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ALMOST SURE INVARIANCE PRINCIPLE FOR RANDOM
PIECEWISE EXPANDING MAPS

D. Dragicevi¢ ', G. Froyland?, C. Gonzalez-Tokman®, S. Vaienti*

ABSTRACT. We prove a fiberwise almost sure invariance principle for random piecewise
expanding transformations in one and higher dimensions using recent developments on
martingale techniques.

1. INTRODUCTION

The objective of this note is to prove the almost sure invariance principle (ASIP) for a
large class of random dynamical systems. The random dynamics is driven by an invertible-
measure preserving transformation o of (€2, F,P) called the base transformation. Trajec-
tories in the phase space X are formed by concatenations f := fon-1,0---0 f,, 0 f, of
maps from a family of maps f, : X — X, w € Q. For a systematic treatment of these
systems we refer to [2]. For sufficiently regular bounded observables 1, : X — R, w € ),
an almost sure invariance principle guarantees that the random variables 1,n,, o f7 can
be matched with trajectories of a Brownian motion, with the error negligible compared
to the length of the trajectory. In the present paper, we consider observables defined on
some measure space (X, m) which is endowed with a notion of variation. In particular,
we consider examples where the observables are functions of bounded variation or quasi-
Holder functions on a compact subset X of R”. We emphasize that our setting is quite
similar to that in [3], where the maps f, are called random Lasota-Yorke maps.

In a more general setting and under suitable assumptions, Kifer proved in [11]| central
limit theorems (CLT) and laws of iterated logarithm; we will briefly compare Kifer’s
assumptions with ours in Remark 2 below. In [11, Remark 2.7|, Kifer claimed without
proof (see [11, Remark 4.1]) a random functional CLT), i.e. the weak invariance principle
(WIP), and also a strong version of the WIP with almost sure convergence, namely the
almost sure invariance principle (ASIP), referring to techniques of Philip and Stout [13].

Here we present a proof of the ASIP for our class of random transformations, following
a method recently proposed by Cuny and Merlévede [6]. This method is particularly
powerful when applied to non-stationary dynamical systems; it was successfully used in
[9] for a large class of sequential systems with some expanding features and for which only
the CLT was previously known [5]. We stress that w-fibered random dynamical systems
discussed above are also non-stationary since we use w-dependent sample measures (see
below) on the underlying probability space.
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The technique of Cuny and Merlévede is based on martingale approximation; it was
shown in [9] how to satisfy one of the main assumptions in [6] by using a result of
Sprindzuk [15], which basically consists of getting an almost sure bound when the latter is
known to hold in the L! norm. To prove such a result we also need two other ingredients:
(i) the error in the martingale approximation must be bounded in a suitable Banach
space; (ii) the quenched correlations with respect to the sample measures must decay
with a summable rate.

We now compare our assumptions and results with those in Kifer’s paper [11]. Kifer
used a martingale approximation, but the martingale approximation error in [11] is given
in terms of an infinite series (see the error g, in equation (4.18) in [11]), which appears
difficult to estimate under general assumptions. Instead, our martingale approximation
error term is explicitly given in terms of a finite sum (see (14)), and as mentioned above
we can bound it easily. Furthermore, Kifer invoked a rate of mixing, but to deal with
it he assumed strong conditions (¢-mixing and a-mixing), which are very hard to check
on concrete examples. We use instead quenched decay of correlations on a space of
regular observables, for example, bounded variation or quasi-Holder and L*° functions
(exponential decay was shown by Buzzi [3]), with an addition: the constant that scales
the norm of the observable in the decay rate is independent of the noise w; we can then
satisfy the hypotheses of Sprindzuk’s result. Further comparisons are deferred to Remark
2.

The rate which we obtain by approximating our process with a sum of i.i.d Gaussian
variables (the content of the ASIP) is of order n'/4, which is, up to logarithmic corrections,
a rate previously obtained for deterministic uniformly expanding systems |[8].

2. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

2.1. Preliminaries. We introduce in this section the fiber maps and the associated func-
tion spaces which we will use to form the random concatenations. We will call them
random expanding transformations, or random Lasota- Yorke maps. We will refer to and
use the general assumptions for these maps as proposed by Buzzi [3] in order to use his
results on quenched decay of correlations. However, we will strengthen a few of those
assumptions with the aim of obtaining limit theorems. Our additional conditions are sim-
ilar to those called Dec and Min in the paper [5|, and which were used to establish and
recover a property akin to quasi-compactness for the composition of transfer operators.

Let (Q, F,IP) be a probability space and let o : Q@ — Q be an invertible P-preserving
transformation. We will assume that P is ergodic. Moreover, let (X, B) be a measurable
space endowed with a probability measure m and a notion of a variation var: L'(X,m) —
[0, 0o] which satisfies the following conditions:

(V1) var(th) = |t| var(h);

V2) var(g + h) < var(g) + var(h);

3) 1hlloo < Cuar(||R|l1 + var(h)) for some constant 1 < Cy,r < 00;

4) for any C' > 0, the set {h: X — R : ||h||; + var(h) < C} is L'(m)-compact;

5) var(lx) < oo, where 1x denotes the function equal to 1 on X;

6) {h: X = R, : ||h]ls =1 and var(h) < oo} is L'(m)-dense in {h: X — R, : [|h]|; =

1}.

