H> (R?’;(CB) , (12)

KOTOpOE clIeayeT u3 (pOpMyJIbl

3 3
Z ngn)uj = Z 8miujnj — Ny Z 8zjuj.
j j=1 j=1

Jj=1

Hamomuum, aro rpajiuent Vu BEKTOpa U siBJIsieTCS MaTpuIeit, j-it crosber KOTopoii ecTh
Vu; (j =1,2,3).

BeposTHo, aJ1st TOTO, 9TOGK 06PATHTH BHUMAaHHE HA TO, YTO Bhipakenue (12) 3apucur
TOJIBKO OT U|,q,, B [7] HCIO/IB3yeTcs 3a1uch rpajinenTta Ha Jf)

VUj = VaQUj + ’I’Lant (] = 1, 2, 3) s
OTKya CJIeayeT
MMy = Voqun — tr Vogu n. (13)

Bnecy Vgqu ompenensiercda anagorndauno Vu; tr Vgou — aaredbpamdecknii cien V gou.
Ormerum, aro B dbopmyne (13) B pabore [7] Bmecro tr Vagu ucnonbsyercs Vg - u .
JleiicTBUTEIbHO, BhIpazkeHne s tr V goU MOXKHO 3alUCaTh B CJAEYIONIEM BHJIE:

tr Voou = tr Vau — trn (Ju) = V-u —n - d,u.
Tak Kak
V-u=Vyy-nx(uxn)+2Hu -n+mn-d,u on 0f, (14)

rie Vg - u — moBepxHOCTHas quBepreniws u (cm. [13, ¢. 72, 75]), To
MMy = Voqun —n (Vag -n x (uxn)+2Hu -n). (15)

B (15) 2H = trC — cpeaussa rayccoBa KpUBH3HA MOBEXHOCTH OS2, ONpe/iejieHHasd KaK aJl-
rebpandeckuii cies omeparopa rayccopoit Kpuusabl C = Vn. @opmyna (14) onpesenena
n1g obracTeil, 06J1aJal0INX TIaIKOCTBIo, O KpafimHei Mepe, ne auxke CU1 .

B ormaume ot Beipaskenus (10) serpazkennsa (13) u (15) aaa marpumsr M™ me maror
LPEJICTABICHUs] O CUMMETPUYHOCTH HTOrO OLePaTOPa. 3aMeTUM, YTO

3

3 3
VaQ'v n = anVg)QUj = Z VaQ (njvj) — Z UjVaan.
j=1

= j=1
[Tockoneky Vaon; = Vn; = C,; ( j-it cronben marpuis: C) u Cn = 0, MOXKHO 3aIucarh

Vagv n = Vyov-n—Cn X (v X n),
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4TO MO3BOJAET (MO KpaiiHelt Mepe, B ToMm ciaydae, korga Q1 aprserca Chl-obmactbio n
u € H? (R3; C?)) zanucarh MaTpuiHylo npoussoauyio ['lonTepa B Bu/e

M(")u:VaQu-n—nVaQ-nx(uxn)—

C(nx(uxn)—2Hu nn, (16)

OTKY/Ia CJIeJlyeT CHMMETPHIHOCTD oreparopa. OnHaKO, HOCKOJIbKY B BbipazkeHue (16) B
SIBHOM BH/JIE BXOJAT onpepaTop KpuBu3Hbl C M CPeIHAdA rayccoBa KpuBHHA 2H , OHO HE
MeeT CMbICJIA IS JTUTITHIEBHIX 001acTeil.

BanumreM BeIpazkeHue IS MATPHUIBI IPOM3BOIHBIX ['TOHTEpa, KOTOPOe JacTO UCIOJb-
3yeTcs B CTATHYECKUX 3aJa4aX TeOPUH YIPYTOCTH JJId OIIpeIeIeHus HAlPsKeHui Jepes
1oJIe IepeMeIeHnil, sBJstorueecst pemenneM ypasnenuii Jlame [4, C. 282

MYy =0, u+nxVxu—nV-u. (17)

[Mokazkem, kakum o6pazom dopmysta (17) MozKeT GbITh HOJIyYeHA U3 IIPUBEIEHHOTO BBIIIE
KOMIIAKTHOTO TIPE/ICTABIEHNST MATPHITH TPOn3BOAHbIX ['orTepa M ™. 13 dbopmyssr

MMy = (Vu—-Vu')n+Vu'n-—nV-u
cIeLyer
MMy = du + (Vu—Vu')n—nV - u.
Od4eBuaHO, 9TO

3
(Vu—Vau'), = 0pu; = s = Y (8abjm — Gimbit) Doyt

I,m=1
Tak kKak
3
5il5jm - 51;m5jz = g EijkElmk,
k=1
TO

3
(Vu— VuT) = Z €ijkEimk O, Um =

]
Il,m,k=1

3
= Zgijk (V X 'u,)k
k=1

U, CJIeJI0BATeTHHO,

3
((Vu — VuT) n)Z = Z gikn; (V X u), =
k=1
=(nxVxu), (1=1,2,3).

U3 upeacrasienus (17) aua M™u cienyer:

1) MaTpUUIHYO TPOU3BOIHYIO HEJIb3sl OIPE/IeUTh, 0 KpaiiHeil Mepe HeloCpe/ICTBEHHO,
3HasT TOJIBKO Uy, -

2) B ormume ot mpecraienus (16) npeacrapirenne (17) UMeeT CMBICJ TOIBKO B TOM
caydae, ecan Q7 gpagerca sunmmunesoit obaacteio n u € H? (R3; C3).

B cuny 3amevanns 1 B pabore [9] mpu BbiBoJe mpemcrasiaenus (16) u3 mpeacrasie-
uust (17) ucnonbzoBausl hopmyra (14) aus auseprennuu (dbopmyna (2.5.215) B [13]) u
dopmyna

nXxXVxu=Vyu -n—Cnx(uxn)—nx(0,uxn)

nist poropa (dopmyia (2.5.225) B [13]).
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2.2 Ilpedcmasaienue mampuuv. npoudsodnvir Ionmepa wepe3 06seMHbIl
UrME2PaN.

