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Abstract

The main purpose of this paper is to investigate the strong approximation of the p-fold integrated
empirical process, p being a fixed positive integer. More precisely, we obtain the exact rate of the
approximations by a sequence of weighted Brownian bridges and a weighted Kiefer process. Our
arguments are based in part on the Komlés et al. (1975)’s results. Applications include the two-
sample testing procedures together with the change-point problems. We also consider the strong
approximation of integrated empirical processes when the parameters are estimated. Finally, we
study the behavior of the self-intersection local time of the partial sum process representation of
integrated empirical processes.

Key words: Integrated empirical process; Brownian bridge; Kiefer process; Rates of convergence;
Local time; Two-sample problem; Hypothesis testing; Goodness-of-fit; Change-point.

AMS Classifications: primary: 62G30; 62G20; 60F17; secondary: 62F03; 62F12; 60F15.

1 Introduction

Let F = {F(t),t € R} be a continuous distribution function [d.f.| and denote by Q = {Q(u),u € [0,1]}
the usual quantile function (generalized inverse) pertaining to F' defined as

Q(u) :=inf{t e R: F(t) >u} for ue(0,1),

Q(0) :=1limQ(u) and Q(1):=limQ(u).

ul0 uTl

The function @ is strictly increasing and we have F(Q(u)) = w for any u € [0,1]. Consider now a
sequence of independent, identically distributed [i.i.d.] random variables [r.v.’s| {U; : ¢ € N*} uniformly
distributed on [0, 1] and, for each ¢ € N*, set X; := Q(U;). The sequence {X; : i € N*} consists of i.i.d.
r.v.’s with d.f. F: F(t) = P{X; < t} for t € R (cf.,, e.g., Shorack and Wellner (1986), p. 3 and the
references therein). Moreover, we conversely have U; = F/(X;).

*e-mail: sergio.alvarezQutc.fr
fe-mail: salim.bouzebda@utc.fr
fe-mail: aime.lachal@insa-lyon.fr



For each n € N*, let IF,, and U,, be the empirical d.f.’s based upon the respective samples X1,..., X,
and Uy, ..., U, defined by

1 1 &
F,(t) .= —#{1 1,...,n}: X; <t} =— lrx, f t e R,
() n#{ZE{ ’I’L} } ’I’L; (X<t} or S
Un(u) = Sti € (Lo U <) = 23 1y for we [0,1]
n = n PR -Vl > - ni:1 {U;<u} s s

where # denotes cardinality. For each n € N*, we introduce the empirical process oy and the uniform
empirical process (3, defined by

an(t) :=vn(F,(t) — F(t)) for teR, (1.1)
Bn(u) :=v/n (Uy(u) —u) for wel0,1]. (1.2)

We have of course the usual relations between the empirical process and uniform empirical process:

an(t) = Bp(F(t)) for teR, neN, (1.3)
Bn(u) = an(Q(u)) for we[0,1], n € N*.
In this paper, we consider integrated empirical d.f.’s based upon the samples Xi,..., X, and
Ui, ..., U, together with the corresponding integrated empirical processes in the following sense.

Definition 1.1 We define the families of integrated d.f.’s and integrated empirical d.f.’s associated with
the d.f. F', for any p € N, any n € N* and any t € R, as

FO@t) = F(t), FP(t) = Fu(t),

t t
FO@) = / F(s)dF(s), FD@) = [ Fo(s)dFu(s),
and for p > 2,

PO = [ aren [ aren. [ R arG,)

—00

F) (1) = /_ AR (s) /_ OO dF, (s3) ... / len(sp) dF o (s,),

[e.e]

together with the corresponding family of integrated empirical processes as
o) (t) = v (FO () - FO (1)), (1.5)

Notice that F(®) (resp. ng )) is a kind of p-fold integral with respect to the measure dF' (resp. dF,,).

Hence, we will call F® (resp. F%p), a%p)) throughout the paper p-fold integrated d.f. (resp. p-fold

integrated empirical d.f., p-fold integrated empirical process). Finally, we define exactly in the same
manner the p-fold integrated uniform empirical d.f. Uslp ) and the p-fold integrated uniform empirical
process ﬁ,(Lp )

Below, we provide explicit expressions for F®) and F%p ), the proof of which are postponed to Sec-
tion 7.

Proposition 1.2 For each p € N, we explicitly have, with probability 1,

F(t)r+t 7O () — 1 <nFn(t) +p

() () —
Fp(t)_(p+1)!’ (0= p+1

> for teR, neN". (1.6)



The particular case where p = 1 has often been considered in the literature. Henze and Nikitin
(2000, 2002) introduced and deeply investigated the goodness-of-fit testing procedures based on the in-
tegrated empirical process. Indeed, the asymptotic properties of their procedures, Kolmogorov-Smirnov,
Cramér-von Mises and Watson-type statistics, can be derived from the limiting behavior of the inte-
grated empirical process. Henze and Nikitin (2003) considered a two-sample testing procedure and
focused on the approximate local Bahadur efficiencies of their statistical tests. It is noteworthy to point
out that tests based on some integrated empirical processes turn out to be more efficient for certain
distributions. In Lachal (2001), another version of the p-fold integrated empirical process (p € N*) was
introduced. For the extension to the multivariate framework, we may refer to Jing and Wang (2006)
and Jing and Yang (2007) where some projected integrated empirical processes for testing the equality
of two multivariate distributions are considered. Inspired by the work of Henze and Nikitin (2003),
Bouzebda and El Faouzi (2012) developed multivariate two-sample testing procedures based on the in-
tegrated empirical copula process that are extended to the K-sample problem in Bouzebda et al. (2011).
Emphasis is placed on the explanation of the strong approximation methodology. The asymptotic be-
havior of weighted multivariate Cramér-von Mises-type statistics under contiguous alternatives was
characterized by Bouzebda and Zari (2013). For more recent references, we refer to Durio and Nikitin
(2016) and Alvarez-Andrade et al. (2017).

The main purpose of this paper is to investigate the strong approximation of the p-fold integrated
empirical process. Next we use the obtained results for studying the asymptotic properties of statistical
tests based on this process. We point out that strong approximations are quite useful and have received
considerable attention in probability theory. Indeed, many well-known and important probability theo-
rems can be considered as consequences of results about strong approximation of sequences of sums by
corresponding Gaussian sequences.

We will first obtain an upper bound in probability for the distance between the p-fold integrated
empirical process and a sequence of appropriate Brownian bridges (see Theorem 2.3). This is the key
point of our study. From this, we will deduce a strong approximation of the p-fold integrated empirical
process by this sequence of Brownian bridges (see Corollary 2.5). As an application, we will derive
the rates of convergence for the distribution of smooth functionals of each p-fold integrated empirical
process (see Corollary 2.4). Moreover, we will deduce strong approximations for the Kolmogorov-
Smirnov and Cramér-von Mises-type statistics associated with the p-fold integrated empirical processes
(see Corollary 2.8).

Second, we will obtain a strong approximation of the p-fold integrated empirical process by a Kiefer
processes (see Theorem 2.6). This latter is of particular interest; indeed, for instance, any kind of law of
the iterated logarithm which holds for the partial sums of Gaussian processes may then be transferred
to the p-fold integrated empirical processes (see Corollary 2.7). We may refer to DasGupta (2008)
(Chapter 12), Csorgd and Horvath (1993) (Chapter 3), Csorgs and Révész (1981) (Chapters 4-5) and
Shorack and Wellner (1986) (Chapter 12) for expositions, details and references about this problem.

We refer to Csorgs and Hall (1984), Csorgs (2007) and Mason and Zhou (2012) for a survey of some
applications of the strong approximation and many references. There is a huge literature on the strong
approximations and their applications. It is not the purpose of this paper to survey this extensive
literature.

The layout of the article is as follows. In Section 2, we first present some strong approximation
results for the p-fold integrated empirical process; our main tools are the results of Komlos et al. (1975).
Sections 3 and 4 are devoted to statistical applications, namely the two-sample and change-point prob-
lems respectively. In Section 5, we deal with the strong approximation of the p-fold integrated empirical
process when parameters are estimated. Section 6 is concerned with the behavior of the self-intersection
local time of the partial sum process representation of the p-fold integrated empirical process. To pre-
vent from interrupting the flow of the presentation, all mathematical developments are postponed to
Section 7.



2 Strong approximation

2.1 Some processes

First, we introduce some definitions and notations. Let W = {W(s) : s > 0} and B = {B(u) : u € [0,1]}
be the standard Wiener process and Brownian bridge, that is, the centered Gaussian processes with
continuous sample paths, and covariance functions

E(W(s)W(t)) =sAt for s,t>0

and
EB(u)B(v)) =uAv—uv for wu,ve|0,1].