(VT7) there exists K, < 0o such that

var(fg) + [|fglly < Kear(var(f) + [ fll)(var(g) + llgll1), ~for every f,g € BV. (1)

(V8) for any f € L'(X,m) such that essinf f > 0, we have var(1/f) < (e:;;(ff})2.
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We denote by BV = BV (X, m) the space of all h € L'(X, m) such that var(h) < co. It
is well known that BV is a Banach space with respect to the norm

12l By = var(h) + [|A].
On several occasions we will also consider the following norm
[Allvar = var(h) + || Af|co,

on BV which (although different) is equivalent to ||| gy -
Let f,: X — X, w € Q be a collection of mappings on X. The associated skew product
transformation 7: 2 x X —  x X is defined by

T(w,z) = (0(w), fu(x))- (2)

Each transformation f,, induces the corresponding transfer operator £,, acting on L'(X, m)
and defined by the following duality relation

[ (caoppam = [ oo fydm. e Li(Xm), v e 1=(X.m)
X X
For each n € N and w € €, set

f:}:fanfl(w)o"'ofw and ,CZ:EUnfuw)O---OEw.

We say that the family of maps f,, w € Q (or the associated family of transfer operators
L,, w € Q) is uniformly good if:

(H1) The map (w,z) — (L, H(w,-))(z) is P x m-measurable for every P x m-measurable
function H such that H(w,-) € L'(m) for a.e. w € ;
(H2) There exists C' > 0 such that

|Lu¢ll v < Cll¢l sy

for € BV and P a.e. w € €.
(H3) For P a.e. w € Q,

sup||¢n41 © fa"(w)HBV < 00,
n>0

whenever {(¢n)n>0} C BV and sup,||¢n| sy < oc.
(H4) There exist K, A > 0 such that

Lol sy < Ke (18] v,

forn >0, Pae weNand ¢ € BV such that [ ¢dm = 0.
(H5) There exists ¢ > 0 such that

Lilx >¢c, forPae weandn e N.

Using (H1), (H2), and (H4) we can prove the existence of a unique random ACIM #h :
Q) x X — R, with uniformly bounded fibres h,,.

Proposition 1. Let f,, w € Q be a uniformly good family of maps on X. Then there
exist a unique measurable and nonnegative function h: 2 x X — R with the property that
hy = h(w,-) € BV, [hydm =1, L(h,) = by for a.e. w e Q

esssup,,cq |||l BV < 0. (3)



Proof. Let
Y = {v: Q x X — R : v measurable, v, := v(w,-) € BV and esssup,,cq||vw| sy < oo}.

Then, Y is a Banach space with respect to the norm

[0]]oc := esssupyeqllvwlsv-

Moreover, let Y; be the set of all v € Y such that fvw dm=1and v, > 0 for a.e. we .
It is easy to verify that Y] is a closed subset of Y and thus a complete metric space. We
define a map L£: Y7 — Y] by

(E(v))w = £U—1(M)UU—1(M), weN veEY.
Note that it follows from (H2) that
[£(v)]loe = esssup,eq || (L£(0)wllBy < C esssup,eql|ve-1(w)lBv = Cl[v] -

Furthermore,

/(E(U))w dm = /Eg—l(w)vg—l(w) dm = /UU—l(w) dm = 1,
for a.e. w € Q). Hence, L is well-defined. Similarly,
1£(v) = L(w)]eo < Cllv —wlloe,  for v,we Y

which shows that £ is continuous. Choose ng € N such that Ke " < 1. Take arbitrary
v,w € Y7 and note that by (H4),

[1£70(v) = L7 (w) |00 = esssupeq | £, () (Vom0 (w) = Woro ()l BV
< Ke Mo eSSSUP e[ Vom0 (w) — Wo—ro(w) |l BV = Ke Ao | — W||oo-

Hence, £™ is a contraction on Y; and thus has a unique fixed point 7 € Y;. Set

1- 1 - 1
h, == —h, + —Eg—l(w)(hg—l(w)) +...+ n—ﬁnoil (ho-tmo-1,), w €
0

o—(no—1),

Un Un
Then, h is measurable, nonnegative, [h,dm = 1 and a simple computation yields
L(h,) = he(. Finally, by (H2) we have that
oy < sy <
esssu w < ————esssup,, w 0.
Puwen BV no(C — 1) Puen BV

Thus, we have established existence of h. The uniqueness is obvious since each h satisfying
the assertion of the theorem is a fixed point of £ and thus also of £ which implies that
it must be unique. O

We note that [4, 3] prove the above existence result with weaker control on the prop-
erties of f,, and obtain existence of a random ACIM {h,}.cq under less restrictive
conditions. Indeed, those results don’t require (H4) and in addition (H2) is allowed to
hold with C' = C'(w) such that logC' € L'(PP).

