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Abstract

A variational model is introduced for the segmentation problem of thin structures, like tubes
or thin plates, in an image. The energy is based on the Mumford-Shah model with a surfacic term
perturbed by a Finsler metric. The formulation in the special space of functions with bounded
variations is given and, in order to get an energy more adapted for numerics, a result of I'-
convergence is proved.

1 Introduction

This work is motivated by the segmentation problem of sets strongly elongated in some directions
as, for instance, tubes or thin plates in an image of dimension n € {2;3}. In Computer Vision, the
Mumford-Shah model is one of the most studied [1]. It consists, for a given image g € L*>(£2), in
finding a couple (u, K) which minimizes the following energy

Ems(u, K) :/

(u—g)2dx+/ Vul2dz + H*(K), (1.1)
O\K O\K

where u € WH2(Q\ K), K is compact and H"~! is the (n — 1)-dimensional Hausdorff measure. To
minimize this energy, K must fit the set of discontinuity of the image and u must represent the regular
part of the intensity. In order to adapt this model for the particular case of thin and elongated sets,
we have introduced in [2] a Finsler metric ¢ which must fit the anisotropy of the image. At any point
z € Q, p(z,-) is a norm whose unit ball coincides with the elongation of the sets we want to detect.
So, we set

E(U,K):/

(u — g)*dx +/ |Vu|*da +/ o(x,v)dH" (1.2)
O\K O\K K

where u € W12(Q\ K), K is a compact (n — 1)-dimensional submanifold and v is an unit vector
orthogonal to K. This kind of model which consists in an energy with a volumic and a surfacic parts
also arises in Fracture Mechanics Theory ([3, 4, 5] for example). In this setting, the analysis for the
case where ¢ is a constant norm has been treated in [6]. To our knowledge, the inhomogeneous case,
where ¢ also depends on x, has not been done yet.

Since the compact submanifolds of 2 cannot be endowed with a topology which ensures that
the direct methods apply, a weak formulation of the problem is needed. To do this, De Giorgi and
Ambrosio [7] proposed to set this kind of problem in the space SBV of special functions with bounded
variation. Thus, setting K = J,, in (1.2) and defining F(u) = £(u, Jy,), it gives

E(u) :/fl(u—g)de+/§l|Vu|2dx+[]u (@, vy )dH L, (1.3)

where u € SBV(Q2), Vu is the derivative of u with respect to the Lebesgue measure, J,, is its jump set
and v, is an unit vector orthogonal to J,. The abstract theory in SBV has been developed: Ambrosio
established the existence result [8, 9], and regularity for minimizers of this kind of energy has been
proved [10, 11, 12, 13]. Those results ensure that any minimizer u of the relaxed problem in SBV
provides a couple (u, J,,) which also minimizes the initial model &.
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The numerical approximation for solutions is hard because of the treatment of the jump set J,.
To overcome this difficulty, the idea is to perform a variational approximation of the functional E in
the sense of De Giorgi I'-convergence [14, 15] with Ambrosio-Tortorelli’s approximation.

In order to approximate (1.3), we propose two slightly different families of functionals (E.). and
(E.)e defined by

52
E.(u,z) = /Q (u — g)%dz + /Q |Vu?(1 — 2%)2dz —I—/Q <€go(m, Vz)? + 4€> dz, (1.4)

- 2
E.(u,z) = /Q (w — g)*dx + /ﬂ IVul[ne + (1 — 2*)?]dw —}—/ﬂ ({—:cp(x, V)2 + 4{—:) dz. (1.5)

For both versions, the function z takes its values in [0; 1] and plays the role of a control on the gradient
of u. In the second one, the parameter 7. is infinitesimal with respect to €. The first functional is
directly inspired by the initial Ambrosio-Tortorelli’s approximation [16], while the second one was
introduced later in [17] and it was used in various papers, for example [6, 18, 19]. Those functionals
are more adapted for numerics since usual finite element methods can be directly applied. They
formally differ by the introduction of the term

e /Q Vul2dz. (1.6)

By this way, E. admits as natural domain of definition the classical Sobolev space (W2(€))2. How-
ever, this term is not strictly necessary in our study because all the results which are proven for E.
are also true for E.. For this simplification, the cost to pay is a slightly longer analysis in order to
introduce an adapted domain for E. which ensures that its minimization is still a well-posed problem.

The I'-convergence result when ¢ — 0% will be proven for both E. and EE. However, in the Image
Processing context, the parameter ¢ is devoted to be small but fized. Indeed, for stability of the
algorithms, ¢ has to be bounded by below by a positive constant which depends on the size of the
grid (see [20]). As in practice we can not take the limit ¢ — 0, we may choose the first version in
order to avoid the additional diffusion in the numerics due to the term (1.6).

One may think that such I'-convergence result is useless for applications because of the lower
bound for e. Nevertheless, this result provides a continuous model (1.2) of the discrete energy which
may be used as a mirror to understand the proper geometry of the problem. Then, an automatic
determination of the (numerous) parameters of the algorithms is possible if we have an apriori on the
image we want to get (see [21, 2]).

In section 2, we introduce the geometric framework and we recall some results on spaces of
functions with bounded variation. In section 3, we introduce the family of functionals (E.). with
their domains, we give our main result and its complete proof.

2 Functional framework

In all the paper, €2 is an open and bounded domain with Lipschitz boundaries. We adopt the notations:

e (-,-) for the canonical scalar product, |- | for the euclidean norm in R", dist for the associated
distance and || - || for the associated matricial norm,

B(2) for the Borelian functions and £" for the Lebesgue measure on €2,
e H* for the k-dimensional Hausdorff measure,
o 4" for the truncation min(N, max(u, —N)),

o f is superadditive if f(AU B) > f(A) + f(B) for any disjoints sets A, B,



o f is non decreasing if f(A) < f(B) for any sets A, B such that A C B.
In all the paper, in order to emphasize on the 1-D specific technic, we denote Vv by v’ for any function
v which is defined on R.
2.1 Local metrics and Minkowski content
We introduce the geometric framework adapted to the anisotropic setting.

Definition 2.1. A function ¢ defined on Q x R™ and taking its values in [0; +oo[ belongs to M(Q) if
it is continuous and satisfies

i) for any x € Q, ¢(x,-) is a norm on R",
it) there exists A > 0, A > 0, such that, for any (z,v) € Q x R™, we have

Av] < oz, v) < Alvl. (2.1)

To any metric we may associate its dual as follows.

Definition 2.2. For ¢ € 9M(N2), its dual metric ¢° is defined by

©°(x,v) = sup{(v,v'): p(z,v') < 1}.

