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Laboratoire Kastler Brossel, ENS-PSL, CNRS, UPMC-Sorbonne Universités and Colleége de France, Paris, France

Abstract

We study the interactions among phonons and the phonon lifetime in a pair-condensed Fermi gas in the BEC-BCS
crossover in the collisionless regime. To compute the phonon-phonon coupling amplitudes we use a microscopic
model based on a generalized BCS Ansatz including moving pairs, which allows for a systematic expansion around
the mean field BCS approximation of the ground state. We show that the quantum hydrodynamic expression of the
amplitudes obtained by Landau and Khalatnikov apply only on the energy shell, that is for resonant processes that
conserve energy. The microscopic model yields the same excitation spectrum as the Random Phase Approximation,
with a linear (phononic) start and a concavity at low wave number that changes from upwards to downwards in the
BEC-BCS crossover. When the concavity of the dispersion relation is upwards at low wave number, the leading
damping mechanism at low temperature is the Beliaev-Landau process 2 phonons < 1 phonon while, when the
concavity is downwards, it is the Landau-Khalatnikov process 2 phonons < 2 phonons. In both cases, by rescaling
the wave vectors to absorb the dependence on the interaction strength, we obtain a universal formula for the damping
rate. This universal formula corrects and extends the original analytic results of Landau and Khalatnikov [ZhETF 19,
637 (1949)] for the 2 « 2 processes in the downward concavity case. In the upward concavity case, for the Beliaev
1+ 2 process for the unitary gas at zero temperature, we calculate the damping rate of an excitation with wave number
g including the first correction proportional to ¢’ to the ¢° hydrodynamic prediction, which was never done before in
a systematic way.

1. Introduction

In several many-body systems the low-lying collective excitations are phonons. At low temperature, interactions
among phonons determine their lifetime, correlation time and mean-free path. Therefore, they play a central role in
transport phenomena, such as thermal conduction in dielectric solids, in hydrodynamic properties, such as temperature
dependent viscosity and attenuation of sound in liquid helium [1, 2, 3, 4, 5, 6], and in macroscopic coherence properties
of degenerate gases, as they determine the intrinsic coherence time of the condensate both in bosonic and fermionic
gases [7, 8]. The dominant phonon decay channel differs among physical systems, and depends in particular on the
curvature of the phonon excitation branch [9, 10, 11]. For a convex dispersion relation at low wave-number, Beliaev-
Landau 2 < 1 processes involving three quasiparticles dominate [12, 13], while for a concave dispersion relation
at low wave-number, Beliaev-Landau interactions are not resonant, and the Landau-Khalatnikov 2 < 2 processes
involving four quasiparticles dominate the dynamics.

Compared to other many-body systems, cold atomic gases offer the unique possibility to control and tune some
microscopic parameters, in particular the interaction strength. For a cold atomic Fermi gas in two spin states T and
1, interactions occur only in the s-wave between fermions of opposite spins. We restrict ourselves to the universal
regime of interactions of negligible range b, fully characterized by a single parameter, the s-wave scattering length
a, la| > b. Using an external magnetic field, one can adjust this parameter of the interaction strength close to a so-
called Feshbach resonance. This feature has allowed cold Fermi gases experiments to study the crossover between the
Bardeen-Cooper-Schrieffer (BCS) regime 1/a — —oo, where the superfluid pairs (k T,—k |) are localized in Fourier
space close to the Fermi surface, and the Bose-Einstein Condensate (BEC) regime 1/a — +o0, of dilute tightly bound
dimers that behave as bosonic particles [14, 15, 16, 17, 18, 19, 20, 21, 22]. For the unpolarized gas of spin-1/2
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fermions, the excitation spectrum consists of two branches: a gapped fermionic branch describing the excitation of
the internal degrees of freedom of the T pairs, and a bosonic branch describing the collective motion of the pair center
of mass, which has a phononic behavior at small wave vectors [23, 24, 25, 26, 27, 11]. If the density of excitations is
sufficiently small, the elementary excitations are long-lived weakly interacting quasiparticles.

In cold gases of spin-1/2 fermions, the dispersion relation of phonons changes from convex in the BEC regime
[25] to concave in the BCS regime [24]; it is generally expected at unitarity to be convex at low wave number
[28, 29, 30, 31, 26, 11], although the predicted values of the curvature parameter significantly differ and there is no
experimental verdict yet. A complete experimental investigation of the interactions between phonons, in both the
concave and convex cases, seems in any case possible within this same physical system. In particular, experiments
should observe a sharp increase in the phonon lifetime by switching from the convex to the concave case through a
tuning of the scattering length. Experimental studies of collective excitations in cold gases have been performed both
in the spectral domain with Bragg scattering [32, 33] and in the time domain [34, 35]. Those studies combined with
the possibility to realize homogeneous systems in flat-bottom traps [36] make the measurement of the decay caused
by either the 2 < 1 or the 2 < 2 processes a concrete prospect.

To date, an exhaustive theoretical study of phonon interactions and a general expression of the phonon damping
rates at low temperature for any interaction strength is missing. The most natural example of a convex dispersion
relation is the Bogoliubov excitation branch of the weakly interacting Bose gas. In this case, Beliaev obtained the
coupling amplitudes in a microscopic framework and, from those, the damping rate associated to the 1 — 2 processes
[12]. The contribution of the 2 — 1 Landau processes, which exist only at nonzero temperature, was obtained later in
[37, 38, 39]. In superfluid spin-1/2 Fermi gases, reference [13] calculated the zero-temperature Beliaev 1 — 2 damp-
ing rate by a phenomenological low-energy effective theory going one step beyond quantum hydrodynamics in order
to include a curvature in the phonon dispersion relation. However, the authors omitted to include corrections to the
phonon coupling amplitude, which makes their treatment inconsistent. In the bosonic case of phase II of *He, whose
dispersion relation was originally believed to be concave, Landau and Khalatnikov obtained the coupling amplitude
for the 2 < 2 processes, including the contribution of virtual off-resonant 3-phonon processes and introducing by
hand corrections to hydrodynamics in the form of a cubic term in the excitation spectrum. However, the fact that they
computed the damping rates only in the low and high wave-number limits makes this study incomplete and motivates
us to revisit it. Studies of low-energy 2 <> 2 processes in “He were put on hold after 1970, when it was discovered
that the dispersion relation of 4He is in fact convex at low wave-number [3, 4] at least at not too high pressure [4, 5].
Studies on processes in the wave-number ranges where the dispersion relation becomes concave again, particularly
challenging due to the existence of a small convex region, are still an active research topic [10]. To our knowledge,
the study of the 2 < 2 processes in cold Fermi gases is mainly at the unitary limit and in the collisional hydrody-
namic regime where the relevant measure for dissipation is the shear viscosity of the gas [40, 41, 42]. In this article,
we restrict to temperatures low enough to be in the collisionless regime. There, we present a complete study of the
interaction processes between phonons in cold Fermi gases, for any interaction strength in the BEC-BCS crossover,
therefore in both the concave and convex cases.

We describe the unpolarized pair-condensed Fermi gas using a microscopic semiclassical model, based on a vari-
ational state including moving pairs. This model allows for a systematic expansion of the Hamiltonian in terms of
two canonically conjugate fields 8 and 5* that are weak if the density of excitations in the gas is low. The microscopic
model and the principle of the method are exposed in section 2.

In section 3 we consider the expansion of the Hamiltonian to the quadratic order in the fields 8 and 5*. By
diagonalizing the quadratic problem, we find the spectrum of the excitations [23, 24, 25, 26, 27, 11]. Beyond the purely
spectral results known in the literature, we derive here explicitly the quasiparticle modes and the annihilation/creation
amplitudes, which we then quantize. This is rather elegantly done thanks to the Hamiltonian character of the equations
in the semiclassical model.

Section 4 is devoted to the calculation of the coupling amplitudes for three-phonon and four-phonon interaction
processes. We give the quantum hydrodynamics [1] predictions for the amplitudes of the 2 < 1 and the 2 & 2
processes, and compare them on the energy shell to a microscopic derivation, based for 2 < 1 on the fermionic model
of section 3, and for 2 < 2 on a model of bosons with finite range interactions designed to have a concave dispersion
relation at low wave numbers. Our microscopic test of the hydrodynamic predictions is particularly valuable for the
2 < 2 processes, as (i) these processes involve nonresonant 2 <> 1 and 3 < 0 processes, whose amplitudes are not
correctly given by hydrodynamics, (i) genuine hydrodynamics leads to a divergence in the 2 < 2 amplitude that
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Landau and Khalatnikov had to regularize “by hand” by introducing a curvature in the phonon dispersion relation.

In section 5 we present a direct application of the previous results by calculating the damping rate of phonons in
a Fermi gas in the whole BEC-BCS crossover in the collisionless regime. To this aim we use the effective on-shell
coupling amplitudes for 2 < 1 and 2 < 2 processes calculated in section 4 within a Master equation approach.
The three main results of section 5 are that (i) both for a convex and concave dispersion, by introducing properly
normalized dimensionless quantities, we obtain a universal curve, giving the damping rate as a function of the wave
vector, for any interaction strength in the BEC-BCS crossover, (ii) we give all the analytic asymptotic behaviors of
the phonon damping rates, for icg < kgT and hcg > kgT where c is the speed of sound and T is the temperature,
correcting in particular the result of Landau and Khalatnikov [1] in the concave case, and (iii) for the unitary gas and
at zero temperature only, we calculate the first correction to the hydrodynamic prediction for the phonon damping
rate, using the effective field theory of Son and Wingate [43, 44], and improving the result of reference [13].

2. The microscopic approach

2.1. Interaction Hamiltonian in the s-wave
We consider a gas of fermions in two internal states T and | on a cubic lattice of step [ with periodic boundary

conditions in the finite-size volume [0, L]?. Opposite spin fermions have an on-site interaction characterized by a
coupling constant gg

Or.r
V(r,r') = go—% (1)

The discretisation of space automatically provides a momentum cut-off, restricting the single-particle wave vectors
to the first Brillouin zone FBZ = [-nx/L,n/I[* of the lattice, while allowing one to keep the simplicity of contact
interactions. The Hamiltonian of the system in the grand canonical ensemble of chemical potential u is given by:

N ~t n? R N T A
H=P Y Jim (—%Ar - u) Po(0)+ g0l D 1P D) () 2)

ro=1/]

where the discrete Laplacian operator A, has the eigenfunctions e’*" with eigenvalues —k> and the field operator of

the fermions has the discrete anticommutation relations {(/A/(T(r), L@j, (")} = 8004 /2, with o, 0 =7 or |. The desired
regime of zero-range interactions is obtained by taking the continuous space limit / — O for a scattering length a
fixed to the experimental value. In practice, one eliminates the bare coupling constant g, using the following relation,
derived from the open space (L = oo) scattering theory applied to the potential (1) [45, 46]:

1 m f &k m 3)
g0 4nhla  Jegz (2m)} 2K?
2.2. Ground state in the BCS approximation

The idea behind the theory of Bardeen-Cooper-Schrieffer (BCS) [47] is to search for an approximation of the
ground state of the Hamiltonian (2) within the family of states

WSy = [ | (Uk - viaf,a’,, ) 0y )

keD

where D = ZT”Z3 N [-x/L, /1 is the ensemble of wavevectors of the first Brillouin zone satisfying the periodic
boundary conditions, the operator & is a Fourier component of the field operator iJ,(r) and annihilates a fermion of

wavevector k and spin o, Vy is the probability amplitude of finding a ko fermion in [y®®S) and Uy = /1 — |Vi|?. The
locus of the minimizers of the classical energy functional (yBCS|H|yBCS) is the circle

Ug=U) V=V )

where ¢ € [0, 2n[ and the values of reference Ul(() and VE are chosen real.



