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AFFINE LIE ALGEBRAS AND CONDITIONED SPACE-TIME
BROWNIAN MOTIONS IN AFFINE WEYL CHAMBERS

MANON DEFOSSEUX

ABSTRACT. We construct a sequence of Markov processes on the set of domi-
nant weights of an affine Lie algebra g considering tensor product of irreducible
highest weight modules of g and specializations of the characters involving the
Weyl vector p. We show that it converges towards a space-time Brownian
motion with a drift, conditioned to remain in a Weyl chamber associated to
the root system of g. This extends in particular the results of [2] to any affine
Lie algebras, in the case with a drift.

1. INTRODUCTION

In [2] we have studied a conditioned space-time Brownian motion which appears
naturally in the framework of representation theory of the affine Lie algebra sly: a
space-time Brownian motion (¢, By);>o conditioned (in Doob’s sense) to remain in
a moving boundary domain

D={(r,z) eRy xRy :0< z<r},

which can be seen as the Weyl chamber associated to the root system of the affine
Lie algebra sly. The present paper deals with the case of any affine Lie algebras.
Let us briefly describe the framework of the paper. First we need an affine Lie
algebra g. As in the finite dimensional case, for a dominant integral weight A of g
one defines the character of an irreducible highest-weight representation V() of g
with highest weight A, as a formal series defined for h in a Cartan subalgebra b of

g by
chy(h) = Zdim(V(A)u)e“"h),
I

where V() is the weight space of V() corresponding to the weight ;. This formal
series converges for every h in a subset of the Cartan subalgebra which doesn’t
depend on A. A particular choice of an element h € h in the region of convergence
of the characters is called a specialization. Let us fix a dominant weight w once for
all. For a dominant weight A, the following decomposition

ch,chy = Z My (8)chg,
BEPy

where M) () is the multiplicity of the module with highest weight 8 in the decom-
position of V(w) ® V(A), allows to define a transition probability @, on the set of
dominant weights, letting for 8 and A two dominant weights of g,

(1) QuiNB) = o b 6),

1
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where h is chosen in the region of convergence of the characters. Such a Markov
chain has been recently considered by C. Lecouvey, E. Lesigne, and M. Peigné in
[4].

It is a natural question to ask if there exists a sequence (h,, ),, of elements of § such
that the corresponding sequence of Markov chains converges towards a continuous
process and what the limit is. One could show that there are basically three cases
depending on the scaling factor. Roughly speaking the three cases are the following.
When the scaling factor is n=%, with a € (0,1) (resp. a > 1), the limiting process
has to do with a Brownian motion conditioned — in Doob’s sense — to remain in
a Weyl chamber (resp. an alcove) associated to the root system of an underlying
finite dimensional Lie algebra. When o = 1, the limiting process has to do with a
space time Brownian motion conditioned to remain in a Weyl chamber associated to
the root system of the affine Lie algebra. Figure 1 below illustrates three distinct
asymptotic behaviors in the case when the affine Lie algebra is sly. The Weyl
chamber C is the area delimited by gray and light gray half-planes. Essentially, when
the scaling factor is n=® with a € (0, 1), one could show that the Ag-component of
the limiting process is +co and that its projection on Ra; is a Brownian motion
conditioned to remain positive. When the scaling factor is n™* with « > 1, one
could show that the projection of the limiting process on RiAg + Ray lives in
an interval (dashed interval within Figure 1) and that its projection on Ra; is a
Brownian motion conditioned to remain in an interval. When the scaling factor is
n~!, the projection of the limiting process on R, Ag+Ra; is a space-time Brownian
motion conditioned to remain in C, the time axis being R Ay and the space axis
being Ra;. This is this last case which is considered in the paper, for any affine Lie
algebras. The convergence for the other values of a could be obtained with similar
arguments as the ones developed in this paper. Nevertheless the case when a =1
seems the most interesting case in our context as the limiting process in this case,
is the only one that is really specific to the affine framework. Thus we prefer to
focus on this case. In this way we lose in generality but hope to win in clarity.