A Kiefer process K = {K(s,u) : s > 0,u € [0,1]} is a two-parameters centered Gaussian process, with
continuous sample paths, and covariance function

E(K(s,u)K(t,v)) = (s At)(uAv—wuv) for s,t>0 and u,ve€[0,1].
It satisfies the following distributional identities:
{K(s,u):u e [0,1]}é{\/§IBS(u):uG 0,1]} for s>0

and

{K(s,u):s>0} £ {\/u(l —u)W(s):s> 0} for € 0,1],

where £ stands for the equality in distribution. The interested reader may refer to Csérgs and Révész
(1981) for details on the Gaussian processes mentioned above.

2.2 Brownian approximation

It is well-known that the empirical uniform process {3, : n € N*} converges to B in DJ0, 1] (the space
of all right-continuous real-valued functions defined on [0, 1] which have left-hand limits, equipped with
the Skorohod topology; see, for details, Billingsley (1968)). The rate of convergence of this process to B
is an important task in statistics as well as in probability that has been investigated by several authors.
We can and will assume without loss of generality that all r.v.’s and processes introduced so far and later
on in this paper can be defined on the same probability space (cf. Appendix 2 in Csoérgs and Horvath
(1993)).

Komlos, Major, and Tusnady [KMT]| (Komlés et al. (1975), Theorem 3; refer also to Komlos et al.
(1976)) stated the following Brownian bridge approximation for {3, : n € N*} (Formula (2.2)), along
with a description of its proof with few details, which has been subsequently refined by Mason and van Zwet

(1987) (Formula (2.1)).

Theorem A On a suitable probability space, we may define the uniform empirical process {3, : n € N*},
in combination with a sequence of Brownian bridges {B,, : n € N*}, such that, for any d,n € N* satisfying
d < n and any positive number x,

|
P sup |Bn(u) — By(u 2—clogd—|—x}§c e @7 2.1
{ Lo 1) B0 2 - (elogd 4 ) < o (2.)

where c1, co and c3 are suitable absolute constants. The same inequality holds when replacing the interval
[0,d/n] by [1 —d/n,1]. In particular, for d =n,

p{ sup |8 () — By(u)|

1
> — (e logn + :E)} < cgem BT, (2.2)
uel0,1] N



In (2.2), suitable explicit values for ¢y, ca, 3 were exhibited by Bretagnolle and Massart (1989), Theo-
rem 1: ¢ = 12,¢0 = 2,¢3 = 1/6. In his manuscript, Major (2000) details the original proof of (2.2).
Chatterjee (2012) provided a new alternative approach for proving the famous KMT theorem.

Remark 2.1 In the sequel, the precise meaning of “suitable probability space” is that an independent
sequence of Wiener processes, which is independent of the originally given sequence of i.i.d. r.v.’s,
can be constructed on the assumed probability space. This is a technical requirement which allows the
construction of the Gaussian processes displayed in our theorems, and which is not restrictive since one
can expand the probability space to make it rich enough (see, e.g., Appendix 2 in Csérgd and Horvdth
(1993), de Acosta (1982), Csirgd and Révész (1981) and Lemma Al in Berkes and Philipp (1979)).
Throughout this paper, it will be assumed that the underlying probability spaces are suitable in this
sense.

In the following theorem, we state the key point to access the strong Brownian approximation of
the p-fold integrated uniform empirical process { ﬁT(Lp ) ine N*}.

Theorem 2.2 Fix p € N*. On a suitable probability space, we may define the p-fold integrated uniform
empirical process {Bﬁlp) 'n € N*}, in combination with a sequence of Brownian bridges {B,, : n € N*},
such that, for any d,n € N* satisfying d < n and large enough x,

IP’{ sup
u€(0,d/n]
where By, and C), are positive constants depending on p, ¢ is the constant arising in (2.2) and, for each
n € N*, B%p) is the process defined by

1 p+1
B (w) - BY ()] > = (erlogd + :s>} < By exp(~Cpa?nl ) (23)
k=2

BY) (u) := ]%uan(u) for wel0,1].

The same inequality holds when replacing the interval [0,d/n] by [1 —d/n, 1].

In particular, making d = n in (2.3), we obtain the key estimate for the p-fold integrated empirical
process {aﬁf’) in € N*} below.

Theorem 2.3 Fizp € N*. On a suitable probability space, we may define the p-fold integrated empirical
process {a&{’) :n € N*}, in combination with a sequence of Brownian bridges {B,, : n € N*}, such that,

for large enough x and all n € N*,
1 p+1
IP’{sup oP)(t) —BWP) (F(t))| > —= (c1logn + x)} <B, Z exp (—Cp x2/kn1_2/k>. (2.4)
teR \/ﬁ k=9
An important consequence of Theorem 2.3 is an upper bound for the convergence of distributions of
smooth functionals of aﬁ{’ ), Indeed, applying (2.4) with = = clogn for a suitable constant ¢ yields the
result below.

Corollary 2.4 Fiz p € N*. Let B be a Brownian bridge and B®) the process defined by

B® (u) := I%UPB(U) for wel0,1].

If ®(-) is a Lipschitz functional defined on DI]0,+00) such that the r.v. @(B(p)(F(-))) admits a bounded

density function, then, as n — oo,
logn
)9}(:0( . (2.5)
)

sup P{@(all() <z}~ P{@(BY(F()

~—



For more comments on this kind of results, we may refer to Csorgd et al. (2000), Corollary 1.1 and
p. 2459.
By applying (2.4) to 2 = ¢ logn for a suitable constant ¢’ and appealing to Borel-Cantelli lemma,

one can obtain the following almost sure approximation of the process {Oéslp ) ine N*} based on a
sequence of Brownian bridges.

Corollary 2.5 The following bound holds, with probability 1, as n — oco:

sup |a® (¢) — ‘_ <1°g”>, (2.6)

teR

The next result yields an almost sure approximation for {aﬁ{’ Jine N*} based on a Kiefer process.

Theorem 2.6 On a suitable probability space, we may define the p-fold integrated empirical process
{a%p) : n € N*}, in combination with a Kiefer process {K(s,u) : s > 0,u € [0,1]}, such that, with
probability 1, as n — oo,

max sup \/Eaép)(t) - K(p)(k,F(t))‘ = O((logn)?)
1<k<n tcR

where K®) is the process defined by
1
K®) (s, u) = o uPK(s,u) for s>0,ue]l0,1].

Let us mention that the “extracted” Kiefer process {K(n,u) : n € N*,;u € [0,1]} may be viewed as the
partial sums process of a sequence of independent Brownian bridges {B; : i € N*}:

:ZBi(u) for neN*" uel0,1].

7

From Theorem 2.6, we deduce the following law of iterated logarithm (“a.s.” stands for “almost

surely”).

Corollary 2.7 We have the following law of iterated logarithm for the p-fold integrated empirical process:

() 1/2
(¢ p+1/
lim sup SUPieR |oz ( )| = (p+1/2) a.s. (2.7)

n—00 Vloglogn pl(p+ 1)p+l

As a direct application of (2.6) and (2.7) to the problem of goodness-of-fit, for testing the null
hypothesis

HoZF:Fo,

we can use the following statistics: the p-fold integrated Kolmogorov-Smirnov statistic

S .— sup‘f( Fo(p)(t))‘

teR

as well as the p-fold integrated Cramér-von Mises statistic



Corollary 2.8 Under Hg, with probability 1, as n — oo, we have

‘Sﬁf’) — sup !Bﬁf”(Fo(t))\‘ = 0<k\)§§>, (2.8)

‘T%p) _ /]R [Bglp)(Fo(t))]zdFo(t)‘ = O<\/ logl% log n) (2.9)

We finish this part by pointing out the possibility of considering the statistics, for r > 1,

vl

It is clear, however, that we have the following convergence in distribution as n — oo, under Hy:

N </R TdFO(t)>1/T — </R ‘B(p)(Fo(t)) TdFO(t)>1/T.

In a future research, it would be of interest to deeply investigate such statistics.

r /T
FO(t) - B (1) dFo(t)>1 .

n

FP) (1) - B (1)

3 The two-sample problem

For each m,n € N*, let Xy,...,X,, and Yi,...,Y, be independent random samples from continuous
d.f.’s F' and G, respectively, and let F%) and Gslp ) denote their p-fold integrated empirical d.f.’s. Tests
for the null hypothesis

Hy: F =G,

can be based on the p-fold integrated two-sample empirical process defined, for each m,n € N*, by

(p) — [N (e () — )
R (1) : ‘/m+n<Fm (t) — GO (t)) for teR.

Actually, as in Bouzebda and El Faouzi (2012), we will more generally consider the following modified

p-fold integrated two-sample empirical process (which includes the process 555?”) Fix a positive integer ¢
which will serve as a power. We define, for each m,n € N*,

0t = [—— [(FD0) - (6P®)] for ter.

m-+n

Set also, for any m,n € N*,

(m,n) := max logm logn and ¢(m,n) := max \/bglﬂ logm, 1/ loglogn logn
()D Y T \/m ? \/ﬁ Y T m g ? n g .

