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COMPETITION IN PERIODIC MEDIA: II — SEGREGATIVE
LIMIT OF PULSATING FRONTS AND “UNITY IS NOT

STRENGTH”-TYPE RESULT

LEO GIRARDIN! AND GREGOIRE NADIN?Z

ABsTrRACT. This paper is concerned with the limit, as the interspecific com-
petition rate goes to infinity, of pulsating front solutions in space-periodic
media for a bistable two-species competition—diffusion Lotka—Volterra system.
We distinguish two important cases: null asymptotic speed and non-null as-
ymptotic speed. In the former case, we show the existence of a segregated
stationary equilibrium. In the latter case, we are able to uniquely character-
ize the segregated pulsating front, and thus full convergence is proved. The
segregated pulsating front solves an interesting free boundary problem. We
also investigate the sign of the speed as a function of the parameters of the
competitive system. We are able to determine it in full generality, with explicit
conditions depending on the various parameters of the problem. In particular,
if one species is sufficiently more motile or competitive than the other, then it
is the invader. This is an extension of our previous work in space-homogeneous
media.
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INTRODUCTION

This is the second part of a sequel to our previous article [24]. In the prequel,
we studied the sign of the speed of bistable traveling wave solutions of the following
competition—diffusion problem:

Opuy — Ozpur = ug (1 — ug) — kugus in (0,4+00) xR
Opug — dOryus = rus (1 — ug) — akujue  in (0,+00) X R.

We proved that, as k — 400, the speed of the traveling wave connecting (1,0)
to (0,1) converges to a limit which has exactly the sign of a? — rd. In particular,
if « =r =1 and if k is large enough, the more motile species is the invader: this is
what we called the “Unity is not strength” result.

In view of this result, it would seem natural to try to generalize it in heteroge-
neous spaces, that is to systems with non-constant coefficients. Is the more motile
species still the invading one?

Competition—diffusion problems in bounded heterogeneous spaces with various
boundary conditions have been widely studied during the past decades. Dockery,
Hutson, Mischaikow and Pernarowski [16] showed (in particular) that for the het-
erogeneous system:

Opuy — diAgur = ay () ug — uf —ugug  in (0,+00) X Q
Opug — daAgug = as (z) ug — u3 —ugus  in (0,+00) x £

with a; and as non-constant functions, d; and ds constant, 2 a bounded open
subset of some Euclidean space and homogeneous Neumann boundary conditions,
the persistent species is actually the less motile one. The interspecific competition
rate of this system is equal to 1 and the system is therefore monostable. On the
contrary, as soon as the competition rate is large enough, the system is bistable.
We wonder whether this qualitative change might be sufficient to reverse their
conclusion. If we are able to extend in some satisfying way our space-homogeneous
result, then the conclusion will be reversed indeed.

In the first part [23] of this sequel, the first author studied the existence of
bistable pulsating front solutions for the following problem:

Opur = Ogzur +urfi (u1, @) — kujuz  in (0, +00) x R
Opug = dOyzus + uafo (u2,x) — akujue  in (0,400) X R.

Here, the non-linearities (u,x) — uf; (u,x), i € {1,2}, are of “KPP”’-type and,
most importantly, are spatially periodic. Thanks to Fang—Zhao’s theorem [21], it
was showed that, provided k is large enough and (fi, f2) satisfies a high-frequency
algebraic hypothesis (we highlight that the condition was algebraic and not asymp-
totic), there exists indeed such a pulsating front.

While the forthcoming main ideas might be generalizable to systems with pe-
riodic diffusion and interspecific competition rates, an existence result is lacking.
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Therefore we naturally stick with the aforementioned system. Let us recall more-
over that the fully heterogeneous problem (non-periodic non-constant coefficients)
is, as far as we know, still completely open at this time.

Let us recall as well that several important results about scalar reaction—diffusion
equations in periodic media have been established recently (about “KPP-type, see
[4, 5,28, 29, 30]; about “ignition™type and monostable non-linearities, see [3]; about
bistable non-linearities, see [15, 14, 31]). The first author used extensively the
results about “KPP”-type equations in [23]. In the forthcoming work, we will use
the whole collection of results. Especially, we will use several times, in slightly
different contexts, the sliding method of Berestycki-Hamel [3].

Integration over a bounded domain with Neumann boundary conditions and over
a periodicity cell are somehow similar operations and thus Neumann and periodic
boundary conditions yield in general analogous results. The periodic extension of
the persistence result by Dockery and his collaborators seems in fact quite straight-
forward and, conversely, it should be possible to adapt the forthcoming ideas to de-
termine the persistent species in a bistable space-heterogeneous Neumann problem
with large competition rate. The comparison is therefore even more meaningful.

The competition-induced segregation phenomenon highlighted by Dancer, Ter-
racini and others (see for instance [8, 9, 10, 11, 12]) has been one of our main tools
in the preceding pair of articles [23, 24| and will still be a cornerstone here. In
particular, segregation in two or more dimensions generically yields free boundary
problems and this will be a major difference between the space-homogeneous case
and this study: here, we will need to dedicate a few pages to the natural free bound-
ary problem induced by the segregation of pulsating fronts. Thanks to the specific
setting of pulsating fronts (monotonicity in time, spatial periodicity of the profile,
limiting conditions, etc.), we will be able to prove that the free boundary is the
graph of a strictly monotonic, bijective and continuous function without resorting
to blow-up arguments or monotonicity formulas. We believe that our approach of
the free boundary has interest of its own and that the ideas presented here might
fond applications in other frameworks.

The following pages will be organized as follows: in the first section, the core
hypotheses and framework will be precisely formulated and the main results stated.
The second section will focus on the so-called “segregative limit” and will finally
lead us to the third section and the statement of the periodic extension of the “Unity
is not strength” theorem.

1. PRELIMINARIES AND MAIN RESULTS

Remark. Subsections 1.1 and 1.3 are mostly a repetition of the preliminaries of the
first author’s article [23] where the existence of competitive pulsating fronts was
investigated. A reader well aware of this article may safely skip these. On the
contrary, Subsections 1.2 and 1.4 respectively state the main results of this article
and highlight the differences between the present set of technical hypotheses and
that of the first author’s article [23].

Let d,k,a,L > 0, C = (0,L) C R and (fi, f2) : [0,+00) x R — R? L-periodic
with respect to its second variable. For any u : R? — [0,+00) and i € {1,2}, we
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refer to (t,z) — f; (u(t,x),x) as f; [u]. Our interest lies in the following competi-
tion—diffusion problem:

8tu1 = 8mu1 4+ u1f1 [’U,l] — ku1u2, (,P )
Orug = dOppus + U2f2 [UQ] — akuius. k

1.1. Preliminaries.

1.1.1. Redaction conventions.

e Mirroring the definition of fi [u] and f5 [u], for any function of two real
variables f and any real-valued function u of two real variables, f [u] will
refer to (t,x) — f(u(t,z),x). For any real-valued function u of one real
variable, f [u] will refer to z — f (u (z),z). For any function f of one real
variable and any real-valued function u of one or two real variables, f [u]
will simply refer to f owu.

e For the sake of brevity, although we could index everything ((P), u1, ug. ..)
on k and d, the dependencies on k or d will mostly be implicit and will only
be made explicit when it definitely facilitates the reading.

e Since we consider the limit of this system when k — 400, many (but finitely
many) results will only be true when “k is large enough”. Hence, we define
by induction the positive number £*, whose value is initially 1 and is up-
dated each time a statement is only true when “k is large enough” in the
following way: if the statement is true for any k > k*, the value of k* is
unchanged; if, conversely, there exists K > k* such that the statement is
true for any k& > K but false for any k € [k*, K), the value of k* becomes
that of K. In the text, we will indifferently write “for k£ large enough” or
“provided k* is large enough”. Moreover, when k indexes appear, they a
priori indicate that we are considering families indexed on [k*, +00), but for
the sake of brevity, when sequential arguments involve sequences indexed
themselves on increasing elements of [k*, +-00)Y, we will not explicitly define
these sequences of indexes and will simply stick with the indexes k, reindex-
ing along the course of the proof the considered objects. In such a situation,
the statement “as k — 400” should be understood unambiguously.

e Periodicity will always implicitly mean L-periodicity (unless explicitly stated
otherwise). For any functional space X on R, X, denotes the subset of
L-periodic elements of X.

e We will use the classical partial order on the space of functions from any
QCRNtoR: g< hifforanyx € Qg(x) <h(z)and g < h if g <h and
g # h. We recall that when g < h, there might still exists x €  such that
g(x) =h(z). If, for any = € Q, g (z) < h(z), we use the notation g < h.
In particular, if ¢ > 0, we say that g is non-negative, if g > 0, we say that
g is non-negative non-zero, and if g > 0, we say that g is positive. Finally,
if g1 < h < g9, we write h € [g1, g2, if g1 < h < go2, we write h € (g1, 92),
and if g1 < h < g2, we write h € (g1, 92).

e We will also use the partial order on the space of vector functions Q — RY '
naturally derived from the preceding partial order. It will involve similar
notations.

e Functions f of two or more real variables will sometimes be identified with
the maps t — (z — f (¢,2)). This is quite standard in parabolic theory but
we stress that the variable of the map will always be the first variable of f,
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even if this variable is not called ¢: we will use indeed functions of the pair
of variables (¢, z) € R? and then the maps will be ¢ — (z +— f(£,2)). So
for instance if we say that a function f of (£, x) is an element of a functional
space X (R,Y), the latter should be understood unambiguously.

1.1.2. Hypotheses on the reaction. For any i € {1,2}, we have in mind functions f;
such that the reaction term uf; [u] is of logistic type (also known as “KPP’-type).
At least, we want to cover the largest possible class of (u,z) — u(z) (a — u). This
is made precise by the following assumptions.

(H1) fiisin C1 ([0, +00) x R).

(Hz2) There exists a constant m; > 0 such that f; [0] > m;.

(Hs) fi is decreasing with respect to its first variable and there exists a; > 0

such that, for any = € R, f; (a;,x) = 0.

Remark. If f; is in the class of all (u,z) — p(z) (a — u), then p € C., (R), >0
and a > 0. More generally, from (#;), (H2) and the periodicity of f; [0], it follows
immediately that there exists a constant M; > m; such that f; [0] < M;. Without

loss of generality, we assume that m; and M; are optimal, that is m; = min f; [0]
C

and M; = max f; [0].
C

2
1.1.3. Eztinction states. The periodic principal eigenvalues of % + f1[0] and

d&d—; + f2]0] are negative (as proved by the first author in [23]). Recall (from
Berestycki-Hamel-Roques [4] for instance) that the periodic principal eigenvalue
of L is the unique real number A such that there exists a periodic function ¢ > 0
satisfying:
{Egﬁ =XpinR
el Loy =1

From this observation, it follows from Berestycki-Hamel-Roques [4] that a; (re-
spectively ag) is the unique periodic non-negative non-zero solution of —z"” = z f1 [2]
(resp. —dz" = zf5 [2]).

The states (a1,0) and (0,az) are clearly periodic stationary states of (Py) (for
any k > k*) and are referred to as the extinction states of (Py) (remark that they
are the unique periodic stationary states with one null component and the other one
positive, so that it makes sense to call them “the” extinction states). Provided k*
is large enough, they are moreover locally asymptotically stable (again, as proved
in [23]).

We recall also that, for any k > k*, by virtue of the scalar parabolic comparison
principle, any solution (u1,us) of (Px) with initial condition (0,0) < (u1,0,u2,0) <
(a1, az) satisfies (0,0) < (u1,u2) < (a1,az).

1.1.4. Pulsating front solutions of (P). Let us add a necessary existence hypothesis.
(Hewis) There exists k* > 0 such that, for any k > k*, there exists ¢, € R and

(P18, P2.) €C? (R2)2 such that the following properties hold.
o (uyp,uzk) : (tx) — (1,5 02.k) (x — cxt,x) is a classical solution of
(Pk)-
e 1 and 9} are respectively non-increasing and non-decreasing with
respect to their first variable, generically noted &.
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e 1 and o are periodic with respect to their second variable, gener-
ically noted =z.
e As ¢ — —o0,

max |((101,ka SDQ,]C) (6) :E) - (a/la 0)| — 0.
z€[0,L]

e As & — +o0,

max (1, p2,%) (§;2) — (0,a2)] — 0.
z€[0,L]

The pair (uy g, us i) is referred to as a pulsating front solution of (Py) with speed

¢ and profile (1%, p2,k)-
Before going any further, it is natural to wonder if such a solution is unique.

Conjecture. Let k > k*. Let (p1,$2) and é be respectively the profile and the
speed of a pulsating front solution (41, u2) of (P). Then ¢ = ¢ and there exists
€ € R such that (1, p2) coincides with:

(& 2) = (P18, P2.k) (E —«f,x) )

This conjecture is due to the following observation: in most (if not all) problems
concerned with bistable traveling or pulsating fronts, the front is unique (in the
same sense as above: two fronts have the same speed and have the same profile up
to translation).

We refer to Gardner [22], Kan-On [27], Berestycki-Hamel [3] or Ding-Hamel-Zhao
[15] for proofs of this type of result in slightly different settings.

Because the proof of such a result:

e would involve precise estimates of the exponential decay of the profiles as
¢ — +oo that cannot be obtained briefly (in the scalar case, see Hamel
[25]) and have no additional interest in the forthcoming work,

e would be strongly analogous to the proofs of the preceding collection of
references,

we choose to leave this as an open question here for the sake of brevity. We might
address this question in a future sequel.

Still, it is useful to have this uniqueness in mind because it clearly motivates our
study of lim c¢y.

k——+oo

1.2. “Unity is not strength” theorem for periodic media. In the forthcoming
theorem, the parameters d, a, f; and fa may vary (in some sense which is made
precise), but immediately after that they are fixed again (at least up to Section 3).

Theorem 1.1. [“Unity is not strength”, periodic case] Assume that there exists an
open connected set P of parameters:

(d,a, f1, f2) € (0,400)> N C (0, +00), Cper (R))?

in which (H1), (Hz), (H3) and (Hezis) are satisfied.

The sequence ((d, ., f1, f2) € P = ck)pope converges pointwise as k — +00 to
some continuous function (d,a, f1, f2) € P = ceo- If the function (d,«, f1, f2) €
B — k* is locally bounded, then this convergence s in fact locally uniform in 3.

