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Abstract

Clonal interference, competition between multiple co-occurring beneficial mutations, has a major
role in adaptation of asexual populations. We provide a simple individual based stochastic model of
clonal interference taking into account a wide variety of competitive interactions which can be found in
nature. In particular, we relax the classical assumption of transitivity between the different mutations.
It allows us to predict genetic patterns, such as coexistence of several mutants or emergence of Rock-
Paper-Scissors cycles, which were not explained by existing models. In addition, we call into questions
some classical preconceived ideas about fixation time and fixation probability of competing mutations.
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Introduction

From the works of the ’great trinity’ of Fisher [I8, [19], Wright [45] and Haldane [22] the questions of
fixation probability and fixation time of new beneficial mutations have been widely studied. These are
indeed fundamental questions if we aim at understanding how and how fast a population can adapt to a
changing environment, the dynamics of genetic diversity, or the long term behaviour of ecological systems.

The first models of adaptation in asexual populations postulated that the beneficial mutations were
rare enough for populations to evolve sequentially by rapid fixations of a positively selected mutation
alternating with long periods with no mutation (see [38] for a review of these models). However, various
empirical evidence [14, 30, BI] show that in large asexual populations, several mutations can co-occur,
which especially can lead to a competition between beneficial mutations. This phenomenon is known as
clonal interference [2I], and has a major importance for adaptation of asexual populations, such as bacteria
and other prokaryotes, yeasts and other fungi, or cancers. Consequently in recent years there has been a
growing interest in developing experimental studies and theoretical models to analyse clonal interference
12, 21, T4, 6, [15, 229, 30].

Most models investigating how clonal interference might affect the probability and time of fixation of
beneficial mutations, and thus adaptation, made two important but limiting assumptions: first population
sizes are constant and independent of the fitness of the individuals, and second fitnesses only depend on
the type of the mutations and not on the state of the population, i.e. fitnesses are assumed transitive.
However, as emphasized by Nowak and Sigmund [37], there is a reciprocal feedback between adaptation
and environmental changes because of ecological interactions between individuals, especially competition.
Mutation with the highest fitness invades the population, but its fitness might depend on the density of
the other mutations present in the population and might thus change during the course of adaptation.
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Thus, fitnesses are not necessarily transitive, i.e. selection can be frequency dependent, and phenomena
such as cyclical dynamics or stable coexistence can occur. Interestingly, non-transitivity of fitnesses has
been documented empirically in asexual populations [39] 28].

In this paper we aim at providing and studying a simple individual based stochastic model taking into
account the wide variety of competitive interactions which can be found in nature. We show that type
dependent competitive interactions are able to generate ecological patterns which are observed but not
explained by conventional models. In particular we relax the classical assumption of transitivity between
the different mutations (see the discussion in Section|2.1]) and call into questions some classical preconceived
ideas about clonal interference (see Propositions and . To model precisely the interactions between
individuals we extend the model introduced in [7] where the author only considered the occurrence of one
mutation. The population dynamics, described in Section[I] is a multitype birth and death Markov process
with density-dependent competition. We reflect the carrying capacity of the underlying environment by a
scaling parameter K € N and state results in the limit for large K.

Such an eco-evolutionary approach has been introduced by Metz and coauthors [32] and has been made
rigorous in the seminal paper of Fournier and Méléard [20]. Then it has been developed by Champagnat,
Méléard and coauthors (see [7, 9] [8] and references therein) for the haploid asexual case, by Smadi [42] for
the haploid sexual case, and by Collet, Méléard and Metz [I0] and Coron and coauthors [12] [I1] for the
diploid sexual case.

This work is the first one to study the impact of type dependent competition on clonal interference.
By using couplings with birth and death processes and comparison with deterministic system, we are able
to provide a complete description of the possible population dynamics when two mutations are in compe-
tition. We show that a large variety of behaviours can be observed, but that in all cases, the dynamics
consists in an alternation of long stochastic phases (with a duration of order log K) and short phases
(with a duration of order 1) which can be approximated by deterministic processes. In the case of Rock-
Paper-Scissors dynamics, we can even have a non bounded number of such alternations (see Proposition
@. The deterministic approximations will be either two-dimensional or three-dimensional Lotka-Volterra
competitive systems. Unlike the two-dimensional case where the final state is completely determined by
the signs of the invasion fitnesses (defined in and )7 the long time behaviour of a three dimen-
sional competitive Lotka-Volterra system can depend on the initial state. Moreover, the flows of three
dimensional Lotka-Volterra systems do not necessarily converge to a stable equilibrium but can exhibit
cyclical behaviours. We will see that the time of appearance of the second mutation is crucial to determine
the final population state. For example, the dynamics described in Proposition [6] can only be obtained if
the second mutation occurs when the fraction of the wild type-individuals in the population is small.

In Sections [[]and 2] we present the model and the main results of the paper. Sections[3]to[5]are devoted
to the study of the dynamics of stochastic and deterministic phases. Section [f]is dedicated to the proofs
of the main results. Finally in the Appendices we present technical results and provide a complete
description of the possible population dynamics .

1 Model

We consider an asexual haploid population and focus on one locus. The individuals may carry three
distinct alleles 0, 1 or 2, and we denote by & := {0, 1,2} the type space. The population process

N = (N (1), > 0) = (NE(£), NE (1), NE (1), ¢ > 0),

where Nz-K (t) denotes the number of i-individuals at time ¢ when the carrying capacity is K, is a multitype
birth and death process. The birth rate of i-individuals is

bi(n) = Bini, (1.1)

where 3; > 0 is the individual birth rate of i-individuals and n = (ng,n1,n2) € Zi_ denotes the current
state of the population. An i-individual can die either from a natural death (rate §; > 0), or from type-
dependent competition: the parameter C; ; > 0 models the impact an individual of type j (resp. ¢) has on
an individual of type 4, where (,j) € £2. The strength of the competition also depends on the carrying



capacity K € N, which is a measure of the total quantity of food or space available. This results in the
total death rate of individuals carrying the allele ¢ € &:

C; C; C;
de(n) = (51 + ‘K:O’flo + kl ny + k2n2> n;. (12)

Let us now introduce the notions of invasion, final state and time of invasion that we will use in the
sequel. We say that a type ¢ € £ invades if there exist 7 € Z3, 3,V > 0 and K € N such that the following
event holds:

I(i,K,n,3,V):={V Blog K <t <"’ NK(t)>nK}. (1.3)

When K is large, it means that ¢-individuals represent a non negligible fraction of the population during a
very long time. It is necessary to bound this duration (by e"#) as a birth and death process with density
dependent competition almost surely gets extinct in finite time. To characterize the long time behaviour
of the 0-, 1-, and 2- population sizes, we introduce the following notion of final state set for n € Zi,
e, B,V >0and K €N:

{neFSEe KBV} ={ sw [NF@O)/K-ql<e}, (1.4)
Blog K<t<eVK

where ||.|| denotes the L'-Norm on R¢. Finally, we introduce the time needed for the rescaled population
process N /K to hit a vicinity of n € Zi and stay in the latter during an exponential time. For ¢,V > 0
and K € N:

Tg@)(ﬁ) = inf{s > 0,Vs < t < "5 |N¥(t)/K — | < ¢} (1.5)

As a quantity summarizing the advantage or disadvantage a mutant with allele type ¢ has in a j-
population at equilibrium, we introduce the so-called invasion fitness S;; through

Sij = 51 - 61 - Ci_’jT_Lj, (16)
where the equilibrium density 7; is defined by
Bi — d;

T_Li = .

Cii

The role of the invasion fitness S;; and the definition of the equilibrium density n; follow from the properties
of the two-dimensional competitive Lotka-Volterra system:

) = (8 = 6 = Ciani” = Cigni™ ), n*(0) = z, (1.7)
ny? = (8; = 85 = Cpan™ = Cym i, 0 (0) = 2,
for z = (z;, 2;) € R1. If we assume
n; > 0, n; > 0, and Sji <0< Sij, (18)

then n; is the equilibrium size of a monomorphic i-population and the system has a unique stable
equilibrium (7;,0) and two unstable steady states (0,72;) and (0,0). Thanks to Theorem 2.1 p. 456 in
[17] we can prove that if N/<(0) and N/<(0) are of order K, K is large and N/*(0) = 0 for k = &\ {4, j},
the process (NX/K, NjK/K) is close to the solution of during any finite time interval (see (A.4)
for a precise statement). The invasion fitness S;; corresponds to the per capita initial growth rate of the
mutant 7 when it appears in a monomorphic population of individuals j at their equilibrium size |7, K |.
Hence the dynamics of the type i is very dependent on the properties of the system . It is proven in
[7] that under Condition one mutant ¢ appearing in a monomorphic j-population at its equilibrium
size |7 K | has a positive probability to fix. More precisely, for € > 0, there exist two finite constants §(¢)
and V(e) such that

B(niei € FS(e, K, 5(0), V() [N (0) = s + (0K Je; ) = SB + 0k (), (L9)



where (e;,i € £) is the canonical basis of R® and O (¢) is a function of K and ¢ satisfying

limsup Ok (¢)| < ce, (1.10)
K—oo
for a finite ¢. Similarly,
S
lim ]P(njej € FS(e, K, B(e) ’NK — e+ LﬁjKJej) =1- 3240k (1)
—00 i

Moreover, the invasion time of the mutant 4, as defined in (1.5)), satisfies for a finite ¢

log K e K logK _ S
P((l — ce) S5 < T}S(V)(E))( e;) < (14 ce) ‘NK =e; + Lanjej> = 5; +Oxk(e). (1.12)
If we assume on the contrary
n; > O, ﬁj > 0, SU > 0, Sji >0 and C’i,iijj 7é Ci,jcj,iy (113)

then the system has three unstable steady states (7;,0), (0,72;) and (0,0) and a unique stable

(@) (J)

equilibrium (72,7, 71,7’ ), where

ij 0 'Yig
A0 _ Cig(Bi = 6i) = Ciy(B; = 6)) () _ Cii(Bj — 6;) — Cji(Bi — 6i)
d a¥ = . 1.14
i CiiCj,; — Ci;Cj; e CiiCj; — Ci;Cyi (1.14)

It is proven in [9] that under Condition (1.13)) one mutant ¢ has a positive probability to invade then
coexist with a j-population during a long time. More precisely, for € > 0, there exist two finite constants
B(e) and V (¢) such that

Sij
]P’(n( e, —|—n( )eJ € FS(e, K, B(e) ‘NK =e; + LﬁjKJej) = ﬁ_j + Ok (e),

Bi
Moreover, the invasion time of the mutant 4, as defined in (1.5)), satisfies for a finite ¢

P(7ye; € FS(e. K, BE), VED|N(0) = e + 7K Je; ) =1 = 22 + Ok (e).

10 K Si'
g ‘NK ) =e;+ |7y jej)zf_]—i—OK(s).

log K (e,k) (=) ()
]P’((l —ce)——— S, TFS(V(E))(n e; +n;;ej) < (1+ce)
Analogously, the fate of a mutation of type k occurring when the types 7 and j coexist in a population
of large carrying capacity K, or the result of the competition between the three types of populations when
they have all a size of order K is very dependent on the properties of the three-dimensional competitive
Lotka-Volterra system:

. (z) = (B; — 6; — C;, Zn e jn(Z) Ci,kn,(:))nEZ)a nEz) (0) = z;,
= (B; —6; — Cj, z”(z) a;, jn§Z) Cj,kn;(:))n;z), TL;Z)(O) = 2}, (1.15)
(Z) (5]6 - 6]6 - Ck,znz( ) _ Ck,j j - Ck,kn](:))ngj), ](5) (0) = Zk,

3

where z = (2, 2;,2k) € Ri. Similarly as in (1.6 we can define the invasion fitness of the type k in a
two-type ¢/j-population,
Sk:ij = Ska’ = ﬁk - 5k - Ck,m Ck’jn(J) (1.16)

(] ’
where we recall Definition (|1.14). It corresponds to the initial per capita growth rate of an individual of
type k appearing in a large population in which the individuals of type i and j are at their coexisting
equilibrium, (|7{) K|, |2\ K|).

