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Abstract

We provide analytical approximations for the law of the solutions to a certain class of scalar McKean-
Vlasov stochastic differential equations (MKV-SDEs) with random initial datum. “Propagation of
chaos” results ([Szn91]) connect this class of SDEs with the macroscopic limiting behavior of a particle,
evolving within a mean-field interaction particle system, as the total number of particles tends to infin-
ity. Here we assume the mean-field interaction only acting on the drift of each particle, this giving rise
to a MKV-SDE where the drift coefficient depends on the law of the unknown solution. By perturbing
the non-linear forward Kolmogorov equation associated to the MKV-SDE, we perform a two-steps ap-
proximating procedure that decouples the McKean-Vlasov interaction from the standard dependence
on the state-variables. The first step yields an expansion for the marginal distribution at a given time,
whereas the second yields an expansion for the transition density. Both the approximating series turn
out to be asymptotically convergent in the limit of short times and small noise, the convergence order
for the latter expansion being higher than for the former. The resulting approximation formulas are
expressed in semi-closed form and can be then regarded as a viable alternative to the numerical simula-
tion of the large-particle system, which can be computationally very expensive. Moreover, these results
pave the way for further extensions of this approach to more general dynamics and to high-dimensional

settings.
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1 INTRODUCTION

1 Introduction

Model. Consider the non-linear diffusion

dX; = ]E[b(ﬂ?,Xt)”xzxtdt + O'th, t>0
X, =Y

(1.1)

Here, W is a scalar Brownian motion and Y is a square integrable random variable, independent of W.
Throughout the paper, we assume that there exist two positive constants M, & > 0 such that the following

standing assumptions hold:
[Hyp-b.0] b:R x R+ R is a globally Lipschitz function, and is bounded by Mo?;
[Hyp-o] The diffusion coefficient o is such that 0 < o < 5.

For high order expansions, [Hyp-b.0] will be reinforced by adding the following further assumption, for a
given N e N, N > 1.

[Hyp-b.N] For any y € R, the function b(-,y) € CN(R) with all the derivatives 97b(-,-) up to order N

being measurable and bounded by Mao?. Moreover, d1b(-,-) is continuous.

Such non-linear SDEs, where the coefficient b of the equation depends not only on the state of the solution
at time ¢, but also on its whole distribution, is a particular case of a class of SDEs known as McKean-type
non-linear diffusions. It is well known that, under [Hyp-b0.0], Eq. admits a unique strong solution
(see for instance [Szn91]). The extra assumption [Hyp-o], along with other additional regularity and
boundedness assumptions on b, will be used to derive expansions for the density of the distribution of X;.
In particular, the need for the constant & will be clarified in the sequel. Loosely speaking, it will allow to

prove sharp error estimates not only for small times, but also for small o.

Background results and main contributions. So far, the study of numerical approximations of
SDEs of McKean-type has been mainly conducted under the point of view of time discretization and
simulation through an interacting particles system. References are numerous and we refer to [MéI96
BT97, [AK02, [TV03] [Tra08] among others. Recently, an alternative method using cubature formula has
been investigated in [CG15]. Our approach is quite different and relies on analytical expansions; to the
best of our knowledge this is fully novel in this context. We emphasize that during the last decade,
there has been an increasing gain of interest in the study of SDEs of McKean-type, with new applications
ranging from modeling economic interactions and mean-field games [CDLI13] [CD15], to financial portfolio
[BK10, [JR15] and neuroscience [DIRTI5]. The first main contribution of the paper is a semi-closed N-th
order approximation ]3N7t for the density P; of Xy, for which we are able to prove an asymptotic error
bound (Theorem that can be roughly summarized as

1P = Pai]l, e = O(0%) 7 as o — 0
t Nit|lpir) = 0) as ot — 0.

The second main contribution is a family of semi-closed N-th order approximations p3 (s,&;t, ) for the

transition density p(s,&;t,x) of X (seen as a time-inhomogeneous standard SDE), the latter depending on
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the previous approximation Z?’N,t in a way that will be specified in Section [2| In this case we are able to
prove an asymptotic result (Theorem [2.16]) that roughly reads as

(x N+1

_ 2
|(p —]51%/)(37& t,x)’ =e 4”2“&15) 0(0225) 2 as o2t — 07T,

uniformly w.r.t. z,£ € R.

We emphasize that, even though such results are carried out here for a scalar Mc-Kean SDE as in ,
our approach can be generalized to multi-dimensional settings allowing for Mc-Kean interactions not only
in the drift but also in the diffusion coefficient. These extensions, as well as numerical tests to illustrate

the accuracy of different approximation formulas, will be handled in a further work.

Organization of the paper. In the rest of this section we introduce extra notations, which will be
used throughout the whole paper. Section [2] is then devoted to present our approximation strategy and
state the main results (approximation formulas and error analysis). Section gathers the proofs about the
expansion of the marginal distribution of the diffusion process. The proofs about approximations of the

transition density are given in Section [

Notation 1.1. For any random variable U, we denote by U’ an independent copy of U, and by E’ the
expectation w.r.t. the distribution of U’ only, i.e. E'[p(U’, Z)] = E[p(U, 2)]|.=z for any random variable
Z independent on U. With this notation we can rewrite (1.1]) as

AX, = B/ [b(Xy, X))t + odW,,  t>0
Xo =Y.

(1.2)

Notation 1.2. For any measure g on (R, B), and any function f € L*(R, 1) we define the average

)= [ fan(a)
Moreover, for any functions P € L*(R, Leb) and f such that (fP) € L*(R, Leb) we set

P = [ 1a)P)de

In particular, if p is absolutely continuous w.r.t. the Lebesgue measure with density P, i.e. u(de) = P(z)dz,
then we have u[f] = P[f].

Notation 1.3. We will denote by px, and py the laws of the random variable X; and Y respectively.
Sometimes, to shorten notation, we well use p; instead of px, when the dependence on X is clear from the
context. Moreover, under the standing assumptions [Hyp-0.0] and [Hyp-o], u: is absolutely continuous
with respect to the Lebesgue measure at any time ¢ > 0 (see the discussion below), and we will denote by

P.(-) its probability density, i.e. u:(dz) = P;(z)dz for any ¢ > 0.

Remark 1.4. Under assumptions [Hyp-0.0] and [Hyp-o], the function (¢, ) — u:[b(z, -)] is bounded and
continuous, and the function x — u.[b(z,-)] is Lipschitz continuous uniformly w.r.t. ¢ > 0. Therefore, it is
well known (see [Fri64, Chapter 1, p. 23]) that the parabolic operator (9 +.A%), with A% given by

2
g
Ay = 5 Oee + ps[b(&, )]0, 520,
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has a fundamental solution p*), i.e. a continuous function p*)(s,&;t,x) defined for any &,2 € R and
0 < s < t, such that, for any (t,x) €]0,00[xR the function p*)(-,-;t,z) solves the backward Cauchy
problem

(0s +A)u =0 on [0,¢[xR,

u(t, ) = bg.

(1.3)

Moreover, if we additionally assume [Hyp-b.2] to be in force, then the function (¢,x) +— Oppt[b(x, )] is
bounded and continuous, and the function « — 9, u[b(x, )] is Lipschitz continuous uniformly w.r.t. ¢ > 0.
Thus p'*) (s, &;t, ) also coincides with the fundamental solution of the linear parabolic operator (—d; + A;)
(see [Fri64, Chapter 1, p. 28]), where A; is the so called formal adjoint of Ab, acting as

2

Apu(z) = 7

5 Dpztu(x) — Oy (u(z)pe[b(z, -)]), t>0. (1.4)

In particular, for any (s, &) € [0, 00[xR the function p'*) (s, &; -, -) solves the forward Cauchy problem

(=0 + A)u=0 on]s,00[XR,
u(s,-) = 0¢.

Note that, once existence of the solution X is ensured, the McKean-Vlasov SDE (1.1)) can also be
regarded, a fortiori, as an ordinary SDE with random initial condition Y and unknown variable drift-
coefficient p[b(x, )], i.e.

dX; = pe[b( Xy, ) ]dt + odWr, t>0

Xo=Y.

(1.5)

Therefore, a simple application of Feynman-Kac representation formulas shows that the Markovian process
X, solution of , has a transition density kernel that coincides with the fundamental solution p* in
Remark Precisely, p(*) (s,+;t,) is the density of the marginal X; of the process conditioned to Xj.
Note that the superscript (¢) emphasizes the fact that the transition kernel does depend on the distribution
of X; in particular it depends on the p,(.) for any 0 < v < ¢, and on the initial distribution uy. This fact
represents a key difference with respect to standard SDEs.

Now, by Chapman-Kolmogorov equation, we can conclude that the distribution p; has a density P;
given by

Pi(x) = /Rp(")((),ﬁ;t,:z:)uy(dﬁ), t>0, xzeR.

In particular, by changing the notation of p(* into p(*), the density P can be regarded as the solution of

the fixed-point functional equation
Pi(x) = /p(P)(O7§;t,x)py(d§), t>0, zcR. (1.6)
R

Hereafter, to simplify the notation, we will suppress the suffix P, or u, and we will use p(s, &;t, z) to denote
the transition density of X. However, the reader should always bear in mind that the transition density p

depends on the law p (with density P) of the process X.



2 ANALYTICAL APPROXIMATIONS

Notation
e N={0,1,...,n,...} denotes the set of non-negative integers.

e N* = N\{0} denotes the set of positive integers.

