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Àííîòàöèÿ

Ïðåäëîæåííàÿ ðàíåå äëÿ îáëàñòåé êëàññà C2 ðåãóëÿðèçàöèÿ ñëåäîâ è îïå-

ðàòîðîâ íàïðÿæåíèé ïîòåíöèàëîâ óïðóãèõ âîëí îáîáùàåòñÿ íà ñëó÷àé ëèïøè-

öåâûõ îáëàñòåé. Â ÷àñòíîñòè, ýòî îáîáùåíèå ïîçâîëÿåò äîñòàòî÷íî ëåãêî ïîëó-

÷èòü ñâîéñòâà îòîáðàæåíèé ïîòåíöèàëîâ óïðóãèõ âîëí èç ñâîéñòâ îòîáðàæåíèé

ïîòåíöèàëîâ ñêàëÿðíîãî óðàâíåíèÿ Ãåëüìãîëüöà, íå èñïîëüçóÿ îáùóþ òåîðèþ

ñèñòåì ýëëèïòè÷åñêèõ óðàâíåíèé äëÿ ëèïøèöåâûõ îáëàñòåé. Ñêàëÿðíûå ïðîèç-

âîäíûå Ãþíòåðà ôóíêöèè, îïðåäåëåííîé íà ãðàíèöå òðåõìåðíîé îáëàñòè, âû-

ðàæàþòñÿ ÷åðåç êîìïîíåíòû ïîâåðíóòîãî ïîâåðõíîñòíîãî ãðàäèåíòà ∇∂Ωu× n
ýòîé ôóíêöèè â êàíîíè÷åñêîì áàçèñå ïðîñòðàíñòâà, ñîäåðæàùåãî ýòó îáëàñòü.

Óñòàíîâëåíî, ÷òî ýòè ïðîèçâîäíûå îïðåäåëÿþò íà ãðàíèöå ëèïøèöåâîé îáëàñòè

îãðàíè÷åííûå îïåðàòîðû, äåéñòâóþùèå èçHs âHs−1 (0 ≤ s ≤ 1) , êîòîðûå ìîæ-
íî èñïîëüçîâàòü â ÷èñëåííûõ àëãîðèòìàõ ìåòîäà ãðàíè÷íûõ ýëåìåíòîâ. Äàåòñÿ

ïðåäñòàâëåíèå îïåðàòîðà Ãþíòåðà è ïîòåíöèàëîâ ïðîñòîãî è äâîéíîãî ñëîåâ

óïðóãèõ âîëí â äâóìåðíîì ñëó÷àå.

Êëþ÷åâûå ñëîâà: ãðàíè÷íûå èíòåãðàëüíûå îïåðàòîðû, ïðîèçâîäíûå Ãþíòåðà,
óïðóãèå âîëíû, ïîâåðõíîñòíûå ïîòåíöèàëû, ëèïøèöåâû îáëàñòè.

Ââåäåíèå

Â äàííîé ðàáîòå ÷åðåç Ω+ è Ω− = R3 ∗ inusΩ+ îáîçíà÷àþòñÿ ñîîòâåòñòâåííî îãðàíè-
÷åííàÿ ëèïøèöåâà îáëàñòü â ïðîñòðàíñòâå ∗R3 è åå âíåøíîñòü. Ñëåäîâàòåëüíî, Ω+

è Ω− èìåþò îáùóþ ãðàíèöó, êîòîðàÿ îáîçíà÷àåòñÿ ÷åðåç ∂Ω. Ïîâåðõíîñòü ∂Ω èìååò
ëåáåãîâó ìåðó s è åäèíè÷íóþ íîðìàëü n (ðèñ. 1), îïðåäåëåííóþ ïî÷òè âñþäó ïî
ìåðå s è íàïðàâëåííóþ âî âíåøíîñòü îáëàñòè Ω+ [1, P. 96]. Ñêàëÿðíîå ïðîèçâåäåíèå
äâóõ âåêòîð-ñòîëáöîâ a è b ñ òðåìÿ êîìïîíåíòàìè aj è bj, j = 1, 2, 3 (âåùåñòâåííûìè
èëè êîìïëåêñíûìè) îïðåäåëÿåòñÿ êâàäðàòè÷íîé ôîðìîé

a · b = a>b = b> a =
3∑
j=1

ajbj,

ãäå a> � âåêòîð, òðàíñïîíèðîâàííûé ê âåêòîðó a.
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Ðèñ. 1: Ãåîìåòðèÿ ðàññìàòðèâàåìîé îáëàñòè.

Äàëåå îáùåïðèíÿòûå îáîçíà÷åíèÿ, èñïîëüçóåìûå â òåîðèè äèôôåðåíöèàëüíûõ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ [2] íå ïîÿñíÿþòñÿ. Â äàííîé ðàáîòå èñïîëüçóþòñÿ
ïðîñòðàíñòâà Ôðåøå:
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îïðåäåëåííûå äëÿ ëþáîãî öåëîãî n.
Ïîñêîëüêó îáëàñòü Ω+ îãðàíè÷åíà, ïðîñòðàíñòâà Hm

loc

(
Ω+
)
è Hm

comp

(
Ω+
)
ñîâïà-

äàþò ñ ïðîñòðàíñòâîì Hm (Ω+). Äëÿ ïðîñòðàíñòâà H0 èñïîëüçóåòñÿ îáùåïðèíÿòîå
îáîçíà÷åíèå L2.

Îáîçíà÷èì ÷åðåç u+ = (u|Ω+) |∂Ω ( u− = (u|Ω−) |∂Ω) ñëåä íà ãðàíèöå ∂Ω ñóæå-
íèÿ ôóíêöèè u íà Ω+ ( Ω−). Äàëåå äëÿ ôóíêöèè ñ íóëåâûì ñêà÷êîì ïðè ïåðåõîäå
÷åðåç ãðàíèöó (u+ = u−) òåðìèí "ñëåä" íå èñïîëüçóåòñÿ. Äëÿ îáîçíà÷åíèÿ ôóíêöèî-
íàëüíûõ ïðîñòðàíñòâ âåêòîðîâ, êîìïîíåíòû êîòîðûõ ïðèíàäëåæàò íåêîòîðîìó ñêà-
ëÿðíîìó ôóíêöèîíàëüíîìó ïðîñòðàíñòâó, èñïîëüçóþòñÿ îáùåïðèíÿòûå îáîçíà÷åíèÿ
(íàïðèìåð, Hs (∂Ω;C3) îáîçíà÷àåò ïðîñòðàíñòâî âåêòîðîâ u , êîìïîíåíòû êîòîðûõ
uj (j = 1, 2, 3) ïðèíàäëåæàò ïðîñòðàíñòâó Hs (∂Ω)).

Äëÿ 1 ≤ i ≤ 3, 1 ≤ j ≤ 3 è u ∈ H2
loc (R3) ïðîèçâîäíàÿ Ãþíòåðà

M(n)
ij u = nj∂xiu− ni∂xju (1)

ïðèíàäëåæèò ïðîñòðàíñòâó L2 (∂Ω) , òàê êàê ñëåäû ÷àñòíûõ ïðîèçâîäíûõ ∂xiu è ∂xju

ïðèíàäëåæàò H1/2 (∂Ω), à êîìïîíåíòû ni è nj âåêòîðà íîðìàëè n ê ïîâåðõíîñòè ∂Ω
ïðèíàäëåæàò L∞ (∂Ω). Íàïîìíèì, ÷òî åñëè îáëàñòü Ω+ äîñòàòî÷íî ðåãóëÿðíà, íà-

ïðèìåð ÿâëÿåòñÿ C1,1-îáëàñòüþ, òî ïðîèçâîäíàÿ M(n)
ij u ïðèíàäëåæèò ïðîñòðàíñòâó

H1/2 (∂Ω). Èíûìè ñëîâàìè, åñëè ðåãóëÿðíîñòü îáëàñòè òîëüêî ëèïøèöåâà, ïðîèñõî-

äèò ïîòåðÿ ãëàäêîñòèM(n)
ij u íà 1/2 ïîðÿäêà.

Ïðèâåäåì èçâåñòíûå ñâîéñòâà ïðîèçâîäíûõ Ãþíòåðà äëÿ îáëàñòåé Ω+ , ãëàäêîñòü
êîòîðûõ íå íèæå êëàññà C1,1. Ïóñòü{

ej = [δ1j, δ2j, δ3j]
>
}3

j=1
(δij = 1 ïðè i = j, δij = 0 ïðè i 6= j)�
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êàíîíè÷åñêèé áàçèñ â R3 è, ñëåäîâàòåëüíî, nj = n · ej ïðè j = 1, 2, 3. Îïðåäåëèì äëÿ
1 ≤ i ≤ 3, 1 ≤ j ≤ 3, i 6= j

τ ij = njei − niej. (2)

Î÷åâèäíî, ÷òî
M(n)

ij u =∇u · τ ij = ∂τ ij
u,

ãäå
τ ij · n = 0. (3)

Òàêèì îáðàçîì, M(n)
ij ÿâëÿþòñÿ òàíãåíöèàëüíûìè ïðîèçâîäíûìè íà ∂Ω è, ñëåäîâà-

òåëüíî, ìîãóò áûòü âû÷èñëåíû, ïî êðàéíåé ìåðå äëÿ ôóíêöèé u ∈ C1 (R3) è îáëàñòåé
Ω+ êëàññà C1, áåç èñïîëüçîâàíèÿ çíà÷åíèé ôóíêöèè u â Ω+ èëè Ω−. Ýòè ïðîèçâîäíûå
ââåäåíû Í.Ì. Ãþíòåðîì [3]. Â ðàáîòå [4] ïîêàçàíî, ÷òî îíè ìîãóò áûòü èñïîëüçîâàíû
äëÿ óñòàíîâëåíèÿ ñâÿçè ìåæäó ãðàíè÷íûìè ïîòåíöèàëàìè ñèñòåìû óðàâíåíèé Ëàìå
è óðàâíåíèÿ Ëàïëàñà (ñì. [4] Ñ. 314 è [5, c. 48]). Â ðàáîòàõ [5, c. 49] è [6] ïðîèçâîä-
íûå Ãþíòåðà èñïîëüçîâàíû äëÿ çàïèñè îïåðàòîðà íàïðÿæåíèé, ñîîòâåòñòâóþùåãî
ïîòåíöèàëó äâîéíîãî óïðóãîãî ñëîÿ. Â [7, 8] ýòè ïðîèçâîäíûå èñïîëüçîâàíû ïðè èñ-
ñëåäîâàíèè ïîâåðõíîñòíûõ ïîòåíöèàëîâ óðàâíåíèÿ ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí.
Âî âñåõ ïåðå÷èñëåííûõ âûøå ðàáîòàõ ïðåäïîëàãàëîñü, ÷òî îáëàñòü Ω+ ïðèíàäëåæèò
êëàññó C2 (â äåéñòâèòåëüíîñòè, äîñòàòî÷íî ïðèíàäëåæíîñòè êëàññó C1,1).

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îïðåäåëåíèå ïðîèçâîäíîé Ãþíòåðà äëÿ ëèïøèöå-
âûõ îáëàñòåé, ò. å. äëÿ îáëàñòåé êëàññà C0,1. Ýòî ïîçâîëèò îáîáùèòü ïîëó÷åííûå ðà-
íåå ðåçóëüòàòû íà îáëàñòè ñ ÷àñòî âñòðå÷àþùåéñÿ â ïðèêëàäíûõ çàäà÷àõ ãåîìåòðèåé.
Áîëåå òîãî, îïðåäåëåííûå òàêèì îáðàçîì ïðîèçâîäíûå Ãþíòåðà ìîæíî èñïîëüçîâàòü
äëÿ àïïðîêñèìàöèè ïðèìåíÿåìûõ â ìåòîäå ãðàíè÷íûõ êîíå÷íûõ ýëåìåíòîâ îïåðàòî-
ðîâ íàïðÿæåíèÿ, ñîîòâåòñòâóþùèõ ïîòåíöèàëó ïðîñòîãî ñëîÿ è ïîòåíöèàëó äâîéíîãî
ñëîÿ ñèñòåìû óðàâíåíèé Ëàìå è ñèñòåìû âîëíîâûõ óðàâíåíèé òåîðèè óïðóãîñòè.

Â ïîòåíöèàëàõ òåîðèè óïðóãîñòè ïðîèçâîäíûå Ãþíòåðà ñîäåðæàòñÿ â âèäå êîìïî-
íåíòM(n)

ij (i, j = 1, 2, 3) êîñîñèììåòðè÷íîé ìàòðèöûM(n), äåéñòâóþùåé íà âåêòîð-
ôóíêöèþ u : (

M(n)u
)
i

=
3∑
j=1

M(n)
ij uj (i = 1, 2, 3) ,

ãäå
(
M(n)u

)
i
è uj (j = 1, 2, 3) � êîìïîíåíòû âåêòîðîâM(n)u è u ñîîòâåòñòâåííî. Â

[5] ýòà ìàòðèöà íàçûâàåòñÿ ïðîèçâîäíûìè Ãþíòåðà â ìàòðè÷íîé ôîðìå. Â äàííîé
ðàáîòå áóäåì íàçûâàòüM(n)u ìàòðèöåé ïðîèçâîäíûõ Ãþíòåðà.

Ìàòðèöà ïðîèçâîäíûõ Ãþíòåðà ïîðîæäàåò ðàçëè÷íûå îïåðàòîðû, èìåþùèå ðàç-
ëè÷íûå ïðåäñòàâëåíèÿ. Èñïîëüçîâàíèå ýòèõ îïåðàòîðîâ ïîçâîëèëî ðàçâèòü òåîðèþ
ïîâåðõíîñòíûõ ïîòåíöèàëîâ óðàâíåíèé Ëàìå â ñòàòè÷åñêèõ çàäà÷àõ òåîðèè óïðóãî-
ñòè [4, 5, 7, 6], à òàêæå ðàçðàáîòàòü àëãîðèòìû ïðåäîáóñëîâëèâàíèÿ â ìåòîäå ãðàíè÷-
íûõ ýëåìåíòîâ ðåøåíèÿ çàäà÷ ðàññåèâàíèÿ óïðóãèõ âîëí [9]. Â ðÿäå ðàáîò [10, 11] îïå-
ðàòîðM(n) èñïîëüçóåòñÿ áåç óïîìèíàíèÿ ïðîèçâîäíûx Ãþíòåðà. Âî âñåõ âûøå óïî-
ìÿíóòûõ ïðåäñòàâëåíèÿõ ïðîèçâîäíûõ Ãþíòåðà èñïîëüçóþòñÿ ëèáî çíà÷åíèÿ ôóíê-
öèè âíóòðè îáëàñòè, êàê, íàïðèìåð, â îïðåäåëåíèè (1), ëèáî êðèâèçíà ïîâåðõíîñòè
∂Ω. Ýòî çàòðóäíÿåò ïðèìåíåíèå òàêîãî ðîäà ïðåäñòàâëåíèé ïðîèçâîäíûõ Ãþíòåðà â
ìåòîäå êîíå÷íûõ ãðàíè÷íûõ ýëåìåíòîâ èëè èõ èñïîëüçîâàíèå ïðè îïðåäåëåíèè ÷èñëà
îáóñëîâëåííîñòè ìàòðèöû â ÷èñëåííûõ àëãîðèòìàõ.