To study the low-energy behavior of the system, we select on this circle the state of phase ¢ = 0
oSy = | (vp - viag,al,,)10) (©6)
K
as the origin of our expansion. In this symmetry-breaking state, we define the order parameter of the BCS theory
A = goWESES) = =35 3 URVY. @
keD

This quantity replaces gg or a as the most natural parameter characterizing the interaction strength in the BCS theory.
It can be used to express the coefficients Uo, VE in the form

1 fk 0 1 fk
V0= 4[5(1-2) and U2= |51+ 8
k 2 ( Gk) n k 2 €k ( )
with the energies
h2 i gop
= — —u+= 9
&k oy TS ©))
G = N+E (10)
With the useful relation U](z VE = A/2¢, the gap equation (7) takes its more usual form:
1 1 1
— = — an
3
8o L kzd;) 2ex
In the state (6), the average total density p, or average total number of particles (NV) per unit volume, is given by
N _ ki 042
pP=r =35 Z(v ) (12)

keD

where kg is the Fermi wave number of the ideal gas of density p. Combined with equation (8) this leads to the BCS
equation of state which relates p to u and A.

Performing a Bogoliubov rotation on the particle creation and annihilation operators, one finally defines the cre-
ation and annihilation operators of fermionic excitations:

’?kT = UO % + VOCl - (13)
T = W + Wa (14)

The BCS ground state (6) is the vacuum of these operators, that annihilate k T and —k | quasiparticles of energy e.
For completeness we give the corresponding modal expansion of the fermionic fields:

1 IS UO elkr _VO —ik-r
(i) e )
keD

2.3. Ansatz of moving pairs

To study the fluctuations of the system, we view the symmetry-breaking BCS ground state as the quasiparticle
vacuum and we construct a coherent state of pairs of quasiparticles, or squeezed vacuum, from it:

(1)) = N (1) exp (Z zk+q,k(rw;‘;+q@ikl] Whcs) (16)
k.q
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where the independent variational parameters zx.qx are the coherent state complex amplitudes and N(?) is the nor-
malisation factor. This Ansatz is inspired from section 9.9b of reference [48]. Contrarily to the BCS ground state (6)
in which all the pairs are at rest it includes pairs of quasiparticles with nonzero center-of-mass wavevector q. This will
allow us to study the gapless, phononlike, collective modes of the system and their interactions. We do not include
in the Ansatz elementary fermionic excitations obtained by the direct action of i/fw on the BCS ground state I(J/OBCS)
since they are gapped, and we are interested here in excitation energies much smaller than the gap. Note that the
quasiparticle annihilation and creation operators ¥y, and i/;fw are linear combinations of the particle annihilation and
creation operators dg, and &Lr, see equations (13,14), so that considering a coherent state of quasiparticle pairs (16)
is equivalent to considering a coherent state of pairs of particles, that is in fine a general time-dependent BCS Ansatz.
In the end, all these Ansatz are Gaussian in the fermionic field operators, but the form (16) leads to much simpler
calculations in the weakly excited regime as it immediately identifies the zx.qk as small parameters of the expansion.

References [48] and [49] explain how to apply the variational principle to the state (16). One cleverly introduces
the variables

B == (20 +277"7) an
with z the matrix (zx k' )kk'en, SO that the equations of motion take a Hamiltonian form
, OE
Pk OF (18)
dr P x
dBy. OF
—ih—k (19)
dt aﬂkgk
One evaluates the associated classical Hamiltonian
E = (y|HY) (20)

through Wick’s theorem, that relates E to averages of operators that are bilinear in ¥y, . Finally one obtains an elegant
expression for these averages by performing a Schmidt decomposition of the matrix z and expressing the result in
terms of the field §, in matrix notation:

Gder) = —(BA-BP), @1)
Gt = —(BA-BP) (22)
Gt = (B8), (23)
o) = (BB) s (24)

3. Quadratic order of the classical Hamiltonian: normal variables of the bosonic branch and phonon operators

3.1. Linearized equations of motion

To linearize the equations of motion (18) and (19), we assume that the state (16) differs only slightly from the
BCS ground state, so that
Vk, k,, |Zk,k’| <1 and |ﬂk,k’| <1, (25)

We expand the energy functional in powers of the field 8
E=Ey+E>+ 08 (26)

where Ey = (l//gcslﬁ Il//OBCS> is a constant and E is bilinear in 5. There are no linear terms in this expansion since
the BCS ground state (corresponding to 8 = 0) is a minimizer of E. As in the Random Phase Approximation (RPA)
[23], the linearized equations of motion, which follow from (18) and (19) after replacement of E by E,, are decoupled
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according to the total wavevector q. For this reason, we rewrite the coordinates of the field By, k, in the Anderson
fashion, with the relative wavevector (k; + k;)/2 in the index and the center-of-mass one k; — k; in the exponent,
keeping in mind that S, , actually involves the physical wave vectors k; and —k;, see equation (21), so that:

BL = Prraszk-q/2 (27

In terms of the vectors 89 = (Bﬂ)kgg and B9 = ((ﬁ;q)*)kgﬁ, the equations of motion take the matrix form

ind @2) _yy (gﬁ), (8)

with an evolution operator L4 that is symplectic
o Lo, = (LDT 29)

and particle-hole symmetric

o LYo, = —(LY) (30)

We have introduced o, = ((1) (1)) and o, = ((1) _01) in block notations, and we termed (30) a particle-hole symmetry

because o, exchanges the field 8 with the complex-conjugate field B, which is reminiscent of the fact that, in the
quantum world, the hole field operator is the hermitian conjugate of the particle field operator.
We give an explicit expression of the evolution operator £9 in the sum-and-difference basis

=Bi-B (3D
s =B+ B (32)
We have
q
ihdﬁ S - (U Z (WegWieq + WitgWirg) St (33)
dr q9°K L3k'eD kq""k'q kq"k’'q) °K
dsg 80
: _ q + ot - - )4
g =Skt s l‘g;‘)(wkqwk’q - quWk’q) Yk 34

The coefficients Wy q and wi; q are cleverly chosen combinations of the coefficients Uﬁ and Vl(()

+ 0 0 0 0
Wiq = Ukiqi2Uk-qi2 = Viiq2Vi-q2 (35)

+ _ 10 0 0 0
Wiq = Ukiqi2Vi-q/2 T Uk—q/2Yi+q/2 (36)
and the energies €4 are those of the continuum of two fermionic quasiparticles,

€kq = €k+q/2 T Ek—q/2 37

The equations of motion (33,34) contain two terms: first, an individual part that couples the amplitudes of same
relative and center-of-mass wavevectors k and ¢ and contains the trivial evolution of the operators ¥ under the BCS
Hamiltonian Hgcs = Eo + Yo ekifltoi/k(r, and second, a collective part that couples the normal amplitudes yz and sz to
collective amplitudes of same total wavevector q. Our semi-classical equations of motion coincide with the quantum
average in state (16) of the RPA equations [23]. This can be seen by using the definitions (13) and (14) to express
equations (78a—d) of reference [23] in terms of the quasiparticle operators and by neglecting the expectation values
of the )A/]Twifk/g operators, which, by virtue of equations (23) and (24), is justified at the linear order of the variational
theory.



3.2. Branch of collective excitations

We now look for the eigenmodes of the linear system (33,34) with a positive energy hwq below the continuum
k = €iq/2 + €x—q/2 Of two fermionic excitations, which is the spectrum we would obtain by restricting ourselves to
the individual part of the system (33,34)

0< hwq < ilil(f(6k+q/2 + Equ/z) (38)
The eigenvalue problem associated to (33,34) is solved in full generality in reference [49]. We give the main steps

of the solution in the simplifying continuous space limit / — 0 in Appendix A. The implicit equation on the mode
eigenfrequency reads

2
L (g, I, ) = B [1(wq, 9)] (39)
where we introduced the integrals
fkq(W; )2 1
Liwq = | &k|——2—+— 40
(W, q) L} [(hw)z _ (qu)2 + e (40)
ekq(Wl; )2 1
I_(wq) = | &k|—F—"T— 4 — 41
(@.49) fR [(hw)z ~(aq)? | 26 “h
Wi Wi
I (wgq) = | dk—3 42
(@0 fR (hw) — (g )

We note that the same equation (39) can be obtained by the RPA; this was done by Anderson [23] in the weak
coupling limit and by reference [49] in the general case. Although the linear system of the RPA contains extra terms
proportional to the operators i/lt q Yk and ilik l?,k,q 1» which are absent in (33,34) because their expectation values
in the Ansatz (16) are quadratic in the field 3, these extra terms can be treated as source terms and do not affect the
spectrum. Equation (39) can also be obtained by a Gaussian approximation of the action in a path integral framework
[24, 27] and a Greens functions approach associated with a diagrammatic approximation [25]. The conditions on ¢
for the existence of a solution wq are discussed in reference [25], while the concavity of the spectrum is studied in
reference [11]. Beyond those previous works, we construct here in the next section the quantum operators associated
to the collective modes.

