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ABSTRACT. In this paper, we theoretically study the water wave model with a nonlocal viscous term

ut + ux + βuxxx +

√
ν
√
π

∂

∂t

∫ t

0

u(s)
√
t− s

ds+ uux = νuxx,

where the Riemann-Liouville half-order derivative
1
√
π

∂

∂t

∫ t

0

u(s)
√
t− s

ds is represented with a diffusive

realization.

RÉSUMÉ. Dans cet article, nous étudions théoriquement le modèle visqueux asymptotique

ut + ux + βuxxx +

√
ν
√
π

∂

∂t

∫ t

0

u(s)
√
t− s

ds+ uux = νuxx,

où la demi-dérivée de Riemann-Liouville
1
√
π

∂

∂t

∫ t

0

u(s)
√
t− s

ds est représentée à l’aide d’une réalisa-

tion diffusive.
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1. Introduction

1.1. State of the art.
The modeling and the mathematical analysis of viscosity in water wave propagation

are challenging issues. In the last decade, P. Liu and T. Orfila [8], and D. Dutykh and F.
Dias [6] have independently derived viscous asymptotic models for transient long-wave
propagation on viscous shallow water. These effects appear as nonlocal terms in the form
of convolution integrals. A one-dimensional nonlinear system is presented in [5].
In their recent work [4], M. Chen et al. investigated theoretically and numerically the
decay rate for solutions to the following water wave model with a nonlocal viscous dis-
persive term as follows

ut + ux + βuxxx +

√
ν√
π

∫ t

0

ut(s)√
t− s

ds+ uux = αuxx, (1)

where
1√
π

∫ t

0

ut(s)√
t− s

ds represents the Caputo half-derivative in time. Here u is the

horizontal velocity of the fluid, −αuxx is the usual diffusion, βuxxx is the geometric

dispersion and
1√
π

∫ t

0

ut(s)√
t− s

ds stands for the nonlocal diffusive-dispersive term. We

denote as β, ν and α the parameters dedicated to balance or unbalance the effects of
viscosity and dispersion against nonlinear effects. Particularly, the authors in [4] consider
(1) with β = 0 supplemented with the initial condition u0 ∈ L1(R) ∩ L2(R). They
proved that if ‖u0‖L1(R) is small enough, then there exists a unique global solution u ∈
C(R+;L2

x(R)) ∩ C1(R+;H−2x (R)). In addition, u satisfies

t1/4‖u(t, ·)‖L2
x(R) + t1/2‖u(t, ·)‖L∞x (R) < C(u0). (2)

In order to study the effects of the nonlocal term on the existence and on the decay rate
of the solutions, the second author considered in her recent work [10] a derived model
from (1) where the fractional term is described by the Riemann-Liouville half derivative
instead of that of Caputo, namely

ut + ux + βuxxx +

√
ν√
π

∂

∂t

∫ t

0

u(s)√
t− s

ds+ uux = αuxx. (3)

She proved the local and global existence of solutions to problem (3) when β = 0 using a
fixed point theorem. Then she studied theoretically the decay rate of the solutions in this
case. Precisely, she stated the following theorem

Theorem 1.1 (I. Manoubi, 2014) Let u0 ∈ L2(R), then there exists a unique local solu-
tion u ∈ C([0, T );L2

x(R)) of (3).
Moreover for u0 ∈ L1(R) ∩ L2(R), there exists a positive constant C0 > 0 that depends
on u0 such that if ‖u0‖L1(R) is small enough, there exists a unique global solution u ∈
C(R+;L2

x(R)) ∩ C1/2(R+;H−2x (R)) of (3) given by

u(t, x) = [KRL(t, ·) ? u0](x)−N ~ u2(t, x), (4)

where KRL and N are given by

KRL(t, x) =
1

2
√
πt
e−

x2

4t e−x
−

(1− 1

2

∫ +∞

0

e−
µ2

4t −
µ|x|
2t −

µ
2 dµ),



and

N(t, x) =
1

4
√
πt
∂x

(
e−

x2

4t e−x
−
(

1− 1

2

∫ +∞

0

e−
µ2

4t −
µ|x|
2 −

µ
2 dµ

))
.

with x− = |x|−x
2 = max(−x, 0), ? represents the usual convolution product and~ is the

time-space convolution product defined by

v ~ w(t, x) =

∫ t

0

∫
R
v(t− s, x− y)w(s, y)dsdy.