A well known consequence of the definition is the following assertion: if ¢ € M(€2) then p° € M()
and ¢ = ¢. For S C ), we may consider the associated geodesic distance:

1 L1/10. 11
dgo(a,y) = i“f{/o ¢l y)di: %Z wf[vo(ﬁl)]f 2/ }

dgo(af) = inf{dye(z,y): y € S}.

According to (2.1), dgo is Lipschitz and then it is differentiable almost everywhere. Furthermore,
we have the following (see [22])

Proposition 2.1. Let S C Q be a closed set and p € M(Y). Then, we have
go(x,Vdgo(m)) =1
at each point x € Q\ S where dgo is differentiable.
We recall that, for S C R"™, the (n — 1)-dimensional upper Minkowski content of S is defined by
{z: dist(z, S) < p})

Lr(
M*(S) = limsup )
( ) p—0t 2P

In our anisotropic setting, the associated anisotropic Minkowski (n — 1)-dimensional upper content is
defined by the limit
Lr({zeQ: dS,(2) <
M:o(S) = lim sup d (@) <o) (2.2)
2
p—0F p
In [23] (Theorem 3.2.39), under regularity assumptions on S, it is proved that M*(S) < H"~1(S).
We need the following generalization of this result.

Proposition 2.2. Let K C Q be a finite union of (n — 1)-dimensional simplexes and ¢ € IM(Q).
Then, we have

Mo (K) S/ o(x,v)dH" L.
K

The proof is given in Appendix A.



2.2 BV spaces and slicing results

For the classical definitions and results on BV and SBV we refer to [24]. We recall that, if u € BV (),
then its derivative Du belongs to the space of vectorial Radon measures and, if v € SBV(Q2), then
the Cantor part of Du is null and we obtain

Du=Vu-L"+ (ut —u )y, - H" T,

where Vu is the density of Du with respect to the Lebesgue measure £", u™ (resp. u~) is the
approximate upper (resp. lower) limit and H" 'L.J, is the restriction of H"~! to its jump set J,,.
The slicing results are crucial in our study.

Definition 2.3. Let v € S™! be fized. We denote by I, the hyperplane
{z e R": (z,v) =0}.

If x € 11, we set
Q = {teRiz+tvreQ},
Q, = {zell,: Q. #0}.

For any function u defined on  and any x € Q,,, we set

(Wg: Q2 — R
t = u(x+tv).

The following Theorem is proved in [8].
Theorem 2.1. Let u € L®(Q) be a function such that, for all v € S~ 1,

i) (u), € SBV(2) for H* ! a.e. 7 €Q,,

i) /Q [/Q |(u);|dt+H0(J(u)m)} dH" 1 (z) < 4o00;

then, u € SBV(Q) and H" (J,) < +oo. Conversely, let u € SBV(Q) N L¥(Q) be such that
H"1(J,) < +oo. Then i) and ii) are satisfied. Moreover, we have

iii) (Vu(x +tv),v) = (u),(t), for a.e. t € Q, and H" 1-a.e. x € Q,,

io) [ Nl @) = [ O, @),

We state a result (Proposition 1.16 in [25]) which will simplify the presentation of the slicing
technics.

Lemma 2.1. Let A(Q) be the family of open sets of Q, p : A(2) — [0;400] be a superadditive
function on disjoint open sets, A be a positive measure on Q and ¢y : Q — [0;400]| be a countable
family of Borel functions such that p(A) > [, rd\ for every A € A(Q2). Set 1p = supy, ¢y, then

H(A) > /A W

for every A € A(Q).
Let us now introduce a sub-class of SBV functions.
Definition 2.4. Let W(Q) be the space of all u € SBV(QY) such that
i) H (T \ Ju) = 0;

ii) Ju is the intersection of Q with a finite number of (n — 1)-dimensional simplezes;
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iii) u € Wh(Q\ J,) for every k € N.

The following Theorem (see [26]) provides a density result which will be useful for the approxi-
mation proof.

Theorem 2.2. Let u € SBV(Q2) N L>(2) be such that
H(J,) < +oo, Vuc L),
then there exists a sequence (ug)r C W(QQ) such that
i) up — u strongly in L' (2);
ii) Vup — Vu strongly in L*(Q);
iii) limsupy, ||uglloo < ||4lloo;

iv) for every A CC Q and for every uppersemicontinuous function ¢ : @ x R x R x S"~1 — [0; +o0]
such that p(z,a,b,v) = p(x,a,b,—v) for every x € Q, a,b € R and v € S"~! there holds

hmsup/ﬁ cp(x,u,;,u;,yuk)dﬂn_l < /7 (@, u™,ut, v, dH L.
k—oco JANJy, ANdy

2.3 Approximate Differentiability and GSBYV space

Due to the non coercivity of [ |Vul*(1 — 2?)2dz in W2(Q), we need to introduce a weaker definition
for Vu and a larger domain for (1.3).

Definition 2.5. Let x € Q be a Lebesgue point of u € LY(Q); we say that u is approvimately
differentiable at x if there exists L € R™ such that

lim ﬁn(B($7T))lé($ , ‘u(y) — u(l‘) — (Lay - ‘T>| dy = 0.

r—0t r

If u is approximately differentiable at x then L, uniquely determined by this equality, is called the
approximate differential of u at x and denoted by Vu(z).

Remark 2.1. The concept of approzimate differentiability of u at x can be rephrased as the conver-
gence in Li,.(R™) of the functions v,(y) = [u(z + ry) — u(z)]/r to the linear function Ly. As (v.),
converges to Du in the sense of distributions, if u € L*(Q) and its approzimate differential exists and
belongs to L2(Q; R™), then u belongs to WY2(Q) and its weak derivative coincides with its approximate
differential almost everywhere.

This definition of the differentiability satisfies the following result [24] (Theorem 3.83).

Theorem 2.3. If v € BV(Q), then v is approzimately differentiable almost everywhere in Q. More-
over, the approzimate differential Vv is the density of the absolutely continuous part of Dv with
respect to the Lebesgue measure.

We need the three following technical Lemmas.

Lemma 2.2. Ifu,v € B(Q), u is approximately differentiable at x and

i £y € Bo(a): uly) £ v(@))

r—07t T

=0,

then v is approzimately differentiable at x and Vu(z) = Vu(x).



Lemma 2.3. Ifu,v € B(Q) are approzimately differentiable almost everywhere in Q and u € L>(Q),
then uv is approzimately differentiable almost everywhere in  and we get the Leibniz rule V(uv) =
uVv 4+ vVu almost everywhere in €.