Â ïóíêòå 1 äàííîé ðàáîòû ïîêàçàíî, ÷òî âåëè÷èíûM(n)
ij u ÿâëÿþòñÿ êîìïîíåíòàìè

ïîâåðíóòîãî ïîâåðõíîñòíîãî ãðàäèåíòà ∇∂Ωu × n ôóíêöèè u â îðòîíîðìèðîâàííîì
áàçèñå ïðîñòðàíñòâà, â êîòîðîå ïîãðóæåíà ðàññìàòðèâàåìàÿ îáëàñòü. Ýòî ñâîéñòâî,
â ñîâîêóïíîñòè ñ íåêîòîðûìè ñâîéñòâàìè äâîéñòâåííîñòè ïîçâîëÿåò îïðåäåëèòü äàí-
íûå ïðîèçâîäíûå êàê îãðàíè÷åííûå îïåðàòîðû, äåéñòâóþùèå èç Hs (∂Ω) â Hs−1 (∂Ω)
äëÿ 0 ≤ s ≤ 1. Ýòî óòâåðæäåíèå ýêâèâàëåíòíî óòâåðæäåíèþ, ÷òî u → ∇∂Ωu × n
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ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì, äåéñòâóþùèì èç Hs (∂Ω) â Hs−1 (∂Ω;C3) äëÿ
0 ≤ s ≤ 1 (äàííûé ðåçóëüòàò áûë ïîëó÷åí äðóãèì ìåòîäîì äëÿ s = 1/2 â ðàáî-
òå [12]). Èç ïîñëåäíåãî óòâåðæäåíèÿ ñëåäóåò, ÷òî ñîïðÿæåííûé óêàçàííîìó âûøå
îïåðàòîð, ñîïîñòàâëÿþùèé ïîâåðõíîñòíûé ðîòîð ∇∂Ω · u × n âåêòîðíîìó ïîëþ u
[13, p. 73], òàêæå îïðåäåëÿåò îãðàíè÷åííûé îïåðàòîð, äåéñòâóþùèé èç Hs (∂Ω;C3)
â Hs−1 (∂Ω) äëÿ 0 ≤ s ≤ 1. Ñëåäóåò îòìåòèòü, ÷òî â [13, P73] ïîâåðõíîñòíûé ðîòîð
ðàññìàòðèâàëñÿ òîëüêî äëÿ êàñàòåëüíûõ âåêòîðíûõ ïîëåé. Îäíàêî, ïîñêîëüêó â åãî
îïðåäåëåíèè ñîäåðæèòñÿ âåêòîðíîå ïðîèçâåäåíèå, ýòîò îïåðàòîð ìîæíî îáîáùèòü íà
ñëó÷àé ïðîèçâîëüíîãî âåêòîðíîãî ïîëÿ.

Äàëåå â ðàáîòå ïîêàçàíî, ÷òî ïðîèçâîäíûå Ãþíòåðà M(n)
ij ìîæíî ïðåäñòàâèòü â

âèäå äèôôåðåíöèàëüíûõ ôîðì è ïîëó÷èòü äëÿ ýòèõ îïåðàòîðîâ ôîðìóëó èíòåãðè-
ðîâàíèÿ ïî ÷àñòÿì íà ó÷àñòêå ∂Ω. Ýòà ôîðìóëà ïîëó÷åíà ïðÿìûì âû÷èñëåíèåì â
ðàáîòå [3]. Îäíàêî, ôîðìàëèçì äèôôåðåíöèàëüíûõ ôîðì ïîçâîëÿåò ïîíÿòü îñíîâíûå
ïðèíöèïû, èñïîëüçóåìûå ïðè ïîëó÷åíèè ýòîé ôîðìóëû. Òàêæå ôîðìàëèçì äèôôå-
ðåíöèàëüíûõ ôîðì èñïîëüçóåòñÿ â äàííîé ðàáîòå äëÿ ïîëó÷åíèÿ ÿâíûõ âûðàæåíèé
äëÿ ïðîèçâîäíûõ Ãþíòåðà êóñî÷íî-ãëàäêîé ôóíêöèè, îïðåäåëåííîé íà ãðàíèöå êðè-
âîëèíåéíîãî ìíîãîãðàííèêà, ÷òî ïîçâîëÿåò èñïîëüçîâàòü èõ â àëãîðèòìàõ ìåòîäà
ãðàíè÷íûõ ýëåìåíòîâ.

Â ï. 2 ïðèâîäÿòñÿ ðàçëè÷íûå èçâåñòíûå ïðåäñòàâëåíèÿ ìàòðèöû ïðîèçâîäíûõ
Ãþíòåðà M(n). Ñ èñïîëüçîâàíèåì âåêòîðíîé ôîðìóëû Ãðèíà, ââåäåííîé äëÿ ÷àñò-
íîãî ñëó÷àÿ â [14] è â áîëåå îáùåé ôîðìå â [10, 11], ïîëó÷åíî âàðèàöèîííîå âûðà-
æåíèå ìàòðèöû ïðîèçâîäíûõ M(n) ÷åðåç îáú¼ìíûå èíòåãðàëû. Â ïóíêòå 3 äàåòñÿ
îáîáùåíèå íà ñëó÷àé ëèïøèöåâûõ îáëàñòåé ìåòîäà ðåãóëÿðèçàöèè (ñïîñîáà ñâåäåíèÿ
èíòåãðàëîâ ñ ñèíãóëÿðíûìè ÿäðàìè, ñîäåðæàùèõñÿ â ïîâåðõíîñòíûõ ïîòåíöèàëàõ,
ê èíòåãðàëàì, ñõîäÿùèìñÿ â îáû÷íîì ñìûñëå), ïðåäëîæåííîãî â [7, 8] äëÿ ñëó÷àÿ
ïîâåðõíîñòíûõ ïîòåíöèàëîâ óïðóãèõ âîëí. Ñëåäóåò îòìåòèòü, ÷òî äëÿ ÷èñëåííîãî
ðåøåíèÿ çàäà÷ î ðàññåèâàíèè óïðóãèõ âîëí, áûëè ïðåäëîæåíû è äðóãèå, çíà÷èòåëü-
íî áîëåå ñëîæíûå ñïîñîáû ðåãóëÿðèçàöèè ñèíãóëÿðíûõ èíòåãðàëîâ (ñì., íàïðèìåð,
[15, 16, 17, 18, 19, 20] ).

Íàêîíåö, â ïóíêòå 4 ñ èñïîëüçîâàíèåì ñâÿçè ìåæäó äâóìåðíûìè è òðåõìåðíû-
ìè ÿäðàìè Ãðèíà óðàâíåíèÿ Ãåëüìãîëüöà ìåòîäû ðåãóëÿðèçàöèè, ïðèìåíÿåìûå ïðè
èññëåäîâàíèè òð¼õìåðíûõ çàäà÷, îáîáùàþòñÿ íà ñëó÷àé çàäà÷ î ðàñïðîñòðàíåíèè
ïëîñêèõ óïðóãèõ âîëí.

1 Îáîáùåíèå ïðîèçâîäíûõ Ãþíòåðà íà ñëó÷àé ëèï-

øèöåâûõ îáëàñòåé

Íèæå óñòàíàâëèâàþòñÿ íåêîòîðûå ñâîéñòâà îïåðàòîðà ïðîèçâîäíûõ Ãþíòåðà äëÿ
ëèïøèöåâûõ îáëàñòåé. Äàëåå ïîêàçàíî, ÷òî ñ èñïîëüçîâàíèåì îïåðàòîðà çâåçäû Õîä-
æà ïðîèçâîäíûå Ãþíòåðà ìîæíî ïðåäñòàâèòü â âèäå äèôôåðåíöèàëüíîé 2-ôîðìû.
Ýòî ïîçâîëÿåò ïîëó÷èòü ôîðìóëó èíòåãðèðîâàíèÿ ïî ÷àñòÿì íà ó÷àñòêå ∂Ω. Òàêæå
ïîëó÷åíî ïðåäñòàâëåíèå ïðîèçâîäíûõ Ãþíòåðà, êîòîðîå ìîæíî èñïîëüçîâàòü â àë-
ãîðèòìàõ ãðàíè÷íûõ ýëåìåíòîâ (â ïðîãðàììíûõ êîìïëåêñàõ, èñïîëüçóþùèõ ìåòîä
ãðàíè÷íûõ ýëåìåíòîâ).

1.1 Ñâîéñòâà îïåðàòîðà ïðîèçâîäíûõ Ãþíòåðà äëÿ ëèïøèöåâûõ îáëà-

ñòåé

Â ñèëó ðàâåíñòâà (3) è â ñîîòâåòñòâèè ñ îïðåäåëåíèåì, ïðèâåäåííûì â ðàáîòå [1, ñ.

147], îïåðàòîð M(n)
ij ÿâëÿåòñÿ êàñàòåëüíûì (òàíãåíöèàëüíûì) äèôôåðåíöèàëüíûì
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îïåðàòîðîì ïåðâîãî ïîðÿäêà íà ∂Ω . Îòñþäà ñëåäóåò ïåðâîå ñâîéñòâî îïåðàòîðà ïðî-
èçâîäíûõ Ãþíòåðà, äîêàçàòåëüñòâî êîòîðîãî ñîäåðæèòñÿ â ëåììå 4.23 â [1].

Ïðåäëîæåíèå 1 Äëÿ ëþáîé ôóíêöèè u ∈ H1 (∂Ω) âûïîëíÿåòñÿ íåðàâåíñòâî∥∥∥M(n)
ij u

∥∥∥
L2(∂Ω)

≤ C ‖u‖H1(∂Ω) . (4)

ïðè÷åì êîíñòàíòà C íå çàâèñèò îò ôóíêöèè u.

Çàìåòèì, ÷òî âåêòîð τ ij, îïðåäåëåííûé â ñîîòíîøåíèè (2), ñ èñïîëüçîâàíèåì äâîé-
íîãî âåêòîðíîãî ïðîèçâåäåíèÿ ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

τ ij = (n · ej) ei − (n · ei) ej = n× (ei × ej) (1 ≤ i ≤ 3, 1 ≤ j ≤ 3) .

Òîãäà ïðîèçâîäíàÿ ÃþíòåðàM(n)
ij u ïðåäñòàâëÿåòñÿ â âèäå:

M(n)
ij u =∇u · n× (ei × ej) =∇u× n · ei × ej. (5)

Â ôîðìóëå (5)M(n)
ij u ïðåäñòàâëÿåòñÿ â êà÷åñòâå êîìïîíåíòû (èëè êîìïîíåíòû ñî

çíàêîì ìèíóñ) ïîâåðõíîñòíîãî ðîòîðà u â êàíîíè÷åñêîì áàçèñå R3

M(n)
ij u =∇∂Ωu× n · ei × ej (6)

(ñì., íàïðèìåð, îïðåäåëåíèå è ñâîéñòâà ïîâåðõíîñòíîãî ãðàäèåíòà ∇∂Ωu è ïîâåðõ-
íîñòíîãî ðîòîðà ôóíêöèè â ñëó÷àå, êîãäà Ω+ ïðèíàäëåæèò êëàññó C2 [13, p. 69].)

Çàìå÷àíèå 1 Ôîðìóëà (6) ïîëó÷åíà â äðóãîì âèäå â [4] (ôîðìóëà (1.12) â ãë.5). Â
äàííîé ðàáîòå ïðîèçâîäíàÿ Ãþíòåðà ïðåäñòàâëåíà ÷åðåç êîìïîíåíòû ïîâåðõíîñò-
íîãî ãðàäèåíòà∇∂Ωu, êîìïîíåíòû âåêòîðà åäèíè÷íîé íîðìàëè n è ñèìâîëû Ëåâè-
×èâèòû εijk :

M(n)
jk u = −

3∑
i=1

εijk∂siu, (7)

ãäå

∂sku =
3∑

i,j=1

εijkni (∇∂Ωu)j .

Ïîñêîëüêó
∂siu = (n×∇∂Ωu)i ,

ñ ó÷åòîì ðàâåíñòâà

ei × ej =
3∑

k=1

εijkek (8)

ôîðìóëó (7) ìîæíî çàïèñàòü â âèäå

M(n)
jk u =

3∑
i=1

(∇∂Ωu× n)i ei · ej × ek.

Èç ïîñëåäíåãî ðàâåíñòâà ñëåäóåò ôîðìóëà (6). Çàìåòèì, ÷òî êîìïàêòíàÿ ôîðìóëà

(5) è ôîðìóëà (6), â êîòîðîé ïðîèçâîäíàÿ ÃþíòåðàM(n)
jk u âûðàæàåòñÿ ÷åðåç êîì-

ïîíåíòû âåêòîðà ∇∂Ωu × n, â ÿâíîì âèäå íå áûëè ïðèâåäåíû íè [4], íè â äðóãèõ
ðàáîòàõ. Îäíàêî ýòî ðàçëè÷íûå çàïèñè îäíîé è òîé æå ôîðìóëû, êàê ñëåäóåò èç
äîêàçàòåëüñòâà ïðèâåäåííîé íèæå ëåììû.
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Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà, äîêàçàííàÿ â [3] äëÿ îáëàñòåé êëàññà C1,α (0 < α ≤ 1)
áîëåå ñëîæíûì ñïîñîáîì.