2 Analytical Approximations

In order to expand the density P:(-) of the solution X; to the MKV SDE we propose a two-steps
(or decoupling) perturbation scheme. Loosely speaking, the main idea is as follows: we obtain a first
approximating expansion JEN’t of the marginal P;, then we further approximate the transition density of
the solution to the SDE

dY; = Py [b(Y;, )]dt + od Wy, t> 0, (2.1)

and finally, we obtain an new approximation of P, by reintegrating w.r.t. uy (see Eq. )

Besides providing with a first approximation for the marginal distributions u; of the solution X, the
first step is relevant because it allows to separate (or decouple) the two kinds of interactions in : the
McKean-Vlasov interaction through the law of the solution, and that through the realization of the solution.
This first step should be regarded as the main element of novelty in this paper. Once the decoupling of the
two interactions is done, the problem boils down to approximating the transition density of a standard SDE
of the type , where the coefficient only depends on state and time. Thus the second approximation, the
one for the transition density, follows by adapting some previous PDE techniques that allow to expand the
transition density of the solution to a standard SDE (see [LPP15]). Note that the latter techniques admit
a stochastic counterpart that allows to obtain similar results (see [BGI2] for a review). It is important
to mention that, however certainly more standard, this second step returns a higher order approximation
compared to the first one. The improvement is relevant because it has a major impact for low values of IV,

which are the only cases when the approximation can be easily computed in practice.

2.1 Expansion of the marginal distributions

We carry out an approximating expansion for the marginal distributions (marginal densities) P;(-) of X.

2.1.1 Approximation strategy

We introduce an interpolation parameter e. For any ¢ € [0, 1], let us consider the family of McKean SDEs
given by
AX§ =B/ [b(Y +e(X; - V), X[)]dt + odW;, >0,

i (2.2)
Xe=v.

Due to the presence of Y = Xg in the b-term, this is a path-dependent McKean SDE: Lemma justifies
the existence and uniqueness of a strong solution to the above equation under [Hyp-b.0]. Note that, if
€ =1, then reduces to the original McKean equation . For any ¢t > 0, denote by Pf() the density
of Xf, which exists for the same reason as for P; (see Remark and following discussion). The density
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P# can be given an interpretation within the PDE framework. In fact, even though the process X< in (12.2)

is not Markovian, it becomes Markovian when conditioned to Y. Therefore P¢ can be written as
Pi(x) = /ﬁe(o,g;m)uy(dg), t>0, zeR,
R

where p° = p(0,&;¢,-) is the density of the marginal Xﬂy:g, or the fundamental solution of the linear
parabolic operator (fﬁt + j[s,g)’ with A4 acting as

2

AsSu(t,z) = %6‘mu(t, x) — 8, (u(t, 2)PE[b(€ +2(z — €), .)}) . (2.3)

In particular, the function p°(0,¢;-, ) satisfies

O + A= 0,&-,) = on |0, 00[XR,
0+ A7) (0,65, ) 10,00 0
For a given N € N* consider the N-th order approximations
N
P06t 2)le=1 #Pn(0,61,2) = Y —pn(0,6t,2), 0<s<t, 2,6€R, (2.5)
n=0
. - N 1
Pi(x)|e=1 = Pn(z) == /pN(O &t,x)py (d€) = Z n—
with P, (z) = / Pa(0,&t, 2)uy (dE),  t>0, z €R, (2.6)
R

where the rigorous definition of each function , will be given later. Had p¢ and P¢ had a Taylor expansion

in £, we would have taken naturally

d» - dam -~

ﬁn(s,f;t,x) = @ﬁs(s,f;t,m) 6207 P’ﬂyt(x) = den Pts(x)

, 0<s<t, z R (2.7)

In what follows we will not prove, strictly mathematically speaking, the existence of Taylor expansions in

g, but this Taylor expansion principle will guide us through the definitions of ,, (and therefore 1571,,5 owing

to (2.6)).

2.1.2 0-th order approximation

Here we will give an explicit representation of the leading term pO,t = ]Sto appearing in the expansion
of the marginal density ]555.
All the definitions of this subsection are well posed under assumption [Hyp-b.0] and [Hyp-o].
setting € = 0 in we obtain
dX? = odW,, t>0,
X0 =v,
which clearly yields

Py (z) == Aﬁo(o,f;t,x)uy(df), t>0, zeR, (2.8)
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D0(0,&;t, ) = Fg(t,x—f), t>0, &xzeR, (2.9)

where ', (-, -) is the Gaussian density with variance proportional to o2

1 x2
Iy(t,x) == — T exp (=5 57 ) z€eR, t>0.

In order to maintain the parallel with the PDE’s setting, note that, by setting ¢ = 0 in (2.3)), we have that

the kernel pg represents the fundamental solution of the operator (78,5 + flo), with

~ 0’2

Ao = 5 Ous, (2.10)

i.e. for any £ € R the function pg(0,&;-, ) solves the forward Cauchy problem
(=8 + Ag)u=0 on ]0,00[xR,
U(O, ) = (55.

(2.11)

2.1.3 Higher orders approximations

In order to achieve higher orders expansions for the marginal density P, = I:’ﬂgzl, we follow the strategy
explained previously. Hereafter throughout this subsection we fix N € N* and we assume the assumptions
[Hyp-b.N — 1] and [Hyp-o] to be in force.

Formal derivation. We start by freely assuming that all quantities are smooth in ¢ and that all sub-
sequent PDEs are well posed. It will enable us to formally represent the terms p,(s,;¢, ) appearing in
(2.5) as the solutions of some nested PDEs. By formally differentiating both sides of (2.4) we obtain

(—0% + Ag) 9257 (0,&:t, ) = 0,07 (sﬁ(O; &t 2) Py [b(€ +e(x —©), -)])
= £0,0" (ﬁE(O;E;tw)pf [b(¢+e(z =€), -)])
n—1 h n—1
+1’L 87l1h~505t$
> ;( (1)« (0:6:1,))
=N (ALTPE) [0ib(E +e(x =€), )], (2.12)

along with the terminal condition 97p°(0,¢&;0,2z) = 0. Now, if we were to define p,,(0,&;¢,x) as in ,
by shifting the index h, reorganizing the binomial coefficients, and setting now ¢ = 0 in (2.12)) we would

obtain
(=0 +A0)Bn (0.6 ) = 35y Xig () ("7 Bl i ) Bun(0565-), o]0, 00[xR, (213)
pn(0,£;0,-) =0, on R,
with B} , = B} ,(-,-) being the differential operator acting as
(BL it 2)u) (t, @) = Prei[01b(€,)]0: ((w — ©)'u(t,2)),  0<i<k (2.14)
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Rigorous definition. Although all the previous computations were only meant to be heuristic, the
Cauchy problems lead us through giving rigorous definitions for the expansion terms p, entering
in the definition of the approximate marginal distribution I?’N,t. Precisely, by applying Duhamel’s
principle we can give integral definitions that are coherent with aforementioned Cauchy problems. A
fortiori, in Section (Remark it will be shown that p, actually solves , with the terminal

condition meant in the distributional sense.

Definition 2.1. For any n € N* with n < N, set

P i(z) = /ﬁn(o,g;t,x)uy(d§)7 t>0, z€R, (2.15)
R
where, for any £ € R, the functions (ﬁn(O, &, -))1<n<N are defined, recursively, as
n h—1 n h 1 t
= . ._ - . 3 = .
pn(O,f,t,x) C _};gh(h) < i ) /(; Aro(t_Sax_y)Bhfl,i(say)pn—h(ngaSvy)dyds (216)

with pg as defined in ([2.9).

As it is stated in Theorem [2.2] below, Definition [2.1] is well posed under assumptions [Hyp-b.N — 1]
and [Hyp-o], and the function P, can be given a representation in terms of differential operators acting
on the leading term Py. Such representation can be manipulated, see Corollary in order to achieve a

fully explicit characterization.
Theorem 2.2. Under assumptions [Hyp-b.N — 1] and [Hyp-o], for any n € N* with n < N, we have:

(i) the functions P, and p, as in [2.15)-(2.16) are well defined;

(i) it holds:

(0,6, 1) = — L5 (t, ) Po(0, & t, ), t>0, xR (2.17)

where L& = L& (-, ) is the differential operator defined as

- n t S1 Sh—1 - B
wa(tx) = n'Z/ dsl/ dSQ/ dSh Z 9?1(81775"/1:)"'9§h,(5hat7$)7
h=1"0 0 0

i€lnn

wherd]]
Inp={i=(ir,....in) € (N)" iy + - +ip =n}, 1<h<n, (2.18)

and the operator {;i = Qi(, -,+) is defined as, for k > 1,

k—1

~ 1 k—1 . 8

i(ontoa) = Gy 2 ( j )Bi_m (5. M(s,t,2),  M(s,t,2) = 2+ 0%t — ) By, (2.19)
In (2.19)), Biq,j (S,M(S,t,x)) is a slight abuse of notation for the operator Bifl,j acting as in (2.14)
composed with M, i.e. 'Bifl,j (5, M(s,t,@))u = Pr_1-j,s[01b(&, )] 0x ((z + 02(t — ) Op — £)7u).

! For instance, for n = 3 we have Is 3 = {(1,1,1)}, Is.2 = {(1,2),(2,1)} and I31 = {(3)}.
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We are now going to re-write the operator Zlfl(u x) in a different way that is more explicit, though less
intuitive. Such representation is useful in the practical implementation of the expansion. We state the

next result in terms of the following functions and operators.

Notation 2.3. For any [, j,i,m € N* and ¢ € R, we let the function F0 Lji Fg 1.;.:(+) be defined as

)= s [T v L PesnBUEN =) ez0 220)

0 0

the operator i]-(f’l = J—Cﬁl() be defined as

HE (2) == ((x — Gy 0+ (w_g)am)ail) (( eyl (G, (a —5)&)8;2)
! ((l‘ - g)jhilhil(jh - lh + (33 — {)8x)8ih), T € ]R, (221)

and the constant cg i, ;,; be defined as

o Jqg —2myq
e I o)) ()

q=1,--

Remark 2.4. For any [,j € N* we have

3 (x) = 35

Ji,h

(@)3E, (@) K, (w),  ExER

Corollary 2.5. Under assumptions [Hyp-b.N —1] and [Hyp-o], for any n € N* with n < N, the function

Pn(0,&;t, ) is as in (2.17)) where
- n 1
LS (ta)=nl> Y ( 11 (’61)'> Y comigi- F(g),um,j,iq(t)j'fizm,z(l"% (2.22)
h ’

h=1i€ln,n ~q=1,, m,l,jeN
ququiq_l

Ja—lq
el

mg<|

with I p as in (2.18)).

