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STEKLOV ZETA-INVARIANTS AND A COMPACTNESS THEOREM
FOR ISOSPECTRAL FAMILIES OF PLANAR DOMAINS

ALEXANDRE JOLLIVET AND VLADIMIR SHARAFUTDINOV

ABSTRACT. The inverse problem of recovering a smooth simply connected multisheet
planar domain from its Steklov spectrum is equivalent to the problem of determination,
up to a gauge transform, of a smooth positive function a on the unit circle from the
spectrum of the operator aA, where A is the Dirichlet-to-Neumann operator of the unit
disk. Zeta-invariants are defined by Z,,(a) = Tr[(aA)*™ — (aD)?>™] for every smooth
function a. In the case of a positive a, zeta-invariants are determined by the Steklov
spectrum. We obtain some estimate from below for Z,,(a) in the case of a real function
a. On using the estimate, we prove the compactness of a Steklov isospectral family of
planar domains in the C'*°-topology. We also describe all real functions a satisfying
Zm(a) = 0.

1. INTRODUCTION

Let Q be a simply connected (possibly multisheet) planar domain bounded by a C*°-
smooth closed curve ). See [4, Section 4] for the discussion of simply connected multi-
sheet planar domains. The Dirichlet-to-Neumann operator of the domain

Ag 1 C(09) = C=(99)

is defined by Aq f = % laq, where v is the outward unit normal to 92 and wu is the solution
to the Dirichlet problem

Au=0 1in Q, u|ag = f

The Dirichlet-to-Neumann operator is a first order pseudodifferential operator. Moreover,
it is a non-negative self-adjoint operator with respect to the L?-product

(u,v) = /uvds,

o0N

where ds is the Euclidean arc length of the curve 0€2. In particular, the operator A has
a non-negative discrete eigenvalue spectrum

Sp(2) = {0 = A(©) < M (Q) < Ma(Q) < ...},

where each eigenvalue is repeated according to its multiplicity. The spectrum is called the
Steklov spectrum of the domain . In particular, for the unit disk D = {(z,y) | 22 +y* <
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1},
SpM) ={0=XN) <X <A <...}={0,1,1,2,2,...}.

Let S = 9D = {e?} C C be the unit circle. The Dirichlet-to-Neumann operator of
the unit disk will be denoted by A : C*®(S) — C*=(S), i.e., A = Ap (this operator was
denoted by A, in [4] and [6]). Given a positive function a € C*(S), the operator aA has
the non-negative discrete eigenvalue spectrum

Sp(a) = {0 = Xo(a) < A(a) < X(a) < ...}

which is called the Steklov spectrum of the function a (or of the operator aA).

Two kinds of the Steklov spectrum are related as follows. Given a smooth simply
connected planar domain €2, choose a biholomorphism ® : D — 2 and define the function
0<ae€C®S)bya(z) =|9(2)]! (2 €S). Let ¢ : S — I be the restriction of & to S.
Then aA = ¢*Aq ¢*~! and Sp(a) = Sp(Q). See [4, Section 3] for details.

The biholomorphism & of the previous paragraph is defined up to a conformal transfor-
mation of the disk D, this provides examples of functions with the same Steklov spectrum.
Two functions a,b € C™(S) are said to be conformally equivalent, if there exists a con-
formal or anticonformal transformation W of the disk D such that

—1
% a o, (1.1)
where the function 1(6) is defined by e#®) = W(e') (U is anticonformal if W is conformal).
If two positive functions a,b € C*°(S) are conformally equivalent, then Sp(a) = Sp(b).

b=

Let D = —id : C®(S) — C*(S) be the differentiation with respect to the angle
variable. Steklov zeta-invariants Z,,(a) (m = 1,2,...) of a function a € C*(S) are
defined by

Zm(a) = Tr[(aA)*™ — (aD)*™]. (1.2)

The expression in brackets is a smoothing operator on S, this fact will be proved below.
Remind that every smoothing pseudodifferential operator on a compact manifold has a
finite trace. We emphasize that zeta-invariants are well defined for an arbitrary (complex-
valued) function a € C*°(S) although the spectrum of aA can be not discrete in the general
case. Zeta-invariants are real for a real function a, we will mostly study this case. For
a positive function a € C*(S), zeta-invariants are uniquely determined by the Steklov
spectrum Sp(a). This fact was proved by J. Edward [2] (without using the term “zeta-
invariants”), see also [6].

For a function u on the circle S = {¢? | § € R}, we write u(f) instead of u(e”).
Fourier coefficients of u € C*°(S) are denoted by i, i.e., u(f) = >, , t,e™. Edward [2]
obtained the formula

2 oo

Z1(a) = gg(n‘g’—n)\&nf (1.3)
for a real function a € C*(S). E. Malkovich and V. Sharafutdinov [6] generalized the
formula to all zeta-invariants: Z,,(a) is expressed by some 2m-form in Fourier coefficients
an. Unfortunately, the latter formula is too complicated to be useful for deriving the-
oretical results. On the other hand, Malkovich — Sharafutdinov’s formula is very easy
for computerization. Thus, unlike the hard problem of calculating Steklov eigenvalues,
zeta-invariants can be easily computed.

The main result of the present paper is the following
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Theorem 1.1. Given an integer m > 1 and a real function a € C*(S), set b =a™. The

estimate
o

Zn(a) > cm > 0¥ b,)? (1.4)

n=m+1

holds with some positive constant ¢, independent of a. In particular, Z,,(a) > 0 for every
integer m > 1 and for every real function a € C*(S).

For m = 1, estimate (1.4) follows from Edward’s formula (1.3). Theorem 1.1 was first
conjectured as a result of a lot of numerical experiments based on Malkovich — Sharafut-
dinov’s formula, we are grateful to E. Malkovich for his help with computer calculations.
For a positive function a, the statement Z,,(a) > 0 follows from a more general inequality
proved by the authors [5].

The question of describing the null space of a zeta-invariant was posed in [6]. The
question is closely related to the above-defined conformal equivalence of functions. The
following theorem gives the full answer to the question for real functions.

Theorem 1.2. For every integer m > 1 and for every real function a € C*(S), Z,,(a) =0
if and only if the function a is of the form

a(f) = ag + 2R(a,e™)  with some ay € R and a, € C. (1.5)

Observe that (1.5) holds if and only if a is conformally equivalent to a constant function.
The latter fact is not used in our proof. Again, the statement of the theorem follows from
Edward’s formula (1.3) in the case of m = 1. The “if” statement of Theorem 1.2 is proved
in [6, Section 6]. Moreover, the following more general statement is proved there. For
every integer m > 1, Z,,(a) = 0 if a € C*(S) is a (complex-valued) function satisfying
a, = 0 for |n| > 1. Our proof is independent of the latter statement.

The inverse problem of recovering a function 0 < a € C*(S) from the Steklov spectrum
Sp(a) seems to be very difficult. It makes sense to start with easier questions of the
following kind. Given 0 < a € C*(S), set

A={0<aeC>®@S)|ais conformally equivalent to a}.

How far off A can be a function 0 < b € C*°(S) satisfying Sp(b) = Sp(a)? In this direction,
we prove the following compactness theorem.

Theorem 1.3. Let a, € C>®(S) (n = 1,2,...) be a sequence of positive functions
such that the Steklov spectrum Sp(a,) is independent of n. There exists a subsequence
an, (k= 1,2,...) such that every a,, is conformally equivalent to some b, € C>(S)
and the sequence by (k = 1,2,...) converges to a positive function b € C*(S) in the
C>-topology, i.e., Db, — Db as k — oo uniformly on S for every ¢ € N.

The theorem gives the positive answer to Edward’s question [3] who has proved the
corresponding pre-compactness theorem in the Sobolev H*-topology for s < 5/2. In his
proof, Edward uses first two zeta-invariants and the values (,(—1),(,(—3) of the zeta
function. Our proof follows the same line with using estimate (1.4) for all zeta-invariants.

The paper is organized as follows.

Let W(S) be the algebra of all pseudodifferential operators on S considered as an algebra
over C. In Section 2, we consider the subalgebra C[L, H| of ¥(S) generated by the Hilbert
transform H and a general self-adjoint operator L € ¥(S) that commutes with H up to
a smoothing operator. We prove a number of statements on traces of some smoothing
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operators belonging to C[L, H]. Theorems 1.1 and 1.2 are the most important examples
of such statements. Indeed, definition (1.2) can be written in terms of the operator

L = AY2aAY? (1.6)
(we denote the operator of multiplication by a function a by the same letter a) as
Zm(a) = Tr[L*™ — (LH)*™]. (1.7)

The commutator [L, H] is a smoothing operator as is shown below. Proofs of Theorems
1.1 and 1.2 are presented in Sections 3 and 4 respectively. Section 5 contains the proof of
Theorem 1.3 and an interpretation of the theorem in terms of a Steklov isospectral family
of planar domains.

The proof of Theorem 1.3 is independent of Theorem 1.2. If a reader is not interested
in Theorem 1.2, he/she does not need to read Theorem 2.5 and the rest of Section 2 as
well as Section 4. The proof of Lemma 2.2 is presented in Appendix. If a reader either
knows a better proof of the equality Tr[AB — C] = Tr[BA — C] in the setting of Lemma
2.2 or believes that the equality is always true, he/she can do not look into Appendix.

