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A QUANTITATIVE INTERPRETATION OF THE FREQUENT
HYPERCYCLICITY CRITERION

R. ERNST, A. MOUZE

ABSTRACT. We give a quantitative interpretation of the Frequent Hypercyclicity Criterion.
Actually we show that an operator which satisfies the Frequent Hypercyclicity Criterion is
necessarily A-frequently hypercyclic, where A refers to some weighted densities sharper than
the natural lower density. In that order, we exhibit different scales of weighted densities
that are of interest to quantify the “frequency” measured by the Frequent Hypercyclicity
Criterion. Moreover we construct an example of unilateral weighted shift which is frequently
hypercyclic but not A-frequently hypercyclic on a particular scale.

1. INTRODUCTION

The notion of frequent hypercyclicity was introduced in the context of linear dynamics by
Bayart and Grivaux in 2006 [1], [2]. This latter is now a central notion in that field and is
highly connected to combinatorics, number theory and ergodic theory. Let X be a metrizable
and complete topological vector space and L(X) be the space of continuous linear operators
on X. An operator T' € L(X) is said to be hypercyclic if there exists x € X such that for any
non-empty open set U C X, the return set {n > 0 : T"x € U} is non-empty or equivalently
infinite. Such a vector x is called a hypercyclic vector for T. Furthermore an operator T
is called frequently hypercyclic if there exists x € X such that for any non-empty open set
U C X, the set of integers n satisfying 7"z € U has positive lower density, i.e.

< : k
liminf#{k_N Ter}>O
N—+oo N

)

where as usual # denotes the cardinality of the corresponding set. Thus the notion of frequent
hypercyclicity extends the classical hypercyclicity and appraises how often the orbit of a
hypercyclic vector visits every non-empty open set. In the sequel we denote by N the set of
positive integers and for any = € X and any subset U C X we set N(z,U) :={n e N:T"z €
U}. Given a subset E C N, we define its lower and upper densities respectively by
#{kﬁN:kEE}anf #{k<N:keE}

dd(FE)=1]
\im inf N (E) = limsup N

d(F) = liminf
In other words, an operator T' € L(X) is hypercyclic (resp. frequently hypercyclic) if there
exists x € X such that for any non-empty open set U C X, the set N(x,U) is non-empty
(resp. has positive lower density). To prove that an operator is hypercyclic we have at our
disposal the so-called Hypercyclicity Criterion (see [4], [L0] and the references therein). In the
same spirit, Bayart and Grivaux stated the Frequent Hypercyclicity Criterion, which ensures
that an operator is frequently hypercyclic [2]. Let us recall it here.
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2 R. ERNST, A. MOUZE

Theorem 1.1. Let T be an operator on a separable Fréchet space X. If there is a dense subset
Xo of X and a map S : Xo — Xo such that, for any x € Xy,
+oo
(i) Z T"x converges unconditionally,

n=0
—+00

(ii) Z S"x converges unconditionally,
n=0
(iii) TSz = x,
then T is frequently hypercyclic.

We already know that the above result does not characterize frequently hypercyclic oper-
ators. Indeed Bayart and Grivaux have exhibited a frequently hypercyclic weighted shift on
¢o that does not satisfy this criterion [3]. A natural question arises: what does the Frequent
Hypercyclicity Criterion really quantify? In order to answer this question, Bes, Menet, Peris
and Puig recently generalized the notion of hypercyclic operators by introducing the concept
of A-frequent hypercyclicity, where A refers to a family of subsets of N satisfying suitable
conditions [8]. In particular, A has to satisfy the following separation condition:

A contains a sequence (Ay) of disjoint sets such that for any j € Ay, any j' € Ap, j # j',
we have |j' — j| > max(k, k).

In this abstract framework, they also obtain an A-Frequent Hypercyclicity Criterion and

prove that the Frequent Hypercyclicity Criterion has very strong consequences in the sense
that if T satisfies the Frequent Hypercyclicity Criterion, then T also satisfies the A-Frequent
Hypercyclicity Criterion for any suitable family .A. Bonilla and Grosse-Erdmann also studied
specific notions related to the concept of A-frequent hypercyclicity in the article [7].
On the other hand, the notion of frequent hypercyclicity measures the frequency and the
length of the intervals when iterates of a hypercyclic vector visits every non-empty open set
in a very specific way, that is given by the natural density. Actually, there are many types and
notions of densities different from the natural one. Our goal is to give quantified consequences
to the Frequent Hypercyclicty Criterion in terms of weighted densities. To that purpose, we
consider a special kind of lower weighted densities, generalizing the natural one but sharper
than this one, by using the formalism of matrix summability methods. For such a matrix A,
we use the concept of A-density and A-frequent hypercyclicity (see Definitions and
below). These general densities were already used in the context of linear dynamics to study
frequently universal series [11]. In the present paper, we show that the Frequent Hypercyclicity
Criterion gives a stronger conclusion than frequent hypercyclicity, that we quantify thanks
to explicit weighted densities on different scales. We refer the reader to Proposition [3.5
and Theorem below. Therefore an operator which satisfies the Frequent Hypercyclicity
Criterion is necessarily A-frequently hypercyclic, where A refers to some weighted densities
sharper than the natural lower density.

Let us return to the formalism of A-frequent hypercyclicity. For instance A could be a
family of subsets with positive given lower weighted density satisfying the aforementioned
separation property. However from [8], there is an underlying question: does there exist a
frequently hypercyclic operator not being A-frequently hypercyclic? We give a positive an-
swer by constructing an unilateral weighted shift on ¢y which is frequently hypercyclic but
not A-frequently hypercyclic with respect to some A-densities covered by the criterion (see
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Theorem below).

The paper is organized as follows: in Section [2] we introduce some densities that will be
of interest in the sequel and some properties on these densities. Section [3]is devoted to an
improvement of the Frequent Hypercyclicity Criterion for a certain scale of weighted densities.
In Section [d] we modify this proof in order to obtain a stronger result to the criterion. Finally
in Section [5| we exhibit a new example, inspired by [5], of an operator which is frequently
hypercyclic although it does not satisfy the Frequent Hypercyclicity Criterion. To ensure
this latter property, we will show that this operator is not A-frequently hypercyclic for some
suitable matrix A.

2. DENSITIES: PRELIMINARY RESULTS

In this section, we state some definitions and results we shall need throughout the paper.
Let us first introduce the concept of summability matrix and its connections with some kind
of densities on subsets of N.

Definition 2.1. A summability matriz is an infinite matrix M = (m,, ;) of complex numbers.

Let us recall that, if (z,) is a sequence and M = (m,, ;) is a summability matrix, then by
Mz we denote the sequence ((Mx)1,(Mx)s,...) where (Mz),, = > 42 m, pzr. The matrix
M is called regular if the convergence of x to ¢ implies the convergence of Mx to c. By a
well-known result of Toeplitz (see for instance [12]), M is regular if and only if the following
three conditions hold:

(z) lim my, =0, for all k € N,
n——+00

.) () M ) k=1

(131) sup, Zkzl My, k| < 00.
Freedman and Sember showed that every regular summability matrix M with non-negative

real coefficients defines a density d,, on subsets of N, called lower M-density [9].