Proof. Consider the operator O acting as (Of)(z) = (a(z — ¢) + bd,) f(x). Then, one can prove (proof
made with Mathematica) that

j*

i 3
Z 2m -1 ”( ) (‘7 _12m> (x — ) ~Im2mgi—t=mpltmal £(2).
0

=0 m=

Therefore, the operators éi in (2.19) can be represented in a more explicit, though less compact, fashion

as follows:
- - 1 L) E—=1\/[ j j—2m
5§ = 580t = [t 22 R s 10 | G L )
§=0 1=0 m=0
(02(t— ) (@ — )TN (G = 2m — L+ (x — £)0,) DL
Finally Corollary [2.5] stems from Theorem [2.2] O
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Remark 2.6. It is important to observe that the representation ([2.17)-(2.22)) for P, ,(z) is fully explicit

up to computing the coefficient functions Fg’l’j’i(t) defined in (2.20). In fact, the operator }Cg’l(x) can be

easily computed even at high orders, possibly by means of a symbolic computation software.

Example 2.7. For n = 1 we have

t
L5 (t,2) = F§0,0,0(8)3 (), F§o00(t) = / Por[b(&)]dr, 3G o(2) = 0.
Example 2.8. For n = 2 we have
flg(t, T) = 2(F§,o,0,1(t>ﬂf§,o(w) + F€,071,1(t)%§,0(33) + Fg,1,1,1(t)g{§,1($>
13 3
+ F(0,0),(0,0),(0,0),0,0) D (0.0),0,0) (x)>’

with

t
F§oo1(t)= [ Pus [b(@,)]ds, F§oq.(t) =/ Pos, [01b(, )] dsy,
0 0

t
Fg,l,l,l(t) = / PO-,Sl [alb(f, )] 0'2(t - 81) dSl,
0

F§o7o),(070)7(0,0)7(070) (t) = o PO,sl [b(f, )] ds; /0 p(),sz [b(fa )] dsg,

and
9{5,0(5’3) = Oy, j{f 0(.%’) = (1 + (33 - f)aﬂc)a j{f,l(l‘) = j{fo,o)’(op) (33) = ai'

2.1.4 Error estimates

In this subsection we provide some rigorous error bounds for the N-th order approximation IEN’t of the
true marginal density P, as it is defined in ([2.6]).

We are in the position to prove the following result.

Theorem 2.9. Let N € N*, T > 0, and assume [Hyp-o], [Hyp-b.0] and [Hyp-b.N + 1] to be in force.
Then, for any N € N with N < N + 1, and for any ¢ > 1, we have

N+1

|(p—]§N)(O,§;t,x)| SC(O’2t) T Do (t,x =€), ExeR, 0<t<T, (2.23)

where C' > 0 only depends on N, T, c, and on the constants M, & of assumptions [Hyp-o], [Hyp-b.]\_f—i— 1].

In particular, we have

HPt_ﬁNthLl(]R) SC(U2t)¥7 O<tST

2.2 Expansion of the transition density

We carry out an approximating expansion for the transition densities p(s,&;t, z) of X.

10
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2.2.1 Approximation strategy

We consider the family of standard Markovian non-homogeneous SDEs, indexed by Z € R and ¢ € [0, 1],
given by
dX;" = Pi[b(z + (X" — @), -)]dt + 0dW;, ¢ >0. (2.24)

Recall that pf represents the marginal distribution of the process X'f in . The initial point Xg’i is
deterministic; its value is unimportant since we are interested only in the transition density of X, Again,
one can observe that, if ¢ = 1, then with initial point sampled according to py reduces to the original
McKean SDE ((1.5). We now denote by p=%(s,&;t,z), s < t, the transition density of X%, To ease the
notation we preferred here to use p*% instead of p(ﬁ’ )&% however, the reader should bear in mind that
the drift coeflicient in 7 and thus also the kernel p*%, do depend on the density P<. From the PDEs
perspective, the kernel p*% can be interpreted as the fundamental solution of the linear parabolic operator
(— O + A=), with A= acting as

At ) = T 0ult, ) 0, (ult,2)Pf [b(z + (2 — ), )] ) -

In particular, the function p=7 (s, ¢; -, ) satisfies
(= 0+ AS)p>%(5,&-,-) =0 on]s,00[xR,
po(s, &8, 0) = Og.

Although (2.2)) and (2.24)) with py-random initialization coincide at € = 1, they differ at € # 1 because

of the different scalings in € and because of different form of the interpolated drift (involving Y or a fixed

(2.25)

point z). This difference is instrumental for our decoupling approach.
For a fixed T € R and given N € N*, consider the N-th order approximation,

N
_ _ 1 .
P (s, 6t 7)o PR (s, Gitr) = pn(s &), 0<s<t, zlER, (2.26)

n=0
where the rigorous definition of each function p% will be provided later. Had p*® had a Taylor series

expansion in €, we would take naturally

n

pr(s, &t w) =
e=0

this principle will serve as a guide to define pZ.

Remark 2.10. Instead of considering the parametrization in ([2.24)), one might prefer to fix N € N and

consider the dynamics
AX5T = Py [b(2 + (X0 —2),-)]dt + 0dW;, £ 0. (2.28)

Now, an expansion for the transition density would be readily available be simply employing perturbation
methods for standard SDEs and linear PDEs, like those introduced by the authors in [BGI12], [LPP15].
Although this way of proceeding would certainly return an approximation with the same order of asymptotic
convergence as the expansion in -, the expansion stemming from would contain some extra

terms that lengthen the approximation formulas without improving the order of convergence.

11



2.2 Expansion of the transition density 2 ANALYTICAL APPROXIMATIONS

Now, reintegrating w.r.t. py, by setting & = £ or Z = z, and in view of (|1.6)), we obtain two N-th order

approzimations for the marginal density P:(z) of X;, namely
PR (@) = /ﬁﬁ(O,g;t,x)uy(dﬁ), PR () o= /ﬁﬁ(O,E;t,w)uy(%% t>0, z€R.
R R

In general, we will show that it is a sensible choice any T that lies on the segment connecting the initial

point £ and the terminal point x, which yields the A-approximation
Pra(@)i= [ B0.600)], o peny @), e[ (2.20)

Note that Py, reduces to Py%™ and P4 for X = 0 and A = 1, respectively. Theoretically, all the above
approximations have the same asymptotic accuracy, uniform in ), in the limit 0t — 0 (see Theorem [2.16]).

Their actual accuracy for different choices of A will be compared in a further work.

2.2.2 0-th order approximation

Here we will give an explicit representation of the leading term pZ (s, ¢;t, x) := p®®(s,&;t, o) appearing in

the expansion (2.26))-(2.27) of the transition density p®(s,&;t, ).
All the definitions of this subsection are well posed under assumptions [Hyp-b.0] and [Hyp-o]. By

setting € = 0 in ([2.24)) we obtain

dX)" = Pyy[o(z, ))dt + o dW,, >0,
which yields

(s, &ty x) 1= Fa(tfs,xfgfm”_”(s,t)), m?(s,t) := /tpom[b(g‘s,)]dr, 0<s<t, &xzeR
) (2.30)
Note that, owing to the boundedness of b in assumption [Hyp-b.0], the mean m?®(s,t) in is well
defined. Furthermore, owing to the continuity of b(Z, -), again by [Hyp-b.0], the function t — Py [b(Z, -)]
is continuous and bounded and thus pf corresponds to the fundamental solution of the parabolic linear

operator (— 8, + Ag), where

2 ~
Agult,x) = T Opult,) = Poalb(a, opu(t, ),

i.e. for any (s,&) € [0,00[xR the function pZ(s,&;-, ) solves the forward Cauchy problem

(=0 + AF)u=0 on ]s,00[xR,
u(s,-) = 0¢.

(2.31)

2.2.3 Higher orders approximations

In order to achieve higher orders expansions for the transition kernel p(s,&;t,z) = p%(s,&;t,x)|c=1, We
follow the strategy explained previously. Hereafter throughout this subsection we fix N € N* and we

assume assumptions [Hyp-b.N] and [Hyp-o] to be in force.

12



2.2 Expansion of the transition density 2 ANALYTICAL APPROXIMATIONS

Formal derivation. In analogy to what was done in Section we start by freely assuming that all
quantities are smooth in £ and that all subsequent PDEs are well posed. This will allow us to formally
represent the terms pZ (s, &;t,z) appearing in as the solutions of some nested PDEs.

By formally differentiating both the left and the right-hand sides of we obtain

(— Oy + Ao)agps’i(s, &) = 0,00 (pa’f(s; &t a:)]sf [b(a‘: +e(x — ), )])

033 () (et

h=0 i=
(o~ 2) (01 BF) [Bib(a + <~ 2).)],
along with the terminal condition 87p**(s,&; s,z) = 0. Once again, setting e = 0 yields
T\T n h n z T
(— O + Ao)pn(3a5§ ) = D h=1 iz (h) (?)‘Bh,i('v ) Pn_n(8:& 1), on Js, 0o[xR,
pi(saga‘g)) =0, on R.

with the operators B ; acting as in (2.14)).

(2.32)

Rigorous definition. Proceeding as we did in Section we use the previous heuristic computations,
in particular the Cauchy problems , in order to give rigorous definitions for the correcting terms
pZ. Precisely, by applying Duhamel’s principle we can give integral definitions that are coherent with
aforementioned Cauchy problems. A fortiori, in Section it will be shown that pZ actually solves ,

with the terminal condition meant in the distributional sense.

Definition 2.11. For any n € N* withn < N, and z,{ € R, the functions (p (s, &;-, ))n
defined as

< are recursively

n h
n _ _ _
pE(s, &t ) ZZ <h> ( ) I‘U (t—r;a —y—m®(r,t))BY (r,y) pp_p(s; &7, y)dydr,  (2.33)
=11i=
for any 0 < s <t and z € R.