3.3. Construction of the normal variables of the collective branch

3.3.1. General case
Using the symmetries (29) and (30) of the evolution operator, we obtain the normal amplitudes exactly as in the
bosonic case with the Bogoliubov theory [50]. The first step is to derive the eigenvector &, of energy hwq > 0

2o - M
2= (43)
N, k ’keD

To obtain the analytic expression of the coefficients M and N in the continuous limit [ — 0, we solve the system

(33,34) setting d/dt — —iwq and we use equations (A.6) and (A.7) to eliminate the collective amplitudes. We have

+ — L (wq,q)
. . 2A (ququ =~ Wia 1+7(w:,q))
MI-NY = -

VNg(€d, — h2w})

2 9 _ L (wq,9)
. 2A (h wgWiy — &kq Wiy 1+,(w:,q))
M, +N, = “

hawq w/Nq(eﬁq - h?wy)




where the dimensionless normalization constant Ny will be determined by equation (51). Important properties of M
and N are their invariance by internal (k — —Kk) and external (q — —q) parity, where internal and external refers to
the structure of the pairs:

My = ML =M1 (46)
N} = NY =N (A7)

This is a consequence of the parity invariance of the problem and of the s-wave pairing. Due to the particle-hole
symmetry (30), one can associate to the eigenvector &, another eigenvector &_ of energy —hwq by a multiplication by

Oy
M N
=0 5| =] (48)
a N M
k ’keD k7 keD

We now derive the dual vectors with which we will project the field 8 on the eigenmodes &, and &_. The symplectic
symmetry (29) ensures that they are obtained by a mere multiplication by o,

. M My
d.(q) = Uz( ) ( ] (49)
q _Nq
k 'keD k’/keD
Nq _Nq
d (g = —az( ';) = ( ;‘] (50)
Mk keD Mk keD

Finally the eigenvectors and their dual vectors are normalized by choosing Ny so that

() 2= md? -1 =1 (51

keD

To obtain the amplitudes bq of the collective modes, we project the field S:

N q
by =d.(@)- (ﬁq) - Z [MBy — N{(B '] (52)
keD
q
bty =d(q)- (ﬁq) = Z [- NBE+ M B (53)
keD

This is the first central result of this paper. The equality by = (bq)* suggested by our notation is a consequence of the
invariance by external parity (46—47).
Conversely, to express the classical field in terms of the phonon amplitudes, we expand it on the eigenvectors:

ﬁq >3 * o
(ﬁq) = baZu(@) + b @ (@) + ... (54)

where in the ellipsis . . . we omitted the component of the field on the other eigenmodes of total wavevector q. One can
show [49] that in the continuous limit those omitted modes are nothing else than the continuum K — €442 + €x—q/2
of fermionic-quasiparticle biexcitations with center-of-mass wavevector q. Projecting the vectorial equation (54), we
obtain:

Brrak-qiz = Mibg+ NIb™ + ... (55)
Biapieqn = Nba+ MgbZg+... (56)
After quantization (see Sec.3.4 below), M and N appear in these expressions as the coefficients of a new Bogoliubov
rotation rearranging the fermionic bilinear operators appearing in equations (21,22) into bosonic quasiparticle oper-

ators. It comes on top of the rotation induced by the Ul? and Vl((’ coefficients rearranging the particle operators into
fermionic quasiparticle operators. This new rotation acts on the pairs of fermions, hence the two indices of M and N.
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3.3.2. Long-wave limit
In the long-wave limit g — 0, we recall the expansion of the energy hwq obtained by reference [11]:

2 4
1+Z(@) +0(@)]. (57)
8 \mc mc

In this expression, c is the speed of sound, derived, as in any superfluid, from the equation of state via the hydrody-
namic formula

hwq = heq
q—0

me = p ¥, (58)
dp

where the derivative with respect to p is taken for a fixed scattering length a. The coefficient y of the cubic order of
the expansion (57) is a rational fraction [11] of the variables

an o @S

x=— and y=—=7—""+ 59)
du [k
Note that y can be related to x by the use of the BCS equation of state (12) in the last equality of (59).
The ¢ — 0 expansion of the sum (44) and difference (45) of ME and N;(l then read:
A
JNgME - N = o +0(g%) (60)
[ hicge, AWy 3

heq dp
L = —X+0¢ 62
No TR (62)

Note that to lowest order these expressions coincide with the coefficients of the zero-energy mode €, and of the
anomalous mode €, of the zero-momentum subspace evolution operator L0 obtained in reference [51].

As an application of the modal expansion (55,56) and of the above low-q limit (60,61) of the corresponding
amplitudes, we derive a modal expansion for the density

P, 1) = > GO (r) ©3)

and for the phase 6(r, f) of the order parameter, such that
ol (g7 (0) = |0 (D) ()|, (64)

where the expectation value is taken in the time-dependent variational Ansatz (16). Expanding the Ansatz to first order
in the amplitudes zx.qx(f) = —Pi+qx(?), using Wick’s theorem to calculate the expectation value in the BCS ground
state and replacing the fermionic fields ¢,(r) by their modal expansion from equation (15), we obtain to leading order
the deviations from the BCS ground state values:

1 «
op(r.0) = I3 kz Wig B 1 k-1 (DT + c.c.] + O(F) (65)
-4
—80 iq-
o0, 1) = 2 D WilBis i1 (0e9 = ..l + 0(B%)

k.q
(66)

where the coeflicients wltq and Wl:’q are defined by equations (35,36). Next, we replace the field 8 by its expansion
(55,56) on the collective modes to obtain, using the symmetry property (47),

1 .
dp(r, 1) T D Bylby + bl e + OB (67)
q

S6(r, 1)

—i -
7575 2, Calbg = b )" + 0(8%) (68)
q
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with the coeflicients
1
By = T Z Wiy (M2 + N9 (69)
k
80
Ca = T ; Wi (NI = My (70)

In the low-g limit, also using the density (12), the gap equation (11) and the thermodynamic expression (58) of the
sound velocity, we obtain the simple scaling laws

hap\'?
By = (2—) [1+0(g")] (71)
mc
2mce 12 )
q = (%) [1+ O(g7)] (72)

This result will be compared to the quantum hydrodynamic theory in section 4.1.2.

3.4. Quantization of the normal variables

To quantize the amplitudes of the bosonic modes obtained in our semi-classical approach, we remember that, at
the linear order of the small amplitude approximation (25), the field ,8;2 reduces to —(¥_k+q/21 Yi+q/21)» that is to the
expectation value of a quasiparticle pair operator, see equation (21). We therefore perform the substitution

By = Brraszk-a2 = —V-krq/21Fkrq/2r (73)

which transforms the amplitude by in a quantum operator:

P s s o o
bq =~ Z (MEV—k+q/2Wk+q/2T -M EVk-q/zTV—k—q/zl) 74)
keD

This intuitive action can in fact be justified by several arguments. First, the quantum operator (74) can also be
obtained in the framework of the RPA by diagonalizing the homogeneous system for the quasiparticle pair creation
and annihilation operators k9| and )A/L L’A/ltT’ and treating the operators )A/]Twifkrg, whose dynamics is trivial in the
RPA and whose average value is sub-leading in the variational theory, as source terms. Second, one can apply the
quantization procedure based on bosonic images as described in chapter 11 of reference [48] where the quantum
version of the field f is taken to be a bosonic field operator B (not to be confused with the bosonic excitation operators
Bq). The expression of the bosonic image of a two-body fermionic operator such as ¥_i.q/2| ¥k+q/27 in terms of the field
B, which would provide an exact version of the substitution (73), is not simple in the general case since it involves
an infinite series expansion in powers of B. Fortunately, in the limit of a weakly excited gas, one can neglect the
operator population of the bosonic images BB, and thus justify the substitution (73), once we assimilate the two-
body fermionic operators and their bosonic images. Last, we highlight the bosonic nature of the operator Bq (74)
when the gas is weakly excited. The commutator of by and 133 reads:

[i’q’i’g] -1= Z [(Nl?)z (i’ii—q/zT?k—q/ZT +i’ik—q/2L?—k—q/2i) _(Mg)z (5’£+q/2T7A’k+q/2T +7A'ik+q/zﬁ—k+q/2l)] (73)
keD

It differs from unity by fermionic quasiparticle population operators, that are exactly zero in the BCS ground state and
of second order in the field z = O(B) in a quasiparticle coherent state such as (16).

4. Beyond the quadratic order: Interactions between phonons and comparison to hydrodynamics

The central actor in this work is the phonon-phonon interaction, that eventually causes phonon damping. It is
derived in this section, in the form of three-phonon or four-phonon coupling amplitudes in phonon-interaction Hamil-
tonians that are cubic or quartic in the phonon field. Although the results involve sometimes lengthy formulas, the
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calculations are conceptually very simple: starting on one side from the microscopic energy functional (20) or the
easier-to-handle bosonic model (E.1) and on the other side from the quantum hydrodynamic Hamiltonian (87), one
performs an expansion up to order three or four in the fields, and one inserts in the cubic or quartic terms the expan-
sion of the fields on the phonon normal modes involving as linear coefficients the phonon creation and annihilation
operators. That is all for the three-phonon processes in subsection 4.1. In the four-phonon processes of subsection
4.2, there is the additional subtlety that the three-phonon processes treated to second order have to be added to the
direct four-phonon ones to get the correct effective four-phonon coupling as already understood in reference [1]. An
important conclusion of this section will be that the three-phonon and four-phonon coupling amplitudes of the micro-
scopic model and of quantum hydrodynamics coincide in the low wave number limit on the energy shell (that is for
processes conserving the unperturbed phonon energy), although they strongly differ outside the energy shell.

4.1. Three-phonon processes

In this subsection, we study the processes involving three bosonic quasiparticles: both the 2 < 1 Beliaev-Landau
processes and the off-resonant 3 < 0 processes. Our goal is to identify these processes in the expansion of the Hamil-
tonian in powers of the excitation field, and to extract the associated matrix elements. We shall use two independent
theories and compare them. First, we will use our microscopic variational theory and expand the energy functional E
(20) up to order three in 3,

E =Ey+E, + E3 + 08 (76)

and we will insert the expansion (54) of the field on the collective eigenmodes in the trilinear term E;. We shall
perform this microscopic calculation in the case 2 < 1 only. Second, we will use the quantum hydrodynamics of
Landau and Khalatnikov [1]. This mesoscopic theory treats the pairs of fermions at large spatial scale as bosonic
fields. It has the advantage of relying on the exact equation of state. It will be applied to the 2 & 1 and 3 & 0
processes. The comparison of the two theories will allow us to discuss the validity of quantum hydrodynamics.

4.1.1. Microscopic approach

The idea behind the microscopic calculation of the three-phonon coupling amplitudes is simple: we express the
classical Hamiltonian (20) in terms of the amplitudes bq of the collective modes (see Sec.3.3), isolate the terms
containing the creation and annihilation amplitudes by and bq corresponding to the processes we study, and extract
their coefficient. For the three-phonon processes, we focus on the cubic terms gathered in E5.