Furthermore, for any (d, o, f1, f2) € B, there exist T > 0, r € (0,7] (both depen-
dent on (f1, f2) only) and a non-empty closed interval R® C [r,T] (dependent on
(d, f1, f2) only) such that the sign of ¢ satisfies the following properties.
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(1) coo > 0 if and only if O‘T; > max RO.

(2) coo <0 if and only if O‘T; < min RO,

(3) If, for any i € {1,2}, fi has the particular form (u,x) — u; (x) (1 —u),
then:
(a) coo s null or has the sign of:

2 HM2||L1(C)_
HMlHLl(C)’
(b) (r,7) satisfies:
min (f12) max (fi2)
< <r<F< S
max (p1) min (1)
C c

The objects ¥, v and R° are respectively defined by formulas (), (31) and (Fro)
(see page 43).

Remark. We emphasize the interest of r and 7, which are upper and lower bounds
for RY which are uniform with respect to d.

We will explain in Section 3 that if (Hezis) is derived from the existence result
of the first author [23], then a set P exists: the main assumption of our theorem
makes sense indeed.

The strategy of the proof is as follows.

We will begin with some compactness estimates uniform with respect to k so
that a limiting speed and an associated limiting solution, possibly non-unique at
this point, can be extracted. This will require a crucial distinction between two
cases: limiting speed null or not.

Regarding the first case, we will give some regularity properties of the corre-
sponding solution, that will be called a segregated stationary equilibrium. Tt is
unclear whether the segregated stationary equilibrium is unique but this is not
surprising: the null speed case is known to be quite degenerate (see for instance
Ding-Hamel-Zhao [15]).

On the contrary, the second case will be fully characterized: the corresponding
solution, the segregated pulsating front, is actually unique (up to translation). Such
a uniqueness result will require several intermediary results and in particular a (pos-
sibly not complete but already quite thorough) study of its intrinsic free boundary
problem.

Subsequently, the uniqueness of the segregated pulsating front will follow from a
sliding argument which will also provide us with an exclusion result: there exists a
segregated stationary equilibrium for a particular choice of parameters (d, «, f1, f2)
if and only if there does not exist a segregated pulsating front. Thanks to this
result, the uniqueness of the limiting speed will be deduced even though the null
case is still degenerate.

We will then obtain a necessary and sufficient condition on (d, «, f1, f2) for the
existence of a segregated stationary equilibrium thanks to its regularity at the
interface (which is, in some sense, the counterpart to the free boundary problem
leading to the uniqueness of the segregated pulsating front) and finally, thanks to
a classical integration by parts, obtain the sign of the speed provided it is already
known to be non-zero.
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1.3. A few more preliminaries.

1.3.1. Compact embeddings of Hélder spaces.

Proposition 1.2. Let (a,a’) € (0, +c>o)2 andn,n’, B, 8" such that (a,a’) = (n+ B,n' + '),
n and n’ are non-negative integers and 8 and B’ are in (0,1].

If a < d, then the canonical embedding i : C" % (C) < C™P (C) is continuous
and compact.

It will be clear later on that this problem naturally involves uniform bounds in

C%'/2. Therefore, we fix once and for all 3 € (0,1) and we will use systematically
the compact embeddings C™"/? < C™#, meaning that uniform bounds in C™"/?
yield relative compactness in C™P.

1.3.2. Additional notations regarding the pulsating fronts. Let E = (1 1) For

any k > k*, (ck, 1k, P2.1) satisfies the following system:
{ —div (EVo1k) — ckdepr ke = o1uf1[p16] — ko125 (PFayer)
—ddiv (EV 2 k) — ckOcp2.k = p2.kf2 [02.k] — ko1 ko2 k- e
Remark. Be aware that, since spE = {0, 2}, the differential operator:
div (EV) = Oge + Oz + 20¢s

is only degenerate elliptic. This will trigger difficulties unknown in the space-
homogeneous case. Most regularity results will come from the parabolic system
(P) and we will need to go back and forth a lot between the so-called “parabolic
coordinates” (¢, ) and the so-called “traveling coordinates” (¢, «). This will be pos-
sible if and only if the propagation speed is non-zero, whence a necessary distinction
of cases.

For any k > k*, let:

Ya e = a1k — dpa k,

Y1k = Q1K — P2, ks

Vak = o1k — dug g,

V1,k = QUL k — U2,k-
A linear combination of the equations of (PFsys k) yields:

—div (EVtpa k) — crOeth1x = a1 i fi [01k] — 02.6f2 [p2k]  (PFr).
(PF) does not depend explicitly on k.
(U1 ks U2, ks Va k> V1,k) 18 isomorphic to (¢1,k, ©2,ks Ya.k, ¥1.5) if and only if ¢ # 0.
In parabolic coordinates, (PF}) becomes:
01k — OzgVa i = i i f1 [U1,k) — U2,k f2 [U2,k] -

As k — 400, the following function will naturally appear:

z 1 z
n: (Z,SC) = fl (aaz) Z+ - Ef? (737':6) 277
where 2zt = max (z,0) and 2~ = —min (2,0) so that z = 21T — 2~.
We will also denote g; the partial derivative of (u,z) — uf; (u,z) with respect
to u:
gi : (u,x) = fi (u,x) +ud fi (u,z) for all i € {1,2}.
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1.4. Comparison between the first and the second part. In addition to the
new notations introduced in the preceding subsection ( (PFsys), (PF), “parabolic
coordinates”, “traveling coordinates”, ¥4, ¥1, v4, v1), the following differences are
pointed out.

e In the first part [23], f1 and f were only assumed to be Holder-continuous
with respect to x, whereas here we need them to be at least continuously
differentiable. Thanks to this technical hypothesis, it is then possible to
differentiate with respect to x the various equations and systems involved.
In particular, continuous pulsating front solutions of (P) are in fact in
C?. (R?). This will similarly yield a stronger regularity at the limit. Nev-
ertheless, we think that Holder-continuity might actually suffice to obtain
most of the forthcoming results.

e The positive zero of u — f; (u,z) cannot depend on z anymore. Conse-
quently, while, in the first part [23], the unique positive solution of —z" =
z f1[z], @1, and the unique positive solution of —dz" = z f3 [z], U2, were peri-
odic functions of x, here they are the constants a; and as. This restriction is
standard in bistable pulsating front problems (see for instance [15, 14, 32])
and is especially related to the method generically used to determine the
sign of the speed of the pulsating fronts. Still, most of the forthcoming
pages is easily generalized (actually, many results need no adaptation at
all). We will highlight where this hypothesis is truly needed and will give
some indications regarding the non-constant case. In the end, it should be
clear why we conjecture that “Unity is not strength” holds true even in the
non-constant case.

e A trade-off to these more restrictive assumptions is that here we do not
assume a priori the high-frequency hypothesis:

1 d
L G va a7 | re
<7T<\/E+ M2> (Hfreq)

We merely assume existence of pulsating fronts, this hypothesis being re-
ferred to as (Hezis). It was proved in the first part that if (Hfreq) is
satisfied, then so is (Hegis)-

2. ASYMPTOTIC BEHAVIOR: THE INFINITE COMPETITION LIMIT

2.1. Existence of a limiting speed. In order to prove that (cx),- . has at least
one limit point, we recall an important result from the Fisher-KPP scalar case (see
Berestycki-Hamel-Roques [5]).

Theorem 2.1. For any ¢ € {1,d} andi € {1,2}, there exists c¢* [0,4] > 0 such that,
for any s € R, there exists in C2 (RQ) a pulsating front solution of:

Orz — 00,40z = 2fi [2]
connecting a; to 0 at speed s if and only if s > ¢* [4,1].

Lemma 2.2. Provided k* is large enough, for any k > k* and any pulsating front
solution of (Py), its speed ¢ satisfies:

—c*[d,2] < e< e [1,1].

In particular, the family (k). 18 uniformly bounded with respect to k.



COMPETITION IN PERIODIC MEDIA: II — SEGREGATION OF PULSATING FRONTS 10

Remark. Here, the assumption that k is large enough might in fact be redundant
with the underlying assumption of bistability. Indeed, this proof does not use any
limiting behavior but only requires that:

k> max{im_ax(fl [0]), LIn_ax(fg [0])} .
az C aay C

In the space-homogeneous logistic case, this condition reduces to k¥ > max {1, a! },
that is precisely the necessary and sufficient condition for the system to be bistable.
In the space-periodic case, according to the proof of |23, Proposition 2.1], both a;
are stable if the condition above is satisfied. Yet an optimal threshold should in-
volve periodic principal eigenvalues instead of these maxima. Furthermore, the
instability of any other periodic steady state has only been established for (really)
large k (see [23, Theorem 1.2]) and when (Hfreq) holds true. Even for arbitrarily
large k, it is unclear whether stable coexistence periodic steady states might exist
when (Hfreq) does not hold.

We point out that the following proof provides us with an instance of a detailed
proof using the sliding method [3] that will be referred to later on.

Proof. Assume by contradiction that there exists k& > 0 such that there exists a
pulsating front solution (z1, z2) of (Px) with a speed ¢ ¢ (—c*[d,2],c*[1,1]) and a
profile (¢1,p2). For instance, assume ¢ > ¢*[1,1] (the other case being obviously
symmetric), and let ¢ = ¢*[1,1] < ¢. By virtue of Theorem 2.1, ¢ > 0 and there
exists a pulsating front solution z of :

Oz — Opwz = 2f1[2]

with speed ¢ and profile .

Now we are in position to use the sliding method to compare z and z;. This will
finally lead to a contradiction.

Step 1: existence of a translation of the profile associated with the
higher speed such that it is locally below the other profile.

Fix ¢ € R. Then let ¢; € R such that:

max gy (gl;w) < mlE‘P (gax) .

zeC zeC
Let:
T=(—(,
o1 (§a) = e (§—T2),
7 = — o1,
so that:

min ®7 (¢, z) = min (¢ (¢, z) — 1 (C1,2)) > 0.
zeC zeC

Step 2: up to some extra term, this ordering is global on the left.

Let U = (—o0,¢) x C. Since ¢ > 0 in U and @] € L™ (), there exists x > 0
such that:

ko —@] >0inU.

Notice that, since ®7 (£, z) — 0 as £ — £oo (uniformly with respect to z), any
such « is larger than or equal to 1.

Step 3: this extra term is actually unnecessary, thanks to the maxi-
mum principle.
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Let:
ﬁ*:inf{m> 1] irbllf(mp—gof) >0}
and let us prove that k* = 1. We assume by contradiction that xk* > 1 and we take

a sequence (), oy € (1, #x*)Y which converges to £* from below.
There exists a sequence ((£,,2,)) € UN such that for any n € N,

Kn® (§ns Tn) < @1 (€ny Tn) -

Since K, > 1, the limits when £ — —oo prove that (&,) is bounded from be-
low, and since it is also bounded from above by (, we can extract a convergent
subsequence with limit £* € (—oo, (]. Similarly, we can extract a convergent sub-

—N —
sequence of (z,,) € C° with limit 2* € C. By continuity, (s*¢ — ¢7) (£*,2%) =0
and, necessarily, £* < (.

Back to parabolic variables, recall that ¢ > 0 and let:

t*iz**f*

’
¢

T (t,x) — i (x — et — 7,2) for any i € {1,2},
vt =Kz — 2],
fi(tx) = = (e =) (Oepi) (x — ct, 2)
E={(tx)eR® |z —ct<(}.
By virtue of (H3) and x* > 1:
K zf1(z] > K*2f1 [k*z] in E,
and moreover:
O™ — Opav* =k 2f1 (2] = 2] 1 [2T] + k2727 + f in E,|
f>0in E.

Now, from the Lipschitz-continuity of f; with respect to its first variable, it

follows that of (u,z) — wfi (u,z), whence there exists ¢ € L (F) such that:
O™ — Opzv* > qu* in E.

In the end, v* is a non-negative super-solution which vanishes at some interior
point: by virtue of the parabolic strong minimum principle, it is identically null in
((—oo,t* ] x R)N E.

But in such an unbounded set, it is always possible to construct an element of
{¢} x O, which contradicts:

min (k"¢ — ¢7) (¢, 2) > 0.
zeC
Therefore k* =1,
Ko—p] =@ >0in U
and then by periodicity and, once more, by virtue of the parabolic strong minimum
principle:
" > 0in (—o00,() x R.

Step 4: up to some (possibly different) extra term, this ordering is
global on the right.

Near +oo (in (¢, +00) X R), on the contrary, multiplying ¢ by some x > 1 is not
going to yield a clear ordering anymore since we are interested in the behavior as
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¢ ~ 0 and p; ~ 0 (and replacing ¢ and ] by respectively a; — ¢ and a1 — ] will
not suffice since the monostability has no underlying symmetry).

But it is natural, for instance, to replace this multiplication by the addition of
some € > 0 and to prove in the next step that ¢* = 0. This is actually what was
done originally by Berestycki-Hamel [3].

Step 5: this (possibly different) extra term is also unnecessary.

We define €* as the following quantity:

ef=inf<e>0] inf (p—¢p]+e)>0,.
(¢ 400)xC

We assume by contradiction that £* > 0 and this yields as before a contact point
(&, 2%) € (¢, +o0) x C.
Now the main difficulty is that u — wfi [u] is increasing near 0, so that we really
cannot hope to have:
zfilz] > (z+4¢) filz+¢].
Still, it is possible to assume without loss of generality that, during the construc-
tion of 7, (; has also been chosen so that:
a _
?2 <o (&, x) < ag for any (§,z) € [(1,+00) x C.
It follows that:
T T T T T a2
o1 (frle1] = ke3) < o (fl [o1] = k<
By virtue of the hypotheses (H1), (Hz2) and (H3), provided k* is large enough,
for any K > k*, the following non-linearity:

uHu(fl[u]—K%)

is decreasing in a neighborhood of 0 (in fact, it is decreasing in [0, 4+00)). Then, in
addition to this monotonicity, it suffices to use:

of1le] > ofi el — k%sﬁ

and the Lipschitz-continuity of f; to conclude this step.

Step 6: thanks to the maximum principle again, the speeds are equal
and the profiles are equal up to some translation.