Ao Ay

1
201

FIGURE 1. The affine Weyl Chamber corresponding to Agl).

The paper is organized as follows. In section 2 we describe the conditioned process
occuring in our setting when representations of affine Lie algebra sly are consid-
ered. This is a space-time Brownian motion with a positive drift conditioned (in
Doob’s sense) to remain forever in the time-dependent domain D. We show by
purely probabilistic arguments that the theta functions play a crucial role in the
construction of the process, which is unlighted by the algebraic point of view de-
veloped in the following sections. The vocation of this section is to give an idea of
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the probabilistic aspects of mathematical objects occuring in the paper. In section
3 we briefly recall the necessary background on representation theory of affine Lie
algebras. We introduce in section 4 random walks on the set of integral weights
of an affine Lie algebra g, and Markov chains on the set of its dominant integral
weights, considering tensor products of irreducible highest weight representations
of g. We show that the Weyl character formula implies that they satisfy a reflection
principle. In section 5 we consider a sequence of random walks obtained for partic-
ular specializations involving the Weyl vector p of the affine Lie algebra, and prove
that its scaling limit is a space-time standard Brownian motion with drift p, living
on the Cartan subalgebra of g. We introduce in section 6 a space-time Brownian
motion with drift p, conditioned to remain in an affine Weyl chamber and prove
that it satisfies a reflection principle. We prove in section 7 that this conditioned
space-time Brownian motion is the scaling limit of a sequence of Markov processes
constructed in section 4 for particular specializations involving p.

2. A MOVING BOUNDARY PROBLEM

Let v € R, and (X¢,t > 0) = ((7¢, B)'),t > 0) be a space-time Brownian motion.
For (u,z) € R X R, P(, ;) denotes a probability under which (B} );>¢ is a standard
Brownian motion with drift v, starting from x, and 7, = u+t, for all t > 0. Consider
the subset D of R? defined by

D={(rz) eRy xRy :0<z<r},
and consider an application h defined on the closure D of D by
h(u,z) : =Py 2)(Vt > 0,0 < B <),
(u,z) € D. When v € (0,1), a classical martingale argument shows that the

function h is the unique bounded harmonic positive function for the space-time
Brownian motion killed on the boundary 9D, i.e.

¥(t,0) €D, (30er+70s + h(t, ) =0,
which satisfies the following boundary conditions
Vt >0, h(t0)=h(tt) =0,
and the condition at infinity
lim h(t,z) = 1.

(1?,:0) — 400 :

x
T

Such a problem is usually referred to as a moving boundary problem (see for in-
stance [1] for a review of various problems specifically related to time-dependent
boundaries). Actually the function h can be determined using a reflection principle
involving the group of tranformations W generated by linear transformations sy,
k € Z, defined on R? by

sp(t,x) = (t,2kt —x), (t,2) € R
Let us explain how. For k € Z, define t;, as the transformation on R? given by
tr(t, ) = (t, 2kt + ),
(t,x) € R%. The group W is actually a semi-direct product
{Id, so} x {tx, k € Z},
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and D is a fundamental domain for the action of W on R2. The following proposi-
tion is immediate.

Proposition 2.1. For (u,z),(u+t,y) € R?,

El:'S[)(u,av) (Xt = S0 (’LL +1, y)) = 6727(y7m)P(u,m) (Xt = (U +1, y))

IP)tk(u,ac)()(t = tk(u + t,y)) = ¢ Zkly—=) =2k t+2kvtp(u,x) (Xt = (U +t, y))v
for k € 7, where P(, 4)(X; = (u+t,y)) stands, by a usual abuse of notation, for
the probability semi-group of (X¢)i>o-

The probability semi-group of the space-time Brownian motion killed on the
boundary of D satisfies a reflection principle. Let {ej, ea} be the canonical basis of
R? and (.,.) be the usual inner product on R?. Let T denote the first exit time of
D. The reflection principle is the following.