As it is stated in Theorem below, Definition is well posed under assumptions [Hyp-b.N] and
[Hyp-o], and the function pZ can be given a representation in terms of differential operators acting on the
leading term p%. Such representation can be manipulated, see Corollary in order to achieve a fully

explicit characterization.

Theorem 2.12. Under assumptions [Hyp-b.N] and [Hyp-o], for any n € N* withn < N and T € R, we

have:

(i) the functions p% as in (2.33)) are well defined;

(ii) it holds:
pi(s: &t x) = =Ly (s, t,2) pg (s, & t,x),  0<s<t, xR, (2.34)

where LE = LE(-,-,-) is the differential operator defined as

n t S1 Sh—1
LI(s,t, 1) = n'Z/ dsl/ d82-~-/ dsy, Z G7 (s1,t, )+ GF (sn,t, @),
h=1 S S S

iEln,h

13



2.2 Expansion of the transition density 2 ANALYTICAL APPROXIMATIONS

where the set I, is defined in ([2.18)), and the operator G5 = G5(-,-,-) is defined as
1 k x x Z T 2
Gi(s,t, ) := o Z i kyj(s,t,M (s,t,x)), ME(s,t,x) == —m®(s,t) + o°(t — 5) 0z, (2.35)

with m®(s,t) as in - In (2.35), B} (5, t, M% (s, 1, 1:)) is a slight abuse of notation for the operator
B ; acting as in composed wzth M?, ie. Bf; (5,6, M%(s,t,x))u = Py [6{b(f,~)]8z((m -
m?(s,t) + o?(t — s) (“)x —z)u).

In analogy to Corollary we are now going to re-write the operator £Z (s, ¢, ) in a more explicit way,

which is useful in order to implement the expansion. We generalize Notation

Notation 2.13. For any 7,1,5,i,m € N" and # € R, we let the function FZ , .. = F? . .(-,-) be defined

as

t Sp
FZ (s, t) = / dsy .- / H P jisal 8qu(£, 9] (—mi(sq,t))yq (02(t—sq))l°’, 0<s<t,

with m”(-,-) as in (2.30), and the constant ¢, j; be defined as

J Jq — 2m Jo—2mg — 1
i =[] (2mg = 1)"< )(2 ; )( " q)( Lo q)'
=1, ,h ]‘1 Mg q Yq

q=1,

Corollary 2.14. Under assumptions [Hyp-b.N] and [Hyp-o], for any n € N* with n < N, the function

pE(s, &ty x) is as in (2.34), where
D S D W O | B L
1,

h=1i€lnn ~,m,l,jeN" q=1,
lqgjqéiq

mqg\.gj
Ya<iq—2mq—lg

where I, , and f]-fil(x) are respectively defined in and -
Proof. Analogous to that of Corollary O

Example 2.15. For n = 1 we have

Li(s,t,x) = Fg,l,l,l(‘s?t) 9{?1(@ + Fg,O,l,l(sat) 5{%,0@) + (Fg,o,o,l(svt) + lei,O,l,l(S’t))g{Oi,O(x)v

t t
F2 o0 (s1) = / Pyoy [b(z, )] ds1, FI 1 (s0) = / o, [01b(z, )]0 (t — s1) dsy,
S S

t t
F:f,O,l,l(S?t) = 7/ P(),‘gl [Glb(j, )] mz(sl,t) dSl, F6707171(S,t) = / P0751 [816(1_77 )} dSl,

Hoo(r) =05,  Higle)= 1+ (2 -10)0),  Hi(z) =0

14



3 PROOF OF THEOREMS 2.2 AND 2.9

2.2.4 Error estimates

In this subsection we provide some rigorous error bounds for the N-th order approximation py(s,&;t, z)
with Z = Az + (1 — A\)€ and X € [0, 1], as defined in , of the transition density p(s,&;t, z) of X; such
bounds in turn imply analogous error bounds for the approximation Pj\\,,t(x), as defined in , of the
density P;(z) of X;. We are in the position to prove the following result.

Theorem 2.16. Let N € N*, T > 0, and assume assumptions [Hyp-o], [Hyp-b.0] and [Hyp-b.N + 1]
to be in force. Then, for any N € N with N < N, X € [0,1], and for any ¢ > 1, we have

N+1

_ N1 1

‘(p —ﬁﬁ)(s,g; t,a:)|i:>\w+(17>\)£‘ < C’(g%) 2 (gz(t - 5)) £l (t —s,x— E) (2.36)
forany &, 2 €R and 0 < s <t < T, where C > 0 only depends on N, T, c, and on the constants M and &
of assumptions [Hyp-o|, [Hyp-b.N + 1]. In particular, we have

N+2

[(Pe = PR o)l 11 gy < C(0*t) 2 0<t<T

M

1
Note that the factor (02(t —s))? brings extra accuracy when the transition densities are computed on

a small time interval.

3 Proof of Theorems 2.2 and [2.9]

3.1 Proof of Theorem [2.2]

Hereafter, throughout this subsection, we assume assumptions [Hyp-b.N — 1] and [Hyp-o] to be in force
for a fixed N € N*. We start by stating the following a priori estimates on the functions 9%p,(0,&;t, )
and Pnyt [B{b(ac7 -)], which will be employed recursively in order to prove Theorem in particular to prove

wellposedness of Definitions [2.1

Lemma 3.1. Assume Corollary[2.5 to hold. Then, for any ¢ > 1, and for any n,k,j € N withn < N and
7 < N —1, we have

1055 (0,€:1,2)| < Co(0%) " Do (t,2 — €), (3.1)
| Pt [0]b(, )]| < C.0? (021?)%, (3.2)

forany 0 <t <T and x,&, € R, where C. > 0 depends at most on N, k, T and on the constants M and &
of assumptions [Hyp-o] and [Hyp-b.N — 1]

Proof. We proceed by induction on n. First consider the case n = 0. Then, follows by definition
and by Lemma Consequently, stems from definition , since by assumption |8{ b < Mo?.

Fix now n € N with n < N, assume and to hold true for any n < 7, and prove it true for
n =7+ 1. By Corollary R.5] we have

’a];ﬁﬁ+1(0’§;tam)| S CC Z Z Z ‘Fg,lqtm,j,ifl(t)’ ‘8];%?727,1’[(1')]30(0,6;@,@) ) (33)

h=1li€lpiin m,l,jGNh
1q<jq<iqg—1

g —1
mqgl_]qz qJ

15



3.1 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

and by definition (2.20)), we obtain
¢ t Sh—1 N . ) Lotm
B a0 Ce [Casiee [T a0 TT [Byorcsys, 006 0] (220 = 59) ™
0 0 g=1,,h
(by inductive hypothesis, since i, — 1 — j, <)

igt+1—j t Sh—1 . )
< 0602(22:1 L +mg) / dsy - / dsy, H S((;q—l_Jq)/Q(t — 3q)lq+m<1
0

0 q=1,--,h

(by solving the time integrals)

Sh_ Gg+1—jg+2lg+2mq)

< C.(ot) 2 : (3.4)

On the other hand, by employing the Gaussian estimates of Lemmas and along with definition
(2.21)), we obtain

—k+ Tl (Gg—2mq—21g-1)

|OFHS . 1 ()50 (0, &1, 2)| < Co(0?t) 2 Teo (t, —€).

Therefore, by (3.3))-(3.4) and since 22:1 iqg =1+ 1, we get (3.1) with n = 7+ 1. By integrating (3.1)), and
by using (2.15) and that |37b] < M2, we also obtain (3.2)). O

The rest of the section is devoted to the proof of Theorem [2.2] which is based on the a priori estimates
in Lemma [3.1] combined with following lemmas. Hereafter, throughout the rest of this section, we denote

by 8(R™) the Schwartz space of rapidly decreasing functions on R™.

Lemma 3.2. For anyty <s<t, z,y,£ € R, and k € N* with k < N, we have

—1

- ! 5 (’“ ; 1) /Rra(t —siz = y)Bi_y (s, 9)f(y)dy = 5y (s, t,2) / Lot — i —n)f(n)da,

Jj=0 R
(3.5)
k—1
: f(@)B_y ;(s,2)00(s — to;z —y)dz = Gy (to, 5,y) | Tols —tosn —y) f(n)dn,
(k=1 i—o N\ J R 7 R
(3.6)
for any f € S(R), where ég = §§(t0, s,y) is the differential operator acting as
< 1 e - , - -
5505, 00u) =~ G 2 () Beroaa[OHE ) (500~ ©0,u0). (31
s
and the operator M = M(to, s,y) is as defined in (2.19). Moreover, the following relation holds:
gi(sa t7 I)Fa(t - th xr — y) = gi(th S, y)ra(t - th T — y) (38)
Proof. We start by observing that
&cFU(t—s;z—y) = —8yra(t—5;:17—y), (39)
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3.1 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

and, for any j € N*,
Y (t—sx—y) = Mj(s,t,x)Fg(t—s;x—y), T, (t—s;0—y) = Mj(s,t,y)Fg(t—s;x—y). (3.10)

Actually the above identity is clear for j = 1 thanks to (3.9) and the case j > 1 is obtained by simple
iteration. Therefore, for any £ € R and j € N*, by (3.10)) we also have

(m - g)jra(t —S5T - y) = (M(87tvy) - 5)] Fa(t — 5T — y)7 (311)

(y = &To(t — 553 — ) = (M(s,t,2) =€)’ To(t — 532 — ), (3.12)
for any 0 <1 < k. Wenowprove By- for any j < k — 1 we get
[ Tatt = s = B (50 0y = Pram [000(6 ) [ Tt = 552 =)0, (0~ 97 )y
(integrating by parts, and applying )
= P OfHE]0: [ Tolt = si0 = 9)(u— €)' flu)dy
(by (3.12))

= pk—l—j,s [8{1)(5, )} 8I<(J\~/[(S,t,$) - g)j / Fa(t — 5T = y)f(y)dy)

R

=B, (s M(s.t.0) [ ot = s = ) ().