Thus in fact:

) in [¢, +00) x C.

®” > 0 in R?.
Now, let:
™ =sup{r €R|[P®" >0inR*}.
The limits as & — 00 of ¢ and ¢ ensure that 7* < +o00. By continuity,
7 > 0.
Let us verify quickly that, by virtue of the maximum principle, either &7 = 0
and ¢ = ¢, either ®”° > 0. For instance, assume that (@T*)_l ({0}) is non-

empty, so that ®" > 0 does not hold. Then there exists (£*,2*) € R? such that
7" (¢*,2*) = 0. Once more, we introduce:
T — 5*

* _
tr = P
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v () =97 (z—ct,x),

and using the parabolic linear inequality satisfied by v, we verify that v™" is a non-
negative super-solution which vanishes at (¢*,2*). Then, by the strong parabolic
maximum principle and periodicity with respect to 2 of &7, it is actually deduced
that ®" = 0, which in turn implies (reinserting v™" = 0 into the original non-linear
equation satisfied by v™" and considering the function f which has been defined
earlier) that ¢ = c.

Finally, assume by contradiction that ® > (0,0), i.e. assume that for any
B >0,

min _ &7 > (0,0).
[~ B,B]xC

Fix B > 0. By continuity, there exists € > 0 such that:
min _®7 > (0,0) for any 7 € [7*, 7" +¢€).
[-B,B]xC
We can now repeat Steps 2, 3, 4, 5 to show that, for any such 7:
®” > 0in (R\(-B,B)) xR.

The maximality of 7* being contradicted, this ends this step.

Step 7: the contradiction.

If ¢ = ¢ and z = z1, then thanks to the equations satisfied by z and z1, zo0 = 0
in R2. This contradicts the limit of ¢y as & — +o0. O

Corollary 2.3. (ck)yp+ has a limit point co € [—c*[d,2],c* [1,1]].

Remark. Similarly, we do expect that coo ¢ {—c*[d, 2], ¢* [1,1]} but will not address
this question for the sake of brevity.

2.2. Existence of a limiting density provided the speed converges. In this
subsection, we fix a sequence (cg),~ . such that it converges to co.

Then we prove the relative compactness of the associated sequence of pulsating
front solutions ((u1,k, u2,k)) ;< .+ » which will follow from classical parabolic estimates
similar to those used by Dancer and his collaborators (see for instance [10]) supple-
mented by some estimates specific to the pulsating front setting. This supplement
will lead indeed to a stronger compactness result than the one presented in the
aforementioned work.

If coo # 0, we will see that ((u1k,u2k)), . is relatively compact if and only if
(91,5 92.k)) > pv is Telatively compact. Moreover, we will show that the compact-
ness result can be improved further thanks to additional pulsating front estimates.

2.2.1. Normalization. Before going any further, we point out that, at this point,
for any k > k*, (1, p2) is fixed completely arbitrarily among the one-dimensional
family of translated profiles. By monotonicity of the profiles with respect to &,
this choice can in fact be normalized. In the space-homogeneous problem [24],
the normalization was used to guarantee that the extracted limit point had no null
component. It should be clear that this part of the proof will be strongly analogous.
Therefore we choose now normalizations reminiscent to the space-homogeneous
ones.

e On one hand, if ¢y, < 0, we fix without loss of generality for any k > k*

the normalization:

ozinf{geRerE @17k(§,$)<%}.
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e On the other hand, if ¢, > 0, we fix without loss of generality for any
k > k* the normalization:

Ozsup{§€R|EI:c€6 @ka(§,$)<a—22}.

Remark also that ((u1,k,u2,k)), . is normalized (in the sense that its value at
some arbitrary initial time is entirely prescribed) if and only if ((¢1,k, P2,k)) s 18
normalized.

2.2.2. Compactness results.

Proposition 2.4. The following collection of properties holds independently of the
sign of Coo-
(1) [Segregation] (o1,kp2,k) sy cOnverges to 0 in Lj, (R x C).

(2) [Persistence] (0,0) is not a limit point of (1,5, P2,k))gs g i Lo (R, R?).
(3) [Uniform bound in the diagonal direction| For anyn € N, (0 + 0¢) (01,5, P2.k)) s i+
is uniformly bounded with respect to k in L? ((—n,n) x C, RQ).

(4) [Uniform bound in the & direction] For any k > k* and any x € C,

[ deern(6a) de == [ 10corn (G) d = —an
R R
and
/ Ot 2k (¢, ) dC = / |0 02,1 (¢, )| dC = as.
R R

(5) [Uniform bound in the x direction| For any T > 0, ((u1k,U2.k))psp 5
uniformly bounded with respect to k in L? ((fT, T),H* (C, RQ)).

(6) [Uniform bound in the t direction| For any T > 0, (04v1 k)~ s 8 uniformly
bounded with respect to k in L? ((—T, T), (H1 (C’))/)

(7) [Compactness in traveling coordinates| ((¢1,k, P2,k)) sy 8 relatively com-
pact in the topology of L},, (R?,R?).

loc
(8) [Compactness in parabolic coordinates] There exists:

(1,00, uz,00) € (L (R?) N L2 ((<T,T), H" ((0,L1))))”

such that:

(8) D1 € L2 ((=T.T), (H ((0,1)))')

(b) (u1,00, U2,00) @S @ limit point of ((ul,kvu2,k))k>k* in the topology of

Lioe (R?,R?);

(€) U1,00 and U2, arTe in CZOO’E (RQ);

(d) u1,00 = oflvl;ioo = oflvfoo and Ug,co = dilv;m = V] oo
Proof. The segregation property comes directly from an integration of, say, the
first equation of (PFys,x) over some (—n,n) x C. The persistence of at least one
component is a consequence of the choice of normalization: for instance, if ¢, < 0,
necessarily ((plak)k>k* does not vanish.

To get the uniform bound in the diagonal direction, we introduce a cut-off func-
tion. For any n € N, there exists a non-negative non-zero function y € D (RQ)
such that, for any z € C, x(&,z) = 0if € ¢ [-n—1,n+1] and x (&, 2) = 1 if
¢ €[-n,n].
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Let k > k*. Multiplying the first equation of (PFsys) by ¢1 X and integrating
by parts in R x C, we obtain:

2

1 1,k
/(35501,k)2 xf§/sﬁika&ﬁ/x(@ng%,k)?ﬁ/xagwl,kaxwl,k < /MlsaikX*C/Tagx.

(The integrals being implicitly over R x C'.)

Using x > 1[_,,p), the k-uniform L*°-bound for (¢1 1) and:

k>k*
o] < max {e* [d,2] ¢ [1, 1]},

we deduce the existence of a constant R,, independent on & such that:
/ |0ep1, + Oupri|” < Ry
[=n,n]xC

The same proof holds for ¢ ). Finally, the same computation in parabolic
coordinates gives immediately the uniform bound in the x direction.

The uniform bound in the £ direction is a straightforward result. Provided the
uniform bound in the z direction, the uniform bound in the t direction comes
from an integration over (0,7") x C' of (PF) multiplied by some test function in
L?((0,T),H" (C)).

The relative compactness in both systems of coordinates follows from the em-
bedding:

12

loc

(R?) <= L, (R?)
and the compact embedding:
Wil (R%L,R?) — Lj,, (R?).

loc

To obtain the continuity of u1 ., and us «, We consider a convergent subsequence.
Since the convergence occurs a.e. up to extraction, the limit point is actually in
L> (R?,R?), whence:

V1,00 € L™ (R x (0,L))NL* ((-T,T),H" ((0,L))),

D1 oo € L2 ((—T, T), (H' ((0, L)))’) .

It follows from a standard regularity result that vi o € C ([T, 7], L?((0,L))) (see
for instance Evans [20, 5.9.2]).

Then, we pass the parabolic version of (PF) to the limit in D’ (R) and we can
apply DiBenedetto’s theory [13]: v1 o is a locally bounded weak solution of the
following parabolic equation:

Otz — 0 (Lys0+dlc0) 0x2) = f1 [i} 2t — fo[-2]2".

«

In a large class of degenerate parabolic equations which contains in particular
this equation, locally bounded weak solutions are, for any ¢ € (0, 1), spatially coo

loc

and temporally ¢’ whence a fortiori vi o € ¢ (RQ) (with 6 =28 € (0,1)).

loc loc

Finally, by virtue of the segregation property:

— o lpt
Uloo = Q7 V] o A€,

U200 = V] oo Q€.
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From this, it follows that vy  is in CZOO’E (RQ) if and only if u1 0 and ug o are
themselves in CZOO’E (RQ), whence

(U100, U2,00) € cop (R%,R?).

loc

O

Remark. At this point, we do not know if the limit points in parabolic coordinates
and in traveling coordinates are related. Yet, when co, # 0, we can improve the
preceding results and relate the limit points indeed.

Proposition 2.5. Assume coo # 0. The following additional collection of proper-
ties holds.

(1) [Improved uniform bound in the & direction] Provided k* is large enough,
(O (91,5 P2,k)) s jor 18 uniformly bounded with respect to k in L? (R x C,R?).
(2) [Improved compactness| There exists (01,seg; P2,5eq) € L (R?,R?)NH}, (R? R?)
such that, up to extraction:
(a) ((CPLk, 502,k))k>k* converges to (cpl,seg; 5027569) Stmngly in Ll20¢ (RQ, Rz)
and a.e.;
(b) ((Veo1,k; Veoo,k)) e COMVETgEs to (Vo1 seq, Voo seq) weakly in LY, (R* RY);
(¢) ((u1,k,u2,k)),spe converges to:

(ul,sega UZ,SQG) Dt x) e (‘Pl,segv <P2,seg> (7 — coot, )

strongly in L7, (R*,R?), a.e., and ((Vui r, Vg k)~ . converges weakly
in L2, (R2,RY).
Proof. Since co, # 0, we assume without loss of generality that k* is sufficiently
large to ensure that ¢ # 0 for any k > k*.

We start by showing that the uniform boundedness in L? (R x C) of (O¢1 1)
is equivalent to that of (J¢p2 k), .. and to that of (Ogthak)y s -

k>k*

e First step of the equivalence: assume that (||a£@1,k||L2(RxC))k>k* is uni-
formly bounded. Let & > k*. Multiply (PF%) by O¢tbq .k, remark that:

1
Ot = = (@ (d—1) 01k + Ocha)
and integrate by parts over (—n,n) x C' with some n € N. By classical

parabolic estimates, the terms involving E vanish as n — 400. By change
of variable, for any i € {1,2},

n Lpi(Jrn,I)
// @ik fi [Pik] ag%,kZ// 2fi (2, ) dzdx,
CJ—n c ‘Pi(_nvl)

whence as n — +oo:

// @kal[sﬁl,k]af@l,k‘)*// 2f1 (z,x) dzdz,
CJ—n cJo

// 902,kf2[§02,k]a£902,k_>// zf1 (2, x)dzda.
CJ—n cJo
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It follows that:

Ck

(73) /]RXC(a (d—1)0¢prk + Ocba k) Octbar = a/c/o 1zfl (z,2)dzdx
+a/ 01,k f1 [01,k] (—dOepa k)
RxC

Jr/ (—p2.k) f2 [p2,k] (@Oep1 k)
RxC

+d// zf1 (z,2) dzdz.
cJo

Dividing by —<¢ which stays away from 0, the result reduces to:
2 ad
ati-1) [ocpridevar+ [0l = 2 [ dorssilorn)deoan

ad
Jra/wz,kfz [©2,k] Ocp1

ay

Jra—d// zf1(z,x)dzdx
¢k Jco Jo
d2 ag

——// zf1 (z,2) dzdz.
Ck Jc Jo

Using the boundedness in L of ¢; . fi [¢i.x] and the relations:

/|55901,k| = Lay,

/|55902,k| = Lay,

we obtain that the right-hand side is uniformly bounded. Since Og¢p1 5 and
O¢tq 1 are both non-positive non-zero, if d > 1, the uniform boundedness

of (f |8§1/1d7k|2) . follows. Otherwise, there exists R > 0 such that:

k>
/|5£¢d,k|2

IN

R+ |a (d — 1)| /654,017k6§wd7k

1/2 1/2
R+ la(d—1) ( / |a§so1,k|2) ( / |agwd,k|2) |

/2
This shows that ( S |8§1/)d1k|2) , which is positive, is also smaller than or

IN

equal to the largest zero of the following polynomial:
X2 —|a(d—1)]|0cp1,kllL2rxcy X — R
(which is itself positive and uniformly bounded).
e Second step of the equivalence: assume that (||a§902,k||L2(R><C))k>k* is
uniformly bounded. A slight adaptation of the first step (using 9¢yp1 =
O¢tpq + (d — 1) Oep2) shows that the third statement is implied indeed.

e Third step of the equivalence: assume that (||8§"/)d,k||L2(]R><C))k>k* is uni-
formly bounded. Since, for any k& > k*:

10eal|72 = | 0cr (|72 + d[|0c o272 — 2ad (Deipr, Do) 12
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with a positive third term, the first and the second statements are imme-
diately implied.

Now that the equivalence is established, we simply show that if coc > 0, (||0c1,k]lL2(R% )

is uniformly bounded, and conversely if c,, < 0, (Haﬁ‘PZkHLZ(RxC))bk* is uni-
formly bounded. Multiplying the first equation of (PFsys) by O¢e1, integrating
over R x €, and using the sign of O¢¢; and classical parabolic estimates at +-oo,
the result reduces to:

of jeal
Rx(0,L)

L ay
k/ P1920¢:01 +/ / zf1 (z,2) dzdz
Rx(0,L) 0 0

/OL /O‘“ 2f1(z,x) dzd.

IN

Similarly, we obtain:

of el
Rx(0,L)

ak:/ <P190255902—/ / zfa (z,2) dzdx
Rx(0,L)

/ / 2fs (2,2) dzdz.

The improved uniform bound in the ¢ direction immediately follows.