Lemma 2.4. If v is approzimately differentiable almost everywhere, then v

differentiable almost everywhere in {x: v(x) # 0}.

is also approximately

While the proof of Lemma 2.3 is given in Appendix B, the proofs of Lemmas 2.2 and 2.4 may be
found in [24] (Proposition 3.71 and 3.73). Eventually, as no L* bound is imposed by our functional
(1.3), then it is useful to consider the following wider class

GSBV(Q) = {u € B(Q): @ € SBV(Q) for any N € N}.

The structure of the generalized derivative of a GSBV function is similar to that of a SBV function
[24] (Proposition 3.73 and Theorem 4.34). In this case, we have

Ju= U Jus (2.3)
M=

and J, is also countably H" !-rectifiable; for any N, M > 1, it satisfies
van (r) = vgu (x),  for H' lae. 2 € Jyn N Iy (2.4)
Moreover, u is also approximately differentiable £"-a.e. in 2 and

Vu(z) = Va™ (z), for L -a.e. x € {|u] < N}, (2.5)

vaN (x) =0, for L*a.e. x € {|u| > N}, (2.6)

Thus, relations (2.3), (2.4) and (2.5) provide a slightly more general meaning for Vu, J, and v, and
then it ensures that our functional (1.3) is well defined in GSBV((2).

3 [I'-convergence result

This section is entirely devoted to the approximation process. In subsection 3.1 we define the domains
for both E. and E.. Then, we give the main Theorem of this paper. In subsection 3.2 we prove, for
€ > 0 fixed, that the minimization problems admit a solution. Eventually, in subsection 3.3, we give
the complete proof of I'-convergence for both F. and E..

3.1 The functionals, their domains and the main Theorem

Formally, we define
2
B(w2) = [ (- gPde+ [ [VuP( - 2P+ [ <w<x,vz>2+z> .
Q Q Q de

2
E.(u,2) = / (u— g)%dz —|—/ Va2 [ne + (1 — 22)?|dx —|—/ <eg0(a:, Vz)? + Z) dz.

Q Q Q 4e
Both functionals E. and E. are well defined in D, (Q2) = WH2(Q) x Wh2(£2;[0;1]). Contrary to E.,
the functional E. is not coercice for the Sobolev norm because the coefficient (1 — 22)? removes the
coercivity with respect to u. For that, we need to introduce a specific domain for E. that ensures the
existence of a minimizer. If, in addition, u is bounded, we have

V(u(l =2 = |Vu(l - 2%) —2uzVz?
2|Vl (1 — 2%)2 + 4|u| oo V2|2

IN
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It gives

/yv 2)) da <( 4”;‘!*)&(%@.

Do(©) = {(u,2): w € B(Q), 2 € WH2(2;[0;1]), a™(1 - 2%) € W'2(Q) for any N > 1}

So, it is natural to set

Assuming (u, z) € D,,(Q) does not ensure that v € W'2(Q) and Vu can not be defined as the gradient
of u in the Sobolev space. For that, the gradient of u is interpreted as in Definition 2.5 and then, the
following Proposition ensures that E.(u, z) is well defined in D,,(Q2).

Proposition 3.1. If (u, z) € D, (), then u is approximately differentiable in {x € Q: z(x) # 1} and
z is approximately differentiable in Q2. Moreover, almost every where in {x € Q: z(z) # 1}, we have

(1—2*)Vu = V[u(l — 2%)] + 2uzVz, (3.1)

where V is the approximate derivation on the left hand side and the weak derivation in W12(Q) on
the right hand side.

Proof. As Q is bounded, then the inclusion WH2(Q) € BV(Q) is ensured. So, if (u,2) € Dn(9),
according to Theorem 2.3, z and 4" (1 — 22) are approximately differentiable almost everywhere in
Q. According to Lemmas 2.3 and 2.4, we deduce that @V is approximately differentiable almost
everywhere in the set {z: z(x) # 1} and, according to the Leibniz rule, we have

(1—-22)Va¥ = Va1 - 22)] +2aV 2 V2,

where V is the approximate derivation. As z,u’v(1 — 22) € W1H2(Q), according to Theorem 2.3,
their approximate derivatives correspond to their weak derivatives almost everywhere. According to
Lemma 2.2, u and u(1 — 22) are a.e. approximately differentiable in {|u| < N} and we have

Vit (z) = Vu(z), V[a"(1-2))(@) = V[ul - 2))(), @ (z) = u(z),
for a.e. every z € {|u] < N}, which concludes the proof. O

We consider the following functionals:

o E:B(Q) — [0;+00] defined by
B(u) :/ (u—g)de—i—/ |Vu\2da:+/ (2, 1) A
Q Q Ju

if u e GSBV(Q), and E(u) = 400 otherwise;
o E.:B(Q) xB(Q) — [0;+00] defined by

Eg(u,z):/Q(u—g)zdx—i-/QWu]Q(l dx—i—/ ( z,Vz)? 42) dz

if (u, 2) € D, (Q), where (1 — 2?)Vu is defined by the right hand side of (3.1). Moreover, we set
E.(u, z) = 400 otherwise;

e E.:B(Q) x B(Q) — [0; +0c] defined by

Es(u,z):/g(u— dx—i—/\Vu! ne + (1 - 2%) dac—i—/( (z,V2)* + z2>dx

4e

if (u, 2) € Dy(Q), E:(u, z) = +00 otherwise.



The main result of the paper is the following
Theorem 3.1. If g € L*(Q) and ¢ € M(QY), then we have the following assertions.

i) For any ¢ > 0, E. admits a minimizer, denoted by (ue,z:). Moreover, we can assume that
us(z) = g(x) on {x € Q: z.(z) = 1}.

ii) For any (ex)r converging to 0, there exists a subsequence, still denoted by (ex)k, and u €
GSBV(Q) such that (ue,, 2z, )i converges to (u,0) almost everywhere and u is a minimizer of E.

If, by addition, n. = o(e), the same result holds true for E..

We set
(P) Min{E(u): u € B(Q)},
(Pe) Min{E.(u,z): (u,2) € B(Q) x B(Q)},
(Pe) : Min{ E.(u, z): (u,z) € B(Q) x B(Q)}.

Theorem 3.1 ) implies that, for ¢ > 0 fixed, (P.) and (P.) are well posed problems, its proof is
given in Section 3.2. Theorem i1) implies that, up to the extraction of a subsequence, the sequence
of solutions of (P;,) and (P.,) converge to a solution of (P), its proof is given in Section 3.4.