The class of the three-dimensional competitive Lotka-Volterra sytems has been studied in detail by
Zeeman and coauthors [48] [47, [46]. They exhibit much more variety than the two-dimensional ones, and



we will recall the long time behaviour of their flows in Section[d.2] The complexity of the three-dimensional
competitive Lotka-Volterra systems entails a broad variety of dynamics in the case of two mutations oc-
curring successively in a population. In particular, depending on the population state when the second
mutation occurs, the new type can be advantageous or not when rare: for example, we can have Syg > 0
and Ss19 < 0, which implies that if the mutant 2 occurs in a 0-population at equilibrium the 2-population
size has a positive probability to hit a non-negligible fraction of the population, whereas if it appears in a
two-type 0/1-population at its coexisting equilibrium it gets extinct immediately.

In the sequel, we assume that a mutant of type 1 occurs in a population of type 0 (also called wild
type) at equilibrium at time 0, and that the mutants 1 are beneficial when rare. In other words we assume

Assumption 1.
NK(O) = L’FL()KJGO +e1 and Sig > 0.
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Figure 1: The three phases of a mutant invasion. The y-axis corresponds to the two type population sizes
(0 in black, 1 in red), and the x-axis to the time. In this simulation, K = 1000, (8o,51) = (2,3),9; =
0.5,Ci; =1,(i,7) € {0, 1}

Let us describe in few words what happens when there is only the first mutation (we refer to [7] for
the proofs). We can distinguish three phases in the mutant invasion (see Figure [I)): an initial phase in
which the fraction of mutant-individuals does not exceed a fixed value € > 0 and where the dynamics of
the wild-type population is nearly undisturbed by the invading type. A second phase where both types
account for a non-negligible percentage of the population and where the dynamics of the population can
be well approximated by the system . And finally a third phase where either the roles of the types
are interchanged and the wild-type population is near extinction (when holds), or the two types stay
close to their coexisting equilibrium (when holds). The duration of the invasion process is of order
log K with a deterministic phase which only lasts an amount of time of order 1. More precisely, during
the first phase, when the population 1 has a size smaller than |£K |, this latter can be approximated by
a supercritical birth and death process, with respective individual birth and death rates

C
B1 and & + §0ﬁ0K=31—510<51~

Hence from well known properties of supercritical birth and death processes (see [I] for example) we
know that with a probability close to Si9/81 the l-population size hits the value |[eK| in a time of
order log K /Sy for large K. The second phase can be approximated by the dynamical system with
(i,7) = (0,1) and the system takes a time of order 1 to get close to (N, NK) = (|a\Y K|, |nSY K|) (if
So1 > 0) or to (N, NE) = (|e2K ]|, [n1K|) (if So1 < 0). Finally, if Sp; > 0 the populations 0 and 1 stay
close to their coexisting equilibrium (Lﬁé(i K|, Lﬁéll)K |) during a time of order eV ¥ for a positive V' and
if So1 < 0 the 0-population size is comparable to a subcritical birth and death process, with individual

birth and death rates

0,1

C
Bo and g+ Kﬁ1K:ﬂo+|501|>ﬂ0-




Hence it gets extinct almost surely, in a time close to log K/[So1].

To summarize, for large K, the first and third phases have a duration of order at least log K and the
second phase has a duration of order 1. Hence if a second mutation appears during the sweep, this occurs
with high probability during the first or the third phase. We denote by alog K the time of occurrence of
the second mutation and we distinguish three cases:

e Either the mutation 2 occurs during the first phase of the mutant 1 invasion and the 1-population
size hits |eK | before the 2-population, which corresponds to the Assumptions [1f and:

Assumption 2.

1 1 1
Soo >0 d 0V (— - —) <a< —.
20 o S0 S2 “

e Or it occurs during the first phase but the invasion fitness Sy > 0 is large enough for the 2-population
to hit size |eK | before the 1-population, which corresponds to the Assumptions |1 and:

Assumption 3.

1 1
Szo>0 and 0<Oz<1520>510(s—10—‘5’720>,

e Or it occurs during the third phase, which corresponds to the Assumptions [I and:

Assumption 4.
1 SOl >0
a>— and or
S10 So1 <0 anda<1/510+1/\501|.

In Appendix [B] we give a complete description of the possible population dynamics. We now highlight
the biologically relevant outcomes.

2 Results

2.1 Transitive versus non-transitive fitnesses

Let us say a word about classical models of clonal interference (see [2, 211, (14 6] [15] for instance). The
population size is constant (or infinite). The fitness s; of an i-individual corresponds to its exponential
growth rate (Malthusian parameter) and only depends on its type i. Suppose that in a population of type
0 a beneficial mutation 1 is followed by a second beneficial mutation 2 before the fixation of the type 1
individuals. In population genetics, ”beneficial” means that s; > 0 and so > 0, which implies that the
mutant populations have a positive probability to escape genetic drift and constitute a positive fraction
of the population. Then there are two possibilities:

1. Either s; > s5: then the 1-population outcompetes the 0- and 2-populations and the mutation 1
becomes fixed.

2. Or sg > s3: then the 2-population outcompetes the 0- and 1-populations and the mutation 1 becomes
fixed.

If a third mutation (individuals of type 3) occurs with fitness satisfying s3 > so, then not only the type
3 individuals outcompete the type 2 individuals, but by transitivity of the total order > on R, they also
outcompete the type 1 and type 0 individuals, and so on. In other words, in population genetics of
haploid asexuals, the fitnesses are transitive in the sense that if 1 outcompetes 0 and 2 outcompetes 1,
then necessarily 2 outcompetes 0.

Such a model is natural when competitive interactions between individuals are simple: in an exper-
iment with only one limiting resource, beneficial mutations often correspond to an increase of resource
consumption efficiency. But let us imagine an environment with two resources, A and B. A mutant which
prefers resource A (resp. B) will be favoured in a population of individuals which consume preferentially



resource B (resp. A). In this example there is no transitivity. Moreover, experiments on cancer and viral
cells have shown the long term coexistence of several mutant strains [25], which cannot be explained by a
model with transitive fitnesses.

More generally, it is known [37] that ecological interactions cause non-transitive phenotypic interactions.
Hence to model complex interactions, we need an other definition of ”fitnesses”, to make appear the
dependency on the population state. This is achieved by the notion of invasion fitnesses (defined in
and (L.16)), which naturally follows from the individual based model that we have presented.

The main novelty of our approach is to consider type dependent competitive interactions. Indeed, if
all the competitive interactions (C; ;, (4,7) € £2) have a same value C, then for three individual’s types i,

by

j and k, the invasion fitnesses satisfy:
Sij >O<:>Sji:,8j—(5j—0ﬁi:,Bj—éj—C(ﬂi—(si)/Cz—Sij <0,
and
Sij > 0 and Sjk >0:>Sik:Sij+Sj/c > 0.

In other words, it boils down to the case of transitive fitnesses. We can have a more precise result on the
form of competitions allowing non transitive relations between several mutants. To state this latter we
introduce the following order for (i, j) € £%:
i <j &= 5 <0< 8y,
) :j A Sij.Sji >0,

and the notation o

Cij= 2. (2.1)

Cj.

Then we can state the following Lemma, which will be proven in Appendix [A]

Lemma 2.1. Let C; < Cs be two positive real numbers and i,j,k € £.
1. If

(01 v O%)Q >Cy and (Cil A 02)2 <0 (2.2)

then if for every m #n € {i,5,k}, C1 < Cpn < Oy,
1<j and j<k=—1i<k.
2. If

(01 v C%)Q >Cy or (Ci1 A 02)2 <0 (2.3)

then if for every m #n € {i,j,k}, C1 < Cpn < Cy,
i1<j and j<k=1=k
3. If
1\2 1 2
(01 v @) <Cy and (a A 02) >0 (2.4)
then there exist some ecological parameters (pm, Con,m # n € {i,],k}) such that for every m #
ne {iajvk}7 Cl < Cm;n < CQ and

1<4, 7<%k and k<u1.

Remark 1. By looking at all the possible subcases we can show the following equivalencies:
P2 <= C2<Ci<Cor<1l or 1<C <Cy<C?
R3) <= Ci1<Ci<Cy<1 or 1<C)<C?<Cy,
(2.4) <= C1 <1< (Cs.

This shows that transitive relations are more likely when the rescaled competitions (C; j, (i,§) € £2) are
close to each other and both smaller of greater than 1.



By allowing dependency of competitive interactions on the individual’s types, we are able to model
new ecological patterns found in nature and describe them mathematically. In particular, we will show
that it allows us to model coexistence of several mutant populations, and complex dynamics as Rock-
Paper-Scissors cycles.

To present our main results in a simple way, we introduce the following notation,
P*)(.) = P(.|the mutation(s) k is(are) present), & € {{1},{2},{1,2}},

where we recall that the mutation 1 occurs at time 0 and the mutation 2 at time alog K.

2.2 Does clonal interference speed up or slow down invasion?

In population genetic models of clonal interference, the authors concluded that the presence of other
mutants slowed down the invasion of the fittest mutant as it had to outcompete some individuals fitter
than the wild type individuals [33, [34] 21, [T4]. In our individual based model, the result of the competition
between two mutant subpopulations depends on the state of the total population, and the interplay between
different mutations can take various forms. For some values of the parameters, clonal interference does
indeed slow down the invasion of a beneficial mutant. Recall Equations to about the invasion
of one mutant. Then

Proposition 1. Let Assumptions[1] and[9 be satisfied and suppose:
501, 502 < 0, Slz <0< 521, and 521 < Sgo, (25)

or
501 > 0, 502 <0, Slg <0< 5201 and 5201 < 520. (26)

Then the presence of the mutation 1does not modify the invasion probability of the mutation 2 and the
final state set of the population: for € > 0, there exist two finite constants 5(g) and V(g) such that
_ S,
P (fizey € FS(, K B(0), V() = T2+ O=(K),  for k= {1,2} or {2},
However the presence of the first mutant slows down the invasion of the second one: there exists a positive
constant ¢ such that for every e > 0:

log K i log K Sog S
(12) (1 — ce) o> (e,K) _ g _ 220 P10
P ((1 ce) 5 <TFS(V(5))(n2€2) alog K < (1+ ce) G ) 5, B + Ok (),
where Saq > Sag is defined by
1 1 1 S20 1

=t (o —a)(1-22) >

S50 S + (SIO a)( S ) S92
where S = So1 in case (2.5) and Sao1 in case (2.6), and

log K _ log K S S
(1a2) _ (EvK) g _ ﬂ _ £
P2 (1 - ce) & < TGy (Pae2) < (1 e) g )= 5 ( 5 ) + Ok (e).