We now describe a large class of examples of good families of maps f,, w € Q. We
first show that they satisfy properties (H1)—(H3); this will crucially depend on the choice
of the function space. We then give additional requirements in order for those maps to
satisfy condition (H4), also called Dec in [5] when applied to sequential systems, and
condition (H5), named Min in [5].

2.2. Examples.



2.2.1. Random Lasota-Yorke maps. Take X = [0, 1], a Borel o-algebra B on [0, 1] and
the Lebesgue measure m on [0, 1]. Furthermore, let

var(g) =  inf sup Z|h(sk) — h(sg-1)|

h=g(mod m) 0=sp<s1<...<sp=1 "

It is well known that var satisfies properties (V1)—(V8) with Clar, Kyar = 1. For a piece-
wise C? f : [0,1] — [0,1], set 0(f) = essinf e q|f'|. Consider now a finitely-valued,
measurable map w + f,, w € Q of piecewise C* maps on [0, 1] satisfying (H1) such that

sup N(f,) =: N < oo, inf 6(f,) =:6 >1, and sup|f|e =: D < cc.
wen weh we

It is proved in [3| that the family f,, w € Q satisfies (H2) with

oY ar) (2o (ea), “

where for any two real-valued functions g; and g¢s, g1 V go = max{gi, go}, and (V8) has
been used for the bound var(1/f) < &£. We note that since N < oo, condition (H3)
holds.

The uniform decay rate (H4) has been treated in Propositions 2.10 and 2.11 in [5].
There, sufficient conditions were stated for sequential dynamical systems, but these
conditions can be can be easily adapted to our random setting. Conze and Raugi [5]
propose two types of conditions, either of which yields (H4). The first local type re-
quires the existence of a fiber map, say fy, whose transfer operator Ly is quasi-compact
and exact. Defining a distance between two transfer operators L, Lo, as d(Lq, Ly) =
SUDge V|6 sy <1 |1£10 — La@l|1, it was proved in [5] that there is a neighborhood Uy of Ly
such that all allowed concatenations of transfer operators drawn from Uy verify (H4) as
well.

To establish (H4) for the second, more general, nonlocal type of random dynamics we
require two conditions:

e Random covering: Let A, denote the collection of intervals of monotonicity for the
map f, and define A7, = \/;.:01 (f2) ' Ags,. We will say that the random Lasota-
Yorke maps {f, }weq are covering if for each n > 0, w € 2, and J € A" there is an
no such that f0(J) = [0, 1].

e Uniform Lasota-Yorke inequality: There exist n € N, 0 < p < 1 and B > 0 such
that for a.e. w € Q, [|L5fl|sv < pllflsv + Bl f]1-

For a fixed covering Lasota-Yorke map, Liverani [12, Theorem 3.6| established expo-
nential decay of correlations for observables of bounded variation, using cone techniques
and the property that the unique random invariant density is uniformly bounded below
[12, Lemma 4.2]. His results, in particular [12, Lemma 3.5], which determines the rate of
correlation decay, are directly applicable in our setting of random composition of finitely
many Lasota-Yorke maps. This ensures exactness of the sequences (f,s,);>0 for every
w € Q. That is, for every ¢ € BV with [ ¢dm = 0, lim,,_, ||L"¢[|1 = 0; see for example
the proof of Proposition 3.6 in [7].

The proof of (H4) now follows as the proof of |5, Proposition 2.11|. Indeed exactness,
together with the compactness condition (for every sequence (L.,)jen, there exists a
convergent subsequence) ensures that for every g9 > 0 and every w € € there exists ¢ € N
such that for every ¢ € BV with [ ¢dm =0 and every j € N, ||£%, ¢|l1 < eol|d]|pv, via
a diagonal argument. This property, combined with the uniform Lasota-Yorke inequality
implies (H4) essentially as in the proof of |5, Proposition 2.7].
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With the random covering and uniform Lasota-Yorke conditions introduced above, and
assuming esssup,,cq | f | < €', it follows from Proposition 2 in [1] that (H5) holds. We
note that [5] demonstrated that (H5) holds for compositions of S-transformations with
(3 selected from an appropriate interval of values, and that [9] stated similar sufficient
conditions for (H5) for sequences of Lasota-Yorke maps that are translations of a fixed
Lasota-Yorke map or small perturbations of a fixed Lasota-Yorke map.

2.2.2. Random piecewise expanding maps. In higher dimensions, the properties (V1)-(V8)
can be checked for a so-called quasi-Hélder space, which in particular is injected in L*
(condition (V3)) and has the algebra property (V7). Originally developed by Keller
[10] for one-dimensional dynamics, we refer the reader to [14] for a detailed presentation
of that space in higher dimensions, as well as for the proof of its main properties. In
particular, using the same notation as in [14], we use the following notion of variation:

var(f) = sup 5“/ osc(f, Be(x)) dz,
0<e<eg n
where
osc(f, B()) = esssupp,_(,) f — essinfp (o) f.
In [14] it is proved that this notion of variation satisfies (V1)—(V3) and (V5)—(V7) and
noted that (V4) is a consequence of a result in [10]. We prove here that (V8) also holds.
Assume that essinf f > ¢ and observe that
osc(1/f, Bo()) = esssupp,_,(1/f) — essinfp_()(1/f)
= 1/ essinfp, ) (f) — 1/ esssupp, () (f)
_ esssupp, ) (f) — essinfp. @) (f)
(esssupp, () (f)) (essinf g, () (f))

oself, Bel)) L osc T
= (essinfp, (1) (f))? < 2 (f, B:(x)),

which readily implies that var(1/f) < 5.