Proposition 2.2.
Pl (Xe = (u+t,y), T >t)=e " Z det(r)e*2k2“*2m+(wt’“(“’i)’el)
X Priy (ue) (X = (u+1,9)),
where the sum runs over r € {Id, so}, k € Z.

Proof. As X7 € D, one obtains using a strong Markov property and proposition
2.1 that for (u,z), (u+t,y) € D,

e N det(r)e ket trtiwa)e)p, 0 (X = (utty), T < 1)
TG{Id,sO},kEZ

equals 0. Moreover

e N det(r)e ket Ortewa)e)p, (X = (utty), T > 1)
TE{Id,So},kEZ

equals
]P)("vx) (Xt = (U + ta y)v T > t)

Proposition follows by summing the two identities. O
One obtains for the function h the following expression.
Proposition 2.3. For (u,z) € D,

hu,z) =23 sh(y(x + 2ku))e2Feth w0z,
kEZ

Proof. Summing over y such that (¢t + u,y) € D in proposition 2.2 and letting ¢ go
to infinity gives the proposition. O

Actually W can be identified with the Weyl group associated to an affine Lie
algebra sly. Writing X; = 1z A¢ + B} G, t >0, where Ag and «; are defined below,
the Doob’s h-transform of (X;);>¢ is a Markov process conditioned to remain in

a Weyl chamber associated to the root system of the affine Lie algebra sly. The
following sections extend this construction to any affine Lie algebras and relate
identities from propostions 2.2 and 2.3, which are particular cases of propositions
6.4 and 6.1, to representations theory of affine Lie algebras.
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3. AFFINE LIE ALGEBRAS AND THEIR REPRESENTATIONS

In order to make the reading more pleasant, we have tried to emphasize only on
definitions and properties that we need for our purpose. For more details, we refer
the reader to [3], which is our main reference for the whole paper.

3.1. Affine Lie algebras. The following definitions mainly come from chapters 1
and 6 of [3]. Let A = (ai ;)o<ij<i be a generalized Cartan matrix of affine type.
That is all the proper principal minors of A are positive and det A = 0. Suppose that
rows and columns of A are ordered such that det A # 0, where A= (@i j)1<i,j<i-
Let (b,II,I1V) be a realization of A with IT = {ayg,..., o} C b* the set of simple
roots, IIY = {ay,..., o)} C b, the set of simple coroots, which satisfy the following
condition
Oéj(Oéiv) = G j, 1,] € {0, . ,l}

Let us consider the affine Lie algebra g with generators e;, f;, ¢ =0,...,[, h and
the following defining relations :

lei, fi] = 51']‘04;/, [h,ei] = ai(h)e;, [, fi] = —a;(h)fi,
[h,h'] =0, for h,h' € b,
(adei)l_‘“j €5 = O, (adfi)l_aij fj = O,

foralli,j =0,...,l. Let A (resp. A ) denote the set of roots (resp. positive roots)
of g, Q@ and QV the root and the coroot lattices. We denote a;, 4,...,I the labels
of the Dynkin diagram of A and @), i = 0,...,[ the labels of the Dynkin diagram

of *A. The numbers
!

!
h:Zai and hY :Za;/,
i=0

i=0
are called, respectively, the Coxeter number and the dual Coxeter number. The

element
n
_ VIRV,
K= E a; o,
i=0

is called the canonical central element. The element ¢ defined by

n
0= E a;og,
i=0

is the smallest positive imaginary root. Fix an element d € h which satisfies the
following condition

a;i(d)=0, fori=1,...,l, ao(d)=1.

The elements «ayf, ..., o), d, form a basis of . We denote hg the linear span over R
of af,...,a),d. We define a nondegenerate symmetric bilinear C-valued form (.].)
on h as follows

(af]af) = Fray; i,5=0,...,1

@) =0 i=1,...,1

(agld) = ao (d|d) = 0.