But due to the non-transitive phenotypic interactions that our model is able to take into account, the
presence of the first mutant can also speed up the invasion of the second one. More precisely we have the
following result, which is illustrated in Figure

Proposition 2. Let Assumptions[1] and[] be satisfied and suppose:
Sol, Soz < 0, 512 <0< 521, and 521 > 520, (27)

or
501 > 0, SOQ <0, S12 <0< 3201 and 5201 > SQ(). (28)



Then the presence of the mutation 1does not modify the invasion probability of the mutation 2 and the
final state of the population: for e > 0, there exist two finite constants B(e) and V (€) such that
_ S,
P (fizey € FS(e, K B(0), V() = 2+ O=(K),  for k ={1,2} or {2},
However the presence of the first mutant speeds up the invasion of the second one: there exists a positive
constant ¢ such that for every e > 0:

log K
B2) = 520510 4 0, (2),

log K K _
]P’(172)(1—c€~7<T(5’ ) (Figes) < (14 cg)—= =
( ) 520 Fs(v(g))( 2 2) ( ) 520 ﬁz 51

where Sag > Sag is defined by

st (s - )<

where S = Sa1 in case (2.7) and S = Sao1 in case (2.8)), and

IOgK K _ IOgK SQO 510
P(I’Q)(1—057<T(E’ ) ngeg) < (14 ce )z—( *7)4‘0 €).
( ) 520 FS(V(g))( 2 2) ( ) 520 62 ﬁl K( )

Figure 2: Invasion times of the mutation 2 without and with the first mutation. The y-axis corresponds to
the three type population sizes (0 in black, 1 in red and 2 in green), and the x-axis to the time. In these
simulations, K = 1000, (,61,51) = (2,0),i S g, 0070 = 1.8,0071 = 4,0072 = 3,01,0 = 1,01,1 = 2.3,01,2 =
3,02,0 = 1.5,0271 = 1,02,2 = 2.1, and « = 0.5.

2.3 How does clonal interference modify the invasion probability?

Previous models predicted that clonal interference could only decrease the invasion probability of a mutant
[14]. It was a direct consequence of the fact that the fate of a competition between two mutants was
only dependent on the relative values of their fitnesses. Moreover, this implied that individuals with
different phenotypes could not coexist for a long time. In our model, both decrease and increase of
the invasion probability due to clonal interference may occur, depending on the competitive interactions
between individuals and the time of appearance of the second mutation. Moreover, long term coexistence
of several beneficial mutations are allowed when we do not assume that the mutant fitnesses are totally
ordered. Recall the definition of invasion in . Then we have the following result:

Proposition 3. Let Assumption[1] and one of the following conditions hold:

So1 >0, S0 <0 and Assumption[d holds,
So1 <0, Sz <0 and Assumption[3 holds
So1 <0, Sz <0, Sz >0 and Assumption[]] holds



Then for every n € R3 \ {0} and 8,V > 0:

lim P&A(1(2,K,n, 8,V)) =0,

K—o0

whereas there exist n € R\ {0} and 8,V > 0 such that:

S
lim PA(I1(2,K,n,B,V)) = =22
K—oo 52
Notice that even if we recover here a classical result, saying that a mutant can get extinct because of
the competition with an other mutant, we do not require Si9 > S29 > 0, which would be the equivalent
of assumptions done in population genetic models.

Proposition 4. Let Assumptions[1] and[{ hold, and suppose that Sag < 0. Then under one of the following
additional conditions

S12 >0
1 1 1
O<a—s—w<|sm‘—s—2land or
So1 <0, So1 >0 and S12 <0 and Spa <0 , (29)
or
1 1 1
o — Tm > m — Tm’
or
Sor >0 and Ssg > 0, (2.10)
there exist n € RY \ {0} and 8,V > 0 such that:
_ 950

lim P2 (1(2,K,n,8,V)) = ,
Jim (L( B,V)) 5 B

where S = Sp1 in case ([2.9) and S = Sao1 in case ([2.10)), whereas for every n € R3 \ {0} and 8,V > 0:

lim P®)(1(2,K,n,B,V)) = 0.
K—o0

Concerning the interplay of invasion and clonal interference, let us mention recent works which have
taken into account the case where many beneficial mutations occur before any can fix [27], 3, 15, 291 B0].
The authors still assume transitivity of mutant fitnesses, but consider a regime of frequent mutations (high
mutation rate or very large population). New mutations constantly occur in individuals already carrying
other mutations, in their way of invasion, and the fate of a mutation depends on the genetic background
of the individual where it occurs more than on its intrinsic advantage. They argue that this dynamical
equilibrium is a way to preserve genetic diversity despite clonal interference, where the amount of variation
results in a subtle balance between selection, which reduces it, and new mutations, which increase it. This
approach is interesting and relates on experimental data which confirm that populations with so frequent
mutations do exist [30]. However, due to the transitivity assumption, the authors need to assume that
a large number of mutants co-occur in order to explain the possible coexistence of several types in the
population, which is not necessary in our model.

2.4 When beneficial mutations annihilate adaptation?

An other interesting phenomenon can happen in our model: the occurrence of the second mutation can
annihilate the effects of the first one and lead to the final fixation of the wild type population 0 which
would have been outcompeted by the first mutation alone. Such a phenomenon is also impossible in case
of transitive fitnesses, as in this setting S19 > 0 and S2; > 0 necessarily imply Sy > 0. Proposition [5 is
illustrated in Figure
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Proposition 5. Let Assumptions[1] and[{] hold and suppose that

Soo 1 1 1

So1 <0, S12 <0< 831, S <0<S and ——<a— —+ — < —.
01 12 21 20 02 |Sl2HSOl| SlO 521 |5,01‘

Then for every € > 0, there exist two finite constants 5(g) and V(e) such that

_ Swdn

]}D(Lz)(ﬁoeo c FS(&K,B(g)aV(g))) - B 6
1 2

+ Ok (e).

600 800 1000 1200
! | |

400
|
-

20
|

T T T T T T T T
o 5 10 15 20 25 30 35

Figure 3: Tllustration of Proposition [5| The y-axis corresponds to the three type populations sizes (0 in
black, 1 in red and 2 in green), and the x-axis to the time. In these simulations, K = 1000, (5;,d;) =
(2,0),i € {0, 1,2}, 0070 = 1.8,01,0 = 0271 = 1,0171 = 2.3,01,2 = 20071 = 5,0270 = 20072 = 3,0272 = 2.1,
and a = 1.9.

2.5 At the origin of the Rock-Paper-Scissors cycles

Rock-Paper-Scissors (RPS) is a children’s game where rock beats scissors, which beat paper, which in
turn beats rock. Such competitive interactions between morphs or species in nature can lead to cyclical
dynamics, and have been documented in various ecological systems [4 [43] [41], 26], 28], 5] [35]. Let us describe
two examples of such cycles. The first one [41] is concerned with pattern of sexual selection on some male
lizards. Males is associated to their throat colours, which have three morphs. Type 0 individuals (orange
throat) are monogamous and very aggressive. They control a large territory. Type 1 individuals (dark-
blue throat) are polygamous and less efficient in defending their territory, which is smaller, having to
split their efforts on several females. Finally type 2 individuals (prominent yellow stripes on the throat,
similar to receptive females) do not engage in female-guarding behavior but roam around in search of
sneaky matings. As a consequence of these different strategies, the type 0 outcompetes the type 1, which
outcompetes the type 2, which in turn outcompetes the type 0. The second example [28] is concerned
with the interactions between three strains of Escherichia coli bacteria. Type 0 individuals release toxic
colicin and produce an immunity protein. Type 1 individuals produce the immunity protein only. Type
2 individuals produce neither toxin nor immunity. Then type 0 is defeated by type 1 (because of the
cost of toxic colicin production), which is defeated by type 2, (because of the cost of immunity protein
production), which in turn is defeated by type 0 (not protected against toxic colicin).

Neumann and Schuster [36] modeled such interactions by a three dimensional competitive Lotka-
Volterra system. In particular they proved that migrations or recurrent mutations were not necessary
ingredients to obtain limit cycles, as it was assumed in previous models (see [13| [40] for example). They
studied the long time behaviour of the system but payed little attention to initial conditions, only assuming
“the presence of all three strains in one homogeneous medium”. But the question of initial conditions is
crucial. Indeed, how to explain the appearance of such cycles whereas when only two strains are present
one of them is outcompeted by the other one and disappears? Our simple model provides a framework
explaining how a cyclical RPS dynamics emerges in an ecological system thanks to the interplay of two
successive mutations. Proposition [f]is illustrated in Figure
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Proposition 6. Let Assumptions[]] and[{] and the following inequalities hold:

501 <0< Sl(), S12 <0< Sgl, SQ() <0< SOQ, (211)

and 1 S, S0 1
0<a—— <min 2 02710 - 2.12
510 (e oy aleelisn) ~ 5 (2.12)

Then for every l € N, if we call “cycle” the interval between two local (non null) mazima of the type 1
population between which type 2 and type 0 populations also hit one local (non null) maximum, and N the
number of cycles

Sio S
lim PN > ) = 220228
K—o0 W=z B1 Ba

Moreover, if we denote by D; the duration of the kth cycle and introduce:

1 1 |So1] | [So1l|S12]\ ([So01l[S12|S20|\ !~ 1
To,,K)={a— — 4+ — 1+ + log K,
( ) ( SlO SQl)( 502 SOQSlO )< 502521S10 ) g

then Dy, satifies for a finite c

_ SwSn

P“»”({N > 1}, (1 — e2)T(e, I, K) < Dy, < (1+ cs)T(a,l,K)) =5
1 2

+ Ok (e).

800 1000
|

600

400
|

= - —

T T T T T T
o 10 20 30 40 50

Figure 4: RPS cycles. The y-axis corresponds to the three type population sizes (0 in black, 1 in red
and 2 in green), and the x-axis to the time. In this simulation, K = 1000, (8;,4;) = (2,0),¢ € {0,1, 2},
CO,() = 01,1 = 02,2 = 2,00’1 = 2.5,00’2 = 01,0 = 02,1 = 1,01,2 = 0270 = 3, and a=1.1.

Remark 2. We say that System (1.15)) is permanent if there exists a compact attractor B C int(R%) of
its solutions, whose basin of attraction is int(R%). Under Condition ([2.11)), Theorem 2 in [30] states that

(1.15) is permanent if and only if
1S01][S12/[S20] < S02521510-

This condition is satisfied under the assumptions of Proposition[6. Hence if one of the types gets extinct,
this is due to the demographic stochasticity and not to the behaviour of the approximating dynamical
system.

Moreover, we are not able to know in general if the interior fized point is globally attracting of if there
exist stable periodic orbits for the flows of the three dimensional deterministic Lotka-Volterra system. In
Appendiz [A we give two examples of systems satisfying the conditions of Proposition [0 but with distinct
long time behaviours.
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3 First phase

In Sections [3| to [p| we describe the dynamics of the successive phases. For sake of readability, we do not
indicate anymore the superscript (¥) of the probabilities. The context will make clear the mutations which
occur. The first phase is rigorously defined as follows:

Phase 1:= {t >0, Nf(t) + NE(t) > 1, sup NF(t) < [eK]}.
i€{1,2}

Under Assumption [4] the second mutation occurs during the third phase. This corresponds to the case
already studied in [7] and we will recall the outcomes in this case in Section Under Assumption [2] or
B] the second mutation occurs during the first phase and we have to study the resulting dynamics during
the first phase.