3.2 Existence result for (P.) and (P.)

We prove Theorem 3.1 i) for E., which is a straightforward consequence of Propositions 3.2 and 3.3.
The arguments for E. are the same, so its proof is omitted.

Proposition 3.2. Let ¢ € M(Q) and & > 0 be fized. There exists (uy, zk)r a minimizing sequence of
E. such that (uy,)y, is a bounded sequence in L™°(Q2), (z1)x weakly converges to z in WH2(2), (ug, 2k )k
converges almost everywhere to (u, z) € Dy () and u(x) = g(x) on {x: z(x) = 1}.

To prove it, the following Lemma is needed.

Lemma 3.1. For (u,z) € D,(Q) and v € S*! fizved, we have (uy,z,) € D1(Qy) for H*L-almost
every x € Q,, (see the notations of definition 2.3), and

uly(t) (Vu(z +tv),v),
20 (t) = (Vz(z+tv),v),

for almost every t € Qg \ {s: z(x + sv) = 1}.
The proof is given in Appendix C. Now, we prove Proposition 3.2.

Proof. Let (ug, zx)r be a minimizing sequence for E.. We fix N > ||g|loc and we consider the trun-
cated functions E{X . As for the proof of Proposition 3.1, we get that H{CV (1— z,%) and 1 — zi are
approximately differentiable almost everywhere and ﬂ{j is approximately differentiable almost every-
where in {z: 2x(z) # 1}. According to relations (2.5) and (2.6), Vay (z) = 0 almost everywhere in

{z: [ul (z)| = N} and V@d (z) = Vug(x) almost everywhere in {z: [u} (r)] < N}. So, we get
/ |Vad |2(1 — 22)%dz < / |Vug2(1 — 22)da. (3.2)
Q Q

We deduce that E.(ul, 2) < Ec(uk, 2¢) and then (@}, z;)x is also a minimizing sequence. According
to (2.1), we have

1
A)]Vzﬂ%m—i—/ﬂz,%dx < ()\s —|—4€> E(ug, zx),



and then (zj)x is a bounded sequence of WI’Q(Q). So, there exists a subsequence, still denoted by
(2%)k, which converges almost everywhere to z € Wh?(Q) and 2 takes also its values in [0;1]. For
wg = Ul (1 — 22), we have

/ |Vwg| dx+/ wide < 2/ |V lfzk)de+2N2/ |V 2 |2 da
N2 [ (1= 2Pda
Q

and then (wyg)x is a bounded sequence of WLQ(Q). Then, we may extract a subsequence, still denoted
by (wg )k, which converges almost everywhere to w € WH2(Q). In particular, (@} (x))x converges for
almost every = € {y: z(y) # 1} to u(z). If x € {y: 2(y) = 1}, we set u(x) = g(x). This construction
ensures that (u, z) € D, (). O

Proposition 3.3. Let ¢ € M(NQ) and € > 0 be fized. If (ug,zk)r C Dp(2) converges almost every-
where to (u,z) € Dyp(Q), (ug)r is a bounded sequence in L°(Q) and (zi)r weakly converges to z in
Wh2(Q), then

liminf F. (ug, zk) > Ec(u, 2).

k—o0

Proof. Fatou Lemma gives

liminf [ (ug — g)%dx > / (u — g)*dz, liminf kda: > / —d:v (3.3)
Q

k—oo JQ k—o0

As % = ¢, we have

1
e o R

Let v € S*~! be fixed and A C Q an open set. It gives
1
z,Vz)2da 2/ —— (Vz,,v)%dz. 3.4
Jp@varaz [ oo va (3.4

As (21)r weakly converges to z in W12(Q), then ((Vz,v))r weakly converges to (Vz,v) in L%(A).
Moreover, z — 1/¢°(x, ) belongs to L®°(A), so we deduce that ((Vzx, v)/¢°(z,v)), weakly converges
to (Vz,v)/¢°(z,v) in L?(A). As the L?-norm is lower semi-continuous with respect to the weak
convergence, we deduce that

1
liminf [ ———5(Vz, v)ide > / (Vz,v)%dz (3.5)

koo Ja 0 (z,v) A%, v)?
Let (;); be a countable dense family of S"~!. We set

1
H(A) = liminf | oo, Va'de, - wile) = oy

(Vz(x), vi).
As sup; ¥;(x) = p(x, Vz(x))?, according to Lemmas 2.1 and inequalities (3.4), (3.5), we deduce that
liminf [ o(z, Vzi)?de > / o(z, Vz)3d. (3.6)
k—oo JO Q
Thus, according to (3.3) and (3.6), to show Proposition 3.3, it suffices to prove that
limint [ [Veg2(1 - 22)2da 2/ Vul2(1 — 22)2da. (3.7)
k—oo JQO QO

We first consider the one-dimensional case n = 1 and then by a slicing argument we get the lower
semi-continuity for the general case n > 1.



For any ¢ €]0; 1], we set As = {x € Q: z(z) <1 —45}. Asn =1, then z is a continuous function,
A is an open set and (zj) uniformly converges to z. In particular, we have

AC{zx e Q: z(x) <1-6/2}

for k large enough, and so it yields

1
/12 < —E .
/1;46 ‘uk‘ d$— 1_(1_6/2)2 E(Uk,Zk)

With the same argument as for Remark 2.1, we deduce that (ug)y is a bounded sequence of WH2(Ag).
We may assume that this sequence is weakly convergent to u in WH2(As) and as (z;) is uniformly
convergent to z, we get

/A ‘u’]2(1 - 22)2dx < ligninf \u;\z(l _ z,%)de_
s

— 00 As

Passing to the limit § — 07 gives

/ [/ |2 (1 — 22)%dx < hmmf/ luj|?(1 — 23)%dz.

Now, we generalize this result to the dimension n > 1. With the notation wu, introduced in
Definition 2.3, using the previous result obtained in dimension 1, Lemma 3.1 and Fatou Lemma, give

/A](Vu, WP = 2H2de = /U/ lul, ()2 (1 = 2, (t)?)?dtdz,

< hkm inf [ [(ur)L ()21 = (21)2(t)?)3dtdz,
v — 00
< lim inf/ / (ur), ()2 (1 = (2x)2(t)?)%dtde,
k—ro00 v J A
< lilgn inf/ / [(Vug(z + tv), V)2 (1 — zi(x + tv)?)?dede,
—00 Ay
< liminf \(Vuk, V)2(1 — 23)3da,
k—o0
< liminf \Vuk\ (1 — 22)%dr,

k—00

for any open set A C Q and every v € S" 1. Let (1;); be a dense and countable family of S"~!. We
set

Vi = [(Vu, ) [2(1 = 222, o = |Vul|?(1 — 22)%, p(A) = li’gninf Vg2 (1 — 22)3dz.
— 00 A
As p is superadditive on A(2), according to Lemma 2.1, we may conclude

/ Vul2(1 — 22)2de < liminf/ Vugl?(1 — 22)%da
Q k—oco JQ

3.3 TI'-convergence result for ¢ — 0"

This section is dedicated to the proof of Theorem 3.1 ii). For that, we will prove the following
I'-convergence result.