Definition 2.2. For a regular matrix M = (m, ) with non-negative coefficients and a set
E C N, the lower M-density of E, denoted d,, (E) is defined by

dy(E) = hmmmen r1e(k

n—+oo

and the associated upper M-density, denoted by dys(F), is defined by
dy(E)=1—dy;(N\ E).

Remark 2.3. For a non-negative regular matrix M = (my, ), Proposition 3.1 of [9] ensures
that the upper M-density of any set F C N is given by
+o00
dy(E) = limsup Z mp kLE(K).

n—+400 =1

Let (a)k>1 be a non-negative sequence such that Y _; o — +00 as n tends to oo. Then,
we deal with the special case of A-density where we write A = (ak/ Z?Zl ozj) , when A =
(o i) With g, = ag/ Z?Zl aj for 1 <k < nand ay,, = 0 for k£ > n. It is easy to check that
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A is a non-negative regular summability matrix. In summability theory the transformation
given by x = (z,,) — Az is called the Riesz mean (A, ;). Here the associated A-density can
be viewed as a weighted density with respect to the non-negative weight sequence (o )g>1.

Definition 2.4. A summability matrix A = (ak / Z?Zl ozj) as above will be called an ad-

missible matrix. We define its summatory function ¢, as follows: ¢, : N — Ry, p4(n) =

> k<n k-

Example 2.5. (1) If oy, = 1, kK = 1,2,..., then the summability matrix A is the well-
known Cesaro matrix and d4 is the natural lower density.

(2) Ifax =1/k, k=1,2,...,d, is the so-called lower logarithmic density, which is derived
from the well-known logarithmic summability method. We have ¢, (k) ~ log(k), as k

tends to +oo0.

(3) The special case a = k", r > —1, for k = 1,2,..., generalizes both the natural
density (r = 0) and the logarithmic density (r = —1). Clearly we have (k) ~ lf%ll,
as k tends to 400, when r > —1.

(4) Ifa, =¥, 0<r <1, for k=1,2,..., an easy calculation gives ©, (k) ~ ?ekr, as
k tends to +oo.

(5) If oy, = €F, for k =1,2,..., then po(k) ~ —%7€¥, as k tends to +oo.

(6) If &y = 1 and oy, = F/18"(®) > 0, for k = 2,3,..., a summation by parts gives

©alk) ~ log" (k)ek/1°8" (%) " as k tends to +oo.

(7) Let hs be the real function defined by hs = log . log®, with log(®) = logolog - olog,
where log appears s times. If ap = ek/hs(k) 1 e N, s > 2, for k large enough, again a
summation by parts gives pq (k) ~ hg(k)e?/?s(*) as k tends to +oo.

In the following sections, we shall use the following definitions connected to Example
Definition 2.6. We denote by
(1) C, the admissible matrix C, = (kr/ > e j’”) , > —1;
(2) A, the admissible matrix A, = (ekT/ > et ejr) , > 0;
(3) By the admissible matrix B, = (ay/> 7_; ;) with ag =1 and oy, = ek/1oe" (k) - for
k>2,r>0;
(4) Let hy be the real function defined by hy = log.log!®), with log!® = logolog--- o

log, where log appears s times. We denote by Es the admissible matrix By =
(a/ d27—1 aj) with ay = ek/hs(k) for k large enough and s > 2.

For any subset £ C N, we can write E as a strictly increasing sequence (ny) of positive
integers. It is well-known that d(F) = liminfg_, n—i which allows to deduce the following
simple fact: d(E) > 0 if and only if the sequence (%) is bounded [10]. The following lemma
extends this remark to suitable A-densities.

Lemma 2.7. Let (o) be a non-negative sequence such that ), oy = +00. Assume that
the sequence (an/ 3 7_) o) converges to zero as n tends to +oo. Let (ng) be an increasing
sequence of integers forming a subset E C N. Then, we have

k
d4(E) = liminf <Zj:1 anj) )

k—+o00 2?21 o7
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where d 4 is the A-density given by the summability matriz A = (cu/ > 7 a ).
Proof. Let us consider ny < N < ngy1, then

k+1 k k
E +1 Qn, Onpyr 2j=1 n; Z”]'SN O Z =1,

YDA TID D PRI Dty VD DN B D ST

Thus, we deduce

k
ns Qi i—10n;
d,(E) = liminf Ln O\ % .
N—+oc0 Z;Vﬂ o k—4-o00 Zjil Q;
O

In the present paper, we are mainly interested in sharper A-densities than the classical
natural density. From this point of view, the following lemma gives some conditions to ensure
that the sequence () leads to a sharper density.

Lemma 2.8. Let (oy) and (By) be non-negative sequences such that Y .y on = Y pen Br =
+00. Assume that the sequence (au,/By) is eventually decreasing to zero. Let A = (ay/ > 7, o)
and B = (Br/ Y_j—; Bj) be the associated admissible matrices. Then, for every subset E CN,
we have

dp(E) < da(E) < da(E) < dp(E).
Proof. Let E be a subset of N. For every n > 1, let us define A%(n) = > 7, apLg(k) (resp.

A%(n) =Y p_1 Bklg(k)). In particular, one may observe that A{ = . Now, let N > 1 be
an integer such that the sequence (oy/Bk)k>nN is decreasing. Then for every n > N + 1, we
have

Z aplpg(k) = Z Aﬂ (Bk ()ék+1> Aﬁ( )5n Aﬁ( )ozN+1

Moot Moo Br+1 BN+1

_ - A%(k’) O Qg4 A%(”) Qup, B QN+1
- k:%:ﬂ (k) 7’ (k)<5k ﬁk+1>+90ﬁ(”) ()/3n Ap(V )5N+1.

Moreover, since (ag/fk) is a non-negative decreasing sequence and Y | ay = 400, we deduce

da(E) = hmsup[ (Zak]lE > aﬂE(@)]

n—+oo X , k=N-+1 ,
— limsu )1 « AE(k) Qg Qg4 AE(”) n Qn
- 1"_”’0‘? [((Pa( ) (k %1 ep(k) es(k) <5k 5k+1> " pp(n) i )5”>]
AB (k) — Qpt1 Qn
= N <90/3(k)> lilgilif [ ( %: <Bk ﬁk+1> - wﬁ(ﬂ)ﬁn)] .

Since Sp-hs1 2a(k) (4 — 52 + wa(n) G = wa(N + P + iy pp o, we get
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Hence letting N — +00, we obtain da(F) < dg(E).
The other inequality is obtained using the relations d4(E) = 1 — da(N\ E) and dg(F) =
1—dp(N\ E). 0

From now on, we are interested in densities given by special admissible matrices given in
Definition In this case, Lemma [2.8] leads to the following inequalities.

Lemma 2.9. For every subset E C N and for any 0 <r <1, 0<s<s <1, 1<t <t
2 <1<, we have

da,(E) = dp,(E) <dg (E) < dp (E) < dp,(E) < dp, (E)

and

dp,(E) <dy ,(E) < dy (E) <dc ,(E) <dc, (E) < d(E).

Moreover, observe that a subset E of N possesses a strictly positive natural lower density
if and only if it has a strictly positive lower C,-density, for any r > —1.

Lemma 2.10. Let r > —1. Then, for every subset E C N the following assertions are
equivalent

(i) de, (E) > 0,

(i) d(E) > 0.