Ha ocnoBe pesysbraToB, nosydenusix B |26], moxuo 3anucars dbopmysy ['puna

Vu-Vo-V xu-Vxv—-—V -uV. . vdr=
o (18)
:i/ (Opu+nxVxu—nV- -u) vds
89

I u v v, npuaagaexamux H? (R3; C?) . 3xech

3 3
Vu- Vv = Z Vu,;-Vv; = Z O, 105,05

j=1 i,j=1

B (18) mpeanosaraercsa,aro Q1 saBiasercs KpuBOJMHEHHBIM MHOrorpaHHnkom. OHAKO
dopMmyna ocraercs crpaBeIMBOi 1 11 JUIIIueBoi obmacru Q7 u nug pyHknun v, npu-
nagaexamein H' (QF; C?). [Ipusenennas puime dbopmyia ['puna cipabejiisa TakzKe 11
u e HY (R%C% nve H,,, (RC? wm pau € H2, (R C?) uv e Hy, (R*C?).
Dopmyay (18) moxkHO Takzke BhiBecTH u3 (opmysabl ['puna, npusegennoit B [14, p. 220]:

Au-v+Vxu-Vxv+V - uV- -vdr=
@ (19)
:i/ (Vxuxn+nV-u)- vds.
Py)

Ha ocnoBe mpuBemeHHBIX BbIIIE (POPMYT MOXKHO ¢HOPMYIUPOBATH TEOPEMY, U3 KOTO-
poil ciiejiyeT lpejcraBjieHue npousBoAHoil ['TonTepa yepe3 o0beMHblil MHTErpaJl.

Teopema 3 ITycmo QF — ozpanunennas aunwuyesa obaacms 6 R2. C yuemom eseden-
HOLL 8blule onpedeserull uMeem Mecmo Gopmyia

<'v,/\/l(” =+ Vu- Vo—-Vxu-Vxv—-V.-uV. vder (20)

)
“>1/2,aQ o

dnsu € HL, (R%C?) vwve H,

comp

(R3; C3).

Hoxkazarenscrso. [lonaras, aro v € HZ . (R* C?), ¢ yaerom (18) moxkHO 3amucaTs

/u-M(”)vdSZj: Vu-Vvo—-V xu-Vxv—-—V-uV-vdz
a0 o+

C ygerom

/ u- MMy ds = <u,/\/l(")v>1/2 o0 = <'v,./\/l(")u>
o9 ’

1/2,00

nostygaem (opmyay (20) qis v € H, fomp (R3; C3). Jlnst 3aBeplieHus J0Ka3aTe bCTBa Hy K-

HO ydecThb mostHOTy mpoctpancrsa H2 - (R* C?) B HYy o (R? C?). m

3 IIpumeHeHme nmpou3BoAHOI ['toHTepa TpuU MccJiea0Ba-
HUU IMOTEHIINAJIOB YIIPYTIUX BOJIH

HI/I)KG TEeXHHUKa peryjadpu3aluu MOBEPXHOCTHLIX IIOTECHIWAJIOB YIIPYTUX BOJIH, IIPEIJIOZ?KEH-
Hag B paborax |7, 8] ma obaacreii kiaacca C2, obobiiaercsa Ha c/ydail JUIIIAIEBBIX 00-
nacreit. BeIBoggTCs BCOMOTaTeIbHBIE ITIPEICTaBICHAs /I HOTEHIINAIOB IBOHOIO CJI0sI
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1 TOXKJIECTBO, YCTAHABINBAIOIIEE CBI3b MEXKIY MOBEPXHOCTHBIMI TMOTEHIIHATIAMEI YIPYTUX
BOJTH U TIOTeHImaamu ypasuernus: [eqbmrosbna. Ocoboe BHUMAHUE yIEIS€TCS OMepPaTo-
paM HanpsiKeHW#l MmoTeHIraJa JBOIHOTO cjaod. [[okazano, KakuM 00pa3oM, He UCIOIb3Ys
OOIIYI0 TEOPUIO IOTEHIUAIOB SJIUNTUICCKUX CUCTEM, MOXKHO IIOJIYUYUTh CBOMCTBA OTOO-
pPaKeHH# MOTEHIMAJIOB YIIPYTHX BOJH U3 CBOMCTB OTOOPaXKEeHUH MOTEHIIHAIOB YPaBHEHUS
T'eapMrosbIa.

3.1 Ilosepxrnocmuvie nOMeEHUUAAD, YNPY2UL GOAH

Hna p € HY2(08; C?) moreHnuan mpocToro ciog yIpyTHX BOJH 3aIlICHIBACTCH CIeIy-
IOIIUM 00pa30M:

Sp (z) = <F (x,y) ’py>1/2,89 (x ceQtu Q_) )

Baech I' (z,y) — marpuna Kynpanze [4, C. 85|, s/ieMeHTHl KOTOPOIl UMEIOT BUI:

1
L (2, y) = P (K2Gy, (2,Y) Ot + 00, 0n, (G, — Gu,) (2,9))

(k,1=1,2,3).

Nupekc y o3nadaer, 4To B JABOMNCTBEHHOM MPOU3BE/ICHUY MEPEMEHHA T SBJISETCS Tapa-
MeTpoM. Yepes <F (x,y) ,py>1/2 aQ0603Haqu BEKTOD, k-9 KOMIIOHEHTA KOTOPOI'O HMeeT

Z <Fkl (%.9) (pl)y>1/2,ag

=1

CJACTYIONIUI BU;

((p1), — -2 Kommonenta BekTopa of p, ). Yepes

kp =w\/p/ 2+ A) s ks =wy/p/p

0003HAYECHBl BOJIHOBBIE YHC/Ia BOJIH CxKkarust (P-Bosim) m Boim casura (S-BojiH) COOTBET-
crBeHHo, w > 0, p > 0, p > 0u A > 0 — kpyroBag 4acTora, MJIOTHOCTH U KOHCTAHTHI Jlame
yIpyToii cpesibl coorBercTBeHHO. B MaTpune Kynpamze Gy, (z,y) = exp (i |z — y|) /47 |z — y|
— gnpa I'puna, SBIAIONIHECT PENIEHUSME yPaBHEeHUs [ eIbMrosbiia