Theorem 3.2. Let ¢ € M(Q) be fized and (gx)x be a sequence which converges to 0F. Then, we have
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i) if u € B(Q), (up, 26)x C Dnl) and (ug, 21,)x converges to (u,0) in L'(Q), then
1ikm inf E., (ug, 2z,) > E(u); (3.8)
—00
it) for any u € B(R), there exists a sequence (ug, zx)r C Dn () such that (ug, zx )i converges to (u,0)

in LN(Q) and
limsup E, (ug, z;) < E(u). (3.9)

k—o00
If ne = o(e), the same result holds true for E‘Ek. Moreover, the same sequence (u, zx)r than for E.,
may be used for (3.9).
3.3.1 The inequality for the lower I'-limit

We prove the first inequality of I'-convergence (3.8). As the domain of Esk is included in the domain
of E.,, it is sufficient to prove the result only for E,,. Moreover, it is also sufficient to prove this
result with (ug)r and w uniformely bounded in L*°(2). Indeed, if

liminf E., (a , z1,) > E(a)

k—o0
holds true for any N > 1, as E., (4}, z1,) < E., (ug, zx) for any N > ||g||oo and (E(uY))y converges to
E(u) when N converges to +o0o, then we get (3.8). Let u € L*(Q) and (ug, zk)r C Dp(2) such that

(ug)r, is bounded in L>°(Q) and (ug, 21 )x converges to (u,0) in L!(Q2). In the sequel, we emphasize on
the domain of the function: for U an open subset of €2, we adopt the following notation

F(uwU) = /]Vu\ dx—i—/ oz, vy )dH L,

22
Fe (ug, 213 U) - = /U [Vur*(1 - 23)%da + /U <6k<P(x, Vzp)? + 4€I€k> dx.

It is implicit that U = €2 in the previous notation if it is not mentioned. Fatou Lemma yields

liminf [ (ug — g)*dz > / (u — g)*dz
Q Q

k—o0

and then it suffices to prove that liminf F;, (ug, zx) > F(u). We perform the proof in two steps: the
first step deals with dimension 1. The second generalizes it for dimension n > 2.

The one-dimensional case. We first give a lower bound for the surface term in dimension n = 1.
As we argue like in [16], [17], [25], we only mention the result. In this paragraph, we assume that
Q) = I is an open interval and that ¢ is a constant m > 0. Moreover, we assume in this section that
m is fixed. We denote the 1-D approximating functional by

2 / 2 Z(t)2
(% 1) /yu 201 — a(t ))dt+/ mel2 () + - ) ar, (3.10)
I
where the domain is
Di(I) = {(u, 2): u € L(I), z € WH(I;[0;1]), u(l — 2?) € WH2(I)}.
We denote the lower I'-limit, by
G_(u;I) =inf {lim inf G¢, (ug, 2k; I)} ,
k—o0

where the inf is taken over all sequence (ug, zx)r C D1(I) such that (ug, z;) converges almost every-
where to (u,0) in I. We have the following
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Proposition 3.4. Let I C R be an open interval and w € B(I). If G_(u;I) < oo, then u € SBV(I)
and

/ ! (8)[2dt +m*HO (T N T) < G (u; I).
I

Generalization to dimension n > 2. We give the proof of (3.8). Let v € SBV(Q2) NL*°(Q2) and
(g, 21)k C Dp(Q) converging in LY(Q) to (u,0) such that (u) is bounded in L°(Q). Up to the
extraction of a subsequence, we may assume that its convergence is pointwise almost everywhere. We

have to prove that
liminf F,, (ug, zx) > F(u). (3.11)
k—o0

We assume that liminf F,, (ug, 2) is finite, otherwise the result is ensured.
Claim: We denote u(A) = liminf Fy, (ug, zx; A). For any A € A(Q) and v € S™™1, we have

u(A) > /A (Vu,)? do + (v, )| dH1 (3.12)

Juna ¢°(z,v)?

Let 6 > 0 be fixed. As ¢ is uniformly continuous, there exists a finite family (A4;); C A such that
diam(A4;) < 4§, U;A; = A and, for any i € I, it satisfies

o(z,v) = p(y, v)| < 6]v], (3.13)

for any (z,y) € A? and v € R". We fix a; € A; for all i € I. Let v € S"~! be fixed. According to
(3.13), (2.1), for any (z,v) € A; x R", we have

|¢($7V)_Qp(aiav)| < 5|V|,
< A lp(ag,v).

We set C(8) = (1 — 6A71)2, then, for any x € A;, we get
p(z, Vag(2))? > C(8)p(ai, Vzi(x))?. (3.14)

As (¢°)° = ¢, we get

o(z,v) = sup L (v,v)

vesn—1 @°(z,v)

and then )

ola;, Vap(z))? = 68;31 W(Vzk(m), v)? (3.15)

According to (3.14) and (3.15), Fy, (ug, zx; A;) is greater than

1 22
201 212 2 k
/A- <| Vaug|“(1 — 2;) +C(5)¢o(ai,y)2€k<czkvy> + 45k> dz.