The improved relative compactness of ((¢1,k, ¥2,k)) sk 18 a straightforward con-
sequence of the previous lemmas, of Sobolev’s embeddings and of Banach—Alaoglu’s
theorem. For the relative compactness of ((u1k,u2,k)),spes let [s] @ (t,z) =
(x — st,x), so that for any k > k* (u1,u2) = (¢1,92) o [c]. For any ¢ € {1,2}:

v

< i o [e] — @i 0 [exc] ”Ll?oC + lli 0 [coc] = Piseq © [coo] 22

loc

llwi — u; seg||L2

loc

Then, by virtue of Fréchet—-Kolmogorov’s theorem, the right-hand side vanishes
as k — +o00. The same argument holds for the weak convergence of the derivatives.
O

Remark. We point out that the preceding result is specific to the case of constant
a; and ag (without this assumption, one term due to E does not vanish after
the integration by parts). In the general case, we do not know if the bounds of
Proposition 2.4 can be improved.

Corollary 2.6. If co, # 0, the parabolic limit point (U1, seq, U2,seq) Obtained with the
improved compactness result from Proposition 2.5 is also a limit point (u1,c0, U2,00)
in the sense of Proposition 2.4. In particular, (U1 seg, U2 seq) € CZOOE (R%,R?),

whence (91 seq, P2.5eg) € CoF (R%,R?) as well.

Remark. The case coo = 0 is somehow degenerate and does not really correspond
to what intuition calls a “pulsating” front. Moreover, we will need quite different
techniques to handle the two cases and, even in the very end, there will be no clear
common framework. Therefore, hereafter, we call the case c,, = 0 “segregated sta-
tionary equilibrium” whereas the case co, # 0 is referred to as “segregated pulsating
front”. These terms will be precisely defined in a moment.
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2.3. Characterization of the segregated stationary equilibrium. In this
subsection, we assume c,, = 0 and we use Proposition 2.4 to get an extracted
convergent subsequence of pulsating fronts, still denoted ((u1k,u2k)))s ., With
limit (1,00, U2,00). Up to an additional extraction, we assume a.e. convergence of
(U1, U2k, U1 kU2, k) £O (U 00, U2 00, 0).

Obviously, since coo = 0, we expect that (u1 e, U2,00) does not depend on ¢.
This will be true indeed, so that it makes sense to refer to this case as “stationary
equilibrium”. To stress this particularity, we fix t., such that ((ul, uQ)Htw} XR) ke
converges a.e. and we define e = (Udaoo)\{tw}va so that if (U1 00, U2,00) is constant
with respect to ¢, (1,00, dus,oo) (t, ) = (e7,e7) (z) for any (t,x) € R2.

We start with an important particular case.

Lemma 2.7. Assume that, provided k* is large enough, (c),~j. = 0. Then:

o for any k > k*, (u1,us) reduces to:
(ta ZL') = (9015 502> (ZL', :L') )
for any (t,z) € R?:

(U1 00, duz o) (t, ) = (eT,e7) (2),

e the convergence of ((aul,du2)‘{t }X]R) to (eT,e™) actually occurs in
v k>k*

Cioe (R),
e the convergence of ((vd)l{tm}xR) . to e actually occurs in Cloc (R),
e ¢ satisfies:
—e" =nle].

Proof. The system (P) reduces to an elliptic system. It is then easy to deduce the
locally uniform convergence, the time-independence and the limiting equation. We
refer, for instance, to [23] for details. O

Some of the preceding results can be extended.

Lemma 2.8. The properties:

o for any (t,x) € R?, (Qu1 00, dus o) (t, ) = (eT,e7) (z) ;
e c€C?(R) and —e" = nlel;

hold true regardless of any sign assumption on the sequence (Ck )y~ -

Proof. The two statements are actually quite easy to verify. Let (¢,t',2) € R? such
that, for any ¢ € {1,2} and any 7 € {t,t'}, w; i (7,2) = Ui (T,2) as k — +o0.

Recalling that:
/atui,k = —cp / Ocpiy = 0
R R

as k — 4oo is sufficient to show that in the following inequality:

|ui700 (t,z) — Ui 00 (t/,x)| < |u1 oo (t,7) — Wi,k (t, )]

/ Ok (T, )

+ i g (', 2) = wi o (1, )]
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the right-hand side converges to 0 as k — +o0o0. Therefore the left-hand side is 0,
whence u; o is constant with respect to the time variable in a dense subset of R2?,
and then by continuity, it holds a fortiori everywhere in R2.

As for the regularity and limiting equation, the equation is satisfied a priori in
the distributional sense, then in the classical sense by elliptic regularity. (I

Lemma 2.9. For any x € R, the sequence (e (x +nL)), cy is non-increasing.

Proof. By monotonicity with respect to £ and periodicity with respect to x, for any
(t,z) € R? and any k > k*:

’Ud(t,l'+L)f’Ud(t,SC) ’L/}d(SC*Ct#*L,:Cﬁ»L)7’(/}d(1'76t,1')
Ya(x —ct+ L,x) — g (x — ct,x)

0.

IAIN TN

In particular, for any (¢, ) € R? and any k > k*, the sequence (vq (¢, z + nL)),en
is non-increasing, and then, passing to the limit as k — 400, the sequence (e (z + nL))
is non-increasing. This holds for any z in a dense subset of R and then for any
z € R by continuity of e. (I

neN

Lemma 2.10. e is non-zero and sign-changing. Moreover:
infe™* ((—00,0)) > —oo.

Proof. The normalization:

O:mf{gemaxeé @17k(§,z)<%},

implies that u; o, # 0, whence e # 0. It shows also that the set:

{nEZ|3xe€ @17k(x+nL,x+nL)<%}

is uniformly bounded with respect to k from below. In particular, it has a minimum
n;, € Z. Then let:

Tk :inf{zea | p1.6 (x + 0L,z +n,L) < %}a

so that:

a
o1,k (z,2) > ?1 for any x < x, +n;, L.
By monotonicity, we deduce:
a
w1,k (&, 2) > 71 for any £ <z < n,L.

If (up to extraction) n, — —+oo as k — +o0o, then the definition of the nor-
malization is contradicted by the preceding inequality evaluated at £ = 0 and
x € [L,2L], whence (1), is uniformly bounded from above as well. In par-
ticular, up to extraction, (ny),- ;. converges to a finite limit. The finiteness of
inf {z € R | e (z) < 0} follows immediately.

By uniqueness, if e > 0, e = aay. This is discarded by the finiteness of i lim ny,
—+0o0

whence e is sign-changing. O
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Remark. If, instead of the normalization sequence:
O:inf{geR 132eC ¢ (6a) < %} for any k > k*,

we choose:

0=sup{§€R|3x€€ <p2(£,x)<a—22} for any k > k*,

and if we consider once again the case co, = 0, the preceding results hold apart
from inf e~ ((—00,0)) > —oo, which is naturally replaced by:

supe™ ! ((0,+00)) < +oc.
In view of these results, we state the following definition.

Definition 2.11. A function z € C? (R) N L™ (R) is called a segregated stationary
equilibrium if:

(1) =" =nlz];

(2) for any « € C, (2 (z + nL)), oy is non-increasing;

(3) z is non-zero and sign-changing;

(4) inf 271 ((—00,0)) > —oc0 or sup 2~ * ((0, +00)) < +o0.

Corollary 2.12. e is a segregated stationary equilibrium.

Let us derive some properties necessarily satisfied by any segregated stationary
equilibrium. The first one is obvious but will be useful.

Proposition 2.13. If z is a segregated stationary equilibrium, then for any n € Z,
x> z(x+nL) is a segregated stationary equilibrium as well.

The following one is easily derived from the second order necessary conditions
satisfied at a local extremum.

Proposition 2.14. Let z be a segregated stationary equilibrium. Then —das < z <
aan .

The following one highlights some difficulties which are intrinsic to the null speed
limit.
Proposition 2.15. Let z be a segregated stationary equilibrium and

Z(z)=z""({0}).
The set Z (z) is a discrete set. If it is a finite set, its cardinal is odd. Moreover, it
has a minimum or a maximum.

Proof. The fact that Z (2) is a discrete set follows easily from Hopf’s lemma and the
regularity of z. Provided finiteness of the set, the monotonicity of (2 (z +nL)),cy
for any x € C yields the parity of #Z (z). Finally, the existence of an extremum
comes from the definition of the segregated stationary equilibrium. O

Remark. Under the more restrictive assumption (H sreq) presented by the first au-
thor in [23], it is possible to prove that every segregated stationary equilibrium has
a unique zero. It is basically deduced from the fact that, when there are multiple
zeros, the segregated stationary equilibrium restricted to any interval delimited by
two consecutive zeros is the unique solution of a semi-linear Dirichlet problem. The
monotonicity of (e (z +nL)), y ensures that the distance between these consecu-
tive zeros is smaller than L and then, considering the next zero and using (Hsreq),
a contradiction arises. We do not detail this proof here.
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Proposition 2.16. Let z be a stationary segregated equilibrium.
If 271 ({0}) has a minimum, as n — +oo,
llz — aarlle2 (= (nt1)2,—nL)) — 0.
If 271 ({0}) has a mazimum, as n — +oo,
|z = dazlle2(jnr,(n+1)2)) — 0.

Proof. We assume that z~!({0}) has a minimum, the other case being similar.
Since, for any x € [0, L), (2 (z —nL)),y is bounded and non-decreasing, it con-
verges to a limit z_ (x). Using Lipschitz-continuity of z, we are able to prove
that z_ is Lipschitz-continuous in C. Using elliptic regularity, the distributional
equation:

M, f {Z—oo}
_ = Z—o0
o o

and Arzela—Ascoli’s theorem, we are able to prove in fact that z_., € C># (6) and
that the convergence occurs in C29 (6) This proves that z_, also satisfies in the
classical sense the equation. Moreover,

|z(z —(n+1)L) —z(x —nL)| =0

as n — 4oo and, this proves that z_., is periodic. Since it is also positive, by
uniqueness, z_o = Qaj. ([l

2.4. Characterization of the segregated pulsating fronts. In this subsection,
we assume c,, # 0 and we use Proposition 2.5 to get an extracted convergent
subsequence of profiles, still denoted ((¢1,k,P2,k)) s pe» With limit (91 seq, P2,5¢9)-
Up to an additional extraction, we assume a.e. convergence of (¢1.x, P2.k, P1,kP2.k)
t0 (©1,5e9, P2,5eg,0). We define ¢ = a1 seg — dpa,seqg and W = Q1 seg — dU2, seq
(that is, (¢, w) is the limit of ((Va,k, Vd,k)) s )-

Here, parabolic limit points and traveling limit points are naturally related by the
isomorphism (¢, ) — (x — ¢oot, ). Therefore we can freely use the more convenient
system of variables.

2.4.1. Definitions and asymptotics. Hereafter,

1
oc:z1.50+ Elz<07

0:2z+ 1Z>0 + d12<0

Remark. Clearly, for any z € C (R?):

e o[z] and ¢ [z] are in L*® (R?);

e o [z] and & [z] vanish if and only if z vanish;

e 0[2]6[2] =1 in R? apart from the zero set of z;

e 0[z]z and 6 [2] z are in C (R?); furthermore, if z € W' (R?), then they

are Lipschitz-continuous.

Lemma 2.17. The equalities:

hold for all (t,x) € R2.



COMPETITION IN PERIODIC MEDIA: II — SEGREGATION OF PULSATING FRONTS 23

Furthermore, the following equalities hold in L? (R2):

loc
O (0 [w]w) = o [w] drw,
Opw = 6 [w] 0y (0 [w]w),
O (0 [¢] ¢) = o [¢] Oco,
O = 6] 02 (0 [¢] ) -
Proof. The equalities between the weak derivatives are derived easily from the weak
formulation of (PF) (recall the proof of Proposition 2.4). When passing to the
limit k& — o0, it is possible to obtain equivalently all these equations (we restrict
ourselves here to parabolic coordinates, the equalities in traveling coordinates being
obtained analogously):
o [w] Opw — 0w = nlw],
O (o [w]w) — Opow = n[w],
9y (0 [w]w) = 0z (6 [w] D (0 [w] w)) =7 [w].
O

Definition 2.18. Let s € R\ {0} and C} (R?) be the subset of compactly supported
elements of C! (R?).
We say that ¢ € C (R?) N H},

loc

—div(EVy) = s0¢ (o [¢l o) =nle] (SPF|s])
if, for any test function ¢ € Cj (R?):

/EV(,D.VC—FS/U[SD] ngCz/nM ¢

Lemma 2.19. ¢ is a weak solution of (SPF [cso))-

(R?) is a weak solution of:

Proof. This is merely the traveling formulation of the limiting equation obtained a
priori in D’ (RQ) and a fortiori holding in the weak sense. ([

Remark. Since coo0 [¢] e¢ and n[¢] are in L7 (R?), —div(EV¢) is actually in
L2

Toc (RQ) as well and we can also consider test functions in Ll20c (R2), but then we
cannot integrate by parts as in the equality above.

Proposition 2.20. Let s € R\ {0}. If ¢ is a weak solution of (SPF[s]), then
z:(t,x) — @ (x — st,x) is a weak solution of:

O (0 [2]2) = Onwz = [2],
in the sense that for any ¢ € C} (RQ), the following holds:

[ (0 El20¢ 0,20, + el ) =0

Remark. Similarly, we can restrict ourselves regarding this weak parabolic equation
to test functions ¢ € L7, (R?) but then we cannot integrate by parts.

loc
Lemma 2.21. ¢ is periodic with respect to x and non-increasing with respect to £.
Proof. Thanks to the a.e. convergence, periodicity with respect to x and mono-

tonicity with respect to ¢ are preserved a.e., that is at least in a dense subset of R2.
Continuity extends these behaviors everywhere. (I
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Lemma 2.22. ¢ is non-zero and sign-changing.

Remark. This statement holds if and only if both @1 ey and @2 seq are non-zero (or
equivalently non-negative non-zero).

Proof. Assume for example co, < 0. The normalization gives immediately ¢1 scq 7#
0. If p2 5¢g = 0, U1 5¢q is a non-negative solution in R? of:

Oz — Opwz = 211 [2].
By the parabolic strong minimum principle, 11, s¢g > 0, and by parabolic regular-

ity, u1,seq is regular. By classical parabolic estimates, as £ — —00, ¢1,s¢4 CcOnverges
uniformly in x to a positive periodic solution of:

—0z22 = 2f1[2],
that is to a;. Similarly, 1 s¢4 converges to 0 as £ — +oc.
Thus 1,54 is a pulsating front connecting a; to 0 at speed co < 0. This is a
contradiction (see Theorem 2.1).
A symmetric proof discards the case ¢, > 0. O

In view of these results, we state the following definition.