A,Gy (z,y) + K*Gy (z,y) = =0, 8 D' (R?)
YJIOBJIETBOPSIOIIME YCJAOBUAM M3/TydeHns Jommepdesnbia

Jimfy| (O G (2,y) — iKCi (,9)) =0,

0, — nenbra~dyukius JTupaka.
Lesecoobpa3Ho BRIPA3UTh MOTEHIUAT SP Yepe3 MOTEHIIHAIbI IPOCTOIO CJIOS YpaBHe-
nug Lenpmronbna Vi p u Vi, p , Xapakrepusyiomue P- # S-BOJIHBI COOTBETCTBEHHO:

Sp=— (RVep +VV- (Vo — V) p). (21)

w20

B (21) (Vip (2)), (¢ =1,2,3) — (-2 koMi0OHeHTa HOTeHNHATA VP (2) IPOCTOrO €105 ypaB-
HeHus [eIbMIoIbIa ¢ BOJTHOBBIM YHCIOM K > 0

(Vip @) = (Cula.v). 00),) , .z QT UQ

B IIpUBEJACHHOM HHXKE IIDEJIO2KEHUN YKa3aHbl HEKOTOPbLIE BazKHbIE CBOIICTBA olpe/je-
JICHHDBIX BBIIIIC IMOTCHIIHaJIOB.
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Ipennoxenue 2 V,p € H.M* (R?) (—1/2 < s < 1/2) daa p € H-Y2+5(0Q). Homen-
yuarv, Viep ydosaemeoparom ypasnenuto Teavmzoavya AVep +k2Vip =06 QT UQ™ u

yeaosuam usaysenus Ieavmeonvya. Kpome mozo,

P

(Vi V) p € HE* (). )
HdokazareabcTBo. CBoiicTBO 0TOOparkeHus MOTeHIHaga V,, dBJIAeTCAd YaCTHBIM CJIyda-
eM CBOHCTB 0TOOpasKeHus IOTEHIAAJIA IIPOCTOTO CJI0A OOIIUX SJLUIMOTHYCCKUX yPABHEHMI
(cM., mampumep, Teopemy 1 B [27] wnm Tepemy 6.11 B [1]). U3BecTHO, 9TO TOTEHIHUAI
V. yoBaeTBOpsieT ypaBHeHHIO [ e bMroJibia, yeI0BHIM U3y deHuns: 3oMmepdesbaa (eM.,
narnpumep, [13, p. 117]). Tem He MeHee, 1€71€C000PA3HO MPHBECTH JTOKA3ATEIHCTBO STHX
yrBep:kiennii. B cuny onpenenennst Vi, (cm., nanpumep, [1, p. 201]) mveem

AV.p + k*Vip = —pdag
rJie mpaBasi 9aCTh YPaBHEHUS Pdgo ONPeeseHa B CMBICJIE PaCTpeaeaeHui:

<907P569>D,D' = <90’697p>1/2,8§2 , €D (Rs)

Takum obpasom,
A (Vﬁs - V,{p) p= ﬁf)Vnpp - &?Vmp.

Torya cBOHCTBO (22) ABISETCS CJIEICTBIEM PEryJISIPHOCTH PElleH sl SJLIUNTUICCKAX YPaB-
HeHuil BHyTpH obsiactu (cM., Hanpumep, reopemy 4.16 B [1]). =

Morenmuan ABOHHOro cos ynpyrux sojn s ¥ € HY2 (0Q; C?) onpenensercs cie-
aytomuym obpasom [4, p. 301]:

K (z) :—/m (TOT (2,9)) ¥ (y) ds,, =€QTUQ

3aecw T, 35") — OIepaTOp HANPAKEHHUi, onpeerenunii qua u € HZ . (R3; C3) pasenctsom

loc

Ty = 2u0pu + AnV - u + un x V x u,

n TS o .

T; T (z,y) — maTpura, j-it croabern KOTOpoil MoIyIaeTcs B pe3yabrare IedCTBHS Omepa-
topa T\™
pa 1y
onepaTop ABOWHOIO CJIOf, TAK 2Ke, KAK ¥ aCCOIUUPOBAHHBIA ¢ HUM IIOTEHIMA yPABHEHHS

T'eabMrosbia

Ha j-it crosbern marpurs I (x,y). Cireayer OTMETHTD, 9TO OMpe/IeIeHHDIH BBITIIe

N (x) = —/89 On, G (z,y) A(y)ds, ©ze€QTUQ,

MMEIOT 3HAKHU, TPOTHBOIOJIOKHBIE 3HAKAM OTIePATOPOB, ONpe/IeeHHbIX B paboTe [4, ¢. 301],
u B dhopmytax (2.2.19), (1.2.2) B [5]. [lo-Bunumomy, Takoe obosHadenue saBiusercs Gosee
€CTEeCTBEHHHBIM IIPH 3aluCH (HOPMY/I I CKATKOB HAIPAYKEHUH MOTEHIHAJIA IIPOCTOTO
CJI0S YIPYTUX BOJH U JIjIT HOPMAJIBHOM TPOM3BOTHON MOTEHIUAIA MPOCTOTO CJIOS YPaB-
venng ['eabMToMbIA.

[Ipeni0zKeHHAs BBIIIE IPOIELypa 0600menus oneparopa M (™) Ha numimuiesy 06,1aCTh
MOZKeT OBITh HCIIOJIb30BaHa, JIJId 0000IIeHN Ha JUIIIUIEBY 001aCTh IOTEHITHA/IA, JIBOMHOTO
CJI04, OTpeIeNeHHoro B [7] aua obmacreit kracca C2.