We define an element Ay € h* by
AO(O[;/):(;OZ? Z:()vala Ao(d):()
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The linear isomorphism
vibh—=ht,
h— (h].)

identifies h and h*. We still denote (.|.) the induced inner product on h*. We record
that

(6|ai):07 Z'ZO,...,I7 ((5|5):O, ((5|A0):1

(Klay) =0, ¢=0,...,01, (K|K)=0, (K|d)=ao.
The form (.|.) is W-invariant, for W the Weyl group of the affine Lie algebra g, i.e.
the subgroup of GL(h*) generated by fundamental reflections s,, a € II, defined
by

sa(B) =B —B(a")a, Beb.

We denote b (resp. hgr) the linear span over C (resp. R) of oY, ..., ). The dual
notions h* and by are defined similarly. Then we have an orthogonal direct sum of
subspaces:

h=br ®(CK+Cd); bh"=bhi® (Cs+ CAy).
We set br = br + RK + Rd, and b = b +Ré + RA,.

Notation. For A € h* such that A = al¢+2+0bd, a,b € C, z € fo)ﬂ’%, denote \ the
projection of A on CAg + h* defined by A = aAq + z, and by X its projection on b*
defined by \ = z.

We denote W the subgroup of GL(h*) generated by fundamental reflections s,
i=1,...,1. Let Z(W.0V) denote the lattice in hg spanned over Z by the set W.0",

where
l
VvV o Vv _ Vv
S E a; Qg
i=1

and set M = v(Z(W.0")). Then W is the semi-direct product T x W (proposition
6.5 chapter 6 of [3]) where T is the group of transformations t,, a € M, defined by

1
ta(A) = A+ A(K)a — (Ma) + §(oz|oz))\(K))5, AEb”.

3.2. Weights, highest-weight modules, characters. The following definitions
and properties mainly come from chapter 9 and 10 of [3]. We denote P (resp. P;)
the set of integral (resp. dominant) weights defined by

P={eb :(\a))EZ i=0,...,1},

(resp. Py ={ e P:(\a/)>0,i=0,...,1}),
where (.,.) is the pairing between b and its dual h*. The level of an integral weight
A € P, is defined as the integer (5|\). For k € N, we denote P* (resp. PF) the set
of integral (resp. dominant) weights of level k defined by
PF={\eP: ()N =k}
(resp. P¥ ={\¢€ P, : (§|]\) = k}.)

Recall that a g-module V is called h-diagonalizable if it admits a weight space
decomposition V' = @xep- V) by weight spaces V) defined by

Vi={veV:Vheh, hov=Ah)v}
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The category O is defined as the set of g-modules V' which are h-diagonalizable
with finite dimensional weight spaces and such that there exists a finite number of
elements A1,...,As € h* such that

P(V)CcU_{peb”: A\ —peNALYL

where P(V) = {\ € b* : V), # {0}}. One defines the formal character ch(V') of a
module V' from O by

ch(V)y= Y dim(V,)e"
neP(V)
For A € P, we denote V(A) the irreducible module with highest weight A. It
belongs to the category O. The Weyl character’s formula (Theorem 10.4, chapter
10 of [3]) states that

> wew det(w)evre—e

HaeAJr(l _ efa)mult(a) ’

where mult(«) is the dimension of the root space g, defined by
9o ={z €9: VYhep,[hz]=alh)z},

for « € A and p € h* is chosen such that p(ey) = 1, for all i € {0,...,1}. In
particular

(3) H (1 — e mult(a) Z det w(p

acAy weWw

(2) ch(V(A)) =

Letting e#(h) = e*®) L € b, the formal character ch(V(\)) can be seen as a
function defined on its region of convergence. Actually the series

Z dim(V elmh)
pneP

converges absolutely for every h € b such that Re(6(h)) > 0 (see chapter 11 of
[3]). We denote chy(h) its limit. For 5 € b such that Re(5]|d) > 0, let chy(8) =

cha(v=1(8)).