Definition 2.23. Let:
s € R\ {0},

z e’ (R?) n HE, (R?) N L™ (R?),

loc
_€ )
, I .

e (2
z is called a segregated pulsating front with speed s and profile ¢ if:
(1) ¢ is a weak solution of (SPF [s]);
(2) ¢ is non-increasing with respect to &;
(3) ¢ is periodic with respect to x;
(4) ¢ is non-zero and sign-changing.

Corollary 2.24. w is a segregated pulsating front with speed coo and profile ¢.

Proposition 2.25. Let z be a segregated pulsating front with profile p. As & —
00,

max | (=, z) — aar| + max | (§, x) + dag| — 0.

zeC zeC
Proof. Tt follows from classical parabolic estimates and the monotonicity of ¢ with
respect to &. ([

2.4.2. The intrinsic free boundary problem. We intend to conclude the characteri-
zation of the segregated pulsating front with a uniqueness result. Our proof will use
a sliding argument and the continuity of d,2z. Obviously, in R?\z~! ({0}), classical
parabolic regularity applies and the regularity of a segregated pulsating front is
only limited by that of 7. On the contrary, the regularity of z at the free boundary
271 ({0}) is a tough problem and, as usual in free boundary problems, requires a
detailed study of the regularity of the free boundary itself. This study is the object
of the following pages.

Let us stress here that our interest does not lie in the most general study of
the free boundaries of the solutions of (SPF [s]). To show that 9,z is continuous,
Lipschitz-continuity of the free boundary is sufficient, and we are able to prove
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such a regularity only using the monotonicity properties of the segregated pulsating
fronts as well as the parabolic maximum principle. We believe that this proof has
interest of its own. Yet, at the end of this subsection, we will explain why we
expect the free boundary to actually be C' and d;z to be continuous without any
additional assumption.

Up to the next subsection, let z be a segregated pulsating front with speed s # 0
and profile ¢ and let:

I'={(t,z) eR*| z(t,z) = 0},
Qy = {(t,z) eR* | 2 (t,z) > 0},
Q_ = {(t,x) eR* | z(t,x) < 0}.

Before going any further, let us state precisely the results of this subsection in
the following proposition.

Theorem 2.26. There exists a continuous bijection = : R — R such that I is the
graph of = and such that:

{Q+ {t.z)eR? |z <E(t)}
Q- ={(t,z) eR? |z >E(t)}

Moreover, 0,z € C%? (R?) and (0z2)p < 0.

Remark. Of course, this type of result is strongly reminiscent of the celebrated paper
by Angenent [1] about the number of zeros of a solution of a parabolic equation.
We stress that this result cannot be applied here because of the non-linearity due
to o [z]. It will be clearly established during the proof that this lack of regularity
is compensated here by the monotonicity of z.

The proof of Theorem 2.26 begins with a couple of lemmas leading to the exis-
tence of =.

Lemma 2.27. The quantities:
Ey(t) =sup{z eR | z(t,z) >0},
E_(t)=inf{x e R | z(t,z) < 0},
are well-defined and finite.
Proof. By Proposition 2.25, for any (t,z) € R?:

lim max|p (x +nL — st,x) + daz| =0,
n—+00 pcC

lim max|p(x —nL — st,z) — aay| = 0.
n—+00 Lo

By periodicity with respect to x:

p(xtnl—st,x) = ¢(xtnl—st,xtnl)
= z(t,x £nlL)
and thus z — z (¢, z) is negative at +oo, positive at —oco, whence Z; (t) and Z_ (t)
are well-defined and finite. O

Lemma 2.28. Let (t,x) € R2.

(1) If s > 0 and z (t,x) <0, then for any y > x, z(t,y) <O0.
(2) If s <0 and z (t,x) > 0, then for any y < x, z(t,y) > 0.
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Proof. Let us show for instance the first statement, the other one being symmetric.
By Lemma 2.27, there exists X > x such that z (¢, X) < 0. Since ¢ is non-

increasing with respect to £, z is non-decreasing with respect to ¢, whence for any
t' <t, z(t',x) <0 and z(t,X) < 0. Moreover, by Proposition 2.25, there exists
T > 0 such that:

z(t—T,y) <0 for any y € [z, X].
By continuity of z, there exists 7 > 0 such that:

2 0in [t =Tt =T+ 7] x [z, X].

Let:

T =sup{r€(0,T) |2 0in t—-T,t —T+7] x (2, X)}
and let us check that 7* =T.

If 7* < T, then there exists y € (x,X) such that z(t — T+ 7*,y) = 0. But
in the parabolic cylinder [t — T,t — T + 7*] X [z, X], z < 0 satisfies a regular par-
abolic equation and satisfies also the strong parabolic maximum principle, which
immediately contradicts the strict sign of z at t — T.

Thus 7% = T and then, if there exists y € (x, X) such that z (¢,y) = 0, applying
once more the strong parabolic maximum principle gives the same contradiction.

The proof is ended by passing to the limit X — +oo. (I

Corollary 2.29. For any t € R, the zero of x — z (t,x) is unique, or equivalently,
Er(t)=Z2_(b).

Lemma 2.30. For anyt € R, let Z(t) be the unique zero of x — z (t,x).

Then = : R — R is unbounded, non-decreasing if s > 0 and non-increasing if
s < 0, and continuous.

Furthermore, T is exactly the graph of =,

O ={(t,x) eR? |z >E (1)},
Qp ={(t,x) eR* |z <E(t)}.

Proof. Assume for instance and up to the end of the proof s > 0 (the case s < 0 is
similar).

Since ¢ is non-increasing with respect to &, z is non-decreasing with respect
to t. Assume by contradiction that there exists ¢,#/ € R such that ¢ < t and
E(t) < Z(t'). By Lemma 2.28, for any = > = (), z (¢t,z) < 0, whence in particular
z (t,Z2(t')) < 0, whence by monotonicity of z, z (¢, Z(¢')) < 0, which contradicts
the definition of = (¢'). Thus E is non-decreasing.

The unboundedness is straightforward: considering the limiting signs of ¢ —
z (t,x) shows by continuity that this function has at least one zero for any x € R.
But if = was bounded, thanks to Lemma 2.28 once again, it would be possible to
build a counter-example.

Finally, continuity is also straightforward, since it is well-known that a mono-
tonic function admits left-sided and right-sided limits at every point and that every
discontinuity it has is a jump discontinuity. The existence of such a discontinu-
ity, that is of a segment {t*} x [2*,2* 4+ X] included in the free boundary, would
immediately contradict Lemma 2.28. (]

Corollary 2.31. Both Q1 and Q_ have a Lipschitz boundary.
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Proof. Tt suffices to recall that every point of the graph of a monotone function
satisfies an interior cone condition and that such a condition characterizes Lipschitz
boundaries. O

In view of this regularity of 2+ and by means of easy integration by parts, we
are now able to generalize to any segregated pulsating front a property that was
immediately satisfied by w (Lemma 2.17).

Corollary 2.32. The following equalities hold in L7 (R?):
0, (0 [2] 2) = o [2] Dz,
Doz = 6 (2] 0y (02 2),
¢ (o (¢l ¥) = o l¢] O,
Oup =6 [p] 0z (0 [0] ) -

Proof. Let us show for instance the first one. Let ((n),en € (D (RQ))N such that

2 .. For any n € N, we have:

JawEae = - [okzac,

1
- / 204G — / o
o Q_

Since Q4 have a Lipschitz boundary, we can integrate by parts once again (re-
calling that, by definition, zjp = 0):

(¢n) converges in L7 . to some test function ¢ € L

1
Jowtaa = [ o+ [ o
Q. Q_
= /a [2] 0+2Cn.
Passing to the limit n — 400 ends the proof. Il

More interestingly, we are now closer to an explicit free boundary condition. The
following three lemmas are dedicated to this question.

Lemma 2.33. Let = be defined as in Lemma 2.30.
Then the traces (8Iz+)‘69+ and (0227 ) pq_ are well-defined in L? (0924) and

loc
L2 (09_) respectively.

Proof. Since 9 (respectively 0Q2_) is a Lipschitz boundary, let us prove that
(02 (1)), (vesp.(8z (27)))q ) is in Hj,. () (vesp. Hj, (2-)). It is already
established that it is in L?

loc

shows immediately that (0sz (27))q, (resp. (Oua (27))q ) is in L}

(RQ). Considering the equation satisfied by z then
(R?) as well.
To conclude, it remains to prove that (O (27)))q, (resp. (0w (27))q ) is in
Ll20c (Q‘i‘) (resp. Ll20c (Q—))

Let t1,t2, 21,22 € R such that t; < t9, 1 < 29 and [tl,tg] X [561,1'2] C Q+. Let
x €D (RQ) be a non-negative non-zero function identically equal to 1 in [t1,t2] X
[x1,x2]. From the following equation, satisfied in the classical sense in Q4 :

0y (812) — Oua (912) = g1 [ } ;2

z
«

loc
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multiplied by d;zx and integrated over R?, we deduce:

1 1 z
_/§|51:Z|2 at)('i‘/|5amsz|2><— §/|5st|2 GMXZ/m [a} 10,27 x.

It follows that there exists a constant R > 0 such that :

Hamtz||%2([tl,t2]x[zl,m]) < R|0ez| L2 ([t ] x (21,221 IX || 12 (R2) 5
whence 9,27 € L? . (Q4) indeed.

loc
Similarly, d;, (27) € L7, (Q-).
In the end, Q; and Q_ are Lipschitz domains, (9, (2%)))q, € Hj,. (Q4) and
0z (27))jq_ € Hy,

loc
2
and Lj .

Lemma 2.34. Let = be defined as in Lemma 2.30.
For any non-negative test function with compact support ¢ € Cy (RQ), the fol-
lowing equalities hold:

(2_), whence their traces can be rigorously defined in L?, _ (924)

loc

(09_) respectively. O

/ (01200 — 0020uC + 11 = [ Duzc
Q o0,
/ (0[2] 20e¢ — 0220 + 2] ) = . 0:2C.

Proof. We prove the equality concerning €2, the other one being similar.
First, it is straightforward that:

(o [Z])m+ =1

Let € > 0 and:
QL ={(t,r) eR*|E(t)—e<z<E(t)}.
Then:
[ @Bac-0:0.0 = [ Goac-0:0.0+ [ (G0¢-0.:0.0
Q4 Q5 Qe\23
Let

Te:x—inf{teR|ZE()=a+¢}.
This function is increasing, piecewise-continuous, measurable and satisfies the
following equality:

lo\os = Y (ta)er? | r(x)<t}-
By integration by parts and using the equation satisfied by z in Q4 \QF :

By the Cauchy—Schwarz inequality and dominated convergence, as € — 0:

/ (20:¢ — 0,20:¢) — 0,
Q

e
+
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/ ¢ = [ nlc
4\ Q4

/RZ(TE (x),2)¢ (1 (x),2)dz — 0.

Therefore, the following convergence holds as ¢ — 0:

—Aaﬂa£a>—a<mauw—aw—» whhac—@amn+/ nlzl¢.

Q4

Lemma 2.33 indicates that the trace of 9,2¢ at 9§, is well-defined in L2. There-
fore, it remains to show that:

lim [ 0,2 (t,Z(t) —e)((t,Z(t) —e)dt = — 02C
=0 Jr o0,
Define, for any € > 0:
ze: (t,x) = 2z (t,x —¢e),
CE : (t,.’L‘) = C(t,.’L‘ _E) .
It is clear that the trace of 0,2.(. is well-defined in L? as well and satisfies:
/ 0:z(t,E(t) —e)C(t,E(t) —e)dt = / (=1) Oz 2eCe.
R o0,

Now, by virtue of the trace’s theorem, there exists a constant R > 0 such that :
[022:¢ — amZCHL2(89+) < R||0zz:Ce — amZCHHl(QJr)'

Integrating by parts and using the continuity of z and 0,.(, it is easily deduced
that the right-hand side converges to 0 as € — 0. Hence the claimed result follows.
d

We can now prove that = is bijective and that a free boundary condition is
satisfied in a weak sense.

Lemma 2.35. Let = be defined as in Lemma 2.30.
Then = is bijective and the functions:

Zg,— 1t (002))pq (LE(D),

I (896,2)‘6,Q+ (t,Z(t)),

where (8gcz)|6Qi are the traces of Oyz at each side of T, are in L? (R) and are
equal a.e..
Furthermore, if s > 0, 2z, — < 0, and if s <0, 2z, + < 0.

Proof. Assume for instance s > 0, the other case being similar.
First, we prove the a.e. equality of z, + and z, _, as well as the sign of z, _.
Let ¢ € Cj (R?) be any non-negative test function and let (r : t — ¢ (¢, 2 (t)).
By Lemma 2.34:
0p2C + 0,2 =0
o0y o0
where the unit vector normal to 924 is the opposite of the one normal to 92_,

whence we obtain:
/Zz,JrCF:/Zx,—CF-
R R
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That is, for a.e. ¢, zy 4 (t) = 24— (), or, in other words, for a.e. t € R,
x +— Oyz (t,x) is continuous. The sign of z, _ (t) follows directly from Hopf’s
lemma applied at the vertex (¢,Z (¢)) of the smooth parabolic cylinder (¢t — 1,¢) x
=E@),2(t)+1).

Then, it is clear that a continuous unbounded real-valued function is necessarily
surjective, whence Z is bijective if and only if it is injective (or equivalently if and
only if it is strictly monotonic). We are going to prove directly that Z is injective.

Differentiating (firstly in the distributional sense) the equation satisfied by z with
respect to ¢ in R?\T" yields the following regular and linear parabolic equations:

O¢ (0r2) — Oz (012) — g ﬂ Oz =0 in Q4
0,5 (8tz) - d@m (8tz) + dgg —%] Gtz =0 in Q_.

Let x € R. Assume that Z~! ({z}) is not a singleton. By (large) monotonicity, it
is then a segment, say [t1, t2]. Applying classical parabolic regularity on this system
of equations in (t1,t2) X (2,2 + 1) shows that 9,z is C' with respect to t and C?
with respect to @ up to (t1,t2) x {x}. Moreover, O;z = 0 along (¢1,t2) X {z}. By
classical parabolic regularity and Hopf’s lemma, for any ¢ € (¢1,t2), the right-sided
and the left-sided limit of 9,0;z (t,y) as y — = exists and have opposite sign.