Ilpenmoxkenue 3 /laa nomenyuana 060TUHO20 CAOA YNPYLUT BOAH CNPAGEIAUBO NPeEd-
cmasaeHue

Kp=VV,n-9—V xV,nxtp—2uSM™yp 6 QT UQ. (23)
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a Maxsice 8 CuAY MoNHcIeCmaen
VV,n-9p—VxV,nxp=N, 9+ V., MM sQtuQ (24)
npedcmasaerue

Kp = Nt + (Ve, — 208) M®gpt ”
+V (Vi, = Vi) m -9 6 QT UQ". (25)
HokazarenbcrBo. [pegcrasnenus (23), (24) cienyor u3 06001IeHIs BBIYUCTCHUT, TPU-
BEJICHHBIX B [7]. m
C HCIIONB30BAHUEM CBOHCTB HOBEPXHOCTHBIX MHTEIPAJIOB YpaBHEeHUS [ eIbMIoIbIa 10-
Ka3bIBACTCA CJIeNYIONIAas TeOPeMa.

Teopema 4 [loseprrnocmuvie NOMERUUAALL YNPY2ULT 804H 004ada0M CACOYOUUMY CEOTI-
CMBaMU:

S H7V/s (9Q; C?) — HH (R3;C?),

loc

K« HY275(00; C3) — H,,5° (Q%;C* )

Homenyuaavs uw = Sp uau u = K1 ydosaemsoparom ypasrenuo

-1/2<s<1/2

A*u 4+ w?ou =08 QT UQ™
u yeaosuro usayvwenus Kynpadse [4, C. 124] 20e A* — ynpyeudi sanaacuan:
A'u=pAu+ (A +pu) VV - .

Jdoka3aTeabCcTBO. Y TBEPK/ICHIE TEOPEMBL CIedyeT u3 coorHouenuii (21) , (23) ¢ yuerom
CBOHCTB 0TOGparKeHU i CKAJISAPHBIX SIHITHYECKHX OIepaTopos [27]. m

3.2 Caedvl noBEPTHOCMHBIT NOMEHYUUANOE YNPYLUL BONH

Crenpl TOTEHIIUAIOB IIPOCTOTO CJIO S U ABOMHOrO ciaos K, a TakxKe CBOMCTBa UX OTOO-
pameHHﬁ MOZKHO IOJIYYUTb U3 CBOHICTB CJIeJOB IMOBEXHOCTHBIX IIOTCHIUAJIOB ypPaBHEHUA
T'eabMrombIa.

Teopema 5 Onepamop (Sp)i, onpedenermviti daap € H™Y2(0; C?) , u onepamop (K1)
onpedeaermviti daa W € HY? (0Q; C3) | umerom caedyrowue npedcmasienu:

(Sp)™ = w%g (k2Vp+VV - (Vi, = Vi) D) ,
(K9p)* = (Nath)™ + (Vio, —2uS) M™ap + V (V,,, — Vi) - 9.

B HacimHocmau, oA cravkos nomerHuyuan08 6ul1oONAHEHBL PAGEHCTEA

[Sp| = (Sp)" — (Sp)~ =0, [K¢] =1p.

IIpu —1/2 < s < 1/2 umerom mecmo caedyrouue ceolicmsa omobparcenui:

Sp € HY*** (00;C?), dan p € H™ 2+ (90;C?),
(K4)*" € HY** (9Q;C®), dan b € HY/*™ (00;C?).
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HoxkazarenbcTtso. Pacemorpum seipazkenue V (Vi —V, )n-1p. Hockombky ¥ € HY2Hs (9Q; C?),
10 (ynkuug 1 - 1 xopouo onpesesena B L2 (0) u, ciejoBaTebHO, IPUHAJIEAKUT HPO-
crpanctsy H /%7 (9Q) npn —1/2 < s < 1/2. Torga B cuny peryasprocru Vi, — Vi
(cBoiicTBO (22)) MMeem
V Vi, = Vi,)n-9 € HyP? (R%C%), —1/2<s<1/2.
D70 Mo3BOAACT OMpeeanTh e bykmum ¥ B HY2H (9Q; C?) (em. mevmy 3.6 B [27] m
reopemy 3.38 B [1]). =m
[Mockombky [Sp| = 0, ganee (Sp)jE obozHagaerca aepes Sp .

Bameuanue 5 [lockoavky meopema 0 pacuiupenuy caedos nomenyuaos, deticmsyousus
us Hj,, (0F) 6 HY2(0Q) cnpasedausa moavko npu 1/2 < s < 3/2, [27], ne ydaemes

loc
dokasamo C&OpMy,/LUPOGCLHH’bbe 6uLULE CEOTUCBA 0m6pa3+ceHu1'1 ona s = :|:1/2

3.3 Onepamopnv, nanpastcenuti noBEPTHOCTNHBLT NOMEHUUANOE YNPYLUL BOAH

CdopMyampyeM KJIACCHIECKYIO JIeMMY, ONpeIessionyio omeparop Hampsizxenunii 7™y
8 BEKTOPA W, MPUHAJIEKAIIETO MTPOCTPAHCTBY

Hl})c (A*vm) = {U € Hlloc

(OFC%); A e L2, (OF;CY)}

loc

it Toro uTobbI IpoBeCcTH 00O0OIIEHNE Ha, CJIyUail JATIIUIEBBIX 0b1acTeit, OyaeM UCIob-
30BaTh IMpeJICTaBICHUE STOTO OllepaTopa Yepe3 MaTpUUIHYIO IPOU3BOIHYIO ['ToHTepAa.