2. ALGEBRA C[L, H|

Let S = {e? | § € R} be the unit circle. For a function u € C(S), we write u(f) instead
of u(e?). The L2-product is denoted by
2

(1, v) = % / w(0)5(0) do

0

and the corresponding norm is || - ||. The factor (2)~! is included to make {e¢’},cz the
orthonormal basis of L*(S).
We define the Hilbert transform H : C°(S) — C*(S) by

nf
mnb __ € it n > 07
He™ = { —em? if n <. (2.1)

Our definition is slightly different of the standard one: He™ = 0 for n = 0 according
to the standard definition. Observe that H is a zero order pseudodifferential operator.
Additionally, it is a unitary operator on L*(S) satisfying H? = I.

Let W(S) be the algebra of all pseudodifferential operators on S considered as an algebra
over C. We fix an operator L € U(S) and consider the subalgebra C[L, H] of U(S) gener-
ated by L and H. From the algebraic viewpoint, C[L, H] is the algebra of polynomials in
two variables (L, H). Every monomial of the algebra C[L, H| can be written in the form

AA (X € C€), where
A=L"'H...I’H (0<j, €N for a=1,...,s). (2.2)

The sum j; + - -+ + js is called the degree of the monomial in L while s is the degree of
the monomial in H.

Assume now that the commutator [L, H| is a smoothing operator. Then we can com-
mute, up to a smoothing operator, factors of product (2.2). In this way (2.2) can be
reduced, up to a smoothing operator, either to L/***J= (if the degree of A in H is even)
or to L' H (if the degree of A in H is odd). In particular, the following statement
is valid.
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Lemma 2.1. If two products Ay and Ay of form (2.2) are of the same degree in L and
their degrees in H are of the same evenness, then the difference Ay — As is a smoothing
and hence finite trace operator.

An integer m > 1 will be fixed till the end of the current section. The dependence
of different quantities on m will not be designated explicitly. The proof of the following
lemma is presented in Appendix.

Lemma 2.2. Let L be a self-adjoint pseudodifferential operator on S such that the com-
mutator [L, H] is a smoothing operator. Let Ay and Ay be two products of form (2.2)
whose degrees in H are of the same evenness. Assume that my + mo = 2m, where m; is
the degree of A; in L (i =1,2). Then

Tr [AlAQ — (LH)2m] =Tr [AQAl - (HL)2m] (23)
Let us mention two partial cases of (2.3). For A; = H and Ay = L*™H, (2.3) gives
Tr[HL*"H — (LH)*"] = Tr [L*™ — (LH)*™]. (2.4)

For Ay = H and Ay = H [[22,(I7*H) with j; + - - - + jas = 2m, (2.3) gives

=1
2s 2s

Tr [H(L”H) - (LH)Qm] " [H(HL”) - (LH)Qm].

/=1 /=1

For every ¢ € N satisfying 1 < ¢ < m, let A, be the set of sequences § = (d1,...,0) of
integers satisfying 1 < 6; <m (1 <i</¢)and é; + -+ Jp = m.

Let L be a self-adjoint pseudodifferential operator on S such that the commutator [L, H]
is a smoothing operator. For § = (6y,...,0,) € Ay, we set

Gs = (L H)(L>H)...(L*H). (2.5)

The trace Tr [G5Gs — (LH)?™| is real. Indeed, on using the trigonometric basis, we have
Tt [G5G5 — (L) = 3 ((GyGoe™, ) — (LH)>e™, 7).
nez
All summands of the series are real. Indeed, since He™? = +e™?,
(GiGse™ M0y — ((LH)?™e™ | ¢} = ||Gse™|? — (LH)?™ 1LHe™, %)
— (| Gse™|2 F (LH)?™ L, ¢in),

The right-hand side is real because (LH)*" 'L is a self-adjoint operator. Observe also

that
Tr [G5Gs — (LH)Qm] = Tr [GsG} — (LH)Qm]

by Lemma 2.2.
Define the function ¢ : {1,...,m} — R by

() = gIlEZXTI' [G3Gs — (LH)*] (1 << m). (2.6)
LY
Theorem 2.3. Let L be a self-adjoint pseudodifferential operator on S such that the

commutator [L, H] is a smoothing operator and let the function ¢ be defined by (2.6).
Then ¢ is a non-increasing and non-negative function. In particular,

Tr[L*" —(LH)*™| = (1) > ¢(m) = Tr [H(LH)"'L*H(LH)"' = (LH)*"] > 0. (2.7)

To prove the theorem, we need the following
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Lemma 2.4. Let A, B, and C be pseudodifferential operators on S such that C' is self-
adjoint and AA* — CH, B*B — CH, and AB — CH are finite trace operators. Then

R (Tt [AB — CH]) < %Tr AA* — CH] + %Tr (B'B — CH]. (2.8)
The equality on (2.8) holds if and only if A* = B
Proof. For n € Z,
(AB—CH)e™ ™) = (Be™ A%e™) — (CHe™ ™).
By the Schwartz inequality;,

‘ . ‘ ‘ 1 . 1 ,
§R ((Beme,A*em(’}) S ”Beme” HA*eme” S §|’A*€m€H2 + §HBemeH2- (29)

Taking into account that (CHe™ ™) = +(Ce™? e™?) is real, we derive from two last
formulas

§R(<(AB _ CH) o zn€>)
1 , : 1 , , ,
5(”14* ln€H2 <CH€mG, emG)) + 5(HBeln€H2 . <CH€mG, emG))
1 * nf _inbd 1 * inf _ind
=3 (AA* —CH)e™ e >+§<(B B—CH)e™ ™).
Summing these inequalities over n € Z, we arrive to (2.8).
Equality in (2.8) holds if and only if both inequalities on (2.9) become equalities for

every n € Z, i.e., if and only if A*e¢™ = Be for any n € Z. Hence equality in (2.8)
holds if and only if A* = B. O

Proof of Theorem 2.3. Define w, € Ay (1 < ¢ <'m) by
we=(m—0+1,1,...,1). (2.10)
-1
In particular, w; = (m) and w,,, = (1,...,1).
——

m

Obviously, G, = L H and
(1) =T [Gf, Gy, — (LH)*™) = Tx [HL*"H — (LH)*™).
With the help of (2.4), this gives (1) = Tr[L*™ — (LH)?™]. We have thus proved the
first equality on (2.7).
Obviously,
Gu,, = (LH)™ (2.11)
and
e(m)="Tr G} G, — (LH)*"] =Tr [(HL)™(LH)™ — (LH)*™] (212)
=Tr [H(LH)" 'L*H(LH)™ ' — (LH)*"].

This proves the last equality on (2.7).
Next, we prove that ¢(m) > 0. By (2.12),

e(m)="Tr (G} G., —(LH)*] = Z ([|Gon€™||> = ((LH)>™e™ e™%)).  (2.13)
nez
For every n € Z, we obtain with the help of (2.11)

<<LH)2mein€ zn9> <G2 inf zn9> — <G ln@ G* zn9>
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As is seen from (2.11), G, = HG.,,, H and the previous formula takes the form
(LH)*™e™ ey = (G, ™ HG,, He™).
This implies with the help of the Schwartz inequality
(LH)*™e™ ey = (HG,,, ", G, He™) < ||HG,,,e"™| |G, He™|. (2.14)
Since He™ = 4¢™? and H is a unitary operator, (2.14) is equivalent to
(LHP" e, %) < |G|

Combining this with (2.13), we obtain ¢(m) > 0.
Finally, we prove that p(¢) < (¢ —1) for 2 < ¢ < m. Let 6 = (61,...,d,) € Ay be such
that

p(0) = Tr [G3Gs — (LH)™™].
This can be rewritten as
() =Tr[(HL™)...(HL®)(HL*)H(L*H)...(L"H) — (LH)*"].

By Lemma 2.2, the last factor L% H of the first product can be moved to the first position.
Applying also H? = I, we obtain

o(f) = Tr [L%fH ﬁ(L‘S“HH)L% H ﬁ(L‘;iH) . (LH)Qm] . (2.15)

Again by Lemma 2.2, this can be equivalently written as

/-1 /-1
o(0) = Tx |12 1 [T L2 T (2o 1) = (L™,
1=2 1=2

Therefore we can assume without loss of generality that ; > J, in (2.15) (the product
I1:Z; does not appear in (2.15) when ¢ = 2).
We write (2.15) in the form

p(l) =Tr[AB — CH], (2.16)
where
-1 =1
A=LPH|[(L=+H)L"™, B=L""H][[(L"H), C=(LH)™ 'L (2.17)
=2 =2

The operators A, B, C' satisfy hypotheses of Lemma 2.4 and inequality (2.8) holds. From
(2.16) and (2.8),

o0) < %Tr [AA* — CH] + %Tr BB — CH].