Remark that, away from I', the equations satisfied by z, 0;z and J,z suffice to
show that z € C% (24)NC? (Q_). Therefore Schwarz’ theorem can be applied away
from T'.

Thus, for any t,t’ € (t1,t2) and some £ > 0 small enough, we get:

t
Opz(t,x+e)—0pz(t,xte) = /8t(9mz(7,z:|:€)d7
t/

t
= 00z (T, x £ ) dr.
t/

These two integrals have an opposite strict sign: with respect to t, 0,z is decreas-
ing on one side of (¢1,t2) X {x} and increasing on the other. This contradicts the
fact that, for a.e. t € R, x — 0,z (¢, x) is continuous (see the first step of the proof).
Therefore for any 2 € R, R x {z} NT is a singleton, whence = is bijective. O

Corollary 2.36. The function x — x — s=~1 (x) is continuous and periodic. Fur-
thermore,

{(z— s271 (z) ,T) € R? |z € R} = o' ({0}).
Proof. The periodicity comes from the periodicity with respect to = of ¢. (I

Remark. This corollary confirms that, roughly speaking, the free boundary is lo-
cated near the straight line of equation « = st + =(0). In other words, = can be
represented as the sum of ¢ — st and a %—periodic function ZEpe,.

Corollary 2.37. The monotonicity of z with respect to t is strict. Equivalently, ¢
is decreasing with respect to £.

Proof. Just apply the strong maximum principle to the equations satisfied by 9,z
in each component of RZ\I" to get that, in R\, 9,2 > 0 if s > 0 and 0;z < 0 if
s < 0, which is sufficient to obtain strict monotonicity since the measure of I' (as a
measurable subset of R?) is zero. O

Now, thanks to a technique developed by Aronson for the porous media equation
[2], we are able to prove the continuity of 9, z.
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Lemma 2.38. Let = be defined as in Lemma 2.30 and 2z,  and z,, _ be defined as
in Lemma 2.35.

If s > 0 (respectively s < 0), zg 1 (t) (resp. zz— (t)) is actually defined for
any t € R. Moreover, the function zy + (resp. zy,—) is non-positive and locally
uniformly bounded from below.

Proof. We only prove the result in the case s > 0, the other one being symmetric.
Let t € R and z,2" € R such that < 2’ < E(t). For any 7 € (z,2),

Oraz (,Z) = Orz (6, %) — 2 (¢,2) f1 (2 (t,2),E) .

On one hand, the term z (¢, %) f1 (2 (¢,2),2) is bounded from below by 0 and
from above by a constant R independent on &. On the other hand, 0,z (¢,Z) > 0.
Thus:

Ozaz (t,2) > —R.
Integrating this inequality, we obtain:
Opz (t,2') > 0,2 (t,x) — R(2' — z).
It follows that:
liminf 0,2 (t,2") > 0,2 (t,2) — R(E(t) — z),

' —E(t)
and then:
liminf 9,2 (¢t,2") > limsup 0,z (¢, z) .
x/—E(t) z—E(t)
Hence:

lim o Oz (6, E(t) — x)

x—0,2>
exists. From the sign of z in €2, it is clear that it is non-positive. Using once more
the inequality:
liminf 0,2 (t,2") > 0z (t,2) — R(E(t) — z)

z' —E(t)
together with the local boundedness of 0,z in 2., it follows that the limit is locally
uniformly bounded from below. Finally, it necessarily coincides with z, 4 (t). O

Corollary 2.39. 0,z € L™ (R?).

Lemma 2.40. We have 8,z € C*? (R?).

loc

Proof. Let ¢ € C3 (R?). Choosing as test functions in the weak formulation in L?
of:

0 (2] Opz — Oppz = 1 [2]

a sequence of smooth functions converging in L7, (R?) to 6 [2] 8¢, we obtain:

oo~ [o10m0.0 = [almEon

Remarking the following equalities:

Jocoe = - [w00.0

= _/Zaz (0:€)

I
—
&
®
&
o
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/a 2]) 8¢
— - [s10. mlaDouc.

(where, by virtue of (Hi1), 05 (n[z]) is piecewise-continuous and a fortiori is in
L> (R?)), we deduce:

/8 z@t§+/ ] 03220.¢ = / D¢.

Hence we can once more apply DiBenedetto’s theory [13]: 9z, which is both in
L*> (R?) and in Cpoc (R, L7, (R)) (by classical parabolic estimates similar to those

detailed previously in the proof of Proposition 2.4), is a locally bounded weak
solution of:

JELCHIOLY:

O Z — 0y (6 [Z] azZ) =0 [Z] Oz (77 [Z])

and therefore is locally Holder-continuous indeed. (I

Remark. Let us explain here why 0,z is very likely to be continuous as well (equiv-
alently, Z is very likely to be continuously differentiable). There are in fact some
articles related to this free boundary problem and although none of them is exactly
what we need here, they strongly lead to this conjecture (let us cite for instance
Evans [19], Cannon—Yin [7] and Jensen [26]).

Roughly speaking, the idea would be to regularize (SP.F [s]), to show the unique-
ness of the weak solution of the problem written in divergence form, to prove
thanks to the maximum principle that the regularization of || (82) (9y2) " ||pe~ is
bounded uniformly with respect to the regularization, to obtain consequently that =
is Lipschitz-continuous, and then to deduce from Caffarelli’s classical results about
one-phase Stefan problems [6] that = € C* (R), whence finally 9,z € C (R?).

Since we do not need such results to conclude this study about pulsating fronts,
we choose not to investigate further in this direction. Nevertheless, the rigorous
proof of the continuity of 0;z in the more general framework of weak solutions of
(SPF [s]) might be the object of a future follow-up to this article.

Let us conclude this subsection with the following corollary, which takes into
account the previous remark and gives an interesting formula.

Corollary 2.41. Ifd =1, then 012,022 € CIOO’B (RQ) and Z € C* (R).
Ifd # 1 and if 0,z € L™ (R?), then E € C* (R), 0yz € C (R?), 6 [2] zaz € C (R?)
and the following equality holds for any t € R:
d E_}&?>O (azzz (tv = (t) - E) - azzz (tv = (t) + E))

=) =1 0z (1,2 (1))

Proof. Regularity in the symmetrical case d = 1 follows from classical parabolic
regularity.

Provided d # 1 and global boundedness of 0;z, let € > 0 small enough so that
the implicit function theorem can be applied at the level set 2~* ({£e}). There
exists Z4. € C! (R) such that =,. < = < Z_. and such that:

Oz (6,24 (1))
Opz (t,Z24c (1))

E/ia (t> ==
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Passing to the limit ¢ — 0, we deduce that = is Lipschitz-continuous. Then,
by Caffarelli [6], 0z, 0.2 € C (Q_+) nce (ﬁ) and Z € C! (R). Thus Z4. — = in
CL. (R) as e — 0, whence 8z is moreover continuous at I'. Then, since 6 [2] Oypp2 =
Oz — 6 [2]n (2], 6 [2] Orzz is continuous in R? as well. Finally, the formula relating
=’ to the jump discontinuity of 9,,z is easily obtained:

lim @0eez (620 —0) — Onaz (L2(WM +0) = lm <8tz (tLE() —¢e) — éatz (£, 2 (t) + 5))
+_lm @) (L2 - )~ 0l (2@ + <)

(1 - é) 02 (L2 (1)
- (1 - é) = (#) Doz (4,2 (1))

O

2.4.3. Uniqueness. We are now able to end our characterization.

Theorem 2.42. Let z1 and zo be segregated pulsating fronts with respective speeds
s1 # 0 and s2 # 0 and respective profiles p1 and 3.

Then s1 = sg and there exists T € R such that ¢] = @a, where ¢] : (§,x) —
¥1 (5 - T, :L')

In other words, the speed is unique and the profile is unique up to translation
with respect to €.

Proof. We are going to use once more the sliding method. Remark that, up to the
free boundary, this is the most simple case: bistable scalar equation. Therefore
we refer to the proof of Lemma 2.2 for the details and only point out here some
technical differences due to the presence of the free boundary.

Step 1: existence of a translation of the profile associated with the
highest speed such that it is locally below the other profile.

Here it is useful to additionally require that, at ¢, the upper profile is positive
(uniformly with respect to ) whereas the lower profile is negative (uniformly as
well). This will simplify some arguments in Steps 2, 3, 4 and 5 since it is now
clear that the contact points (£*,2*) are necessarily located away from the free
boundary, whence the arguments of the usual sliding method for regular pulsating
fronts (Berestycki-Hamel [3]) apply straightforwardly.

Step 2: up to some extra term, this ordering is global on the left.

No new idea here: multiply the upper profile by some « > 1.

Step 3: this extra term is actually unnecessary, thanks to the maxi-
mum principle.

Similarly, there is no new idea here as well and it follows easily that x* = 1.

Step 4: up to some (possibly different) extra term, this ordering is
global on the right.

Thanks to the underlying symmetry due to the bistable structure, the proof of
this step is much simpler here: just change every profile into its opposite and repeat
straightforwardly Step 2.

Step 5: this (possibly different) extra term is also unnecessary.

Similarly, repeat Step 3 to prove that k* = 1.



COMPETITION IN PERIODIC MEDIA: II — SEGREGATION OF PULSATING FRONTS 34

Step 6: thanks to the maximum principle again, the speeds are equal
and the profiles are equal up to some translation.

This is the step which requires additional care because of the free boundary. To
this end, let us introduce some notations.

We assume that s; < s5. Let:

va i (t, ) = o (x — s1t,x),

T

o] (tx) =y (x— st — T @),
v =g — vf*,
where 7* is defined as in Lemma 2.2.

At this step of the proof, it is established that v > 0. Let Z = v=! ({0}). With
the same argument as in Lemma 2.2, we can discard the possibility Z = §). Now
there are basically three cases.

(1) There exists (t*,2*) € Z such that v (t*,2*) > 0. Then by virtue of
the usual parabolic strong maximum principle, (v{*)Jr = (’02)+ in some
parabolic cylinder whose final time is t* and whose spatial center is z*.
Thus v is identically null in this cylinder, whence by strict monotonicity
(see Corollary 2.37) of o with respect to &, s1 = S2, V2 = 23 in this cylinder,
and then by periodicity of ¢ — @2 with respect to z, (vf*)Jr = v; in R? and
their free boundaries (i.e. zero sets) coincide. Thus there exists a unique
bijection = such that this free boundary is the graph of =. By continuity of
GZU{* and 0,vy (see Proposition 2.26), d,v = 0 on the other side of the free
boundary, whence by virtue of Hopf’s lemma the equality v{* = vy extends
everywhere.

(2) There exists (t*,2*) € Z such that vs (t*,2*) < 0. Then, by the exact same
argument (this is once more due to the underlying symmetry), v{* =g in
R2.

(3) Every (t*,2*) € Z is such that v]" (t*,2*) = vy (t*,2*) = 0. Thanks to
Hopf’s lemma again, this case is actually contradictory. On one hand, since
0zv € C (RQ) and v is non-negative non-zero in R?, for any (t*,2*) € Z,
O,v (t*,2*) = 0. On the other hand, although the free boundaries of v{*
and vg are here a priori distinct, we can still apply Hopf’s lemma at (t*, z*)
in a suitable parabolic cylinder and get a strict sign for d,v (t*, z*).

O

Remark. At this point, it would be tempting to notice that this kind of proof can be
easily generalized if one of the two speeds is zero (in this case, the argument is usu-
ally referred to as a “quenching” or “blocking” argument) and then to use it to show
that a segregated stationary equilibrium cannot coexist with a segregated pulsating
front. Unfortunately, this is not possible. A segregated stationary equilibrium is
a priori a much more general notion than what could be defined as a “segregated
pulsating front with null speed” (the basic reason being that, when ¢, = 0, the
change of variables (¢, ) — (2 — coot, x) is not an isomorphism anymore).

Nevertheless, it is still possible to use some kind of more elaborated quenching
argument, as shows the following theorem.

Theorem 2.43. If there exists a segregated pulsating front, there does not exist a
segregated stationary equilibrium.
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Proof. Assume that there exist both a segregated pulsating front z with speed s # 0
and profile ¢ and a segregated stationary equilibrium e.
Assume for instance that s > 0 and that e has a smallest zero:

r1 =mine ! ({0}) € R.

As in the usual sliding method, we construct (and do not detail these construc-
tions) 7 € R and k > 1 such that:

(& 2) = re(§) — (€ —72)
is positive everywhere in (—oo, 1) X R, with a fixed gap at {1} X R (constructing

for instance 7 such that max¢ (z; — 7,2) = —992). Then we define x* as the

2
zeC
infimum of these k, we assume by contradiction that x* > 1 and we construct

consequently the first contact point (£*, z*) with £* < x1. By virtue of Proposition
2.14, £* > —oco. Let t* = T4,

Notice that there exists a neighborhood of (£*,2*) such that ¢ > 0 in this
neighborhood. Consequently, there exists € > 0 such that both functions:

x = p(x—st*—T1,2),
Vrpr i Ke(x+ & —a") —p(z—st™ —T,2),

are non-negative non-zero everywhere in [z* — ¢, 2* + ¢]. Moreover, v, .+ (z*) = 0.
Thanks to the inequality:

knle] > knlke] in (2% —e,2* +¢€),
we get:
—ke" (x+ & —a*) > rn(ke(x+ & —a),x+ & —a*) forany x € (2% —e,2% +¢),
whence, since 0;z > 0, v, .+ satisfies:
—07 x (2) > Gur (2) Vp e () for any z € (2% — e, 2" +¢),

where g+ € L™ (R) is defined as:

BN {n(n*e(erE*z*),erE*z*)n(«p(zst*r,z),m) if Vo (:L') 7& 0

Vr k*

1 if Ur,k* (.CC) == 0,

The function v, .+ is a non-negative non-zero super-solution of some elliptic
problem. Since the elliptic strong maximum principle contradicts the existence of
&, k* =1 indeed.