Proof. Let (ng) C N be the increasing sequence of elements of E. We divide the proof in two
cases.

Case r > 0: Lemma gives do (E) < d(E), hence (i) = . For the other implication,

assume that d(F) > 0. This means that the sequence (n]—J) is bounded (see Lemma . We

deduce that there exists an integer M > 1 such that for every k € N, k < np < Mk and

Nk MEk 1 41
, ‘ (MEk+ 1)+ 1 (E+1)"
"< T~ <M L
Z‘J - Zj - r+1 - r+1
7j=1 7=1
Using the fact that Z§:1 T~ ’f:ll ~ (kt}r)lr i , as k tends to +oo (cf Example i we deduce

that there exists C' > 0 such that
ng k
er < OMT+1 Z]r
j=1 Jj=1
Therefore we have

N k

er < CM™ ! Z(nj)r

j=1 j=1
Z?:1("J’)T

and lim infy_, 4 o (znkr> > 0 which is sufficient to conclude thanks to Lemma

j=17J
Case —1 < r < 0: As in the previous case, Lemmagives the implication = (|z) because
de, (E) > d(E). For the converse, assume that do (£) > 0. According to Lemma there

exists C' > 0 such that
ng k
S eey
j=1 j=1
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Using the inequality j < n; and since r < 0, we get

k
(nk+1)r+1 kr—i—l 1
< < — 1].
r+1 r—i—l_zj CZ”J = 2_: 1l

The positivity of 7 + 1 now ensures that the sequence (%’“) is bounded and d(FE) > 0. g

Finally let us also extend the definition of frequently hypercyclic operators using the general
notion of A-densities introduced before.

Definition 2.11. Let A = (ak/ > i aj) be an admissible matrix. Using the notations of

Section 1}, an operator T' € L(X) is said to be A-frequently hypercyclic if there exists z € X
such that for any non-empty open set U C X, the set N(x,U) has positive lower A-density.

3. FREQUENT HYPERCYCLICITY CRITERION: CLASSICAL CONSTRUCTION

According to Lemma [2.10] a frequently hypercyclic operator is necessarily C,-frequently
hypercyclic for any » > —1. So, even if this is obvious, the Frequent Hypercyclicity Criterion
allows to obtain the B,.-frequent hypercyclicity too. A careful examination of the well-known
proof of this criterion leads to a more precise result. Indeed, in the classical proof of the
Frequent Hypercyclicity Criterion the following constructive lemma plays a prominent role |10,
Lemma 9.5].

Lemma 3.1. There exist pairwise disjoint subsets A(l,v), l,v > 1, of N of positive lower
density such that, for any n € A(l,v) and m € A(k, p), we have that n > v and

In—m|>v+4p if n#m.

The proof of this result is based on a specific partition of N using the dyadic representation

n = J -0 % a2 = (ap,ay,...) of any positive integer. Actually the authors define the sets
I(l,v), l,v > 1, as the sets of all n € N whose dyadic representation has the form n =
(0,...,0,1,...,1,0,%) with [ — 1 leading zeros, exactly followed by v ones, then one zero and

an arbitrary remainder. Let 6y = v, if k € I(l,v) for some [ > 1. Then they construct the
following strictly increasing sequence (ny) of positive integers by setting

k—1
nk:225i+6k, k>1.
=1

This construction clearly ensures that for any integers i, j, with ¢ # j, the separation condition
stated in Lemma [3.1] holds, that is

|7’Li *n]’| Z 51 Jréj.

Finally they define the sets A(l,v) = {ni;k € I(l,v)} and they prove that these sets have
positive lower density since (ny) does and the sets I(l,v) are arithmetic sequences. Actually
we are going to prove that the sequence (ny) has positive lower Bs-density. To do that,
we start by giving an exact formula for this sequence that will allow to obtain easily its
asymptotic behaviour. We obtain the following result, whose proof will be given later (see

Lemma (4.8 below).
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Lemma 3.2. If k =2" + Z;:ol ;2" with a; € {0;1} for every 0 <i <n — 1, then

ng = 4k — 2 ZL,‘(i-f-l) — Ok,
i€l
where Ij, stands for the set of integers i such that «; is the first non-zero integer of a block
(of consecutive non-zero coefficients) having length L; in the dyadic decomposition of k.

From this lemma, we deduce the following estimate using the same notations.

Proposition 3.3. The sequence (ny) satisfies the following estimate nj, — 4k = O(log?(k)).

Moreover this estimate is optimal in the following sense: there exists an increasing sub-
ny.—4\;
J

J
converges to a non-zero real
log?(A;) g

sequence (\,) of positive integers such that the sequence
number.

Proof. According to Lemma we have, for k = 2! + Zﬁ;(l) ;2" with o; € {0;1} for every
0<i<i—1,

ng =4k =2 Y Li(i+1) | =,
i€l
where I, = {i € N; a; # 0 and o;—1 = 0}, with the conventions a_; = 0, oy = 1 and for
i € I, Lj = min{j; oj;; = 0}. Obviously we deduce
n, < 4k — 2logy (k) — 1.
Notice that we have the equality nj, = 4k — 2(logy (k) + 1) — 1 for k = 2.
On the other hand, we can write

S Lii+1) = > Ly +1),
icly i1 <ig <+ <im,
where I}, = {iy <iz < -+ <y, }. Observe that we have
in+Li, +1 <ipy; forn=1,...,mp—1 and Limk =1l —ip, +1.
Since i, <1, we get

mg—1
S Lyl < [ S (= G+ D)+ 1) | AT — i) +1) < (412
i1 <ig<<im, j=1
By construction we have
Since logy (k) <1 <logy(k) + 1, we conclude

4k — 2(logy (k) + 2)2 — logy (k) — 1 < ny < 4k — 2logy(k) — 1

and the estimate nj, — 4k = O(log? k) holds. Finally let us consider \; = {:0 22l An easy
calculation gives
J
ny, =4N —2) (204 1) - 1=4); — 2% — 45 - 3.
=0

: 4
Since \j = (471 —1)/3, the sequence (m

—i_") converges to a non-zero real number. O
log=(A;)
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We now prove that the sequence (ny) constructed above not only has positive lower density
but has also positive lower Bo-density.

Lemma 3.4. We have dg,((nx)) > 0.
Proof. Using @ from Example we have
k- gnj/log?(n;)
C el J
dp,(ng) = liminf ( 2= ) .

k—+o0 ]0g2 (nk)enk/10g2 (nk)

According to Proposition there exists a constant C' > 0 such that, for N large enough,
Sk yera/logtng) sk (i=Clog?(7)/ log (4j=Clog*(7))
10g2 (nk)enk/ log?(ng) — 10g2(4k)64k/ log? (4k)

A summation by parts gives

k . 1 20 ; 1 2 . 1 20 ; 10g2(k) 1 2 1 2 1 2
Z e(41—Clog"(j))/ log®(4j—Clog*(5)) ., Te(4l<¢—0 og”(k))/log”(4h—Clog™(k) 45 k — +00.
j=N

Finally, a similar computation as those needed for Example yields
Z?:N e(4i—Clog?(y))/ log?(4j=Clog?(s))  —C .
10g2(4k)64k/10g2(4k) ~ 4 9 as — +OO7
which finishes the proof. O

Lemma [3.4] allows us to show that the Frequent Hypercyclicity Criterion gives a strength-
ened result.