With the help of Lemma 2.2, this can be written in the form

pl0) < STr[HAAH — CH] + Tx[B'B — CH] .
= %Tr [(A*H)*(A*H) — CH] + %Tr [B*B — CH]. |

Assume first that 6; > d,. Comparing (2.5) and (2.17), we see that
A*H = G5,-6,69,.601.250)s B = G146060,601), CH = (LH)*™. (2.19)
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Now, (2.18) takes the form

1

SO(E) S éTr [ ?5175[,52,...,5@,1,25K)G(61_657627---766—17262) - (LH)2m]
1

(2.20)
+5Tr (Gls1450.60,.6,1) G (61 460020n001) — (LH)™].

Here, G (s5,-6,.60,....5,_1,26,) ad G (5,45,,55,...5,_,) should be replaced by G s, s, 26,) and G'(s, +5.)
respectively in the case of [ = 2. By the definition of the function ¢,

Tr |:G>(k5175@,52,...,5g,1,25[)G(61—5e,627--.,65_17255) - (LH)QW} S SO(E)a
Tr (G5, 15,5000 C (G1480.80,50_r) — (LH)?™| < (£ —1).

Therefore (2.20) implies the desired inequality ¢(¢) < p(¢ —1).
Finally, we consider the case of §; = Jy. In this case, we have instead of (2.19)

A'H = HG,,..5, 1200 B =GG14600,0, 1) CH=(LH)™
and (2.18) takes the form

(2.21)

Here Gs,,..5, 1,26 and G(5,45,.6,...5,_,) should be replaced by G(25,) and Gs, 45, respec-
tively in the case of [ = 2. By the definition of the function ¢,

Tr [Grég,...,ég_lﬁég)G(527~~~75l71725é) - (LH)Qm] < QO(E - 1)’
Tr [ >(k51+5g,52,...,5[,1)G(61+6€7627---765—1) - (LH)2mj| S @(e - 1)

Therefore (2.21) again implies the desired inequality ¢(¢) < p(¢ —1). O

We have the following characterization of the equality in Theorem 2.3.

Theorem 2.5. Let L be a self-adjoint pseudodifferential operator on S such that [L, H]
1s a smoothing operator. The equality

Tr[L*™ — (LH)*™] =0 (2.22)
holds if and only if
(LH)™ = (HL)™ and L*H = HL*. (2.23)
The proof of the theorem is based on the following

Lemma 2.6. Let L be a self-adjoint pseudodifferential operator on S such that the com-
mutator [L, H| is smoothing. Equality (2.22) holds if and only if

(LH)™ = (HL)™ (2.24)

and
LT H(LH)™ " = LY H(LH)™ 7 L for 1<0<m—1. (2.25)
Condition (2.25) is absent in the case of m = 1.
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Proof. By Theorem 2.3, (2.22) holds if and only if
e(l)=0 for 1<¢<m. (2.26)
As is seen from (2.13) and (2.14), the equality ¢(m) = 0 is equivalent to the following
statement: the equality
(HG,, e G, He™) = ||HG,, ™| ||G.., He™|

holds for every n € Z. Besides this, the norms ||HG,,, e™| and ||G,,, He™| coincide
because He™? = 4¢™ and H is a unitary operator. Therefore ¢(m) = 0 if and only if
HG,, e" =G, He™ (n€Z),ie., if and only if
HG,, =G, H.

On using (2.11) and H? = I, we see that the latter equality is equivalent to (2.24). In
particular, we have proved the theorem in the case of m = 1.

Assume m > 2 for the rest of the proof. Replacing ¢ with m — ¢, we rewrite (2.25) in
the equivalent form

L™ H(LH)™ = LY H(LH) L2 for 1<0<m—1. (2.27)

We first prove the “only if” statement. Assume (2.24) to be valid. Let w, € A, be
defined by (2.10). By induction in m — ¢, we will prove the validity of (2.27) and of the
equality

0= () =Tr[G},Gu, — (LH)*™] for 1<1<m. (2.28)
For ¢ = m, (2.28) holds by (2.13) and (2.26).
Now, we prove (2.27) and (2.28) for | = m — 1. By (2.7),
¢(m)="Tr [H(LH)"'L*H(LH)™' — (LH)*™].

By Lemma 2.2, we can transpose the factors H(LH)™ ! and L*H(LH)™ ! on the right-
hand side

¢(m)="Tr [L’H(LH)""H(LH)"' — (LH)*™"|
=Tr [L*H(LH)™ *L*H(LH)"> — (LH)*"].
This can be written in the form
p(m) = Tr[A® — (LH)™™],
where
A=L*H(LH)"?*=G,,, .. (2.29)
The latter equality follows from (2.5) and (2.10). Operators A = B and C' = (LH)*™ 'L

satisfy hypotheses of Lemma 2.4. This is checked quite similarly to the corresponding
check after formula (2.17). Applying Lemma 2.4, we obtain

1 1
0= (p(m) < §T1" [sz_ G(Um—l - (LH)Qm} + éTr [Gwm71GZJm_1 - (LH)2m]
=Tr[G: G, ,— (LH)*"] <¢(m—1)=0.
Thus, we have the equality in Lemma 2.4 which provides the following equality
L*H(LH"?=A=A*= H(LH)™ %L*

Hence (2.27)—(2.28) holds for £ = m — 1.

Now, we are doing the induction step. Assume (2.27)—(2.28) to be valid for ¢ = s with
some s satisfying 2 < s < m — 1. We are going to prove (2.27)—(2.28) for £ = s — 1. To
this end we set

A= L*H(LH)* L™

1

(2.30)

1

. B=L"PH(LH)Y2 C=(LH)* 'L (2.31)
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and apply Lemma 2.4
Tr[AB — (LH)*™] < %Tr [AA* — (LH)*™] + %Tr [B*B — (LH)*". (2.32)
On using definitions (2.5), (2.10) and Lemma 2.2, we easily derive from (2.31)
Tr[AB — (LH)*"] = Tr[G},,G.,, — (LH)*™],

* 2m) _ * - 2m
Tr[AA* — (LH)*™] = Tr (Gl 1.1 9CGm-si..12) — (LH)*™], (2.33)

e o2
Tr[B*B — (LH)*] = Tr[G},
By the induction hypothesis,

Tr[AB — (LH)*"] = Tr |G, G,

and, by the definition of ¢,

Tr[AA* — (LH)*™ + Tr [B*B — (LH)*™]

= Tr[ ( 1.2)G(m—s,1,.,1,2) — <LH)2m} + Tr [G:sf

N> =~

G, — (LH)*™].

1

(LHP] =0

E]

(m—s,1,..., 1Gws—1 - (LH)QM]

5—2 s—2
< p(s) + (s —1) =0.
Thus, we have actually the equality in (2.32). By Lemma 2.4, this means that
L™ H(LH)* ?L?=A*=B=L"*"H(LH)* .

This proves (2.27) for £ = s — 1. Two traces on the right-hand side of (2.32) coincide
because A* = B. In other words, two traces on the left-hand side of the equality

Tr[ ( 1,2)G(m—5,w72) — (LH)2m} +Tr [G* G, — (LH)2m} —0

(m—s,1,..., Ws—1
s—2 s—2
coincide. Hence,
Tr[Gy, G, — (LH)*™] =0.

This proves (2.28) for £ = s — 1. The induction step is completed.

Now, we prove the “if” statement. Assume (2.24)—(2.25) to be valid. We are going to
prove by induction in m — ¢ that

Tr[G;,Gu, — (LH)*™ =0 for 1<1<m. (2.34)

For ¢ = 1, this gives (2.22) in virtue of (2.4) and of G,,, = L™H.

As we have shown at the beginning of the proof, (2.24) holds if and only if ¢(m) = 0.
This implies the validity of (2.34) for £ = m (see (2.12)).

Let the operator A be defined by (2.29). Setting ¢ =1 in (2.25), we see that A = A*.
With the help of Lemma 2.4, this implies that the first inequality on (2.30) is actually
the equality, i.e.,

Tt[G: |
This proves (2.34) for { =m — 1.

Now, we are doing the induction step. Assume (2.34) to be valid for ¢ = s with some s
satisfying 2 < s < m — 1. Define operators A and B by (2.31). Setting { =m — s+ 1 in
(2.25), we see that A* = B. Therefore the equality holds in (2.32) and two traces on the
right-hand side coincide, i.e.,

Tv[AB — (LH)*"| = Tt [B*B — (LH)*™].

Gy, — (LH)zm} = ¢(m) = 0.
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This gives with the help of (2.33)
Tt (G Go, — (LH)*"] = Tr[G:, G, — (LH)>].

By the induction hypothesis, the left-hand side is equal to zero. This finishes the induction
step. U

1

Proof of Theorem 2.5. By Lemma 2.6, it suffices to prove that conditions (2.23) are equiv-
alent to (2.24)—(2.25).

Assume first (2.23) to be valid. The second of conditions (2.23) means that the operator
L? commutes with H. Hence L? commutes with every operator that can be written as a
polynomial in L and H. Therefore

Lﬁ-i—lH(LH)m—Z—l — LZ(Lf—lH(LH)m—E—l) — Lf—lH(LH)m—Z—lLZ

and (2.25) holds.

Now, assume (2.24)—(2.25) to be valid. The first of conditions (2.23) holds and it
remains to prove that L? commutes with H. We can also assume m > 2. Setting
¢=m—11in (2.25), we have

L™H =L"*HL? (2.35)
and the proof is finished by applying the following statement. O

Lemma 2.7. Let L be a self-adjoint pseudodifferential operator on S. For an integer
m > 2, (2.35) is equivalent to L*H = HL?.