whenever the integrals make sense. In addition, we have the following estimate

max(t1/4, t3/4)‖u(t, ·)‖L2
x(R) + max(t1/2, t)‖u(t, ·)‖L∞x (R) ≤ C0. (5)

The proof of this theorem is presented in [10].
However, all these results are performed assuming a smallness condition on the initial
data. In order to remove this smallness condition and to investigate the model (3) for a
large class of initial data, we introduce here the concept of diffusive realizations for the
half-order derivative. This approach was initially developed by Montseny [12], Montseny
et al. [14, 15] and Staffans [16]. Diffusive realization make possible to represent nonlocal
in time operators, and more generally causal pseudo-differential operators, in a state space
model formulation where the state belongs to an appropriate Hilbert space. Different
applications of this approach can be found in [1, 7, 11, 13].
In this article, we assume that the effects of the geometric dispersion in (3) is less im-
portant than the viscosity effects (i.e we take β = 0 in (3)) and we assume that the other
constants are normalized. Thus, our model is reduced as follows

ut + ux +
1√
π

∂

∂t

∫ t

0

u(s)√
t− s

ds+ uux = uxx. (6)

We prove the well posedness of the model (6) for all initial data u0 ∈ H1(R) using
the diffusive realization. To this end, we complete the introduction as follows. We first
introduce the diffusive formulation of the half-order Riemann-Liouville derivative. Then,
we deduce the mathematical model that derives from (6) using the diffusive approach.
Finally, we present the main results of this article.
We note that one can consider the general case of the Caputo or Riemann-Liouville frac-
tional derivative of order α where 0 < α < 1. Comparing the effects of these non-
local terms with our results is a challenging issue and it may be the subject of a fu-
ture work. However, choosing another definition of fractional derivative like Atangana-
Baleanu derivative or Caputo-Fabrizio derivative in equation (1) must be justified.

1.2. Diffusive formulation of the model
In the literature, there are several diffusive realizations of the Riemann-Liouville half-

order derivative. We recall in the following some of these formulations.
First, the diagonal form of the diffusive realization of D1/2u(t) which will be used in the
remaining of this article is given for all t > 0 by

∂tψ(t, σ) = −σψ(t, σ) + u(t), ψ(0, σ) = 0, σ ∈ R+

D1/2u(t) =

∫ +∞

0

1

π
√
σ
∂tψ(t, σ)dσ.

(7)



Second, the PDE-form of the diffusive realization of D1/2u(t) is given for all t > 0 by
∂tΦ(t, y) = Φyy(t, y) + u(t)⊗ δy=0, Φ(0, y) = 0, y ∈ R,

D1/2u(t) = 2 < δy=0, ∂tΦ(t, y) >D′,D= 2
d

dt
Φ(t, 0).

(8)

where δy=0 is the Dirac delta function at y = 0 and u(t) ⊗ δy=0 is the tensorial product
in the distributions sense of the applications t 7→ u(t) and y 7→ δy=0.
Finally, another form of the diffusive realization of D1/2u(t) is given for all t > 0 by

∂tφ(t, σ) = −σ2φ(t, σ) +
2

π
u(t), φ(0, σ) = 0, σ ≥ 0,

D1/2u(t) =

∫ +∞

0

(
2

π
u(t)− σ2φ(t, σ))dσ.

(9)

We note that the author has used the diffusive realizations (8) and (9) in her PhD Thesis to
study mathematically and numerically the integro-differential equation (3) when β = 0,
ν = α = 1. For more details, we refer the readers to [9]. In the following, we describe
the mathematical framework. Thanks to the diffusive realization (7), the problem (6) is
written as follows

ut(t, x) + ux(t, x) +

∫ +∞

0

(u(t, x)− σψ(t, x, σ))
dσ

π
√
σ

+ u(t, x)ux(t, x) = uxx(t, x), t > 0, x ∈ R,

ψt(t, x, σ) = −σψ(t, x, σ) + u(t, x), t > 0, x ∈ R, σ ≥ 0,

u(0, x) = u0(x), x ∈ R,

ψ(0, x, σ) = 0, x ∈ R, σ ≥ 0.

(10)

Then, We rewrite the system (10) as a first-order semi-linear differential equation as fol-
lows {

Xt +AX = F (X),

X(0) = X0,
(11)

where X = (u, ψ)T , X0 = (u0, 0)T and

AX =

∫ +∞

0

(u− σψ)
dσ

π
√
σ
− uxx

−u+ σψ

 ,

F (X) =

(
−ux − uux

0

)
. (12)

1.3. Main results.
We introduce our functional space . First, we define the positive measure dN on R+

by

dN(σ) =
dσ

π
√
σ
.