3.1 Assumption

Let 4, j and k be distinct in {0,1,2}, ¢ > 0 and K € N. We introduce a finite subset of N containing the
equilibrium size of a monomorphic i-population,

‘ Cij + Ci Cij + Ci

169 = [K (; - QsM),K(m +25M)] AN, (3.1)
Cii Cii

and the stopping times T, CEK’i), T(gK’ij ) and T;K’i), which denote respectively the hitting time of size |a]

for a € Ry by the population of type ¢ and by the total population of types ¢ and j, and the exit time of

119 by the population of type i,

T = inf {¢ > 0,NF(t) = a) }, (3.2)
T = inf {0, N (1) + NE(1) = o)}, (3.3)

Finally, we introduce a finite subset of N which may contain the type 2 population size at the end of
the first phase.

JE(K’Q) — [KSm(S%O—a—E)’KSzo(S%O—OH-E)} NN, (3.5)

where we recall that alog K is the time of occurrence of the second mutation, and the invasion fitnesses
have been defined in ([1.6). Then we have the following possible states with positive probability at the end
of the first phase.

Lemma 3.1. Under Assumptions[]] and[3, there exists a positive constant My such that

i i ~ . S S.

(a) PID < 7D o 70w e (1,2)) = (1 - ﬁ) (1 - ﬂ) + Ok (o),
B B2

, , - . ; ~ Si S, S,

(b) BIUD < 7D o 0 o) o D) o o)y ?0 (1 - %) +Ox(e),i#j € {1,2),
i J
K1 ~ K1 K2 S10 S20

() P(THEY <TI0 NE(THED) € i) = G Ox(e).

Proof. In the vein of Fournier and Méléard [20] we represent the population process in terms of Poisson
measures. Let Qo(ds,df), Q1(ds,df) and Q2(ds,df) be three independent Poisson random measures on
R? with intensity dsdf, and recall that (e;,i € {0,1,2}) is the canonical basis of R®. Then the process
N can be written as follows:

1 t
NK(t) = NK(O) + Z/O /]R €; |:19§61N,K(97) — 1O<9—ﬁ,NLK(€’)gdf((NK(G’)):|Ql(ds7da)
=0 +

t

+ 621t2alogK(1 +/ 19552]\721((57) — 10<9—ﬂ2N2K(s*)gdé((NK(s*))}QQ(dS7d9))? (36)

log K |:

13



where (dX,i € {0,1,2}) have been defined in (T.2). The idea is to couple the population process with
birth and death processes to get bounds on the different hitting times. To this aim, let us introduce
approximations of the so called rescaled invasion fitnesses S;;/6;, for i € {1,2} and ¢ > 0 small enough:

st ) = %(@ —0; —Cip (ﬁo + Qacb’lcjgfm) —(Ciq1 + C’i,z)6> (3.7)
Sz('g’ﬂ = é(ﬂz —0; = Cip (ﬁo - 2661)’10—250’2)). (3.8)

These real numbers satisfy for € small enough

_ Si 1/ C C
0< 358’ ) < 57‘0 < s§8’+) <1, and 558’—") — sz(-g’-’_)’ < (470’1 + o2 +Ciq1+ 01,2)5- (3.9)

Bi Coo

Thanks to these definitions we can introduce, for * € {—, +} the processes

t
)y _ (o [ -
NE 0 =kl + [ [ [tocsngrion

1 ds, db),

0<6—Bo N (s7)< (80+Co o NS (s*)+1{*:,}E(Co,1+Co,2))NéE’*)(s*)} Qo

and the supercritical birth and death processes

t
(&%) 4y _
N; (t) =1 +/O /R+ [IOSBINI(E,*)(S_) — 10<9—E1N1(5’*)(s—)g(l—sgi’”)ﬁlNl(E'*)(s—):|Ql(ds’da)’ (3.10)

and
(e%) '
£,% _
Ny () = 1@“1"%’{<1+ . gK/R [IGSﬁzNz(E’*)(s*)_10<9—52N2(E’*)(F)S(l—sé@’*))ﬁzNg(s’*)(s*)}QQ(ds’da))'
« 10 +
(3.11)
Then recalling Definition (3.2)) we get
NE ) < NE@t) < NEP(1) as. Vi< TED ATE? (3.12)
and for i € {1,2},
NED@) < NE@) < NP @) as. Vi< TED ATED A TEO), (3.13)

Moreover by construction for every (x1,*2) € {—, +}2 the processes Nl(s’*l) and Nés’*g) are independent.

To prove Lemma we first need to show that with a probability close to one, Couplings (3.12]) and
(3.13)) hold during the whole first phase; to this aim we first prove the following asymptotical result:

liminf P(AX) > 1 — ce (3.14)
K—o0
for a finite ¢ and ¢ small enough, where
AE = (TN AT A1) < 700y (3.15)

First applying (A.5) we get the existence of a positive V' such that for * € {—, +}

lim P(TE > eVE) =1, (3.16)
K—oo
where B
T = inf {¢ > 0, N§™ 1) ¢ 10}, (3.17)
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We divide the probability in (3.14)) into two parts according to the position of TE(K’O) with respect to
VK
e’
1-PAK) = PEIEO <UD A2 5 plH12), (3.18)
= BT < VK 7O < 700D AT 0D ATH)
= (K, (K1) (K,2 K12
FP(eVE < T < 7N A2 A {12y

Thanks to (3.12) and (3.16) we get

Jim B0 < VTR0 < 750 A 76 £ g0iD)

Consider now the second probability in (3.18)). The event {e"% < TE(K’O)} means that Couplings ((3.13])

(K1)

hold at least until time eV% A T A TEIIE’Q . Hence

(VK < T « D N B2\ pliay o o VE (b7 y 72 AT A T2y
c {"E <1 ATy UV E <1 AT
But thanks to Equations (A.2]) and (A.3) we know that for i € {1, 2},

lim P({e"X < T{" N AT = 0}) = lim P({e"® < TUy AT < o0}) =0,

K—o0 K—o0

where A denotes the symmetric difference: for two sets B and C, BA C = (BN C¢) U (C N B€). This
implies that

2
PV < THO < TUED AT AT < STR(IE ) = 00, T§ ) < 00) + Ok (e).
i=1

But Definitions (3.10) and (3.11)) imply that for i € {1,2} the event {Téi’ﬂ < oo,TOi’_) = oo} is empty.
This ends the proof of (3.14)).

We are now able to prove Lemma We assume that AKX holds, which is true with a prob-
ability close to one according to (3.14), and implies that Coupling (3.13) holds on the time interval

[0, TS AT A (K12,

(a): Let us recall Definitions (3.7) and (3.8). Thanks to the independence of the processes N1(5,+) and
N5 we get by applying (A-T)

. ) o) sge,+) s;&,+)
P(Ty" " <T.pm Ty < T2y = 1-— 1—
(To eK 0 K ) 1-(1— Sg‘f’ﬂ)[dﬂ 1—(1— 5g€’+))L6KJ

WV,
/
—
|
m‘%

=Ta
N—
VS
—
|
®|&
N——
|

for a finite ¢, K large enough and ¢ small enough. Moreover we have the following inclusion:

1, 1, 2, 2, K1 K1) (K2 K2
{AfvTo( "< Ts(KJr)aTo( "< TE(K+)} c {Af,Té ) < Ts(K ),Té ) < Ts(K )}-

We then get
P(Ty ) < TGV, T < TGP 1AK) > p(AX, 7y < 709, 13 < 73)
> P(Iy < TP T < 1) — P((AF)e)
S1o S20
> (1-Sm) (- ) 319
A1 B (319)
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for a finite ¢, K large enough and ¢ small enough, where we used (3.14)) and (A.1)).

(b): The independence of the processes N\ and N{*" again yields

(eo) (1) s s
P T(L*) < T(L*)’T(27+) < T(2,+) — 51 1— S2 > 210 4 P20 ce
( eK 0 0 eK ) 1— (1 _ 356’7))|_5KJ 1_ (1 _ Sg6,+))LEKJ - ﬂl ( /82 )

for a finite ¢, K large enough and ¢ small enough. Moreover, thanks to Coupling (3.13]) we get
(AT < 107,72 < 70, 120 < 103y
c {AR TV < i) TP < 0P TP < 5N,

But according to Lemma on the event {TE(II(’_) < To(l’_), TéZ’H < Ts(?(’ﬂ} we can find a finite constant
M such that for K large enough with a probability close to one Téz’ﬂ < alog K + M, and Ts(ll(’f) is close
to log K/S§g’7). We finally get:

P(IS) < 7KD 76N < 72) 5 p(rle) < g g < g8 gl D k)
> P <10 1 <1y P < 1l7) - P(AF))
S1o ( Sao
> 210 1——)—c5 3.20
- B B2 (3:20)

for a finite ¢, K large enough and ¢ small enough, where we used (3.14]) and (A.1)). By interchanging the
roles of 1 and 2 we derive a lower bound for (b).

(c): Let us now focus on the last inequality. First using again independence between Nl(s’f) and Née’f),
and (A.1)) we get

1,— ) (2,— 2,— S10 S20

But as Coupling (3.13]) only holds before time T gg’l) A TE(?Q) we have to determine which process, N&
or Nf hits |eK | first. For i € {1,2}, from (A.2) and (A.3)),

P15 < 17 1) < 00) < ce.

Using again (A.3) we get the existence of a finite constant ¢ such that:

i— . S1p S
P(Té =) —ooji € {1,2}) > ﬁ% + O0x(e)
and
1—ce i, i— 1+ ce i— .
P((1{i:2}a 5 ) log K < T+ < 7)< (1{i:2}a n To) log K, T{" ™) = 00,i € {1,2})

S10 S20

> 210220 4 6 6). (3.21
By By 0K (32D

Hence, as under Assumption 1/S10 < 1/S20+«, processes (Nl(s’*), % € {4+, —}) hit |[eK | before processes
(N2(E’*), * € {+,—}) on the event {Téi’f) = 00,1 € {1,2}} with a probability close to one. The last step
consists in determining the values of (Née’*), * € {+,—}) on the time interval [(1 — ce)log K/S10, (1 +
ce)log K /S1o). First we notice that implies for x € {+, —}:

T(Q:*) L s
So0 (=t —ax2ce) 1 *
%%a—l— ?: )(S——a*205>, a.s. on{TO(Q’):oo}.
Og /82820’* 10
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Moreover, we get from (A.1])

2,— 2,— B S (oo
P(T( Szo)(%faf?’cs) < T( 520)(5,#,0{765) N(2’ )(0) =K 20(510 « cs))
K 10 K 0
_ Sa0 (gt —a—ce) _ 500 (sl —a—2ce)
(1 _ Sg%’ ))K S10 o (1 . Sg%, ))K S10
B < —a—3ce) -0, K — oo

(1— )=S0 (1 gl
This completes the proof of the lower bound for (¢). Adding (3.19) and (3.20]) ends the proof of Lemma
B.1 O

We end the study of the first phase dynamics under Assumptions [1] and [2| by an approximation of the
duration of this phase in the case we are interested in:

Lemma 3.2. Recall the definition of My in Lemma[3.1l Under Assumptions 1] and[3

log K log K
P((l - 05)& < ng’l) <1+ 05)&
510 SlO

T < THO NFTEEY) € ) = 14 0x(e).

We do not detail the proof of this Lemma. It is a direct consequence of Couplings (3.13]) and Equation
(13.21)).

3.2 Assumption

Under Assumptions [I] and [3] the type 2 population size has a positive probability to become larger than
the type 1 population size during the first phase. Let us introduce a finite subset of N which may contain
the type 1 population size at the end of the first phase.