Repeating the argument near £ = 400 with some x < 1 then proves that (up to
some increase of 7) e (£) — ¢ (€ — 7,2) > 0 actually holds in R?. Note that in this
case, the proof is simpler, since the negativity of ¢ in (£*,400) x R follows from its
normalization and monotonicity. We point out that, a priori, there are two cases,
depending on the existence of maxe~!({0}). But in fact these two cases do not
require different arguments.

Now, just as usual, we can define:

™ =sup{T€R|e(§) —¢(€—7,2)>0forany ({x)cR*}.
Assume by contradiction that:

_pin (€@ —p(€-772) >0
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for any B > 0 such that:
e(B) <0,

i —B—1",2)>0.
min T, x)
By continuity, we then obtain for 7 > 7* close enough,

B (O m @m0

i -B— .
gleler}go( T,2) >0

It follows from the same type of arguments as those presented at the beginning of
this proof that:

e(§)—¢p(E—71,2)>0in (R\ (-B,B)) xR,

thus contradicting the maximality of 7*.
Hence, there exists B > 0 such that:

i (@ —ele-7"2) =0,

i.e. there exists ({*,2*) € [-B, B] x R such that:
e()—@ (& —12%)=0.
Let:
* — 6*
=
S )

vilta) o e(o g —at) — plo - st—",2)

and notice that:
v (t,x) > 0 for any (¢t,z) € [t* —1,t%) x R,

v (t*,2%) = 0.
Now, we need to distinguish two cases, as in the proof of Theorem 2.42:

o if &* ¢ e71({0}), using the continuity of v and the strong parabolic maxi-
mum principle in some parabolic cylinder [t* — e, t*] X [z* — €, 2* + €] (with
a small enough € so that the signs of e (z + £* — 2*) and of ¢ (v — st — 7%, x)
do not change in this cylinder), we get a contradiction;

e if z* € ¢! ({0}), using the continuity of ¢/ and 9,2 and Hopf’s lemma at
the vertex (t*,2*) of the parabolic cylinder [t* — 1,¢*] x [a*,z* 4 1], we get
a contradiction as well.

The pair (z,e) cannot exist.

If s < 0, we change v; .+ into —v, .« so that 0,z < 0 yields a negative sub-
solution and we deduce similarly e (§) — ¢ (£ — 7,2) > 0. The end of the proof is
carried on similarly.

If mine~! ({0}) does not exist, then maxe~! ({0}) does: it suffices to change the
roles of e and ¢, in the sense that now we have to show that ¢ (£ — 7,2) —e (§) > 0.
Near £ = —o0, the studied quantity is ke — ¢ with k < 1, and near ¢ = +o0, the
studied quantity is ke — ¢ with k > 1. Once k* = 1 is established, the end of the
proof is exactly the same. ([
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Remark. The preceding proof only works in the case of constant a; and as. In the
case of non-constant extinction states, this type of quenching argument does not
hold anymore because Proposition 2.14 is not true anymore and therefore we cannot
prove that £€* < —oco when trying to prove that k* = 1. We do not know how to
prove the theorem in such a case and we stress that this is really unsatisfying. Still,
we think it is natural to make the following conjecture.

Conjecture 2.44. Theorem 2.43 still holds true in the non-constant case.

2.5. Uniqueness of the asymptotic speed. From now on, (cg),~ . refers to
the general family indexed on (k*,+00) instead of an a priori extracted convergent
sequence. In the following, we will prove that (cx);-,. converges indeed to ¢ as
k — +oc.

Definition 2.45. We say that s € R satisfies Property (€ (d, o, f1, f2)) if one of
the following holds:

e s = 0 and there exists a segregated stationary equilibrium;
e s = (0 and there exists a segregated pulsating front with speed s.

The set of all s € R satisfying Property (£ (d, c, f1, f2)) is referred to as ¥ (g o, f,. f,)-
Remark. This set does not depend at all on k*.

Following Theorems 2.42 and 2.43, we deduce the following uniqueness result.
Corollary 2.46. There is at most one s € R satisfying Property (€ (d, o, f1, f2)).

To conclude about the convergence of the speeds, it suffices to recall that cs
satisfies of course Property (€ (d, a, f1, f2)).

Proposition 2.47. The limit at +o0o of the function k — ¢ is well-defined.

Remark. If a; and ay are non-constant, as explained before, the quenching argument
cannot be used and we do not have the uniqueness in R of the elements satisfying
Property (€ (d, , f1, f2)). Still, we have the uniqueness in R\ {0}, whence in par-
ticular the countability of the limit points of k — ¢ as k — +o0o. Therefore, using
the intermediate value theorem, we can still prove that the limit of the continuous
function k£ — ¢ as k — 400 is well-defined. In other words, the convergence of
(cx) can be proved even without proving Conjecture 2.44.

2.6. Conclusion of this section. The function k£ +— ¢ converges at +oc.

If its limit co is non-zero, then both families ((u1,, u2.%)) s e a0 (91,5, P2,5)) g e
have a unique limit point (which are respectively the segregated pulsating front
w traveling with speed co, and its profile ¢), and therefore the functions k& +—
(p1,5:02,5) and k +— (u1 k, ug,k) converge as well as k — +oc.

If coo = 0, then ((u1,k,u2k));~,. might have multiple limit points, each one of
them being a segregated stationary equilibrium.

3. SIGN OF THE ASYMPTOTIC SPEED DEPENDING ON THE PARAMETERS

In this final section, we investigate the sign of ¢, as a function of (d, «), which
is consequently not considered as fixed anymore (L > 0 and (f1, f2) are still fixed
nevertheless).

We assume the existence of D.,;s > 0 such that, for any d > Dg.;s and any
a >0, (Hezis) is satisfied.
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Once (d, @) € (Degis, +00) X (0, +00) is given, co is naturally defined. If co, # 0,
¢ and w are well-defined as well.

Remark. These assumptions are natural in view of the existence result under the
hypothesis (H freq) exhibited by the first author [23]. Indeed, if (H freq) is assumed,
then it implies (Hezis) and the existence of an explicit Degis:

2
Doy _IMa (=) LV > ®
0 it Ly < 7.

3.1. Necessary and sufficient conditions on the parameters for the as-
ymptotic speed to be zero. Here the idea is to follow what we did in the space-
homogeneous case [24] to deduce a free boundary condition satisfied by any seg-
regated stationary equilibrium. To this end, we need the following result, which
shares some similarities with Proposition 4.1. of Du—Lin [17, 18] but is, on one hand,
restricted to the null speeds and, on the other hand, extended to the space-periodic
non-linearities.

Proposition 3.1. Let zp € R and f : [0,+00) x R = R, periodic with respect to x
and satisfying (H1), (Ha) and (Hsz). The following problem:

{—z” =zf[z] in (xg,+00)
z(xg) =0

admits a unique non-negative non-zero solution z, ¢ € C? ([xo, +0)).
Furthermore, the function

O : (o, f) — Z;O,f (o)
(that is the right-sided derivative of z, ¢ at xo) satisfies:
(1) ©>0;
(2) © is continuous with respect to the canonical topology of R x C! (RQ,R) ;
(3) © is periodic with respect to its first variable;
(4) for any k > 0,

(€] (xo,(z,x) — f (g,x)) = k0O (zo, f).

Proof. Firstly, let us point out that Du—Lin’s proposition [17, 18] is readily extended
to generic “KPP”-type non-linearities which do not depend on the spatial variable.
We do not detail this extension here.

Thus, let f : z — max f (z,y). It can be checked that z — zf[z] is indeed
yeC

a KPP-type non-linearity (mostly, it reduces to the proof of the fact that f is
decreasing and negative after some fixed value). Then, let Z be the solution given
by (the aforementioned extension of) Du-Lin’s proposition of:

{—z" () = zf[z] in (20, 400)
z (zo) = 0.

Similarly, let f : z — min f (z,y) and z be the solution of:
- yeC

{—z" () :zf' 2] in (o, 400)
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We intend to prove that Z and z form an ordered pair of super- and sub-solution
for the problem at hand. .
Let a be the positive constant given by (#H3) such that f (a,2) =0 for all z € C.
By standard elliptic estimates,
limz =lim z = a.
+oo +oo
By Du-Lin’s proposition, we know that z’ (xz¢) and 2’ (zp) (understood as right-
sided derivatives) are finite, whence there exists x > 0 such that:

KZ—2z>01in (zg,+00).

Let:
k*=inf{k >0 | kZ — 2> 01in (zo,+00)}
and assume by contradiction that £* > 1. We can fix a sequence (tn),cy € (1, H*)N
which converges to £* from below. There exists a sequence (), oy € (2o, —|—oo)N
such that:
(knZ — 2) (x,) < 0.

Since Egg (knZ —z) = (kn —1)a > 0, the sequence (z,,),cy is bounded and then
convergent up to extraction.

If 2 is the limit of (z,), then by continuity:

KZ (Too) = 2 (Too) -
Now, remarking that:
K*Zf [Z] > K*Zf [k*Z]
by monotonicity of f, it follows by Lipschitz-continuity of f that K*Z—z is a positive
super-solution of some linear elliptic problem which vanishes at z.,. Provided
Too F Zg, this contradicts the elliptic strong minimum principle and the strict

ordering at +oc.
But if o, = 29, then Hopf’s lemma implies that:

(k%% — 2) (z0) > 0.

From this inequality, the optimality of x* is easily contradicted.

Hence k* = 1, that is Z and 2z are indeed a pair of ordered super- and sub-solution
of the problem. Since f depends on x (the special case of f constant with respect
to x, that is Du—Lin’s case, can be discarded here without loss of generality), they
are not solutions themselves, whence their ordering is strict:

2 < Zin (xg,+00).

Finally, by virtue of classical existence—comparison results for semi-linear elliptic
problems, there exists a solution of the problem z, ¢ satisfying furthermore:

2K 2y K7

The uniqueness of z,, s follows from similar arguments.

The positivity of © easily follows from z,, 5 > z. Its continuity comes from
the uniqueness of z;, s and classical compactness arguments. Its periodicity with
respect to x comes from the uniqueness of z;, r and the periodicity of f with
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respect to x. The last property comes from the following easy fact. Let x > 0 and
Z = KZg,,f. 1t is easily verified that:

7" =Zf {%} in (zo,+00)

and then by uniqueness Z = z,, r, where f. : (z,2) — f (i,x) O

Before going any further, we recall that it suffices to choose different normal-
ization sequences to deduce that, if ¢, = 0, there exists at least one segregated
stationary equilibrium e; satisfying:

inf ey ! ((—00,0)) > —o0
and at least one segregated stationary equilibrium es satisfying:
sup ey ! ((0,+00)) < +00.

If o = 0, we define consequently z; = mine; " ({0}) and 22 = maxe; ' ({0}).
Recall that, without loss of generality, we can assume that (z1,z2) € [0, L)%

Lemma 3.2. Let (d, ) € (Degis, +00) X (0, 4+00), fi4, : (2,2) = f1(2,221 — )
and © be defined as in Proposition 3.1. Assume cs = 0.
Then:

1
a® (z1, f1,5,) > dO (301, Ef2> ,

1
aO (z2, f1,2,) < dO (962, Ef2> .

Proof. We prove the first inequality, the second one being proved similarly (using
e instead of eq).
First, if:

ert ({0P)\ {z1} =9,

then e; has a unique zero. Now, consider the problems satisfied by the functions:
21 x el (2 — 1),
zo x> e (x).
It is clear that:
(21’22) = (Zacl,(z,x)Hh(éyQil*I)’Zfly(zvm)’_’éfz(gvgd) '

Since e1 € C? (R), 2| (x]) = 2} (1) is necessary. From the relations:

) (xl, (z,2) — fi (2,%1 —x)) =a® (21, f1,21),

© (ml, (z,2) — éfg (g,x)) = dO (ml, %fg) ,
we see that we are in the case of equality.
Next, if:
er ({0 \ {z1} #0,
then let:

y1 =miner" ({0})\{z1}.
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Clearly, z3 = (ef) I is the unique non-negative non-zero solution of:

z1,y1)
—dz" =zf2 (2]  in (z1,y1)
z(z1) =z (y1) = 0.
Now it can be easily verified that zs is a sub-solution for the problem satisfied
by z ) The inequality follows. (I

Ily(zqi)H%f2(§,r

Remark. We explained previously that, if (Hsreq) [23] is assumed, each segregated
stationary equilibrium has a unique zero x.. In such a case, we have equality:

a® (e, f1,5.) = dO (ze, $f2> .

Let (d, ) € (0,400)*. With the same notations as before, we define the following
sets:

iy = {r €00 |00 0 1) 2 00 (0512 ) ],
X(Ti,oz) = {x €[0,L) | a® (:Cafl,m) <do (-T, éf2) } .

Clearly, from the preceding corollary, if ¢, = 0,

{X(}a) #0
X #0-

Proposition 3.3. Let (d,a) € (0, +oo)2, fie @ (zy) = fi(z2x—y) , O be
defined as in Proposition 3.1 and :
do (z, 5>)
O (z, fiz)
The function Ag is continuous, positive and periodic, does not depend on « and
satisfies the following properties.
o If there exists x € X(‘;a), then oo > Aq (z).
o If there exists x € X ), then o < Aq (x).
e [t has a global minimum and a global mazimum .

Ag:x—

Consequently, provided d > Deyis, o € [min Ay, max Ag] if and only if coo = 0.

Proof. Everything is straightforward apart maybe the following implication: if o €
[min Ay, max Ag], then ¢, = 0. In fact, if there exists z, € [0, L) such that a =
A (z.), then the following function:

2y zzm(z,m)l—ﬁl(izme*z) (2ze —y) ify <z,
_Zlm(zaﬂﬂ)ﬁifz(i,w) (y) lf Y Z Tes

is a segregated stationary equilibrium, which implies by uniqueness (see Theorem
2.43) that coo = 0. O

Remark. The preceding proposition characterizes sharply {a > 0 | coo = 0}. More-
over, it also gives an implicit characterization of the diffusion rates such that ¢, = 0.
With this in mind, understanding whether A4 is constant or not would be of great
interest.

Let us recall that if a; and as are not constant, we do not know how to prove
Theorem 2.43. Therefore in such a case the preceding sharpness is lost and we



COMPETITION IN PERIODIC MEDIA: II — SEGREGATION OF PULSATING FRONTS 42

might still have a non-zero ¢, for some « € [min A4, max A4]. This pathological
situation seems highly unlikely (recall Conjecture 2.44).