3.3. Theta functions. Connections between affine Lie algebras and theta func-
tions are developed in chapter 13 of [3]. We recall properties that we need for our
purpose. For A € P such that (§|\) = k one defines the classical theta function ©y

of degree k by the series
0, = e~ SR Z eta V),

acM

This series converges absolutely on {h € h : Re(6(h)) > 0} to an analytic function.

As
RETON Z det(w)Ou(n) = Z det(w)e®®),
weWw weWw

this last series converges absolutely on {h € b : Re(d(h)) > 0} to an analytic
function too.

4. MARKOV CHAINS ON THE SETS OF INTEGRAL OR DOMINANT WEIGHTS

Let us choose for this section a dominant weight w € P, and h € hr such that
o(h) e R%.
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Random walks on P. We define a probability measure p,, on P letting

(4) 1o(B) = an sep

Remark 4.1. If (X(n),n > 0) is a random walk on P whose increments are
distributed according to p,, keep in mind that the function
chy, (iz + h) ) n

z € bhr ( cho, ()

is the Fourier transform of the projection of X (n) on f)ﬁi

Markov chains on P,. Given two irreducible representations V() and V (w), the
tensor product of g-modules V(A)®V () decomposes has a direct sum of irreducible
modules. The following decomposition

VY@ Vw) = Y MABV(B),

BeEPL

where M) () is the multiplicity of the module with highest weight $ in the decom-
position of V(w) ® V(A), leads to the definition a transition probability Q,, on Py
given by
chg(h)
5 wAB) = ————=M ;A Py
(5) Qu(A, B) o (h)ch (7) A(8) B e Py

For n € N, w € Py, 8 € P, denote myen () the multiplicity of the weight 8 in
V(w)®™. For n € N, \, 8 € Py, denote M, ,on () the multiplicity defined by

V)@ V(W) = Y Myguen(B)V(B).
BePy

The Weyl character formula implies the following lemma, which is known as a
consequence of the Brauer-Klimyk rule when g is a complex semi-simple Lie algebra.

Lemma 4.2. Forn e N, \,8 € Py,, one has
Myguwen(8) = ) det(w)mgen (w(B +p) — (A +p)),
weWw
Proof. See proposition 2.1 of [5] and remark below. The proof is exactly the same

in the framework of Kac-Moody algebras. O

Let us consider the random walk (X (n)),>o defined above and its projection

(X(n))n>0 on (RAg + hﬂ*%) Denote P, the transition kernel of this last random
walk. The next property is immediate.

Lemma 4.3. Let Sy, Ao be two weights in (RAg + f)ﬂ"‘{) The transition kernel P,
satisfies for every n € N,

P ey Meen (B — A
B (Mo, Bo) = Z elB onh>®ChELﬁ(h)0)
BEP:B=0 w
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Let us consider a Markov process (A(n)),>o whose Markov kernel is given by
(5). If Ay and Ay are two dominant weights such that A\; = Ay (mod¢) then the
irreducible modules V(A1) and V(Az) are isomorphic. Thus if we consider the
random process (A(n),n > 0), where A(n) is the projection of A(n) on (RAg + l;ﬁg),
then (A(n),n > 1) is a Markov process whose transition kernel is denoted Q..

Proposition 4.4. Let By, Ao be two dominant weights in (RAg + Gﬁ), and n be a
positive integer. The transition kernel Q,, satisfies

= chg, (h)e™(Po-h) _—
Q2 (N0, o) = Chf’T S det(w)el ot ~Cato) b B (T30 ¥ 5y =, fo)
weW

Proof. Using Lemma (4.2), one obtains for any dominant weight Ao, 8o € (RAg +
9k)

) chg, (h) s
DY -~ PoNT (B ﬁ,h)M .
Q00800 = G hyeh ) | 2 © e
+:8=PBo
= e ’ det(w)myen (w(B + p) — (X + )
ety 2 < X dettudmaen (w(B+p) = (34 0)