R
Now (3.5)) stems from (2.19). We proceed analogously to prove (3.6)). For any j < k — 1 we have
/ f(x)Bi—l,j (8, I)Fa(s - tO; T — y)dx = pk—l—j,s [a{b(& )] / f(x) az((x - g)jra(s - tO; Xz — y))dx
R R
(by (3.11))

*Pk 1— ]9[6 b(év )]( to,S,y /.f 8F —to;x — )dx
**Pk 1— js[a b(f, )]( (to,Sy /f sft()vx*y)dxa

where we used (3.9) in the last equality. Now (3.6) stems from (3.7). Eventually, identity (3.8) follows by
combining (3.5) with f(n) = I'y(s — to;n — y) and (3.6) with f(n) = T'x(t — s;z — 1), together with the
Chapman-Kolmogorov identity

/FU(S_thn_y)FU(t_Sax_’r])dn:ro(t_t())x_y)? t0<8<t7 x,yER
R

In the next statement we denote by C: §(R?) x §(R?) — 8(R?) the operator acting as

e(frg)(€7x) :f(vx)[g(fa)]v §az eR.
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3.1 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

Lemma 3.3. Let ((Ps,t) be a family of functions in $(R?), such that

0<s<t

Pto,t = @(cpsvt,goto,s), 0 S to < s <t (313)

Let also (Ph,s,t’Z)heN* 0<s<t 2ER’ (75h7s,t7z)heN* 0<s<t.zcR be two families of operators from 8(R?) onto itself

that can be represented as finite sums of the form

Prossef€2) = 30 a7 (5,0)a'0Lf (€ ), (3.14)
i>0,5>1
ProecfEa)= > alv(s,)E0f(6,x), ExeR,
i>0,j>1
where ag}’z)(~,t) and égg’z)(-,t) are bounded measurable functions on [0,t], and such that

Phosit.zPtot = Phito.s.zPto.ts 0<t<s<t. (3.15)
Then, (f”’to’t’z)neN,ogtoq,zeR giwen by
fO,to,t,z = Sotg,ta (316)

n t Sh—1
fTL,t07t,Z = ’I’L' Z/ d51 T / dSh Z Pil,sht,z e Pih,sh,t,z (pto,h ne N*7 (317)
h=1"to0

to iGIn,h

is well defined as a family of functions in §(R?). Here, the set I,y is as defined in ([2.18). Moreover, for
anyn € N*, z€ R and 0 <ty < t we have

n t
n!
fn,to,t,z = Z (n_h)|/t Ph,s,t,z e(‘Ps,tv fn—h,to,s,z)d5~ (3'18)
h=1 0

3 . : . (h,2)
Proof. The first part of the statement easily follows from (3.14) (note that we mainly use that a; jz are

bounded in time). Now note that for any f,g € 8(R?), we have the following commutation properties:
e(f> ,ﬁh,s,t,z g) = ﬁh,s,t,ze(fv g)a Ph1781,t17275h2,827t272f = 75h2,827t2,zph17817t172f' (3'19)

In order to prove (3.18]) we first need to prove that, for any h € N*, 0 <ty < s <t and z € R, we have
Pil,sl,t,z e ’Pih,,sh,t,z Pto,t = e(@s,ta Pil,sl,s,z te Pih,sh,s,z tho,s)v (320)

for any ¢ € (N*)h and tg < 1 < -+ < s, < 8. We proceed by induction on h. If h = 1, by using (3.15)),
(13-13)), (3.19) and then again (3.15), exactly in this order, one has

Pil,sl,t,z¢tg,t = Pil,to,sl,zQOtU,t = Pil,tg,sl,ze(QOS,M @to,s) = G(‘Ps,hpi],tg,sl,z@to,s) = G(‘Ps,hpil,sl,s,z@to,s)-

We now assume ([3.20) to hold for h € N* and we prove it true for h + 1. We get

e(ws,h pi17317ssz o -Pih15h557zpih,+173h+l,572 @to,s>
= e(@s,tvlpil,sl,s,z e ,Pih,sh,s,zﬁih+1,to,sh+1,z @to,s) (by 315)
= ’ﬁthrl,to,sthl,ze((Ps,h Pil,sl,s,z e Pih,sh,s,z C;Otg,s) (by 319)
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3.1 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

= ih+17t0,8h+17zrpi1’51;t72 U Pih75h7t7z Pto,t (by inductive hypOtheSiS)
= Pil,sl,tvz e Pih,sh,,t,zpih+1,to,Sh,+1,2 Pto,t (by "
= ,Pilvslytvz to Pihvshatvz’Pih,Jrl75h,+1»t72 Pto,t (by )»

which is (3.20]) for A + 1.
We are now ready to conclude the proof of (3.18). For n = 1, (3.18]) directly stems from (3.13]) For
n > 2, by definition (3.17)) we have

e 5~ [ g [ Y

n,to,t,2

: '7 = = / drl / d’/’z e / drl Pi177“1,t7273i2,7”2,t,z te Pil,rl,t,z Pto,t
n: =1 to to

to i€l

(by (2.18))

t
= / d""llpn,rl,t,z@to,t
to

n nt+l-—I1

t 1 Ti—1
22 /drl/ dem/ dri Y PrrtPiratz Piyrtz Prot
to to

1=2 h=1 "0 i€l h,i-1
(by replacing the integration variables: (dry,--- ,dr;) — (ds, -+ ,ds;—1))

t
= / dS’Pn,s,t,zSQto,t

to
n nt+l-—I1

t S S1—9o
+ E E / dS/ dsl e / d8171 § Ph,s,t,zpil,sl,t,z e ,Pil,l,sl,l,t,z Pto,t
to to

1=2 h=1 Y%o i€Tn_p,i—1

(by setting j =1—1)

t
= / ds,Pn,s,t,zSDto,t
to
n—1ln—j t s Sj—1
+ E E / dS/ d81 o / dsj § ,Ph,s,t,zpil,sl,t,z e Pij,Sj,t,z Pto,t
j=1 h=1"to to to i€l n;
(by exchanging summation and integration, using again that ag jz) are bounded)
t
= / dspn,s,t,z@to,t
to
n—1 t n—h s sj-1
+ E / ds Ph,s,t,z g / dSl e / dsj E Pil,sl,t,z e Pij,s]-,t,z Pto,t -
h=1"to j=1"to to i€l _nj
=Uh s,t0,t,2

Observe that, under the assumptions on the operator P s ¢z, Up s t0.4.2 is a function in §(R?) uniformly in
s, in the sense that derivatives of a given order are rapidly decreasing uniformly in s. The resulting function

Ph.s.t,2Vh.sto,t,2 15 also in 8(R?), uniformly in s. We now give another representation of this function: by

(3-20]), we have for a given s € (to,t)

n—h s sj-1

\I/h,s,to,t,z = E / d81 te / de § G(st,tatpil,sl,s,z te Pij,Sj,s,z Spto,s)
— Jto
Jj=1

to iEIn,h,j
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3.1 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

(by Fubini’s Theorem)

n—h S Sj—1
= e(@s,tv Z / dsy - / dsj Z Pi1,s1,s,z e 'Pij,Sj,s,z tho,s)

j=1"% to i€Ln—n;

(finally, by (3.16)-(3.17))

1
= me (Sﬂs,m fnh,to,s,z> .

Therefore, we obtain

-1 .
frtot, ' I
0nE dspn,s,t,z@to,t + F Yl Z ds ,Ph,s,t,ze(@s,ta fn—h,to,s,z)a

n! t (n—h)! = i
which proves (3.18)) and concludes the proof. O
We are now ready to prove Theorems [2.2] which will be proved by induction on n.

Proof of Theorem[2.4 The result will follow by applying Lemma [3.3] with:
ws (& 2) =To(t — s,z — &), &z eR.
We first prove the statement for n = 1. Set
Pl = Gi(s,t,2) = Poy[b(z, )00, Pross = 5i(s,6,€) = =Py [b(z, )]0k,

which are operators from §(R?) onto itself of the form . Moreover, by definition —, as-
sumption [Hyp-b.N — 1], and by estimate with n = 0, the function s — Py ,[b(z,-)] are measurable
and bounded on [0,¢]. Finally, implies for h = 1. Therefore, by Lemma we have that
(f1.t0.t.2)0<to<t,zcR as in is well defined as a family of functions in §(R2), and

t
o6& x) = [ Gi(s,t,x) / Lot — 8,2 —y)pr,,s(§,y)dyds
R

to

(by (-5))
= [ [t s = 0785 (s s

This proves that the function p1(0,&;t,x) := —f1,0.4,¢(§, z) is well defined, satisfies , and also
B1(0,&t,) = =L§(t,2) po(0,&: 1, ).

Eventually, the wellposedness of definition (2.15]) for ]31,t stems directly from estimate (3.1) with n = 1,
which is integrable w.r.t. uy (df).

Set now n € N*, n < N, assume the statement true for any n < n, and prove it true for n =n + 1. Set
ph,&t,z = 92(85 tv JL‘), ﬁh,s,t,z = gfL(Sa tv 5)7 h S n + 17

with 9i and éfl as in (2.19) and (3.7)), respectively. In particular, by inductive hypothesis, the functions
]5”7,5, n < 7, are well defined and satisfy the a priori estimates (3.2). Therefore, it follows by (2.19) and (3.7))
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3.2 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

that Py, s+, and 75;173,@2 are well defined as operators from 8§(R?) onto itself, and they admit a representation
of the form (3.14) where s — agf}’z)(s, t) and s — C’LEZ’Z)(S, t) are bounded and measurable (by assumption
[Hyp-b.N — 1] and estimate (3.2])) functions on [0,¢]. Moreover, (3.8) implies the symmetry property
(3.15). Therefore, by Lemma we have that (fn 10.¢,2)n<a+1,0<to<t,zck as in (3.17) is well defined as a

family of functions in §(R?), and that in particular

n+1 _ t
(n+1)! - /
n z2\S» = = 1 1. i 7t7 FD’ t— s T n+1— 5,2\S dyd
fat1t0.t.2(8,2) hz::l m+1-n) /), Gh(s,t, ) . (t=8,2 = Y) fat1-ht.s,2(§, y)dyds
(by (3.5))
n+1 _ h—1 t
n+1 h—1 .
= Z h( h > Z < . ) / / Fa(t — 5T = y)‘Bh—lyj (87y)f'FLJrlfh,to,s,Z(g?y)dyds'
h=1 j=o N J 0 /R

This proves that the function pz41(0,&;¢, ) = —frt1,0,t¢(§, x) is well defined, satisfies (2.16]), and also

ﬁﬁ-‘rl(oa 51 ta 'T) = _’Ef’H—l(t? x) ﬁo(oa 51 ta x)

Eventually, the wellposedness of definition (2.15)) for Pny1, stems directly from estimate (3.1)) with n =
7+ 1, as before. This concludes the proof. O

3.2 Proof of Theorem 2.9

Throughout this section we fix a time T' > 0 and we consider assumptions [Hyp-o], [Hyp-b0.0] and [Hyp-
b.N + 1] to be in force for a fixed N € N*.