One can consider piecewise C? expanding maps on compact subdomains of R? with C?
boundary. As in the one-dimensional situation, condition (H3) holds because N is finite.
In the local setting the conditions (H4) and (H5) can be verified as in the one-dimensional
case using the results of [5] (see also Th. 7.7 in [9]). In the nonlocal setting, for maps of
the type considered in [3, Appendix B], it is likely that (H4) and (H5) can be obtained
as in the one-dimensional case.

2.3. Further properties of the random ACIM. Let y, be the measure on X given
by du., = h,dm for w € 2. We have the following important consequence of (H4), which
establishes the appropriate decay of correlations result that will be used later on.

Lemma 1. There exists K > 0 and p € (0,1) such that

’/Lg(gzshw)z/zdm—/ebduw-/¢duan<w>

forn >0,y e L>*(X,m) and ¢ € BV (X, m).
6
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Proof. We consider two cases. Assume first that [ ¢du, = [ ¢h,dm = 0. Then, it
follows from (H4) that

‘ [ exorawam = [ odus- [ 6 duan - ' / ﬁZ(sbhw)wdm’

< W lloo - I1£5(0h) 1 < 1 lloo - [1£5(0R) v < Ke ™ [[dhullpy - 1¥ ],

and thus (5) follows from (1) and (3). Now we consider the case when [ ¢du, # 0. We
have

’ [ eronvdn— [odu- [ v
_ ‘ / L7 ($ho)ib dm — / he, dim - / Whonio) dm‘

<ol [ |(2zton) = ( [ ohoam Y )| am
~ ol | [oan|- [ |ez@ 1)
<ol | [ oo dm - 1220 = 1),

dh., = (/gbhw dm)(I).

Note that [(® — hy,)dm = 0 and thus using (H4),

dm

where

ol - \ [ on. dm\ L@ = h)lmy < Ke ]l - ' [on. dm\ 1@ = bz

< Ke ] - H (¢ - /d)hw dm) .

BV
Hence, it follows from (1) and (3) that
[ ezehpdn = [odu: [ vaum| < K0l lolav
for some K’ > 0 and thus (5) follows from the observation that ||-||sy < ||*||var-
U

Remark 1. We would like to emphasize that (5) is a special case of a more general decay
of correlation result obtained in 3| which does not require (H4) and yields (5) but with
K = K(w).

Finally, we prove that condition (H5) implies that we have a uniform lower bound for
he,.
Lemma 2. We have that
essinf hy, > ¢/2, for a.e. w € Q. (6)
Proof. We note that
ho = Ly -nylx = (Lo-nlx — )
and thus it follows from (H5) that

eSSinf hw Z C — ‘|£Z*"(w)]' - hw)Hoo Z Cc— CvarHEan(w)l - thBV (7)
7



On the other hand, it follows from (H4) and (3) that
12yl = hollay = 1£2 (1 = ho-ni)) v < Ke |1 = honillay < Ke ",

for some K > 0. Choosing n such that Cy,Ke " < ¢/2, it follows from (7) that (6)
holds. i

Remark 2. We now briefly compare our setting with that in [11]. In the latter, the space
X s replaced by a foliation =, := {£ € B : ({,w) € Z}, where B is some measurable
space and w belongs to the base space 2. On the fibered subset = it is defined the skew
map 7(§,w) = (fu€, ow), with the associated fiber maps f, : 2, = Zgw. In our situation
the Z,°s for all w coincide with the set X and all f, : X — X are endomorphisms of X
with some regularity property; moreover the previous skew transformation will still hold
on the product space X x Q, see (2). Consequently, the conformal measure m is also
allowed to depend on w. In principle, all the arguments in the present paper could also be
extended to this more general setting. However, we refrain from doing so since it would
require heavy notation and more importantly since it is hard to verify that conditions
like (H4) and (H5) hold in this more general setting unless fibers =, can be identified in
some natural way (like for example tangent spaces at different points on a manifold).