_ chg,(h (Bo,h) (w(A o) —(Rotp)h) BT T
_ChA—AO’w;,det ofP)=(Ro®P) R PR (w(Xo + p) — p, Bo)-

O

5. SCALING LIMIT OF RANDOM WALKS ON P

Let us fix p = hY Ag+p, where p is half the sum of positive roots in l‘)* For n € N*|
we consider a random walk (X" (k),k > 0) starting from 0, whose increments are
distributed according to a probability measure p,, defined by (4) with w € PJ’FLv and
h = Lv7!(p). In particular X" (k) is an integral weight of level hVk for k € N.
Proposition 5.1 gives the scaling limit of the process (X"(k), k > 0),

Proposition 5.1. The sequence of processes (= X" ([nt]),t > 0)n>0 converges to-
wards a standard Brownian motion on hfﬁ& with drift p.

Proof. The key ingredients for the proof are Theorems 13.8 and 13.9 of [3], which
provide a transformation law for normalized characters. The two theorems deal
with two different classes of affine Lie algebras. Let us make the proof in the
framework of Theorem 13.8. The proof is similar in the framework of Theorem
13.9. Foro the affine Lie algebras considered in Theorem 13.8 one has that for n > 1
and z € h*,

1
h, (=
chu (= (p+2))
) 2, 5
= CuetlPIE ST g e ey (T g 4 2in
AeP}Ymodcs

);
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. . A 2 2
where C), is a constant independent of z, my = I 4;26" — HQZHV

coefficient independent of z and n, for A € Pﬁv. Notice that the sum is well-
defined as for A\ = Ay mod C§ one has
s AxZn 473n . Ptz +z
(& Al%TChAl(hTAO+22thV ph\/ ).
Let us prove the convergence. Let i € {1,...,1}. One has (hY Ay, ) = 0, which
implies that V(hYAg)rva,—a; = {0}. Consequentely,

and S, A is a

2
" Ao + 2im

2
) = e T ey, (S

l
if 8 € P and dim(V(hVA)g) # 0, then 8= hYAg = Y ixay,
k=0
where i, is a nonnegative integer, for k£ € {1,...,1}, and iy is a positive integer,
which implies that (8]Ag) < —1. Moreover, the action of f, for k € {0,...,l}, on
an integrable highest weight module being locally nilpotent, the number of weights
B such that dim(V (hVAg)g) # 0 and (B8]Ag) = —1 is finite. As the characters are
defined on the set
{A € h”: Re(\|d) > 0},
by absolutely convergent series, it implies that

472n Ptz
CthAo(hTAO + 2271—]7/7\/)
is equal to
nn2 . _ptz
L+ (L +em)e™ 5 ST dimV(hVAg)se2m 55,
B:(BAo)=-1
where lim,,_, €(n) = 0. Thus
. 47%n Cptz\[
(6) nh—>Holo (Chtho(hTAO + 2im & )) =1.

Let A € Pﬁv such that (A|Ag) = 0. As previously, if 5 € P and dim(V(A)g) # 0
then (8|Ao) < 0, and the number of weights 8 such that dim(V(A)g) # 0 and
(B|Ao) = 0 is finite. Thus,

47’n . pt+z

W Ao + 2im Y ),
is bounded independently of n. Besides, one easily verifies that for such a A one
has ma > mpvya, and that ma = mpva, implies A = hVAq. Thus

ChA(

2 . A

(1 n Z Sw.A e_(mA_mtho)%@ﬂ chA(4LrvnA0 + 2”Tph+v ) >[nt]
S hv v 4n3n . ptz
AP\ {h¥ Ag}mod Cs Y Ao chivag (Ao + 2im )

converges towards 1 when n goes to infinity. The last convergence and Theorem
13.8 of [3], recalled at the beginning of the proof, imply