Notation 3.4. Throughout the rest of this section, unless explicitly stated, we will denote by (C.)c>0
any family of positive constants that depend at most on N,T and on the constants M, & of assumptions

[Hyp-o], [Hyp-b.0] and [Hyp-b.N + 1]. Note that, in particular, C, is independent of o.

In light of Remark we have the following classical Gaussian upper bounds for p(s,§;t,z) and
Oep(s, & t,x) (see [Eri64, Chapter 1, p. 28]) that will be used here below.

Lemma 3.5. For any m,n € N with m < N 4+ 1 and n < 1 and for any c > 1, we have

m—n

lz — €| [0Fp(s, &t @) | < Ce(0®(t —5)) 7 Teo(t —s,2 &),
forany&,x e Rand0<s<t<T.

Remark 3.6. Under assumptions [Hyp-b.N + 1] and [Hyp-o], the functions $,(0,¢;-,), 1 <n < N +1,
are solutions of the Cauchy problems (2.13)) , meaning that the PDE is satisfied on the internal domain
10, 0o[xR, and that the initial condition is fulfilled in the distributional sense, i.e.
( %111(1 5 Dn(0,&5t, 2)p(t, z)dx = 0, £eR, € Cp([0, T[xR), T €]0,00]. (3.21)
t,£)—(0,§ R
t>0
In fact, the initial condition above is a straightforward consequence of the upper bound (3.1]), whereas the

fact that p,(0,&;-, ) solves the PDE in (2.13) follows by differentiating (2.16)), and by using again estimate
(3.1) and integrating by parts to deal with the time-integral in (2.16)), which is singular near 0 and t¢.
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3.2 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

Before to continue, let the family of operators (f:lgs) be defined as

n<N+1,0<s<T,E€R

n h—1
- . . . . 1 h—1
.Ai’S = -AO + E ‘A§17S, with ‘Ai,s = —m E ( i >Bi_17i(87 '), (322)
h=1 T i=0

where the family of operators (Bi,i) o<i<kecp 15 as defined in ([2.14). We also recall to the reader the
definitions of py, Py given in (2.5)-(2.6).
Lemma 3.7. For any N € N with N < N + 1, the following identity holds:

N
(p—pn)(0,&t,2) = Z% ﬁ /Ot /Rp(s, yit, @) (As(y) — A5 (1)) PN —n(0,& 5, y)dyds,  (3.23)
foranyt >0 and z,£ € R.
Proof. By induction on N. We first prove the statement for N = 0. We set
Yo(s) := —/Rp(s,y;t,x)ﬁo(oyé;s7y)dy, O0<s<t &uelR

By the continuity of p(-,-;t,2) and po(0,&;-,-) along with the terminal condition in (I.3) and the initial
condition in (2.11]), one readily has

lim wo(s) = _p(07 ga tv $)a lim 1/)0(8) = _ﬁo(ov 57 t7 l')

s—0t s—t—

On the other hand, for any s €]0, t[ we obtain
dstho(s) = —/R ((Gsp(&y;t,w))ﬁo((),f; s,y) + p(s,y; t,2) (9550(0, &; s,y)))dy
(by the PDEs in and (2-11))
— [ ((Axpto. 958,200, €55.9) = plo. st ) (Aal)i(0. €55.) )y
(as A, is the adjoint of A%)
= [ o310 (Au ) = Aal)) 00,55,

Now, by employing the estimates in Lemmas [3.1] and it is straightforward to see that 9,1y is integrable
on the interval [0,t]. Therefore, by Newton-Leibniz axiom along with definition (2.5)) we get

(p—ﬁo)((),&;t,w)=/0 /Rp(svy;t,x)(ﬂs(y)—ﬁo(y))ﬁo(va;s,y)dyds,

which, by (3.22)), yields (3.23)) for N = 0.
Fix now N < N, assume that ([3.23)) holds true for N = ]\7, and prove it true for N = N + 1. We set

¢]’\7+1(S) = /]Rp(S’ Y; t,x)ﬁﬁ+1(0,§; s,y)dy, 0<s<t, §reR

By the continuity of p(-,;¢,z) and pg_,(0,§;+, ) along with the terminal condition in (1.3) and the initial
condition ([3.21)), one readily has

lim wﬂurl(s) =0, lim ¢1§7+1(5) = ﬁﬁ+1(0,f;t,$)-

s—0t s—t—
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3.2 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

On the other hand, for any s €]0,¢[ we get
Osthiq(s) = /R ((asp(s,y;t,z))ﬁml(O,&;s,y) +p(s,y;t7x)(3sﬁﬁ+1(0,£;s,y)))dy
(by the PDE in and since A is the adjoint of A,)
= [ 32201 = Ao(w) +Aofa) = A0)) 511 0. €559}y
(by the PDE in (see Remark and by definition (3.22))

- / P(5,95 1, 2) (Ao (y) — As (9)) By (0,63 5, 3)dy

N+1 ~
(N +1)! / . )
+ — S, ;t,l‘ ‘Afzs ~ O7 s, d ]
;(Nﬂ—n)! Rp( yit, ) A (W) Py (0,65, y)dy

Now, by employing again the estimates in Lemmas @ and it is straightforward to see that ds¢ 5, is
integrable on the interval [0,¢]. Therefore, it holds

1

TPt = A / (5,931, ) (Ao (y) = Au(y)) Py (0, € 5, y)dyds

N+1

* Z (N+1-n) / / 8,936, 2) A5 o (U) Py (0,6 5,y)dyds.  (3.24)

Now, by definition (2.5)) we finally obtain

1

mﬁﬁurl)(ovg;t?x)

(by inductive hypothesis, and shifting the index n, and by (3.24))

]\N/+l 1 t -
= Z (NH”)'/O /RP(S,?J;LI)(As(y) 7Ai—l(y))ﬁ]’\?+17n(07£;S?y)dyds
n=1 - .

1 ! - _ .
+ j\?—i—l'/@ /Rp(sayatvx)("qs(y> _‘Ao(y))p]\/‘+1(07£78ay)dyds

N+1

(s,y;t,x) A D 0,¢;s,y)dyds,
Z Frisw // Y ns (W) P i1 (0,65 5,9)dy

which, by (3.22)), yields (3.23) with N = N + 1 and concludes the proof. O

Lemma 3.8. For any n € N with n < N + 1 we have

n—1

= 1/= ) ) )
(Asy) = Ao () = 0y (Ps (T216(,) = b(w, )] + 5 (Paroas [010(6.)] = P2 [040(6.)] ) (0 f)%),
= (3.25)
where T 5)b( -) represents the k-th order Taylor expansion of b(y,-) centered at &, i.e.
"L 9ib(e, - ,
T90(y,) =0, TEb(y, ) = > - Z(f Jy—¢y, k>0 (3.26)
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Proof. We prove the statement by induction on N. For N = 0, it directly stems from (3.22)), and from the

definition of A, and A in ([.4) and (2.10), respectively.
Fix now 2 < N, assume that (3.25)) holds true for any n = 7, and we prove it true for n = 7 + 1. By

(3-22) and by induction hypothesis, we get
-1

(P00, )~ b)) + 3 5 (Paaa.al050(E, )] — PIORHE 1) (v 5)%‘)
i

—
>
»
<
S~—
=
3
+
—
W
<
S~—
S—
Il
S5
7N

(by (2.14))

n—1
= 0y (T 4000) = 60.] + 3§ (Bacrosalofote. ) - PoiOE ) )

=0

+ 0y < Z ﬁﬁﬁ—i,s [01b(&, )] (y — g)i)

=0

(by definition of ]Bﬁ_i in (2.6))
=9, ( 1360y, ) = by, )] Z = (Pasalofote, 0 - s[aib@,-)])(y—s)i)

Lo, (1' Py, [07b(&, )] (y - 57‘)

1

Z‘

=0, (P20 - b0 +§; (Pacsclofoe. ) - PaoINE ) (- €

0, (o (o [o00(e. ] - P [ofote. ] + PLofoce ) v - ©°)

2!
=0

—0( (700 ) — by )] + 30 = (Pacsloble, )]—Ps[aib(é,-)])(y—f)i),
which is with n =n+ 1. O

We are now in the position to prove Theorem [2.9]

Proof of Theorem[2.9 We proceed by induction on N. For N = 0, by (3.23)-(3.25) we have
(b — ) (0.6 1,) / [ #1200, (PbGw. (0.5 s

(integrating by parts)

7/0 /R(8yp(8,y;t,x))Ps[b(y,')]ﬁo(O,f;s,y)dyds.