2.4. Statement of the main results. We are now ready to state our main result. We
will consider an observable ¢: 2 x X — R. Let ¢, = ¢¥(w, ), w € Q and assume that

sup|[vh, || pv < oo. (8)
we
We also introduce centered observable

bo=tu= [dp we

. . . -1 7 B
and we consider the associated Birkhoff sum >}~ .k, o f¥, and the variance 77 =

- 2
E, (ZZ;(I) Yok, © f:j) . The Almost Sure Invariance Principle is a matching of the tra-

jectories of the dynamical system with a Brownian motion in such a way that the error
is negligible in comparison with the Birkhoff sum. Limit theorems such as the central
limit theorem, the functional central limit theorem and the law of the iterated logarithm
transfer from the Brownian motion to time-series generated by observations on the dy-
namical system: these last results will therefore be immediate consequences of our proof
of the ASIP for random Lasota-Yorke maps :

Theorem 1. Let us consider the family of uniformly good random Lasota-Yorke maps.
Then the variance 72 will grow linearly as 72 ~ nX? and two cases will present:
(i) either ¥ = 0, and this is equivalent to the existence of ¢ € L*(Q2 x X) such that

(co-boundary condition)
b=¢—¢or. 9)

(11) or 2 > 0 and in this case for P-a.e. w € Q and d € (0,1/2), by enlarging probability
space (X, B, ) if necessary, it is possible to find a sequence (Zy); of independent centered
Gaussian random variables such that

sup Z Yok 0 fF) — ZZk = o((n***(|log n'/*~| 4 loglog nY/**)Y/?),  a.s.
k=1

1<k<n
8



3. REVERSE MARTINGALE CONSTRUCTION

In this section we construct the reverse martingale (or the reverse martingale difference)
and establish various useful estimates that will play an important role in the rest of the
paper. Indeed, the proof of our main result (Theorem 1) will be obtained as a consequence

of the recent result by Cuny and Merlevéde [6] applied to our reverse martingale.
For w € Q and k € N, let

T2 = (f5)71(B).
Furthermore, for a measurable map ¢: X — R and a c-algebra H on X, E,(¢|H) will
denote the conditional expectation of ¢ with respect to H and the measure pu,,. Moreover,

from now on, for k € N and w € Q we will write c¥w instead of o*(w). We begin by the
following technical lemma.

Lemma 3. We have

(10)

w?
ho"w

L b,
(60 1T = (Zese ) o

for each w € Q and 0 <[ < n.

Proof. We note that the right-hand side of (10) is measurable with respect to 7. Take
now an arbitrary A € 7" and write it in the form A = (f")~!(B) for some B € B. We
have

/ bo [\ duy = / (b0 f)Ladu,
A X
- / (¢O fi) ) (13 © fZJL) dpr, = / ¢(1B © :l;l) dfiote,
X X
= / horod(1p o [ dm = / L5 (i) 1p dm
X X
. ‘Cgl_wl (halwgb) o ‘CZI_WZ (halwgb) n n
- [ = [ (525 o]t s

L5 hpwd)\ . L (ho®)\ .
L[] | (B8

which proves (10). O

We now return to the observable 1), introduced in (8) and its centered companion

Vo =V — [V dp,, w Q.
Set

Mn = Q;U"w + Gn - Gn+1 o fa"wa n > 07 (11)
where Gy = 0 and
‘Cakw (&U’“mhakw + Gkhok’w)

hak'*'lw

Gk+1 - ) k Z 0 (12)

We emphasize that M, and G,, depend on w. However, in order to avoid complicating
the notation, we will not make this dependence explicit. In preparation for the next
proposition we need the following elementary result.

Lemma 4. We have

Lo(($0 f)) =vLud,  for ¢ € L'(X,m) and ¢ € L¥(X,m).
9



Proof. We first note that (¢ o f,,)¢ € L*(X, m). Moreover, for an arbitrary g € L>(X, m)
we have that

/X L0 f.)8)gdm = /X (60 f.)d(g 0 f.)dm = /X (bg) © f.) b dm — /X (Lod)g dm,

which immediately implies the conclusion of the lemma. U

Now we prove that the sequence (M, o f),, is a reversed martingale (or the reversed
martingale difference) with respect to the sequence of o-algebras (7),.

Proposition 2. We have
E, (M, o fom"“) =0.

Proof. 1t follows from Lemma 3 that

B, 0 T3 = (£l ) o o (13

hon+1y

Moreover, by (11) we have
ﬁa”w(hU"an) ‘Ca”w(hU”w@Ea"w + h’a"an - ha”w(Gn+1 o fa”w))

hgn+1y, hgn+14,
By Lemma 4,

Loni(honw(Gnir © forw)) = Gui1Lonwhony = Gpithgniiy,
and thus it follows from (12) that

‘Canw<haann) o O
ha”+1w e
This conclusion of the lemma now follows readily from (13). O

We now establish several auxiliary results that will be used in the following section.
These results estimate various norms of functions related to M,, and G, defined in (11)
and (12), respectively.

Lemma 5. We have that

sup||G,.|| sy < oo.
n>0

Proof. By iterating (12), we obtain

n—1

1 o
G, = — Z L7 (Ypiwhoiw), 1 €N (14)
7=0
We note that
/&oﬂ'whcﬂw dm = /zzajw d,uajw =0, (15)
and thus it follows from (H4) that
n—1 n—1
Z £Z]_U:;7 (@Eajwhajw) <K Z e M=) ||7vzajwhcrjw ||BVa
for each n € N which together with (V8), (1), (3), (6) and (8) implies the conclusion of
the lemma. U

Lemma 6. We have that
sup||M3||BV < 00.
n>0

10



Proof. In view of (8), (11) and Lemma 5, it is sufficient to show that

sup||Gri1 © forwllBy < 0.
n>0

However, this follows directly from (H3) and Lemma 5. O
Lemma 7. We have that

Sli%HEw(Mr% © fgyﬁn+l)||oo < 00.