Reasonable statistics for testing H{, would be the modified p-fold integrated Kolmogorov-Smirnov
statistic

Sz = sup |62 0)|

m,n
teR

and the modified p-fold integrated Cramér-von Mises statistic

T = [ €00 erare),
R

The following results are consequences of Corollary 2.5.



Corollary 3.1 On a suitable probability space, it is possible to define {ES,I;Z%) tm,n € N*}, jointly with
two sequences of Brownian bridges {IBB}TL m € N*} and {IB%% ' n € N*}, such that, under Hj, with
probability 1, as min(m,n) — oo,

sup |€24) (1) — B4 (8)| = O(p(m, ),
teR

where, for each m,n € N*, B%)Z%) is the Gaussian process defined by

BED(1) = ((5111)) pypa+a- 1( / +n1531 £)) — m?_ﬂBi(F(t))) for teR.

Corollary 3.2 Under Hj, with probability 1, as min(m,n) — oo, we have

Remark 3.3 The family of statistics indexed by ¢ may be used to maximize the power of the statistical
test for a specific alternative hypothesis as argued in Ahmad and Dorea (2001) in the case p = 1.

Now, we fix a positive integer K and we describe the more general K-sample problem. For each
ke {1,...,K}, we consider a setting made of independent observations {Xlk 1 e {1,... ,nk}} of a
real-valued r.v. X*. The d.f.’s of Xf, i€{l1,...,nx}, are denoted by F¥ and they are assumed to be
continuous. We would like to test, Fy being a fixed continuous d.f., the null hypothesis

HE F'=F=...=FF =R,
For any K-tuple of positive integers n = (nq,...,ng), set |n| = Zszl ny and let
(Z1,. o Zyy) o= (X1, XL XD XXX

( )

be the pooled sample of total size |n|, D be the p-fold integrated empirical d.f. based upon

Zi,y..., Zn|, and, for each k € {1,..., K}, Fgf; be the p-fold integrated empirical d.f. based upon

Xk ,X,'jk. Of course, we have the following identity:
o _ 1y
O = > nFE 3.1
n |n| p N 'y, ( )

Next, we define the p-fold integrated K-sample empirical process in the following way: for any
K-tuple n = (n1,...,ng) € (N)K

&) (1) an (FO*(t) - D )n(t)>2 for tER

Obvious candidates for testing Hypothesis H{ are the p-fold integrated K -sample Kolmogorov-Smirnov
statistic

Sg’)n = sup Eg?n(t)
teR



and the p-fold integrated K-sample Cramér-von Mises functional (the usual square being included in
the definition of 5%)”)

T, = [ €0 an ).

Set
log1
¢K(n) — max { og log ng lognk}.

1<k<K ng

As a consequence of Corollary 2.5 and by using similar arguments to those used in Bouzebda et al.
(2011), we obtain the following results.

Theorem 3.4 On a suitable probability space, it is possible to define {ég)n ' n € (N*)K}, jointly
with K sequences of Brownian bridges {IB%fn m € N*}, ke {1,...,K}, such that, under HE, with

probability 1, for n = (ny,...,nk) such that min; << g ng — 00,
Sup‘éKn Kn ‘— (¢K( ))
where, for each m = (n1,...,ng) € (N*)K, %)n is the process defined by

K 2
BY) (1) = pu ZIB% 2—<;1/%B’;k(}7@(t))> for teR.

In the particular case K = 2 (i.e. the two-sample problem), the corresponding settings are related to
the previous ones according as

2 2
600 @ = (€2,,0) s a1, m2) = dln1,ma), ST, = (SEU), T =TED,

Notice that IB%g?)n( t) >0 for any t € R and n € (N*)X as it is easily seen with the aid of the Cauchy-

2
Schwarz inequality. For K = 2, this process writes BY ()n na) = <B1(’Lp17,1722) , this is the square of a Gaussian
process.

(p)

The next result, which is an immediate consequence of the previous theorem (observe that S~

and Tg)n are bounded linear functionals of the process E%)n), gives the limit null distributions of the
statistics under consideration.

Corollary 3.5 Under HL, with probability 1, for n = (n1,...,nK) such that minj<p<g ny — 00, we
have

S, supBL, (0] = Oex(r).
'ngn - /R B () dFO(t)‘ — O(px(n)).

4 The change-point problem

Here and elsewhere, [t] denotes the largest integer not exceeding ¢. In many practical applications,
we assume the structural stability of statistical models and this fundamental assumption needs to be
tested before it can be applied. This is called the analysis of structural breaks, or change-points, which



has led to the development of a variety of theoretical and practical results. For good sources of ref-
erences to research literature in this area along with statistical applications, the reader may consult
Brodsky and Darkhovsky (1993), Csorgs and Horvath (1997) and Chen and Gupta (2000). For recent
references on the subject we may refer, among many others, to Bouzebda (2012), Aue and Horvath
(2013), Chan et al. (2013), Horvath and Rice (2014), Alvarez-Andrade and Bouzebda (2014) and Bouzebda
(2014).

In this section, we deal with testing changes in d.f.’s for a sequence of independent real-valued r.v.’s
X1,...,X,,. The corresponding null hypothesis that we want to test is

Hy: X1,..., X, have df. F.

As frequently done, the behavior of the derived tests will be investigated under the alternative hypothesis
of a single change-point

H I k*e{1,...,n—1} suchthat Xi,..., Xy« have d.f. F and Xp«yq,...,X, have df. G.

The d.f.’s F' and G are assumed to be continuous. The critical integer k* can be written as |ns] for
a certain s € (0,1). Then, testing the null hypothesis H{ can be based on functionals of the following
process: set, for each n € N*,

ns|(n — [ns _

a (s, 1) = % (W’ (t) — F®P* (t)) for s€(0,1), t€R, (4.1)
where F,ip )~ is the p-fold integrated empirical d.f. based upon the k first observations while F( Pt Z} is that
based upon the (n — k) last ones. In (4.1) we extend the definition of F,(c P)~ and F,ip )* 4o the case where
k = 0 by setting IF'(()p)_ = FépH = 0, so that &%p)(s,t) =0if s € (0,1/n).

We can define the r.v.’s Xi,..., X5 and X5 41,..., X, on a probability space on which we
can simultaneously construct two Kiefer processes {Ki(s,u) : s € R,u € [0,1]} and {Ka(s,u) : s €
R,u € [0,1]} such that the “restricted” processes {Ki(s,u) : s € [1,n/2],u € [0,1]} and {Ka(s,u) : s €
[n/2,n],u € [0,1]} are independent. It turns out that a natural approximation of {&Slp ) ine N*} is

given by the sequence of Gaussian processes {H%,(lp)(s, F(t)):s€0,1,t e R,n¢€ N*} defined by

o 1 o
KP) (s,u) := . uP Ky (s,u) for s,uel0,1], n e N, (4.2)

where, for each n € N*, K,, := {Ky(s,u) : s,u € [0,1]} is the Gaussian process defined by

& (s.0) i %[Kg(LnsJ u) — s(Ki([n/2],u) + Ko([n/2],u))] forsG[O,%],uE[O,l],
U A = Ka(ln( = 8)]yu) + (1= 8)(Ke([/2),u) + Ka([n/2),u))] for s € [L,1],u € [0,1].

Sl

More precisely, we have the following result.

Theorem 4.1 On a suitable probability space, it is possible to define {&S{D) 'n € N*}, jointly with a

sequence of Gaussian processes {K%p) 'n € N*} as above, such that, under H(, with probability 1, as
n — oo,

2
(p K () — (log n)
sup sup |a,P (s,t) — K/ (s, F(t))| = (9( .
s€(0,1) teR ‘ ) ( ( ))‘ \/ﬁ
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According to Csorgd et al. (1997), a way to test change-point is to use the following statistics:

&P (s,1)|. (4.3)

aﬁf’) := sup sup |a
s€(0,1) teR

The corollary below is a consequence of Theorem 4.1 which can be proved by following exactly the
same lines of Alvarez-Andrade et al. (2017).

Corollary 4.2 If H{ holds true, then we have the convergence in distribution, as n — 0o,

oP) N sup
s,u€(0,1]

]fg(p)(syu)‘,

where K® {]K su) :s,u € [0, 1]} 15 a Gaussian process with mean zero and covariance

o o 1
E(K(ZD)(S’ uw) KP4, u/)> =2 uPuP(u A’ —uu)(s A s’ — ss').