Proposition 3.5. Let T be an operator on a separable Fréchet space X. If there is a dense
subset Xg of X and a map S : Xog — Xo such that, for any x € Xy,
+oo
(i) ZT":C converges unconditionally,

n=0
“+00

(ii) Z S"x converges unconditionally,
n=0
(iii) TSx = x,
then T is Bo-frequently hypercyclic.

The proof of this result is the same as the classical proof of the Frequent Hypercyclicity
Criterion. Indeed, from Lemma we can deduce that the sets A(l,v) not only have positive
lower density but even have positive lower Bs-density. We won’t detail the proof here because
we will prove a stronger result in Section

Thanks to Lemma [2.9) one may actually deduce the following corollary proving that the
scale defined by matrices A, is not fine enough to exhibit the limit in term of densities of the
Frequent Hypercyclicity Criterion.

Corollary 3.6. Under the assumptions of the previous proposition, the operator T is A,-
frequently hypercyclic for every 0 <r < 1.
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The previous result proves that for any 0 < r < 1, the A,-frequent hypercyclicity phenom-
enon exists and is even common. On the other hand, one may also notice that the geometric
rate of growth (i.e. 7 = 1) is unreachable in terms of dynamics. More precisely, we have the
following result.

Proposition 3.7. There is no Ai-frequently hypercyclic operator.

Proof. We argue by contradiction. Assume that T is a Aj-frequently hypercyclic operator on
a Banach space X and z is a Aj-frequently hypercyclic vector. Let also U be a non-empty
open subset in X. Then, by definition and with Example we get

ek

0 <liminf > ——Tye (k) =liminf(1—e™ ) > N1 (k).
N—+o0 P Zj:l el N—+o0 hN

Moreover one may remark that asserting that this limit is non-zero implies that the set

N(z,U) has bounded gaps. Indeed, if one suppose that N(z,U) has unbounded gaps then

there exists a sequence (NN;) and a sequence (p;) tending to +oo such that for every i € N,

{N; —p; +1; N; —p; +2;...; N;} N N(z,U) = (. This gives

o -1 k—N; o -1 k—N; . —p;

i < [ — Di —

0< 1Z1m_&nf(1 e ) g e ]lN(sz)(k:) < 1i1m+1nf(1 e ) g e =. h+m e 1=0
k<N; k<N;—p;

and this contradiction shows that the set N(z,U) has bounded gaps. Let us denote by M an
upper bound of the length of these gaps. It suffices to choose V' so far from the origin such
that the norm of T forbids T*(U) from intersecting V' for k < M. This means that the orbit
of x will never reach the open set V' contradicting the A;-frequent hypercyclicity of x. g

On the other hand, observe that the following result holds.

Lemma 3.8. For every 0 <r <1, dg (ng) = 0.

Proof. We have to estimate the following limit

SoE_ ) eniflog" () )

nk+171 i/lo (5
Zj:l ed/ log" (4)

d = lim inf
dg, (ny) = lim inf <

Remark that by definition of dj, there exists an increasing sequence of integers (A\g)ken
such that ny, 41 —ny, —1 =109\, =k +1 ~ logy(A), as k tends to oo (consider for example
e = 251 — 1), Then,

o ?L eni/log" (nj) o Zﬁiﬁ i/ 1og" (j)
dp, (i) < légfg 1L i 10gm () = %%i{.lf 1L log” ()
E]’:l € Z]’:l e

Using the estimate @ from Example and the one from Proposition we get:
( logr(n,\k)emk/logr(mk) )

log” (nx, 41 — 1)enxk/10gr(n/\k)

< lim inf e™ /108" (na, )= (nx, +6x,)/ log" (nx, +6x,)
T k—+oo

d < liminf
d, (k) < jim fof
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We begin by studying the term in the exponent

D)\
ny, _ ny, + (5)\k _ N, - log (1 + nAk> _ <1 n 5,\k>
log"(ny,) log"(ny, +0y,) log" (ny, +9dy,) log(ny,)

which reduces to the following thanks to a Taylor expansion:
i (s 1) o (i)
—1)4+o| ——2——].
log” (n, + 0,) (10g(mk) log"*" (ny,)

Now combining the estimate Jy, ~ log,(Ax) as k tends to oo with the one given by Proposition
we deduce that 0y, /log' " (n,,)—0, as k tends to co. Hence we get

gt
nxy, /log" (na, )—(na, +0x, )/ log" (na, +0x,) elog’"("kaAk) log(nx,) 0.
k—+o00

This proves that dg (n) = 0. O

e

Notice that Proposition [3.3] combined with Lemma [3.8] do not allow us to conclude to the
B,-frequent hypercyclicity or not in the Frequent Hypercyclicity Criterion for 1 < r < 2.

4. FURTHER RESULTS

In this section, we are going to improve the conclusion of the Frequent Hypercyclicity Cri-
terion given by Proposition To do this, we will modify the sequence (nj) used in the
proof of Lemma[3.1]to obtain a new sequence possessing a positive A-density for an admissible
matrix A defining a sharper density than the natural density.

Throughout this section, (a,) will be an increasing sequence of positive integers with a; = 1.
Using this sequence we define the function f : N — N, by f(j) = mforall j € {am,...,ams+1—
1}. In the spirit of the sequence studied in the previous section, we also define the sequence
(nk(f)) by induction:

ni(f) = F(1) = 1 and ng(F) = n_1(f) + F(0_1) + F(0%) for k> 2.
Clearly we obtain the following equality, for all k > 2,

k—1
(4.1) ni(f) =2 F(6:) + f(0k).

i=1
Let us notice that, if we set a,, = m for every m > 1, then the corresponding sequence (ng(f))
is the sequence (ny) of Section |3| From now on, we will omit the notation f in (ng(f)) for
sake of readability. Our purpose is to compute an exact formula for the new sequence (ny) to
understand its asymptotic behavior. First of all, we obtain an expression for the subsequence
(ngam ).

Lemma 4.1. For all m € N, we have

m
1
Ngam = 20m+1 Z a1 2m + 1.
=1
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Proof. Set Agm) ={0<1<2% —1: ¢ = j}. First let us observe that we have, by definition,
for every 1 < j < ap,
2em
Ngem = 2 Z F(Ok) + f(S2am) = 2Zf YHAT 4 F(Gaem).

7=1

Thus it suffices to compute the cardinal of the set Ag-m). It easily follows that #Agm) =

1+yims I=1 gam—j—i, Indeed, we separate the case when the first block of ones in the dyadic
decomposition of [ ends on 2%»~! and the case when the first block of ones ends before. In
the first case, we have no choice, there is only one possibility but in the second case we have
a certain number ¢ of zeros at the beginning, then the first block of ones, which is of length j,
then one zero (because the first block of ones has to be of length j) and then we have 2%m 7~
possible choices as shown below.

length am+1

(0,0,...,0,1,1,...,1,1,0,%,%,...,%%,0,0,...).
—_——— —— o
length ¢ length j+1

A quick calculation leads to #Ag =1+> —J=1lgam—j~i — 9am—j_Therefore we get

am am
Ngam =23 ()27 4 f(620m) =2 f(7)2° 7T 4+ 1.
j=1 j=1
Now we use the link between the values of f(j) and the position of j compared to the sequence
(am) to compute the sum:

am

Ngem =23 f(j)2m 7 41

j=1
am—1

=20 N f(§)27 - 2m 4 1
j=1

Let us now split the sum according to the values of f(j):

m—1 fait1—1

ngam = 20" FEN LN f()27 | 4 2m 41
= Jj=a;

ai+171

-1
:2am+1mzz' Z 277 | +2m+1

Jj=a;

1

_ 2am+1 Z <2a1—1 — 2ai+11> + 2m + 1

— 9am+1 Z 2@‘—1 —2m + 1.
i=1

We strengthen the previous lemma as follows.