Proof. 1t follows from Lemma 3 that
Lo, (hgn, M?)

h0”+1w

B (012 e 2T = ( Jor
and thus, recalling (6),

1
sup| By, (M o fEIT5 ) oo < 1 Lom(honu M) oo

n>0
Taking into account (1), (H2), (3), Lemma 6 and the fact that ||-||cc < Charll-|lBv (see
(V3)) we obtain the conclusion of the lemma. O

4. SPRINDZUK’S THEOREM AND CONSEQUENCES

The main tool in establishing the almost sure invariance principle is the recent result
by Cuny and Merlevéde (quoted in our Theorem 3 in Section 5). However, in order to
verify the assumptions of that theorem we will first need to apply the following classical
result due to Sprindzuk [15].

Theorem 2. Let (2, B, 1) be a probability space and let (fx)r be a sequence of nonnegative
and measurable functions on Q. Moreover, let (gi)r and (hy)g be bounded sequences of
real numbers such that 0 < g, < hg. Assume that there exists C' > 0 such that

/( > (fk(w)—gk))QdMSC > (16)

m<k<n m<k<n
for m,n € N such that m < n. Then, for every e > 0
Do filw)= 37 g+ 0O (n)log? > O(n)),
1<k<n 1<k<n

for p-a.e. w € Q, where O(n) =371, I

Lemma 8. For each ¢ > 0,

n—1 n—1
Y B (Mo fETE) = Y Bu(M; o f5) + 0(0'2(n) log”*** ©(n)),
k=0 k=0

for p-a.e. w € ), where
O(n) = ) (Eu(M; o f5) + |MEluar)- (17)
Proof. Fix w € 2. We want to apply Theorem 2 to

fro =Eo (M7 o fETFY) and g, = Eo,(M] o f5).
11



We have that

m<k<n m<k<n
2
[ (X o7 du,
m<k<n
o ¥ omoen) [(( X mose T )
m<k<n m<k<n
2
(X mosen)
m<k<n
2 2
:/< S ]Ew(M,foffm’““)) duw—( > Ed%?@ff))
m<k<n m<k<n
= 3 [ B T d 1
m<k<n
w2 3 [RAME e FITE) B2 o RITI) d
m<i<j<n
— > Bu(MiofE) =2 > Bu(MPofl) -Eu(M o f)
m<k<n m<i<j<n
<> / (M2 o f1TE Y dp,
m<k<n
w2 3 [BAM e FITE B o RITI) d
m<i<j<n

—2 Y E(MPo fi)-EL(M]o fi).

m<i<j<n

On the other hand, it follows from Lemma 3 that for ¢ < 7 we have

[B0r2 0 BT B8 o BT
) ) 2
:/ Eaiw(hoing) Ofi—i—l . ‘CU]W(hU]wMj) ofj+1 djie,
hyiviy, “ hyitiy v
Loios (i, M?) Lo (hei,M?)
_/( ho“'lw ) |:( haj"'lw ° Ule dMJH—lw
‘Cojw honM'Z i
= /ﬁaiw(hainf) . {(M) < i#1w:| dm

hgi+ig,

;g Cajw hajwM‘2
- /@Z“(hainf)- ( ( ])) dm

h/oj+1w

Moreover,

Ew(MiQ © fZ)) = /Mz2 dﬂ'aiw
12



and
B o f2) = [0 ) = [ dngns = [ 22
[’ajw Mzhajw
:/'Cajw(szhajw) dm:/%duaﬂ‘*lw‘
oitly

Hence,
B2 0 ITE B0 0 ST dp ~ B0 0 £ B (Mo £
Eajw hgjwM-2 Eajw Mghajw
/ £ hgpi?) - ((Eoetlons M) o / MZ djtg,, / EoreMihore) g,
Ngi+iy hgi+iy,

Therefore, it follows from Lemma 1 that

J B2 0 LT B 0 ST dus — Bul(M? © £2) - Eu(M o £2)
'Cajw(Mthij)

haj+1w

< Kpm M lvar-

o

Furthermore,
/Ew(MI? o Al o) dp < EW (M o fE1T5 ) lloo - Bu(M o £5).