One has K®) (s,u) = %! uP ]Io{(s, u) where K is a tied-down Kiefer process. We refer to Csérgé and Horvath

(1997) for more details on the process K in the case where p = 1.
Actually, according to Csorgs et al. (1997), the most appropriate way to test change-point is to use
the following weighted statistic:

"’(p) (S t)‘
an{’zu ‘= sup sup——— (4.4)

s€(0,1) teR W (Ins|/n)

where w is a positive function defined on (0, 1), increasing in a neighborhood of zero and decreasing in
a neighborhood of one satisfying the condition

1 2
ew*(s) ds
I(w,e) = — <
we) = [on (-2%) oy <=
for some constant € > 0. For a history and further applications of I (w, €), we refer to Csoérgé and Horvath
(1993), Chapter 4. From Szyszkowicz (1992), an example of such function w is given by

1/2
w(t) == (t(l —t)log log ﬁ) for te(0,1).

By using similar techniques to those which are developed in Csorgs and Horvath (1997), one may show
that N
K®) (s, u ‘
IR L)

s,u€l0,1] w(s)

For more details, we refer to Alvarez-Andrade and Bouzebda (2014).

Remark 4.3 As in Szyszkowicz (1994), we mention that the statistic given by (4.3) should be more
powerful for detecting changes that occur in the middle, i.e., near n/2, where k/n(1 — k/n) reaches its
mazimum, than for the ones occurring near the end points. The advantage of using the weighted statistic
defined in (4.4) is the detection of changes that occur near the end points, while retaining the sensitivity
to possible changes in the middle as well.

We hope that the results presented in Sections 3 and 4 will be the prototypes of other various
applications.
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5 Strong approximation of the integrated empirical process when pa-
rameters are estimated

In this section, we are interested in the strong approximation of the integrated empirical process when
parameters are estimated. Our approach is in the same spirit of Burke et al. (1979). Let us introduce,

for each n € N*, the p-fold integrated estimated empirical process &%p ).

aw)(t) == vn (IE‘SLP) (t) — F® (t,an)) for teR, (5.1)

where {5n : n € N*} is a sequence of estimators of a parameter € from a family of d.f’s {F(t,0) :
t € R, € ®) (O being a subset of R? and d a fixed positive integer) related to a sequence of
iid. rv’s {X; : ¢ € N*}. Let us mention that a general study of the weak convergence of the
estimated empirical process was carried out by Durbin (1973). For a more recent reference, we may
refer to Genz and Haeusler (2006) where the authors investigated the empirical processes with estimated
parameters under auxiliary information and provided some results regarding the bootstrap in order to
evaluate the limiting laws.
Let us introduce some notations.

(5.1) The transpose of a vector V of R? will be denoted by V' '.

(5.2) The norm || - || on R? is defined by

12, - ya)ll = max [yil.

(5.3) For a function (,0) + g¢(t,0) where 8 = (61,...,0;) € R% Vgg(t,00) denotes the vector in
R? of partial derivatives ((9g/061)(t,8),...,(0g/904)(t,0))) evaluated at @ = 6y, and Vag(t,0)
denotes the d x d matrix of second order partial derivatives ((0%g/06;00;)(t, 0)))1 <ij<d

(5.4) For a vector V = (vy,...,v4) € RY, [V denotes the vector (for,..., [ va).

Next, we write out the set of all conditions (those of Burke et al. (1979)) which we will use in the
sequel.

(i) The estimator 6, admits the following form: for each n € N*,
~ 1 &
0, —00) =—) (X6 n
vn ( o) 7 ; (Xi,00) +€

where 60y is the theoretical true value of 0, I(-,0) is a measurable d-dimensional vector-valued
function, and &, converges to zero as n — oo in a manner to be specified later on. Notice that

%Z“Xw"o) _ ﬁ/ (s, 00) dF» (s).
i=1 e

(ii) The mean value of I(X;, 8¢) vanishes: E(I(X;,0)) = 0.
(iii) The matrix M(6o) := E(I(X;,00)"1(X;,8)) is a finite nonnegative definite d x d matrix.

(iv) The vector-valued function (¢, 80) — VgF'(t,0) is uniformly continuous in ¢ € R and 6 € V, where
V is the closure of a given neighborhood of 8.

12



(v) Each component of the vector-valued function t — [(t,68q) is of bounded variation in ¢ on each
finite interval of R.

(vi) The vector-valued function ¢ — Vg F(t,80) is uniformly bounded in ¢ € R, and the vector-valued
function (t,0) — V3F(t,0) is uniformly bounded in ¢t € R and 6 € V.

(vii) Set
(s,00) :==1(F~'(5,00),00) for se(0,1)

where

F~'(s,00) = inf{t € R: F(t,0y) > s}.
The limiting relations below hold:

li\n% v/ sloglog(1/s) ||4(s,00)|| =0 and lifn} V(1 = s)loglog[1/(1 — s)] ||¢(s,00)| = 0,

(viii) Set
, ol
l.(s,0p) = &(3,00) for s€(0,1).

The partial derivative (s, 8) exist for every s € (0,1) and the bounds below hold: there is a
positive constant C' such that

s||li(s,60)|| < C forallse (0,5) and (1—s)[[i(s,00)|| <C forallse (5,1).

Now, we state an analogous result to Theorem 3.1 of Burke et al. (1979). For each n € N*, let
{G,(t) : t € R} be the process defined by

Gnt) = % <K(n,F(t,00)) - ( /R l(s,OO)dsK(n,F(s,Oo))> VoF(t, 90)T>
_ % (K(n. F(t,60)) - Wn)VoF(t.00)7) for t€R

where we set

W(T) ::/Rl(s,eo)dsK(T,F(s,Oo)) for 7>0.

The process {W(7) : 7 > 0} is a d-dimensional Brownian motion with a covariance matrix of rank that

of M(0p). The estimated empirical process given by a,(f’ ) (t) defined by (5.1) will be approximated by

the sequence of processes {Gﬁf’ ) ine N*} defined by
GP(t) = I%F(t, 00 G(t) for teR, (5.2)

as described in the next theorem. Set

e® .= sup [a® () — GP) (t)(. (5.3)
teR

Theorem 5.1 Suppose that the sequence of estimators {én :n € N*} satisfies Conditions (i), (ii) and
(iii). Then, as n — oo,

(a) e S0 if Conditions (iv), (v) hold and &, N 0;

13



(b) elP) @5 if Conditions (vi)—(viii) hold and €, + 0;

(c) elf) = O(max(h(n),n=¢)) for some € > 0 if Conditions (vi)—(viil) hold and &, = O(h(n)) for
some function h satisfying h(n) > 0 and h(n) — 0

(p)

The limiting Gaussian process Gy’ of Theorem 5.1 depends crucially on F and also on the true
theoretical value 6g. In general, Theorem 5.1 cannot be used to test the composite hypothesis :

Fe{F(t,0):tcR,0cO}.

In order to circumvent this problem, Burke et al. (1979) proposed an approximate solution, they intro-
duce another process:

Gult) = % (K(n. F(1,8,)) ~ Wn)VoF(.8,) ).

Under some regularity conditions, Burke et al. (1979) show that (see Theorem 3.2 therein), as n — oo,

sup |G () — Gn(t)‘ Poo.
teR

o~ ~

Setting G (t) := %!F(t, 6,,)" G, (t), one can show that, as n — oo,

sup (agm (t) — G (t)( £, (5.4)
teR
Consequently, we have, as n — oo,
sup‘ aw (t) — GP) (¢ )‘ P
teR

6 Local time of the integrated empirical process

In this section, we are mainly concerned with the behavior of the local time of the p-fold integrated
empirical process. This behavior can be characterized by using a representation that expresses the
integrated empirical process in terms of a partial sums process, see (6.1) below. Let us recall the
definition of the process (3, given in (1.2) and let us introduce the modified p-fold integrated uniform

empirical process 57(;” ) defined, for each n € N* by

B2 (u /dul/ dvp_1 . / 715n(”p)d’”p

p=1 v for wu .
~ =y [ =0 Ao for we o

In this part, we focus on the particular r.v. A%p )= @(@p )(1). It is easily seen that the representation

below holds: ®)
1 1 1 Sy

(p) — - (1 —-U:\? — =
A ﬁ(n;p! (=0 (p+1)!) vn

where {S,(Lp = N*} is the following partial sums process where the summands are i.i.d. r.v.’s with

mean zero:
1< 1
S = =% ((1 —U;)P — —> (6.1)
r' i=1 p+1
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This is a random walk with continuously distributed jumps. In the particular case where p = 1, we
retrieve the representation provided by Henze and Nikitin (2002) p. 185, namely

m_ S W .5 (1
An —% with Sn —Z §_Uz .

i=1
Notice that we are dealing with a sum of strongly non-lattice r.v.’s as, i.e., in p. 210 of Bass and Khoshnevisan
(1993a). Indeed, we easily check that the characteristic function x®) of the (1 — U;)? —1/(p+1)’s, namely

1. —iz/(p+1) rz g
®) () — iz(uP—1/(p+1)) g, _ € w_ AU
X" (2) -—/0 e du = DA/ /0 ¢ JI-1/p

satisfies the conditions

Vz € RY, |X(p | <1 and hmsup‘x(p )‘ < 1.

|z]—o00

Next, we fix a neighborhood I of 0, e.g., I = [—1/2,1/2], and we define the local time

n) 2211(52-(”)—3;) for zeR,neN" (6.2)

The local time A®)(z,n) represents the number of visits of the random walk {S,(Lp ) in e N*} in the
neighborhood = + I of x up to discrete time n. Our aim is to obtain the rate of the approximation of
the self-intersection local time

LYt = Y / 17 (S — )17 (SY — &) da

1<i<j<|nt]

by the integrated local time of some standard Wiener process. The quantity lep ) (t) enumerates in a
certain manner the couples (i, j) of distinct and ordered indices up to time |nt| such that S; —S; is less
than the diameter of I.