General case. The cubic part of E can be written as

80 - N N N
Es=1 E Tk [(ﬂk’+q/2,k’—q/2<'y;£+q/2T7k—q/2T> +ﬂk'—q/2,k’+q/2<7ik_q/2 ﬂ’—k+q/2¢>) + C~C-] 7
kK ,qeD

where we introduced the tensor

— ot ot - i + Wt v
Tq _ quwk’q qu Wk’q qu Wk'q quwk’q 78
Kk = 5 . (78)

We use the relations (23,24) and we insert the expansion (54) in the expression (77) to obtain the following result ':

I’I’lC2

ks = (L3172

DT Suranas (Fono(@r @23 G)by, by by, +c.0) + . (79)
q1,92,93€D

The vectors q;, q, and q3 are the three wavevectors involved in the Beliaev-Landau process, with q; the wavevector
of the phonon which decays into phonons of wavevectors q; and q, or which originates from the merging of two
such phonons. In the ellipsis ..., we omit the three-body processes involving non-bosonic excitations and the terms

1. Everywhere in this article the coupling amplitudes A" are symmetric functions of their m first arguments, the wavevectors qi, q2, .. ., qm
of the incoming phonons, as well as of their n last arguments, the wavevectors qu+1, Qm+2, - - - » @m+n Of the outgoing phonons. With this property
the amplitudes are uniquely determined.
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proportional to bq, bq,bq, 0r by by, by, describing the off-resonant 3 < 0 processes which we do not study with the
microscopic theory. We have factorized the quantity mc?/(pL*)!/? and defined the dimensionless coupling amplitude

*

ﬂﬁ;.‘;io(ql, q2; q3) of the process by by, bg,, such that it is finite and nonzero in the thermodynamic limit:

2
mc 261 . _ 80 Q4 (79 Q@ Q@ q3
(pL3)]/2 ﬂmicro(ql’ qQ2; q3) - E Z [Tk,k’Mk’ (Mk—qz/ZMk—q3/2 + Nk+q3/2Nk+q2/2)
kkeD

+7@ Nl((ll (M(IZ M® + N® N® ) L+ g6

q3 A792 qi q3 3 192 qi
Kk kras 2k g2 ¥ Vi 2Viqs2) T ke (Nk’N M, + My, My o )+ q ‘—”12] (80)

k+q: /27" k-q2/2 k+q1/2" 'k-q2/2

where the notation +(q; < (p means that one must add to the terms already present in (80) those obtained by ex-
changing q; and q, while leaving q3 unchanged. Although the principle of our microscopic approach to calculate
the 2 < 1 coupling amplitude is fairly simple, we obtain a relatively cumbersome expression (80). This is due to
the resummation over the internal wave vectors k and k’ of the colliding pairs. A much more tractable expression is
obtained in the long-wave limit in the next subsection.

Long-wave limit. At low temperature, the low-wavevector phonons dominate the kinetics of the gas. This motivates a
specific study of A*<! in the limit ¢, g2, g3 — 0, where a comparison to hydrodynamics is meaningful. We perform
the expansion of the expression (80) in this limit and for a continuous space, I — 0, which allows us to integrate over
the internal degrees of freedom k and k’ of the pairs and to obtain an expression of the coupling amplitude that depends
only of the external wavevectors q;,  and q3;. The microscopic calculation is done in detail in reference [49]; the
underlying fermionic nature of the problem makes it rather tedious. We give here only the final result, expressed in
terms of the energies hiwq instead of the wavevectors, with the shorthand notation w; = wg,, i = 1,2,3. The two sets
of variables are connected by the dispersion relation (57) and momentum conservation relations. In the limit w; — 0,
we obtain:

-1/2
1
261 . — - -
‘?{micro(ql’ q2; q3) = (mc2) 23/2 010203 [ZJ(X’ y) (wl + wr 0.)3)

2
+ (micz) {A(x, YWw + wry — w3)(w% + w% + w%) + B(x,y) (a)g - w? - wg) + C(x, y)wlwzwg} + O(ws)] (81)

where the rational fractions A, B, C and J of the variables x and y defined in (59) are given in Appendix B. The
denominator (w;wyws3)'/? leads to a divergence of the coupling amplitude in the long-wave limit whenever the process
is not on the energy shell, that is when it does not obey the energy conservation relation

w3 = w) + ws. (82)

One can check that the Bose-Einstein Condensate (BEC) limit (¢ — 0%) of our result (81) coincides with the prediction
of Bogoliubov theory [52, 7] for a weakly interacting gas of bosonic dimers 2.

Resonant processes. To conclude this microscopic study, we evaluate the coupling amplitude on the energy shell, that
is for processes satisfying the energy conservation (82). Such processes are allowed in the limit w3 — 0O for a positive
v parameter only, that is when the dispersion relation ¢ — wq is convex at low g. We collect the rational fractions B
and C to form the thermodynamic quantity

2 -1
gd_” (j_“) =1+Ar (83)

2
2B(x,y) + EC(x,y) =1+ a2 \dp

2. The BEC limit corresponds to x — 0 and y ~ —4/x [11]; in Appendix B we give the expressions (B.12) of the rational fractions in this

limit. It is then straightforward to check that our expression of .”ﬂrznzio in the BEC limit coincides with equation (16) of reference [7] expanded to

third order in ¢ and expressed in terms of the Bogoliubov excitation energies of a gas of (Ng) = (N)/2 bosonic dimers of mass mg = 2m, and speed
of sound c.
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Figure 1: The factor 1 + Af, which is the Fermi gas equation-of-state dependent part in the 2 < 1 phonon coupling amplitude (see equation (83)),
is plotted as a function of the interaction strength 1/kra. The black solid line is obtained from the equation of state measured in [20]. In the BEC
(kpa — 0*) and BCS (kpa — 07) limits the dashed black lines are the asymptotic behaviors given by the Lee-Huang-Yang corrections [53, 54, 55]
(that include the first correction to the mean field energy, scaling as (kga)? on the BCS side and as pa W on the BEC side). For comparison the
prediction of the BCS equation of state (12) is plotted as a dash-dotted blue line. Note that 1 + A tends to 1 in the BEC limit, as for a weakly
interacting Bose gas. It is equal to 8/9 in the unitary limit, and tends to the same value in the BCS limit, since in both cases u oc p>/3.

Its expression as a function of x and y is given in Appendix B and can also be obtained by differentiating twice the
BCS equation of state (12) with respect to u. This leads to an elegant expression of the on-shell coupling amplitude:

o h3
Ads (@1, 425 q3) = 3 (1 + Ap) % + O(q;/Z) &

The thermodynamic quantity 1 + Af is related to the so-called Griineisen parameter u = g;:; by 1+ Ap = 2(1 + ).
Its occurrence as a factor in equation (84) is the only difference between this fermionic formula and its equivalent for
a gas of weakly interacting bosons obtained by the Bogoliubov theory (see equations (D8) and (D9) of reference [7]).
It is plotted as a function of the interaction strength in the BEC-BCS crossover in figure 1. It tends to 1 in the BEC
limit (x — 0%, y ~ —4/x) like in a gas of weakly interacting bosons where u o p, and it is equal to 8/9 at unitarity

(x = y) and in the BCS limit (x — 0, y — 0) since in both cases u « p*/3.

4.1.2. Hydrodynamic approach

We now compare our microscopic result (81) to the irrotational quantum hydrodynamics of Landau and Khalat-
nikov. This theory performs a large-scale description of the gas in terms of two hermitian quantum fields p(r, ) and
V(r, ), directly neglecting the exponentially weak density of fermionic quasiparticles at low 7. The velocity field
¥(r, 1) is assumed to be irrotational and is written as the (discrete) gradient of the phase field operator @(r, 1),

h_ .
V(r,7) = —Vo(r, 1), (85)
m
canonically conjugated to the density field operator p(r, 7):
A 2 7 6 s d
o(r, 0, $x', D) = i—. (86)
The dynamics of these fields is governed by the hydrodynamic Hamiltonian
. . R
Hyyaro = Zr: [%(th) P (Vo) +e0p(P)|, 87)
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where e is the bare energy density, that shall be renormalized by the eigenmodes zero-point energy as described in
[8] to give rise to the true energy density e, in the ground state, related to the zero-temperature chemical potential by
u = deg/dp.

The procedure to follow is standard and similar to the microscopic approach. We linearize the equations of motion
for weak spatial fluctuations of the density and phase fields:

Po + 6p(r, 1) (88)
do(t) + 6p(x, 1) (89)

o, 1)
¢(r, 1)

where po will be replaced by the mean density p. We then expand the fields on the eigenmodes of the linearized
dynamics:

pl/2 hg 172 S
opr, 1) = WZ(%) (bq + bl g)eidr (90)
qeD*
-1 me '/
b, t) = —— > [=—] by-bl,)er 1
(r,1) pl,wz*(th) (by—blye 1)

qeD

where the bosonic operators i)q are the hydrodynamic counterpart of those in equation (74). The corresponding
bosonic excitations have a purely linear spectrum hwﬁydm = hcq where the sound velocity c at density p is still given

by the hydrodynamic expression (58). Next, we insert in the cubic part of the Hamiltonian (87)
A0 =0 S [ vss spvsp + L 5pp 92
hydro = Z% ¢ - op ¢+g$(l?) , (92)
the modal expansions (90) and (91) to obtain

~(3) _ m62

261 . Tt T 1o
o = 27 D0 [baaas Aryaso(@r 42: @3) (B, B, by, +hc.)
(pL ) qi,

Q.q3€D*
+ 6111+¢12+¢13»0‘7(t31;i)(r)0(q1 42, q3) (22;1 133;213313 + h.C.)] (93)

where the coupling amplitudes of the 2 <> 1 and 3 < 0 processes are given by

o |

ﬂﬁyd:o((Ih(Iz;q,%): % (BAp+un+uiz+uns) (94)
o 1 [R

Pyt €162 45) = 5\ Tt GAr+ui2+1013+13) (95)

in terms of the parameter Ar defined in equation (83) and of the cosine of the angle between the wave vectors q; and
q;

Ujj = u (96)

qi4j

The 2 < 1 amplitude clearly differs from the amplitude (81) obtained by the microscopic approach (in particular it
does not diverge in the large wavelength limit). Physically, this may be surprising at first sight. The collective-mode
component of the field in the microscopic theory is indeed expected to correspond to the field of the quantum hydro-
dynamic theory: for example, the modal expansions of the density and phase fields (67,68) in the microscopic theory
seem to match, after quantization of the normal modes by, the modal expansions (90,91) of quantum hydrodynamics
(apart from an overall factor 2 in equation (68) due to the fact that the phase (r, ) of the pairing field is conjugated to
the pair density, rather than to the particle density), so that the operators I;q in equation (74) indeed seem to correspond
to those in equations (90,91).
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This discrepancy between the three-phonon coupling amplitudes can be attributed to two reasons: (i) the most
obvious one is the difference of the Hamiltonians of the microscopic and hydrodynamic models, (ii) the somehow
more hidden one is the fact that the modal expansions (67,68) in the microscopic model are valid only to first order
in B, whereas the modal expansions (90,91) in quantum hydrodynamics are exact, with the consequence that the
operators Eq coincide in the two points of view only to first order in 8. The first effect is due to the fact that quantum
hydrodynamics is an effective field theory only valid at small wave numbers. The second effect is due to the fact that
quantum hydrodynamics directly use the density field p(r, 7) and the phase field @(r, 7) as the canonically conjugated
variables of the theory (this corresponds to a modulus-phase point of view), whereas the microscopy theory uses the
pair fields By (7) and By (1) as conjugate variables, in which case the field density p(r, ) and the phase field 6(r, 1)
are only specific subfields that are nonlinear functions of 8 and %, see equations (63,64). To qualitatively assess
the relative importance of the two effects in the coupling amplitude discrepancies, the simplest way is to study the
weakly interacting Bose gas case, which leads to less tedious calculations and reproduces the fermionic case in the
BEC limit kga — 0*. This study is performed in Appendix C. We then conclude that the leading effect is effect (if),
that is the slight difference between the operators 13q in the microscopic and hydrodynamic theories, as it explains the
out-of-the-energy-shell divergence of the microscopic model coupling amplitude at vanishing wave numbers ¢;. On
the contrary, effect (i) only gives a negligible correction O(qz/ %) to the ~ q?/ 2 hydrodynamic coupling amplitude.