To prove Lemma 2.7, we need the following known statement. Unfortunately, we do
not know any reference where the statement is presented explicitly. Therefore we present
the proof too. The statement is formulated for operators on the circle although it is valid
for operators on a compact manifold.

Lemma 2.8. Let A and B be two pseudodifferential operators on S. Assume A to be a
self-adjoint operator. If A*B =0 for some integer k > 1, then AB = 0.

Proof. By induction in k, we prove the more general statement:
if A*Bu=0 for uweC™(S), then ABu=0. (2.36)

The statement is trivially valid in the case of £ = 1. Assume the statement to be valid
for some k£ > 1 and for every function v € C*(S). In particular, (2.36) holds for B = I,
ie.,

if A*» =0 for veC>®(S), then Av=0. (2.37)
Let now A*"!' By = 0 for some u € C*(S). We write this in the form A*(ABu) = 0 and
apply (2.37) to the function v = ABu € C*(S) to obtain A2Bu = 0. Then ||[ABul||*> =
(A2Bu, Bu) = 0 by the self-adjointness of A which yields ABu = 0. O

Proof of Lemma 2.7. There is nothing to prove in the case of m = 2. We assume m > 3.
Rewrite (2.35) as
L™ *L*H — HL?*) = 0.
By Lemma 2.8,
L(L’H — HL*) =0 (2.38)
and hence
(L*H — HL*)L = —(L(L*H — HL*))* = 0. (2.39)
Given a function u € C°°(S), we consider the decomposition u = wuj + ug, where

u; € Ran(L) and uy € Ran(L)L = Ker(L) (by the self-adjointness of L) when we look at
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L as an unbounded operator on L*(S). Then we have (L?H — HL*)u; = 0 by (2.39) and
(L*H — HL?)u = L?Huy. Therefore

(L*H — HL*)u||* = (L*Huy, (L*H — HL*)u) = (LHuy, L(L*H — HL*)u) =0
by (2.38). Hence (L*H — HL?)u = 0. O
As the first consequence of Theorem 2.5, we have the following

Corollary 2.9. Let L be a self-adjoint pseudodifferential operator on S such that the
commutator [L, H) is smoothing. If Tr[L*™ — (LH)*"] = 0, then Tr[L*™ — (LH)*™] =0
for every integer p > 1.

Proof. We argue by induction in p. Assume Tr[L?*™ — (LH)?*™] = 0 for some p > 1. By
Theorem 2.5 applied to both m and pm, we have

L*H =HL? (LH)" = (HL)™, (LH) = (HL)"™.
From this
(LH)#PT)™ = (LH)™(LH)™ = (HL)"™(HL)™ = (H L)@ )™,
Applying Theorem 2.5 again, we derive from the latter formula
Te[L2@H)m — (LH)*P+HDm] = o,
O

We give results on optimality of Corollary 2.9. For A € (0,400), let L, be the self-
adjoint finite rank operator defined by

Lne® = ¢ 4 Ae ™ Ly ® = —e i 4 A L™ =0 for n¢ {—1,1}. (2.40)

Lemma 2.10. The equality

I3H=HL3 (2.41)
holds for every 0 < X\ € R. For an integer j > 2, the equality
(LyH)’ = (HL,), (2.42)

holds if and only if A
I((1+1ir)) =0.
Proof. Definition (2.40) implies that
L3e = (1 + X)e™ 3™ =0 for n¢{-1,1}

Hence L3 commutes with H, i.e., (2.41) holds.
From (2.40) it follows that

LyHe® =e® + Ne ™ LyHe ™ =e -\ Lye™ =0 for n¢{-1,1}.

The plane P spanned by {e**} is an invariant subspace of the operator LyH and the
restriction of LyH to Pt is zero. The restriction My of LyH to P is expressed by the
matrix

My=1+\J, where J= (_01 é)

and [ is the unit 2 x 2-matrix. Since J? = —1I,

j . Li/2] J J
Mi _ Z (é) gt — Z(_l)z < _((2;)))\ (zz(J;1)))‘ ) A2 (2.43)

{=0 (=0 20+1 2l
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where |z] is the integer part of x > 0 and the following agreement is used: (2/+ ) =0 if
j < 20+ 1. Equality (2.42) is equivalent to

(1 0., (1 0
w=(o B %),

On using (2.43), we see that (2.42) is equivalent to

13/2] j
1) A2+ —
>y )4t =

=0
Finally, we observe that the left-hand side of the last equality is S((1 + i\)7). O

The following statement demonstrates the optimality of Corollary 2.9.

Proposition 2.11. Given an integer m > 2, set A = tan(-). For an integer j > 1, the
equality ‘ A

Te[LY — (LyH)%] =0
holds if and only if j is an integer multiple of m.

Proof. As is seen from A _
S((1+4A)) = (cos 1)_]%(ei%),
m
(2.42) holds if and only if j is an integer multiple of m. Applying Lemma 2.10, we obtain

the statement: (LyH)? = (HL,)’ if and only if j is an integer multiple of m. By Theorem
2.5 and (2.41), the latter statement is equivalent to the proposition. U

The following result sharpens Corollary 2.9.

Theorem 2.12. Let L be a self-adjoint pseudodifferential operator on S such that the
commutator [L, H| is smoothing. Let m be the greatest common factor of integers my > 1
and mg > 1. If

Tr[L*™ — (LH)*™] = Tx[L*™ — (LH)*™] = 0,
then (LH)™ = (HL)™ and Tx[L*™ — (LH)*™] = 0 for any integer p > 1.

Together with inequality (2.7), this implies

Corollary 2.13. Let L be a self-adjoint pseudodifferential operator on S such that the
commutator [L, H] is smoothing. Either Tr[L?* — (LH)*] > 0 for every p € N or there
exists an integer m > 1 such that, for every k € N, Tr[L?* — (LH)?*] = 0 if and only if k
1s an integer multiple of m.

Proof of Theorem 2.12. 1f ms is an integer multiple of m; or m; is an integer multiple of
mo, the statement follows from Corollary 2.9. For the rest of the proof we assume that
m < min(mq,ms). Choose integers a and b such that am; + bms = m. We can assume
without loss of generality that a > 0 and b < 0 (otherwise invert roles of m; and ms).
By (2.23), L? commutes with H and the following equalities hold:
(LH)™ = (HL)™, (LH)™ = (HL)™.

On using these equalities and am; = —bms + m, we derive

(LH)*™ = (LH)™"™%" = (LH)™""*(LH)™,

(LH)™™ = (HL)™™ = (HL)™"™*™ = (HL)""™(HL)™ = (LH) "™ (HL)™.
This implies

(LH)™"™((LH)™ — (HL)™) = 0.
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On using Lemma 2.14 that is presented below, we obtain (LH)™ = (HL)™. Then the
statement of the theorem follows from Corollary 2.9. O

Lemma 2.14. Let L be a self-adjoint pseudodifferential operator on S such that L? com-
mutes with H. If (LH)*((LH)™ — (HL)™) = 0 for some positive integers k and m, then
(LH)™ = (HL)™.

Proof. We first prove by induction in ¢ the following statement: for every u € C*(S),
if (LH)'Lu=0 forsome (&N, then Lu=0. (2.44)

There is nothing to prove when [ = 0. Assume (2.44) to be valid for some [ > 0 and assume
that (LH)*'Lv = (LH)*(LHLv) = 0 for some v € C*(S). Applying the induction
hypothesis to the function u = H Lv, we obtain

LHLv = 0.

On using the self-adjointness of L and permutability of L? and H, we derive from the last

formula
0=|LHLv|? = (LHLv, LHLv) = (L*H Lv, H Lv)

= (HL*v, HLv) = (L*v, Lv) = || L*v|)*.
We have also used that H is a unitary operator. Hence Lv = 0. We have thus proved
(2.44).

Now, the equalities
0 = (LHY(LH)™ — (HL)"™) = (LH)*" LH((LH)" — (HL)")
— (LH)'L{(HL)" — (LH)")H
imply with the help of (2.44) that
L((LH)™ —(HL)™) =0. (2.45)
Given u € C*(S), we have by (2.45)
|(LHY™ - (HL)")ul?
= (L((LH)™ — (HL)™)u, (HL)" 'Hu) — (((LH)™ — (HL)™)u, (HL)™u) (2.46)
= —(((LH)™ = (HL)" )u, (HL)"™w).
Represent u as the sum u = u; + ug, where u; € Ran(L) and usy € IVT(L)l = Ker(L)

when we look at L as an unbounded operator in L?(S). Then (HL)™u = (HL)™u; and
(2.46) gives

I(LH)™ = (HL)™)ull® = =((LH)™ ((LH)™ — (HL)™ )u, u1).
Choose a sequence uy, € C*(S) (n =1,2,...) such that Luy,, converges to u; in L*(S)
as n — +o0o. Then
I((LH)™ = (HL)™)ul]* = = lim ((LH)™((LH)™ = (HL)™)u, Lt )
— — lim (L(LH)"(LH)" = (HL)")u, ur.)