1 n
tim cho (5 (p + 2) )[ T _ Al

2 —
— _ dmen 2 . =
oo CnSw,hVAoe MY g "RV ChthO(leivnAo + 227‘(’2’;2)

Finally, using convergence (6) one obtains

(6)
1 n
<chw(;(p+z)))[ T s -1A1),

lim (—n T2
== chy,(£p)

n—oo
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which achieves the proof by remark (4.1). O

6. A CONDITIONED SPACE-TIME BROWNIAN MOTION
Denote C the fundamental Weyl chamber defined by
C={zebh*:(z,0))>0,i=0,...,1}.

Let us consider a standard Brownian motion (B¢):>0 on h]’f{ We consider a random
process (7;A¢ + By)i>0 on (RAg + hﬁ%) For z € (RAp + 63‘@), denote PV (resp. P?),
a probability under which 7 = (z|d) + thY, V¢t > 0, and (B;);>0 is a standard
Brownian motion (resp. a standard Brownian motion with drift p) starting from
Z. Under PY (resp. P?), the stochastic process (1:Ag + B;)i>0 has a transition
probability semi-group (pt)i>0 (resp. (p})i>0) defined by

1 e .
pi(w,y) = (%t)%e 21 s v @), @y € (RAg + bip).
1 s ..
(vesp. pf(z,y) = (27#)%6 2 V=P s meny @iy, T,y € (RAQ + b).)

Let Xy = 7.Ag + By, for ¢ > 0, and consider the stopping time 7' defined by
=inf{t >0: X; ¢ C}.

The following proposition gives the probability for (X;);>o to remain forever in C,
under P2, for z € C.

Proposition 6.1. Let x € (RAy + hﬁi) NC. One has

PA(T = 400) Z det(w)e®wP)=r),
weWw

Proof. If we consider the function h defined on (RAy + h]}“g) by
h(A) =P{(T = o0), A€ (RAg+b3)NC,

usual martingal arguments state that 5 is the unique bounded harmonic function
for the killed process (X¢a7)i>0 under P? such that

(7) h(X\) =0, for A € OC,
and
(8) tgﬂolo h(Xiar) = 1r—cc.

Let us proves that the function defined by the sum satisfies these properties. First
notice that the boundary condition (7) is satisfied. Moreover, as z is in the interior
of C, formula (3) implies that

S det(uw)e@ @)

wew

is positive and bounded by 1. Choose an orthonormal basis vy, ...,v; of f)ﬁi and
consider for w € W a function g,, defined on R% x R! by

Gu(t,z1,. .. x) = e(tAoer,w(p)fp)’
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where x = x1v1 + - - + xyv;. Letting A = 22:1 Os,s,, the function g,, satisfies
1 : 1
(9 (GAFRYO+D (0, 0)0)gu = 5|lw(p) — pI* + (plw(p) — p) = 0.
i=1

As the function g = Y, det(w)g,, is analytic on R*. x R, it satisfies (9) too. Ito’s
Lemma implies that (g((7iar, Biar))e>0 is a local martingale. As the function g is
bounded by 1 on {(t,z) € R*. xR tAg+xv1 4+ a3 € C, (9((Tents Biat))i0
is a martingale, i.e. g is harmonic for the killed process under P2. It remains to
prove that the condition (8) is satisfied. For this, we notice that for any w € W

distinct from the identity, p — w(p) = Ei:o k;ja;, where the k; are non negative
integers not simultaneously equal to zero. As almost surely

one obtains

tllglo Guw(Xe) =0
for every w € W distinct from the identity. As the function g is analytic on R x R,
the expected convergence follows. (I

The following lemma is needed to prove a reflection principle for a Brownian
motion killed on the boundary of the affine Weyl chamber.