One can check however that the microscopic-theory and the hydrodynamic results for the 2 < 1 coupling ampli-
tude agree when the energy is conserved, see equation (84) and equation (94) written on the energy shell,

. &
Fryinoons @1+ €23 €3) =3(1 + Ar) | LD ©7)

In the hydrodynamic theory on the energy shell the three wave vectors q;, q, and q3 must indeed be colinear in the
same direction in order to satisfy the equality |q; +q2| = g + g» imposed by energy conservation for a linear spectrum
(this is the well-known equality case in the triangular inequality). This is a satisfactory and important conclusion as,
we shall see it, the Beliaev-Landau phonon damping rates I'q of Sec.5.2 only involve the on-shell coupling amplitudes.
In this respect, the microscopic and hydrodynamic theories lead as expected to the same low-energy physics.

4.2. Four-phonon processes

We now consider the 2 < 2 four-phonon process. When the excitation branch g — wq is concave at low wave
numbers, this is the resonant process involving the minimal number of phonons because the 1 < 2 and 1 & 3
processes are now forbidden by energy conservation. Also, this process is more intriguing on a theoretical point of
view since it involves virtual nonresonant 1 < 2 or 3 < 0 intermediate processes. In this case, the equivalence
of hydrodynamics with the microscopic approach is not obvious, as hydrodynamics does not correctly describe the
1 & 2 processes off-shell. In this section, we give the hydrodynamic prediction for the 2 < 2 effective coupling
amplitude that includes the virtual processes, then we validate the result with a microscopic model. Since the fermionic
microscopic model would be quite cumbersome, we use a boson model with finite range interactions, such that the
excitation branch is concave at low g.

4.2.1. Transition amplitude
We need to calculate the transition amplitude between an initial state of energy E;, which is an arbitrary Fock state
of bosonic quasiparticles,

i) = [(ng)gen) (98)

and a final state of energy E; where two phonons of wave vectors (; and g, were annihilated and replaced by phonons
of wavevectors (3 and qq:

S oAt on a
bQB b(l4 b(Il b(lz

lf) = 1) 99)
Vg ng, (1 + ng,)(1 + ng,)
Whatever the specific model, the Hamiltonian can be expanded as
ﬁ=E0+ﬁ2+ﬁ3+FI4+... (100)
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where E, is a constant, H, is the free quasiparticle Hamiltonian and H;, A, are the third order and fourth order terms.
Hj; cannot dlrectly couple |i) to | f ), so we calculate the coupling to second order in perturbation theory, which amounts
to treating H, to first order and Hg to second order to construct an effective Hamiltonian [56]:

. . H5| A i
U2y = (i + 3 LEVARED 2" E<E'A W _a, (101)
/1 1

There exist 6 intermediate states |1), labeled from I to VI, that can be accessed at zero temperature that is when all
the modes q # q,, q; are initially empty. These states correspond to the creation and reabsorption of a virtual phonon
by a three-phonon nonresonant process. They are represented by the diagrams on the left part of figure 2, with the
virtual intermediate phonon plotted as a dashed line. To these six intermediate states A=I-VI correspond six other
diagrams A=I"-VTI’, shown on the right part of figure 2, where the intermediate phonon has the same wave vector but
is annihilated and recreated rather than being created then annihilated. These intermediate states exist only at nonzero
temperature since the intermediate phonon must preexist in state |i).

4.2.2. Effective 2 & 2 coupling amplitude
The effective coupling amplitude A><><T of the 2 « 2 process is defined by the following writing of the effective
Hamiltonian:

2

ANy - mc o AL AL A A

APl = o > barwana @1, @3 a3, 4B, Bl by, by, (102)
q1,92,93,94€D

By construction, the matrix element of A2 petween |i) and | /) is the transition amplitude A;_, ;. We thus have the
relation

4mc?
Aiy = \/nqlnqz(l + g )1+ ngy) (103)
pL
where the factor 4 is a counting factor.
From now one we restrict to on-shell processes, such that
W] + Wy = w3 + Wy, (104)
with the shorthand notation w; = wg,, i = 1,2,3,4. In this case, a simplification occurs between each of the

A=LILILIV,V,VI diagrams and its A’=D",II",III’,IV’,V’,VI’ counterpart on the right column of figure 2, which for-
mally reduces the problem to zero temperature. Each diagram and its counterpart have indeed opposite energy de-
nominators, with numerators that differ only through the factor involving the occupation number of the intermediate
phonon q, (1 + ng) in the left column (where the intermediate phonon is first created) and nq in the right column
(where the intermediate phonon is first annihilated). Taking I and I’ as an example, one has E; — E1 = w| + w1 — Wq,+q,
and E; — Ey = wq,4q, — W3 — w4 = —(E; — Ey); in the matrix element (fIH5|1)(1|H3|iy one has the factor (1 + Ng,+q,)
and in (f |H5|I')(I'| H5]i) one has the factor Ng,+q,- Collecting the diagrams by pairs, we obtain an effective coupling
amplitude identical to the zero-temperature one, that is with nq = 0 for all q # qy, q2. In terms of the direct on-shell
2 < 2 coupling amplitude 3{2H2 4 (that is related to A, in the same way as A>°2M is related to A><>*") and of
the amplitudes A>! and ﬂ3"’° introduced in section 4.1, the effective on-shell amplitude can finally be written as
follows:

2<—>2 eff 2<—>2 dir

Ades @192, 93, 94) = AG ¢ (1,92, 935 G4)
AN qr, qo; q1 + @) A N(Qs, 943 q1 + q2) . 9A*0(qs, q4, —q1 — @) A*0(q1, q2, —q1 — Qo)

W1 + Wy — 142 —(1 + Wy + W142)
. AN s, q1 — q3; QDA (q1 — q3, G2 G4) . A4, @3 — q1; @)A(Q3 — 1, q13 q3)
W] — W3 —Wi-3 w3 — W] — W3-
. AN Qs q1 — Q43 QDA (Q1 — Q4. Q23 q3) . A3, qa — q1; QAN (Qs — q1, 413 q4) (105)
W] — W4 — W14 W4 — W] — Wy-
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where the energies were rescaled by mc?,

hw . .
P with the notation  w;,; = Wqxq;- (106)

w

Note that the coupling due to diagram VI (whose contribution is written here immediately after the one of diagram I)
has a counting factor equal to 9.

4.2.3. Effective amplitude in hydrodynamics

At low temperature, we need the large wavelength limit of the on-shell expression (105). If one wants to get it
from quantum hydrodynamics, one must introduce in quantum hydrodynamics a correction grasping some element
of microscopic physics. Indeed, the hydrodynamic excitation spectrum is purely linear, which causes the energy
denominators in (105) to vanish, and the effective coupling amplitude to diverge, when the wave vectors are colinear.
This is an artefact of hydrodynamics. In reality the spectrum has a nonzero y curvature parameter, here y < 0, so
that the energy denominators do not vanish. For almost colinear wave vectors, it is then natural to regularize the
coupling amplitude by replacing the hydrodynamic dispersion relation hwgydm = hcq with the expansion (57) as done
by Landau and Khalatnikov [1]. We shall bring a microscopic justification to this: for colinear wave vectors, our
bosonic microscopic model (see subsection 4.2.4) gives a large wavelength equivalent of formula (105) that indeed
agrees with the Landau-Khalatnikov modified hydrodynamics.

First we determine the direct 2 «> 2 process amplitude from the quartic terms of the Hamiltonian:

A% 1 d3/~l B 50t 107
hydro — ﬁd_p3 Z (2 ( )
r

As we did previously, we insert the expansions (90) and (91) into I:Il(:;:jm and we keep only the 2 < 2 terms
bl;3b(‘]4b€hbqf

ry2e>2,dir ch 2652, dir . I

thdro = ? Z 6‘11+Q2,Q3+Q4ﬂhydm ((I1, q2;q3, q4)bq3bq4bq,bq2 (108)

p q1,92,93,94€D

to obtain the rescaled direct 2 <> 2 coupling amplitude

«2.dir ) h4
T (1 21 3. 4e) = o | (109)

3 43
p’ d'u
.= 2 F 110
"= e dp? (110)
Second we combine the amplitude (109) with our previous expressions for the 2 < 1 (94) and 3 < 0 (95)
amplitudes to obtain

2 2
o2 (@ G . Q) = 1 [wiwwws S+ (W1 + w2)"A1234 + Wi, Broza
hydro corr,OnS ‘11> 1122 5> 16 mc8 (w + w2)2 _ w%+2

2 2 2 2
(W1 — w3)"Az4 + W 3B132a (W1 — w4)"Aranz + wi_,Blans

(w1 —w3)? — Wi, (w1 — ws)? — Wi,

where we introduced

(111)

where the index “corr” means that one goes beyond the hydrodynamic approximation for the dispersion relation in
the denominators of expression (111) by using the cubic approximation (57), and we introduced the coeflicients

Ajju
Biju

GBAF + ui))(1 +ur) + AR + u)(1 + u;;) + (1 + ;)1 + ugg) (112)
BAF + ui))BAF + ui) (113)
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Figure 2: Second order diagrams for the 4-phonon process (qi,q2) — (q3,q4) with q; + q2 = q3 + qa, considered as two successive three-phonon
processes. The incoming wave vectors q; and q> and the emergent ones (3 and q4 are plotted as a solid line with an arrow. On the left column the
diagrams include a virtual intermediate phonon, plotted as a dashed line with an arrow. On the right column they include a real intermediate phonon,
plotted as a double line with an arrow. On any given row, the two diagrams have the same intermediate phonon: inIand I’ qs = q1 + q2 = q3 + q4,
inlland I’ q = q; —q3 = q4 — q, in Ml and I’ —qy;, in IV and IV’ q» = q; —q4 = q3 — q2, in Vand V' —qy,, in VI and VI’ —qs.
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4.2.4. Effective amplitude in a weakly interacting Bose gas with nonzero range interactions

To study the 2 < 2 process with a microscopic approach and understand how the divergence in hydrodynamics
must be regularised, we shall not use the fermionic variational theory of section 2, which would be very heavy to
manipulate due to the internal degrees of freedom of the pairs. We rather use a bosonic model with a large enough in-
teraction range b so that the Bogoliubov excitation branch is concave at low ¢. In Appendix E, we describe this model
in detail and we calculate the 2 « 2 effective coupling amplitude in the weakly interacting limit from Bogoliubov
theory. On shell, in the limit of small wave vectors, we then recover the prediction (111) of corrected quantum hydro-
dynamics specialised to the bosonic equation of state (E.11), that is with Ag = g = 0 and (m, ¢, p) — (mg, cB,PB),
where my is the boson mass, cg the sound velocity in the Bose gas and pg the density of the bosons. The curvature of
the spectrum, which eliminates the divergence of the 2 < 2 effective coupling amplitude, is present from the start in
the microscopic model and does not need to be added by hand. This provides a microscopic justification to the pre-
scription of Landau and Khalatnikov [1] described in the beginning of subsection 4.2.3. The result was not obvious
from the start, and it is due to a subtle cancellation between the large wavelength divergences of the direct coupling
term (E.20) and of the second-order-perturbation-theory virtual coupling term. The details of the microscopic calcu-
lations are thus very different from the hydrodynamic ones, where the direct coupling term is zero for the considered
equation of state (E.11).