Ëåììà 1 . Äëÿ ôóíêöèé u, v ∈ C1
comp (R3) ñïðàâåäëèâà ôîðìóëà èíòåãðèðîâàíèÿ ïî

÷àñòÿì: ∫
∂Ω

vM(n)
ij u ds =

∫
∂Ω

uM(n)
ji v ds. (9)

Äîêàçàòåëüñòâî. Óòâåðæäåíèå ëåììû íåïîñðåäñòâåííî ñëåäóåò èç ðàâåíñòâà

∇× (uvei × ej) = v∇× (uei × ej)− u∇× (vej × ei)

è ôîðìóëû Ãðèíà, ñïðàâåäëèâîé äëÿ ëèïøèöåâûõ îáëàñòåé (ñì. òåîðåìó 3.34 â [1]):∫
Ω±
∇ ·∇× (uvei × ej) dx = ±

∫
∂Ω

(∇× (uvei × ej)) · nds =

= ∓
(∫

∂Ω

vM(n)
ij u ds−

∫
∂Ω

uM(n)
ji v ds

)
,

∇ ·∇× (uvei × ej) = 0.

Äîêàæåì òåîðåìó, âûðàæàþùóþ îïòèìàëüíûå ñâîéñòâà îòîáðàæåíèÿ îïåðàòîðà
ïðîèçâîäíûõ Ãþíòåðà.

Òåîðåìà 1 . Ïóñòü Ω+ � îãðàíè÷åííàÿ ëèïøèöåâà îáëàñòü. Òîãäà ïðîäîëæåíèå
ïðîèçâîäíîé Ãþíòåðà M(n)

ij íà ïðîñòðàíñòâî Hs (∂Ω), ãäå 0 ≤ s ≤ 1, ÿâëÿåòñÿ
îãðàíè÷åííûì ëèíåéíûì îïåðàòîðîì, äåéñòâóþùèì èç Hs (∂Ω) â Hs−1 (∂Ω).

Äîêàçàòåëüñòâî. Ïðè s = 1 óòâåðæäåíèå òåîðåìû íåïîñðåäñòâåííî ñëåäóåò èç îöåí-
êè (4). Â ñèëó ñâîéñòâà ñèììåòðèè (9) è ïðèíöèïà äâîéñòâåííîñòè, ýòî óòâåðæäåíèå
òàêæå âåðíî ïðè s = 0. Ìåòîäîì èíòåðïîëÿöèè óòâåðæäåíèå òåîðåìû îáîáùàåòñÿ íà
ñëó÷àé 0 ≤ s ≤ 1.

Ñëåäñòâèå 1 . Ïðè äîïóùåíèÿõ òåîðåìû 1 ñëåäóåò, ÷òî òàíãåíöèàëüíûé âåêòîð
ïîâîðîòà ÿâëÿåòñÿ îãðàíè÷åííûì ëèíåéíûì îïåðàòîðîì u→∇∂Ωu×n èç Hs (∂Ω)
â Hs−1 (∂Ω;C3) äëÿ 0 ≤ s ≤ 1. Ñëåäîâàòåëüíî, îïåðàòîð u → ∇∂Ω · u × n òàêæå
ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì èç Hs (∂Ω;C3) â Hs−1 (∂Ω) äëÿ 0 ≤ s ≤ 1.

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, êîìïîíåíòû âåêòîðà ∇∂Ωu × n ÿâëÿþòñÿ íå ÷åì
èíûì, êàê ïðîèçâîäíûìè Ãþíòåðà, à u → ∇∂Ω · u × n � îïåðàòîð, ñîïðÿæåííûé ñ
îïåðàòîðîì u→∇∂Ωu× n.

Çàìå÷àíèå 2 Â [12, Ñ. 855] óñòàíîâëåíî, ÷òî åñëè u � ôóíêöèÿ, ïðèíàäëåæàùàÿ

H1 (R3), òî: 1)âåêòîð ∇u × n õîðîøî îïðåäåëåí íà ïðîñòðàíñòâå H
−1/2
‖ (∂Ω;C3) ,

äâîéñòâåííîì ïðîñòðàíñòâó

H
1/2
‖ (∂Ω;C3) = {v ∈ L2 (∂Ω;C3) ; v = n× (w × n), w ∈ H1 (Ω±;C3)} ;

2) âåêòîð∇u × n çàâèñèò òîëüêî îò ñëåäà u|∂Ω ôóíêöèè u íà ∂Ω. Òàêæå â [12,

Ñ. 850 � 851], ÷òî ïðîñòðàíñòâî H
−1/2
‖ (∂Ω;C3) ìîæåò áûòü îòîæäåñòâëåíî ñ

çàìêíóòûì ïîäïðîñòðàíñòâîì H−1/2 (∂Ω;C3) (÷àñòíûé ñëó÷àé ñëåäñòâèÿ 1 ïðè
s = 1/2) .
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Ñâîéñòâî ñèììåòðèè äëÿ ãëàäêèõ îáëàñòåé è äîñòàòî÷íî ðåãóëÿðíûõ ôóíêöèé
(u ∈ Hs(R3), s > 1) èçâåñòíî äîñòàòî÷íî äàâíî [4, Ñ. 284] è ÿâëÿåòñÿ íåïîñðåäñòâåí-
íûì ñëåäñòâèåì îïðåäåëåíèÿ ìàòðèöû ïðîèçâîäíûõ Ãþíòåðà, à òàêæå ñâîéñòâà ñèì-
ìåòðèè è ñâîéñòâ îòîáðàæåíèÿ îïåðàòîðàM(n)

ij .

Ñëåäñòâèå 2 Ìàòðèöà ïðîèçâîäíûõ Ãþíòåðà M(n) îïðåäåëÿåò îãðàíè÷åííûé ëè-
íåéíûé îïåðàòîð, äåéñòâóþùèé èç Hs (∂Ω;C3) â Hs−1 (∂Ω;C3) äëÿ 0 ≤ s ≤ 1, ñî
ñëåäóþùèì ñâîéñòâîì ñèììåòðèè:〈

v,M(n)u
〉

1−s,∂Ω
=
〈
u,M(n)v

〉
s,∂Ω

,

u ∈ Hs (∂Ω;C3) ,v ∈ H1−s (∂Ω;C3) .
(10)

Íèæå êàê äëÿ áèëèíåéíîé ôîðìû, îïðåäåëåííîé íà ïðîèçâåäåíèè ñîïðÿæ¼ííûõ ïðî-
ñòðàíñòâ Hs (∂Ω;C3) è H−s (∂Ω;C3), òàê è äëÿ áèëèíåéíîé ôîðìû, îïðåäåëåííîé
íà Hs (∂Ω)×H−s (∂Ω) , èñïîëüçóåòñÿ îáîçíà÷åíèå:

〈v, `〉s,∂Ω =
3∑
i=1

〈vi, `i〉s,∂Ω , v ∈ H
s
(
∂Ω;C3

)
, ` ∈ H−s

(
∂Ω;C3

)
.

Çàìå÷àíèå 3 Äâîéñòâåííîå ïðîèçâåäåíèå Hs (∂Ω) è H−s (∂Ω) îáû÷íî îáîçíà÷àåò-
ñÿ ÷åðåç 〈`, v〉s,∂Ω äëÿ ` ∈ H−s (∂Ω) è v ∈ Hs (∂Ω). Òàêîå îáîçíà÷åíèå óäîáíî èñ-
ïîëüçîâàòü ïðè èññëåäîâàíèè ïîòåíöèàëà ïðîñòîãî ñëîÿ â òåîðèè ðàñïðîñòðàíåíèÿ
óïðóãèõ âîëí, êîòîðîå ïðîâîäèòñÿ íèæå.

1.2 ßâíûå âûðàæåíèÿ äëÿ ïðîèçâîäíûõ Ãþíòåðà

Ðàíåå ïðîèçâîäíàÿ Ãþíòåðà áûëà îïðåäåëåíà â ñìûñëå ðàñïðåäåëåíèé: M(n)
ij u ∈

Hs−1 (∂Ω) äëÿ u ∈ Hs (∂Ω), 0 ≤ s ≤ 1. Ïðè ðåøåíèè ïðèêëàäíûõ çàäà÷ â êà÷åñòâå
ãðàíèöû îáëàñòè ∂Ω ÷àñòî òðåáóåòñÿ ðàññìàòðèâàòü êðèâîëèíåéíûé ìíîãîãðàííèê.
Òàêàÿ ïîâåðõíîñòü âîçíèêàåò ïîñëå àïïðîêñèìàöèè ∂Ω ïîâåðõíîñòüþ, ñîñòîÿùåé èç
êðèâîëèíåéíûõ ãðàíåé è ðåáåð, à òàêæå èç âåðøèí (ñì. [21, p. 15]). Ýòî îçíà÷àåò, ÷òî
ãðàíèöà Ω ìîæåò áûòü ïîêðûòà íåïåðåñåêàþùåéñÿ äåêîìïîçèöèåé T

∂Ω = ∪ω∈T ω

(T � êîíå÷íîå ìíîæåñòâî îòêðûòûõ îáëàñòåé ω ⊂ ∂Ω òàêîå, ÷òî äëÿ âñåõ ω, υ ∈ T ,
ω ∩ υ = ∅, åñëè ω 6= υ). Ïðåäïîëàãàåòñÿ, ÷òî êàæäûé ýëåìåíò ω ïðåäñòàâëÿåò ñî-
áîé �ïîëèãîíàëüíóþ ïîâåðõíîñòü� â òîì ñìûñëå, ÷òî ω ⊂ Uω (Uω � îòêðûòàÿ
C∞-ïàðàìåòðèçóåìàÿ ïîâåðõíîñòü â R3), åå ãðàíèöà ∂ω ÿâëÿåòñÿ êóñî÷íî-ãëàäêîé
êðèâîé, ω � ëèïøèöåâà îáëàñòü â Uω. Ëèïøèöåâà îáëàñòü íà ãëàäêîì ìíîãîîáðàçèè
îïðåäåëÿåòñÿ òàê æå, êàê è ëèïøèöåâà îáëàñòü â RN ñ çàìåíîé �æåñòêèõ ïåðåìå-
ùåíèé � (ñì. îïðåäåëåíèå 3.28 â [1]) íà ëîêàëüíûå C∞-äèôôåîìîðôèçìû â îáëàñòè,
ëåæàùèå â R2. Íàïîìíèì, ÷òî Ω+ ÿâëÿåòñÿ ãëîáàëüíî ëèïøèöåâîé îáëàñòüþ. Ýòî
èñêëþ÷àåò íàëè÷èå íà ∂Ω îñòðîêîíå÷íûõ ïèêîâ. Ïðèìåðîì òàêîé ïîâåðõíîñòè ÿâ-
ëÿåòñÿ ñåòêà, îáðàçóþùàÿñÿ ïðè òðèàíãóëÿöèè ïîâåðõíîñòè êëàññà R3. Íà ðèñ. 2
ïîêàçàíà ïîâåðõíîñòíàÿ òðèàíãóëÿöèÿ C1,1-îáëàñòè. Îáëàñòü è ïîâåðõíîñòíàÿ ñåò-
êà ïîñòðîåíû â ïðîãðàììå Gmsh [22]. Äëÿ òî÷íîé ïîâåðõíîñòè ω è Uω îïèñûâàþòñÿ
â ëîêàëüíûõ ñèñòåìàõ êîîðäèíàò (ëîêàëüíûõ êàðòàõ) (ñì., íàïðèìåð, [23]). Íà àï-
ïðîêñèìèðîâàííîé ïîâåðõíîñòè ω ÿâëÿåòñÿ òðåóãîëüíèêîì â R3, à Uω � ïëîñêîñòüþ,
â êîòîðîé ëåæèò ýòîò òðåóãîëüíèê.

Ãðàíè÷íûå êîíå÷íûå ýëåìåíòû îáû÷íî îáðàçóþò ïîäïðîñòðàíñòâà ñëåäóþùåãî
ïðîñòðàíñòâà:

Pm,T (∂Ω) =
{
u ∈ L∞ (∂Ω) ; u|ω ◦ Φω ∈ P(2)

m ∀ω ∈ T
}
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XYZ

Ðèñ. 2: Îáëàñòü â ôîðìå ìíîãîãðàííèêà, ïîëó÷åííàÿ ñ ïîìîùüþ ïîâåðõíîñòíîé òðè-
àíãóëÿöèè C1,1-îáëàñòè

ãäå Φω : Dω ⊂ R2 → Uω � ëîêàëüíàÿ ñèñòåìà êîîðäèíàò íà Uω (ñì., íàïðèìåð, [23,

ñ. 111]); P(2)
m � ïðîñòðàíñòâî ïîëèíîìîâ ñòåïåíè íå áîëüøå m îò äâóõ ïåðåìåííûõ

ñ êîìïëåêñíûìè êîýôôèöèåíòàìè. Òàêèå ïðîñòðàíñòâà ñîäåðæàòñÿ â Hs (∂Ω) äëÿ
1/2 ≤ s ≤ 1 òîãäà è òîëüêî òîãäà, êîãäà îíè ñîäåðæàòñÿ â

CT (∂Ω) =
{
u ∈ C0 (∂Ω) ; u|ω ∈ C∞ (ω) , ∀ω ∈ T

}
(ñì., íàïðèìåð, [24] äëÿ ñëó÷àÿ ∂Ω = R2).

Åñëè u ∈ CT (∂Ω), òî ìîæíî îïðåäåëèòüM(n)
ij,T u ïî÷òè âñþäó íà ∂Ω:(

M(n)
ij,T u

)
|ω =∇ωu|ω × n · ei × ej ∀ω ∈ T ,

(∇ω � òàíãåíöèàëüíûé ãðàäèåíò íà ω; n � âåêòîð íîðìàëè íà ω, íàïðàâëåííûé âî
âíåøíîñòü Ω+). Ïîêàæåì, ÷òî

M(n)
ij u =M(n)

ij,T u ∀u ∈ CT (∂Ω) . (11)

×òîáû óñòàíîâèòü ýòî òîæäåñòâî, íåîáõîäèìî èñïîëüçîâàòü íåñêîëüêî óòâåðæäåíèé.
Âî-ïåðâûõ, u|ω ÿâëÿåòñÿ ñëåäîì íåêîòîðîé ôóíêöèè uω, ïðèíàäëåæàùåé êëàññó

C∞ â R3-îêðåñòíîñòè Uω. Òîãäà âåðíî ñëåäóþùåå ðàâåíñòâî:

∇ωu|ω × n · (ei × ej) = (∇uω) |ω × n · (ei × ej) =

= (ei × ej)× (∇uω) |ω · n.

Èñïîëüçóÿ (8), êàíîíè÷åñêîå îòîæäåñòâëåíèå âåêòîðíûõ ïîëåé ñ 1-ôîðìàìè íà R3 è
îïåðàòîð çâåçäû Õîäæà íà R3, ìîæíî çàïèñàòü âûðàæåíèå äëÿ(ei × ej)× (∇uω) |ω â
ñëåäóþùåì âèäå:

(ei × ej)× (∇u) |ω =
3∑

k=1

εijk ∗ (dxk ∧ duω) |ω =

=
3∑

k=1

εijk ∗ (d (−uωdxk)) |ω.