By applying Lemma Lemma and Lemma on 9dyp(s,y;t, ), Pib(y, )] and po(0,&; s, y), respec-
tively, we get

— t 1
|(p 7130) (07§7t71‘)| S CCU/ (t - 5)75 / Fco (t P y)FC(T(Say - f)dde
0 R
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3.2 Proof of Theorem 3 PROOF OF THEOREMS 2.2 AND 2.9

(by Chapman-Kolmogorov identity)
t
< Cca/ (t—5) 3dsTeo(t,x — &) = Coott Ton (2 — £),
0

which is (2.23)) for N = 1.
Fix now N < N, assume that (2.23) holds true for any N < N, and prove it true for N = N +1. By

- we obtain
N+1
(p_ﬁﬁ+1)(0a§;t,$) = Z

n=0

-
(N +1—n)!

mnH

where
t
L= [ [ ploysta)y (T30, ) = b0 )]s 41, (0. 655.9) dyds
0 R
—1 = , , "
#37 ) plosai 210, ((BaamsalD0UE ] = PO )0 =€) 1 0:855:0) s,
(integrating by parts)

t
- /0 /R (3yp(s, yit, x))Ps [Tv(f—)lb(ya -) = by, ')}ﬁﬁH_H(O, &; s,y)dyds
n—1

#37 0o:0:0) (s alofO(e. ] = PORDEN) 0= & P 016: s,

Now, by Taylor Theorem with Lagrange remainder along with assumption [Hyp-b.N + 1], we get
P10y, ) = by, )] | < Moy — €[,
whereas, by induction hypothesis, we have

n—i

‘ﬁnflfi,s[a’{b(fv )] - PS [aib(fv )]| S CC 02 (028) ’

as a corollary of (2.23|) with N =n — 1 — 4. Therefore, one has
t
I1,| < Mo2/ /R!@yp(s,y;t,x)l ly — &1 Brt1_ (0, 5, 9)|dyds
0
n—1 t i )
+C, 02 Z/ (0?s) 2 / 10yp(s, ys t,2)| [y — &' P10, & 5,y)|dyds.
i=0 /0 R

Eventually, by applying Lemma on |8yp(s, y; T, x)|, and by applying Lemma with Lemma on
|y - §|i}ﬁﬁ+1_n(07 g; S, y)

, we obtain

N+41

~ t
IInlgccoN”/(t—s)‘fS ’ /Rrw(t—S’w—y)FcAsvy—é)dyds
0

.

(by Chapman-Kolmogorov identity)

41 N2

N ¢ 1 N N+t2
SC’CUN+2/ (t—s5)"252 dsTe,(t,x — &) = C. (0%t) 7 Teo(t,x — &),
0

which yields (2.23) with N = N + 1. O
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4 PROOF OF THEOREMS 2.12 AND 2.16

4 Proof of Theorems [2.12 and [2.16]

4.1 Proof of Theorem [2.12

Hereafter, throughout this subsection, we assume the hypotheses [Hyp-b.N] and [Hyp-o] to be in force
for a fixed N € N*. Recall that S(R™) denotes the Schwartz space of rapidly decreasing functions on R™.
The proof of Theorem which is based on Lemma, combined with the following

Lemma 4.1. For anytg < s<t, z,y,T € R, and k € N* with k < N, we have

k
;JZ—:O (?) /RFU (t —ST Y- mj(& t))‘Bz,j (S,y)f(y)dy

= SZ(s,t,z)/RFg (t —s;z —y —m®(s,t)) f(y)dy, (4.1)

and

kl <)/f 7 (8,20 (s = to;x — y — m”(ty, 5) ) da

:gi(to,s,y)/RFU(s—to;x—y—mf(to,s))f(x)da:, (4.2)

for any f € 8(R), where G& = G%(to, s,y) is the differential operator acting as

- 1< - :
50, 5.0)u) =~ 3 () P 0180, ] (30 10 5.9) = )/ 9,0, (4.3

j=0
and the operator M® = M?(to, s,y) acts as
M (to, 8,y) = y +m”(tg, s) + o*(s — to) 9.
Moreover, the following relation holds:
G (s, t,x)To(t —to;x —y) = Gi(to, 5,y)o(t — to; o — y). (4.4)
Proof. Similarly to ) and (| -7 we have
amI‘g(t —s;x—y— mi(s,t)) = —8yI‘g(t —Ss;x—y— m"f(s,t))

t,x)Fﬂ(t s;x—y—m*(s ,t)),
ty)o(t — s;x —y —m”(s, ).

8

yFU(tfs;a:fyfmj(s,t)) =M

(s,
5

T, (t—s;z—y—m"(s,t))

Now the proof of (4.1))-(4.2]) is completely analogous to that of (3.5))-(3.6]), and thus we omit the details for
brevity. Eventually, identity (4.4)) is a consequence of (4.1))-(4.2) combined with the Chapman-Kolmogorov

equation:
/ Fa(t — ST =10 mf(sat)>rt7(8 —to,n—y— mf(th 3))d77 = FU(t —to, T —y— mf(th t))7
R

for any to < s <t and z,y,T € R. O
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4.2 Proof of Theorem 2.1a 4 PROOF OF THEOREMS 2.12 AND 2.16

We are now ready to prove Theorem [2.12
Proof of Theorem[2.12. The proof is a straightforward application of Lemma [3.3] with the kernel
gos’t(éﬁx):I‘U(t—s;x—ﬁ—mi(s,t)), &2 eR,
and the operators
Phstz = Gr(st,x), 73;1,5,@3—0 = G¥(s,t,), heN* h <N,

with G% and G as in (2.35) and (3), respectively. In particular, under assumption [Hyp-b.N], the
functions (P, ;)n<xn appearing in (2.35)-(.3) are well defined and satisfy the estimates (3.2). It follows

that Py, s,z and ﬁh,s’m are well defined as operators from §(R?) onto itself, and they admit a representation
(h,Z) _(h,z) 3 3 .
of the form (3.14) where s — a; "’ (s,?) and s = @, ;"' (s, t) are bounded and measurable (by assumption

i, i,j7
[Hyp-b.N]) functions on [0,¢]. Moreover, (4.4) implies the symmetry property (3.15). Therefore, by
Lemma we have that (fn1,.6,5)n<N0<to<t,zer as in (3.17) is well defined as a family of functions in
8(R?), and in particular

n ! o _
Jnto,t,2(6,T) ZZﬁ/ 9i(satax)/RFU(t_8am_y_mm(sat))fn—h,to,s,i'(fvy)dyds
h=1 F o
(by (1))
n n h h t - ~
= Fo- - S, - - * 5 2 9 n—h,to,s,T 9 d d .
,;@Z(;)//R (t = 5,2y — 0% (5,0) B (5, 9) utgrs.s € )dyds

This proves that the function pZ(s,&;t, ) := —fp5.4,5(§, x) is well defined, satisfies (2.33), and also
pals, &t x) = =Ly (s, t,2) po (s, & £, ).

This concludes the proof.

4.2 Proof of Theorem [2.16]

Throughout this section we fix a time 7' > 0 and we consider assumptions [Hyp-o]|, [Hyp-b0.0] and [Hyp-
b.N + 1] to be in force for a fixed N € N*.

Notation 4.2. Throughout the rest of this section, unless explicitly stated, we will denote by (C.)c>0
any family of positive constants that depend at most on N,T and on the constants M, & of assumptions
[Hyp-o], [Hyp-b.0] and [Hyp-b.N + 1]. Note that, in particular, C, is independent of .

We start with the following upper bounds for the functions pZ (s, &; ¢, ).

Lemma 4.3. Foranyc> 1,k €N, and n € N* withn < N, we have
_ _k
|a§pg(8,§,t,l’)| S Oc(o'z(tis)) QFCU(ti‘Saxif)a (45)

10402 (s, &:,2)| < Cu(0®(t—5)) "7 (Z oz — 2 (02t — 5))

forany0 <t <T and z,£,% € R.
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4.2 Proof of Theorem 2.1a 4 PROOF OF THEOREMS 2.12 AND 2.16

Proof. Note that (2.30) and (3.2)) yield |m?(s,t)] < C.0?(t — s). Therefore, (4.5) follows by applying
Lemma and Now, for n € N* with n < N, by Corollary we have

| pn gtz <O Z Z Z }F'yl—i-m]z St ||ak j—2m— 'yl( ) g(s,f;t,z)|.

h=li€l, ’le,jENh
[4<jy<iq
Gg—l
<|faz's )
Ya<iq—2mq—lg

Now, proceeding as we did before to prove (3.4]), one easily gets

Sg=1(iq+2-dg+2lg+2mg+27q) n+2ht P (2lg+2mg+2vq—iq)
F2 (s, t)| < C. (o%(t —s)) 2 < C.(o(t —s)) 2
n41+ht TR (2lg+2mg+g—iq)
< Ce(o(t —s)) 2 .(4.7)

On the other hand, definition (2.21)) yields

!ak Jj—2m— 'yl( )pg(&f,tl’)’ SCC Z |x—£|p1|8£2pg(s7§;t7m){
0<p1<n,0<p2<2n
p1—pa=—h—k+30_ (ig—2mq—74—2lq)

(by Lemma |A.2))

_n2
< C. Z |z — z|P (0% (t —s)) *Teo(t—s,2—¢),
0<p1<n,0<p2<2n
pr—p2=—h—k+30_, (jg—2mq—74—2l4)

which in turn, combined with (4.7)), yields

‘F'yH»m]z S, t Hak j—2m— 'yl< )pg(s E't aj)‘
p1tk

< Colo(t - 5)) <Z|x_z|m 2(t-9) " )Lt 2 - ),

p1=0

and this concludes the proof. O

Remark 4.4. Under assumptions [Hyp-b.N + 1] and [Hyp-c], the functions pZ(s,&;-,-), 1 < n < N,
are solutions of the Cauchy problems (2.32) , meaning that the PDE is satisfied on the internal domain

|s, 00[xR, and that the initial condition is fulfilled in the distributional sense, i.e.

G (s Gt o)e(te)de =0, CeR, g e Cy[s, TIxR), T €]s, o0
t,§)—(s, R
t>0

In fact, the initial condition above is a Straightforward consequence of the upper bound (| -, whereas the
fact that pZ(s,¢&;-,-) solves the PDE in ) follows by dlﬁerentlatlng , after using again estimate
(4.6) and integrating by parts to deal Wlth the time-integral in , which is singular near 0 and ¢.