Thus, the last two inequalities combined with (18) imply that

[ % moopm - 3 moie )]

m<k<n m<k<n
< Y [ B T
m<k<n
w2 3[R e FITE) B2 o £ITI) d
m<i<j<n
—2 Z w(Mfon})-Ew(Mfofi).
m<i<j<n
< 3 IEL(ME o fATE) o - Bu(ME o £5)
m<k<n
aJw(M'Qhij)
2K el | Riasy | G Y e
2K ) =~ 1M
m<i<j<n o)

which combined with (H2), (3), (6) and Lemmas 6 and 7 implies that (16) holds with
e = B (M © £5) + || M uar-

The conclusion of the lemma now follows directly from Theorem 2. U

5. PROOF OF THEOREM 1

The goal of this section is to establish the almost sure invariance principle by proving

Theorem 1. It is based on the following theorem due to Cuny and Merlevéde.
13



Theorem 3 ([6]). Let (X,,), be a sequence of square integrable random variables adapted
to a non-increasing filtration (Gy,),. Assume that E(X,|G,i1) =0 a.s., 02 := Y ;_ E(X}?) —
oo when n — oo and that sup,, E(X?) < co. Moreover, let (a,), be a non-decreasing se-
quence of positive numbers such that the sequence (a,/02), is non-increasing, (a,/c,) s
non-decreasing and such that :

1.
Y (EXE(Grir) — E(XD)) = o(an)  a.s; (19)
k=1
2.
Za;”E(|Xn|2v) < oo for somel <v<2. (20)
n>1

Then, enlarging our probability space if necessary, it is possible to find a sequence (Z)y
of independent centered Gaussian variables with BE(X?) = E(Z?) such that

n

S XYz

k=1 k=1

sup
1<k<n

= ol(an(llog(0? /an)| +logloga,))?), a.s.

In order to obtain the almost sure invariance principle for the sequence (zﬁekw o M),
k € N we will first apply Theorem 3 for

Xp,=M,of and G,=T].

We note that it follows from Lemma 8 that

n

Y (B(X;|Gr) — E(XP)) = O(by),

k=1
with
b, = OY/2(n) log** O(n), 1)

and where O(n) is given by (17). On the other hand, it follows from Lemma 6 that
©(n) < Dn for some D > 0 and every n € N and therefore (19) holds with

ay = nl/?-‘rd’ (22)
for any d > 0. From now on, we take d € (0,1/2).

Lemma 9. There exists ¥* > 0 such that

n—1 2
1 -
lim —Ew(zwakw o fif) =2 forae weQ. (23)
n—oo 1N o
Proof. Note that
n—1 ~ 2 n—1 ~ ~ A ~ -
Ew(Zwakw o ffj) SRR o 12 Y Bul(fan o £1) (o f2))
k=0 k=0 0<i<j<n—1
n—1 ~ n—1 n—1 ~ _ o
- Z]Ew<¢3kw o fu’j) +2 Z Z Eaiw<¢0iw(wajw o fiz;l))
k=0 i=0 j=i+1

14



Using the skew product transformation 7 from (2), it follows from Birkhoft’s ergodic
theorem that

n—1
1 -
T}Lﬂ;@;%&(%%@f’“ = lgn;onZ/ (T (w, 2)) dpg(x)
= / / (w, 2)? dpg(x) dP(w) = O(w, z)? du(w, x),
QJX OxX
for a.e. w € ), where u is an invariant measure for 7 given by

u(A x B) = / ty(B)dP(w), for A€ F and B € B.
A

Furthermore, set

-3 [ )i ) duta Z / L0l dim.
By (5) and (8), we have
f(p
—p

| LL@ha ) dm' <K2p

for some K > 0 and a.e. w € Q. In particular, ¥ € L'(Q) and thus it follows again from
Birkhoft’s ergodic theorem that

n—1 (%s)

nh_)rrolo - Z U (o'w) /Q\Il(w) dP(w) = Z D(w, ) (T w, ) dp(w, ), (24)

n=1 OxX

for a.e. w € ). In order to complete the proof of the lemma, we are going to show that

n—1 n—1 n—1
i (2 X Bl o 220 - S 9] =0 29

=0 j=i+1

for a.e. w € Q. Using (5), we have that for a.e. w € €,

n—1 n—1 n—1
Zan ¢aw wcﬁw fi; —ZKIJ(UUJ
=0 j=i+1 =0
n—1 oo
= Z Z Eaiw(l/;aiw(qzajw © fiwl - Z Z]E’O”’w 1/10 w wak“w © clfw))‘
1=0 j=i+1 i=0 k=1
oo n—1 oo
< Z Z Ealw wa iy 77[]0’“"'%.1 o fo’ i ‘ = Z / walw )J}ok‘*‘iw dm‘
1=0 k=n—1i =0 k=n—1
1=0 k;zp K p)Q’

which readily implies (25). It follows from (24) and (25) that

n—1 n—1 00
lim =3 3 EalGolborso F) =3 [ 0lea)ir" (. 0) dute. )
et e 0 j=i+1 n=17xX
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for a.e. w € Q and therefore (23) holds with
¥ = (w, ) dp(w, z) + 22 O(w, ) (T (w, ) dp(w, ). (26)
OxX OxX

Finally, we note that it follows readily from (23) that X* > 0 and the proof of the lemma
is completed. O

We now present necessary and sufficient conditions under which ¥2 = 0. We note that
a similar result is stated in [11, (2.10)] with ¢ o 7 instead of ¢ in (27).