Îòñþäà ñëåäóåò ôîðìóëà, ïîëó÷åííàÿ â [3] ïîêîìïîíåíòíî, áåç èñïîëüçîâàíèÿ
ôîðìàëèçìà äèôôåðåíöèàëüíûõ ôîðì.
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Ëåììà 2 Äëÿ u ∈ C∞ (ω) è v ∈ C1
comp (R3) ñïðàâåäëèâà ôîðìóëà èíòåãðèðîâàíèÿ ïî

÷àñòÿì ∫
ω

v∇ωu× n · ei × ejds = −
3∑

k=1

εijk

∫
∂ω

uv dxk−

−
∫
ω

u∇ωv × n · ei × ejds.

Îðèåíòàöèÿ ∂ω îïðåäåëÿåòñÿ íàïðàâëåíèåì âåêòîðà n.

Äîêàçàòåëüñòâî. Ëåììà ñëåäóåò èç ñîîòíîøåíèé

∇ωuv = v∇ωu+ u∇ωv,

∫
ω

∇ωuv × n · (ei × ej) ds =
3∑

k=1

εijk

∫
ω

∗ (d (−uvdxk)) · nds =

=
3∑

k=1

εijk

∫
ω

d (−uvdxk)

è ôîðìóëû Ñòîêñà.
Èç ïðèâåäåííîé íèæå òåîðåìû ñëåäóåò ïðîñòîé ñïîñîá âû÷èñëåíèÿ ïðîèçâîäíûõ

Ãþíòåðà ïðè èñïîëüçîâàíèè ãðàíè÷íûõ êîíå÷íûõ ýëåìåíòîâ.

Òåîðåìà 2 Ôîðìóëà (11) âåðíà äëÿ ëþáîé ôóíêöèè u ∈ CT (∂Ω).

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî CT (∂Ω) ⊂ H1 (∂Ω). Òîãäà èç ñâîéñòâà ñèììåòðèè
(10) ñëåäóåò, ÷òî äëÿ ëþáûõ u ∈ CT (∂Ω) è v ∈ C∞comp (R3) âåðíî〈

v,M(n)
ij u

〉
1−s,∂Ω

=
〈
u,M(n)

ji v
〉
s,∂Ω

=

∫
∂Ω

uM(n)
ji,T vds.

Èíòåãðèðîâàíèå ïî ÷àñòÿì ïðèâîäèò ê ðàâåíñòâó∫
∂Ω

uM(n)
ji,T vds = −

∑
ω∈T

3∑
k=1

εijk

∫
∂ω	

uvdxk +

∫
∂Ω

vM(n)
ij,T uds.

Ïîñêîëüêó ∑
ω∈T

∫
∂ω	

uvdxk = 0

â ñèëó ïðîòèâîïîëîæíîé îðèåíòàöèè íà êàæäîì êðèâîëèíåéíîì ðåáðå íåïåðåêðûâà-
þùåéñÿ äåêîìïîçèöèè T ãðàíèöû ∂Ω, ïîëó÷àåì〈

v,M(n)
ij u

〉
1−s,∂Ω

=

∫
∂Ω

vM(n)
ij,T uds.

Òîãäà ôîðìóëà (11) èìååò ìåñòî â ñèëó ïëîòíîñòè C∞comp (R3) â H1−s (∂Ω) .

Çàìå÷àíèå 4 Ïëîòíîñòü C∞comp (R3) â Hs (∂Ω) (0 ≤ s ≤ 1) äëÿ ëèïøèöåâîé îáëàñòè
Ω+ äîêàçûâàåòñÿ òàê æå, êàê äîêàçûâàåòñÿ ïëîòíîñòü C∞comp (R3) â L2 (∂Ω) (ñì.
òåîðåìó 4.9 â[25]).
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2 Äðóãèå ïðåäñòàâëåíèÿ ìàòðèöû ïðîèçâîäíûõ Ãþí-

òåðà

Ñíà÷àëà ðàññìîòðèì ñóùåñòâóþùèå ôîðìû ïðåäñòàâëåíèÿ ìàòðèöû ïðîèçâîäíûõ
Ãþíòåðà â òîì ñëó÷àå, êîãäà îáëàñòü Ω+ ïðèíàäëåæèò êëàññó C1,1 è âûÿñíèì, ìîæíî
ëè ýòè ïðåäñòàâëåíèÿ îáîáùèòü íà ñëó÷àé ëèïøèöåâûõ îáëàñòåé. Â ÷àñòíîñòè, íà-
ïîìíèì âàðèàöèîííóþ ôîðìó çàïèñèM(n) ñ èñïîëüçîâàíèåì îáúåìíûõ èíòåãðàëîâ,
êîòîðàÿ óæå èñïîëüçîâàëàñü â äðóãèõ ðàáîòàõ.

2.1 Ýêâèâàëåíòíûå ôîðìû çàïèñè ìàòðèöû ïðîèçâîäíûõ Ãþíòåðà

Ñíà÷àëà ïðèâåäåì êîìïàêòíîå âûðàæåíèå äëÿ ìàòðèöû ïðîèçâîäíûõ Ãþíòåðà [7]

M(n)u =∇un− n∇ · u, u ∈ H2
loc

(
R3;C3

)
, (12)

êîòîðîå ñëåäóåò èç ôîðìóëû

3∑
j=1

M(n)
ij uj =

3∑
j=1

∂xiujnj − ni
3∑
j=1

∂xjuj.

Íàïîìíèì, ÷òî ãðàäèåíò∇u âåêòîðà u ÿâëÿåòñÿ ìàòðèöåé, j-é ñòîëáåö êîòîðîé åñòü
∇uj (j = 1, 2, 3).

Âåðîÿòíî, äëÿ òîãî, ÷òîáû îáðàòèòü âíèìàíèå íà òî, ÷òî âûðàæåíèå (12) çàâèñèò
òîëüêî îò u|∂Ω, â [7] èñïîëüçóåòñÿ çàïèñü ãðàäèåíòà íà ∂Ω

∇uj =∇∂Ωuj + n∂nuj (j = 1, 2, 3) ,

îòêóäà ñëåäóåò
M(n)u =∇∂Ωun− tr∇∂Ωu n. (13)

Çäåñü ∇∂Ωu îïðåäåëÿåòñÿ àíàëîãè÷íî ∇u; tr∇∂Ωu � àëãåáðàè÷åñêèé ñëåä ∇∂Ωu.
Îòìåòèì, ÷òî â ôîðìóëå (13) â ðàáîòå [7] âìåñòî tr∇∂Ωu èñïîëüçóåòñÿ ∇∂Ω · u .
Äåéñòâèòåëüíî, âûðàæåíèå äëÿ tr∇∂Ωu ìîæíî çàïèñàòü â ñëåäóþùåì âèäå:

tr∇∂Ωu = tr∇u− trn (∂u)> = ∇ · u− n · ∂nu.

Òàê êàê
∇ · u =∇∂Ω · n× (u× n) + 2Hu · n+ n · ∂nu on ∂Ω, (14)

ãäå ∇∂Ω · u � ïîâåðõíîñòíàÿ äèâåðãåíöèÿ u (ñì. [13, ñ. 72, 75]), òî

M(n)u =∇∂Ωun− n (∇∂Ω · n× (u× n) + 2Hu · n) . (15)

Â (15) 2H = tr C � ñðåäíÿÿ ãàóññîâà êðèâèçíà ïîâåõíîñòè ∂Ω, îïðåäåëåííàÿ êàê àë-
ãåáðàè÷åñêèé ñëåä îïåðàòîðà ãàóññîâîé êðèâèçíû C =∇n. Ôîðìóëà (14) îïðåäåëåíà
äëÿ îáëàñòåé, îáëàäàþùèõ ãëàäêîñòüþ, ïî êðàéííåé ìåðå, íå íèæå C1,1 .

Â îòëè÷èå îò âûðàæåíèÿ (10) âûðàæåíèÿ (13) è (15) äëÿ ìàòðèöûM(n) íå äàþò
ïðåäñòàâëåíèÿ î ñèììåòðè÷íîñòè ýòîãî îïåðàòîðà. Çàìåòèì, ÷òî

∇∂Ωv n =
3∑
j=1

nj∇∂Ωvj =
3∑
j=1

∇∂Ω (njvj)−
3∑
j=1

vj∇∂Ωnj.

Ïîñêîëüêó ∇∂Ωnj =∇nj = C∗j ( j-é ñòîëáåö ìàòðèöû C) è Cn = 0, ìîæíî çàïèñàòü

∇∂Ωv n = ∇∂Ωv · n− Cn× (v × n) ,
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÷òî ïîçâîëÿåò (ïî êðàéíåé ìåðå, â òîì ñëó÷àå, êîãäà Ω+ ÿâëÿåòñÿ C1,1-îáëàñòüþ è
u ∈ H2 (R3;C3)) çàïèñàòü ìàòðè÷íóþ ïðîèçâîäíóþ Ãþíòåðà â âèäå

M(n)u =∇∂Ωu · n− n∇∂Ω · n× (u× n)−
−C (n× (u× n))− 2Hu · n n, (16)

îòêóäà ñëåäóåò ñèììåòðè÷íîñòü îïåðàòîðà. Îäíàêî, ïîñêîëüêó â âûðàæåíèå (16) â
ÿâíîì âèäå âõîäÿò îïðåðàòîð êðèâèçíû C è ñðåäíÿÿ ãàóññîâà êðèâèíà 2H , îíî íå
èìååò ñìûñëà äëÿ ëèïøèöåâûõ îáëàñòåé.

Çàïèøåì âûðàæåíèå äëÿ ìàòðèöû ïðîèçâîäíûõ Ãþíòåðà, êîòîðîå ÷àñòî èñïîëü-
çóåòñÿ â ñòàòè÷åñêèõ çàäà÷àõ òåîðèè óïðóãîñòè äëÿ îïðåäåëåíèÿ íàïðÿæåíèé ÷åðåç
ïîëå ïåðåìåùåíèé, ÿâëÿþùèååñÿ ðåøåíèåì óðàâíåíèé Ëàìå [4, Ñ. 282]:

M(n)u = ∂nu+ n×∇× u− n∇ · u. (17)

Ïîêàæåì, êàêèì îáðàçîì ôîðìóëà (17) ìîæåò áûòü ïîëó÷åíà èç ïðèâåäåííîãî âûøå
êîìïàêòíîãî ïðåäñòàâëåíèÿ ìàòðèöû ïðîèçâîäíûõ ÃþíòåðàM(n). Èç ôîðìóëû

M(n)u =
(
∇u−∇u>

)
n+∇u>n− n∇ · u

ñëåäóåò
M(n)u = ∂nu+

(
∇u−∇u>

)
n− n∇ · u.

Î÷åâèäíî, ÷òî

(
∇u−∇u>

)
ij

= ∂xiuj − ∂xjui =
3∑

l,m=1

(δilδjm − δimδjl) ∂xlum.

Òàê êàê

δilδjm − δimδjl =
3∑

k=1

εijkεlmk,

òî (
∇u−∇u>

)
ij

=
3∑

l,m,k=1

εijkεlmk∂xlum =

=
3∑

k=1

εijk (∇× u)k

è, ñëåäîâàòåëüíî,

((
∇u−∇u>

)
n
)
i

=
3∑

j,k=1

εijknj (∇× u)k =

= (n×∇× u)i (i = 1, 2, 3) .

Èç ïðåäñòàâëåíèÿ (17) äëÿM(n)u ñëåäóåò:
1) ìàòðè÷íóþ ïðîèçâîäíóþ íåëüçÿ îïðåäåëèòü, ïî êðàéíåé ìåðå íåïîñðåäñòâåííî,

çíàÿ òîëüêî u|∂Ω .
2) â îòëè÷èå îò ïðåäñòàâëåíèÿ (16) ïðåäñòàâëåíèå (17) èìååò ñìûñë òîëüêî â òîì

ñëó÷àå, åñëè Ω+ ÿâëÿåòñÿ ëèïøèöåâîé îáëàñòüþ è u ∈ H2 (R3;C3).
Â ñèëó çàìå÷àíèÿ 1 â ðàáîòå [9] ïðè âûâîäå ïðåäñòàâëåíèÿ (16) èç ïðåäñòàâëå-

íèÿ (17) èñïîëüçîâàíû ôîðìóëà (14) äëÿ äèâåðãåíöèè (ôîðìóëà (2.5.215) â [13]) è
ôîðìóëà

n×∇× u =∇∂Ωu · n− Cn× (u× n)− n× (∂nu× n)

äëÿ ðîòîðà (ôîðìóëà (2.5.225) â [13]).
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2.2 Ïðåäñòàâëåíèå ìàòðèöû ïðîèçâîäíûõ Ãþíòåðà ÷åðåç îáúåìíûé

èíòåãðàë.

Íà îñíîâå ðåçóëüòàòîâ, ïîëó÷åííûõ â [26], ìîæíî çàïèñàòü ôîðìóëó Ãðèíà∫
Ω±
∇u ·∇v −∇× u ·∇× v −∇ · u ∇ · v dx =

= ±
∫
∂Ω

(∂nu+ n×∇× u− n∇ · u) · v ds
(18)

äëÿ u è v, ïðèíàäëåæàùèõ H2 (R3;C3) . Çäåñü

∇u ·∇v =
3∑
j=1

∇uj ·∇vj =
3∑

i,j=1

∂xiuj∂xivj.

Â (18) ïðåäïîëàãàåòñÿ,÷òî Ω+ ÿâëÿåòñÿ êðèâîëèíåéíûì ìíîãîãðàííèêîì. Îäíàêî
ôîðìóëà îñòàåòñÿ ñïðàâåäëèâîé è äëÿ ëèïøèöåâîé îáëàñòè Ω+ è äëÿ ôóíêöèè v, ïðè-
íàäëåæàùåé H1 (Ω±;C3). Ïðèâåäåííàÿ âûøå ôîðìóëà Ãðèíà ñïðàâåäëèâà òàêæå äëÿ
u ∈ H2

loc (R3;C3) è v ∈ H1
comp (R3;C3) èëè äëÿu ∈ H2

comp (R3;C3) è v ∈ H1
loc (R3;C3).