J(K,l) - [Kslo(siio"!‘a_s) Kslo(%m+a+5)] NN (3 22)
\ : , : :
Then we have the following possible states at the end of the first phase.

Lemma 3.3. Under Assumptions[]] and[3, there exists a positive constant My such that

(a) p(TgM < TED o 70 yj ¢ {1,2}) - (1 - @) (1 - @) + Ok (o)

e} B2
i D) j ) _ 7 Si S; S
0 IP>(T€([I§, ) < ) o U0 ) <) TE(K,O)) — /3'70(1 - ﬂi‘)) +Ox(e), i#je{1,2}
i j
K.,2 ~ K,2 K1 S10 S20
() P(TE® < T NITE®) € g ) = T2 20 4 0xce)

We do not prove this result as it is very similar to Lemma The idea is that when the 2-population
survives the first phase, it takes a time of order log K/Sso to hit the value |eK |, whereas the 1-population
size needs a time of order log K/S1p to hit such a value. As under Assumption [3[a + 1/S20 < 1/S19, the
2-population size is the first to represent a positive fraction of the total population size. The value of the
1-population size at the end of the first phase is obtained thanks to Coupling and Equation (A.3).
We have also an equivalent of Lemma

Lemma 3.4. Recall the definition of My in Lemma[3.3 Under Assumptions (1] and[3,

P((1-ce) (o4 2E5) < < e o4 255

TP < T NE(THED) € () ) = 140k ().
3.3 Assumption

This case has already been studied in [7] and we said a few words about it just after the definition of
Assumption [I} We here present rigorously the results of [7] with our notations:
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Lemma 3.5. Under Assumptions[1] and [{},

IP’(TO(K’l) < TE(K’O)> = (1 Sﬁ?) + Ok (e), [[D<TE(II§71) < TE(K’O)> 5;0 +OK(e),

and

log K log K
P((l — ce)& < ng’l) < (1+ce) o8
S1o 10

GV < TEO) =14 0k(e).

4 Phases 2 and 2n

In this section, we describe the dynamics of ”deterministic phases”, when some of the population sizes are
well approximated by the solution of a two- or three-dimensional competitive Lotka-Volterra system.

4.1 Two-dimensional case

Let us denote by ¢ the end of the first phase, when at least one of the mutant population survives:
K1 K,2
i =T AT,

by i(¢X) the label of the first mutant population which hits the value [¢K |, and by j(#¥) the label of
the other mutant population. We will focus on the most interesting case, when the population j(¢¥) does
not get extinct, as the other ones have already been studied in [7] and [9], and introduce the event:

K S K

(¢K)

We will now consider the second phase of the sweep. It corresponds to the interval between the time
K

ng”wl ) when the mutant population i(¢) hits the value [eX | and the time when the rescaled pop—

ulation process (NZ, N s ¢K)) /K is close enough to the stable equilibrium of the dynamical system

with labels 0 and i(¢¥). To define rigorously the duration of the second phase we need to introduce a

deterministic time t(z)( j) (see (4.3) after which the solution of the dynamical system (1.7)) with initial
condition z = (z;, 2;) € R? 2 is close to the stable equilibrium. To do that in a simple way we introduce a
notation for the stable equilibrium of (|1.7) independent of conditions ) and (| -

(eq) (eq) njej, if ([1.8) holds,
ng =mn; n( e + n(]) if (T.13) holds (4.2)
7 €j, . s

]Z

where we recall Definition (1.14). Hence for € > 0, 1 )(z j) can be defined by

(i, 5) == inf{s > 0,¥¢ > s, ||n{? (t)e; + 0 (t)e; — nlS? | < €2, (4.3)
where ||.|| denotes the L;-norm on R2. As we do not know precisely the initial value of the rescaled
process (NI, N I(( 1) )/ K at the beginning of the second phase, we consider the supremum over the possible

(0,61
BE = {(20, zi(px)), |20 — io| < 3e(Co,1 + Co,2)/Co0,6/2 < zi(91") < e},

and
te(0,i(¢f)) := sup{t{?(0,i(¢f)), z € BX}, (4.4)

which is finite. We are now able to define rigorously the second phase:
. K . K
Phase 2 == {1, TS0 < 4 < GO0 4 (0,i(01)) ).

During the second phase two populations have a size of order K, the wild type population and the
mutant population of type i(¢¥). We will prove that the dynamics of these two population sizes are well
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approximated by the deterministic two-dimensional competitive Lotka-Volterra system , which stays
in a neighbourhood of its stable equilibrium after the time t.(0,i(¢¥)). The duration of the second phase,
t.(0,i(¢%)), does not tend to infinity with the carrying capacity K, unlike the durations of the first and
third phases. As a consequence, the size of the j(¢%)-population stays negligible with respect to K during
the second phase. Recall Definition . Then we have the following result:

Lemma 4.1. Recall the definitions of the My and Ms in Lemmas [3-1] and [3.3, respectively. Then for
every € > 0,

hl’Il P(NK K (¢1 +3) S JQM E,VS <t (O Z((z)l ))7

i(e

<& A inf
zeBEK 2

1 ) . ) TL( )( (0 i ¢K
|32 (N o + NI ey ) @1 + £:00,8(61)) = nist) | < €2 : Dlpr) =1,

Remark 3. Here we cannot apply directly (A.5) because it requires positive lower bounds for the jump
rates of each population divided by K. Indeed in our case, the jump rate of the population 2 is of order

K iet00 (M Syt a1y 1ok )=2)))

which is negligible with respect to K. Hence we will couple the process N 65 and the process (NEK, NE

o1 Z(¢K))

with well known processes to get bounds on their dynamics.

Proof of Lemma[{.1. For sake of simplicity we will write (i, j) instead of (i(¢X),j(¢%)) along the proof.
Let us first prove that during the second phase the process IV jK does not evolve a lot. First, notice that

the processes NI and NX are bigger than if they were evolving alone. Hence if we introduce the event

K .= { sup {NE(s) + NX(s)} > 2(no +m)K}, (4.5)
s<t:(0,7)

we deduce from (A.4)) that,

lim sup P(no.n) (CF) = 0, (4.6)
K00 No et NieleK —1,6K]

where we used the convention
P(Ni,Nj)(') = ]P)(KNzK’NjK)(O) = (Niij))v (Za.]) € 82'

To control the number of j-individuals during the second phase, we introduce two birth and death processes,
NE2D) and N ;K’ZH constructed with the same Poisson random measure Q; as V. jK (see representation

B9)

K,2,— S +a(1 1 M;
NJ( )(t) =K 90(3 (Lgy=1y —L{y=2y)—Mje) / / <(6;42(h0475)(C. 0+C”))N(2 ,) Q](ds d9)

1 ) t
N;K&ﬂ(t) = K0 (sg Tty 1“:2})—‘_1\%6)—|-/ / 19§/3jN,(2,+>(Sf)Qj(ds,d9).
Recall Definitions and . We see that on the event BX N CX|
K,2,— K2, )
N; J(t) < NE@ff +1) < NP2 D), as vt < 1.(0,4).

Let us first focus on the process N J(K’2’_). It is a pure death process with individual death rate:
0 :=0;+2(no +1;)(Cj0 + Cji),

and we can construct the following martingale associated with this process:

t
ME(t) == N2 () — N2 (0) = - / /R 1, SW;K,Q,_)(S_)eéscgj(ds,d@),
+
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where Qj is the compensated Poisson measure Qj (ds,df) := Q;(ds,df) — dsdf. Moreover, its quadratic
variation can be expressed as

MKt_// 1y syt ) 255dsd0_/ SN2 (5)e2%ds = /5MK (s)e*ds.

Then Markov Inequality leads to
(N2 (1(0,0) < e 20N 0)) = P(MF(1.(0,1)) < (e70C) — 1) NI (0))

< P((M]»K(ta((),i)))2 > (1 — e—é(ta(ovi))2<N;K,27*)(O))2)
EBM‘K%S(O,O} (e‘StE(O’i) 1>N (K.2,~

J
< =

- (1 _ e—étg(O,i)>2(NJ( 27)(0 ))2 (1 —~ e—‘”s(ovi)) (N;K’Z’i)(o)f,

which implies that

i P(_inf (V20 (5)) < OOV 0)) —o,

K—oo s<t.(0

as a death process is non increasing. In the same way we prove that

lim ]P’( sup {NU2H ()1 > ezﬁjtf(o’i)N;K’ZH(O)) = 0. (4.7)
K=o Ng<t.(0,0)
From (4.6]) to (4.7) we deduce that:
lim IP’(NK(¢1 +5) € Tfy o Vs < (0, ‘BK) =1 (4.8)

Now we want to control the dynamics of populations 0 and ¢ during the second phase. We introduce
two pairs of processes, (NéK’z’f),Ni(K’z’Jr)) and (NSK’z’Jr), NZ—(K’2’7)) whose dynamics are well know and
such that with high probability,

NI < NE < NIk e {0,

during the second phase. These processes are defined as follows for ¢t > 0 and (a,b) = (4,0) or (0,1):
(K727_)
Naq (t) == NF(o1) +fo fR Qa(ds dé))[ 0<Bo N2 ) (s—)

10<9_,8@N((1K’2’7)(s—)§(6a+C@,aN,§K’2’7)(S_)+Ca,le§K’2’+)(s‘)-‘,—Ca,jKSjO(S%UJra(l“:l} *1{j:2})+21\/Ij6))N((lK,2,7)(S_):| )
(K.2,4) 4y . NK (K 4
NIED() = NE(6F) + [y [, Qulds, do) [16S By N2 ()~

1
0<—Bo N2 (s7) <(86+Cp,a N2 ) (s7)+Co y NPT (s= ) NI D (57 |

Notice that conditionally on the initial condition of the second phase, N (¢), the processes (N, ,EK’Q’*), k€
{0,i},* € {—,+}) are independent of the process NjK, and that on the event

{p1" < oo} N{NS(¢1" +5) € Johy,e, Vs < t(0,0)},

we have

N2 (6) < NE (6K +5) < NP P (1), as. Vi < 1.(0,1) and k € {0,4}.
Moreover, a direct application of (A.4)) leads to

lim sup P( sup [(NS2D N2 @) /K — (nf (£), () ()] > 8) =0,
T (20,2) €I S K x[e/2,e] 05t (0,9)

for € and 6 > 0, where * denotes the complement of * in {—, +}, 159 has been defined in (3.1) and
t-(0,4) in (4.4). Adding (4.8) completes the proof of Lemma O
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The dynamics of the population process is a succession of phases where at least two types of populations
have a size of order K (2nth phases, n € N) and of phases were at most one population type has a size of
order K ((2n + 1)th phases, n € Z). The following lemma completes the description of the dynamics of
phases 2n, in the case where two populations have a size of order K. It is a generalization of Lemma 4.1
and we do not give the proof. Recall Definition . Then

Lemma 4.2. Let {i,j,k} ={0,1,2}, € >0, n,¢; >0, v € (0,1) and assume that
(N (0), NX(0), NE(0)) = (InE], [£K |, L)), with |n — ] < eie

Then

lim P(N,f (s) € [K775, K7€) ¥s < t.(i, ),

K—oo

&)y (i
cotp e BRI

L K K ;o (eq)
| (Vei+ Nfe)) (i) = i nf

4.2 Three-dimensional case

From a probabilistic point of view, the case where the three types of populations have a size of order K
is simpler, as we can approximate the rescaled population process by the three-dimensional deterministic
Lotka-Volterra system according to Equation . But the behaviour of the solutions of the three-
dimensional Lotka-Volterra systems are much more various than these of the two-dimensional systems.
They have been studied in detail by Zeeman and coauthors [48] [47] [46] and we will now present some of
their findings.