2

With the notation introduced in Definition 2.3, (v), is the function defined on (A4;)¥ as (v),(t) =

v(y+tv). According to Lemma 3.1, we have (u)y(t) = (Vu(y+tv),v) and (2x);(t) = (Vz(y +tv),v),
so Fubini Theorem implies that Fy, (ug, zx; A;) is greater than

’ ! e, ((ER)y)?
/(Ai)u /(Al)g (‘(uk)y‘Q(l - ((Zk>y)2)2 + C((S)ng‘(zk)y‘Z + 4€k>7
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where the integration is done over the product measure dt dH" !(y). With the one-dimensional
notations (3.10), it gives

Fe, (ug, 215 Ag) > /(A') Geo((ur)y, (zk)y; (A0)Y) dH™ 1 (y),

where m = C (5)@. Fatou lemma yields

w(A;) > liminf Ge, ((ug)y, (2k)y; (4i)Y) denfl(y)

A, k—oo

and then
pA) = [ Gy () aH ()
(Ai)u

As liminf Fy, (ug, 2z; A;) is finite, we deduce that G_((u)y;(4;)%) is finite for H"~! almost every

y € (A;),. We may apply Lemma 3.4, with I = (4;)¥ and u = (u),, it gives that (u), € SBV((4;)¥),
for H"~! almost every y € (A;), and we have

umnzAﬂ[Awmwy&+mwﬂ%@hmM%ﬂdWH@»

As liminf Fy, (ug, z; A;) is finite, Theorem 2.1 implies that
/(A,) [/(A_)y () dt +m"/*HO (), N (Ai)g)l aH (y)
is equal to

/ <Vu71/>2da:—i—/ m"?| (v, v)| dH" L
Q JuNA;

We deduce
pl) > [

(Vu, v)?dar + / mY2| (v, )| dHL.
Ai JumAi

If we replace m by its value, it gives

umnz/

A;

(Vu, ) de + C(6) / P Y

JunA; #°(ai, v)

As the function ¢ is uniformly continuous, then ¢° is also uniformly continuous and there exits a
function, still denoted by C(4), such that C(6) — 1 for § — 07 and which satisfies

n(Ai) = /

A

(v, 1) dH™ 1.

<Vu,l/>2 d.%'—i‘C((S)/J A (pg(xjy)

As p is superadditive, we get

pa) > [

A

(Vu,)? da + 0(5)/ (v, )| AR

JunA ¢°(z,v)

We take § — 0T, it concludes the proof of the Claim. Hereafter, we divide the remaining part of the
proof in two steps corresponding on the estimate on the regular part and on the jump part of .
Step 1: Regular Part. For any open set A C €2, we prove the following inequality

liminf F, (ug, z5; A) > / |Vul|? da. (3.16)
k—o00 A
Let (v;); C S*~! be a countable set of point which is dense in S"~1. We set

p(A) = liminf Fy, (ug, zi; A),  ¢i(z) = (Vu(a:),ui>2.

k—o00
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According to Claim, u(A) > [, 1idz. As sup; ¥i(x) = |Vu(z)?, Lemma 2.1 yields (3.16).
Step 2: Jump Part. For any A € A(Q2), we prove that

liminf F, (ug, 2z5; A) > / o(x,v,) dH" L. (3.17)
k—o0 JuNA

We consider (v;); C S"! and u as in Step 1 and we set

— 1
Yi(z) = WK%(@,WH-

According to Claim, we have pu(A) > [, YidHL. As sup; i(z) = @(z, vu(a)), Lemma 2.1 yields
(3.17).
Conclusion: Let pu be the Borel measure on 2 defined for any Borelian A C €2 by

pA) = [l dau .
JuNA

Let § > 0 be fixed, according to the inner regularity of Borel measures (Proposition 1.43 in [24]),
there exists a compact K C J,, such that u(J, \ K) <9, that is

/J » o(x,v,) dH"! <6 (3.18)

We set K, = {x € Q: dist(x, K) < 7}. First Step implies that [, |Vu|? dx is finite. As K C .J,, then
we get H"1(K) < 400 and, in particular, [} |[Vu|? dz = 0. Thus, there exists 7 > 0 such that

/ |Vul|? dz < 6. (3.19)
K.

According to (3.18), (3.19), First Step and Second Step, we get
liminf F;, (uk, 2k; Q) > liminf Fy, (ug, 2k; K7) + liminf F, (ug, 2552\ K7),
k—o00 k—o00 k—00

/ o(x,vy) dH" ! +/ | Vul? da,
JuNK- OK,

/ o(x,vy,) dH ! +/ |Vu|? dz — 26.
Ju Q

v

v

Taking the limit § — 0T concludes the proof.

3.3.2 The inequality for the upper I'-limit

In this section we prove the upper inequality of I'-convergence, that is ii) of Theorem 3.2, for both
E., and Eak. As for the lower inequality case, it is sufficient to prove it with v € L*°(Q2). Indeed, if
for any N > 1 there exists a sequence (ug n, 2k v)r which converges to (@,0) in L*(€2) and which
satisfies
limsup E., (ug n, 2z1) < E(@),
k—o00

then by a diagonal extraction, there exists a sequence (ug, z;,)x which converges to (u,0) in L(Q)
and which satisfies (3.9). So, let v € B(Q2) N L*>(2) be fixed. We prove that there exists a sequence
(ug, 2zx)k C ZSn(Q) such that (ug, zx )i converges to (u,0) almost everywhere,

2
lim sup/ |Vug[2(1 — 22)%da +/ <5kg0(w, V)2 + Zk) dz
koo JQ Q dey

is lower than

/]Vu|2dx+/ o(x, vy )dH™ !
) Tu
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and
limsup/ \Vaug|?ne, dz = 0.
Q

k—o0

According to Theorem 2.2 and Proposition 2.2, with a diagonal extraction, it suffices to prove a
weaker result, where [; ¢(z, vy )dH" 1 is replaced by its approximation with a Minkowski content.
More precisely, it suffices to prove the following

Proposition 3.5. Let ¢ € M(Q) be fired, (ex)r be a sequence converging to 0F and ny, = o(ey). For
u € SBV(Q)NL>(R), there exists a sequence (uk, 2k )k C Dn(Q) such that (ug, zi)r converges to (u,0)
almost everywhere, (ug)y is bounded in L>(Q2) and

lim sup Fe, (g, 21) < / Vul2de + M2o(J,),  limsup / Vg2 dae = 0. (3.20)
k—o0 Q k—oco JQ
Proof. Without loss of generality, we may assume that |Vu| € L?(Q2) and Mo (Ju) < +00, otherwise

the result is obvious. If u € W1?(Q), then .J, = ) and the stationary sequence uj, = u, zx = 0 is a
solution. If u ¢ WH?(Q), then J, # 0 and (1 — 22)? has to be infinitesimal near of J,. For p > 0, we
set

(Ju)p ={xe2: di%(x) < p}. (3.21)
We separate €2 in three parts:
(Ju)bw (Ju)ak+bk \ (Ju)bk7 Q \ (Ju)ak+bk (3‘22)
with
ap = _45k ln(sk), bk = \EKNEk- (3.23)
Let Uy defined by
1 Va € (Ju)y,/2:
Up(z) =< 2 =240 () /b, YV € (T, \ (Ju)by 2, (3.24)