5. Application: phonon damping in the BEC-BCS crossover

5.1. A general master-equation expression of the damping rates

To calculate the damping rate, we view the phonon mode of wave vector q as a harmonic oscillator coupled to the
reservoir formed by the other quasiparticle modes [57], assumed to be at thermal equilibrium at temperature 7. We
thus split the low-energy effective Hamiltonian as

A = hwgblby + [Z hwq,i;g,iyq,] + (R'by +bIR) + .. (114)
q'#q

The first and the second terms, originating from H,, describe the free evolution of the mode q and of the reservoir,
respectively. The third term, originating from the part of A3 or H><>*% involving Eq or IQZ, gives the coupling between
the reservoir and the mode q. The ellipsis . .. includes (i) higher order nonlinear processes, (ii) processes that do not
involve the mode q, and (iii) terms of the form R/i)ai)q, where R’ is an operator of the reservoir, that shift the energy of
the mode q. In the Born-Markov approximation, valid in the weak coupling and collisionless limit of low temperature
T and low wave number ¢ at fixed nonzero hcq/kgT,> one gets for the equation of motion of the mean number of

excitations (7q) in the mode q [56]:

d . A -
&<nq) = -Tq(fq) — 7iq) (115)
where 714 is the thermal equilibrium population of the mode:
_ 1
g = ——5——— (116)

exp (7)1
The damping rate I'q is given by
edr g, A
Iy = f e T (IR R0l ) (117)
where Try is the trace over the states of the reservoir, o'eRq is the thermal equilibrium density operator of the reservoir,

[A, B] is the commutator of operators A and B, and the time evolution of the operator R (7) of the reservoir is calculated
in the interaction picture with the Hamiltonian 3’y .q hwq bjl, by .

3. When T and ¢ tend to zero, the wave numtzers g; of the intermediate phonons contributing to I'q tend to zero, and so do in general the phonon
coupling amplitudes appearing in the operator R. Still a validity condition of the result (117) is that wq > T, with hicqy, = kgT, that is the
angular frequency wq of the considered mode must greatly exceed the typical relaxation rate of the thermal phonons, which defines the so-called
collisionless regime (as opposed to the hydrodynamic regime).
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5.2. Convex case: Beliaev-Landau damping
For a convex dispersion relation, the bilinear terms in R lead to resonant processes, so they give the leading
contribution to I'y at low temperature. We thus insert in (117) the following expression for R':

=»

T ch P 7 - 7
= oDy | 2T @ s WP B g+ D 27 (62 6 00B] BB (118)
92,93 q1.92

We split the contribution of the Beliaev process q < (q’, (q — q’)) (first contribution in (118)) from the one of the
Landau process (q,q") < q + ¢’ (second contribution in (118)):

(mc*)? f ) i
rBel — d3 IﬂZHI r’ _ r; 26 4 o 1+ I , 119
q 22020 Jpe 4 Aoy (@', 4 — 45 QI 6(wq + wq-q — Wg)(1 + ig—g + i) (119)
Lan (mC2)2 3 rem2eol, , ) _ _
Fq = —ﬂzth \ d q lﬂOnS (q ,q;q + q)| 6(a)q+q, —Wyq — wq)(nq, — nq’+q) (120)
R

and in the low temperature limit we use the leading order expression (84) of the on-shell coupling amplitude 2 < 1, or
equivalently the hydrodynamic on-shell expression (97). We integrate over the wave vector q” in spherical coordinates
of polar axis q to obtain the low temperature equivalents *

9(1 + Ag)? mc? kBT
FBel ~ ( ) FBel 121
7 750 327 ko \ h c2 @ (121)
9(1 + Ap)? mc? kgT ~
l—~Lan ~ ( ) o Lan 122
7 150 327 hp \ A ) \me? @ (122)
The wave numbers are here rescaled by the typical thermal wave number as follows:
heq
j=—— 123
4= (123)

and the T — 0 limit is taken at fixed §. The functions ['®*! and ™" are universal functions of §, that can be expressed
in terms of the Bose functions g,(z) = Y./ z"/n®, also called polylogarithms Li,(z), and of the Riemann ¢ function,

{(@) = ga(1),”

- & 45t . B . B .
g = g—o BT 48 [C (5) — gs(e q)] — 24Gg4(e”) + 47°[4(3) — g3(e™D)] (124)
- - 7 8t
l—~Lan ~ — FBel ~\ C]_ = 125
(@) (@) TR (125)
This leads to the following limiting behaviors:
~4 ~6
ppe = L4 o8 126
40 6+360+ @) (126)
_ 4r*
B = +4g(3) ——q+48§(5)+0(~2 ) (127)
G+oo 30 15

The corresponding ones for I'*" can be trivially deduced from equation (125). The two damping rates and their sum
are plotted as functions of ¢ in figure 3.

4. If one directly uses the quantum hydrodynamic linear dispersion relation wq = cq in the argument of the Dirac distribution in equations

(119,120), we face the polar integral fj L duo(u — 1) (u is the cosine of the angle between ¢ and q’ and the energy is conserved for u = 1 only),
which seems to be equal to 1/2. If one correctly takes into account the strict convexity of the dispersion relation, through the curvature parameter
y > 0, we obtain the correct value ﬂ | dud(u — up) = 1 with the energy conserving root ug €] — 1, 1[ arbitrarily close to 1 in the low temperature
limit. Obviously this value does not depend on y because the Dirac distribution always has a unit mass, which explains why the results (121,122)
are y-independent, but in a subtle way it utilises the sign of y: if y was negative, there would be no energy conserving root ug in the interval of
integration, and the resulting integral would vanish, indicating the absence of Beliaev-Landau damping for a concave dispersion relation.

5. One just has to series expand 1/ (eq/ —1)and 1/ (eq’"l~1 — 1) in powers of the variable e and to exchange summation and integration. We
recall that (4) = 7*/90.
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Figure 3: Low-temperature leading behavior of the total phonon damping rate (solid line) as a function of the rescaled wave number g = hcq/kgT
for a convex dispersion relation. This is the sum of the Beliaev (124) and Landau (125) rates (dashed lines). The rates are rescaled as in equations
(121) and (122).

5.3. Concave case: Landau-Khalatnikov damping

For a concave dispersion relation, the mode q is damped at sufficiently low temperature by the 2 < 2 process
only; in equation (117), we thus keep in R the terms l?jb B;ﬁqz, that originate from the quartic Hamiltonian (102).
More explicitly, we replace R" in equation (117) by the following expression:

2
Ao MC o PR
k= ? Z zﬂgff 2((1, q2; 93, (I4)b;3bj14qu5q+qz,q3+q4 (128)
p q2,93,94
This leads to
22 = (mc?)* Barddaa| A2 . 25 A (14 +7 1+ 7 Vi 7
4“7 451207 Jge 924" 431 A0,5™ (4, 423 43, Ga)| (qu"'wm_qu_wq)["qz( + gy )(1 +7ig,) = ( +”qz)nq3”q4]
(129)

where the vector q4 is expressed in terms of the other wave vectors through momentum conservation:
GU=9q+q—q3 (130)

In what follows, we explain how to obtain a low-temperature equivalent for the rate Fﬁ“’z at fixed § = hcq/kpT. We
take as the polar z axis of the spherical coordinates the direction of q; the vectors q; then have coordinates (g;, 6;, ¢;).
We consider a temperature 7', controlled by the small parameter

kgT

€= 3_2 <1, (131)

mc
so low that the typical wave numbers are much smaller than mc/h and the bosonic branch is populated in its quasi-
linear part only. In this case, the coupling amplitude ﬂzo:sz, that would be divergent at vanishing angles for a linear
dispersion relation as already pointed out in section 4.2.3, is extremely peaked around 6, = 6; = 0 with a width of
order € in 6, and 63,° and a height 1/€> times larger than the typical amplitude at nonzero angles, as we shall see.

6. The peak width is of order € because the intermediate-virtual-phonon energy change when the 6; vary from O to € is of the same order as
the cubic correction to the hydrodynamic dispersion relation, knowing that the typical wave numbers are = kg7 /hc. Taking as an example the
—%H% ~ kpT#?; this deviation is of the same order as the cubic term
~ kBT\y|E2 in the equation (57) when 9% ~ Iylez, hence the change of variable (132).
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intermediate phonon qs = q + qa, one finds that Ac[|lq + q2| — (¢ + ¢2)] ~



Using conservation of energy and momentum (130), one also finds that 6; = O(e) over the width of the peak. We thus
rescale the wave numbers as in equation (123) and the polar angles as
~ 0;
0 = —— 132
elyl'/? (132)
with ¥ < 0 the curvature parameter (57), then we perform a Taylor expansion of the coupling amplitude (111) for
€ — 0 at fixed rescaled quantities:

A (Q, 923 3, ) = (

31+ Ap)\ (G62532)" e,
" F) q”ﬁ;“ A2 G 33, 0. 03) + O(€D) (133)

The Zp-dependent term of the A><>4" direct amplitude does not contribute at this order. This property, combined
with the clever rescaling (132) of the polar angles, allowed us in equation (133) to pull out the factors 1 + Ag and y
that depend on the interaction strength. This leads to a universal .‘ﬂfe‘gz reduced amplitude:

2 e o 1 1 1
Aed (3.2, 33,62, 65) = E—— 7 - R (134)
616]2(—(q+§2)2 + z) 943 ((q 7 T ) q(G+q2 - q3)((q3 7 T =)

The first, second and third terms in (134) originate from the second, third and fourth terms in (111). In the last two
terms, we carefully distinguished the cases g > g3 and ¢ < g3, ¢ > g4 and g < g4 before taking the € — 0 limit.
Next, the implicit relation issued from energy conservation,

o €Wl s s
q4=q+cn—q3—T(q3+q§—q§—qi)+0(e4) (135)
is iterated once and combined with a spherical geometry calculus projecting relation (130) over . This gives the

following expression for fj:

o BB -pB -1 P+ B -0 -G+ a5 - 3)
P=2 3 J~ 2B ]+0@> (136)
q+q—qs

Note that §3 < g + ¢» according to (135). Also, due to the rotational invariance around q, the integrand of (129)
depends on the azimuthal angles only through their difference ¢ = ¢, — ¢3.