JIemma 3 Jaa u € H} (A*,ﬁ) wvve H (RC?) gopmyra

loc comp

/ 2uVu - Vo —uVxu-Vxv+ AV -u V- v+ A'u-v dr =
O*

= (v, (1))

onpedensem onepamop (T(”)u)jE 6 H=1/2(09; C?)

o (), )T
Llas onepamopa nanpasicernud (T 'u,) CNPABEINUBDL CACIYIOULUE NPEICTNABNEHUSA:

(26)

1/2,-1/2

/ uVxu - Vxo+A+2u)V-uV-v+A%u-vde+
(9=

(27)
+ <v, +2uM( )ui>1/2,69 = <v, + (T( )u) >1/27m,
/ uVu-Vo+ A+ p)V-u V-v+ A%u-v do+
+
Q . N (28)
(o Mt = (v, (T0) >1/2,m .

lokazareabcTBo.
3anuiiem JIeByIo 4acTb ToxAecTBa (26) B CaepyioneM Bu/e:

/Q/LV'U,-V’U—/LVX’U,-VXv—l—)\V'uV'U—FA*’U,"UdQJ—
O=*
:/ 2 (Vu - Vo + Au - v) do+
+
+f(A—I—u)(VV-u-'v—f—V-uV-v)dx—

+

—f p(Au-v+Vxu-Vxv+V-uV.v)de.
[gE=
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Toraa ToxaecTso (26) creayer us roxaectsa (19) u gpopmysst puna g u € HE (QF; C?) .
(A*,QF) B crny wotnoctn HY, (A*, QF)

(Qi;(C?’), HEIPEPLIBHOCTU OWINHEHHON (POpPMBI U IBOKCTBEHHOCTH HMPOCTPAHCTB

DTo paBeHCTBO CIpaBeInBo Aid u € Hi

loc
2
B Hloc

HY2(09;C?) uw H~1/2 (0Q; C?) . 910 yTBepKaeHne chopMyTMPOBAHO AT onepaTopa Jla-
mwiaca B [24] w B |27, 1| st Gostee MUPOKOTO KIACCA SLTHITHYECKHX oneparopoB. Pop-
MyTer (27), (28) cremyior w3 mpeactasienus (20) omepatopa M(™: m

Sameuanne 6 Cnpasediusvl caedyroujue ymeeparclenua:
1) wacmo nodvnmezpanvrozo svpasicenus 6 (26) aeasemes (¢ mounocmsvio 0o 3Haxa)
NAOMHOCTDIO BUPMYANLHOT PABOMb

2uVu - Vo —puV xu-VXxv+ AV -u V-v=3u- Ev,
COBEPULAEMOTE BHYMPEHHUMU HANPAACEHUAMU
Yu=2uFEu+ \V -ulj

Ha eupmyasvHus npemewenuar v (Eu = (1/2) (Vu + V’LLT) — mensop dedopmanuti;
I3 — edunuunwili mensop 6mopoeo panea,):

2) ecau u € HE, (ﬁ; (C3)7 mo u3 dopmyav, I'puna caedyem uzsecmmoe npedcmasie-

nue onepamopa nanpasicenud wepes npoussodnyto Towmepa M™  (cm.,manpumep, gop-
myay (V, 1.16) 6 [4] u popmyay (2.2.35) 6 [5]):

Ty = 2uM™u — e x V x u+ (A +2u)nV - u; (29)
Ty = puM™u + pdpu + (A + 1) nV - u. (30)

[TosryanMm mpesicTaB/ieEre onlepaTopa HAPAXKeHUH MOTeHIHAJIa ITPOCTOTO CJI0S depe3
cJIe]T IOTeHIraIa IPOCTOr0 CJI0s ypaBHeHus ['en1bMrobIa.

Teopema 6 Onepamopo. Hanpastcenud (T(")Sp)i, onpedenennvie das p € H™Y2(0Q;
C3), umerom caedyrousee npedcmasienue:

(T(")Sp)jE = (OnVe,p)" + 0V - (Vy, = Vi) p — M™ (V,, —2uS) p. (31)

B wacmmnocmu, ckauor onepamopa Hanpadtcenuti nomenuuaG npocmozo CA0i onpeoess-
emea Popmyrof
[T(n)Sp} =p.

Csoticmea omobpasicenud smuz onepamopos sadaromea Gopmyaot
(T™Sp)™ € H-/2* (90; C?)
dnap € H V25 (00, C3) u —1/2 < s < 1/2.

HokazarenabcTBo. B 0003HaUCHAAX JTEMMBI 3 ¢ YI€TOM TIpecTaBienus (27) MOKHO 3a-
1ucarTb

<U’ (T(n)Sp)i>1/2,aQ

i/ UV x Sp-Vxv+A+2u)V-SpV-v+ A"Sp- v dx.
O+

— <v,2u/\/l(")5p>1/27aﬂ +

Tak xkak fV x Sp=V x V. p, A+2u)V-Sp=V -V, p,u A*Sp = —w?pSp B Q*F, 10

<v, (T(H)Sp) jE>1/27as2

[ VxVop-Vxv+V-VypV v—wpSp-vdr,
O*

= <”>2UM(H)SP>1/2,89 +
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njin

<U’ (T(n)Sp)i>1/2,aQ

i/ VxV,p-Vxv+V.V.pV. vdrt
+

— <v,2uM(")Sp>1/27aQ +

i/ (=k2V,,p — VV-V, p+ VV.V, p) v dx.
[QE=

[Tocie mpeobpazoBaHus MOABIHTEIPATHLHOTO BhIPAYKEHUS UMEeM

n + n
(v, (T 5p) >WQ = (0,20M™Sp), 0+
] VXxVip-Vxv+V. . V,pV.-v4+ AV, p -vdet
O=*
i/ VV. (V,{p—V,{S)p-v+V- (Vﬁp—Vﬁs)pV-'vdx,
O*

njm

(v, (T 5p)")

+[ VxV,p-Vxv+V-V,pV-v—VV, . p Vvdrt

O*
j:/ AV, p-v+VV,.p-Vvdet
+

— (n)
1260 <U=2“M Sp>1/2,aQi

i/ VY- (Ve Vi )p-v+ V- (Vy — Vi) pV -0 da.
[9ES

Orcioga ¢ ucnosb3oBanuem npejcrasienus (20) s M™ uepes obbeMubiil naTErpal u
dbopmyasr 'puna nomydaem npejcrasiaenue (31). Qopmyna 1is ckaaxal (™ Sp memocpe -
CTBEHHO CJeJIyeT W3 BBIPpAYKEHUd JJIsI HOPMAJbHOW MPOW3BOJHON TOTEHINAJIA TPOCTOTO
caog ypaBHeHus lespmrosibia. [lokazaTeabcTBO CBOUCTB OTOOpayKeHUs aHAJIOTUIHO J0-
Ka3aTeJIbCTBY TAKWX CBOMCTB JJId CJIeJIOB MOTEHIUAIA TBOMHOTO CJIOS. W

Bameuanue 7 U3 npedcmasaenusa (31) caedyem moorcdecmeo dsoticmeennocmu

(n) Gp)* _ T
<¢7 (T Sp) >1/27BQ - <(K¢) ’p>1/2,aﬂ’

ona P € HY2(0;C?) up € HV2(00Q;C?) ¢ yuemom coomsememesyrouseti popmy.avi
0AA nomenyuaia ypasrenud leavbmeoivya 6e3 UCnoAb306aHUA 00ULET MEOPUL CUCTIEM
ANAUNMUYECKUT Ypashenud [1, ¢.211].