From this result, we can also deduce an explicit estimate for the range of param-
eters (d, ), as indicated by the following statement.

Proposition 3.4. Let A C R? be the following set:
2 _
{(d.0) € (0,400)" | X[y #0 and X, £0}.

There exists r > 0 and T > r, defined by formulas (Sz) and (§7) which only
depend on (f1, f2), such that, for any (d,a) € A,

042

d
Remark. Although these estimates do not depend on d, they are also less precise
than the previous statement. Indeed, we will see in the course of the proof that,

for any d > 0:
v/rd < min Ag,

max Ag < \/F_d,

and furthermore it should be expected that these inequalities are actually strict.
Thus the interest of this proposition lies mostly in the fact that r and 7 do not
depend on d.

r< <T.

Proof. Recalling from Proposition 3.1 the definition of z;, r, we define for any d > 0
and any y € C the following functions:

ALy = Ay, fiyo
Zoy tT Yz, g (\/Ex + y) )
Most importantly, 23 , satisfies:

{ (2) = 22,y (@) fo (2.4 () . Vdz +) for any @ € (0,+00),
22,y (0) =0.

Let fy : 2z — max fo (z,2) and Z be the solution of:
zeC

{—z” = 2fa[z] in (0,400)
z(0) =0.

Similarly, let fo : z — min f5 (2, 2) and z be the solution of:
- zeC

—2"=zfa[z] in (0,+00)
z(0) =0.

It can easily be checked (see the proof of Proposition 3.1) that the solutions z
and z form a pair of sub-solution and super-solution for the problem satisfied by
22.4. By uniqueness, z < 23, <Z. Since VdO (y, éfg) = zéy (0), consequently:

2/ (0) < Vo (y éﬁ) <7 (0).
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Then, for any (d,«) € A, we deduce from the preceding estimate and from the

definitions of X(tl o and X, ) that there exists (21, z2) € [0, L)? such that:

a® (z1, fr4,) > Vdz' (0),

a@ (5523 fl,;w) S \/EE/ (0) .
The conclusion follows from the following definitions:

' (0)

r= m ) (Sz)
zeC
2
_ Z' (0) .
" mig@(x,fl,m) (ST)
zeC

O

Corollary 3.5. Assume that, for anyi € {1,2}, f; has the particular form (u, x) —
i (:E) (1 - ’LL) with i € C;er (R); Wi > 0.

Then: )
min (412) max (fi2)
~ <r<r<-<
max (1) min (41)

Proof. In such a case, the functions f, and f2 defined in the proof of Proposition
3.4 reduce to:

faz o max(up) (1= 2),
fa:iz ’_”%in(HZ)(l —2).
Define analogously:
oz max () (1 - 2),
fu+ 2 min ) (1= 2).

Denoting the functions z and z defined in the proof of Proposition 3.4 as Z> and
Zs, the definitions of r and 7 read:

2

(=20
- max O (z, fi1..) |
zeC
2
(=0
min O (z, f1,5)
zeC

Defining analogously the functions z; and z;, we obtain by a super- and sub-
solution argument similar to that of Proposition 3.4 the following estimates:

1/1 (0) < mig@ (‘T’fl,z) < mag(@ (‘Tafl,z) < E/1 (0) )
zeC zeC

> (29

which lead subsequently to:
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< ()

Now let us determine © (0,z — r (1 — z)) for any constant » > 0. Multiplying
the equality satisfied by 2z = 2y .r(1—2) by 2/, we find:

() =)~

Integrating between 0 and 4oo, it follows (z/ (0))* = &, that is:

©0,z—r(l-2)=

=

Applying this equality with » = max (u2), 7 = min (u2), 7 = max (u1) and
C C C

r = min (u1), the claimed estimates for r and 7 follow directly. O
C

Thanks to the existence of r and 7, we now know that the quantity O‘T; plays
a particular role (and this is obviously reminiscent of the space-homogeneous case
[24]). Therefore, we also state the following (immediate) proposition.

Proposition 3.6. For any d € (0, +00), let:

(min A4)° (max Ag)>
d ’ d

RY = (Sro)

The set RY is a non-empty, closed, subinterval of [r,T).
Assume moreover that d > Deyis. Then coo = 0 if and only if 0‘72 € Rg.

Remark. Once more, in the case of non-constant a; and as, one implication is
lacking, but proving Conjecture 2.44 would be sufficient to recover it.

The length of Rg is a very interesting open question (which is obviously equiv-
alent to that of the constancy of A;). Recall that in the space-homogeneous case

[24], RY = {;ﬁ—{g}} is a singleton which does not depend on d.

3.2. Sign of a non-zero asymptotic speed.

Proposition 3.7. Let (d,a) € (0, +00)°. Let z be a segregated pulsating front with
speed s # 0 and profile .
Then s has the sign of:

/OL/C;:U(Z,:E)dzdrz/OL <a2/0a1zf1(z,x)dz—d/oa2zf2(z,gg)dz> dz.

Remark. In view of well-known results about bistable scalar traveling waves, and
more recently pulsating fronts (see for instance Ding—Hamel-Zhao [15]), such a
result was to be expected.

It could be tempting to try to get rid of the a priori condition s # 0 and to show
that the existence of a segregated stationary equilibrium implies:

/ / n(z,z)dzdz = 0.
C —daz
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But Zlatos [32] showed on the contrary that it is possible to build counter-examples
of pure bistable non-linearities F' of positive integral such that:

Otz — Opuz = F'[2]

does not admit any transition front with non-zero speed. Therefore we do not
investigate further in this direction.

Proof. We have justified previously that in the equation (SPF [s]), every term
(div (EV), O and n[p]) is well-defined in L7, . (R?). Thus we consider the test
function 86501[ B.B|xC € L? . (Rz) for some large enough B > 0. By large, we
mean here that we assume the following:

mm(p(f, x) > 0 for any £ < —B,
zeC

max ¢ (§,2) < 0 for any £ > B.
zeC

Hence the subset of the free boundary {(¢,z) € R x C | ¢ (§,2) = 0} is included
n (—-B,B) xC.
Multiplying (SPF [s]) by O¢¢ and integrating over (—B, B) x C yield:

//dlvEVgaagcp+s// o] (Oep)? = // 7] O

First, by change of variable, Lipschitz-continuity of the free boundary (see Propo-
sition 2.26) and definition of #:

L pe(=B,z)
/ / @] Oep / / N (z,2)dzdz
0 Jo(B,x)
L P(=B,z)/o —»(B.@)/dq
/ <a2/ zf1(z,2)dz — d/ zfa2 (2, 1) dz) dz.
0 0 0

Then, since we do not know that O¢ p is continuous, the term fng fOL div (EV) Oep
is dealt with a standard mollification procedure. There exists a sequence of non-
negative non-zero mollifiers (6,,),, .y € D (R). For any n € N, let:

son!(S,w)H/w(ﬁ—C,w)é’n(C)dC-

On one hand, for any n € N, it is clear that all the terms Ogen, Ozan, Otzn
are classically defined. By periodicity and integration by parts, we easily obtain:

[ [Cavveacen =3 [ ([0 €] - [0 €] ) ar

It can be easily verified that if both sets:
+B + 2suppb; = £B + 2 U suppb,,
neN
do not intersect the free boundary, that is if B is large enough indeed, then as

n — +oo:

max |Ogpn, (£B, x) — O (£B, )| + max |0y (£B, x) — Oz (£B, x)| — 0.
zeC zeC
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It follows that:

%/OL<[<agson>2<s,z>}BB[< ) (€] Yo / ([0 €], - [0 )" ) o

On the other hand:

B L
/ / div (EV@) 3 (¢ — on) < [ldiv (EV) [l12((—5.59x) |19 (9 — @) | 2.5y

B L
[ [ @V o= e deen < 1div (Y (6 = o) o055y 500 [Oeenlliag -,y
— 0 ne

and, once more by standard mollification theory, ||0¢ (¥ — ¢n) [|z2((~B,B)xc) and
|div (EV (¢ — ¢n)) [|L2((~B,B)x ) converge to 0 as n — +oo.
Therefore, passing to the limit n — +00, we obtain the expected equality:

/Z /OL div (EVe) dep = %/OL ([(8590)2 (é,x)fB - [(ZM&)Q (5,@)}BB> dz.

Finally, using these computations to pass to the limit B — +o00 in the equality:

//dlvEVgaagcp+s// o] (Oep)? = // 7] O

it follows:

S/RXCUM (8590)2/0L <a2/0a1 zfl(z,x)dzd/()wzfg(z,z)dz) dz,

and since:

0< mln{ } ||a§(‘0||L2(Rxc) /]R o 9 [(P] (65@)2 ’
X

the claimed relationship between s and fo car

N (z,2) dzdz follows. O

7da2
Corollary 3.8. Let (d, ) € (Degis, +00) X (0, +00). Then:
(1) if 0‘72 > maxRY, coo > 0;
2
(2) if & <minRY, coo < 0.

Proof. Tt suffices to remark that, for any i € {1, 2}, fo Y 2fi(z,2)dzde > 0. O

Remark. We recall that, in the proof of Proposition 3.7, the fact that a; and as
are constant is crucial. This issue has already been encountered (see the remark
following Proposition 2.5). Therefore, in the general setting, it is not possible to
obtain such an explicit formula for the sign of c¢.,. Nevertheless, let us point out

that the results of Corollary 3.8 should still hold in this case:
e there still exists T > r > 0 such that 0 ¢ (g 4, 1,) if (d, @) does not satisfy
r < % <7, since the whole subsection 3.1 can be easily generalized (even

though
— we cannot prove that ¢ = 0 if & € [min Ay, max Ay), i.e. if ”‘72 eRY
(but recall Conjecture 2.44);

— additional care is needed since a non-constant as would a priori depend
on d);
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e we will prove in the next section that (d, o) — ¢ is continuous at least in
{(d,0) € (Deais, +00) x (0,+00) | & ¢ RY};

e the study of the limit of the segregated pulsating front as o — 0 or @« — 400
(which can be rigorously done since D,;;s does not depend on «) should
easily yield the sign of the speed at such limits:

— formally, as o — 0, the positive part of w vanishes and we are left with
a Fisher-KPP pulsating front connecting 0 to —das, consequently with
a negative speed;

— formally, as a — +o0, the negative part of ¢ vanishes and we are left
with a Fisher-KPP pulsating front connecting a; to 0, consequently
with a positive speed;

e hence, by connectedness and continuity, Corollary 3.8 would be recovered
indeed.

To conclude, let us highlight an important particular case.

Corollary 3.9. Assume that, for anyi € {1,2}, f; has the particular form (u,x) —
pi () (1 — w) with p; € C,,. (R), pi > 0.
Let:
_ HMzHLl(C)
luillziey
If coo # 0, then it has the sign of or — d.

Proof. In such a case, for any i € {1,2}, a; = 1 and:
L 1 1 L
/ / zfi(z,x) dzdz = —/ i (z) da.
o Jo 6 Jo

3.3. Continuity of the asymptotic speed with respect to the parameters.
In this final subsection, we even allow (f1, f2) to vary in the set F of all L-periodic
f:]0,+00) x R — R satisfying (H1), (H2) and (Hs), equipped with the canonical
topology of C' (R?,R).

Proposition 3.10. Assume that for any (f1, f2) € F2, there exists a non-negative
Deyis = Dg;’i? as defined before.
Let:

O

P = {(d.o fu. o) € (0,00 x F* | d > DI
The function:
L - R
(daaaflva) =  Coo
is well-defined and continuous.
Assume moreover that the function (d,cq, f1, f2) € P — k* is locally bounded.
Then the convergence of ((d, a, f1, f2) € B+ cx)pups to (d, @, f1, f2) € P+ coo s
locally uniform.

Remark. If (Hegis) follows from (H freq) [23] and if:
2
Do Mz (- S2) LV >
0 if L\/ M1 S ™,

then (f1,f2) — D2/ is indeed well-defined (and actually continuous) in F2.

€exrs
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Proof. Just verify (with the same integrations by parts than those used in the course
of the proofs of Propositions 2.4 and 2.5) that:

e all families of segregated pulsating fronts satisfy some locally uniform esti-
mates (with respect to (d, o, f1, f2)) in Cioc (R, LY, (R))NLE,. (R, HL . (R))

loc loc

and therefore, by virtue of DiBenedetto’s theory [13], in Cloo’f (R%);
e all families of segregated stationary equilibrium satisfy some locally uniform
estimates (with respect to (d, o, f1, f2)) in Cfo’f (R).
The continuity of ¢ is then a classical consequence of Theorems 2.42 and 2.43 and
of compactness arguments.
The locally uniform convergence is proved with similar compactness arguments,
this time using the fact that the compactness estimates of Propositions 2.4 and 2.5

are locally uniform. O

Remark. We recall that in the case of non-constant a; and as, we cannot prove
Theorem 2.43. Therefore it is not possible to prove complete continuity of co.. In
the whole subset:

a2
{(daaaflva) € m | F € ngflyfz}’

Coo Might not be continuous and jump between 0 and some non-zero values. Still,
it is not possible to jump directly from a positive value to a negative one, whence
the zero set is in any case non-empty. Moreover, we recall that these issues are
completely subordinated to Conjecture 2.44.

3.3.1. As a conclusion: what about monotonicity?

Regarding the monotonicity of a +— c: it should be easily established, via super-
and sub-solutions, that « — ¢ is non-decreasing (a proof that we do not detail
here for the sake of brevity). Recall moreover that we already suggested in the
previous subsection that co, — —c* [d,2] as & — 0 and ¢oo — ¢*[1,1] as o — 400,
whence a — ¢o would in fact be from (0, +00) onto (—c* [d, 2], c¢* [1,1]).
Regarding the monotonicity of d — cs: on the contrary, such a result should in
general not be expected. We recall that:

e the dependency of the speed of a bistable front on its diffusion coefficient
is in general unclear;

e even for the Fisher—- KPP equation, as long as heterogeneity is introduced,
the monotonicity of the minimal speed as a function of the diffusion coefhi-
cient is in general lost (for instance, in space-time periodic media, a counter
example has been exhibited by the second author [29]).
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