This definition ensures that Wy is a continuous function with support in (Jy)p,, which is equal to 1
in a neighborhood (Ju)s, /2 of Ju, and which shrinks to J, when k — co. Ellipticity inequality (2.1)
yields

s () — s (y)] dyo(z,y),

<
< Az -yl

So, di% is Lipschitzian and Rademacher Theorem ensures that Vdi% exists for almost every x € €.
It gives

2
V.| < —.
V| < )

We set uy, = (1 — Uy)u and then uy = win Q\ (Jy)p,. As (bg)r converges to 0 then wy converges to
u almost everywhere. As we have Vuy = —VUru + (1 — U)Vu, we get

8

2 n 2
/Q]Vuk\ neda < ny (\uHoobi)\Qﬁ ((Ju)v,,) + Z/Q |Vul da:) .
As Mo(Ju) < +00, there exists (wg)r, a sequence which converges to 07 such that

L"((Ju)p,) < 206(Mo(Ju) + wi), (3.25)

it gives
16
/ Vg 2redz < <||u|ym2(M;o(Ju) + ) +2/ |Vu|2dx) .
Q brA Q
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As /b — 0 and n; — 0, we deduce that

limsup/ |Vug[*nedz = 0
Q

k—o0

and then the second inequality of (3.20) is proven. It remains to prove the first one. For that, we set
zr = Lin (Ju)p, and 2, = €7 in Q\ (Ju)ap+by.- 10 (Ju)ag 40y, \ (Ju)p, We adopt the following construction:
we introduce

)=t (1)

25k
and we set
1 Vit € [0; bk],
Zp(t) = § Ok(ap +bp — 1) YVt €]bg; ag + by, (3.26)
2 Vit €]ay + b; +00.

This is a continuous and decreasing function defined on [0; +00[, moreover, for any t €]bg; ar + b/, it
satisfies

Gty = BOF (3.27)

We set z, = Zj, o di’é. As zj, is constant in (Jy)p, U (2 \ (Ju)a,+b, ), We have

P, (up, ) = /Q\(J) IVul?(1 — 4)2dz

ap+by

+ \Vul|?(1 — 22)%dx
(Ju)ag+bg \(Ju)by,

2
+ (skso(x, Var)? + 2"’) da
(Ju)ag+by, \(Ju)by, dey,

FEELRQ\ () L
4 u ak—i-bk) + 4€k (( u)bk)

(3.28)

As |Vu| € L3(Q) and (ay + by)r converges to 0, the first term of (3.28) converges to [ |Vu[?dz. As
llz&]lco < 1, the second term converges to 0. As Q is a bounded domain, the fourth term converges to
0. According to (3.25), the fifth term is lower than %Ek(M:;o(Ju) + wg). So, the fifth term converges
to 0. To compute the limit of (F;, (u, zx))k, it remains to study the convergence of

2
Ap(z) = / <Ekgo(x, Va)? + Zk) dz.
(Ju)ag+bg \(Ju)by, deg,

For almost every « € (Jy)a,+b, \ (Ju)b,, we have
Vz, = 2; ° di% Vdi“é.
It gives

, % 0 d7u)2
Ap(zr) = / (ek(ék o di%)%o(m, Vdi}‘,)2 + W) dx.
(Ju)ag+b, \(Ju)by, dey,

According to Proposition 2.1, ¢(z, Vdi% (xz)) =1 for almost every z. So, we may write

’ (Zk; (¢] dJ%)Q
Ap(z :/ ep(Z, 0odlu)? 4 577 z,Vd’s)dz.
k( k) (Ju)akerk\(J“)bk ( k( ’ ? ) 4€k SO( ? )
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We may apply an anisotropic version of the coarea formula (see [27]), it gives

Ap(zp) :/b:ku <skz;(t 4€k ) U o(z, D1, }d (3.29)

Ho( /(mel(Ju)t / Ho(

Applying another time coarea formula gives

Ag(s2) = Ag(s1) ==‘Lf{x;¢@aDluw)]dt

= / o(x, Vdi’é)dx,
(Ju)sg \(Ju)

S1

= L((Ju)ss \ (Ju)s,)-

So, A, € Wll(’)lc(]O; +o0[) and VA, = H, almost everywhere. Using equality (3.27) and then inte-
grating by parts (3.29) gives

Ak(zk) = Aak_i_bk <€k2;€(t)2 + 22(;:2) Hw(t)dt,

ar+bg 2k(t)2
= H(t)dt,
/bk. 26]{: SO( )

32(a 72 ap+b
= BN ) - B - - [T a0 A0,

We set

The first term obviously converges to 0. As for (3.25), we have
Ap(br) < 20p(Mo(Ju) + wi)
and then the second term converges to 0 too. As s — A,(s) is non decreasing, then
Ap(t) < 26 (Mo (Ju) + wi)

for any t € [bg; ar + by|. For the last term, we apply another time this inequality, it gives

_ LM i m A < — M) ) / B s (1) 2 () (3.30)
€k Jby &k by,
Integrating by parts yields
aptbe ) ) ) ) aptbs
/b T 2ROEA = (o +by) Bkl +be)” — biF(by)? /b R TORNCED
According to the definitions of (ag, by, zx), (3.23) and (3.26), we have
(a + bg)Zx(a + bg)? — bpZp(br)? = o(eg) (3.32)
and equation (3.27) gives
/ P P = 2 / B gt
by by ’ (3.33)

= Ek(l — 6%)

From (3.30), (3.31), (3.32) and (3.33) we deduce that limsupy, Ax(2x) < MZ.(Jy) and, according to
the decomposition (3.28), we have

lim sup Fy, (ug, zx) < / |Vul|? + Mo (Ju).
k—oo Q

To conclude the proof, it suffices to notice that (ug, zx)r C Dp(£2).
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3.4 Compactness result for (P.). and (P-).

In this Section we prove Theorem 3.1, ii). As the same arguments hold for both cases, we only give
the proof for (P:).. According to Theorem 3.1 i), for any € > 0, there exists (ue, z:) a minimizer of
E.. According to (3.2), with N > ||g||cc, We have

Lr{z e Q:uc(x)] >N} >0 = E(u,2) < E(ue,2).
We deduce that ||uc||co < N for any e > 0. For w. = u.(1 — 22), we get

Vwe = Vug (1 — 252) — U2 Ve

It yields
1/2
/ [Vwe|dz < £7(2)Y/? (/ |Vue|*(1 — 252)2d:z:> + ZN/ |V 2| z-da. (3.34)
Q Q Q
Applying the inequality 2ab < a? + b? with a = 5oz and b= e1/2|V 2| gives
52
/ V2| zed < / £|Vz.2dx +/ % du. (3.35)
Q Q Q 4e
According to ellipticity inequality (2.1), we get
1
/Q e[ V2P de < 3 B, 7). (3.36)

By (3.34), (3.35) and (3.36), we deduce
1
/Q Voo |da < £7(Q)Y2 (B (ue, 2.))? + (1 + A) (e, 20).