Huke m3/10:keHBI OCHOBHBIE pPe3yJIbTaThl JAHHON pabOThI, a MMeHHO, 0000IIeHne Ha
caydail JUIIIUINEBBIX 0b1acTeil ABYX peryaspusanyii, NpeoKeHHbx B paborax |7, 8|
n1a obsacreil kiacca C2.

[lepag peryisipuzanus ocHOBaHa Ha (opmyse (25) U MOXKET pacCMATPUBATHCS KAk
0000TIeHNe PEryJISPU3ANNE B CTATHYECKUX 33a9aX TEOPHU YIPYTOCTH (CM., HAIIPUMED,
[6] u memmy 2.3.3 B [5]) .

Teopema 7 Jlnap € HY? (0Q; C3) onepamop nanpasicenudi nomenyuana 060tiHo20 croa
Ha 0beus cmoponax noseprrocmu 0S) onpedessemcs caedyrouum 06pasom:

(T KY)* = o (0aNe ) + M (N ) = (0V, M) ) +
+2u (MY (V= Vi) n-p —nV - (V, — Vi) M) + (32)
+M™ (3uV,., — 4u%S) M™ap — w?on (V,Qp — VHS) n- .

B wacmuocmu, ecau [T(”)de} =0, mo (T(”)K1/J)jE = T™ K asasemcs oepanueniom
onepamopom, deticmeyrousum uz HY2+5 (90; C3) 6 H=1/% (0Q; C?) npu —1/2 < s < 1/2.
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HdokazareabcTBo. [[pu 10Ka3aTeIbCTBE MPOBOAATCS BHIYUCIEHUS, AaHAJTOTHIHBIE BHIUHC-
JIEHHSIM, BBIIIOJTHEHHBIM B pabote 8] mpu nokasarenbcrse gemmbl 2.3. OnHAKO B JaHHON
paboTe BLIYUCIECHUS TTPOBOJISATCS C UCIOJIH30BAHUEM MMOTEHINAJIOB, a He uX siaep. [lpu mo-
Ka3aTeJbCTBe JIeMMbI 2.3 B 8] HempepbiBHOE TIPOIOJIZKEeHTE BEKTOPA € IMHIYHON HOpMAaJIH
B OKPECTHOCTH MOBEPXHOCTU Of), 9TO HEBO3MOXKHO [I/IsI JIMIIITHIIEBBIX obJtacteit. /lokasa-
TeJILCTBO OCHOBAHO HA PA3JIOXKEHWHU MOTEHINAIa JBOMHOTO CJI0S Ha TPHU CJIaraeMbIX:

K’lp =wy+wy — QMSM(H)Q/J,
rae wo = Ny + Ve MMap, wy =V (V,,, = Vi) n- .

[Tocneanee caaraeMMoe B 3TOM Pa3JI0KEHUH ¢ TOYHOCTHIO JI0 MIOCTOSHHOTO MHOZKHUTE, TS
SIBJTSIETCST TOTEHIIHAJIOM IIPOCTOTO CJI0sI € TI0THOCTRI0 M (™. Takum obpasoM, npejicran-
JIEHHEe COOTBETCTBYIOIIErO OMepAaTOpa HAIPSKEeHHI cliejyeT u3 mnpeacrabienus (31):

+

(T(n) (_2MSM(H)¢>) = —2u (anVnSM(n)¢)i B
— 21 (nV - (Vi, = Vie,) MPap — M) (V) =V, ) M)

D

2 (OF. (3
Bropoe ciaraemoe npunaIjie’KUT IpocTpaHcTBy Hi . (Q ;C ) [IpencraBaenne cooTBeT-

CTBYIOIIETO OTlepaTopa HAIPSKEeHUH caeIyeT U3 ero omnpeeneHns n paBeHCTB V X wy = 0,

V- w, = (—KJZVHP + H?VRS) n-:
TMaw, = 2uM™awy + (A + 2p) (—I{ZV,% + K2V, ) n .

o KacaeTcs IepBOro CIaraeMoro, 3amernn, 4ro wo € Hy (QF;C?*) u Aw, = —r2wy
B Qi, HOCKOJIbKY W sBJsgeTcs JUHeiHoit KoMOuHaIueil MOTeHIUAIOB IPOCTOTO CJIOs
ypaBHenus ['eabMroJibiia, COOTBETCTBYIOIIETO BOJTHOBOMY YHCIY Ky, € INIOTHOCTBIO 1 €

HY2 (9Q; C*) u M™ap € H=1/2(9Q; C3). Hauee ¢ ncnosbzopanuen (24) MOXKHO 3alucaTh
V- owy=AV,n-¢=—rV,n e H, (QF).

C HCHOJB3OBAHMEM TOCIEHEr0 cooTHOmenHs i opyyabr I'puna HeTpyIHO HOKA3ATH, 110
(T™™wg)™ npeacrasasierca B Buge (30) B cuy (28). Takum 06pasom,

+

(T™w0) ™ = pM™wg + 1 (00N, ) log + 1 (0 Vi, M) ™ —

— 2N+ p)nVen-p.