Ôîðìóëó (18) ìîæíî òàêæå âûâåñòè èç ôîðìóëû Ãðèíà, ïðèâåäåííîé â [14, p. 220]:∫
Ω±

∆u · v +∇× u ·∇× v +∇ · u ∇ · v dx =

= ±
∫
∂Ω

(∇× u× n+ n∇ · u) · v ds.
(19)

Íà îñíîâå ïðèâåäåííûõ âûøå ôîðìóë ìîæíî ñôîðìóëèðîâàòü òåîðåìó, èç êîòî-
ðîé ñëåäóåò ïðåäñòàâëåíèå ïðîèçâîäíîé Ãþíòåðà ÷åðåç îáúåìíûé èíòåãðàë.

Òåîðåìà 3 Ïóñòü Ω+ � îãðàíè÷åííàÿ ëèïøèöåâà îáëàñòü â R3. Ñ ó÷åòîì ââåäåí-
íûõ âûøå îïðåäåëåíèé èìååò ìåñòî ôîðìóëà〈

v,M(n)u
〉

1/2,∂Ω
= ±

∫
Ω±
∇u ·∇v −∇× u ·∇× v −∇ · u ∇ · v dx (20)

äëÿ u ∈ H1
loc (R3;C3) è v ∈ H1

comp (R3;C3).

Äîêàçàòåëüñòâî. Ïîëàãàÿ, ÷òî v ∈ H2
comp (R3;C3), ñ ó÷åòîì (18) ìîæíî çàïèñàòü∫

∂Ω

u · M(n)v ds = ±
∫

Ω±
∇u ·∇v −∇× u ·∇× v −∇ · u ∇ · v dx.

Ñ ó÷åòîì ∫
∂Ω

u · M(n)v ds =
〈
u,M(n)v

〉
1/2,∂Ω

=
〈
v,M(n)u

〉
1/2,∂Ω

ïîëó÷àåì ôîðìóëó (20) äëÿ v ∈ H2
comp (R3;C3). Äëÿ çàâåðøåíèÿ äîêàçàòåëüñòâà íóæ-

íî ó÷åñòü ïîëíîòó ïðîñòðàíñòâà H2
comp (R3;C3) â H1

comp (R3;C3).

3 Ïðèìåíåíèå ïðîèçâîäíîé Ãþíòåðà ïðè èññëåäîâà-

íèè ïîòåíöèàëîâ óïðóãèõ âîëí

Íèæå òåõíèêà ðåãóëÿðèçàöèè ïîâåðõíîñòíûõ ïîòåíöèàëîâ óïðóãèõ âîëí, ïðåäëîæåí-
íàÿ â ðàáîòàõ [7, 8] äëÿ îáëàñòåé êëàññà C2, îáîáùàåòñÿ íà ñëó÷àé ëèïøèöåâûõ îá-
ëàñòåé. Âûâîäÿòñÿ âñïîìîãàòåëüíûå ïðåäñòàâëåíèÿ äëÿ ïîòåíöèàëîâ äâîéíîãî ñëîÿ
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è òîæäåñòâî, óñòàíàâëèâàþùåå ñâÿçü ìåæäó ïîâåðõíîñòíûìè ïîòåíöèàëàìè óïðóãèõ
âîëí è ïîòåíöèàëàìè óðàâíåíèÿ Ãåëüìãîëüöà. Îñîáîå âíèìàíèå óäåëÿåòñÿ îïåðàòî-
ðàì íàïðÿæåíèé ïîòåíöèàëà äâîéíîãî ñëîÿ. Ïîêàçàíî, êàêèì îáðàçîì, íå èñïîëüçóÿ
îáùóþ òåîðèþ ïîòåíöèàëîâ ýëëèïòè÷åñêèõ ñèñòåì, ìîæíî ïîëó÷èòü ñâîéñòâà îòîá-
ðàæåíèé ïîòåíöèàëîâ óïðóãèõ âîëí èç ñâîéñòâ îòîáðàæåíèé ïîòåíöèàëîâ óðàâíåíèÿ
Ãåëüìãîëüöà.

3.1 Ïîâåðõíîñòíûå ïîòåíöèàëû óïðóãèõ âîëí

Äëÿ p ∈ H−1/2 (∂Ω;C3) ïîòåíöèàë ïðîñòîãî ñëîÿ óïðóãèõ âîëí çàïèñûâàåòñÿ ñëåäó-
þùèì îáðàçîì:

Sp (x) =
〈
Γ (x, y) ,py

〉
1/2,∂Ω

(
x ∈ Ω+ ∪ Ω−

)
.

Çäåñü Γ (x, y) � ìàòðèöà Êóïðàäçå [4, Ñ. 85], ýëåìåíòû êîòîðîé èìåþò âèä:

Γkl (x, y) =
1

ω2ρ

(
κ2
sGκs (x, y) δkl + ∂xk∂xl

(
Gκp −Gκs

)
(x, y)

)
(k, l = 1, 2, 3) .

Èíäåêñ y îçíà÷àåò, ÷òî â äâîéñòâåííîì ïðîèçâåäåíèè ïåðåìåííàÿ x ÿâëÿåòñÿ ïàðà-
ìåòðîì. ×åðåç

〈
Γ (x, y) ,py

〉
1/2,∂Ω

îáîçíà÷åí âåêòîð, k-ÿ êîìïîíåíòà êîòîðîãî èìååò

ñëåäóþùèé âèä:
3∑
l=1

〈
Γkl (x, y) , (pl)y

〉
1/2,∂Ω

((pl)y � l-ÿ êîìïîíåíòà âåêòîðà of py). ×åðåç

κp = ω
√
ρ/ (2µ+ λ) , κs = ω

√
ρ/µ

îáîçíà÷åíû âîëíîâûå ÷èñëà âîëí ñæàòèÿ (P-âîëí) è âîëí ñäâèãà (S-âîëí) ñîîòâåò-
ñòâåííî, ω > 0, ρ > 0, µ > 0 è λ ≥ 0 � êðóãîâàÿ ÷àñòîòà, ïëîòíîñòü è êîíñòàíòû Ëàìå
óïðóãîé ñðåäû ñîîòâåòñòâåííî. Â ìàòðèöå ÊóïðàäçåGκ (x, y) = exp (iκ |x− y|) /4π |x− y|
� ÿäðà Ãðèíà, ÿâëÿþùèåñÿ ðåøåíèÿìè óðàâíåíèÿ Ãåëüìãîëüöà

∆yGκ (x, y) + κ2Gκ (x, y) = −δx â D′
(
R3
)
,

óäîâëåòâîðÿþùèå óñëîâèÿì èçëó÷åíèÿ Çîììåðôåëüäà

lim
|y|→∞

|y|
(
∂|y|Gκ (x, y)− iκGκ (x, y)

)
= 0,

δx � äåëüòà-ôóíêöèÿ Äèðàêà.
Öåëåñîîáðàçíî âûðàçèòü ïîòåíöèàë Sp ÷åðåç ïîòåíöèàëû ïðîñòîãî ñëîÿ óðàâíå-

íèÿ Ãåëüìãîëüöà Vκpp è Vκsp , õàðàêòåðèçóþùèå P- è S-âîëíû ñîîòâåòñòâåííî:

Sp =
1

ω2%

(
κ2
sVκsp+∇∇ ·

(
Vκs − Vκp

)
p
)
. (21)

Â (21) (Vκp (x))` (` = 1, 2, 3) � `-ÿ êîìïîíåíòà ïîòåíöèàëà Vκp (x) ïðîñòîãî ñëîÿ óðàâ-
íåíèÿ Ãåëüìãîëüöà ñ âîëíîâûì ÷èñëîì κ > 0:

(Vκp (x))` =
〈
Gκ (x, y) , (p`)y

〉
1/2,∂Ω

, x ∈ Ω+ ∪ Ω−,

Â ïðèâåäåííîì íèæå ïðåäëîæåíèè óêàçàíû íåêîòîðûå âàæíûå ñâîéñòâà îïðåäå-
ëåííûõ âûøå ïîòåíöèàëîâ.
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Ïðåäëîæåíèå 2 Vκp ∈ H1+s
loc (R3) (−1/2 ≤ s ≤ 1/2) äëÿ p ∈ H−1/2+s (∂Ω). Ïîòåí-

öèàëû Vκp óäîâëåòâîðÿþò óðàâíåíèþ Ãåëüìãîëüöà ∆Vκp + κ2Vκp = 0 â Ω+ ∪ Ω− è
óñëîâèÿì èçëó÷åíèÿ Ãåëüìãîëüöà. Êðîìå òîãî,(

Vκs − Vκp
)
p ∈ H3+s

loc

(
R3
)
. (22)

Äîêàçàòåëüñòâî. Ñâîéñòâî îòîáðàæåíèÿ ïîòåíöèàëà Vκ ÿâëÿåòñÿ ÷àñòíûì ñëó÷à-
åì ñâîéñòâ îòîáðàæåíèÿ ïîòåíöèàëà ïðîñòîãî ñëîÿ îáùèõ ýëëèïòè÷åñêèõ óðàâíåíèé
(ñì., íàïðèìåð, òåîðåìó 1 â [27] èëè òåðåìó 6.11 â [1]). Èçâåñòíî, ÷òî ïîòåíöèàë
Vκ óäîâëåòâîðÿåò óðàâíåíèþ Ãåëüìãîëüöà, óñëîâèÿì èçëó÷åíèÿ Çîììåðôåëüäà (ñì.,
íàïðèìåð, [13, p. 117]). Òåì íå ìåíåå, öåëåñîîáðàçíî ïðèâåñòè äîêàçàòåëüñòâî ýòèõ
óòâåðæäåíèé. Â ñèëó îïðåäåëåíèÿ Vκ (ñì., íàïðèìåð, [1, p. 201]) èìååì

∆Vκp+ κ2Vκp = −pδ∂Ω

ãäå ïðàâàÿ ÷àñòü óðàâíåíèÿ pδ∂Ω îïðåäåëåíà â ñìûñëå ðàñïðåäåëåíèé:

〈ϕ, pδ∂Ω〉D,D′ = 〈ϕ|∂Ω, p〉1/2,∂Ω , ϕ ∈ D
(
R3 )

Òàêèì îáðàçîì,
∆
(
Vκs − Vκp

)
p = κ2

pVκpp− κ2
sVκsp.

Òîãäà ñâîéñòâî (22) ÿâëÿåòñÿ ñëåäñòâèåì ðåãóëÿðíîñòè ðåøåíèÿ ýëëèïòè÷åñêèõ óðàâ-
íåíèé âíóòðè îáëàñòè (ñì., íàïðèìåð, òåîðåìó 4.16 â [1]).

Ïîòåíöèàë äâîéíîãî ñëîÿ óïðóãèõ âîëí äëÿ ψ ∈ H1/2 (∂Ω;C3) îïðåäåëÿåòñÿ ñëå-
äóþùèì îáðàçîì [4, p. 301]:

Kψ (x) = −
∫
∂Ω

(
T (n)
y Γ (x, y)

)>
ψ (y) dsy, x ∈ Ω+ ∪ Ω−.

Çäåñü T
(n)
y � îïåðàòîð íàïðÿæåíèé, îïðåäåëåííûé äëÿ u ∈ H2

loc (R3;C3) ðàâåíñòâîì

T (n)u = 2µ∂nu+ λn∇ · u+ µn×∇× u,

T
(n)
y Γ (x, y) � ìàòðèöà, j-é ñòîëáåö êîòîðîé ïîëó÷àåòñÿ â ðåçóëüòàòå äåéñòâèÿ îïåðà-

òîðà T
(n)
y íà j-é ñòîëáåö ìàòðèöû Γ (x, y). Ñëåäóåò îòìåòèòü, ÷òî îïðåäåëåííûé âûøå

îïåðàòîð äâîéíîãî ñëîÿ, òàê æå, êàê è àññîöèèðîâàííûé ñ íèì ïîòåíöèàë óðàâíåíèÿ
Ãåëüìãîëüöà

Nκλ (x) = −
∫
∂Ω

∂nyGκ (x, y)λ (y) dsy x ∈ Ω+ ∪ Ω−,

èìåþò çíàêè, ïðîòèâîïîëîæíûå çíàêàì îïåðàòîðîâ, îïðåäåëåííûõ â ðàáîòå [4, ñ. 301],
è â ôîðìóëàõ (2.2.19), (1.2.2) â [5]. Ïî-âèäèìîìó, òàêîå îáîçíà÷åíèå ÿâëÿåòñÿ áîëåå
åñòåñòâåíííûì ïðè çàïèñè ôîðìóë äëÿ ñêà÷êîâ íàïðÿæåíèé ïîòåíöèàëà ïðîñòîãî
ñëîÿ óïðóãèõ âîëí è äëÿ íîðìàëüíîé ïðîèçâîäíîé ïîòåíöèàëà ïðîñòîãî ñëîÿ óðàâ-
íåíèÿ Ãåëüìãîëüöà.

Ïðåäëîæåííàÿ âûøå ïðîöåäóðà îáîáùåíèÿ îïåðàòîðàM(n) íà ëèïøèöåâó îáëàñòü
ìîæåò áûòü èñïîëüçîâàíà äëÿ îáîáùåíèÿ íà ëèïøèöåâó îáëàñòü ïîòåíöèàëà äâîéíîãî
ñëîÿ, îïðåäåëåííîãî â [7] äëÿ îáëàñòåé êëàññà C2.

Ïðåäëîæåíèå 3 Äëÿ ïîòåíöèàëà äâîéíîãî ñëîÿ óïðóãèõ âîëí ñïðàâåäëèâî ïðåä-
ñòàâëåíèå

Kψ =∇Vκpn ·ψ −∇× Vκsn×ψ − 2µSM(n)ψ â Ω+ ∪ Ω−. (23)
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à òàêæå â ñèëó òîæäåñòâà

∇Vκsn ·ψ −∇× Vκsn×ψ = Nκsψ + VκsM(n)ψ â Ω+ ∪ Ω− (24)

ïðåäñòàâëåíèå

Kψ = Nκsψ + (Vκs − 2µS)M(n)ψ+
+∇

(
Vκp − Vκs

)
n ·ψ â Ω+ ∪ Ω−.

(25)

Äîêàçàòåëüñòâî. Ïðåäñòàâëåíèÿ (23), (24) ñëåäóþò èç îáîáùåíèÿ âû÷èñëåíèé, ïðè-
âåäåííûõ â [7].