= — lim (L*(HL)" *H((LH)™ — (HL)™)u, uy ).

n—oo

On using the permutability of L? and H, we obtain
I(LH)™ — (HL)™)ul]* = — lim (HL)" ' HL*((LH)™ — (HL)™)u, uyn).
n—oo
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By (2.45), the right-hand side of the latter formula equals zero and we obtain
(LH)™ — (HL)™)u = 0.

3. PROOF OF THEOREM 1.1

Let AY2 : C*(S) — C*(S) be the nonnegative self-adjoint operator satisfying (A'/2)? =
A. In other words, A'/? is defined by

AY2em =\ [n|e™  (n € 7). (3.1)
The operator D can be expressed through A2 and H:
D = AYV2HAY2, (3.2)

Obviously, operators A2 and H commute.

Given a real function a € C*(S), define the operator L : C*(S) — C*(S) by formula
(1.6), where a stands for the operator of multiplication by the function a. We do not
designate the dependence of L on a explicitly in order to use formulas of the previous
section without changing notations. Nevertheless, the reader should remember that L
depends on a.

Observe that L is a self-adjoint first order pseudodifferential operator and satisfies

(L, H] = AY?[a, H]AY?. (3.3)

The commutator [a, H] is a smoothing operator for every function a € C*°(S) [4, Section
5.4]. We see from (3.3) that [L, H] is also a smoothing operator. By Theorem 2.3,

Tr[L*™ — (LH)*™] > 0. (3.4)
As follows from (1.6) and (3.2),
L™ = AY2(aN)>™ YaAY?,  (LH)™ = AY2(aD)*™ taAY?H. (3.5)
Substitute these values into (3.4) to obtain
Tr [/\1/2(aA)2m*1aA1/2 — Al/z(aD)2m*1aA1/2H] > 0.
With the help of the trigonometric basis, this can be written as
Z (<(aA)2m*1aA1/26m€, A1/26m9> _ <(aD)2m*1aA1/2Hem€, Al/zeme>) >0
nez

As is seen from (2.1) and (3.1),
<(G,A)2m_1a,A1/26in0,A1/26in6> |TL|< 2m 1 zn9> _ < CLA 2m zn@ zn9>

<(aD)2m’1aA1/2Hem9,AI/Qem@> = n< aD)zm*lae ,em@> = < (aD) 2mem9,em9>.
Therefore
Tr[L*™ — (LH)*™]
_Z( aA 2m—1, \1/2¢in0 \1/2, m0> <aD )2l A2 Feind A2 zn9>>
nez
=3 ({(ah)?e ) = ((@D)>e™, %)) = Te{(ah)*" ~ (aD)*"] = Zy(a),
nez

In particular, we have proved (1.7). Together with (1.7), inequality (3.4) proves the second
statement of Theorem 1.1: Z,,(a) > 0.
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Lemma 3.1. Given a real function a € C*(S) and integer m > 1, define functions
gn € C®(S) (n€ Z) by

gn(0) = (D)™ Lae™. (3.6)
Then
Zn(@) 24 S k(@) sl (3.7)
n>0,k>0

Proof. By Theorem 2.3,

Te[L2™ — (LH)™] > Tr [H(LH)™ ' L2H(LH)™" — (LH)*™].
By (1.7), the left-hand side coincides with Z,,(a), i.e., the inequality can be written as

Zw(a) > Tr [H(LH)" 'L*H(LH)™ " — (LH)*™]. (3.8)
As follows from (3.2) and (1.6),

H(LH)"'L*H(LH)""' = HAY?(aD)™ *aA(aD)™ 'aAY?H.

Substitute this value and (3.5) into (3.8)
Zm(a) > Tr [HAl/Z(aD)m_laA(aD)m_laAl/ZH — Al/g(aD)Qm_laAl/ZH}.
On using the trigonometric basis, we write this in the form
Zm(a) > Z <<HA1/2(aD)mflaA(aD)mflaAl/zHez‘n97 ein?)

nez (39)
_ <A1/2(aD)2m_1aA1/2Hem9, eme>> .

On using the equalities He™ = sgn(n)e™® and A/2e? = |n|'/2e™  we transform the
first summand on the right-hand side of (3.9) as follows:

<HA1/2(aD)m_laA(aD)m_laAl/QHeme, 6in0>
— < CLD mflaA<aD)mflaA1/2H inf A1/2H6in€>
‘n‘< CLD m— 1CLA<CI,D m— 1 zn9>
— ‘n‘<( CLD m—1 ) A(CLD m 1 ln€>
= |n[(A(aD)" " ae™’, (aD)"a Z"9> = [n[{Agn, gn)-

We have used (3.6) for the last equality of the chain. The second summand on the
right-hand side of (3.9) is transformed similarly:

<A1/2(al))2rrL71aA1/2]¥€ino97 ein€> — <<aD>2mflaA1/2H€in9’A1/2€in9>
= n<<aD)2mfla€in9’ em€> _ n<((aD)m’1a)*D(aD pinf m9>
= n<D(aD)m_1aei"9, (aD)m_laei"9> =n(Dgn, gn)-

Now, (3.9) takes the form

Zn(@) 2 Y (Inl{Agn; ga) = 1(Dga g0) ) (3.10)

nel
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We transform the sum on the right-hand side of (3.10) as follows:

> (Inl{Agn, gu) = n(Dgn, g0)) =

nez

= " n({Agn: gn) = (Dgn: gu)) + > _(=1) (Mg, gu) + (D, gu)) (3.11)

n>0 n<0
= n{(A=D)gn, gn) + Y _ n{(A+ D)g—n, g-n).
n>0 n>0

The operator D satisfies Dg = —Dg. Therefore

Tn = (aD)2m1gein? = —(aD)*™ ae ™ = —g_,,.

Formula (3.11) is now written as

> (1nl{Agn, gn) = (DG, ga)) = > n{(A = D)gn, ga) + Y n((A + D), G).  (3.12)

nez n>0 n>0

For any function g,

(A=D)g,g) =2 klg—il>, ((A+D)g,g)=2> klgl*.
k>0 k>0

Therefore (3.12) takes the form

> (Inl{Agn gu) = 14Dgu ga) =2 D, k() +2 ) nkl@)el

nez n>0,k>0 n>0,k>0

Since (g); = §_i for every function g, the latter formula can be written as

S (10l{AGa, gu) — n(Dgayga)) =4 > k| (G) el

nez n>0,k>0

Replacing the right-hand side of (3.10) with the latter expression, we arrive to (3.7). O

Proof of Theorem 1.1. For m = 1, estimate (1.4) follows from Edward’s formula (1.3).
Therefore we assume m > 2. Such m is fixed till the end of the proof as well as a real
function a € C*(S). The dependence of different quantities on m and a is not designated
explicitly.

Obviously, for 1 < n € N,

m

(aD)™" ae™ = ( Z ns_lfs) et (3.13)
s=1
where
fm=a"=b (3.14)
and
fs=Ps(a,Da,...,D" %a) for s=1,....m—1
with some universal polynomials Py(X7, ..., X,,_s) in m — s variables.
Define functions g, € C*(S) (n € Z) by (3.6). With the help of (3.13), we see that

m

G)k =D 0 () oy (h=1,2,...).

s=1
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Substituting this value into (3.7), we obtain

0o j— m R 5
>4y nk’Zns F | =433 onG—m) | S w (Ros[ 319)
n,k=1 j=2 n=1 s=1
For every integer j > 2, introduce the sesquilinear form F; : C™ x C™ — C by
130 - -
Fi(w,y) ==Y —(L=n/i)> (n/i) 2> (n/§) '
Yt j s=1 t=1
Observe that the corresponding Hermitian form is non-negative:
1 i n = st |2
Fy(w.a) =~ > S =n/i)| S /iy =0 (3.16)
J n=1 J s=1
For j > 2, define the vector f] € C™ by
(i) =01 f)= (1<s<m), (3.17)
Then
Jj—1 m 5 o
n(i—n) | > (R (Fir 1)
n=1 s=1
and inequality (3.15) can be written in the form
a) > 4) P F(f;, fy).
j=2
Since all summands on the right-hand side are non-negative, this implies
j=m+1

Lemma 3.2. There exists a positive constant c,, depending only on m such that
Fj(z,2) = ]|zl

1/2

for every j > m+ 1 and for every x € C™, where ||z|| = (30", |a,|*) " is the standard

norm on C™.