N3 mosrydeHHBIX TIPeCTABICHAN TS (T(") (—2uSM(”)¢))i, TM™w, un (T(”)wo)jE ce-
ayer npejcrasiaenue (32). Jljist Toro, 9ToObl 3aBepIIUTh JOKA3ATEIBCTBO, TOCTATOYHO HC-
HOJIb30BaTh (POPMYIIY /I CKAYKA IIOTEHIUAJA IPOCTOrO CJI0A ypaBHeHns LeIbMroabna u
CBOMCTBA 0TOOPAYKEHHUsT ITOrO MoTeHnua a (cM., Hanpumep, [27] wiu [1, p. 202]). =

Bameuanue 8 Uz gopmyan, (32) caedyem npedecmasaenue daa T™ Kap, 6 xomopom un-
mezpansl CTOOAMCHA 8 00VUHOM CMBICAE, G HE 6 CMBICAE 2Aa6H020 3Haverus Kowu. Imo
ymeepoicdenue caedyem u3d mozo, 4mo caazaemoe On Ny P MootcHo 3anucams 6 6apuayi-
onnotl opme ¢ ucnoavaosaruem dopmyav peeyaapusayuy Xamudu [28]:

3
(0 0nNes )1 2,00 = D (0 X V9, Vit % V5), g 0 =

j=1
- / pin -V, (¥n)ds
00

2de @ € HY?(00;C3); Vi, ©j — KOMNOHKERMbL 6EKMOPOS W, P COOMBEMCMEEHHO (CM.

[1, p. 289]).
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Bameuanue 9 B semme 2.3 6 [1] noayueno caedyrowee npedcmasaenue daa T Kap

T(n)K¢ = ILLVBQ(VKSVQQ : ’lb X ’I’L) X N+
251 (M) (N, 1) — (0 V M) ®) +
+2u (MDY (V,, = Vi) n-p —nV - (Vi, — Vi) M) + (33)
+4/EHMM VY- (V= Vi) MM yp—
—w?p(nxV,, (P xn)+nV, n-).

C ucnoavaosaruem gopmyav, (23) u sapuayuonnot gopmv. npedemasaenua (27) ora na-
NPAACENUA NOCAOHI010 HOPMYAY MOACHO 0000UWuMb Ha cAY“alT auwuyesur obaacmed.
Ceoticmea omobpasicerus cOOMeememeyouje20 ONepamopa MOfCHO NOAYYUMD U3 c60TCNE
0MOOPAAHCENUA NOMEHUUAAG NPOCMO20 CAOA YpasHerus [eavmeorvya, ceolicms manzen-
YUAADHOZ0 BEKNOPA BPAUEHUA U NOBEPTHOCTIHOZ0 POMOPG (cm. caedcmeue 1).

4 JIBymepHBbIe 3aJla9n

Huke uccnemnytores cBoiicTBa NpPOM3BOAHBIX ['IOHTEpa B 3a/a4aX, B KOTOPBIX KaK I'€o-
MeTpusi 00J1aCTH, TaK U MEXaHUYIECKNE XaPAKTEPUCTUKU YIPYTOil cpejibl MHBAPUAHTHBI
OTHOCHTE/ILHO IepeHoca BIOIb ocu xr3. CHadasa paccMaTpuBaeTcsd caydail (pyHKINH, He
3aBUCAIIEH OT IepeMeHHOU 3. 3aTeM ¢ HCIOJIH30BAHIEM COOTHOIICHHSI, YCTaHABINBAIOIIE-
I'0 CBHA3b MEXKJIy JIBYMEPHBIMHU U TpexmepHbIiMU sjipamu ['puna ypasuenus [ejibmrosibia,
BBIBOJISITCS ITPEJICTABJAEHNS JIBYMEDHBIX TTOTEHIIMAJIOB YIIPYTUX BOJIH.

4.1  Jlsymepnvie npoussodnvie I'onmepa.

Huzke paccmarpuBatoTes obracta QF = Qf X (—00,+00) rae QT — orpanmueHHad JUTI-
mHIeBa By MepHas 061acTh B miockoctn; Q7 = R?\ QT — ee nonoanenne. JTioboe BeKTOp-
HOE TI0JIE U, 3ABUCAIIEE TOJBKO OT KOOPAMHAT B IIOCKOCTH (X1, T3), MOKHO IPEJICTABUTD B
BHJE CYNEPIO3UIUU IIJIOCKOI'O BEKTOPHOI'O MOJISI % ¥ CKAJSIPHOrO MOJIs U3, HA3bIBAEMbIX
COOTBETCTBEHHO IIJIOCKOW M aHTUILJIOCKO KOMIOHEHTAMHU IOJIA U:

u (11, 22) = u, (1, 22) + uz (21, T2) €3.

Bamerum, 9T0 {ej}j’:l — KaHoHu4eckuil 6aszuc npocrpancrsa. Ejaunundnas HopMaJib 1 K
0f) ue 3apucur or r3, u N3 = 0. B manbHeiineM BEKTOp HOPMATIH 72 OTOZXKIECTBIISETCS
C ero KOMIOHEHTOH B IJI0cKocTu M) . Huxkuuii uugeke | mucnosb3yercst st 0603HATeH S
JIBYMEPHOI'O aHaJIora TpexMepHoil Bemannbl. CKaJIAPHBIH BUXpb V | X ©| ¥ BEKTOPHBII
BUXPb V | X U3 OIPEIeISIOTCS CJIeTIONIIM 00pa30M:

VL Xu| = 8351162 — amul, VL X Uz = E)@u?,el — ax1U3€2.
[Iycts byuknmst u He 3aBUCUT OT x3. Toria
/\/lgf)u = n30,,u — N;O0p,u = 0.
CiaenoBaTeIbHO, TOJBKO JIBE HPOU3BOJHLIE ['TOHTEpA OTIUIHBI OT HYJIS:
./\/lgf)u = —./\/lg)u = N10,,U — No0y, u = 07U

(T = Rr/an; Ry — npeobpasoBanue OBOPOTA Ha YToJl § IPOTHB Y9acOBOil CTPEJIKH BOKDPYT
ocu x3). CreoBaresibHO,

(n), _ (n), _
M21 u = _M12 u = aSU
Ijle S — KPHBOJIMHEHAag KoopauHaTa Ha Of)|, Bo3pacrarollas B HAIPaBIeHHH IIPOTHB
yacoBoit crpesiku. Clegyrolnias TeopeMa ABIsSeTCs aHaIoroM TeopeMbl 1.
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Teopema 8 IIpu chopmysupocarnvs 6viuLe YCAOGUAT ONEPaAmop Oy AGAACMCA 02PAHU-
uenHvM onepamopom, deticmeyrowum us H® (021) ¢ H*1 (0Q) dan 0 < s < 1.