A QUANTITATIVE INTERPRETATION OF THE FREQUENT HYPERCYCLICITY CRITERION 13

Lemma 4.2. Let m € N. For every q € N such that ¢ < an, — am—1, the following equality
holds

m—1 1
Ngo-g = 2070 Y T = 2(m = 1) + 1.
j=1

Proof. This proof works along the same lines as the proof of Lemma [£.I] Thus, we adapt the
preceding proof. It yields

PALCEE R |

Noam—q =2 Z f +f 62am q)

am—q
oS e 11
7=1
m—2a;y1—1 am—q
— gom—atl Z o2+ Y (m 41
= Jj=a; Jj=am-1

m—1
1
— 9am—q+1 Z 30T~ 2(m—1)+ 1.
j=1

0

Lemma 4.3. For k=2"+ """ 2 ;20 with a; € {0;1}, 0<i<n—2, and (ap, ..., an_2) #
(0,...,0), we have

1=2"41

For k =2" + 2"~ 1+ZZ 00412Z with o; € {0;1}, 0 <i <n—2, we have

Ng—on = 2 Z f(6i) = f(Ok—2n) — 2(f(L) — 1) + 2f(dk),

=2"n41

where L is the length of the block of one’s containing the coefficient one of 2™ in the dyadic
decomposition of k.

Proof. We begin by proving the first assertion. We have

Since k = 2™ 4+ ZZ 0 0@2 , observe that for all 2" +1 < ¢ < k — 1 the dyadic decomposition of
i contains a one for some 2! with 0 <1 < n — 2 and the coefficient of 2"~ is zero. Therefore,
the first block of ones in the dyadic decomposition of i does not contain the coefficient of 2.
Thus, for every such 2" + 1 <1i¢ < k — 1, we have §; = §;_on. This proves the first part of the
lemma since 6 = J_on.
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To prove the second assertion, we begin by observing that
k—1
2 ), f6)=2 Z 1 (8) = 21 (3)-
i=2n+1 i=2n+41

Then, as above if the index 4 is such that the coefficient of 2" does not belong to the first
block of ones (in the dyadic decomposition of i) then §; = §;_on. On the other hand, if the
coefficient of 2" belongs to the first block of ones and since we have a,—1 = 1 then ¢ has to
be of the form i = Y7 2"~ for p € {1,...,L — 1} and §; = §;_on + 1. Now let us pick a
particular index % of the form i = ?:0 2"~ with p € {1,...,L —1}. We consider two cases:
Case 1: for every j € {2,..., f(L)}, we have p+ 1 # aj. Then we have f(;) = f(p+1) =
F(05 = 1) = F(5;om).

Case 2: there exists an integer j € {2,..., f(L)} with p+1 = a;. Then we get f(d;) = f(a;) =

= f(éz — 1) +1= f((sz_gn) + 1.
Finally we deduce

k—1 k—2"
2 ) f(6i) =2 Z F(6:) = 2 (6) —2<Zf f<L>—1>>—2f<6k>

=241 i=2n 41
= ng_on + f(Ok—2n) +2(f(L) = 1) = 2f (k).

From Lemma [£.3] we deduce the following result.

Lemma 4.4. Let L be any non-zero integer and q be an integer. If k = Z]L;ol 207 + k' with
0 <k <2971 then either k' #0 and

L—1 L
ne=np+ > noers +2 Y (f(F) -
j=0 Jj=2
ork' =0 and
nk—zn2q+1+22 _1 +L— f( )

Proof. We proceed by induction on L. For L = 1, set k = 29+ k. First, observe that if ¥’ = 0,
the result is clear by Lemma So assume that 0 < &k’ < 29~1. We divide n;, into two sums

29-1
nkz( Zf +f52q)> ( f(820) +2 Z f(8i +f6k>>

1=29+41

It suffices to apply Lemma [£.3]to obtain

Nk = N9g + f((52q) +ng =noc + 1+ ny
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and we have the desired conclusion. Now choose L > 2 and suppose that the result holds for
every integer [, with 1 <[ <L —1. By Lemma [£.3] we get

ng = Z f "‘ f 5k
2q+L 194 k—1
= Z f(6:) +2f(dgq+2-1) + 2 Z f(8:) + f(0k)

§=29+L—141
= Ngg+1—1 + [(Ogq+2-1) + Mg _gqrr—1 + f(O_ge+2-1) + 2(f(L) — 1) — f(6x).

We have f(d9+2-1) = 1. Moreover suppose that 0 < k' < 297! then the block of ones
containing the coefficient one of 24t ~1 is not the first one, thus 6 = 6 = 0j_ge+2-1. Using
the induction hypothesis, we obtain

ng = n2q+L—1 + Ny _gq+L—-1 + 2(f(L) — 1) +1

_ny+§:nwm+2§: ) =1 +L—1+ngr-1+2(f(L)—1)+1

=ng + Z Nga+i + QZ(f(J) -
=0 J=2

On the other hand, in the case ¥’ = 0, the induction hypothesis gives
Nk = Nogrz—1 + 1+ ny_oerz—1 + f(L—1)4+2(f(L) — 1) — f(L)

L—2 L—-1
=Y e +2) (f() -1+ (L-1)—f(L-1)
j=0 =2

+n2q+L71 +1+ f(L-1)+2(f(L)—1)— f(L)

—Ejnyﬂ+2§: )= 1)+ L — f(L).

This completes the proof. O
From Lemma [4.4] we immediately get the following result since f(1) = 1.

Lemma 4.5. Let Ly, ..., L, be non-zero integers and q1, . . ., q. be integers such that ¢; + L; <
giy1 foreveryl1 <i<r—1. Fork=>y_, ZL;'_l 247 we have

r L;—1 r
5 9D SERUEED 3 VTR S}
i=1 j=0 i=1 j=1 =1

We are ready to obtain a general formula for the sequence (ny). Let us introduce some
notations.

Notations 4.6. Let Lq,...,L, be non-zero integers and qi,...,q, be integers such that
qi + L; < qiq1 for every 1 < i <r — 1. We define the integers m;, ¢;, s; and p; as follows:

(1) m; is the greatest integer such that a,, < ¢; + L; — 1,

(2) ti=q+Li—1—am,
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B)pi=#{leN:l<m;and ¢; <a; < ¢+ L; — 1},
(4) Si:Li_l_ti_(ami —ami_pi).

To understand these notations, we give the following representation.

24 = Q%mi—pi— i 20mi—p; cee Qam;-1 Qm; -+ Qumitti — 9di+Li=1

Now we state an explicit formula for the sequence (ng(f)). This will allow us to obtain a good
asymptotic formula for this sequence.