The proof of the lemma is presented at the end of the section, and now we finish the
proof of Theorem 1.1.
With the help of Lemma 3.2, we derive from (3.18)

a) >dcn Y PIGIP = 4em Y 5

j=m+1 J=m+1
By (3.14) and (3.17), (f;)m = jmfll;_j. Substituting this value into the last inequality,
we obtain
Zn(a) > dey Y 77
j=m+1

This coincides with desired inequality (1.4) because |b_;| = |b;]. O
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Proof of Lemma 3.2. Introduce the sesquilinear form F, : C™ x C™ — C by

1 m—1 m—1
Foo(a:,y):/ t1—1)) e > gt
0 5=0 s'=0

The right-hand side of (3.16) is the Riemann integral sum for the integral

Foa,z) = /01 (1) itslxs

Therefore F, = lim; , F;. Since the Hermitian forms Fj(z,z) and F(x,x) are non-
negative, it suffices to prove that, for j > m + 1,

Fo(z,z) #0 and Fj(z,x) #0 for 0# 2 € C™.
In view of (3.19), the equality Fi(x,z) = 0 means that

2
dt. (3.19)

Ztsflxs =0 for te(0,1).
s=1

Choosing a sequence 0 < t; < --- < t,,, < 1, we obtain the linear system

with the non-degenerate matrix (tzfl)lgk,sgm. Therefore x = 0.
Let j > m+ 1. In view of (3.16), the equality Fj;(z,z) = 0 implies

Z(n/j)s’lxs =0 (1<n<m).
s=1
This is again a linear system with non-degenerate matrix which implies = = 0. U

4. THE NULL SPACE OF ZETA-INVARIANTS

In the case of a general operator L, Corollary 2.9 cannot be improved. However,
Corollary 2.9 is greatly improved by Theorem 1.3 when L = AY2aAY? for a real function
a € C>(S).

Proof of Theorem 1.3. The case of m = 1 follows from Edward’s formula (1.3). We assume
m > 2 for the rest of the proof.
We first prove the “if” statement. Assume (1.5) to be valid. Then

aN =aDH = HaD, (4.1)
i.e., the operators aD and H commute. Indeed, for n € Z,
HaDe™ = nHae™® = nagH (™) + nay H (/™Y 4 na_ H(e' 1)
= |n|age™ + |n|a e’ ™V 4+ nja_ eV = gAe™.
As is seen from (4.1) and the identity H* = I, (aA)*™ = (aD)?*™ and hence Z,,(a) = 0.

Let D = {z € C| |z| < 1} be the interior of the unit disk . We say that a function ¢ €
C'(S) admits a holomorphic extension to D if there exists ® € C (D) which is holomorphic

in D and such that Dls = .
Now, we prove the “only if” part. Assume that Z,,(a) = 0. By (1.7),

Te[L™ — (LH)™| = Zyn(a) = 0
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for the operator L = AY2aA'/?. Apply Theorem 2.5 to obtain L2H = HL?, i.e.,
A2ahaAYV?H = HAY?ahaAY2.
This implies
A2aNaNV?He® = HAYV2ahaA ™.
Since A'2He" = A2 = ¢ the last formula can be written as
AY2h = HAY?h, (4.2)
for the function h defined by ) ‘
h = aMae™. (4.3)
Applying the operator A2 to equality (4.2), we obtain (A — AY2HAY2)h = 0. With the
help of (3.2), this can be written as
(A —D)h =0. (4.4)
As follows from definitions of A and D, (A — D)h = —2 Y k<o k:;Lke““@. Therefore each of
equations (4.2) and (4.4) is equivalent to the statement:
h admits a holomorphic extension to D. (4.5)
Next, we prove that

6 = (ae”)™ admits a holomorphic extension to D. (4.6)

This follows from (1.4). Indeed, since Z,,(a) = 0, we see that (ﬁ)j =0 for |j| > m+ 1.
Hence § admits the holomorphic extension given by the polynomial

Z (@), .2 (z€D).

We assume for the rest of the proof that a is not identically zero. In particular the
function § in (4.6) is not identically zero and a(f) # 0 for 6 belonging to a dense subset
of R. Then from (4.3) it follows that

h = ahae® = a(A + D)(ae’®) — (aDa)e®? — a?e®.
Multiply this equation by o
6h = ad(A + D)(ae?) — §(aDa)e” — dae?. (4.7)
As easily follows from definition (4.6) of 9,

§(aDa)e™ + da?e = i(12(D5)ei0.
m

Therefore (4.7) can be written as

6h = ad(A + D)(ae'?) — i(126’0D5. (4.8)

m
Introduce the functions

1 . A
f=——€"Ds, g=0(A+D)(ac®), h=75h. (4.9)
m
Then equation (4.8) is written as
h=af + ag. (4.10)
Multiply this equation by a™ 2

amf — am72h - amflg.
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As is seen from definition (4.6) of 6, a™ = e~"™%§. Substitute this expression for a into
the left-hand side of the last formula

™05 f = a™?h —a™ g, (4.11)
Multiplying this equation by a and using a™ = e~"™%§ again, we obtain one more equation
e ™085g = a™ " h — ae”™65 f. (4.12)

The function (A + D)u admits a holomorphic extension to D for every u € C*(S).
Besides this, if functions v and v admit holomorphic extensions to D, then the functions
u + v, uv, and Du are also holomorphically extendible to ID. Therefore each of the
functions f, g, h admits a holomorphic extension to D as is seen from (4.5)—(4.6) and
(4.9). Since a is a real function that does not vanish on a dense subset of the circle,

(A + D)(ae™), ahae™, and D§ are not identically zero.

Hence f, g, and h are not identically zero.
We will use the following

Lemma 4.1. Let a real function b € C*®(S) be such that b*e*’ admits a holomorphic
extension to D for some integer s > 1. If b satisfies the equation

b " =" (4.13)
for some integer r > 1, where both functions @, € C(S) admit holomorphic extensions
to D and 1 is not identically zero, then the function b is of the form

b(0) = by + 2R(b1e)  for some by € R and by € C. (4.14)

The proof of the lemma is given at the end of the section.

Now, we consider separately the case of m = 2. In this case § = e*?a2. Multiply
equation (4.10) by ?

ae®g = —6f + *h.

Hypotheses of Lemma 4.1 are satisfied for (b, p,9,7,s) = (a,e*?g, —0f + €*°h,1,m).
Applying Lemma 4.1, we obtain that a is of form (1.5). We assume m > 3 for the rest of
the proof.

Let us also consider separately the case of m = 3. We write system (4.10)—(4.12) in the

matrix form
-9 —f a fh
h —q ( o2 ) = | e3%f |. (4.15)
_673i95f h e%&i&ég

First, assume that ws = g% + fh is not identically zero. Eliminating a? from first two

equations of system (4.15), we obtain
a(e¥wy) = 52 + *?gh.

Hypotheses of Lemma 4.1 are satisfied for (b, p,v,7,5) = (a, 3wy, 52 + 3gh, 1,m).
Applying Lemma 4.1, we obtain (1.5).

Next, assume that wy is identically zero but 8 = §f? + €*%gh is not identically zero.
Eliminating a? from first and third equations of system (4.15), we obtain

af = —0fg+eh2.

This again implies (1.5) with the help of Lemma 4.1.

Finally, consider the case when both § and wy are identically zero, i.e., when

g*+ fh=0, a*f*+gh=0.

1360
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This implies
A= gt
Applying Lemma 4.1 with (b, p,9,7,s) = (a, f,g,3,m), we obtain (1.5).
We assume m > 4 for the rest of the proof. Multiply equation (4.10) by a*

ath=a2f +ag (0<L<m—1). (4.16)
We combine equations (4.16) and (4.9)—(4.10) into the system
—ga— fa* = —h,

ha — ga* — fa® =0,

ha® — ga® — fa* =0,

hamf?; _ gamf2 _ famfl — 0,

hamf2 . gamfl — efime(sf’
—e ™5 fa+ ha™ ! = e ™5g.

Write the system in the matrix form

—h
a 0
!/ a2 :
M| = ; (4.17)
almfl efim95f
e—ime(sg

with the m x (m — 1)-matrix that has the block structure

! _ ) Mm—l
m=l 7\ e IS F Oh /°

where M, 1 coincides, for n = m — 1, with the three-diagonal n x n-matrix

g —f 0 0 0 .. 00 0 0 0

h —¢g —f 0 0 ... 00 0 0 0

0O h —-g —f 0 ...00 0 0 0
M, =

0 0 0 0 0 ...0Hh —g —f 0

0O 0 0 0 0..00 h —g —f

0O 0 0 0 0..00 0 h —g

The matrix M, is well defined for n > 2. Actually, we have already used Ms: system
(4.15) is a partial case of (4.17).

Let w,, be the determinant of M,,. Developing the determinant with respect to the first
row, we obtain the recurrent formula

Wy, = —gwy_1 + hfw, o for n>4. (4.18)
Additionally, for any n > 2,

w, has a holomorphic extension to D
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since f, g, and h do have such extensions. Observe also that
wy = g*>+ fh, ws=—g(g*>+2fh). (4.19)

First, assume that w,,_; is not identically zero. Considering first m —1 equations of sys-
tem (4.17) and inverting the matrix M, ;, we obtain that a(e"™w,, ;) has a holomorphic
extension to . Applying Lemma 4.1, we obtain (1.5).

Next, assume that both functions w,,_; and w,,_» are identically zero. With the help
of (4.18), this implies w; = 0 for every j > 2. In particular, wy = w3 = 0 that gives, by
(4.19), g = 0. This contradicts our previous assumption on g. Therefore we assume for
the rest of the proof that w,,_ 1 = 0 but w,,_» is not identically zero.