Ñ èñïîëüçîâàíèåì ñâîéñòâ ïîâåðõíîñòíûõ èíòåãðàëîâ óðàâíåíèÿ Ãåëüìãîëüöà äî-
êàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 4 Ïîâåðõíîñòíûå ïîòåíöèàëû óïðóãèõ âîëí îáëàäàþò ñëåäóþùèìè ñâîé-
ñòâàìè:

S : H−1/2+s (∂Ω;C3)→ H1+s
loc (R3;C3) ,

K : H1/2+s (∂Ω;C3)→ H1+s
loc

(
Ω±;C3 , )

− 1/2 < s < 1/2.

Ïîòåíöèàëû u = Sp èëè u = Kψ óäîâëåòâîðÿþò óðàâíåíèþ

∆∗u+ ω2%u = 0â Ω+ ∪ Ω−

è óñëîâèþ èçëó÷åíèÿ Êóïðàäçå [4, Ñ. 124] ãäå ∆∗ � óïðóãèé ëàïëàñèàí:

∆∗u = µ∆u+ (λ+ µ)∇∇ · u.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå òåîðåìû ñëåäóåò èç ñîîòíîøåíèé (21) , (23) ñ ó÷åòîì
ñâîéñòâ îòîáðàæåíèé ñêàëÿðíûõ ýëëèïòè÷åñêèõ îïåðàòîðîâ [27].

3.2 Ñëåäû ïîâåðõíîñòíûõ ïîòåíöèàëîâ óïðóãèõ âîëí

Ñëåäû ïîòåíöèàëîâ ïðîñòîãî ñëîÿ S è äâîéíîãî ñëîÿ K, à òàêæå ñâîéñòâà èõ îòîá-
ðàæåíèé ìîæíî ïîëó÷èòü èç ñâîéñòâ ñëåäîâ ïîâåõíîñòíûõ ïîòåíöèàëîâ óðàâíåíèÿ
Ãåëüìãîëüöà.

Òåîðåìà 5 Îïåðàòîð (Sp)±, îïðåäåëåííûé äëÿ p ∈ H−1/2 (∂Ω;C3) , è îïåðàòîð (Kψ)±,
îïðåäåëåííûé äëÿ ψ ∈ H1/2 (∂Ω;C3) , èìåþò ñëåäóþùèå ïðåäñòàâëåíèÿ:

(Sp)± =
1

ω2%

(
κ2
sVκsp+∇∇ ·

(
Vκs − Vκp

)
p
)
,

(Kψ)± = (Nκsψ)± + (Vκs − 2µS)M(n)ψ +∇
(
Vκp − Vκs

)
n ·ψ.

Â ÷àñòíîñòè, äëÿ ñêà÷êîâ ïîòåíöèàëîâ âûïîëíåíû ðàâåíñòâà

[Sp] = (Sp)+ − (Sp)− = 0, [Kψ] = ψ.

Ïðè −1/2 < s < 1/2 èìåþò ìåñòî ñëåäóþùèå ñâîéñòâà îòîáðàæåíèé:

Sp ∈ H1/2+s
(
∂Ω;C3

)
, äëÿ p ∈ H−1/2+s

(
∂Ω;C3

)
,

(Kψ)± ∈ H1/2+s
(
∂Ω;C3

)
, äëÿ ψ ∈ H1/2+s

(
∂Ω;C3

)
.
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Äîêàçàòåëüñòâî. Ðàññìîòðèì âûðàæåíèå∇(Vκs−Vκp)n·ψ. Ïîñêîëüêóψ ∈ H1/2+s (∂Ω;C3),
òî ôóíêöèÿ n ·ψ õîðîøî îïðåäåëåíà â L2 (∂Ω) è, ñëåäîâàòåëüíî, ïðèíàäëåæèò ïðî-
ñòðàíñòâó H−1/2+s (∂Ω) ïðè −1/2 < s < 1/2. Òîãäà â ñèëó ðåãóëÿðíîñòè Vκs − Vκp
(ñâîéñòâî (22)) èìååì

∇
(
Vκs − Vκp

)
n ·ψ ∈ Hs+2

loc

(
R3;C3

)
, − 1/2 < s < 1/2.

Ýòî ïîçâîëÿåò îïðåäåëèòü ñëåä ôóíêöèè ψ â H1/2+s (∂Ω;C3) (ñì. ëåììó 3.6 â [27] è
òåîðåìó 3.38 â [1]).

Ïîñêîëüêó [Sp] = 0, äàëåå (Sp)± îáîçíà÷àåòñÿ ÷åðåç Sp .

Çàìå÷àíèå 5 Ïîñêîëüêó òåîðåìà î ðàñøèðåíèè ñëåäîâ ïîòåíöèàëîâ, äåéñòâóþùèõ
èç Hs

loc

(
Ω±
)
â Hs−1/2 (∂Ω) ñïðàâåäëèâà òîëüêî ïðè 1/2 < s < 3/2, [27], íå óäàåòñÿ

äîêàçàòü ñôîðìóëèðîâàííûå âûøå ñâîéñòâà îòáðàæåíèé äëÿ s = ±1/2.

3.3 Îïåðàòîðû íàïðÿæåíèé ïîâåðõíîñòíûõ ïîòåíöèàëîâ óïðóãèõ âîëí

Côîðìóëèðóåì êëàññè÷åñêóþ ëåììó, îïðåäåëÿþùóþ îïåðàòîð íàïðÿæåíèé T (n)u
äëÿ âåêòîðà u, ïðèíàäëåæàùåãî ïðîñòðàíñòâó

H1
loc

(
∆∗,Ω±

)
=
{
v ∈ H1

loc

(
Ω±;C3

)
; ∆∗v ∈ L2

loc

(
Ω±;C3

)}
.

Äëÿ òîãî ÷òîáû ïðîâåñòè îáîáùåíèå íà ñëó÷àé ëèïøèöåâûõ îáëàñòåé, áóäåì èñïîëü-
çîâàòü ïðåäñòàâëåíèå ýòîãî îïåðàòîðà ÷åðåç ìàòðè÷íóþ ïðîèçâîäíóþ Ãþíòåðà.

Ëåììà 3 Äëÿ u ∈ H1
loc

(
∆∗,Ω±

)
è v ∈ H1

comp (R3;C3) ôîðìóëà∫
Ω±

2µ∇u ·∇v − µ∇× u ·∇× v + λ∇ · u ∇ · v + ∆∗u · v dx =

=
〈
v,±

(
T (n)u

)±〉
1/2,−1/2

.
(26)

îïðåäåëÿåò îïåðàòîð
(
T (n)u

)±
â H−1/2 (∂Ω;C3)

Äëÿ îïåðàòîðà íàïðÿæåíèé
(
T (n)u

)±
ñïðàâåäëèâû ñëåäóþùèå ïðåäñòàâëåíèÿ:∫

Ω±
µ∇× u ·∇× v + (λ+ 2µ)∇ · u ∇ · v + ∆∗u · v dx+

+
〈
v,±2µM(n)u±

〉
1/2,∂Ω

=
〈
v,±

(
T (n)u

)±〉
1/2,∂Ω

;
(27)

∫
Ω±
µ∇u ·∇v + (λ+ µ)∇ · u ∇ · v + ∆∗u · v dx+

+
〈
v,±µM(n)u±

〉
1/2,∂Ω

=
〈
v,±

(
T (n)u

)±〉
1/2,∂Ω

.
(28)

Äîêàçàòåëüñòâî.

Çàïèøåì ëåâóþ ÷àñòü òîæäåñòâà (26) â ñëåäóþùåì âèäå:∫
Ω±

2µ∇u ·∇v − µ∇× u ·∇× v + λ∇ · u ∇ · v + ∆∗u · v dx =

=

∫
Ω±

2µ (∇u ·∇v + ∆u · v) dx+

+

∫
Ω±

(λ+ µ) (∇∇ · u · v +∇ · u ∇ · v) dx−

−
∫

Ω±
µ (∆u · v +∇× u ·∇× v +∇ · u ∇ · v) dx.
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Òîãäà òîæäåñòâî (26) ñëåäóåò èç òîæäåñòâà (19) è ôîðìóëû Ãðèíà äëÿ u ∈ H2
loc

(
Ω±;C3

)
.

Ýòî ðàâåíñòâî ñïðàâåäëèâî äëÿ u ∈ H1
loc

(
∆∗,Ω±

)
â ñèëó ïëîòíîñòè H1

loc

(
∆∗,Ω±

)
â H2

loc

(
Ω±;C3

)
, íåïðåðûâíîñòè áèëèíåéíîé ôîðìû è äâîéñòâåííîñòè ïðîñòðàíñòâ

H1/2 (∂Ω;C3) è H−1/2 (∂Ω;C3) . Ýòî óòâåðæäåíèå ñôîðìóëèðîâàíî äëÿ îïåðàòîðà Ëà-
ïëàñà â [24] è â [27, 1] äëÿ áîëåå øèðîêîãî êëàññà ýëëèïòè÷åñêèõ îïåðàòîðîâ. Ôîð-
ìóëû (27), (28) ñëåäóþò èç ïðåäñòàâëåíèÿ (20) îïåðàòîðàM(n).

Çàìå÷àíèå 6 Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:
1) ÷àñòü ïîäûíòåãðàëüíîãî âûðàæåíèÿ â (26) ÿâëÿåòñÿ (ñ òî÷íîñòüþ äî çíàêà)

ïëîòíîñòüþ âèðòóàëüíîé ðàáîòû

2µ∇u ·∇v − µ∇× u ·∇× v + λ∇ · u ∇ · v = Σu ·Ev,

ñîâåðøàåìîé âíóòðåííèìè íàïðÿæåíèÿìè

Σu = 2µEu+ λ∇ · uI3

íà âèðòóàëüíûõ ïðåìåùåíèÿõ v (Eu = (1/2)
(
∇u+∇u>

)
� òåíçîð äåôîðìàöèé;

I3 � åäèíè÷íûé òåíçîð âòîðîãî ðàíãà):
2) åñëè u ∈ H2

loc

(
Ω±;C3

)
, òî èç ôîðìóëû Ãðèíà ñëåäóåò èçâåñòíîå ïðåäñòàâëå-

íèå îïåðàòîðà íàïðÿæåíèé ÷åðåç ïðîèçâîäíóþ Ãþíòåðà M(n) (ñì.,íàïðèìåð, ôîð-
ìóëó (V, 1.16) â [4] è ôîðìóëó (2.2.35) â [5]):

T (n)u = 2µM(n)u− µn×∇× u+ (λ+ 2µ)n∇ · u; (29)

T (n)u = µM(n)u+ µ∂nu+ (λ+ µ)n∇ · u. (30)

Ïîëó÷èì ïðåäñòàâëåíèå îïåðàòîðà íàïðÿæåíèé ïîòåíöèàëà ïðîñòîãî ñëîÿ ÷åðåç
ñëåä ïîòåíöèàëà ïðîñòîãî ñëîÿ óðàâíåíèÿ Ãåëüìãîëüöà.

Òåîðåìà 6 Îïåðàòîðû íàïðÿæåíèé
(
T (n)Sp

)±
, îïðåäåëåííûå äëÿ p ∈ H−1/2(∂Ω;

C3), èìåþò ñëåäóþùåå ïðåäñòàâëåíèå:(
T (n)Sp

)±
= (∂nVκsp)± + n∇ ·

(
Vκp − Vκs

)
p−M(n) (Vκs − 2µS)p. (31)

Â ÷àñòíîñòè, ñêà÷îê îïåðàòîðà íàïðÿæåíèé ïîòåíöèàëà ïðîñòîãî ñëîÿ îïðåäåëÿ-
åòñÿ ôîðìóëîé [

T (n)Sp
]

= p.

Ñâîéñòâà îòîáðàæåíèé ýòèõ îïåðàòîðîâ çàäàþòñÿ ôîðìóëîé(
T (n)Sp

)± ∈ H−1/2+s
(
∂Ω;C3

)
äëÿ p ∈ H−1/2+s (∂Ω;C3) è −1/2 < s < 1/2.

Äîêàçàòåëüñòâî. Â îáîçíà÷åíèÿõ ëåììû 3 ñ ó÷åòîì ïðåäñòàâëåíèÿ (27) ìîæíî çà-
ïèñàòü 〈

v,
(
T (n)Sp

)±〉
1/2,∂Ω

=
〈
v, 2µM(n)Sp

〉
1/2,∂Ω

±

±
∫

Ω±
µ∇× Sp ·∇× v + (λ+ 2µ)∇ · Sp ∇ · v + ∆∗Sp · v dx.

Òàê êàê µ∇×Sp =∇×Vκsp, (λ+ 2µ)∇ ·Sp =∇ ·Vκpp, è ∆∗Sp = −ω2ρSp â Ω±, òî〈
v,
(
T (n)Sp

)±〉
1/2,∂Ω

=
〈
v, 2µM(n)Sp

〉
1/2,∂Ω

±

±
∫

Ω±
∇× Vκsp ·∇× v +∇ · Vκpp ∇ · v − ω2%Sp · v dx,
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èëè 〈
v,
(
T (n)Sp

)±〉
1/2,∂Ω

=
〈
v, 2µM(n)Sp

〉
1/2,∂Ω

±

±
∫

Ω±
∇× Vκsp ·∇× v +∇ · Vκpp ∇ · v dx±

±
∫

Ω±

(
−κ2

sVκsp−∇∇·Vκsp+∇∇·Vκpp
)
· v dx.

Ïîñëå ïðåîáðàçîâàíèÿ ïîäûíòåãðàëüíîãî âûðàæåíèÿ èìååì〈
v,
(
T (n)Sp

)±〉
1/2,∂Ω

=
〈
v, 2µM(n)Sp

〉
1/2,∂Ω

±

±
∫

Ω±
∇× Vκsp ·∇× v +∇ · Vκsp ∇ · v + ∆Vκsp · v dx±

±
∫

Ω±
∇∇ ·

(
Vκp − Vκs

)
p · v +∇ ·

(
Vκp − Vκs

)
p∇ · v dx,

èëè 〈
v,
(
T (n)Sp

)±〉
1/2,∂Ω

=
〈
v, 2µM(n)Sp

〉
1/2,∂Ω

±

±
∫

Ω±
∇× Vκsp ·∇× v +∇ · Vκsp ∇ · v −∇Vκsp ·∇v dx±

±
∫

Ω±
∆Vκsp · v +∇Vκsp ·∇v dx±

±
∫

Ω±
∇∇ ·

(
Vκp − Vκs

)
p · v +∇ ·

(
Vκp − Vκs

)
p∇ · v dx.