To this aim, we recall that, if {W(¢) : ¢ > 0} is the standard Wiener process with W(0) = 0, then
its local time process {l(z,t) : t > 0,2 € R} is defined as

1t
l(:l?,t) = lelﬁ)l %/0 1{x—e§W(s)§x+e} ds for zeR,t>0. (63)

Following exactly the same lines of Alvarez-Andrade et al. (2017), we can prove the two following
results.

Theorem 6.1 We have, with probability 1, as n — oo,

LP)(t) — %n?’m / In(z,t)? dz
R

sup
te[0,1]

=0 <n5/4(log n)'%(log log n)1/4) ,

where 1, is the normalized local time

lp(z,t) = %l(\/ﬁx, [nt]).

Corollary 6.2 We have, with probability 1, for any t € (0,1], there exist two positive constants k1 and
Ko such that, almost surely, for large enough n,

|t |3/ ( 3
L ) < t13/2/1og log n.

In particular, for any t € (0,1], almost surely, as n — oo,

L)1) = 5 Lnt /200
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7 Mathematical developments

This section is devoted to the proofs of our results. The previously displayed notations continue to be
used in the sequel.

7.1 Some bounds for the empirical process, Brownian bridge and the Kiefer process

Let us immediately point out an obvious fact which will be used several times thereafter:
0<F({#)<1 and 0<F,(t)<1 for teR, neN*
which obviously entails that, for any p € N,
0<FP(t)<1 and 0<FP(t)<1 for teR, neN. (7.1)
Similarly, we have, for any p € N,
0<UP(u) <1 for wel0,1],neN (7.2)

We also mention some bounds that we will use further. By appealing to Chung’s law of the iterated
logarithm for the empirical process, see Chung (1949), which stipulates that

t 1
lim sup SReer @l _ 1

n—oo RV log log n \/§

we see that, with probability 1, as n — oo,

sup |a, ()] = O(\/loglogn ). (7.3)

teR

Moreover, by Komlos et al. (1975), on a suitable probability space, we can define the uniform empirical
process {f, : n € N*}, in combination with a sequence of Brownian bridges {B,, : n € N*} together with
a Kiefer process {K(s,u) : s > 0,u € [0, 1]}, such that, with probability 1, as n — oo,

_ W) — logn
S 15,(0) ~ B O(wﬁ (7.4)

and
max Sup} ‘\/Eﬂk(U) - K(k:,u)‘ = O((log n)2)

1=k<nyelo,1
from which we extract,with probability 1, as n — oo,

%K(n,u)' - 0<(lo\g}g)2>. (7.5)

As a result, by putting (7.3) into (7.4) and (7.5), one derives the following bounds: with probability 1,
as n — 0o,

B (u) —

sup
u€el0,1]

sup [By(u)| = O(Vloglogn ) and  sup [K(n,u)| = O(\/nloglogn ). (7.6)

ue0,1] uel0,1]

Notice that the second bound in (7.6) comes also from the law of the iterated logarithm for the Kiefer
process; see Csorgd and Révész (1981), p. 81.
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7.2 Proof of Proposition 1.2

We begin by making an observation: because of the hypothesis that the df F' is continuous, the sampled
variables X1, Xo, ..., X,, are almost surely all different. Then, we can define with probability 1 the
order statistics

le < Xgm <0 Xn,n

associated with X, Xs,...,X,,. Notice that the event {Xim < t} is equal to {nFF,(t) <i}. Hence, we
can write that, for any function f, with probability 1,

nFn ()

/ £(5) dF Zf Mixien = Zf on) (7.7)

Before proving (1.6), we first show by induction that

F®) (t) =

n

1 . . . .
an# {1, yipp1) € NPT T <y <oov <y < nFy(t) ). (7.8)
Of course, (7.8) holds for p = 0. Pick now a positive integer p and suppose that
_ 1 . . . .
FP1(t) = ﬁ#{(zl, coyip) €NP T <y < <, <y (2) ).

By Definition 1.1, we see that the family of functions F%p )

for any p € N* and any ¢t € R, by

can be recursively defined by IF‘%O) =T, and,

w0 = [ E ) am)

Therefore, by (7.7) and remarking that F,,(X;,) = i/n, a.s.,

nFn(t)

1
ngp)(t) = _ZF(p 1 1{Xz<t} - n Z F(p 1)(Xz n)
i=1

1 nIFn(t)

= — > #{(, i) ENP L <y < oe <y <y (Xin)}
=1
1 nF ()

= — S #{(in i) ENP L <y < -oe <y <)

=1

1 . . . . .
= W#{(zl,...,zp,zpﬂ) eNPFl 1< <. < ip <py1 < nFn(t)}

Hence, (7.8) is valid for any p € N.

Now, we observe that the cardinality in (7.8) is nothing but the number of combinations with
repetitions of p+1 integers lying between 1 and nlF,(¢), which coincides with the number of combinations
without repetition of p + 1 integers lying between 1 and nlF,,(¢) + p. This is the result concerning ng )
announced in (1.6). Finally, the formula concerning F®) can be easily obtained by induction too. The
proof of Proposition 1.2 is finished. » O
P

In the proposition below, we provide a representation of Iy’ by means of F,,.

Proposition 7.1 The integrated empirical d.f. ng) can be expressed by means of F,, as follows: with
probability 1,

F,t)rtt & F,(t)" .
F(p)(t):ﬁ—kz%gp)ﬁ for teR, neN", (7.9)

(p)

where the coefficients ay’, 1 < k < p, are positive integers.
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Proof. By expanding the combination in (1.6), we get that, a.s.,

P

. 1 _ Fu(1) , x
F® (1) = WHHF i) = mg(nlﬁ'n(ﬂ—l—z) for te€R, ne N,

Appealing to the classical expansion

P

[e+o-3-[271]

where H are the unsigned Stirling numbers of the first kind (see, e.g., http://en.wikipedia.org/wiki/Stirling number).
We immediately derive (7.9) by setting algp ) = [ziﬂ O
In the proposition below, we rely 0451) to ay,

Proposition 7.2 The p-fold integrated empirical process aslp) 1s related to the empirical process oy,

according to, with probability 1,
p+1

1 F(typri-k - F,(t)* \
alP)(t) = S F@ an(t) + Zb(” n(( - an(® + > a ﬁ for teR, neN, (7.10)
=1

where the coefficients a(p) 1 < k < p, are those of Proposition 7.1 and the b,(gp), 2<k<p+1, are
positive real numbers less th(m 1. Simalarly,

) ptl ®) uPt1-k p k
B (u) = upﬁn +Zb kmﬁn Z np k+1/2 for wel0,1], ne N (7.11)

Proof. By Definition 1.1 and Formulae (1.6) and (7.9), we write that, a.s., for t € R, n € N*,

(p) 1 p+1 p+1 - () _Fn (t)*
aP)(t) = ] Vv (Fn (6P — F(6)PT) + Z O k12
k=1

Applying the elementary identity below obtained by writing a = (a — b) + b and using the binomial
theorem

p+1
aPtl — pptl — (p+ 1)bP(a —b) + Z ( >bp+l—k(a _ b)k
to a =T, (t) and b = F(t) yields, a.s., for t € R, n € N*,

o) (t) = 5 Vi PO (Fa(t) — F(2))

p+1 » i
MRS PV Z (p N 1) (PR (Fy(t) — F (1) + ;a,ﬁp) %. (7.12)
Substituting F,,(t) — F'(t) = an ( )/+/n into (7.12) gives (7.10) by setting b(p) = (p“)/(p + 1)L 0
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7.3 Proof of Theorem 2.2

Set A, :=>"_, a]g) >0 and I =[0,d/n] or [1 —d/n,1]. Making use of (7.11) together with (7.2) and
the fact that 0 < b,(cp) < 1, it is clear that, a.s., for any d,n € N* such that d < n,

p+1
1 A
)(u) —BP (u)| < su n(u) — By ( su L (w)]F + £,
sup |9 (u) ~ BP) (u)| < sup | (w) IZ 7T s Bl + 72
Therefore,
1
P< sup |B%) (uw) — BP (u)| > —= (¢1 1o d+x}
{sup 800 - BP ()] > T (@rlogd-+ 0
p+1
SIP’{Suan(u)—IBB Z ! sup |8, (u)|F > —(cllogd+:p—Ap)}.
uel \/_ nk/2=1 oy Vn