As in the case of two dimensional systems, the invasion fitnesses

(Sijs Sijk, i, j, and k distinct in {0,1,2})

will determine the overall behaviour of the flows. In the two dimensional case for interacting populations
of types i and j, there are three possibilities:

e Either S;; < 0 < Sj;; then the only stable fixed point is n;e;
e Or S;;,5; > 0; then the only stable fixed point is ﬁz(;)ei + ﬁg)ej
e Or S;;,5;; < 0; then there are two stable fixed points, n;e; and i e;.

In the three-dimensional case, Zeeman [48] numbered 33 equivalence classes. An “equivalence class”
is a given combination of invasion fitnesses signs modulo permutation of the indices. Flows of systems
belonging to the same class have the same type of long time behaviour, which is well determined in the
25 first classes and more complex in the 8 remaining classes. These behaviours are represented in Figure
and we will now explain their meaning. By an application of Hirsch’s Theorem [23] Zeeman proved
that there exists an invariant hypersurface of Ri, denoted 32, such that every non zero trajectory of a
three-dimensional competitive Lotka-Volterra system is asymptotic to one in X for large times. X is called
the carrying simplex, beeing a balance between the growth of small populations and the competition of
large populations. A locally attracting fixed point is represented by a close dot e, a locally repelling one
by an open dot o, and a saddle by the intersection of its hyperbolic manifolds.

The classes 1 to 25 have no interior fixed points, and their dynamics are well known: the system
converges to one of the stable fixed points with at most two positive coordinates. The solutions of systems
in class 32 converge to one of the monomorphic equilibrium density 7; for i € {0,1,2}. The solutions
of systems in class 33 converge to the unique interior fixed points (see [47] for the two last assertions).
In these classes 26 to 31 the system can have periodic orbits depending on the value of the parameters
(see Figure @ More precisely Zeeman proved that there exists systems with and without periodic orbits
in each of these classes. We have no general criteria to discriminate between cyclical and converging (or
diverging) behaviours of the flows in these classes. Note however that Hofbauer and Sigmund (Theorem
15.3.1 in [24]) and Zeeman and Zeeman (Theorem 6.7 in [46]) provided sufficient conditions to have a
global attractor (or repellor).
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Figure 5: The phase portraits on Y. A fixed point is represented by a close dot e if it attracts on X; by

an open dot o if it repels on ¥, and by the intersection of its hyperbolic manifolds if it is a saddle on X.
(figures found in [48] and modified to include results of [47] about classes 32 and 33)

VAW AWAYAN
Je\ JeX Jeh, Jeh

Figure 6: Phase portraits in classes 26 to 31 in absence of periodic orbits. (figures found in [48])

5 Phases 3 and 2n +1

At the beginning of the third phase there are two possible cases: either there are already individuals of
type 2 in the population; this corresponds to Assumptions [2] or Then two types of individuals have
sizes close to n(;‘q (defined in (4.2)), and the last type has a size of order K7 for some v € (0,1). Or
the second mutation has not occurred yet (Assumption [4)) and there are only individuals of type 0 and
1. Let us first focus on Assumptions [2] and [3] Then at the beginning of the third phase we have, with a
probability close to S10.520/(5182), two kinds of initial conditions:

e Either Sp;yr) <0 < Sj(gx)0; then NE (¢K) is close to n(gr) K, N equals [nK | for some

ne [lnfzegx ”0 ( -(0,i(01))), SUp.epK ”0 ( -(0,i(¢¥)))] and N (65) belongs to Jops 1S

e Or SOi(¢K)7Si(¢K) > 0; then (NO ,N
Jam,

) is close to (7 o K ﬁ(i((i){{))K) and N bel t
) Toi(pr) ™ Moi(pk) J(efe) PEIONES to

i(pff
FICI 0N

In fact such initial conditions will also be found in phases 2n + 1, with n > 2. Indeed we will see that
in some cases there will still be two populations with sizes of order K and one population with a size
of a smaller order after the two first alternations of stochastic and deterministic phases (see Figure | for
instance). Lemma describes the dynamics of a stochastic phase with such initial conditions. Before
stating this lemma, we introduce a finite subset of N? and a stopping time:

<) [(Ni, N)). |Ci;Ck — CirCyj] + |CiCiar — Cjkcu‘l}7

1 (i)
—(Nie; + N; H <2
( i€ + Je]) (TL € + n ‘C“ij - C’LJC‘]’L‘
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TK4) .= inf {t >0, (NK(1), NJ-K(t)) ¢ IE(K,z'j)}

Lemma 5.1. Let us take i, j and k distinct in {0,1,2}. Assume that S;; > 0 and NEX(0) = |[K"| for
some 0 <y < 1.

o IfS;; <0, Sk >0, NF(0) € [(n; — ) K, (; + €?)K] and NJ(0) = [6K | for some 0 < § < &2,

) Y 1 1-—
]P)(TéKJ) < Ts(llgvk) < TE(K7Z)) — ]_ —+ OK(€)7 fOT |S| < Skva
J g

(I—v+e)|S4] (I—v—e)[S,;l

PRI < TODNTED, NR () e [0 255 -S54 )) 11040, o

1
|5l
o IfSji >0, Si; >0, NE(0) € () — )k, (al) + £2)K] for 1 € {i, j},

P(TIEY < T =14 Oxe),
e IfSj; <0, Sk <0, NX(0) € [(n; — e*)K, (7; + €2)K] and NJK(O) = [6K| for some 0 < § < &2,

IP><T0(K,j) v TéK,k) < TE(K,i)) — 14 Ox(e),

o I Sji >0, Si; <0, NE(0) € (Y — )k, (0l + £2)K] for L € {i, j},
P(TéK’k) < T;Km) =1+ 0k(e).

The proof of this Lemma is very similar to the proof of Lemma It consists in comparing the

population process with birth and death processes, which can be subcritical in this case, and to show that
the equilibrium sizes |7i; K| or (Lﬁx) [, |7 g) |) are not modified much by population(s) with size(s)
smaller than |eK|. Hence we do not detail the proof. We are also able to get approximation of the

stochastic phase duration:

Lemma 5.2. Let us take i, j and k distinct in {0,1,2}. Assume that S;; > 0 and NE(0) = |[K"| for
some 0 <y < 1. Then there exists a finite constant ¢ such that,

o IfS;; <0, Sk >0, NS(0) € [(; — ) K, (; + €2)K] and N (0) = [6K | for some 0 < § < &2,

1-— 1-—
P((l —ce) Sk»’y log K < Ts(?k) < (1+ce) Sk

TN < THD) =14 Ok (o).

o IfSji >0, Sui; >0, NE(0) € [(nl) — e2)K, (nf) + K], L € {i,j},

1 1- o
JP’((I - cg)ﬁ__7 log K < TP < (1 4 ce) kV 1ogK‘TE<{§’“) < T;Km) =1+ Ok(e).
] ]

o IfSji <0, Sk <0, NF(0) € (i — %) K, (i + €*) K] and N(0) = [6K | for some 0 < § < &2,

1 e
P((l—cs) (m B |) logK < T, (KJ)\/TO(K,k) (1+C€)< ) 1OgK’TO(K J)\/T(K k) Tg(K,@)
Ji ki

|Sﬂ| |Sk1‘
=1+ Oxk(e).

o IfSji >0, Sui; <0, NE(0) € [(nl) — ) K, (n + 2)K] for L € {i, j},

IP’((l ce) log K < T{E® < (1 + ce) log K | TR < T;(Kﬂ?ﬁ) =1+ Ok ().

|Skw‘ |Skw‘
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Let us now describe the dynamics of the third phase when Assumption [ holds. As in Lemma [5.1
there are five possibilities, depending on the signs of the invasion fitnesses and of the value of a. To take
into account the state of the population at the end of the first phase, we introduce the following notation
under Assumption

Py, (N, ) () = P(|(Ng", Ni*)(0) = (No, N1)
and the second mutant appears at time (o — 1/S1¢) log K)

Recall that on the event {¢¥ < o}, Lemma ensures that ¢ is of order log K/S;o with a probability
close to 1. Then we can state the following properties for the population dynamics during the third phase:

Lemma 5.3. Under Assumptions [1] and [4,
° IfSOl <0, So1 > 0 and 1/|S()1‘ <o — 1/510 + 1/521,
So1

inf P¢1(N07N1) (TéK’O) < TE(II?Q) < TE(K’l)) = — + OK(E),
No<e2K,N, eIl Bo
e If So1 <0, So1 >0 and 1/|S()1‘ > o — 1/510 + 1/521,
inf P (No,N) (Te(zlg’z) < THY AT N (TR

inf, cgxc n§” (82(0,1))/2< No /K <=2, Ny €1 )

& [k Imlemslyato groiSnltomsty a9 %L 0ke),

P2

If Sp1 > 0, S201 > 0,

. K2 ~ Sa01
inf ey (TR < TEOD) = 2204 0k (@),
1(No, N1 ) /K —(a$D, Yl <e B2
o If Sp1 <0, So1 >0,
- S
inf Py (No.N) (TéK’O) v T < T;K,n) =1-22L 4 Okg(e), Va < oo,
No<e2K,N,erl’V B2
e If So1 > 0, Sa01 >0,
. s
il’lf P¢1(NU,N1) (TO(KQ) < TE(KaOl)) =1- ﬂ + OK((?), VOK < 0.
[(No, N ) /K — (RS A5D) | <e B2

Once again the proof is very similar to the proof of Lemma and we can also derive approximations
for the total duration of the three third phases:

Lemma 5.4. Under Assumptions[]] and[] there exists a finite constant ¢ such that,
° IfS()l <0, So1 >0 and 1/|S()1‘ <oa— 1/510 + 1/521,

ey (L (K0) L1 (K0) _ (k1) \p(K2)) —
P((1 ce)(slo+|501|)logK<TO <(1+ca)(510+|501|)10gK‘T0 < TIDATED ) = 140 (2).

° IfSOl <0, So1 > 0 and 1/|501‘ > o — 1/510+ 1/521,

1 1 ~
]P’((l—cs) (OH——) log K < ng’z) < (14ce) (a+S—21) log K ng’m < T;K’l)/\TéK’O)> =14+0k(e).

Sa1

o If So1 > 0, So01 > 0,

1 1 ~
]P’((l —cg) (a + %) log K < Ts(f;’Q) < (1+ce) (a + %> logK’Tg((’Q) < TE(K’OU) =1+ Oxk(e).
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6 Proofs of Propositions 1 to 6

We now prove the main results of this paper. The proofs are direct consequences of Lemmas stated in
Sections [3] @l and [5] As the proofs of Propositions [I] and [2] are very similar, we only prove the second one.

Proof of Proposition[3. Let us first consider that Assumptions [1] and [2, and Condition (2.7)) are satisfied.

(1 — S10/B1)S20/P2: According to Lemma , with a probability close to (1 — S19/81)S20/82 only the
2-population survives the first phase and hits the size |¢K |. Then it ’deterministically’ competes with the
O-population and outcompetes it as Spa < 0. In this case the duration of the invasion, log K /S, is not
modified by the presence of the mutant 1.