Lemma 4.7. Using the notations , fork=>%_, Z]L;Bl 29i%7 we have

> o [pi—1l [Omi—uT%m;—(ut1) ' +00 1
wn-2(Ya) X (T X e (XL
=1 i=1 u=0 Jj=1 l=m;—u
t; ) +o0 1 S +o00 1
+ Z 2(Zmi+]+1 Z 2(”71 + (Z 2ami_pi l+1> Z 2(”71
7=0 I=m;+1 =1 l=m;—p;
r ami+ti L;
=23 1 D> fG) =D fG) ) - fL).
=1 \Jj=am;—p;,—Si 7=1

Proof. We only prove the lemma for ¢; < L;, the other case being similar but simpler. We
use the notations (4.6) to write

L;—1 L;—1 t; Li—1—s;—t; S
(4-2) g Noq;+i = E Ngam,; +t;—j = E Ngam;+j T E Ngam;—j T E Noam;—p; =i+
Jj=0 Jj=0 Jj=0 Jj=1 Jj=1

It remains to compute these three sums. We begin by the second one, dropping for the
moment the index ¢ for sake of readability. Using Lemma we write

L—1—s—t p—1 Cm—u"Cm—(u41)
RIS SES SR
j=1 u=0 7j=1
p—1 Am—u—0m—(u+1) m—(u+1) 1
_ Z Z 9m—u—j+1 Z ST 2(m— (u+1))+1
u=0 j=1 =1

Thus, we deduce

L—1-s—t p—1 [Om—u—0m_(ut1) m—(u+1)

z;) Noam—i = Z Z 20m—u=j+1 Qazlfl
j=

u=0 j=1 =1
p

-2 Z(m = U)(Ap—(u—1) = Om—u) + L — 5 —t.

u=1

(4.3)
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In the same spirit we compute the first and third sums as follows

t t m
, 1
(4.4) E Noam 4+ = § 2am i+l <§ 2all>—2m(t+1)+t+1
=0

j=0 =1

and

m—(p+1)

S S
1
J— m—p—I+1
(4.5) jEZl Nogam-—p—i = (;_1 20m—p ) E Qa1 |~ 2(m—(p+1))s+s.

=1

Moreover since we have by definition t; < an,,, — am, and s; < @m;—p, — Am;—p,—1, When
we gather equations (4.3)), (4.4) and (4.5)), we have to compute the following sum:

S 0me = 0) @ty — ) s+ 1) + (i — i+ 1)),

u=1
pi Gm;—(u—1)"0m;—u—l t; S
(4.6) :Z Z f(@m;—u +j)+2f(ami+j)+2f(ami—pi_j)
u=1 =0 =0 j=1
ami“l‘ti

= > fO)

J=Am;—p; —Si

Thus thanks to Lemma and the equations (4.2)), (4.3)), (4.4), (4.5), (4.6]), we deduce

r L;—1 r L r
me= > mguns +2) > f(G) =Y Li— f(L)
i=1 j=0 i=1 j=1 i=1

)

r [pi—1 [Omi—u=Gm,—(ut1)

m;—(u+1
— E E E 2a7nifu_j+1 E
i=1 \ u=0 j=1 =1 j=0
am; +t;

S; m;—(pi+1) 1
A —p; —l+1 _
=1 =1

r

+2Zif(j)—ZLi—f(L1).

i=1 j=1

ti mg
LI g, +i+1 <Z 1 )
2a171 2(1[71

=1

J=Am;—p; —Si

We remark that a ), ; L; comes out from the first sum and cancels the term lying in the
end of the preceding equality, we also gather the sums over f(j) and we get:

T pi—1 [Om;—u=Cm;—(u+l) m;—(u+1) 1 t; m; 1
— ami—u_]‘"!‘l Z am; +j+1 Z
m=2 | 2 2. 2 =l Rl DR T
i=1 u=0 j=1 =1 j=0 =1

s m;—(pi+1) 1 T L; am; +t;
+<22am_m_l+l) PO | - G| - .

=1 =1 i=1 \j=1 =, —p; —Si
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Then, we express the partial sums le\il 26”%1 as the series minus its remainder of order N
which yields:

o g r o fpi—1l [Omi—uT%m;—(ut1) ti Si
— am;—u—Jj+1 Z ami+j+1 Z m;—p; —1+1
me= g | 2 (X >, LPIEAEED D
=1

=1 =1 u=0 7j=1 7=0
I8 pi—1 (lmifu_am,i—(u-&-l) +00 1 t; +00 1
— amifu_j‘f'l Qa 7-|—j+1
2|2 > 2 PO R DI > ga
i=1 u=0 j=1 l=m;—u 7=0 l=m;+1
Si 400 r Li a'mi‘f'ti
s —p; —1+1 1 . .
+ 22 i Z Sa-1 +22 f) - Z fG) ) = F(Ly).
=1 l=m;—p; =1 \j=1 J=@m;—p;, —Si

Now it suffices to remark that coming back to notations with ¢;’s, then k can be expressed in
the following way

r pi—1 [4mi—u=%m;—(ut1) t; Si
k= § E § 204mi7u_j + E 2ami+j + § 2ami7pi_l
1=1 u=0 7j=1 7=0 =1

Thus we obtain:

+ool r pi—1 [Om;—u=0m;—(u+1) ' +00 1

=1 =1 u=0 j=1 l=m;—u
t; “+o00 1 S5 “+o00 1
g | S|
7=0 l=m;+1 =1 l=m;—p;
r L; amfi‘ti
+2Y (D f - D, fU) | - f(L)
=1 7=1 j:ami—pi_si

0

Observe that if we set (am)m = (m)m, then f(j) = j for every integer j and Lemma
takes the following form.

Lemma 4.8. In the aforementioned case, if k = 2™ + Z?:_Ol ;2" with o; € {0;1} for every
0<i<n-—1, then

ng =4k =2 Y Li(i+1) | = 6,
i€l

where Iy, stands for the set of integers i such that «; is the first non-zero integer of a block
(of consecutive non-zero coefficients) having length L; in the dyadic decomposition of k.
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Proof. Using the notations of Lemma [£.7, we have: t; =s; =0, Li =p; +1, m;y =i+ L; — 1.
Therefore we deduce

T T i+L;—1
~ . Li(L;+1
mo=tb-1y -2y [ Y - HEE) g
=1 =1 J=t

T

T ™
=4k —4Y L= (2i+Li—1)Li+» Li(Li+1)— Ly
=1 =1 =1
T
=4k —2) Li(i+1) - L.
=1

This last inequality gives the result since Li = Jj. O

Lemma [4.8] is exactly Lemma, [3.4] announced in the previous section.

Let us return to the general situation, using the notation (ny(f)) again. From Lemma
we deduce the following estimate on the sequence (ng(f)) for specific choices of functions f.

.om

Lemma 4.9. Using the previous notations, assume that a,, = 22" , where 2 appears
s times (s > 1). Then the associated function fs : N — N is given by fs(j) = m, for
Jj €{am,...,ams1 — 1}, and the following estimate holds:
R (s) =X
2% <,Z 2> ~210gy (k) (1o (k) )~ 1410gy (k)8 Llogy (k) ]) < nf” < 2 <,Z 2) ,
—1 =1

with ni(fs) = nf).