Îòñþäà ñ èñïîëüçîâàíèåì ïðåäñòàâëåíèÿ (20) äëÿM(n) ÷åðåç îáúåìíûé èíòåãðàë è
ôîðìóëû Ãðèíà ïîëó÷àåì ïðåäñòàâëåíèå (31). Ôîðìóëà äëÿ ñêà÷êàT (n)Sp íåïîñðåä-
ñòâåííî ñëåäóåò èç âûðàæåíèÿ äëÿ íîðìàëüíîé ïðîèçâîäíîé ïîòåíöèàëà ïðîñòîãî
ñëîÿ óðàâíåíèÿ Ãåëüìãîëüöà. Äîêàçàòåëüñòâî ñâîéñòâ îòîáðàæåíèÿ àíàëîãè÷íî äî-
êàçàòåëüñòâó òàêèõ ñâîéñòâ äëÿ ñëåäîâ ïîòåíöèàëà äâîéíîãî ñëîÿ.

Çàìå÷àíèå 7 Èç ïðåäñòàâëåíèÿ (31) ñëåäóåò òîæäåñòâî äâîéñòâåííîñòè〈
ψ,
(
T (n)Sp

)±〉
1/2,∂Ω

= −
〈
(Kψ)∓ ,p

〉
1/2,∂Ω

,

äëÿ ψ ∈ H1/2 (∂Ω;C3) è p ∈ H−1/2 (∂Ω;C3) ñ ó÷åòîì ñîîòâåòñòâóþùåé ôîðìóëû
äëÿ ïîòåíöèàëà óðàâíåíèÿ Ãåëüìãîëüöà áåç èñïîëüçîâàíèÿ îáùåé òåîðèè ñèñòåì
ýëëèïòè÷åñêèõ óðàâíåíèé [1, ñ.211].

Íèæå èçëîæåíû îñíîâíûå ðåçóëüòàòû äàííîé ðàáîòû, à èìåííî, îáîáùåíèå íà
ñëó÷àé ëèïøèöåâûõ îáëàñòåé äâóõ ðåãóëÿðèçàöèé, ïðåäëîæåííûõ â ðàáîòàõ [7, 8]
äëÿ îáëàñòåé êëàññà C2.

Ïåðâàÿ ðåãóëÿðèçàöèÿ îñíîâàíà íà ôîðìóëå (25) è ìîæåò ðàññìàòðèâàòüñÿ êàê
îáîáùåíèå ðåãóëÿðèçàöèè â ñòàòè÷åñêèõ çàäà÷àõ òåîðèè óïðóãîñòè (ñì., íàïðèìåð,
[6] è ëåììó 2.3.3 â [5]) .

Òåîðåìà 7 Äëÿ ψ ∈ H1/2 (∂Ω;C3) îïåðàòîð íàïðÿæåíèé ïîòåíöèàëà äâîéíîãî ñëîÿ
íà îáåèõ ñòîðîíàõ ïîâåðõíîñòè ∂Ω îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:(

T (n)Kψ
)±

= µ
(

(∂nNκsψ) +M(n) (Nκsψ)± −
(
∂nVκsM(n)ψ

)±)
+

+2µ
(
M(n)∇

(
Vκp − Vκs

)
n ·ψ − n∇ ·

(
Vκp − Vκs

)
M(n)ψ

)
+

+M(n) (3µVκs − 4µ2S)M(n)ψ − ω2%n
(
Vκp − Vκs

)
n ·ψ.

(32)

Â ÷àñòíîñòè, åñëè
[
T (n)Kψ

]
= 0, òî

(
T (n)Kψ

)±
= T (n)Kψ ÿâëÿåòñÿ îãðàíè÷åííûì

îïåðàòîðîì, äåéñòâóþùèì èç H1/2+s (∂Ω;C3) â H−1/2+s (∂Ω;C3) ïðè −1/2 < s < 1/2.
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Äîêàçàòåëüñòâî. Ïðè äîêàçàòåëüñòâå ïðîâîäÿòñÿ âû÷èñëåíèÿ, àíàëîãè÷íûå âû÷èñ-
ëåíèÿì, âûïîëíåííûì â ðàáîòå [8] ïðè äîêàçàòåëüñòâå ëåììû 2.3. Îäíàêî â äàííîé
ðàáîòå âû÷èñëåíèÿ ïðîâîäÿòñÿ ñ èñïîëüçîâàíèåì ïîòåíöèàëîâ, à íå èõ ÿäåð. Ïðè äî-
êàçàòåëüñòâå ëåììû 2.3 â [8] íåïðåðûâíîå ïðîäîëæåíèå âåêòîðà åäèíè÷íîé íîðìàëè
â îêðåñòíîñòü ïîâåðõíîñòè ∂Ω, ÷òî íåâîçìîæíî äëÿ ëèïøèöåâûõ îáëàñòåé. Äîêàçà-
òåëüñòâî îñíîâàíî íà ðàçëîæåíèè ïîòåíöèàëà äâîéíîãî ñëîÿ íà òðè ñëàãàåìûõ:

Kψ = w0 + w1 − 2µSM(n)ψ,

ãäå w0 = Nκsψ + VκsM(n),ψ, w1 =∇
(
Vκp − Vκs

)
n ·ψ.

Ïîñëåäíåå ñëàãàåììîå â ýòîì ðàçëîæåíèè ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíîæèòåëÿ
ÿâëÿåòñÿ ïîòåíöèàëîì ïðîñòîãî ñëîÿ ñ ïëîòíîñòüþM(n)ψ. Òàêèì îáðàçîì, ïðåäñòàâ-
ëåíèå ñîîòâåòñòâóþùåãî îïåðàòîðà íàïðÿæåíèé ñëåäóåò èç ïðåäñòàâëåíèÿ (31):(

T (n)
(
−2µSM(n)ψ

))±
= −2µ

(
∂nVκsM(n)ψ

)±−
− 2µ

(
n∇ ·

(
Vκp − Vκs

)
M(n)ψ −M(n)

(
Vκp − Vκs

)
M(n)ψ

)
.

Âòîðîå ñëàãàåìîå ïðèíàäëåæèò ïðîñòðàíñòâó H2
loc

(
Ω±;C3

)
. Ïðåäñòàâëåíèå ñîîòâåò-

ñòâóþùåãî îïåðàòîðà íàïðÿæåíèé ñëåäóåò èç åãî îïðåäåëåíèÿ è ðàâåíñòâ∇×w1 = 0,
∇ ·w1 =

(
−κ2

pVκp + κ2
sVκs

)
n ·ψ :

T (n)w1 = 2µM(n)w1 + (λ+ 2µ)
(
−κ2

pVκp + κ2
sVκs

)
n ·ψ.

×òî êàñàåòñÿ ïåðâîãî ñëàãàåìîãî, çàìåòèì, ÷òî w0 ∈ H1
loc

(
Ω±;C3

)
è ∆w0 = −κ2

sw0

â Ω±, ïîñêîëüêó w0 ÿâëÿåòñÿ ëèíåéíîé êîìáèíàöèåé ïîòåíöèàëîâ ïðîñòîãî ñëîÿ
óðàâíåíèÿ Ãåëüìãîëüöà, ñîîòâåòñòâóþùåãî âîëíîâîìó ÷èñëó κs, ñ ïëîòíîñòüþ ψ ∈
H1/2 (∂Ω;C3) èM(n)ψ ∈ H−1/2 (∂Ω;C3). Äàëåå ñ èñïîëüçîâàíèåì (24) ìîæíî çàïèñàòü

∇ ·w0 = ∆Vκsn ·ψ = −κ2
sVκsn ·ψ ∈ H1

loc

(
Ω±
)
.

Ñ èñïîëüçîâàíèåì ïîñëåäíåãî ñîîòíîøåíèÿ è ôîðìóëû Ãðèíà íåòðóäíî ïîêàçàòü, ÷òî(
T (n)w0

)±
ïðåäñòàâëÿåòñÿ â âèäå (30) â ñèëó (28). Òàêèì îáðàçîì,(

T (n)w0

)±
= µM(n)w0 + µ (∂nNκsψ) |∂Ω + µ

(
∂nVκsM(n)ψ

)±−
− κ2

s (λ+ µ)nVκsn ·ψ.

Èç ïîëó÷åííûõ ïðåäñòàâëåíèé äëÿ
(
T (n)

(
−2µSM(n)ψ

))±
, T (n)w1 è

(
T (n)w0

)±
ñëå-

äóåò ïðåäñòàâëåíèå (32). Äëÿ òîãî, ÷òîáû çàâåðøèòü äîêàçàòåëüñòâî, äîñòàòî÷íî èñ-
ïîëüçîâàòü ôîðìóëó äëÿ ñêà÷êà ïîòåíöèàëà ïðîñòîãî ñëîÿ óðàâíåíèÿ Ãåëüìãîëüöà è
ñâîéñòâà îòîáðàæåíèÿ ýòîãî ïîòåíöèàëà (ñì., íàïðèìåð, [27] èëè [1, p. 202]).

Çàìå÷àíèå 8 Èç ôîðìóëû (32) ñëåäóåò ïðåäñòàâëåíèå äëÿ T (n)Kψ, â êîòîðîì èí-
òåãðàëû ñõîäÿòñÿ â îáû÷íîì ñìûñëå, à íå â ñìûñëå ãëàâíîãî çíà÷åíèÿ Êîøè. Ýòî
óòâåðæäåíèå ñëåäóåò èç òîãî, ÷òî ñëàãàåìîå ∂nNκsψ ìîæíî çàïèñàòü â âàðèàöè-
îííîé ôîðìå ñ èñïîëüçîâàíèåì ôîðìóëû ðåãóëÿðèçàöèè Õàìèäè [28]:

〈ϕ, ∂nNκsψ〉1/2,∂Ω =
3∑
j=1

〈n×∇ϕj, Vκsn×∇ψj〉1/2,∂Ω−

−
∫
∂Ω

ϕjn · Vκs (ψjn) ds

ãäå ϕ ∈ H1/2 (∂Ω;C3) ; ψj, ϕj � êîìïîíåíòû âåêòîðîâ ψ, ϕ ñîîòâåòñòâåííî (ñì.
[1, p. 289]).
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Çàìå÷àíèå 9 Â ëåììå 2.3 â [7] ïîëó÷åíî ñëåäóþùåå ïðåäñòàâëåíèå äëÿ T (n)Kψ :

T (n)Kψ = µ∇∂Ω(Vκs∇∂Ω ·ψ × n)× n+

+2µ
(
M(n) (Nκsψ)± −

(
∂nVκsM(n)ψ

)±)
+

+2µ
(
M(n)∇

(
Vκp − Vκs

)
n ·ψ − n∇ ·

(
Vκp − Vκs

)
M(n)ψ

)
+

+(4/κ2
s)M(n)∇∇·

(
Vκp − Vκs

)
M(n)ψ−

−ω2ρ
(
n× Vκs (ψ × n) + nVκpn · ψ

)
.

(33)

Ñ èñïîëüçîâàíèåì ôîðìóëû (23) è âàðèàöèîííîé ôîðìû ïðåäñòàâëåíèÿ (27) äëÿ íà-
ïðÿæåíèÿ ïîñëåäíþþ ôîðìóëó ìîæíî îáîáùèòü íà ñëó÷àé ëèøèöåâûõ îáëàñòåé.
Ñâîéñòâà îòîáðàæåíèÿ ñîîòâåòñòâóþùåãî îïåðàòîðà ìîæíî ïîëó÷èòü èç ñâîéñòâ
îòîáðàæåíèÿ ïîòåíöèàëà ïðîñòîãî ñëîÿ óðàâíåíèÿ Ãåëüìãîëüöà, ñâîéñòâ òàíãåí-
öèàëüíîãî âåêòîðà âðàùåíèÿ è ïîâåðõíîñòíîãî ðîòîðà (ñì. ñëåäñòâèå 1).

4 Äâóìåðíûå çàäà÷è

Íèæå èññëåäóþòñÿ ñâîéñòâà ïðîèçâîäíûõ Ãþíòåðà â çàäà÷àõ, â êîòîðûõ êàê ãåî-
ìåòðèÿ îáëàñòè, òàê è ìåõàíè÷åñêèå õàðàêòåðèñòèêè óïðóãîé ñðåäû èíâàðèàíòíû
îòíîñèòåëüíî ïåðåíîñà âäîëü îñè x3. Ñíà÷àëà ðàññìàòðèâàåòñÿ ñëó÷àé ôóíêöèè, íå
çàâèñÿùåé îò ïåðåìåííîé x3. Çàòåì ñ èñïîëüçîâàíèåì ñîîòíîøåíèÿ, óñòàíàâëèâàþùå-
ãî ñâÿçü ìåæäó äâóìåðíûìè è òðåõìåðíûìè ÿäðàìè Ãðèíà óðàâíåíèÿ Ãåëüìãîëüöà,
âûâîäÿòñÿ ïðåäñòàâëåíèÿ äâóìåðíûõ ïîòåíöèàëîâ óïðóãèõ âîëí.

4.1 Äâóìåðíûå ïðîèçâîäíûå Ãþíòåðà.

Íèæå ðàññìàòðèâàþòñÿ îáëàñòè Ω± = Ω±⊥ × (−∞,+∞) ãäå Ω+
⊥ � îãðàíè÷åííàÿ ëèï-

øèöåâà äâóìåðíàÿ îáëàñòü â ïëîñêîñòè; Ω−⊥ = R2\Ω+
⊥ � åå äîïîëíåíèå. Ëþáîå âåêòîð-

íîå ïîëå u, çàâèñÿùåå òîëüêî îò êîîðäèíàò â ïëîñêîñòè (x1, x2), ìîæíî ïðåäñòàâèòü â
âèäå ñóïåðïîçèöèè ïëîñêîãî âåêòîðíîãî ïîëÿ u⊥ è ñêàëÿðíîãî ïîëÿ u3, íàçûâàåìûõ
ñîîòâåòñòâåííî ïëîñêîé è àíòèïëîñêîé êîìïîíåíòàìè ïîëÿ u:

u (x1, x2) = u⊥ (x1, x2) + u3 (x1, x2) e3.

Çàìåòèì, ÷òî {ej}3
j=1 � êàíîíè÷åñêèé áàçèñ ïðîñòðàíñòâà. Åäèíè÷íàÿ íîðìàëü n ê

∂Ω íå çàâèñèò îò x3, è n3 = 0. Â äàëüíåéøåì âåêòîð íîðìàëè n îòîæäåñòâëÿåòñÿ
ñ åãî êîìïîíåíòîé â ïëîñêîñòè n⊥. Íèæíèé èíäåêñ ⊥ èñïîëüçóåòñÿ äëÿ îáîçíà÷åíÿ
äâóìåðíîãî àíàëîãà òðåõìåðíîé âåëè÷èíû. Ñêàëÿðíûé âèõðü ∇⊥ ×u⊥ è âåêòîðíûé
âèõðü ∇⊥ × u3 îïðåäåëÿþòñÿ ñëåäþùèì îáðàçîì:

∇⊥ × u⊥ = ∂x1u2 − ∂x2u1, ∇⊥ × u3 = ∂x2u3e1 − ∂x1u3e2.