The last step is to integrate the Dirac distribution ensuring energy conservation. This is conveniently done in a
polar representation of the rescaled angles:

6, = Rcosa 63 = Rsina (137)

We also write the energy difference between the initial state and the final state as

Wq; + Wq, — Wq, — Wq = T 52|7| (uR2 + v) +0(€) (138)
with
_ §(gs sin® @ — §» co§2 a/)~+ q2~(73(1 — sin2a cos ¢) (139)
q4+4q2—qs3
=%W+ﬁ—ﬁ—@+%—%ﬂ (140)

In the form (138), the Dirac distribution is readily integrated over R. We can finally express the 2 <> 2 damping rate
in terms of a universal function I'><? of the rescaled wave number §:

hrz? 81(1+Ap)4(kBT) ( me

6
262~
me2 0 256y hp1/3) @ (141)

mc?
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This is one of the central results of this paper. The function I272(3) is given by a quadruple integral 7

P [ [ a R (L I ML

V12
f dozf dq)smacosa/@(——) - sina)

where we introduced the Heaviside function ®(x > 0) = 1, ®(x < 0) = 0 and the reduced Bose function f(x) =
1/(e* = 1). The occupation numbers in (129) were rewritten using the property (1 + fig,)/flq, = €™u/%T and the
conservation of energy. The function 22 is plotted in figure 4. Its low- and high-§ behaviors can be obtained
analytically:

2
v[1/2

ot (61,1?2,513, ~| cosa, (142)

- 167°
PG =, 13’; 34 05" (143)
U@ =, 167? Oz 0@ (144)

These limiting behaviors disagree with the results of Landau and Khalatnikov in reference [1] (see their equations
(7.6) and (7.12) in the version [58]), even for the order in § of the leading terms. This discrepancy is due to the fact
that these authors have neglected in the coupling amplitude at low § and at high g the contribution of the diagrams IT
to V of figure 2 (the diagram VI is nonresonant). This is not justified as already pointed out in reference [9], where it
was observed numerically that the neglected diagrams are comparable in magnitude with the kept one. We find that
at leading order, the neglected diagrams actually interfere destructively with the diagram I, which makes the exact
results (143,144) sub-leading with respect to the Landau and Khalatnikov predictions by two orders in §.

5.4. Phonon damping beyond hydrodynamics

In this section we concentrate on the zero temperature unitary Fermi gas. Our goal is to calculate the phonon
damping rates beyond the hydrodynamic result (127), which we rewrite in the form

rBe] unitary gas _ 2 m62 mc 3 éS 145
o = \ox )\ )\ 57) 30 (145)
where we introduced the notations

. _ hq v o hwq

q= % and u)q = W (146)

To this aim, we first calculate the amplitude ﬂé:’sl (q1, q2; q3) to first order in the curvature parameter y of the excitation
spectrum, that is we go in expression (84) one step beyond the hydrodynamic order in the low wave number limit.
Then we calculate the Beliaev rate from (119) including first order corrections in y also in the excitation spectrum.
Last, we question the accuracy of the Fermi golden rule delta distribution in (119) and we investigate processes of

higher order than Beliaev.

7. Let us give the explicit intervals of integration [amm,amdxl and [qum,qﬁmax] imposed by the Heaviside function. We set y =

W A= 233 + %, C=1- E E’A/ e m. @i)Ifv> 0and ¢ < g3, 2ami, = acos A’ —acos C’ and
2amax = acos A’ + acos C’. (i)) If v > 0 and g > g3, @min = 0 and 2amax = acos A’ + acos C’. (iii) If v < 0 and ¢ < g3, @min = 0 and amax = 7/2.
(iv)Ifv <0and g > g3, 2amin = acos C’ —acos A’ and amax = /2. In the cases (i) and (i) (v > 0), ¢min = 0, Pmax = 7 if ¥ < —1 and Pmax = acos y
otherwise. In the cases (iii) and (iv) (v < 0), dmax = T, Pmin = 0 if ¥ > 1 and ¢pin = acos y otherwise. The integral over ¢ can be calculated

analytically. One faces fo d¢ (Z, @

Az)m and C’ =

. o D . I .
+Cos¢) that can be expressed in terms of the primitive F(®) = fo dqbaﬂlm and of its derivative with respect

_ 1a\1/2
wa Ifael - L[ F(®) = g=amasth [(ﬁ) tan 2 ] Iflal > 1, F(®) = ryratan | %5

7 tan $ ]Ifa_l F(®)=tan 2.
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Figure 4: 2 < 2 damping rate as a function of the rescaled wave number §= hcq/kpT. In order to make the limiting behaviors more apparent,
the rate is divided by > and plotted as a function of argsh(g)= In(g + /1 + %). The oblique tangent at § = 0 corresponds to the low-g limiting
behavior (see equation (143)). The horizontal straight line is the § — oo limit of 1292/ (see equation (144)) and the asymptotic curve at large
g is a fit of I2°2 /4% by an affine function of 1/g. The black symbols are numerical calculations of the integral (129). In the numerics, we used
a dispersion relation of the Bogoliubov form (149) restricted to an interval [0, gmax] over which its first order derivative is positive. The used
dispersion relation coincides with (57) up to the third order in g. The discs are obtained by a linear extrapolation of the value of the integral for
€ = 0, and the error bars halfwidth is given by the difference with a quadratic extrapolation.

5.4.1. Amplitude of a Beliaev process 2 < 1 for the unitary gas

In this subsection we calculate the amplitude ﬂé‘:sl(ql, q2; q3) including the first correction in y from the results
of Son and Wingate using conformal invariance in an effective field theory [43]. Son and Wingate constructed a
Lagrangian that includes the first correction to hydrodynamics, expressed in terms of a phase field ¢. For details on
the formalism, we refer to their work [43], and to reference [44] where it was used to calculate nonzero-temperature
corrections to the sound velocity.

In short, we first quadratize the Lagrangian to determine the phonon excitation spectrum wq and the corresponding
eigenmode amplitudes. The spectrum is of the cubic form (57) with the curvature parameter y = —% (c1 + %cz),
where the dimensionless constant ¢y appears in the leading (hydrodynamic) order of the Lagrangian, and the di-
mensionless constants ¢; and ¢, appear in the next-to-leading order and parameterize the first corrections beyond
hydrodynamics. The constant ¢ is linked to the already measured [21] Bertsch parameter &g relating the chemical
potential u to the Fermi wave number kg or the total density p:

2,2 3
M= 53% and p = il (147)

2m 3n?
The constants c¢; and ¢, on the contrary, have not been measured yet; they have not been calculated either with good
precision from a microscopic theory, only estimates are available, see [42] and references therein. Second, we use the
cubic terms in the Lagrangian to obtain the coupling between the phonon modes. This leads to the on-shell Beliaev

coupling amplitude to first order beyond hydrodynamics:

o , V2 TY o2 o . .
AZH (kK q) = —T(wqwkwk,)”z [1 - 3—2(w§ +p + @)+ o()) (148)
Note that the same linear combination y = —%‘(‘_O (cl + %cz) as in the spectrum appears in this result. Details of the

calculation are given in Appendix D.

5.4.2. Phonon damping rate for the T = 0 unitary gas
Up to cubic order in g, we can rewrite the excitation spectrum in a Bogoliubov form
1/2
o, = q(l + %zﬁ) (149)
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This allows us to recycle the result (A14) in Appendix A of reference [7] to perform the angular integration in (119),

it me\( me \' (7. . / k g — W
(rg)™" = (E) (m) f kA (ke K ) : 7 (150)
0 0 q [1 + (g — J)k)z]

where we acknowledge in the notation the fact that the coupling amplitude (148), where @ = @, — @y, depends on

unitary gas o
) Y*/q] as
an integral over k between 0 and 1 of a function depending only on k and on the small parameter yg>. By expanding
this function to the sub-leading order, that is to third order in y¢?, and performing the integral over «, we obtain the
provisional result

the moduli of the wavevectors only. By performing the change of variable « = k/g, we express [(Fde'

. 3 .5
Bel\Unitary gas 3 m_c2 ﬂ q_ ~ 25 . .
(Fq )prov q:() (97-[)( h )(hp1/3) 30 [1 '1127q + 0(q ) (151)

The sub-leading term in our provisional result (151) is qualitatively different from the one in [13], in particular it
predicts a reduction of the damping rate with respect to the hydrodynamic prediction at low wavevectors rather than an
increase. The disagreement is unexpected as the calculation of reference [13] is performed with the same methodology
as ours and in the same spirit. We think it is due to fact that the dependence of A*“! on y was finally neglected in
[13] while it gives a contribution of the same order as the dependence on 7 in the spectrum.

Before accepting the result (151), we should ask ourselves which kind of correction originates from the fact that
the considered one-phonon state is unstable, of width I'q/2, and as a consequence, that the free phonon energy is not
exactly conserved in the one-to-two phonon decay process, contrarily to the constraint imposed by the Dirac delta
function in equation (119). In order to estimate the order of magnitude of this effect, one can replace the Dirac delta
function by a Lorentzian of half-width I'/2,

T,/2
(Wg + Wq-q — wq)> +Ta/4

M(wq + wg-q — Wq) — (152)

where I’y can be identified to its leading term in ¢°. One finds then that this effect introduces a correction to Ty that
is of order ¢’ in the limit ¢ — 0.® To get the exact contribution of this broadening effect to I'y, we of course do not
use the heuristic prescription (152) but we do a rigorous calculation in Appendix F. In short, using the resolvent of
the Hamiltonian, we write at the Beliaev order a self consistent equation for the complex energy zq = hwq — ihl¢/2
of the q phonon. If one replaces zq by its zeroth order approximation fwq + in (7 — 0%) in the implicit part of the
equation, one recovers exactly (151). If one performs one self consistence iteration, that is if one replaces —2Imzq/h
by its usual hydrodynamic approximation (145), one obtains the final result at the Beliaev order:

. 3y 3/2
(rﬁe‘)mm‘“yg“:(2 )(’”_Cz)( e ) 7 [1 ) 512+—4\/§§B P+ o (153)

ox)\"n \mp'3) 30| ~ 1127 243y

where &g is the Bertsch parameter (147) of the unitary gas.

In order to conclude, and to make the result (153) rigorous, we have to verify that no other process of higher
order than the Beliaev 1 — 2 process, gives a contribution of order §’. A natural candidate is the cascade process
represented in figure 5, which combines two 1 — 2 processes induced by the cubic Hamiltonian A3, giving rise to a an
effective coupling amplitude 1 — 3, which is of second order with a virtual phonon °. We estimate the corresponding
change in the complex energy of the phonon q by treating the effective 1 — 3 coupling to second order in perturbation
theory.