Let M"Y | (respectively, M® ) be the (m — 1) x (m — 1)-matrix obtained from M’ |
by deleting the (m - 1)- th row (respectively, by deleting the first row). Denote the

determinant of M 1 by w ", (i =1,2). A straightforward computation shows that
Wil | = hwg_y — e s W@ = (=)™ te™ ™05 fa,, o + R (4.20)

m—1 m—1
(2)

m_1 is not identically zero, we can conclude as we did before: either
zm@ (2 1)
Wy,

If either w( ) Lorw

a(eimgwg)_l) or a(e

Lemma 4.1.
Finally, assume that w

has a holomorphic extension to D, and then obtain (1.5) by

() =  =0. Then (4.20) implies

m— m—1 =
B = (1) ()
Since § = a™e™?, this can be written as
()" " = (~h)".
Applying Lemma 4.1 with (b, p, 4,7, s) = (a?, f, —h, m,m), we obtain
a(0) = éy + 2R(¢1e™).
In particular, e admits a holomorphic extension to . Now, we can proceed in the

same way as in the above-considered case of m = 2. Namely, multiply equation (4.10) by
2i0
e

26 2

ae?g = 20 — 2042,
The right-hand side admits a holomorphic extension to D). Applying Lemma 4.1 with
(b, p,9,7,8) = (a,e*?g,e*h — e*a’f 1,2), we obtain (1.5). O

Proof of Lemma 4.1. Taking the sth power of both sides of (4.13), we obtain ™" = "
and b"*¢e"*? admits a holomorphic extension to ID. The lemma is thus reduced to the case
of r =s.

Assume hypotheses of Lemma 4.1 to be satisfied with r = s. Let A be the holomorphic
extension of b"e™ to . We assume that A is not identically zero, otherwise b = 0 and
there is nothing to prove. Since b is a real function, we have

e A(ei) = eI A(e™). (4.21)
With the help of the Cauchy theorem, we derive from the last equation

2 2 ] 2
/ A(e?)e 120 qh — / Aei?)e " dp = / A(e?)e*fdh = 0
0 0 0

for £ > 0. Therefore A(z) is a polynomial of degree at most 2r. In addition, as is seen
from (4.21),

A(1)z) = 27 A(z) for ze C\{0}. (4.22)
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If
A(z) = a9 2" + agp12” 7+ - 4 a1z + ag, (4.23)
then equation (4.22) is equivalent to
Q; = gy (O S 1 S 27") (424)

Let ® and ¥ be analytic extensions to D of functions ¢ and ¢ respectively. By the
uniqueness theorem for holomorphic functions, (4.13) implies

2Z'U(z) = A(2)®"(z) for ze€D.
This implies: if 2y € D is a zero of order & for the function ®(z), then zy is zero of order
> k for 2¥(z). Therefore H(z) = 2U(z)/®P(2) is a well defined holomorphic function on
]]3) and
H'(2) = Alz) for z€D. (4.25)

First, assume A to have a zero 0 # z; € C\ S. By (4.22), 1/%, is also a zero for A
of the same order. We can assume |zp| < 1, otherwise change roles of z; and 1/%,. By
(4.25), zo is a zero of H. Therefore 2y and 1/Z, are zeros of order > r for A = H". Since
A is a polynomial of degree at most 2r, we see that

AR)=c(z—2)"(z— 7)) (4.26)

for some constant ¢ # 0. Thus, z, is a simple zero of H. Now, (4.25) and (4.26) imply
that
H{(z)
c(z — 20)(z — 1)
By the maximum principle, there exists a constant ¢; # 0 such that

H(z) =ci(z — 20)(z — 55 1).

=1 for zE]ﬁ).

Now, we have

Az —20) (2 =2 ") =2"b(2) for z€S.
Since the left-hand side does not vanish on S, this implies the existence of a constant
¢y € C such that

b(2) = coz Mz — 20)(z — 75 ') for z€S.
For a real function b, the last equation implies (4.14).

Next, assume 0 to be a zero of A. Again 0 is a zero of H and then 0 is a zero of order

> r for A, ie, ap=---=a,_; =0 on (4.23). With the help of (4.24), this implies the
existence of a constant ¢ # 0 such that A = ¢"2". Hence b is a constant function and

(4.14) holds.

Finally, assume that all zeroes of the polynomial A belong to S and let zy be one of
them. Since A(z) = 2"b"(z) for z € S, we see that b(zp) = 0. This implies that z, is a
zero of order > r for A. Therefore A has either two distinct zeros of order r or a single
zero of order 2r. Therefore there exist a constant ¢ and 27, zo € S such that

Az) =clz—21)"(z — 22)"=0"(2)z" for z€S.

Since b is an infinitely smooth function, this implies the existence of a constant ¢; € C
such that

b(2) =c127 2z — 21)(2 — ).

Again, the latter equation implies (4.14) for a real function b. O
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5. THE COMPACTNESS THEOREM

The following statement belongs to Edward [3, Proposition 1]. The proof is presented
in [1]. Since the latter paper is not easily accessible, we present a proof in Appendix.

Lemma 5.1. Given a positive function a € C®(S), there exists a function b € C>(S)
which is conformally equivalent to a via a conformal transformation of the disk D and
such that by = 0.

We will need one more Edward’s result [3, Propositions 3 and 4]:

Lemma 5.2. Let a, € C*(S) (n=1,2,...) be a sequence of positive functions such that
the Steklov spectrum Sp(ay,) is independent of n. Assume additionally that (a,); = 0 for
every n. Then

[(an)ol < Co (5.1)
and
a,(0) >c (0 €R) (5.2)

with positive constants ¢ and Cy independent of n.

Let us remind that, for every real s, the Hilbert space H*(S) is the completion of C*°(S)
with respect to the norm

lalfreey = D (L4 |nf*)laal* (5:3)

nel

Lemma 5.3. Let a, € C°(S) (n=1,2,...) be a sequence of positive functions such that
the Steklov spectrum Sp(ay,) is independent of n. Assume additionally that (a,); = 0 for
every n. Then the sequence is bounded in H*(S) for every s € R, i.e.,

mss) < Cs (5.4)

]

with a constant C's independent of n.

Proof. Zeta-invariants Z,,(a,) are independent of n. By Edward’s formula (1.3),

Zifon) = 3 SO0 = W@ 2 5 S0+ BN@E = ¢ (laallyaey — 1@ )ol?).

k>2 k>2

We have used that (a,); = 0. With the help of (5.1), this implies
9 R 9
Jan sy < 321 0) + (@ )of? < 321(a) + C

Thus, the sequence a,, is uniformly bounded in H%2(S). Since H*?(S) C C(S), we have
in particular a,(f) < C (6 € R) with a constant C' independent of n. Combine this with
(5.2)
0<c<a,(0)<C (#eR). (5.5)
Now, we prove the statement: for every integer m > 1, the sequence o (n =1,2,...)
is uniformly bounded in H™*+/2(S). Indeed, (5.5) gives

A" <ar@) <C™ (0€R). (5.6)

This implies
27

|(am)] = |=— / e kg™ (0) dg| < C™. (5.7)
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By Theorem 1.1,

> Rl < ) Zm(an).
k=m-+1
Therefore -
> @+ EY @l < 26, Zi(an). (5.8)
k=m+1

Estimates (5.7) and (5.8) imply
lam Fmsirzgy = D (L RP™ D @el +2 Y (14 k™)@l
k| <m k>mt1
< (2m+1)(1+m*™ ) C*" + de;) Zon(an).
Thus,
lan | m+1/2s) < Cos

where C% = (2m+1)(1+m*™ ™) C?™ +4c; ! Z,,(a,,) is independent of n. Since || -|| gm(s) <
| = |l grm+1/2(s), we have
For an integer s = m, norm (5.3) can be equivalently written as

|U||Hm(s Z ||Dku||L2(S

On using this definition and estimates (5.5), one easily proves the equivalence of the norms
|lan||mm(s) and || log(ay,)| mms), i-e., the validity of estimates

1
C’

with a constant C/, mdependent of n. In view of (5.6), the same is true for a”

lanlzms) < 1og(an)llams) < Cpllanams) (5.10)

ol sy < [[log(ay) | ams) < Crllay [ ams). (5.11)
C’

Finally, we prove the uniform boundedness of the sequence a,, in H™(S). Since log(a,) =
+ log(ay"), estimates (5.9)-(5.11) give

!

lanllzm) < Crulllog(an)llrme) = —* [ log(an) | ams)
C/ C// C C/ C//
< o g < S2CnCm,
Thus, the sequence a,, (n = 1,2,...) is uniformly bounded in H™(S) for every integer m
and hence in H*(S) for every real s. O

Proof of Theorem 1.3. Let a sequence a, € C*(S) (n = 1,2,...) of positive functions
satisfy hypotheses of Theorem 1.3. With the help of Lemma 5.1, we can assume without
loss of generality that (@,); = 0 for every n. Therefore estimates (5.1) and (5.2) are valid
as well as estimate (5.4) is valid for every s € R. Since the embedding H'(S) C C(S) is
compact, we can choose a subsequence converging in C'(S). The limit function a € C(S)
satisfy
a(@) >c (0 €R)

as follows from (5.2). Since the embedding H'(S) C H?(S) is compact, we can choose
a sub-subsequence converging to a in H'(S), and so on. On using the classical trick
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of choosing the diagonal sequence, we obtain a subsequence a,, (k = 1,2,...) which
converges to a in H*(S) for every s € R. In other words, a,, converges to a in C*(S). In
particular, a € C*®(S). O

Finally, we give an interpretation of Theorem 1.3 in terms of Steklov isospectral families
of planar domains. Let €, (n = 1,2,...) be a sequence of smooth bounded simply
connected (probably multisheet) planar domains. We say that the sequence converges in
the Cp,(D)-topology if, for every n, there exists a biholomorphism @, : D — Q, such
that the sequence @, converges to some ® : D — R? in the C*°(ID)-topology; the set ®(D)
is the limit of the sequence.