Ïóñòü ôóíêöèÿ u íå çàâèñèò îò x3. Òîãäà

M(n)
i3 u = n3∂xiu− ni∂x3u = 0.

Ñëåäîâàòåëüíî, òîëüêî äâå ïðîèçâîäíûå Ãþíòåðà îòëè÷íû îò íóëÿ:

M(n)
21 u = −M(n)

12 u = n1∂x2u− n2∂x1u = ∂τu

(τ = Rπ/2n; Rθ � ïðåîáðàçîâàíèå ïîâîðîòà íà óãîë θ ïðîòèâ ÷àñîâîé ñòðåëêè âîêðóã
îñè x3). Ñëåäîâàòåëüíî,

M(n)
21 u = −M(n)

12 u = ∂su

ãäå s � êðèâîëèíåéíàÿ êîîðäèíàòà íà ∂Ω⊥, âîçðàñòàþøàÿ â íàïðàâëåíèè ïðîòèâ
÷àñîâîé ñòðåëêè. Ñëåäóþùàÿ òåîðåìà ÿâëÿåòñÿ àíàëîãîì òåîðåìû 1.
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Òåîðåìà 8 Ïðè ñôîðìóëèðîâàííûõ âûøå óñëîâèÿõ îïåðàòîð ∂s ÿâëÿåòñÿ îãðàíè-
÷åííûì îïåðàòîðîì, äåéñòâóþùèì èç Hs (∂Ω⊥) â Hs−1 (∂Ω⊥) äëÿ 0 ≤ s ≤ 1.

Çàìå÷àíèå 10 Ìàòðè÷íàÿ ïðîèçâîäíàÿ Ãþíòåðà â äâóìåðíîì ñëó÷àå M(n) ñâî-
äèòñÿ ê îïåðàòîðó, èìåþùåìó ïðîñòóþ ôîðìó çàïèñè

M(n)u =M(n)
⊥ u⊥ = Rπ/2∂su⊥ = e3 × ∂su.

4.2 Äâóìåðíûå ïîòåíöèàëû óïðóãèõ âîëí

Èìååò ìåñòî ôîðìóëà:

µ∆u+ (µ+ λ)∇∇ · u =

[
µ∆⊥u⊥ + (µ+ λ)∇⊥∇⊥ · u⊥

µ∆⊥u3

]
.

Ñëåäîâàòåëüíî, âîëíîâîå óðàâíåíèå äëÿ âåêòîðà u ðàñùåïëÿåòñÿ íà äâà íåçàâèñè-
ìûõ: 1) íà óðàâíåíèå äëÿ ïëîñêîé êîìïîíåíòû u⊥; 2) íà óðàâíåíèå äëÿ àíòèïëîñêîé
êîìïîíåíòû u3

Ïëîñêàÿ êîìïîíåíòà
(
T (n)u

)
⊥ è àíòèïëîñêàÿ êîìïîíåíòà

(
T (n)u

)
3
îïåðàòîðà íà-

ïðÿæåíèé, ñîîòâåòñòâóþùåãî âåêòîðíîìó ïîëþ u, íå çàâèñÿùåìó îò êîîðäèíàòû x3,
çàâèñÿò ñîîòâåòñòâåííî òîëüêî îò ïëîñêîé êîìïîíåíòû âåêòîðíîãî ïîëÿ ñìåùåíèé
u⊥ è îò åãî àíòèïëîñêîé êîìïîíåíòû u3 :(

T (n)u
)
⊥ = T

(n)
⊥ u⊥ = 2µ∂nu⊥ + n∇⊥ · u⊥ + τ∇⊥ × u⊥,(

T (n)u
)

3
= T

(n)
3 u3 = µ∂nu3.

Âûðàæåíèÿ äëÿ ïîâåðõíîñòíûõ ïîòåíöèàëîâ óïðóãèõ âîëí

Vκp(x1, x2) =

∫
∂Ω⊥

i

4
H

(1)
0

(
κ

√
(x1 − y1)2 + (x2 − y2)2

)
p(y1, y2)ds(y1,y2),

è

Nκϕ(x1, x2) =

−
∫
∂Ω⊥

i

4
∂ny1,y2

H
(1)
0

(
κ

√
(x1 − y1)2 + (x2 − y2)2

)
ϕ(y1, y2)ds(y1,y2),

ìîæíî ïîëó÷èòü, èñïîëüçóÿ ïðåäñòàâëåíèå ôóíäàìåíòàëüíîãî ðåøåíèÿ äâóõìåðíîãî
óðàâíåíèÿ Ãåëüìãîëüöà

i

4
H

(1)
0 (κr) =

∫ +∞

−∞

exp
(
iκ
√
r2 + x2

3

)
4π
√
r2 + x2

3

dx3 for r > 0,

êîòîðîå ïîëó÷àåòñÿ èç èíòåãðàëà Ìèëëåðà � Ñîíèíà ïóòåì çàìåíû ïåðåìåííîé x3 =
sinh t (ñì. ôîðìóëó 10.9.9 â [29]:

i

4
H

(1)
0 (κr) =

1

4π

∫ +∞

−∞
exp (iκr cosh t) dt.

Íèæå ïðèâåäåíû ðàçëîæåíèÿ ïîòåíöèàëîâ óïðóãèõ âîëí è ñîîòâåòñòâóþùèõ îïå-
ðàòîðîâ íàïðÿæåíèé íà ïëîñêóþ è àíòèïëîñêóþ êîìïîíåíòû:

� ïîòåíöèàë ïðîñòîãî ñëîÿ:
Sp = S⊥p⊥ + (S3p3) e3,
S⊥p⊥ = 1

ω2%

(
κ2
sVκsp⊥ +∇⊥∇⊥ ·

(
Vκs − Vκp

)
p⊥
)
,

S3p3 = 1
µ
Vκsp3;
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� ïîòåíöèàë äâîéííîãî ñëîÿ:
Kψ = K⊥ψ⊥ + (K3ψ3) e3,
K⊥ψ⊥ = Nκsψ⊥+

+ (Vκs − 2µS⊥)M(n)
⊥ ψ⊥ + ∇⊥

(
Vκp − Vκs

)
n ·ψ⊥,

K3ψ3 = Nκsψ3;
� îïåðàòîð íàïðÿæåíèé ïîòåíöèàëà ïðîñòîãî ñëîÿ:

T (n)Sp = T
(n)
⊥ S⊥p⊥ +

(
T

(n)
3 S3p3

)
e3,

T
(n)
⊥ S⊥p⊥ = (∂nVκsp)± + n∇⊥ ·

(
Vκp − Vκs

)
p⊥−

−M(n)
⊥ (Vκs − 2µS⊥)p⊥,

T
(n)
3 S3p3 = (∂nVκsp3)± ;
� îïåðàòîð íàïðÿæåíèé ïîòåíöèàëà äâîéíîãî ñëîÿ:

T (n)K ψ = T
(n)
⊥ K⊥ψ⊥ +

(
T

(n)
3 K3ψ3

)
e3,

T
(n)
⊥ K⊥ψ⊥ =

= µ

(
∂nNκsψ⊥ +M(n)

⊥ (Nκsψ⊥)± −
(
∂nVκsM

(n)
⊥ ψ⊥

)±)
+

+2µ
(
M(n)
⊥ ∇⊥

(
Vκp − Vκs

)
n ·ψ⊥ − n∇⊥ ·

(
Vκp − Vκs

)
M(n)
⊥ ψ⊥

)
+

+
(
M(n)
⊥ (3µVκs − 4µ2S⊥)M(n)

⊥ ψ − ω2%n
(
Vκp − Vκs

)
n ·ψ⊥

)
,

T
(n)
3 K3ψ3 = µ∂nNκsψ3.

Çàìå÷àíèå 11 Èç ôîðìóëû (33) ñëåäóåò äðóãîå ïðåäñòàâëåíèå äëÿ îïåðàòîðà íà-
ïðÿæåíèé ïîòåíöèàëà äâîéíîãî ñëîÿ:

T (n)K ψ = T
(n)
⊥ K⊥ψ⊥ +

(
T

(n)
3 K3ψ3

)
e3,

T
(n)
⊥ K⊥ψ⊥ = 2µ

(
M(n)
⊥ (Nκsψ⊥)± −

(
∂nVκsM

(n)
⊥ ψ⊥

)±)
+

+2µ
(
M(n)
⊥ ∇⊥

(
Vκp − Vκs

)
n ·ψ⊥ − n∇⊥ ·

(
Vκp − Vκs

)
M(n)
⊥ ψ⊥

)
+

+(4/κ2
s)M

(n)
⊥ ∇⊥∇⊥ ·

(
Vκp − Vκs

)
M(n)
⊥ ψ⊥−

−ω2ρ
(
τVκs (ψ⊥ · τ ) + nVκpn · ψ⊥

)
,

T
(n)
3 K3ψ3 = −µ∂sVκs∂sψ3 − ω2% τ · Vκs (ψ3τ ) .

Ñïèñîê ëèòåðàòóðû

[1] William McLean. Strongly Elliptic Systems and Boundary Integral Equations.
Cambridge University Press, Cambridge, UK, and New York, USA, 2000.

[2] M. Taylor. Partial Di�erential Equations I, Basic Theory. Springer-Verlag,
New York, 1996.

[3] N. M. Gunther. La th�eorie du potentiel et ses applications aux probl�emes
fondamentaux de la physique math�ematique. Gauthiers-Villars, Paris, 1934.

[4] V. D. Kupradze, T. G. Gegelia, M. O. Basheleishvili, and T. V. Burchuladze.
Three-Dimensional Problems of the Mathematical Theory of Elasticity and
Thermoelasticity. North Holland, Amsterdam New-York Oxford, 1979.

[5] G. C. Hsiao and W. L. Wendland. Boundary Iintegral Equations. Springer, Berlin-
Heidelberg, 2008.

[6] H. Han. The boundary integro-di�erential equations of three-dimensional Neumann
problem in linear elasticity. Numer. Math., 68:269�281, 1994.

22



[7] F. Le Lou�er. A high-order spectral algorithm for elastic obstacle scattering in three
dimensions. Journal of Computational Physics, 279:1�17, 2014.

[8] F. Le Lou�er. A high-order spectral algorithm for elastic obstacle scattering in three
dimensions. <hal-00700779v1>, 2012.

[9] M. Darbas and F. Le Lou�er. Well-conditioned boundary integral formulations
for high-frequency elastic scattering problems in three dimensions. Mathematical
Methods in the Applied Sciences, 38:1705�1733, 2015.

[10] M. Costabel. A coercive bilinear form for Maxwell's equations. Journal of
Mathematical Analysis and Application, 157(2):527�541, 1991.

[11] M. Costabel and M. Dauge. A singularly perturbed mixed boundary value problem.
Comm. Partial Di�erential Equations, 21(11�12):1667�1703, 1996.

[12] A. Bu�a, M. Costabel, and D. Sheen. On traces for h (curl, ω) in Lipschitz domains.
J. Math. Anal. Appl., 276:845�867, 2002.

[13] J.-C. N�ed�elec. Acoustic and Electromagnetic Equations: Integral Representations for
Harmonic Problems. Springer, Berlin, 2001.

[14] W. Knau� and R. Kress. On the exterior boundary-value problem for the time-
harmonic Maxwell equations. Journal of Mathematical Analysis and Application,
72:215�235, 1979.

[15] J. C. N�ed�elec. The double layer potential for periodic elastic waves in R3. In
D. Quinghua, editor, Boundary elements, pages 439�448. Pergamon Press, 1986.

[16] N. Nishumura and S. Kobayashi. A regularized boundary integral equation method
for elastodynamic crack problems. Computational Mechanics, 4:319�328, 1989.

[17] E. Becache, J.-C. N�ed�elec, and N. Nishimura. Regularization in 3d of anistropic
elastodynamic crack and obstacle problems. Journal of Elasticity, 31:25�46, 1993.

[18] Y. Liu and F. J. Rizzo. Hypersingular boundary integral equations for radiation and
scattering of elastic waves in three dimensions. Comput. Meth. Appl. Mech. Engrg.,
107:131�144, 1993.

[19] L. J. Gray and S. J. Chang. Hypersingular integral formulation of elastic wave
sacttering. Engineering Analysis with Boundary Elements, 10:337�343, 1992.

[20] F. J. Rizzo, D. J. Shippy, and M. Rezayat. A boundary integral equation method for
radiation and scattering of elastic waves in three dimensions. International Journal
for Numerical Methods in Engineering, 21:115�129, 1985.

[21] S. A. Sauter and C. Schwab. Boundary Element Methods. Springer-Verlag, Berlin-
Heidelberg, 2011.

[22] C. Geuzaine and J.-F. Remacle. Gmsh: a three-dimensional �nite element mesh
generator with built-in pre- and post-processing facilities. International Journal for
Numerical Methods in Engineering, 79(11):1309�1331, 2009.

[23] Y. Choquet-Bruhat and C. deWitt Morette. Analysis, Manifolds and Physics - Part I:
Basics. Elsevier, London, New York, etc., 1991. 2nd revised edition.

[24] P. Grisvard. Elliptic Problems in Non-Smooth Domains. Monographs and Studies
in Mathematics. 24. Pitman, Boston, 1985.

23



[25] J. Ne�cas. Direct Methods in the Theory of Elliptic Equations. Springer, Heidelber
Dordrecht London New-York, 2012.

[26] M. Costabel and M. Dauge. Maxwell and Lam�e eigenvalues on polyhedra. Math.
Methods Appl. Sci., 22:243�258, 1999.

[27] M. Costabel. Boundary integral operators on lipschitz domains: elementary results.
SIAM J. Math. Anal., 19(3):613�625, 1988.

[28] M. Hamdi. Une formulation variationnelle par �equations int�egrales pour la r�esolution
de l'�equation d'Helmholtz avec des conditions aux limites mixtes. C. R. Acad. Sci.
Paris S�er II, 292:17�20, 1981.

[29] F. W. Olver, D. W. Lozier, R. F. Boisvert, and C. W. Clark. NIST Handbook
of Mathematical Functions. NIST U.S. Department of Commerce and Cambridge
University Press, New-York, 2010.

24