510520/ (B102): According to Lemma and with a probability close to S10S20/(8162) both 1- and
2-populations survive the first phase, which has a duration close to
log K
Sio

The 1-population size is the first to hit |eK |, whereas the 2-population size belongs to ‘]J(\Zf) (defined in

(13.5)) at the end of the first phase. Lemma and Markov Property imply that with a probability close
to one, the 2-population size stays of the same order during the second phase, and the 0- and 1-population
sizes become close to (aK,n,K), with 0 < a < €2 depending on ecological parameters but not on K, at
the end of the second phase. As Sy; > 0, the 2-population size grows during the third phase and takes a

time close to ) )
L1 (o))
Sa1 ( 20\ S0 “)) 8

to hit the size [eK | (Lemma . Furthermore at the end of the third phase the O-population has a size
negligible with respect to K (which can be 0, see Lemma . During the fourth phase the 2-population
"deterministically’ outcompetes the 1-population, as S12 < 0 < S3; (Lemma . Then the 0- and 1-
populations get extinct, as Sp2 and S12 < 0 (Lemma . Such a trajectory is illustrated in the second
simulation of Figure 2] In this case the total duration of the mutant invasion is

(Sim + Sim(l 7320(%10 —a)) 704> log K,

(the —alog K is due to the time of the second mutation occurrence) which has to be compared with the
duration of the invasion in the absence of the first mutation, log K/Say. The resolution of a quadratic
equation leads to the condition Sag €]S10/(1 — aS10), So1[. More precisely, the inequality

(Siw—i—sim(l—Sgo(SLm—a)) —a) log K < k;if

is equivalent to

SQQOSigl(S%O_OO —Sgo(i+i—a>+l>0,

whose solutions are Sop = So1 and Sap = S10/(1 — aS10). As under Assumptions |1 and

1 1 S1o
> q = Sy < 20
Sa0 ~ Sio “ 0 1 alS

this ends the proof of this case.

1 — So0/P2: Finally with a probability close to 1 — S90/f2 the 2-population gets extinct during the first
phase (Lemma [3.1)).

The proof of the second case follows the same ideas. The only difference is that when the 1-population
survives the first phase, the 0- and 1-populations coexist during the third phase, as S19 and Sp; > 0. This
ends the proof of Proposition O
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Again the proofs of Propositions [3| and {4 are very similar, and we only prove the second one.

Proof of Proposition[f. Let us first suppose that Assumptions [I] and [4 hold, and that S < 0, Sp1 > 0,
So091 > 0.

1 — S10/P1: According to Lemm with a probability close to 1 —S10/51 the mutants 1 do not survive
the first phase. Then following (A.5]) we get that the 0-population size stays close to its equilibrium 7¢ K
during a time of order e"® where V is a positive constant independent of K. Hence it is still close to
this value when the second mutant appears (time alog K). The latter one has a negligible probability to
survive as the invasion fitness Soq is negative. After the 2-population extinction, using again , we get
that the O-population size stays close to its equilibrium value 7oK during a time larger than e"® where
V' is a positive constant independent of K.

S10/81(1 — S201/B2): According to Lemma with a probability close to S1o/f;1 the mutants 1 survive the

first phase, and the 0- and 1-population sizes get close to their coexisting equilibrium (Lﬁgi)K 1 Lﬁ(()ll)K D
during the second phase. Then we get from (|A.5) that the 0- and 1-population sizes stay close to this
coexisting equilibrium during a time larger than eV X for large K where V is a positive constant indepen-
dent of K. Hence they are still close to this state when the second mutant appears (time alog K). The
latter one has a probability close to 1 — Sa01/832 to get extinct before hitting |eK | (Lemma [5.3). After

the 2-population extinction, the 0- and 1-population sizes stay close to their equilibrium value Lﬁ((ﬁ)K |

VK

and Lﬁ(()ll) K| during a time larger than e"** where V is a positive constant independent of K (Equation

(A.5)).

S105201/(B182): Applying again Lemma and Equation (A.5)), we get that with a probability close to

S10/P1 the 0- and 1-population sizes get close to (ﬁgﬁ)K , ﬁéll)K ) and are still in this configuration when
the second mutant occurs. The latter one has a probability close to Sa01/f2 to hit a size of order K
(Lemma whereas (Ng, Np) still belongs to IE(K’OU. Then the final state depends on the signs of the
other invasion fitnesses. The approximating deterministic Lotka-Volterra system after the third phase can
belong to 7-12, 29, 31 or 33ird class described by Zeeman (see Figures |5| and |2| case ) In all the cases
the density of 2-type individuals does not tend to 0 during a time larger than e"* where V is a positive

constant independent of K.

The proof of the second case follows the same ideas. We just have to take into account the value of
alog K compared to some invasion time to know whether the O-population gets extinct before the hitting
of |eK | by the 2-population. We detail this kind of comparison in the proof of Proposition |§| and end here
the proof of Proposition O

Let us conclude this section with the proof of Proposition [§} The proof of Proposition [f] follows the
same outline and is simpler; hence we leave it to the reader.

Proof of Proposition[f. Suppose that Assumptions and Conditions (2.11)) and (2.12]) hold.

1 — S10/P1: See the beginning of the proof of Proposition

(S10/81)(1 — S21/82): Lemma and Equation (A.4) imply that with a probability close to Sio/S1, the
1-population survives the first phase and the population state at the end of the second phase satisfies
(No, N1)(¢1") = ([noK ], [mK]) with

inf

zeBK

(2)
t-(0,1
W<no<82 and |n; —n| <e,

where t.(0,1) has been defined in . Then with a probability close to 1 — Ss1/82 the 2-population does
not survive, and the O-population size, which can be compared to a subcritical birth and death process
as Sp1 < 0, also hits 0 while the 1-population size is still close to |71 K| (Lemma . In this case, the
1-population size stays close to its equilibrium value |73 K| during a time larger than V¥ where V is a
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positive constant independent of K (Equation (A.5))).

510521 /(B1B2): First applying again Lemma [3.5| and Equation (A.4]) we get that with a probability close
to S10/051, the 1-population survives the first phase and the population state at the end of the second
phase satisfies (No, N1)(¢X) = (|[noK |, [n1K]) with

inf <mng<e? and |y —q| <e.

zeBK

n$? (.0, 1))
2

Then Lemma [5.3] implies that with a probability close to Sa1 /2, the 2-population size hits the value [eK |
before the extinction of the 0-population, because

(S%O + @) log K,

which is the approximate extinction time of the O-population (Lemma [5.4)), is bigger than

1
a+ —) log K,
which is the approximate hitting time of |¢K | by the 2-population size (again Lemma . Combining
Lemmas and [5.4) we even get that at the end of the third phase, the O-population size is of order

K1*|501\(0¢*S%O+5%1)’
and that the duration of the third phase is

1 1
oo+ )logK. 6.1

(0= 5 * ) 8 (61)
During the fourth phase we can approximate the dynamics of the 1- and 2-populations, which have a
size of order K, by the system (L.7) with (i,j) = (1,2) (Lemma [£.2). As Si2 < 0 < Sa, the 1- and
2-population states at the end of the fourth phase are (|n1K |, |n2K|) with

n{?(t.(1,2))
2

inf <ny <e? and [ng — nig| < e.

zeBK

During the fifth phase, the 0-population size has an evolution comparable to this of a supercritical birth
and death process (Spz > 0) and takes a time

|So1] 1 1
a——+ — ) logK 6.2
So2 ( S1o 521) s (62)

to hit |eK| (Lemmas and . The 1-population size has an evolution comparable to this of a
subcritical birth and death process (S12 < 0) and takes a time
log K

TS0l (6.3)

to get extinct. As according to Condition (2.12)

|501\( 1 1 ) 1

-t o) <o
So2 S0 Sa [Si2]

(6.2) and (6.3) imply that the O-population size hits |eK | before the extinction of the 1-population, the
fifth phase has a duration of order

|So1]
So2

1 1
— — 4+ — ) log K A4
(a Sw+521)og : (6.4)
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and at the end of the fifth phase, the 1-population size is of order
1_\S12§\Q|2501\ (a_571(1+$)_

We then again apply the same reasoning: during the sixth phase, the O-population outcompetes the
2-population. During the seventh phase, which has a duration of order

[S12(]:S01] 1 1
_— — —— 4+ — ) log K 6.5
10502 @ S1o+521) 08 5%, (6.5)

the 1-population size hits the value [eK | and the 2-population sizes ends at a value of order

S20l1S1211S01l 1 1
1 1520181211801l (1, 1
S10502 ( Slo+521),

where we used Condition (2.12]) which implies that

\S12||801|< 1 1 ) < 1

S10S02 " Sio  Sa1/ " Sl

Adding the durations of the third, fifth and seventh phases in (6.1)), (6.4) and (6.5, we get the duration

of the first cycle,
1 1 |So1] | [So1]S12]
o — +— ) {1+ + log K.
( 510 521)( 502 502510 ) &

Then by induction we prove that at the end of the phase 3 + 1, [ € N, the 0-population size is of order

1 1 [S121150111S201yt
K Sol(a— g5+ 57 (Tl sersar ) ,

at the end of the phase 5+, [ € N, the 1-population size is of order

1 1S1211S011 [S1211S0111S20l 1
So2 ( ( )
I

1 1
510+521) S10502521

and at the end of the phase 7+ [, [ € N, the 2-population size is of order

S20l1S1211S011 1 1 1S1211S0111S201 !
1— 152018121101l (o, 1 4 1 y(1S12[1S01llS20l
S10502 ( 510+521 ) S10502521 ) .

We also prove that the 3 + Ith phase, | € N, has a duration close to

(M)l( L, 1

o —— 4 —)log K,
S10S502521 S1o 521) s

the 5 + Ith phase, [ € N, has a duration close to

<|512\|501||520|>l |Sou] (a o
SlOSO2S21 502 SlO 521

and the 7 + lth phase, [ € N, has a duration close to

S12]So01][S20]\ *|S12][So1| 1 1
o — — log K.
( SIOSOQSQI ) SIOSOQ ( SIO 521) g

This completes the proof of Proposition [6} O

A Technical results

This section is dedicated to technical results needed in the proofs. We first recall some facts about birth
and death processes. They are used in Sections [3| to |5 and can be found in [I]:
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Lemma A.1. Let Z = (Z;)1>0 be a birth and death process with individual birth and death rates b and
d. Fora e Ry, T, = inf{t > 0,Z; = |a]} and P; (resp. E;) is the law (resp. expectation) of Z when
Zy =1 €N. Then

e For (i,j, k) € Z3 such that j € (i, k),

1—(d/b)i—?
]Pj (Tk < Tl) = 71 — Ed;b;k_l . (Al)
e IfO<d#b, for everyi € Z4 andt >0,
d(1 — eld=bt)\i
Ty < ) = (=g ) (4.2)

e If0 < d < b, on the non-extinction event of Z, which has a probability 1 — (d/b)?°, the following
convergence holds:
Tn/logN — (b—d)™', a.s. (A.3)
N—o00

We also need large deviation results to quantify the difference between the rescaled population process
N /K and the approximating deterministic Lotka-Volterra processes and . The following
statements can be found in [7] Theorem 3 (b) and (c¢) and in [9] Proposition A.2. They follow from Dupuis
and Ellis [I6] (Theorem 10.2.6 in Chapter 10):

Lemma A.2. Let C be a compact of (R%)? x {0} or (R%)?, and T a finite positive constant. Then for
every positive 6,

limsup ]P’(Sup INE (@) /K —n® )] > 5(Ng<(0) = LzKJ) =0, (A4)
— 0 zeC t<T

where | 2K | = (|20K |, 21K, |22K ), and n'?) is the solution of with initial condition z.