Bameuanne 10 Mampuunas npoussodnas Iowmepa 6 dsymeprom caywae M™ ceo-
dumces K onepamopy, UMeUEMy NPocmyro Gopmy 3anucu

MMy = M(f)ul = R./205u; = e3 X dsu.

4.2 Jlsymeproie nomernyuaiv. Ynpysur 604H

Nmeer mecTo dpopmy.ia:

MAJ_'U;J_"‘(M"’)\)VJ_VJ_'UL

Au+ (p+A)VV.u=
pAu + (p ) u 1A Uy

CitetoBaTeIbHO, BOJHOBOE YPaBHEHUE I BEKTOPA U PACIICILISIETCS HA JIBa HE3aBUCH-
MbIX: 1) Ha ypaBHEHHE JJIs IIOCKONH KOMIIOHEHTHI U | ; 2) Ha ypaBHEHUE JJIsl AaHTHILIOCKON
KOMITIOHEHTDI U3

ILnockas koMmoHeHTa (T(")u) | M AHTHIUIOCKAs KOMIIOHEHTa (T(”)u)3 olmepaTopa Ha-
HpsizKEeHU, COOTBETCTBYIONIETO0 BEKTOPHOMY IOJIIO U, HE 3aBHCANIEMY OT KOODJIUHATHI X3,
3aBUCAT COOTBETCTBEHHO TOJBKO OT ILJIOCKOM KOMIIOHEHTHI BEKTOPHOTI'O I10JIA CMeH_[eHI/Iﬁ
U 1 oT ero AHTHILIOCKON KOMIIOHEHTHI us

(T(")u)L :Tin)'ui =2u0pu; +nV, -u, +7V L Xu,,
(T(”)u)3 = Tg(n)ug = 1Opus.

Bblpa)KeHI/IH AJId IMIOBEPXHOCTHBIX NMOTEHIIMAJIOB YIIPYIUX BOJIH

1
Vﬁp(l'l,l’z) = / n

4Hél) (K\/(l'l - y1)2 + (w2 — 92)2) Py, Y2)ds(y,.40);
00,

N,%O(l’l, x2) -

)
- / 8ny1,y2H[§1) <’f\/(I1 - y1)2 + (12 — y2)2) oy, y2)d5(y17y2)7
9

o, 4
MOYKHO I0JIYYHTh, UCIIOJIb3Ysl IIPpeJicTaBaeHne (pyHIaMeHTAJILHOIO PEIIeHUS JIBY XMEPHOT'O
ypaBHeHus [egbMIosbia

. . ; 2 2
EH(I) (k1) = /+ exp <zm/r + xs)
470 . At/ 1? + 22

KOTOpOe Hosydaercs u3 uarerpata Mumtepa — Connna myTeM 3aMeHbl IEPEMEHHON Ty =
sinh¢ (em. dopmymy 10.9.9 B [29]:

dxsz for r > 0,

1 [t
H(()l) (k1) = E/ exp (ikr cosht) dt.

[e.9]

?

4

HI/IX{G HpI/IBeﬂeHbI paSJIO}KeHI/IH HOTEHIINAJIOB pryFI/IX BOJIH 1 COOTBeTCTByIOHlI/IX orre-
pPaTOpOB HaHpH)KeHI/II’/’I Ha HHOCKyIO nu aHTI/IHHOCKyIO KOMIIOHEHTHDI:
— I[oTeHnuaJI IIpocTOro CJaod:
Sp=S1p, + (S3p3) e3,
Sip = i (KVep L + ViV (Vi, = Vi) p1)
S3ps = flLVnSPS;
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— MOTeHNIHAJ JBOMHHOTO CJIOS:
K = K19, + (K313) es,
K ¢, =Ny, +
+ (Ve = 21S) MPp, + Vo (Ve = Vi) b,
K33 = Ny 13;
— omepaTop HANPSKEeHWH MOTeHINAJIA TTPOCTOTO CJIOH:

T(n)Sp = TJ(_n)SJ_pL + (Tén)53p3> €3,
TVS1p, = (0nVe,p)" +0V L (Vi, = Vi) P~
~M™ Vi, —2u81)p,
T4™ S3p3 = (0nVieups) ™ ;
— OIIEPATOP HANPAZKEHUA NOTEHIIHAJIA JIBOKHOTO CJIOL:
T =T™K 4, + (T?f")ngpg) es,
Tin)KﬂM =
+
= (anan@bL + M(Ln) (Nostpy)™ — <anv/€sMT)¢J_> ) +
2 (MO (= V) 9 (1 — Vo) M) ¢
+ (M(f) (BuVy, — 4u2S1) ./\/l(f)'tp —w?on (Vnp — VNS) n- ¢L> ,
T\ Kgthy = p0n N, 5.

Bameuanue 11 Uz dopmyan (33) caedyem dpyeoe npedcmasaenue das onepamopa Ha-
nPAACERUT NOMEHYUUAAL 080THO20 CAOM:

TOK ¢ =TV K.tp, + (T Kyt ) e

+
TK., =2 (Mi’” (Netp ) = (9nVe M9, ) ) +

+2,U“ (MT)VL (Vnp - Vﬁs) n-: ¢J_ - ’I’LVJ_ ’ (V”p - VHS) MT)Q!JJ—) +
+4/2MPV v, - (Vep = Vi) M, —

—w?p (TV,{S (Y, -1)+nV, n- T,bL) )

TSV Kyt = —pd, Vi, 05tbs — w20 7+ Vi, ($57).
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