Proof. We need Lemma [4.7] and its notations. The proof of the upper bound is obvi-
ous. For the lower bound, observe first that the subadditivity of fs; implies that for £k =

PID Diirbiarh

Li ami‘i‘ti Lz’
ZfS(])_ 2 fS(j):Z(fs(j)_fS(ami*pi_Si_l—i_j))Z_Lifs(ami*pi_si)‘
j=1 J=am;—p; —5i j=1
In addition, since for every u > 1, we have a, + 2 < a2 and ZLO; 277 = 2179 we obtain:
t; —+o00 1 t; —+o0 1
am,;+j+1 _ Am;+J _
Z 2 Z 2&171 - 4 Z 2 Z 2(11
j=0 l=m;+1 j=0 l=m;+1
t.
: ) 1 1 1
ami+.7
S 4 22 <2ami+1 + 2ami+1+1 + 2ami+1+2>
j=0
7 ti+1
- 2ami+1_ami (2 B 1)

7
= 9am;+1—(am; +ti+1)
<7
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In the same spirit, we also have

S5 —+o00 1 S —+oco 1
(Z 2“"'%1)1'—“—1) Z S =4 (Z 2amim_l) Z ﬁ

=1 l=m;—p;

<7
The same method gives again
pim1 [Gm—u= G, (ut1) oo pi—1 [ Gmi—u=Am, —(ut1)

Am;—u—Jj+1 —J .
> > 2 > gt | ST >, =
u=0 j=1 l=m;—u u=0 j=1

Finally we gather these estimates and we obtain
) +o0 1 r r
ny) > 2k (Z Qal_l> ~73 @2+ pi) ~ 2 Lifulam—p, — 5i) — fo(L1)
=1 i=1 i=1
+oo 1 r
> 2k (Z 2l_1> —7(2r +m;) —2 (Z LZ-> fs(am, +t.) — fs(L1).
=1 i=1

Using the fact that a,, +t; = ¢+ L, —1 <logy(k) < ¢r + L, and k = >, ZJL;'BI 2017 we
get

—+00

n;:) > 2k (Z 2;_1) — 7(2logy(k) + fs([loga(k)])) — 21ogy (k) fs(|loga(k)]) — fs([logy(k)])

=1

+o0
> 2k (Z 2;1) — 2logy (k) fs([logy(K)]) — 141logy (k) — 8fs([loga(k)])-

=1

This finishes the proof. g

We now prove that the sequence (n,(:)) constructed above not only has positive lower density

but has also positive lower Bs-density, for every s > 2.
Lemma 4.10. We have dés((n,(f))) > 0.
Proof. According to from Example we write

sk e ()

j=1¢"

dBS(nk ) ég_"l_{.lo hs(nl(j)>en§:)/h5(nl(€5))
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Observe that Lemma ensures the existence of two constants C7,C5 > 1 such that for
N large enough,
k (9) hs (9) k . . - .
dj=ne [hs(n57) SN e(C1i=C2hs(4))/hs (C1j—C2hs(4))
hy(n()ent /sl = ho(Crk)eCIkT-(Ck)

A summation by parts gives

e , as k — +o0.

i h(k
3 elC1i=Caha()/he(Cr=Cahe(d) s(K) (Crk—Caha (k) /ho(CrE—Caha (k)
Cy

j=N

Then, a similar computation as those needed for from Example leads to the following

estimate
Z‘I;:N e(Clj_CZhs (]))/hs (Clj_c2hs(j)) 6_02 )
hs(Ck)eCrk/hs(Cik) ~ o as k — 400,

which gives the desired conclusion. O

This allows to prove the following combinatorial lemma which extends Lemma |3.1

Lemma 4.11. There exist pairwise disjoint subsets B(S)(l,l/), l,v > 1, of N having positive
B, density such that, for any n € B®)(1,v) and m € B (k, 1), we have that n > fi(v) and

In—m| = filv) + fi(w) if n#m.

Proof. We consider the sequence (n,(j)) constructed above and also sets I(l,v) constructed

in [10] that we recalled just after Lemma We also define B®)(1,v) := {n,(:); kel(,v)}.
(5))

These sets are clearly pairwise disjoint since the sets I(l,v) are, and the sequence is (n,
increasing. Moreover by definition of the sets I(l,v), that are arithmetic sequences, and
Lemma the conclusion of Lemma remains true, i.e. the sets B(*) (I,v) have positive

lower Bs-density. Then by definition of n,: from 1) we get n](:) > fs(0x) = fs(v). Finally,
if n§s) € B®)(l,v) and n) e B®) (k, p) with j > m, then

j—1
nf) ) = f0m) +2 D F(6:) + £(55) = Fu) + f(v).

1=m+1
]

This strengthened version of Lemma [3.] allows us to give a stronger conclusion to the
so-called Frequent Hypercyclicity Criterion whose proof will be only sketched since it is an
adaptation of the classical proof given in [10, Theorem 9.9].

Theorem 4.12. Let T be an operator on a separable Fréchet space X. If there is a dense
subset Xg of X and a map S : Xg — Xo such that, for any x € X,

oo
(i) ZT"ZL‘ converges unconditionally,

n=0
oo
(i) Z S™x converges unconditionally,

n=0
(iii) TSz = x,
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then T is Es—frequently hypercyclic, for every s > 2.

Proof. Let (y,) be a dense sequence from Xy that is dense in X. Let ||.|| denote an F-norm
that defines the topology of X. The unconditional convergence of the series (i7) and (i)
allows to find, for every [ € N, an integer IN; > 1 such that for every j < [ and every finite
set FF C {N;; N;+1;...},

AR

ner

> 5"

nelr

1
< —.
2

1
§ﬁand

Now let (M;) be an increasing sequence such that fs(M;) > N; and (fs(M;)) is increasing.
We also define

—+00
BY = | | B, M)
=1
and
zn =y if n € BO(I, My).

x = Z S"(zn)

neN

Finally we claim that

defines a Es—frequently hypercyclic vector for T. From this point, the proof is just an adap-
tation of the proof of the Frequent Hypercyclicity Criterion from [10] replacing Lemma
by Lemma [4.11] stated above. g

We may also deduce the following corollary using Lemma [2.9

Corollary 4.13. Under the assumptions of the previous proposition, the operator T is B,-
frequently hypercyclic for every r > 1.

5. A FREQUENTLY HYPERCYCLIC OPERATOR WHICH IS NOT AT—FREQUENTLY HYPERCYCLIC

In this final section, we are going to show that there exists frequently hypercyclic operator,
that do not belong to the class of A,-frequently hypercyclic operator, for any 0 < r < 1.
According to Proposition or Theorem such an operator cannot satisfy the Frequent
Hypercyclicity Criterion. To build it, we are going to use several ideas of the work [5], where
the authors provide some counterexamples to questions regarding frequent hypercyclicity.

In a recent paper, Bayart and Ruzsa gave a characterization of frequently hypercyclic
weighted shifts on the sequence spaces /7 and c¢y. We recall here their result on ¢o(N) that
will be useful in the following [5, Therorem 13].