Let (ex)r be a sequence converting to 07. As E # +o00, according to Theorem 3.2 i), we deduce
that (Ex, (ue,, 2, )k is bounded. So, (wg, )i is bounded in BV(£2) and there exists a subsequence, still
denoted by (we, )r which converges almost everywhere to w € BV(Q). As [, zidz < epEx, (uey, 22, ),
then (zj) converges to 0 in L?(Q) and there exists a subsequence, still denoted by (z3)x, which
converges almost everywhere to 0. As we, = ue, (1 — 22 ), then (ue, )i converges almost everywhere
to u € L*°(Q). According to Theorem 3.2, u is obviously a minimizer of E.

Conclusion

This paper is the theoretical background needed to introduce our new model. A forthcoming paper
will present the numerical point of view. The main assumption of this work is the existence of an
anisotropic metric ¢ which must represent the anisotropy of the image. For that, we may consider
the case where ¢ is a Riemannian metric. That is, ¢ is given by a field of symmetric definite positive
matrices M such that

(@, v) = (M(z)v,v)"/2,

In order to favorize elongated sets, M is constrained to take its values in a compact sub manifold of
symmetric definite positive matrices with fixed spectrum. In order to combine the segmentation task
with the computation of this metric, the couple (v, M) must minimize the functional

/Q(’U,—g)2d.’li+/ﬂ‘VU‘2dx+/J <MVu7Vu>1/2dHn_l+/QHDMHTL+ad$,

where a > 0 is fixed in order to satisfy the regularity condition ¢ € 9t(Q2). Indded, according
to the Sobolev embedding Theorem, the finiteness of the last term ensures that the metric is uni-
formely continuous. Existence of a minimizer of this energy and approximation with I'-convergence
are straightforward consequences of what we have presented in this article.
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A Proof of Proposition 2.2

We prove this result in two steps: we first assume that ¢ is homogeneous and after we generalize the
result in the inhomogeneous setting.

First Step: We assume that K C Q is a (n — 1)-simplex and ¢ is homogeneous, i.e. it does not
depend on x € Q.

With the same notations as in (3.21), we set K, = {x € Q: d{fo(x) < r}. We separate K, in two

parts:
K!={z € K,: 3y € 0K, dyo(z,y) = dis(2)}, K=K, \K}.

As ¢ is an elliptic metric (¢ is comparable to the euclidean distance) and JK is a finite union of
(n — 2)-dimensional simplexes, we have

LK) 72, (A.1)
As we assume that ¢ is homogeneous, K is a n-dimensional simplex whose basis is K and height is
sup{2(v, v): ¢°(v) < 7},
where v is an unitary and normal vector to K. As ¢°° = ¢, we deduce that
LYK = 2rop(v)H"Y(K). (A.2)

According to (A.1) and (A.2), we conclude that M3, (K) < o(v)H" (K).

Second Step: We assume that K = U;K; is a finite union of (n — 1)-simplexes and that ¢ depends
on x € (.

We may assume that [ p(z,v)dH" ! is finite, otherwise the result is ensured. As ¢ € MM(?),
there exists A > 0 such that

A=Y (K < / o(x,v)dH" !
K
and then H" 1(K) is also finite. For t € R and i € {1,...,n}, we set I} = {x € Q: (x,¢;) = t}.
Thus, for k € N fixed, {t € R: H""L(K N1II}) > 1/k} is finite and then, for any i € {1,...,n}, the
set {t € R: H" L(K NTIY) > 0} is at most countable. So, if we consider the cubes whose faces are

orthogonal to the vectors of the orthogonal basis, there exists a partition C of £ by cubes with
diameter less than 7, such that for any C' € C, we have

H Y (K NoaC) =0. (A.3)
For any C € C, we fix ac € C and we set
vo = plac, ). (A4)
As v € M(Q), there exists e(n) such that e(n) — 0 for n — 0 and

(2, v) — @(y, V)| < e(n)lv] (A.5)
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for any z,y € C and v € R". It gives

Mo(Ki) < Y ME(KinO),

v B ceC
< (L+e(m) Y M (Kin ),
cecC
< (1+ely / YR,
V2 Jnc®
< (14¢e(n / o(z,v)dH"™ 1
V2 o ®

< () [_plam)an

i

Taking the limit 7 — 0" gives the result of Second Step for each compact K;. To conclude the proof
of Proposition 2.2, it suffices to notice that

K) <Y Mo(K;)

B Proof of Lemma 2.3

Let = € Q2 be a point such that vy, vy are approximatively differentiable at x. First, we remark that
x is a Lebesgue point for vy, that is

r—0t

mnchuwpﬁéx)hﬂw_mﬂ@my:u (B.1)
Then, we decompose

LBz, )~ / [v1(y)va(y) — vi(@)va(x) — (01 (2) Voa(x) + va(x) Vi (), y — x>\dy

B(z,r) r
< ,Cn(B(ﬂS‘,T))il/ |U2(I)’|Ul(y) _’Ul(l') — <VU1(1’),y—:L‘>|dy
B(x,r) r
-l-ﬁn(B(w, T’))_l / ‘Ul(y)’ ’”UQ(y) — 02(33) — (va(x),y — x>‘dy
B(z,r) T
+En(B($, ,r_))—l / |('U1(y) - ’l)l(l’))(V’Ug(iB), Y — J;>|dy
B(z,r) r

As v1, Vo are approximatively differentiable at = and v; € L°(Q) the two first terms converge to 0.
As we have |(Vua(z),y — x)|/r < |Vva(z)| for any y € B(z,r), according to (B.1), the last term also
converges to 0.

C Proof of Lemma 3.1

As Q is bounded, then W2(Q) ¢ SBV(Q) and then, according to Calderén-Zygmund Theorem (3.83
n [24]), the derivative in the Sobolev sense is equal to the approximate differential for almost every
point in Q. Moreover, according to Theorem 3.107 of [24], for v € SBV(Q) and v € S"~!, we have

(Vo(z +tv),v) = Vug(t) ae. t € Qy

for almost every z € €,. According to Fubini Theorem, if v € WY2(Q), then v, € WH3(Q,) for
almost every x € Q. Applying this property with v = z and v = u(1 — 2?) concludes the proof of
Lemma 3.1.
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