Proposition 3. We have that X% = 0 if and only if there exists ¢ € L*(2 x X) such that

b=¢—dor. (27)
Proof. We first observe that
/QXX(E_: (w,z ) dp(w, x)
n—1 i n—1 k-1 ) o
=Y [ B 42X Y [ 0 )i ) i)
k=0 k=1 j=0 /XX
n—1 k-1
= n/ VP (w, z) dp(w, © —1—222 (w, ) (7" (w, x)) dp(w, )
Q><X k=1 j=0 QOxX
— n/ VP w, ) dp(w, © +22 n—k i X@E(w,x)&(rk(u),x))du(w,x),
and thus
[ (Zttwan) dutes
o [ Pwadion) 12 [ i) i)
230k [ )it ) due )

Assume now that 32 = 0. Then, it follows from the above equality and (26) that

/KZXX(Z&OT’C) d“__Q”Z Yot du—2zk Do) du. (28)

k=0 QxX k=1 QxX

On the other hand, by (5) we have that [, . Y(1h o ) dp — 0 exponentially fast when
k — oo and hence, it follows from (28) that the sequence (X,,), defined by

Z@b (w, ) we reX

is bounded in L*(Q2 x X). Thus, it has a subsequence (X, ), which converges weakly to

some ¢ € L?(Q x X). We claim that ¢ satisfies (27). Indeed, take an arbitrary g = 1445,
16



where A € F and B € B and observe that g € L*(Q2 x X) and

| ati-sssen=tm [ oG- X+ Xy 0m)du
QxX =0 Jaxx
= lim g(or™)du =0,
k—o0 QOxX

where in the last equality we used (5) again. Therefore, 1) — ¢ + ¢ o 7 = 0 which readily
implies (27).
Suppose now that there exists ¢ € L*(2 x X)) satisfying (27). Then,

1 1
_ 7y k e
> dort = (o —por)
k=0
and thus
Hinz_l@;mk 6]l 2xx) — O,
X
vn &= L2(QxX) \/_
when n — oco. Therefore, it follows by integratmg (23) over  that
2
= lim H or" = 0.
] N s L2(QxX)
This concludes the proof of the proposition. O

In the rest of the paper we assume that ¥? > 0. We also need the following lemmas.
Lemma 10. We have that
EW(XZXJ) =0, fO’I"i < ]

Proof. By Lemma 2, we conclude that E,(M; o f1|7"!) = 0. Moreover, we note that
M; o f7 is measurable with respect to 7™ and thus

E.,((Mj o fI)(M; o fOITS) = (Mj o fI)EL(M; o fo|T;7) = 0.
The conclusion of the lemma now follows simply by integrating the above equality. [
In what follows, we write a,, ~ b, if there exists ¢ € R\ {0} such that lim,_, a,/b, = c.
Lemma 11. We have that o2 — 00 as n — 00.

Proof. 1t follows from (11) that

3
—_

& Lo fF—G,ofm, (29)

WM?

?
o

and thus,

n—1 2 n—1 2 —
(ZXk) = (Z&U’Cwofj) _2<Gnof£)(2¢akwoff) —|—(GiOf£> (30)
k=0 k=0 k=0
By Lemma 9 and the assumption 32 > 0,

n—1 2
:EM<Z@E0kwofoﬁ;> — 00. (31)
k=0
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On the other hand, it follows from (8), (30) and Lemma 5 that

n—1 2
E. ( > Xk) ~ 72, (32)
k=0

By Lemma 10 and (32), we have that

n—1 n—1 2
2= B =B LX)~ (33)
k=0 k=0
which together with (31) implies the desired conclusion of Lemma 11. O

Lemma 12. There exists ng € N such that the sequence (a,/02)p>n, 1S non-increasing
and that the sequence (ay,/0n)n>n, IS non-decreasing.

Proof. 1t follows from Lemma 9 and (33) that

i
L

02 =Y E,(MZo fF) ~n¥?
0

£
Il

Therefore (22) yields,
nl/2+d pl/2+d

and an/anw W,

and the conclusion of the lemma follows readily from the assumption that d € (0,1/2). O

an/UfL ~

Since the conclusion of Theorem 3 concerns the tails of (a,), and (o,,),, it will remain
valid if the monotonicity hypotheses for (a,/02), and (a,/0,), hold for sufficiently large
n, and those are verified in Lemma 12. Finally, we show that (20) holds with v = 2.

Lemma 13. We have that
> a,”Eu(|X,]*) < oo

n>1

Proof. Since sup,,||M, || < 0o, we have that sup,, || X, ||-c < co and thus

Za;2Ew(|Xn|4) < C’Za;2 = CZ # < 00.

n>1 n>1 n>1

OJ
Now we can conclude the proof or our main result.

Proof of Theorem 1. Using Theorem 3, we obtain the almost sure invariance principle for
tlie sequence (Xg)r = (Mj o fU’j) k- The almost sure invariance principle for the sequence
(Vgry, © fF)1, stated in Theorem 1, now follows from (29) and Lemma 5. O
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