Now, using the elementary inequality

P{ka > Zak} < Zp{fk > ag},
k=1 k=1 k=1

which is valid for any positive integer r, any r.v.’s &1, ..., &, and any real numbers ay, ..., a,, we obtain
Pl sup |30 - B w)] 2 = (e loga +2)
uel \/ﬁ
1
<P n - Bn > — logd+ ———- A
< { sup |6 (1) — B (u)] NG (crlogd + = 1 p)}
ptl k/2—1
xn
+Y B s s> ) (7.13)
Z { u€el(0,1] p+1

On the other hand, the inequality of Dvoretzky et al. (1956) stipulates that there exists a positive
constant ¢4 such that, for any x > 0 and any n € N*,

x 2
P < sup |F,.(t) — F(t 2—}§C€_2w. 7.14
{swlan - Fi01 2 - L < (7.14)
Actually (7.14) simply reads, by means of (3,,, for any x > 0 and any n € N*, as

IP’{ sup |G (u)] > :E} <cpe

u€e(0,1]

Then,

p+1 p+1 k/212/k
P 3 < 9

S ot 1 eS| (22

u€e(0,1]
p+1 5
< —[2/(p+1)] = <__ 2/k 1—2/k> ‘ 715
_C4<€ —l—kzzgexp p—|—1$ n (7.15)

Now, by putting (2.1) and (7.15) into (7.13), we immediately complete the proof of Theorem 2.2 with

By :=cpe® ¢4 and  Cp,:=min(cs,2)/(p + 1).
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7.4 Proof of Corollary 2.4
The functional ® being Lipschitz, there exists a positive constant L such that, for any functions v, w,

|®(v) — ¢(w)| < Ligﬂg [v(t) —w(t)],

inequality that we will use in the form

teR teR

®(w) — Lsup |v(t) —w(t)| < P(v) < ®(w) + Lsup|v(t) — w(t)]. (7.16)

Let us choose for v,w the processes V,, := 0451)(-) and W, = BY )( F(-)). Applying the elementary
inequality |P(A) — P(B)| < P(A\B) + P(B\A) to the events A = {®(V},) < z} and B = {®(W,,) < z}
provides, for any € R and any n € N*,

B{2(V,) < o} — P{B(W,,) < 2)] < B{2(V,) < & < B(W,)} + P{B(W,) < < B(V;)}.

By (7.16), we see that

P{a(V,) <2 §<I><Wn>}sp{@(m)—Ligﬂan(t) Wat)] < x < ®(W,

Hf—/w—/

P{O(W,) <« g@(%)}gp{@(mmxs@(w>+Lsup|v )},
teR

from which we deduce, by addition, that
|P{®(V,,) <z} — P{®(W,) < z}| <]P>{y<1>( W) — <Lsup\v } (7.17)

On the other hand, by choosing x = clogn for a large enough constant ¢ in (2.4) and putting €, := (¢+cq)
logn/+/n, we obtain the estimate below valid for large enough n:

P{igﬂg\vn(t) — Wo(t)] > en} < % - o(l(z/g;) (7.18)

Now, by (7.17), we write
|P{®(Vy) < a} — P{®(W,) < x}|

= P{sup Vi (t) — Wi(t)| < €n, |®(W,) — x| < Lsup |V, (t) — Wn(t)\}
teR teR

+ IED{sup [Va(t) = Wa(t)] = €n, [2(Wn) — 2| < Lsup |[V,(t) — Wn(t)l}
teR teR

<P{|®(W,) — x| < Len} + P{ig]g |V (t) — Wi(t)] > en}. (7.19)

Noticing that the distribution of B,, does not depend on n, which entails the equality
P{lo(Wn) — | < Len} = P{|®(W) — x| < Len}

where W := F(-)P B(F(-))/p!, and recalling the assumption that the r.v. ®(W) admits a density function
bounded by M say, we get that, for any x € R and any n € N*,

P{|®(W,) — 2| < Len} < 2LMe,,. (7.20)

Finally, putting (7.18) and (7.20) into (7.19) leads to (2.5), which completes the proof of Corollary 2.4.
U
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7.5 Proof of Corollary 2.5

Applying (2.4) to z = ¢ logn for a sufficiently large constant ¢’ yields, for large enough n,

_ P{sup o) (1)~ BY (F(1))] > c5 - "}

teR vn
pt1 )
<B, Zexp<—0p0’2/k (log n)Q/knl_?’/k> = O(ﬁ)

where cg is a positive constant. Hence the series (D 7,) is convergent and by appealing to Borel-Cantelli
lemma, we get that

]P’<lim _— {sup oP(t) ~ BY (F(1))| > g log n }) — 0,

neN* teR

which clearly implies Corollary 2.5. O

7.6 Proof of Theorem 2.6

In view of (7.10), we write that, a.s., for any s € (0,1), any ¢t € R and any k € N*,

VEal () = KWk F(1) = - FOP [VEaw(t) ~ K (k. F()]

ptl +1—i P i
) F@)P ) Fi(t)
+§ b, G072 ag(t) +§ ey (7.21)

Then, by using (7.1) together with the fact that 0 < bgp) < 1, we deduce that, a.s., for any n € N*,

k — K®)(k, F(t (
mps sup| Vol () — K (5, F (1)
p+1 P (p)
= [VEax(t) \+Z OREDD %
p! 1I<nI?<Xn igﬂg A 1<k<n Suﬂg e = 1?1?%% Lp—i+1/2
p+1

< 121’%”?215 ‘\/Eak ,F(t))‘ + ; <1g1]?§niu£ ok (¢ )]) + Ap. (7.22)

Finally, by putting (7.5) and (7.3) into (7.22), we completes the proof of Theorem 2.6. O

7.7 Proof of Corollary 2.7

From Theorem 2.6, we deduce that, with probability 1, as n — oo,

1 (logn)?
suplaff (0] = 7 sup K o, Pi0)] + 0 (52 )

Therefore, a.s.,

o S ol @] supeg [KP (n, F(1))
lim sup = lim sup

n—00 Vl0oglogn n—o0 vnloglogn

Supyefoq1 [uP K(n, u))|

=1
1711n_>solcl>p plyv/nloglogn
V2

= — sup v/ Var(uP K(1,u)). (7.23)
P ouelon
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In the last equality, we have used Strassen’s law of iterated logarithm for Gaussian processes. Observing
that Var(u? K(1,u)) = u?**1(1 — u) and that

2p+1
sup w1 —w) = Gp+ D)™™ ,
uel0,1] (2p + 2)2P+2

(7.23) readily implies (2.7) which proves Corollary 2.7. O

7.8 Proof of Corollary 2.8

We work under Hypothesis Hj. Let us introduce the p-fold integrated empirical process related to the
d.f. F()Z

o) (t) = Vi (Fgm(t) —FP (t)) for teR,ne N

By the triangular inequality, we plainly have

S®) — sup [BY) (Fy(2)) \' < sup gl (1) = B (Fo(1)|
teR

from which together with (2.6) we deduce (2.8).

Similarly,
) - [ B ano| < [ |ofie? - B @) o
< sup ag”,{u) —BwFo(t))\
teR
X (igﬂg‘a<)()(+§g§|m@ ())\). (7.24)

In the last inequality above appears the supremum

sup (B (Fy(1))] < sup [Bn(u)].
teR u€(0,1]

Then, by putting (2.6), (2.7) and (7.6) into (7.24), we immediately deduce (2.9). The proof of Corol-
lary 2.8 is finished. O

7.9 Proof of Corollary 3.1

For each m,n € N*, let asn)’ and a(p )2 denote the empirical processes respectlvely associated with

the samples X1,..., X,, and Y7,...,Y,. By replacing F )( t) by a ( )/v/m + F®)(t) and Ggp)(t) by
@ )’2(15) /v/m + GP)(t), using the binomial theorem and recalling that, under Hj), F = G, we write

(p)1 q (p),2 a
en) = | o (a"g e <t>) - (a’%” 4 <t>)
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where

q (p),1 k (»)s b
mn (p k| [ am " (t) [ on (t)
st = [ 3 (oo | (4552) - (42

By (2.7) and (7.1), it is easily seen that, with probability 1, as m,n — oo,

_ [ (oglogm)?? (loglog n)?/?
igpmm"()‘_o< Jm >+O< n > (7.25)

On the other hand, by Corollary 2.5, we can construct two sequences of Brownian bridges {B}n :meN *}
and {IB%?L 'n € N*} such that, with probability 1, as m,n — oo,

(o) - 5 PP B(F()| = 02,

su
iek ! Vi
(7.26)
1 logn
(P)2(4) — = ()P B2 _ & )
sup |ay,! Ft)PB;,(F(t) =0 .
sup P20 - 5 PP BA(F()] = 02
Setting IB%S,’; n) as in Corollary 3.1, we have
(1,a) (4 — BP9 (¢) = q F(#)e+e=1) " (P):14) — = F PRL (F(t
gm,n( ) m,n( ) (p+ 1)!q—1 ( ) m+n A ( ) p' ( ) m( ( ))
= (a2) - S PP BR(P®) )| + Apnd). (7.27)
m+n n p! n ]
By putting (7.25) and (7.26) into (7.27), we deduce the result announced in Corollary 3.1. O

7.10 Proof of Theorem 3.4

Let us introduce, for each k € {1,..., K}, the p-fold integrated empirical process associated with the
df. F*
M (t) = v/ (FPH(t) = FOE(@)) for teR, neN.