Hence, dN satisfies

CN =

∫ +∞

0

dN(σ)

1 + σ
= 1. (13)

Then, we define the spaces

HN = L2(R+, dN),

H̃N = L2(R+, σdN),

V = L2(R+, (1 + σ)dN).

We suppose that (11) has a regular solution. The following result holds.

Proposition 1.2 The energy function associated to (11)

E(t) =
1

2
‖u(t)‖2L2

x
+

1

2
‖ψ(t)‖2

L2(R,H̃N )
, (14)

satisfies the following energetic equilibrium

1

2

d

dt
E(t) = −

∫
R
‖u(t, x)− σψ(t, x, σ)‖2HNdx−

∫
R
|ux(t, x)|2dx. (15)

The natural energy space of the solution X is

H = L2(R)× L2(R, H̃N ),

endowed with the scalar product (·, ·)H defined for all X = (u, ψ)T and Y = (v, χ)T in
H by

(X,Y )H = (u, v)L2(R) +

∫
R

(ψ, χ)H̃Ndx.

Moreover, we define the following Hilbert space

V = H2(R)× L2(R, H̃N ).

We state the main result of this article.

Theorem 1.3 For all u0 ∈ H1(R), there exists a unique global solutionX ∈ C([0,+∞[, D(A1/2))

of (11) such that X0 =

(
u0
0

)
and

X(t) = Φ(X)(t). (16)

2. Proof of Theorem 1.3.

2.1. The linear problem
We first consider the following linear problem associated to (11){

Xt +AX = 0 ∀t > 0,

X(0) = X0,
(17)



where X =

(
u
ψ

)
, X0 =

(
u0
0

)
and

AX =

∫ +∞

0

(u− σψ)
dσ

π
√
σ
− uxx

−u+ σψ

 , (18)

We can establish the following properties of the operator A.

Proposition 2.1 The domain D(A) of the operator A inH is given by

D(A) = {(u, ψ) ∈ V;u− σψ ∈ L2(R, V )}.

We define the norm of X ∈ D(A) by

‖X‖D(A) =
(
‖X‖2H + ‖AX‖2H

)1/2
.

Moreover A : D(A) ⊂ H −→ H is well-defined and bounded on D(A).

Lemma 2.2 The domain D(A1/2) of the operator A1/2 inH is given by

D(A1/2) = {(u, ψ) ∈ H1(R)× L2(R, H̃N ) and u− σψ ∈ L2(R, HN )}.

equipped by the norm

‖X‖D(A1/2) =

(∫
R
‖u− σψ‖2HNdx+ ‖ux‖2L2(R)

)1/2

.

Proposition 2.3 The operator A is maximal monotone and symmetric. Thus A is auto-
adjoint.

In the following, we state results based on the Hille-Yosida Theorem [2, 3].

Proposition 2.4 (Hille-Yosida) For all X0 ∈ D(A), there exists a unique solution

X ∈ C1(]0,+∞[,H)
⋂
C([0,+∞[, D(A))

of (17). Moreover, formally we have

X(t) = e−tAX0.

Proposition 2.5 For all X0 ∈ H, there exists a unique solution

X ∈ C([0,+∞[,H)
⋂
C1(]0,+∞[,H)

⋂
C(]0,+∞[, D(A))

of (17).

Proposition 2.6 For all X0 ∈ D(A1/2), equation (17) has a unique solution

X ∈ C([0,+∞[, D(A1/2)).



Proof. Let X0 ∈ D(A1/2). We consider the following problem

H1 = D(A1/2),

A1X = AX pour X ∈ H1,

Xt +A1X = 0 ∀t > 0,

X(0) = X0 ∈ H1.

(19)

ThenA1 is unbounded operator and D(A1) is its domain inH1. By construction,A1 is a
self-adjoint operator. Moreover,

D(A1) ={X ∈ H1;A1X ∈ H1}

={X ∈ D(A1/2);AX ∈ D(A1/2)}

={X ∈ D(A); (A2X,AX) <∞} = D(A3/2).

In addition, A1 is a maximal and monotone operator. In fact,

(A1X,X)H1
= (AX,X)D(A1/2) = (AAX,X)H.

Since A is self-adjoint then

(A1X,X)H1
= (AX,AX)H = ‖AX‖2H ≥ 0.