Theorem 5.1. Let w = (wn)nen be a bounded sequence of positive integers. Then By, is
frequently hypercyclic on co(N) if and only if there exist a sequence (M(p)) of positive real
numbers tending to +00 and a sequence (E,) of subsets of N such that:

(a) For anyp > 1, d(Ep,) > 0;

(b) FOT (my paq Z 17 p 7& Q7 (Ep + [07p]) N (Eq + [O,q]) = (D;

(C) limn—ﬂ)o, nEE,+[0,p) W1 " Wn = +00;

(d) For any p,q > 1, for any n € E, and any m € E, with m > n, for any t € {0,...,q},

W1 Wiyt > M(p)M(q).
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In the same paper, the authors also provide examples of a U-frequently hypercyclic weighted
shift which is not frequently hypercyclic and of a frequently hypercyclic weighted shift which is
not distributionally chaotic. In what follows, we modify these constructions in order to provide
a frequently hypercyclic weighted shift on ¢o(N) which is not A,-frequently hypercyclic for
any 0 < r < 1. To that purpose, we will need the following lemma |5, Lemma 1]:

Lemma 5.2. There exist a > 1 and € > 0 such that d (Uu21[$’4€) < 1 and, for any integer
u>v2>1,
[(1,2& N Ia,25 :@ Ia,2£ o Ia,?a c Ia,4a
u v ? u v u ?
where ;" = [(1 — ¢)a®, (1 +¢)a"].
The philosophy of the previous lemma is that it suffices to choose a very large and at the

same time € very small to obtain the result stated. This allows us to strengthen this lemma
demanding also that the following condition holds:

1—¢
1+¢
From now on, we suppose that a and ¢ are given by the previous lemma with the additional

condition (5.1)).

Let also (b,) be an increasing sequence of integers such that

Z (4q + 11))22q +1)

(5.1) a>1.

(5.2) %1 < 0o and b, > 8p.

q=1
Finally, let (A,) be any syndetic partition of N and
Ep = UuGAp (‘[375 N (pr + [07]?])) :

Bayart and Ruzsa construct such sets and they prove that these sets have positive lower
density [5, Lemma 2]. Then, for the same reasons we have d(E,) > 0. Further, the following
lemma is almost the same as [5, Lemma 3] once again and it still holds in our context:

Lemma 5.3. Let p,q > 1, n € E,, m € E, withn # m. Then |n —m| > max(p, q).

In particular, (E, + [0,p]) N (Ey + [0,q]) =0 if p # q.
Thus, the sequence of sets (E),) satisfy conditions (a) and (b) from Theorem

We now turn to the construction of the weights of the weighted shift we are looking for.
For this construction, we also draw our inspiration from constructions made in [5]. We set:

WP — 1 if k¢ b,N+ [—4p, 4p]
0 k=1 20 if k € b,N + [—2p, 2p]
and for every k € N, % < wj, < 2. Then for p,q > 1, u € Ay and v € Ag with u > v we define
wo e 1 if k¢ I3
L w ’ —
R~ Y max(29,29)  if ke I3 — I9° + [0, p]

and for every k € N, % < wZ’v < 2.
We are now able to give the definition of the weight w. This one is constructed in order to
satisfy the following equality:

wo -+ Wp—1 211;113%( (wg...wz_ngm,..wu,v )
bt
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It is clear by construction that for every n € N, % < w, < 2, so the weighted backward shift
By, is bounded and invertible. Moreover this construction satisfies condition (¢) in Theorem
B.Il

Since we want to prove that B,, is frequently hypercyclic, the only condition left to prove
is condition (d) from Theorem [.1] Thus let p,q > 1, n € E, and m € E, with m > n and
t € [0,¢]. Then we have two cases:

o If p = ¢, then m—n+t € byN+[—g, 2¢] and the definition of w ensures that wg - - - Wyy—p4+ >
24,

o If p # ¢, then there exists u > v such that n € I’ and m € I;°. Thus, by definition of
w?

WO Wimmys > max (27;29) > 22" > |25 |29,

Now, one may define M (p) := |22 | and each case above satisfies condition (d) from Theo-
rem Thus we have proved that the weighted shift B,, is frequently hypercyclic.

We now turn to the A,-frequent hypercyclicity of B,,. We are going to prove by contradic-
tion that B,, is not A,-frequently hypercyclic for every 0 < r < 1.
Let us suppose that By, is A,-frequently hypercyclic and that £ C N is such that d, (E) > 0
and lim, o nep w1 ---w, = +00. Such a set exists since By, is A,-frequently hypercyclic.
Indeed it suffices to consider E = {n € N : ||B%(z) — eo|| < 3} where z is a A,-frequently
hypercyclic vector.

For every p > 1, we consider the set:

Fy={neE:w - - w,>2"}

This set is a cofinite subset of F, so it has the same lower A,-density. We also consider an
increasing enumeration (ny) of A,.
Then

Z en’r‘ + Z en’l‘

n<(1+e)ak, (1+€)a™k <n<(1—e)a"k+1

. neFp neu bgN+[—2q,24q]
dAT(Fp) < lim inf a>p(ba 4,2q])

T
k—o0 § e

n<(1—e)a"k+1

. T _ s
Moreover, since we have > €™ ~ IN1=TeN" “as N tends to oo, we get

(1 +e)am)t 77 elFe)a™)" 4 Z e
(14e)a™k <n<(1—e)a"k+1,

o n€Ug>p(bgN+[—24,24])
<
dy, (Fp) < lim inf (1= a7 oy
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A straightforward computation using inequality (5.1)) proves that the first term on the right-
hand side tends to 0. We now focus on the second term:

,
2 "

(1+e)a"k <n<(1—e)ak+1,

.. n€Ug>p (bgN+[—24,24])
F)<1 f ki
dy, (Fp) < limin T(1 = e)ame1) 1" eli=)a™ 1)

(1—e)a"k+1

bet2q9 (i -
< liminf Dgsplda +1) 30,1 elbat)
e % ((1- 5)ank+1)1_r e((1—g)a”k+1)"

An classical calculation ensures that we have

(1—g)a"k+1 n 1—r
bg(1—e)a""k+1 ) n r
bg+2q q + 2 bg(l—e)a k+1

! e( bg+2q +2q

3 e(jbq+2q)’"N< bat2q

J=1

’

rby

as k tends to co. Thus we obtain
bg(1—e)aVk+1 "
bg(1—e)a™k+1 2 e (qu)
bg+2q + q €

/N

2 gsp(dg+1)

da, (Fp) <liminf

k—0co bq ((1 — 5)a”k+1)1_r e((1—g)a™k+1)"
1-r
< liminf dg+1 bq + 2q ((1=€)a™k+142q)" —((1-€)a"k+1)"
k—oo = by bg+2q (1 —¢)a™+
< Z 4q + 1(1 4o )17Te(2q)
bq
q>p
< 3 HIL (04 2g)e
bq
q>p

Recall that this does not require any property on p so we can let p tend to infinity which,
thanks to , implies that d, () = lim, o d4_(Fp) = 0, hence we obtain a contradiction.
Thus the weighted shift B,, is not A,-frequently hypercyclic. From this construction together
with Corollary we deduce the following result.

Theorem 5.4. There exists a frequently hypercyclic operator being not A,.-frequently hyper-
cyclic, for any 0 < r < 1, hence which does not satisfy the Frequent Hypercyclicity Criterion.
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