By recalling (3.1) and making use of the most well-known variance formula

K
Z nk(azk — f)2 =
k=1

i (z — 20)? — |n| (2 — 20)?

it

where we have denoted |n| = Zszl ng and T = ﬁ Zszl ngzy for n = (ny,...,nK), we rewrite Eg)n(t)
under Hypothesis H([]{ as

énk(w _FPu )2 <Z ( Fo(p)(t)>>2

(Z i )

K
k=1
Next, setting IBB(p ) " as in Theorem 3.4, we have

&9 (1) —BY (1) = AL(t) — AL (1) (7.28)
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where we put, for any ¢t € R and any n = (nq,...,ng) € N*,

K 14
a0 =3 (alh - Folt)” B (Fo0)")

k=1 p!2
K 2 F(t) K 2
2 (4) = e kg | 2o Nk ok ‘
0= (X i) - (S5 g o)

By setting, for any k € {1,..., K}, any t € R and any n = (nq,...,ng) € N¥

Fo(t)P
p!

and writing Al (¢) and A2 (t) as

K K
= € all 2 E €
_ k;ak,nu) im(®) and A2 Z \/7 el ; m en(t),

we derive the following inequalities:

K
sup |AL (1) < Z(Sup’(skn ><SUP‘€k,n(t)’>v

Fy(t)?

Srn(t) = ol (t) - By, (Fo(t)) and  epn(t) = o (t)+TBﬁk(Fo(t))

teR P teR
(7.29)
SUEI;‘AEL@ | < <ZSUP|51m ) <ZSUP|Ekn )
te
By (2.5), (2.7) and (7.6), we get the bounds, a.s., for each k € {1,..., K}, as ny — o0,
log
sup |0g.n ()] = O and  sup |eg ()] = O(x/log lognk>. (7.30)
teR V1 teR
Finally, by putting (7.30) into (7.29), and next into (7.28), we finish the proof of Theorem 3.4. O
7.11 Proof of Theorem 4.1
In the computations below, the superscript “—" in the quantities F, F®) o and f refers to the k first

observations while the superscript “+” refers to the (n — k) last ones. By (1.5) and (4.1), we write that,
forn e N*, s € (0,1) and t € R,

aw (s,t) = Lns](n — |ns]) KF(P) (t) — F(p)(t)> _ (F(p)'i‘ (1) - F(p)(t)ﬂ

n3/2 [ns] n—|ns

_ Lns)n — [ns)) ( @ W),

niP VIns] v/ - ns)
Using (7.10), we derive, a.s., for any n € N* any s € (0,1) and any ¢ € R, the form

aP)(s,t) = Ly(s, t) — Iy (s, t) + 1L, (s, ) + IV, (s, t) (7.31)
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where

[ns)(n — |ns]) ¥ns)(t)

In(s7t) = p! n3/2 {nsj F(t)p7
Ins)(n — [ns]) s ®
o5, 1) = = o nL_ LJnSJ F(ty,

+
Oén_L

[ns](n — [ns]) {1 at_mJ(t)k "SJ(t)k
Wl (s,t) = — 55— Zb " k( [ns]¥2 (n—[ns])*2 )’

v, (s.1) = Ll — Lns]) Z“ < Flo g®f  F 0 >

[ns|P=EHL (n — [ns|)p=ht

Concerning I11,,, we have the estimate below:
[ns)(n — [ns]) 2 (!afmJ <t>!>’“ <\an_ ) <t>|>k
L, (s, t)| < ———7—== s
[TIL, (s, ) T ;2[ el B Gy
1

<LTan, Y (‘O‘L_nsJ “”)k L L 2 S ( n—ns) “”)k (7.32)
> \/ﬁ |ns| —~ /LnsJ \/_ n—[nsJ ~ ’I’LSJ .

We learn from (7.1) that |, (t)/v/n| = [Fp(t) — F(t)| <1 for any ¢ € R and any n € N* and, of course,
similar inequalities hold for s | and a:g_ ns]" We deduce that both sums displayed in (7.32) are not

greater than p and by (7.3), with probability 1, as n — oo, uniformly in s and ¢,

P _ loglogn
Concerning 1V ,,, we have the estimate below:
Z S 0
A Ins J nSJ n—|ns) _
’IVn(S, t)‘ = Ap( ’I’L3/2 L”SJP k n3/2 ] (’I’L — L"’LSJ )p—k (7 34)

where we set A}, 1= max;<i<, al(-p) > (. Because of (7.1) and the convention that Flns) =0 ifs € (0,1/n),
we see that both sums displayed in (7.34) are not greater than p and, as n — oo, uniformly in s and ¢,

IV, (s, 1) — o<%> (7.35)

As a byproduct, we get from (7.31), (7.33) and (7.35) that, with probability 1, as n — oo, uniformly in
s and t,

) (5, 1) = Tn(s, 1) — Tha(s, ) + o(l(’g 10g">.

v (7.36)
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Next, it is convenient to introduce, for n € N* and s,u € (0, 1),

Ya(w) = Vi Buw) =Y (Lp<a — 1),
1=1
Lns)
fYLnsJ \ ns BLnsJ Z (1{Uifu} - u)’
i=1
Tn— nsJ VI LTLS ﬁr—:— nsJ Z (I{Uiﬁu} o u)’

i=|ns|+1

[ns) (n — [ns]) Blas) (W)

n— |ns]

I (s,u) = P32 m P= pln3/2 u” ’YL_HSJ (u),
* u
I, (s,u) = [ns)(n — [n5)) Pr—tns) ) p_ 08l p 4 (u)

p! n3/2 /n — LTLSJ u p! n3/2 U T [ns]

and
5n(37 u) = I;L(S7 ’LL) - II;L(S7 ’LL)

Then, by (1.3), we plainly have the following equalities:

I’/rL(S7F(t)) = In(s,1), H;(S,F(t)) =1ILu(s,t), m(u) = VLnsJ( )+7n—LnsJ (u)

and we rewrite (7.36), with probability 1, as n — oo, uniformly in s and ¢, as

a0 (5,1) = du(s, F(t) + O <log\l/%g”>. (7.37)

Now, let us rewrite 0,,(s,u) as

o) = (VLMJ( ) @%(u)> - p!“jﬁ <” L) =ty (u)). (7.38)

n

We know from Komlos et al. (1975) and Csorgs and Horvath (1997) that, with probability 1, as n — oo,

sup_sup |y, (u) — Ka(|ns], w)| = O((log n)?),
s€[0,1/2] u€(0,1]

(7.39)
sup sup o, () = Kq([ns),u)| = O((log n)?).
s€[1/2,1] uel0,1]
In particular, we have, with probability 1, as n — oo,
5B [y (0) = Kalln/2), )| = O((ogn)?), (7.40)
gy () = Ka(n/2),u)| = O((1ogn)?). (7.41)

ue(0,1]
As a byproduct, by adding (7.40) and (7.41), we readily infer that, with probability 1, as n — oo,

s I (u) — (Ki([n/2],u) + Ko(|[n/2],u)) | = O((logn)?). (7.42)
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Recall the definition of the process ]ﬁ{ﬁ{’ ) given by (4.2). From (7.38), (7.39), and (7.42), we deduce that,
with probability 1, as n — oo,

o (logn)?
sup |8, (s, u) — KP) (s, u)] = (9( . (7.43)
s,u€(0,1] ‘ ‘ \/ﬁ

Finally, we conclude by using the triangle inequality

sup sup |a) (s, t) — K (s, F(£))| < sup sup|a®)(s,t) — du(s, F(1))]

s€[0,1] teR s€[0,1] teR
+ sup |[&n(s,u) — }f&ﬁlp)(s,u)‘ (7.44)
s,u€(0,1]
and next by putting (7.37) and (7.43) into (7.44). The proof of Theorem 4.1 is completed. O