Lemma 6.2. Forz,y € by, t € Ry, w € W, one has
P, ) = 0N (g )

Proof. Notice that wz = wz. For w € W, wz = wi, p)(w(z), w(y)) = p%(x,y) and
(wz — x|Ag) = (wy — t|Ap) = 0, which implies the identity. For w = t,, o € M,
one has
P} (W7, 0Y) = pi (h'uo + 7, b (u+ t)a + )
1 Liig+hYa—z|?
(27t)2

Liy|s)y=th¥ +(x|5)

=p%(z, 37)67%((hv)2t2(a|a)+2hvt(a\y,z))

= e(w(y_w)_(y_lv)vthO)p?(j, y)

In the following, by a classical abuse of notation,
Pg(Xt = Z/,T > t), or ]P)gt(Xt = yaT > t)a

z,y € (RAg + fo)ﬂ*@)’t > 0, stands for the semi-group of the process (X;)¢>0, with
drift or not, killed on the boundary of C. We first prove a reflection principle for a
Brownian motion with no drift.

Lemma 6.3. For z,y € (RAg + b3) in the interior of C, such that (y|8) = (x[6) +
thY, we have
PUX; =y, T >t) = Z det(w)e(wz_m’hv/\‘))pg(m, Y),
weW

Y det(w)e@ WA B0 (2 wy)).
weWw
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Proof. Lemma 6.2 implies in particular that we need to prove only one of the two
identities. Let us prove the second one. Actually lemma 6.2 implies that for o € I1
such that s, (X7) =0

Ex, (1x,=my) = eV MEy (1y = 55m7),
which implies that

EI( Z det(w)e(y_wy’thO)ngt’Xt:wy) =0.
weWw
Then lemma follows from the fact that
E,( Z det (w)e@ @A)y ) = Eo(Lx,—y, 750)-
weWw
O

Proposition 6.4. For z,y € (RAg + b)) in the interior of C, such that (y|8) =
(x]6) + thY, we have

Po(Xe =y, T >t)= Y det(w)el™ @ =")p (w(x),y)
weW

> det(w)eW PPl (2, w(y)),
weWw

Proof. The result follows in a standard way from lemme 6.3 from a Girsanov’s
theorem. (]

7. SCALING LIMIT OF THE MARKOV CHAIN ON Pj,.

For x € (RAg + 6{&)7 proposition 6.1 and identity (3) imply in particular that
the probability P?(T = +oc0) is positive when x is in the interior of C. Let (F¢)i>o0
be the natural filtration of (X;);>¢. Let us fix x € (RAg + hﬁ%) in the interior of C.
One considers the following conditioned process.

Definition 7.1. One defines a probability QF letting

P _
Qo) = B, (e T =)
0T = +o0)
Under the probability Q7, the process (X;);>o is a space-time Brownian motion
with drift p, conditioned to remain forever in the affine Weyl chamber. Let (z,,)n>0
be a sequence of elements of P, such that the sequence (%2 ),,>0 converges towards =
when n goes to infinity. For any n € N*, we consider a Markov process (A™(k), k >
0) starting from z,,, with a transition probability @, defined by (5), with w € Pﬁv
and h = Lv71(p). Notice that for n,k € N, A"(k) is a dominant weight of level
khV + (x,|5). Then the following convergence holds.

17>1.4), for A€ Fy t>0.

Theorem 7.2. The sequence of processes (LA™ ([nt]),t > 0) converges when n goes
to infinity towards the process (X, t > 0) under QF.

Proof. Propositions 4.4 and 5.1 imply that the sequence of processes (LA™ ([nt]),t >
0) converges when n goes to infinity towards a Markov process with transition
probability semi—group (gt)¢>0 defined by

a(z, Z det(w)e™ @ =0pl (w(z),y), @,y € (RAo+ b3),
wEW
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where ¥(z) = 3 oy det(w)e@!@(P)=P)  Propositions 6.1 and 6.4 imply that

P2(T = +00) .
Qt(xay) PQ(T:+OO) ( t Y, > )7 T,y € ( 0+h]R)7
which achieves the proof. |
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