In order to continue, let us introduce the family of operators (AZ )
) n

n h
_ _ _ 1 h _
AL = AL § AF ith b= — 77 E Bh.i(s,-
s 0 + —~ h,s» w1 h,s h! ‘ <’L> h,z(s’ )7
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4.2 Proof of Theorem 2.1a 4 PROOF OF THEOREMS 2.12 AND 2.16

where the family of operators (B}il7i)0<i<h ser 18 as defined in (2.14]). We also recall to the reader the

definition of p¥ given in ([2.26)).
The proof of Theorem [2.16]is preceded by the following two Lemmas.

Lemma 4.5. For any N € N with N < N, and & € R, the following identity holds:

i N 1 t - i
= pR) it =3 (s [ [ ot () = AL Ao, (09

forany 0 < s <t and x,£ € R.

Lemma 4.6. For any n € N with n < N we have
iz z 10z iy e ~\i
(00 =2, 0)) = 0, (P T000) = b00.0] 4 2 5 (Pacs 000, 0] = P10, ] ) =) ). (49
where T,Ei)b(y, -) represents the k-th order Taylor expansion of b(y,-) centered at T, see (3.26)).

The proofs of Lemmas [L.5] and [£.6] are totally analogous to those of Lemmas [3.7] and [3.§] respectively,
and they are based on Remark along with the upper bounds in Lemma and the Cauchy problems
(1.3)-(2.31). For brevity, we leave the detailed proofs to the reader.

We are now in the position to prove Theorem

Proof of Theorem[2.16, Let N € N with N < N. By (.8)-(4.9) we get
Yoo
(p—pN)(s, &t x) = Z mﬁfv (4.10)

n=0

where
= [ 905t 00, (PLITE0.) — 086l
3 0 [p000, (P 000, 0) ~ Pe08D(E )~ 25670
i=0 78
(integrating by parts)
t
= [ [ @ty P T = )]s, 657 9) g
3 0 [ @ubtrsit,0) (P00t ] = PG )0 ) 5600
i=0 78
Now, by Taylor Theorem with Lagrange remainder along with assumption [Hyp-b.N + 1], we get
| P [Ty, ) — b(y, )] | < Mo®|y — z|™*,

whereas, by Theorem [2.9] we have

n—i41

| P [000(2, )] — Pr[0b(,-)]| < Coo®(02r) *
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4.2 Proof of Theorem 2.1a 4 PROOF OF THEOREMS 2.12 AND 2.16

as a corollary of (2.23]) with N = n — i. Therefore, one has

_ ntl ot n—it1 L
|17 | SCCJQZ/ (o%r) 2 /R|3yp(r,y;t,x)|Iy*fll|p?v_n(s,£;r,y)|dydr~ (4.11)
i=0""S

Consider now the case 0 <n < N. By applying Lemma [£.3] we obtain

N—n

ly — 3 [P (s, &, 1)| < Ce(0(r — 5)) |y — :ili(Iy — N4 (o (r—s)) ®

)Pﬁo(r—s,y—§)7
which combined with the identity

ly = Az + Q=N <Ay — 2|+ (1 =Ny — €| <max (jy — 2l ly—¢),  Ae€[0,1]
yields

—z p% (s, &7,
|y HpN*”( § y)”i:/\m+(1*)\)5

< Co(0*(r—5)) |y - £|i(|y — &N 4 (0P (r = s)) N;L)F\/Ea(r — s,y —¢)
+ Celo?r =) Fly— 2l (ly = al¥ " + (2= ) T )Ty (r = 5,5~ §)
(by applying Lemma [A.1)
<C(02(r—9))? (02 (r—5)) ? Deo(r—s,y—£)

+CC(02(7"—s))%|y—x|i<|y—x|N_"+(02(7"—3)) 2 )I‘w(r—s,y—g).(4.12)

N—n+i

Now, replacing (4.12)) into (4.11)), and applying Lemmaalong with Chapman-Kolmogorov equation, we
finally obtain

Nl=

n+1 i+1 N 141
(Zrn_5+ (r—s) —5" +l)d7‘Fw(t—s,x—§)

t
T N+3 -
In|j:)\z+(17)\)§‘ <Ceo / (t =)
S i=0

t nt! i+1 i—1
+CCUN+3/ (r—s)§<|t—7’N2n—|—(7‘—8)N2”)(E:rn5+ (t—r)?)drfw(t—&m—i)

i=0
(by using 0 < s <t<T)

N
2

Nl

< C ()2 (0*(t—5))* Teo (t — 5,2 — &). (4.13)

Similar computations give a bound for Iy:

N

N+1 . i

t
T N+2 _
IN‘.’E:)\.’E—F(l—)\)f‘ SCCO' / (t—'l")

S =0
t N+ N—it1l i—1
+C'CUN+2/ (Zr > (T—S)lz)dTrco’(t—S7l‘_§)
s i=0
(by using 0 < s <t <T)
Ni1 1

< C.(0%t) * (0°(t—5))?Teo(t —s,2—&). (4.14)

Combining (£.13)-([.14) with (.10) yields (2.36). O
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A  GAUSSIAN ESTIMATES

A Gaussian Estimates

We recall here some standard estimate for the Gaussian density

IZ

1
Ly(tz) = —— -, R, ¢t > 0. Al
(t,x) T exp( 20275) T € > (A1)
In the following, o > 0 is fixed.

Lemma A.1. For anyn € N and ¢ > 1 we have

|z] )" ( n )3
— | I'y(t,x) <c| —5——— Ty (t, x), r€eR, t>0.
(25) tottn) <o 2705 ) Tatton)

Proof. Set z = L=l For any ¢ > 1 we have

oVt
(L) reto) = Z— e (-5) = c6@ra s

I o\, T) = €x ——= | =cC Z)Leo\l, ),

oVt o/ 27t P 2
with

Glz) = 2 g >0
z)=z"exp| —— (11— = z
p 2 62 )

The statement now follows by observing that G attains a global maximum at 2z} = 6622_”1 and that

Lemma A.2. For anyn € N and ¢ > 1 we have

02T (t,2)| < C (oVt) " Teolt, z), z€eR, t>0,

where C' is a positive constant only dependent on n and c.

1.2 1

Proof. Let us define the n-th order Hermite polynomial as H, (z) := e2* 8?6_§Z2. Then, by definition

(A.1]) we have
T

T, (t,x) = (o2t) *H, (m/i> T, (¢ 2),

and thus the statement easily stems from Lemma [A7T] O

Lemma A.3. For any ¢ > 1 we have
2

a 1)>1"w(t,x), z,u€R, t>0.

L'y (2, < P YUY
(t,x 4 p) < cexp (202t(02 —

Proof. This is straightforward using the inequality z? < (z + w)?(1 + §) + p%(1 + 1/6) (available for any
§ > 0), with 1+ = 2. O
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B PATH-DEPENDENT MCKEAN SDE

B Path-dependent McKean SDE

Lemma B.1. Assume that F = (F(t,z,2') : 0 < t < T,z,2" € C°([0,T],R?)) is a family of bounded
continuous functional valued in R, globally Lipschitz in the paths x and ', i.e. there exists a finite

constant Ly such that

|F(t7x,$/) - F(tvyay/)| < LF < sup “rS - xsl + Sup ‘ys y;|) ) vt e [OvT]v
0<s<t 0<s
for any continuous functions z,y,x',y’ : C°([0,T],R?) s Re. Let o € R; consider the equation

42, = E[F(t, 2, Z")]dt + odW;, ¢ >0,
Zo=Y,

(B.1)

where Y is a square integrable random variable, independent of the Brownian motion W. Then there exists

an unique solution to (B.1]), continuous in time and square integrable uniformly in time.

Proof. This is a sort of extension of [Pro04, Theorem 7, Chapter V] to the McKean-Vlasov case. We closely
follow the proof of [Szn91] by constructing the solution using a fixed point argument. For this, we introduce
the Wasserstein distance Dy (-, ), defined on the set M(Cr) of the probability measures on the continuous
trajectories Cr := C°([0, T], R9):

Dr(v1,vs) = inf {/(sup lwi,s — wa,s| A 1)V(dw1,dw2)}.

vEM(Cr XCr) with marginals v and va s<T

This defines a complete metric on M(Cr), whose topology is that of weak convergence. For v in M(Cr),

let us denote by ®(v) the distribution of the solution defined as

¢
Zy=Y Jr/ </ F(s, Z, w’)y(dw’)) ds + oW,.
0o \Je,

Note that this path-dependent stochastic differential equation has a unique strong solution [Pro04, Theorem
7, Chapter V] since x € C°([0,T],R9) fc F(s,z,w)v(dw) is Lipschitz, uniformly in s € [0,T]. Given
two probability measures vy and vo in M(Cr), compare the two SDEs corresponding to Z; and Zs: for

any coupling v on C; with marginal distributions v; and v, we have

t
Slip|Z1,S —Z275| S / ‘ F(S,Zl,wl)ul(dwl) —/ F(S,ZQ,UJQ)VQ(dwz)‘dS
s<t 0 Ct Ct

t
< / [Lp sup |Z1,» — Zay +/ ([LF sup lwy,r — wao || A [2|F|oo])u(dw17dw2)} ds.
0 r<s CyxCy

r<s

Set K = max(Lp,2|F|x); then, taking the infimum over the couplings v and using the Gronwall lemma,

we get
¢
sup |21, — Za | < K/ sup ‘Zl r — Zor| + Ds(v1, Vz)} ds < KeKT/ Dy (v1,v2)ds.
s<t 0
From this we deduce a precise control of Dy(®(v1), ®(1n)) < KeKT fo s(v1,v2)ds. We can easily con-

clude to the result: we take v € M(Cr) and iterating this procedure, we get Dr(®*(v), ®k1(v)) <
MDT(V ®(v)), which allows us to prove easily that (®*(v)); is a Cauchy sequence, converging to

the fixed point of ®. This implies existence and uniqueness as announced. O
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