7.12 Proof of Theorem 5.1

Recall the definition of &%’ (t) given by (5.1) and write it as follows: by using (7.10) mutatis mutandis,
a.s., for any ¢t € R and any n € N*,

p+1 P

~ _ (p p+1—k an(t)k (p) Fn(t)k
k=1

Substituting @, (t) = (a@n(t) — Gn(t)) + G, (t) into (7.45) and using the binomial theorem yield, a.s., for
any t € R and any n € N*¥,

R k
a®) () — GP) (1) =]%F(t 0,)" (Q0n(t) — G (1)) +$ (F(tvﬁ’n)p — F(t,60)" ) )+ Zak 47115 15?1/2
! P
p+1 p+1-k k .
L “Z > <k> Gn(0) (@n (1) = Gu(1) " (7.46)

=0

By (7.1) and by appealing to the elementary identity a? — b = (a —b) > 2~ L aibP—i=1 we extract from
(7.46) the following inequality: a.s., for any n € N*,

~ A
sSup ‘aglp) (t) - Ggp) (t)| = sup ‘an(t) - Gn(ﬂ‘ + sup ‘F(t, On) - F(t, 00)‘ sSup |Gn(t)| + —=
teR teR €R teR Vn

_|__//<I§:lsup|G )(%snpbn = G |k>

(p)

where we set A := maxg<; r<p ( ) > 0. Recall the notation (5.3) of & and set

N, = sup |Qn(t) — Gn(t)].
teR

We have thus obtained the inequality

R A// p p
(r) < _ “p k k _Ap
g, n+sup|F(t,0,) — F(t,00)| sup |Gy (t)| + g " E sup |Gy, (t + . (747
n ( ) ( 0)‘ o | ( )| \/ﬁ kzo'r) — o | ( )| \/’ﬁ ( )

teR

We know from Theorem 3.1 of Burke et al. (1979) that n,, satisfies the same limiting results than those

displayed in Theorem 5.1 for 5,({0 ),
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Next, we need to derive some bounds for supcg |Gy (t)| and sup,cg | F(t, 5n) — F(t,60)| as n — oo.
First, by using (7.6) and noticing that the same bound holds true for W(n), and by Condition (iv) and
the definition of G, (t), we see that, with probability 1, as n — oo,

ig&) |Gn(t)] = O (\/log log n) (7.48)

On the other hand, using the one-term Taylor expansion of F(-,8) with respect to 6y, there exists 6},

~

lying in the segment [00, On] such that
F(t,0,) — F(t,00) = (En - 00) VoF(t,0%). (7.49)

In case (a) of Theorem 5.1, \/n (En — 00) is asymptotically normal and then n'/4 (En — 00) tends to

zero as n — oo in probability. Therefore, by (7.48) and (7.49), supycp |F (¢, 5n) —F(t,60)] sup;cg |Gn(t)]
also tends to zero as n — oo, in probability. Putting this into (7.47), we easily complete the proof of
Theorem 5.1 in this case. In cases (b) and (c) of Theorem 5.1, referring to Burke et al. (1979) p. 779,
we have the following bound for En — 0y: with probability 1, as n — oo,

/én_eo _ (9( /loglogn).
n

By putting this into (7.49) and next in (7.47) with the aid of (7.48), we complete the proof of Theorem
5.1 in these two cases.
Finally, concerning Gslp ) (t), we have

P (1)~ GP (1) = = F(1.8,)" (Gult) ~ () + = (F(.8,)” — (1,007 ) Gult)

from which we deduce

sup [G(t) = G (1)| < sup | Gu(t) = Gult)| + sup | F(1,8,) — F(t,00)| sup |Ga(t)].
teR teR teR teR

Using the same bounds than previously, we immediately derive (5.4). O

A Appendix : other integrated empirical distribution functions

To end up this article, let us point out that a similar analysis may be carried out with other integrated
empirical d.f.s and integrated processes. For instance, we present below two other families of integrated
empirical d.f.’s. The underlying d.f. F' is still assumed to be continuous.

Definition A.1 We define the families of integrated d.f.’s and integrated empirical d.f.’s, for any p € N,
any n € N* and any t € R, as

t

F® () = /_ t F(s)PdF(s), FP(t):.= / Fy,(s)P dF,,(s)

— 00

and

=S14

PO (t) = / (F(t) — F(s))" dF(s), FP(t):= / (Fo(t) — Fu(s))? dF(s)

—0o0 —0o0

together with the corresponding family of integrated empirical processes as
aP(t) = Vi (B9 (1) - FOw), aP () = va (B9 ) - FO ).
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We have, from (7.7), a.s., for any p € N, any n € N* and any ¢ € R,

nFy, (t) nFy (t)
FO() =2 3 Fo(Xo,)? and Q@) == 3 (Fa(t) — Fa(Xi)"
n n
i=1 1=1

Since F,,(X; ) = i/n, we obtain the following closed forms.

Proposition A.2 For each p € N, we explicitly have, with probability 1,

~ o F(t)p+1
0 (4) = @) () =
FP(t) = FP(t) P for teR,
and
_ 1 nFn,(t) y 1 nFy, (t)—1
FP@W = —5 > @ FP@W)=— > @ for teRneN. (A1)
i=1 1=0

Observe the relation, a.s. valid, for all p € N*, any n € N* and any t € R,

Proposition A.3 The empirical d.f. ﬁlp) can be expressed by means of F,, as follows: with probability 1,

_ p+1 p k
FP(t) = F"p(% +3 @ fp"_(lfll for teR, neN, (A.2)
k=1

(p)

where the coefficients ay,’, 1 < k < p, are rational numbers.

Proof. Appealing to Bernoulli’s formula

n -1
1 1 1 ~=/p+1
P p+l . = p B k
;Z pri” Tam +p—|—1kzzl< k > pH=kT
where the By’s are the Bernoulli numbers (see, e.g., http://en.wikipedia.org/wiki/Bernoulli number),
(A.1) immediately yields (A.2) with the coefficients 'd]gp) = (p;gl)BpH_k/(p +1) for ke {l,...,p—1}
and 'dz(,p) =1/2. O

Below, we state the expression of al? by means of «,, analogous to (7.10).

Proposition A.4 The integrated empirical process a&f’ ) is related to the empirical process o, according

to, with probability 1,

p+1 +1—k D k
50 (1) — S 5 () £y Fn(t) ;
Qfglp) (t) - F(t)p Oén(t) + i bk; n(k_l)/2 Oén(t) + £ ak W fOT t e R, n e N s

where the coefficients E,(Cp), 1 < k < p, are those of Proposition A.3 and the N,(gp), 2<k<p+1, are
positive real numbers less than p!.

The coefficients b,(fp) are given by b,(fp) = (") /(p+1).

More generally, we could define a broader family indexed by polynomials of two variables.
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Definition A.5 We define the family of integrated d.f.’s and integrated empirical d.f.’s, for any poly-
nomials P of two variables, any n € N* and any t € R, as

t

F®)(t) = / P(F(s),F(t))dF(s), FP(t):= / P(F,,(5), F(t)) Fo(s),

—00 —00

together with the corresponding family of integrated empirical processes as
P P P
oy, (t) == /n (Fy, (t) — F*(t)).

Below, we state the last result of the paper which is a representation of as by means of «;, analogous
o (7.10). This is the key point for deriving bounds similar to those obtained throughout the paper.

P

Proposition A.6 The empirical process o, can be express as follows: with probability 1,

aF (t) = Q(t) an(t) + Ru(t) for te€R, ne N, (A.3)

n

where Q is the polynomial function of F' defined by

F(t)
Q(t) =P(F(t), F(t)) +/0 g—fy)(x,F(t))da: for teR,

and R, satisfies the inequality

d
A ()
\Rn(t)\<T+B§:a(t) for teR,neN,

A, B, d being three constants depending on P.
Proof. Set P(x,y) = Z?:o Z?:o a;; x'y for some integers p, q and some coefficients a;j. Then
F®) ) — U po(p)ititl
=332 )
i=0 j=0
and, a.s., for any n € N* and any ¢t € R,

P P q p az - P q i ~(2) Fn( )j—i—k
SO ) SIVENOT IO 9)) T FAOTT D DD ey S

i=0 j=0 =0 j=0 1=0 j=0 k=1

Consequently, a.s., for any n € N* and any t € R,

iy z+j+1 F()i+i+! P& @ By, (t)7+F
\/_ZZ 1 Fa( - () )+ZZ &ij Uy k12

i=0 j= 0 =0 j7=0 k=1

P9 itit1 P q P A4

— i+j . i+J i+J

Q) =33 T P =3 S g P 4 Y ()

i=0 j=0 i=0 j=0 i=0 j=0
P a i ik P 4q i+j+1 . . k

_ (i) Fn(t) it + 1\ ai;  on(t) +j+1—k

R,.(t) = Z Zaw i ZZ Z L i+ 1 n—1)/2 F()™ :
i=0 j=0 k=1 i=0 j=0 k=2
We easily conclude by using (7.1). O
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