We deduce that A1 is monotone. Now, we establish that A1 is maximal. Let Y ∈ H1 =
D(A1/2) and we establish that there exists X ∈ D(A1) such that (I+A1)X = Y . Since
H1 ⊂ H then there exists X ∈ D(A) such that

(I +A)X = X +AX = Y.

In particular, since D(A)) ⊂ D(A1/2), then

X ∈ D(A1/2) et Y ∈ D(A1/2),

This implies that
X ∈ D(A1/2) et AX ∈ D(A1/2).

We conclude that X ∈ D(A3/2) = D(A1) and verifies (I + A)X = (I + A1)X = Y .
Hence, using Hille-Yosida Theorem, we conclude that there exists a unique solution of
(19)

X(t) = e−tA1X0 ∈ C0([0,+∞[,H1).

Moreover, D(A1/2) = H1 ⊂ H and using the uniqueness of the solution of (17), we
deduce that

X(t) = e−tAX0 ∈ C0([0,+∞[, D(A1/2)).

�

We have the following uniform estimates.



Proposition 2.7 First,

∀X0 ∈ H,∀t > 0, ‖e−tAX0‖H ≤ ‖X0‖H. (20)

Second,

∀X0 ∈ D(A1/2),∀t > 0, ‖e−tAX0‖D(A1/2) ≤ ‖X0‖D(A1/2). (21)

Finally,

∃C > 0,∀X0 ∈ H,∀t > 0, ‖e−tAX0‖D(A1/2) ≤
C√
t
‖X0‖H. (22)

2.2. Resolution in H1(R).
In this subsection, we focus on the problem (11). Formally, if X is a solution of (11) then
X satisfies the Duhamel form as follows

X(t) = e−tAX0 +

∫ t

0

e−(t−s)AF (X(s))ds, (23)

Hence X is considered as a fixed point of the functional Φ defined by (23) as

Φ(X)(t, x) = e−tAX0 +

∫ t

0

e−(t−s)AF (X(s))ds. (24)

In the sequel, we establish Theorem 1.3. To this end, we start by proving the local exis-
tence of the solution of (16) using the fixed point Theorem.
Local existence. First we have the following result.

Proposition 2.8 The function F : D(A1/2) ⊂ H → H, given by (12), is locally lipschitz
continuous on D(A1/2). Moreover, for all X,Y ∈ D(A1/2) we have

‖F (X)− F (Y )‖H ≤ (‖X‖D(A1/2) + ‖Y ‖D(A1/2) + 1)‖X − Y ‖D(A1/2).

Corollory 2.9 Since F (0) = 0, we deduce that

∀X ∈ D(A1/2), ‖F (X)‖H ≤ ‖X‖2D(A1/2) + ‖X‖D(A1/2). (25)

Let T > 0 and set
ET = C([0, T ], D(A1/2)),

ET is a Banach space when endowed with the norm

‖X‖ET := sup
t∈[0,T ]

‖X(t)‖D(A1/2).

In the following, we state some properties satisfied by the functional Φ on ET with X0 ∈
D(A1/2)). Let X ∈ ET , we have

‖Φ(X)(t)‖D(A1/2) ≤ ‖e−tAX0‖D(A1/2) +

∫ t

0

‖e−(t−s)AF (X(s))‖D(A1/2)ds

≤ ‖X0‖D(A1/2) +

∫ t

0

c√
t− s

‖F (X(s))‖Hds.



Thanks to (25), we obtain

‖Φ(X)(t)‖D(A1/2) ≤ ‖X0‖D(A1/2) +

∫ t

0

c√
t− s

(‖X(t)‖2D(A1/2) + ‖X(t)‖D(A1/2))ds.

Hence, for all t ∈ [0, T ] we have

‖Φ(X)(t)‖D(A1/2) ≤ ‖X0‖D(A1/2) + C1

√
T (‖X‖2ET + ‖X‖ET ). (26)

Moreover, let X and Y ∈ ET then

‖Φ(X)(t)− Φ(Y )(t)‖D(A1/2) = ‖
∫ t

0

e−(t−s)AF (X(s))ds−
∫ t

0

e−(t−s)AF (Y (s))ds‖D(A1/2)

≤
∫ t

0

‖e−(t−s)A(F (X(s))− F (Y (s)))‖D(A1/2)ds

≤
∫ t

0

c√
t− s

‖F (X(s))− F (Y (s))‖Hds

≤
∫ t

0

c(K)√
t− s

‖X(s)− Y (s)‖D(A1/2)ds

≤ c(K)
√
t‖X − Y ‖ET .