Theorem 5.4. Let 2, (n =1,2,...) be a sequence of smooth bounded simply connected
(probably multisheet) planar domains. Assume that the Steklov spectrum Sp(£2,) is inde-
pendent of n. Then there exists a subsequence 0, (k = 1,2,...) such that, for appro-
priately chosen isometries Iy, : R? — R?, the sequence I,(Q,,) converges in the C;(D)-
topology to some smooth bounded simply connected multisheet planar domain.

Proof. By the Riemann theorem, there exists a biholomorphism &, : D — €2, for every
n. Define positive functions a,, € C*(S) by a,(z) = |®/,(z)|"! for z € S. The Steklov
spectrum Sp(a,) = Sp(£2,,) is independent of n. By Lemma 5.1, for every n, there exists a
conformal transformation W, : D — D such that the function b, (2) = a,(¥a(2)) |} (2)| "
satisfies (Z;)l = 0. Then b,(z) = |®,(2)|~" (z € S) for the diffeomorphism ®, = ®, 0 ¥, :
D — Q,.

All ®,, are biholomorphisms. In order to simplify notations, we assume without loss of
generality that all U,, are identities, i.e., that (fn =d,.

Thus, for every n, we have a biholomorphism &, : D — €2, such that the function
a,(z) = |9 (2)|7! (z € S) satisfies (a,); = 0 and Sp(a,,) is independent of n. By Lemma
5.2 (see also (5.5)),

0<c<a,(0)<C (#eR) (5.12)
with constants ¢ and C' independent of n. By Lemma 5.3, the sequence a,, (n =1,2,...)
contains a subsequence converging in C*°(S). Without loss of generality, we assume that
the sequence a,, itself to converge in C*(S) to some function a € C°°(S). The limit
function also satisfies

c<alf) <C (0€R) (5.13)
as follows from (5.12).

For every n, the function ®,, is holomorphic on ), continuous with all its derivatives
on D, and satisfies the boundary condition

|2,(2)] = a,'(2) (2 €8).
The derivative ®/ (z) does not vanish in D because ®,, is a biholomorphism. Therefore

log @/ (2) is a well defined holomorphic function on D whose real part u,(z) = R(log ®/,(2))
solves the Dirichlet problem

Au, =0 in ]10), Uy ls = log(a, ).

The sequence a, ! converges to a~! in C*(S). Applying standard Sobolev stability esti-

mates for an elliptic boundary value problem, we see that the sequence u, converges in
the C*°(D)-topology to a function u € C'°(D) which solves the Dirichlet problem

Au=0 1in ]13), uls = log(a™).
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The function v satisfies
—log(C) <u(z) < —log(c) (2 € D) (5.14)

as follows from (5.13) with the help of the maximum principle for harmonic functions.
Now, we address the equation

R(log @] (2)) = un(2). (5.15)

A holomorphic function f(z) is defined by its real part uniquely up to a pure imaginary
constant. Moreover, the dependence of f on R(f) is continuous in corresponding Sobolev
norms. Therefore (5.15) implies with the help of (5.14) the existence of a function ¢ €

C*° (D) which is holomorphic in ]]3) and such that the sequence
an®, + 6, =@ in CD) (5.16)

with appropriately chosen constants «,, € C, |a,| = 1 and 5, € C. The derivative
®’(z) does not vanish in D because |®'(z)| = exp (u(z)). Therefore Q = ®(D) is a smooth
simply connected (probably multisheet) planar domain. Define the isometry I,, : R? — R?
by I,(z) = anz + B,. Then (5.16) can be rewritten as

Lio®,—® in C®(D).

This means that the sequence of domains I,,(2,) = (1, o ®,)(ID) converges to Q2 = &(D)
in the Cy°,(D)-topology. O

APPENDIX A. PROOFS OF LEMMAS 2.2 AND 5.1
We will need the following

Lemma A.1. Let A and B be pseudodifferential operators on S. If B is a smoothing
operator, then Tr[AB| = Tr[BA].

Proof. Denote by Py the bounded operator on L*(S) defined as the orthogonal projector

onto the one-dimensional subspace of constant functions: Py(f) = fo for f € L*(S). Then
A + P, is a first order elliptic positive pseudodifferential operator. For every u € R, the
power (A + Py)* is a well defined pseudodifferential operator of order p.

Let 1 be the order of the pseudodifferential operator A. Then A(A+ Py)~* is a bounded
operator on L%(S) and (A+ Py)*B is a smoothing operator. Then by the classical property
of the trace [8, Theorem 3.1]

Tr[AB] = Tr[A(A + o) "(A + Ry)"B] = Tr[(A + Ry))" BA(A + Fy) ")
We compute the right-hand side on using the trigonometric basis: (A + Ppy)e™ = (|n| +
1)e? and
(A + Py)"BA(A + PO)*“em@, em@) = <BAei”9, em@>.
Two last formulas give Tr[AB] = Tr[(A + Py)*BA(A + Py)*| = Tr[BA]. O
Proof of Lemma 2.2. It suffices to prove that

Tr[(L"H)(L”H)...(L’*H) — (LH)*"| = Tv[(L”H) ... (L’*H)(L""H) — (LH)*™"|
(A.1)
for a sequence of non-negative integers (ji, ..., Jjos) satisfying j; + -+ + jos = 2m. We
prove this by induction in s.
First let s =1 and 0 < j < 2m. Then

Tr(LHL*™ 7 H — (LH)*™) = Tr([H, L*"7|HL?) + Tr (L™ — (LH)*™). (A.2)
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Applying Lemma A.1 with A = L7, B = [H, L*"J|H and using H? = I, we have
Tr(L’[H, L*"7]H) = Tr([H, L*"/|HL)
=Tr(HL*"/HL — L*") = Tt(L*"7HL'H — L*™).
Substituting this value into (A.2), we obtain (A.1) for s = 1.
Assume (A.1) to be valid for some s > 1. Let j; + -+ + jasi2 = 2m. Then

Te((LH) . (D2 H) = (LHYP™ ) = T (D H) (2 H) (L2 B2 )
| | o (A.3)

T (L H) (D H) L e ) (L))
Applying Lemma A.1 with A = [)'H and B = (L2H) ... (L7 H)[L7>+' H|L7>+2H, we
obtain

Te((LH) . (D H) (L7, H]L2H)
= Te((L2H)... (L H)[L%+, HIL*H (L H))

- Tr((LjQH) (L HY (L H) — (L2 H) .. (LjQS—lH)Lj23+j2$+1+j25+2H(Lj1H)).
(A4)
By the induction hypothesis,
Tr((leH) N _(szs_lH)Lj2s+jzs+1+jzs+2H _ (LH)2m>
(A.5)
— Tl"((Lj2H) o (Lj2sfl H)Lj2s+j25+1+j25+2H(Lj1H) _ (LH)2m>.
Substituting (A.4) and (A.5) into (A.3), we obtain
Tr[(LH)...(L*+*H) — (LH)*"] = Tr[(L"H) ... (L"*H)(L""H) — (LH)*"].
U
Proof of Lemma 5.1 (by [9] and [10]). Let a € C*(S) be a positive function. For r €

[0,1) and o € R, let b,, € C™(S) be the function conformally equivalent to a via the
conformal transformation @, , : D — D defined by

zZ—=T

D, .(2) = e

1—rz’
ie.,

z—7’>|1—7’z|2

bra(2) = (@0 ()| (2)] " = o —

Define the function H € C*°([0,1) x R) by

(z€S). (A.6)

1—rz

' P 1 21 ] ) 6@'9 —r )
H(r,a) = (1 —r2)e (b / e—l<a+9>a(ewf )|1 —re?2dg. (A7)
0

T on 1 —ret
Observe that H(0, ) = a; for every a.. Therefore H can be considered as the continuous
function H : D — C such that H(re!) = H(r,a).
The integrand in (A.7) is bounded uniformly in (r, a,0) € [0,1) x R x R and
o0

a(eml —;e;) —a(—e) as r—1-0.

Therefore

H(r,a) =a(—e")e " *—

2
/ e 1 — €2 do + E(r,a), (A.8)
2m Jo
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where the error term E(r,«) — 0 uniformly in a as » — 1 — 0. Substituting the value
1 [ , 1 [ ‘ .
— e 11— P2 dh = —/ e (2 —¢? —e7)dh = —1
2T 0 2 0
into (A.8), we obtain ' A
H(r,a) = —a(—e")e ™" + E(r,a). (A9
Since a is a positive function, (A.9) implies that the closed curve o — H(r, o) (0 < v <
27) goes around 0 if r € (0,1) is sufficiently close to 1. Therefore there exists (g, o) €

[0,1) x R such that H(rg, ap) = 0. Together with (A.7), this gives (b/m:())l = 0.

~—

O
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