Let n denote a stable equilibrium of a competitive Lotka- Volterra system in dimension one, two or three,
with all coordinates positive. Let ¢ > 0 and N¥ denote the population process with the same ecological
parameters as the considered Lotka-Volterra system and carrying capacity K. Then there exists a positive
constant V' such that

. NE(t) NE(0)
. —qall < — 7l < = 1. .
dm P( s || == - <2 |57 -] <o) =1 (45)

Let us now prove Lemma which precises the conditions needed to have transitive interactions
between several types of individuals:

Proof of Lemma[2.1. Let i, j, k be in £ and recall notation (2.1). The relations
i1<j and j<k

are equivalent to

&—éij<0<&—éji and &—Cjk<0<pi—ékj7
Pj Pi Pk Pj
or in other terms 1 1
&<éijA = and &<Ojk/\~7.
Py Cji Pk Clj
1. If (2.2)) holds, then
Szk = Pk (& - ézk) = Pk (&& Cz )
Pk Pj Pk
(o ) Eun ) -) m{(Ean &) ) <
Pk 1J éji jk ékj ik | = Pk 2 c; 1)U,
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and

Ski = z(% - éki) = m(%j': - Ckz)
> pi((éky \% él‘k) Cji v éi) - éki) > Pk((@ % C%)Q - 02) >0,
J )
which implies that
i< k.

2. If (2.3) holds, then one of the two previous inequalities is not satisfied. Hence either i < k or i = k.
3. Let us now assume that (2.3]) holds. We can choose 7 > 0 such that

[(Cg/\cil)—nr>01 and [(Cg/\cil)—n}_2<02.

Assume now that 1
&Z&Z (02/\7)—77.

Pi Pk C1
Then
Pi_cy<o<biocy, Piocyco<Pocy and P02,
Pj Pi Pk Pj Pk Pi
This ends the proof of Lemma [2.1 O

We now present two examples of three dimensional Lotka-Volterra systems satisfying conditions of
Proposition [6] and exhibiting different long time behaviours. In the first one, the solutions converge to a
limit cycle with constant period whereas in the second one they converge to the unique globally attracting
fixed point of the system. Before these two examples, we need to give a definition and recall a result of
Hofbauer and Sigmund.

Definition A.1. A matrizc A = (aij)o<ij<2 € M3(R) is called Volterra-Lyapunov stable if there exist
positive numbers dg, dy,ds such that

Z diaijnmj < 0, Vn 7é 0.
0<,j<2

Let us introduce the matrix
Coo Co1 Cope
A= Cio Ci1 Cip
Coo Can Cop

Then we have:

Theorem 1 (Theorem 15.3.1 in [24]). If —A is Volterra-Lyapunov stable then the Lotka-Volterra system
(1.15) has one globally stable fixed point.

This theorem is needed to construct the second example in the following illustration:

Nllustration of Remark[d 1. In [36], the authors model the RPS interactions of escherichia coli strains
by the following system:

’flo = ((5 — RKing — puny — ung)ng,
N1 = (1 — pno — K3ny — png)ny,
ng = (B — (k+y)no — uny — unz)na,

where all the parameters belong to R* . They give an example for which the solutions converge to a
limit cycle with constant period. It corresponds to the following values of the parameters:

n=p=1, K1=p0=2, kKe=1,75, =284, k3=0,844.. and §=1,156...
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For these values of the parameters we have:
S10 =0,422...;, Spp = —0,0288...
So1 =0,816..., Si2 =-0,0143
So2 = 0,0131..., Sy = —0,220....
These invasion fitnesses satisfy and
So1 > [So1l,  So2S21 > [So1[|S12| and  Sp2510521 > [So1||S12]|S20]-
Hence we can choose a such that holds.

. Recalling the definition of invasion fitnesses in ([1.6) we get that —A is Volterra-Lyapunov stable if
there exist positive constants dg, dy, ds such that for every n # 0,

A7 O (B — 6y — Sy =2t 22T )
2 Cii 7 Bi —6i B — 6

0<i,j<2 ’

which amounts to the existence of positive constants dy, dy, do such that for every n #£ 0,

> di(Bi = 6 — Sij)nin; > 0.

0<4,j<2

Expanding the sum and using the notation p; = 8; — §; for ¢ € £ we get the condition

dopo”% + dlpln% + d2p2n§ + {do(po + [So1]) + di(p1 — 510)} noni+
do(po — Soz2) + da(p2 + \520|)}n0n2 + [d1(/)1 + [S12]) + d2(p2 — 521)]n1n2 > 0.
Let us now make the following choice:

o =1, i€é po—So2 _ pr— S0 _ p2—Sn - [Sorl _ |S12] _ [S20] —n  (A6)

Po P1 f1 Po P1 P2

where 0 < 1 < 1/2. The condition to satisfy becomes

1+2n —2n

2

1 1+ 2
n%—f—n%—i—n%—i— (2ngn1+2ngna+2ning) = (ng—&—n%—&—n%)—&— n(no—i—nl —|—n2)2 > 0,

which holds for every non null n € R3. The end of the proof consists in noticing that we can indeed

choose the parameters as in (A.6). Assume for example that the p;’s and the C;;’s are given. Then
it is enough to take

@Ci,ia Ciiv1=1+mn) pi
i Pi+1

Ciy1i =

Cit1,i+1, where 7 is modulo 2.

Finally it is easy to check that the conditions of Proposition [6] are satisfied. Applying [I] we get that
the Lotka-Volterra system (|1.15)) has one globally stable fixed point. This ends the construction of
the second example.

O

B Complete description of possible dynamics

We now give a complete description of the possible population dynamics. Sections [B.I] and [B23] are
dedicated to Assumptions [2] and [} respectively. In Section we explain how the dynamics under
Assumptions [ and [3] can be deduced from the dynamics of the process under Assumptions [T] and
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Case Duration of the sweep: log K. Final state

%10 ("((n>xn(()1 :0)

521<0,512<0,502<0,  (0,0,n2) (8)

S21>0,512<0,502<0, 012 (29)

521>0,512<0,502>0,5102>0 012 (31)

(1 520(51 a)) 521>0,512<0,502>0,5102 <0 (nogi,l? ﬁéfzi) (10)
10 S21>0,512>0,502<0,5012<0 (0,727 ,nlz) (9)

1 1
S10 +5201

S21<0 or
512>0,802<0,{ 012 (29 or 31)
S521>0,5012>0
S21>0,512>0,502>0, (né%,’éll)g,’é%) (33)
=(1) ~(2)
sk (o) 0t ni2)
2
T+ ( +S£0L (57_0‘) S102<0,  (nf3),0,n53)) (10)
10 21 012 10 Sl(}2>0’ 012 (31)

e
+( ( ) (2 0.72)
( 01+'5‘g;§'5§‘>(%*a) 012 (29)
i )

(1 S0 )) (0,0,712)

(2
10 321 S10 ) (0, "12 7"22))

1 _
5 (0,711,0)

+
[/)

S10 2

et

(/)

HeRE e EIEHE

Table 1: Possible dynamics under Assumption 2] Encircled letters correspond to these in Figure [7] See
Section for the caption.

B.1 Assumption

In Figure [7] and Table [T} we assume that the 1- and 2-populations survive the first phase. This happens
with a probability close to S10520/(8102) (Lemma and is the case we are interested in, as otherwise
there is no clonal interference and we are brought back to the invasion of one mutant already studied
in [7] and [9]. The behaviour of the population process after the first phase depends on the relations
between the ecological parameters of the different individual types. We describe the different conditions
which discriminate between different scenari in Figure [7, and list them in their chronological order of
appearance. We also indicate the phase during which the conditions have an impact on the population
process behaviour.

In Table [1| we describe the ”final state” of the population processes under the conditions to .
For sake of simplicity we call ”final state” in this setting the element of Ri

FS:=({n€R},3p(e),V(e) > 0, lgn_)ianP’(l’Q) (n € FS(e, K, B(e),V(e))) > 0}, (B.1)
e>0

when this intersection is non empty, otherwise we call "final state” the long time behaviour of the three
dimensional Lotka-Volterra system close to the rescaled population process once the three population
types have a size of order K. In this case we indicate the corresponding class of the dynamical system in
the Zeeman representation (Figure [5)) and we write ”7012” when the invasion fitness signs do not allow to
discriminate between a cyclical or stable coexistence of the three types of populations.

We have also indicated in Table [I] the durations of the sweep. They have to be understood in the
sense of Lemma for instance, when the final state F'S described in is non empty. They are good
approximations of the durations with a probability one up to a constant times e. When F'S is empty,
these durations correspond to the time needed for the three populations to hit a size of order K.
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Swg'= 0 S

@] (1)

Figure 7: Different dynamics under Assumption 2 See Section for the caption

B.2 Assumption

Let us now explain how we deduce the possible dynamics under Assumption [3|from the possible dynamics
under Assumption 2] Applying Lemmas [3.1] to [3.4] we get the dynamics represented in Figure [§] with a
probability close to S19520/(51082) under Assumptions (1] and) [2| and |3}, respectively. We deduce that to
obtain an equivalent of Figure [1]it is enough to:

1. Interchange the roles of the 1- and 2-populations,
2. Replace a by —a in the conditions of Figure[7] and in the duration of the sweep
3. Add alog K to the duration of the sweep.

We see that we do not get new long time behaviours by comparison with Assumptions [I] and [2] This is
why we did not detail this case.

B.3 Assumption

Figure [9] and Table 2] are the analogues of Figure [7] and Table [I] for Assumption [d] Here we only assume
that the 1-population survives the first phase (probability close to S1o/81 according to Lemma7 as the
second mutation occurs during the third phase. The captions are the same, except that we add in Table
a final state ”cycles Rock-Paper-Scissors” which corresponds to the class 27 in Zeeman’s classification
(Proposition [6)).
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Figure 8: From Assumption [2| to Assumption |3| (see Section [B.2])
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Case Duration of the sweep: log K. Final state
0
s%o ("Eu)v”(n ,0)
S512<0,502<0,S20>0, (O 0 ’ng) (7 or 8)
S21>0,512>0,5012<0, (0, 7‘1512 ,7_1522)) (9 to 12)
o+ 32101 S20>0,502>0,5102<0, (ng%),O ’71((]22)) (9 to 12)
S12>0,502<0,5S20>0, 012 (29 or 31)
515 >0,¥(i-)) €40, 1-2}2 <né%,ﬁé?2,ﬁéﬁé> (33)
520>0»5102<07 ("((32)10 n$y)) (10)
[So1l
(D] REENE 51 (a—s%ﬁsf;) S20>0,5102>0, 012 (31)
S20<0, 012 (29)
ot 52101 (0.0 ﬁz)
S20>0, (rL 0, Al )
_1 [S01l _ 1 ’ 02 1 02
o+ Sa1 + So2 (a 510 JrSzl) S20<0, (70,0,0)
[So1l =(0)  =(2)
e 3 (ot ) .00
1S [S12] 1 41
at 5,7 521 + 502 (1+ 5102 ) (a S0+ 521) 012 (29)
1S, [S12] 1 41 - _Sci
at=— 521 + 502 <1+ 1o ) (oz 515 + 521> cycles Rock-Paper-Scissors
ot Soor (0.0,72)
_(1) (2
ATy (0n13,33)
= (0.0

Table 2: Possible dynamics under Assumption [4 Encircled letters correspond to these in Figure [9] See
Section for the caption.
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