Here K is the constant of Lipschitz of F on the ball B. Hence, for all t ∈ [0, T ]

‖Φ(X)(t)− Φ(Y )(t)‖D(A1/2) ≤ C2

√
T‖X − Y ‖ET . (27)

Also, we show that if X0 ∈ D(A1/2)) then Φ is well defined. Next we define a set B
invariant under the action of Φ. Therefore we take R = 2‖X0‖D(A1/2). Let B(0, R) the
closed ball in ET of radius R centered at the origin. Thanks to (26) and (27), we get

∀X ∈ B, ‖Φ(X)(t)‖D(A1/2) ≤
R

2
+ C1

√
T (R2 +R),

∀X,Y ∈ B, ‖Φ(X)(t)− Φ(Y )(t)‖D(A1/2) ≤ C2

√
T‖X − Y ‖ET .

Finally, we choose T small such that max(C1R,C2)
√
T ≤ 1

2 . Hence, with this choice,
we get Φ(B) ⊂ B and thus the map Φ is a contraction on B. Using the fixed point
Theorem, we deduce that there exists a unique fixed point X of the functional Φ on B.
Moreover, X ∈ C([0, T ], D(A1/2)).
In the following, we establish the global existence of the solution of (16).
Global existence. We take the scalar product inH of (11) with X , we get

(Xt, X)H + (AX,X)H = (F (X), X)H. (28)

We observe that

(F (X), X)H =

((
−ux − uux

0

)
,

(
u
ψ

))
H

=

∫
R

(−ux − uux)udx = 0.

Hence (28) is written as

1

2

d

dt
‖X(t)‖2H + ‖X(t)‖2D(A1/2) = 0.



We deduce that there exists a constant C > 0 such that

∀t > 0,

∫ t

0

‖X(s)‖2D(A1/2)ds ≤ C‖X0‖2H = C‖u0‖2L2(R). (29)

Moreover, we take the scalar product in H of (11) with AX . Since A is self-adjoint, we
get

1

2

d

dt
‖X‖2D(A1/2) + ‖AX‖2H = (F (X),AX)H. (30)

Moreover, using Cauchy-Schwarz inequality and the estimation (25), we get

(F (X),AX)H ≤ ‖F (X)‖H‖AX‖H ≤ (‖X‖2D(A1/2) + ‖X‖D(A1/2))‖AX‖H.

Using Young inequality, we obtain

(F (X),AX)H ≤ c(‖X‖2D(A1/2) + ‖X‖D(A1/2))
2 +

1

2
‖AX‖2H

≤ c‖X‖4D(A1/2) + ‖X‖2D(A1/2) +
1

2
‖AX‖2H.

We deduce using (30) that for all t ∈ [0, T ]

1

2

d

dt
‖X(t)‖2D(A1/2) ≤ c‖X(t)‖4D(A1/2) + ‖X(t)‖2D(A1/2)

≤ c‖X(t)‖2D(A1/2)(‖X(t)‖2D(A1/2) + 1).

Then using Gronwall inequality, we get for all t ∈ [0, T ]

‖X(t)‖2D(A1/2) ≤ ‖X0‖2D(A1/2) exp(c

∫ t

0

(‖X(s)‖2D(A1/2) + 1)ds)

≤ ‖X0‖2D(A1/2) exp(ct) exp(c

∫ t

0

‖X(s)‖2D(A1/2)ds).

Finally, taking in account the estimation (29), we deduce that for all t ∈ [0, T ]

‖X(t)‖2D(A1/2) ≤ Ce
ct‖X0‖2D(A1/2).

Let Tmax ∈]0,+∞] be the maximal existence time of the solution X of (11). We have

∀t < Tmax, ‖X(t)‖2D(A1/2) ≤ Ce
ct‖X0‖2D(A1/2). (31)

We deduce that Tmax = +∞.

3. Conclusion
In this article, we investigate theoretically the well-posedness of an asymptotical wa-

ter wave model with a nonlocal viscous term described by the Riemann-Liouville half
derivative. Here we present the half-derivative using a diffusive realization. We proved
the existence and the uniqueness of solutions for all initial data u0 ∈ H1(R). A challeng-
ing issue is to study theoretically and numerically the decay rate of solutions for this class
of initial data. This question will be the subject of a future work.
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