0/
72 +(u—up)?
J -1 =~ & gives a correction O(§") to T’ gel coming from the finite energy width of the initial state.

9. The attentive reader has probably noticed that the quartic Hamiltonian Hy provides a direct 1 — 3 coupling to first order. The corresponding
amplitude is in ¢?. This direct coupling contributes to I’y at the order ¢°, that is here negligible even by taking into account the effect of a small
denominator in ¢*. For this reason we do not mention it in the main text.

8. Using the note 4, we consider the polar integral J = f_ 11 du where n’ ~ Tq/q ~ g*and 1 —ug = 1 — cosfy ~ §* as in (F.26). Then
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Figure 5: Effective coupling process, of second order in A3 involving the emission of a virtual phonon. As one can deduce from simple power
counting (see the text), in the case of a convex dispersion relation and when the phonons q, 2 and g3 are emitted within a small angle O(hq/mc)
with respect to q, this process contributes to the order (fig/mc)’ to the T = 0 damping rate of a phonon of small wave vector q. Its contribution has
then to be added to the result (153) as we verify in Appendix F by an explicit calculation.

At first sight, the result is O(¢°) hence negligible. One has to integrate over two independent emitted phonon wave
vectors, for example q, and qs, the third one q; being imposed by momentum conservation. As the wave numbers g;
are of order g, this gives a factor ¢°. It comes then the product of four matrix elements of Hj, as the effective 1 — 3
coupling contains two matrix elements and it is treated to the second order, which adds a global factor (¢*/?)* = ¢°.
Finally, there are three energy denominators, one from second order perturbation theory and the other two from the
effective 1 — 3 coupling. As the phonon energies are of order hcg, this provides a factor ¢* in the denominator. The
whole thing is O(§°) as announced.

The previous reasoning however neglects the enhancement effect of the small denominators of order ¢°, that
occurs when the wave vectors q; are emitted forward, with small angles 6; with respect to ¢, which already played a
crucial role in section 5.3. In the limiting case where q and the q; are all aligned in the same direction, momentum
conservation imposes

q9=q1+q+q3 (154)

so that the energy difference fiwg — (hwgq, + fiwg, + Awy,) is not of order ¢ but rather of order ¢, taking into account
the cubic term in the dispersion relation (57). This conclusion extends to all the energy denominators as far as the
emission angles are O(g). One can check indeed that g; = |q — q2 — q3| depends in relative value to second order in
the emission angles 6, and 65 with coefficients of order §°, in the same way as the true dispersion relation deviates in
relative value from that of hydrodynamics to second order in 4.

Let us then refine the naive estimation O(§°) of the previous paragraph, by considering the integration over q, and
s within cones of angular aperture O(§) around q. Each cone occupies a solid angle O(4%) so that we lose a factor
¢"* in the integration over polar angles. On the other hand we gain a factor g2 for each energy denominator, that is a
global factor g~°. We then predict a change in the complex energy of order §’, that is the same order as the correction
to hydrodynamics appearing in equation (153).

In Appendix F, we then explicitly calculate the contribution to the damping rate I'q that comes from the effective
coupling 1 — 3 treated to second order. We find that its expression, a rather tedious quintuple integral, leads to

. 355 \3&?
1_»3unitary gas _ 2 mc2 mc q 2 éjg v2 v2
(rq ) _(97)(?)(@1/3) %[_ 567y 1 o) (159

In the same appendix, we verify that no other process, of arbitrarily high order in A5, Hy, etc., contributes to Iy to the
order §’, even accounting for the enhancement due to small denominators in ¢>. We then can sum the contributions
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Figure 6: We show in relative value the first correction (156) to the hydrodynamic prediction for the phonon damping rate of the unitary gas at zero
temperature. We took for the curvature parameter the RPA value y ~ 0.083769 and the Bertsch parameter £ = 0.376 experimentally measured
[21].

(153) and (155) to obtain

unitary gas 2 m6‘2 mc 3 Z]5 25 “2 22 \/56?9/2 2 v2
(o) :(97)(7)(71,)1/3) 30| T2t o, €O (150

an exact expansion, plotted in figure 6, to be counted among the successes of this paper.

6. Conclusion

We presented a complete study of interaction processes between phonons in cold Fermi gases at low temperature,
for any zero-range interaction strength between fermions, therefore in both the concave and convex cases for the
phonon dispersion relation at low wave number g. We clarified the conditions of validity of a low-energy effective
theory such as hydrodynamics by comparing it to a microscopic approach which takes into account the internal degrees
of freedom of the pairs. Those effective theories correctly predict the phonon coupling amplitudes only on the energy
shell.

One of the main contributions of this study is the microscopic derivation of the 2 < 2 coupling amplitude.
Indeed, its expression in second order perturbation theory includes nonresonant 2 <> 1 and 3 < 0 processes. Since
these processes can be resonant in the quantum hydrodynamic treatment, where the excitation spectrum is linear,
Landau and Khalatnikov had to introduce “by hand” a curvature to the dispersion relation to avoid the divergence of
the coupling amplitude. At first sight this procedure is risky since, as we just said, quantum hydrodynamics does not
predict correctly the coupling amplitudes for nonresonant (off-shell) processes. To provide a microscopic test of this
procedure would be particularly cumbersome within our fermionic microscopic approach, so we rather considered a
model of weakly interacting bosons with finite range interactions designed to have a concave dispersion relation. We
found that although the microscopic expressions of the coupling amplitudes differ from that of hydrodynamics, when
one sums up all the nonresonant three-phonon processes to second order and the direct 2 <> 2 processes to first order,
and one restricts on-shell with respect to the effective 2 < 2 interaction, the Landau-Khalatnikov prescription and the
microscopic result for the effective 2 < 2 coupling amplitude agree.

As a second result of this paper, we gave universal formulas for the damping rates of boththe 2 & 1 and 2 & 2
processes at low temperature, universal in the sense that the introduced reduced-rate functions § + I'(§) do not
depend on the atomic species, on the interaction strength, or even on the temperature. The most interesting result is
the analytic derivation, as a function of ¢, of the phonon damping rate in the concave case, given to leading order in
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temperature by the 2 < 2 processes, see (141) and figure 4, that is the subject of a Letter [59]. In the limiting cases
hcq < kgT and hcq > kgT, our result disagrees with the one of reference [1] and is sub-leading by two orders in
hcq/kgT. This is due to the failed assumption in [1] that some interaction diagrams are negligible while in reality they
destructively interfere with the supposedly leading diagram.

Finally we also calculated, at zero temperature and in the unitary limit, the first correction « ¢’ to the hydrody-
namic prediction o ¢° for the single phonon decay rate. Our calculation allows to refine the prediction of [13] by (i)
the actual inclusion of the beyond-hydrodynamics expression of the coupling amplitude [43], (ii) the inclusion of a
finite width AI'q in energy conservation in the Fermi golden rule, that is of a purely imaginary term of order ¢’ in the
energy denominator of perturbation theory and (iii) the inclusion of other processes, of higher order than the Beliaev
process, in particular of the effective coupling 1 — 3 treated to second order.

All our predictions can be tested in state-of-art experiments on cold fermionic gases. In particular, a discussion of
the observability of the Landau-Khalatnikov 2 — 2 damping, using cold atoms trapped in a flat-bottom potential, is
done in [59], with a proposed experimental protocol for the selective excitation of a phonon standing wave in the box
in a thermodynamic-limit regime, that is at a wave number g much larger than the inverse of the system size but still
in the linear part of the excitation spectrum.

Appendix A. Implicit equation on the collective excitation spectrum

We explain here how to obtain from the linear system (33,34) the implicit equation (39) on the collective mode
angular frequency wq at wave vector q, in the zero lattice spacing limit / — 0. We introduce the collective amplitudes

go ZW;‘-‘] E go Z (A1)

keD keD

q
Z WieVk Z wkq sk (A2)
keD keD

and we solve the 2 x 2 linear system (33,34) to express the unknowns yz and sﬂ in terms of the collective amplitudes.
Next, we replace the result in (A.1,A.2) and come up with the homogeneous system

Ezv-l’/+ w+ 1 z:‘/{ﬁ- w- ZZVE/‘*W 2:‘):/+W+ Yq
EZV W+ zxf w-—1 _EE ~w- ZXY wt Sq =0 (A.3)
ZZV) W EZV w- —Ew, | 22 W Yq
zw‘r w* ZW+ w- _ZWW\F Zwﬂv* -1 Sq
where we introduced the notations
Ekqakqbkq
ZZ = (A4)
b I;D (hwq)2 - (‘5'_kq)2
hwqakqbkq
¢ = A5
“@ Z = (lwg)? = (6q)? (A-3)

with a and b that can be any of W*, W=, w*, w™. The system (A.3) simplifies in the continuous limit / — 0. Since
go — Oand wlf Wi O(1/k?), all the X tend to O in the third and fourth lines, and therefore we must have
—+00

Yq=5q=0 (A.6)

Next we divide the first two lines of (A.3) by go. The gap equation (11) ensures that all the divided matrix elements
have a finite nonzero limit. The system therefore reduces to its 2 X 2 upper left block, which, in the thermodynamic

limit, we write as:
I++(wq, q) hwa+—(qu 7)) Yy
=0 A7

(ﬁwqh_(a)q, q) I__(wq,q) Sq (A7)
where the integrals I depend on the eigenfrequency wq and on the wavevector g, see equations (40,41,42). The sought
implicit equation on the eigenfrequency (39) is the condition that the determinant of the 2 X 2 matrix in equation (A.7)
is zero.
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Appendix B. x and y rational fractions in the three-phonon process amplitudes

The rational fractions of the variables x and y that appear in the expression (81) of the microscopic phonon
coupling amplitude are given by

3y
J(x,y) Py +2 (B.1)
T io A
Ax,y) = d B.2
(o) 360 (X3 +x) (32 + 1)° -2
Yo Biy)x!
B(x,y) = B.3
) 18(x% +x) (37 + 1) ©
yxy+ 1) 2(c.2 2 2
C(x,y) = 5¢% +3) — —3)+2 2
(x,y) YT [x ( v+ ) xy(y )+ (y + )]
with
Ay) = —20y(5y" +5)% +2) (B.4)
Ay) = 2(10y° +109y* + 63y + 24) (B.5)
Ay) = -y(53y* + 186y +13) (B.6)
As(y) = 25)%+ 116y* + 167y* + 36 (B.7)
Boy) = -2y(3*+2) (B.8)
Bi(y) = 3y +17y*+8 (B.9)
By(y) = -2y(y*+4) (B.10)
B3(y) = 4y*+11y*+9 (B.11)

Their values in the BEC limit x — 0,y ~ —4/x are useful to connect the result (81) to its equivalent in the Bogoliubov
theory:

1
1
A(x,y) 2, 8 B(x,y) = I (B.12)
y~—4/x y~—4/x
Jxy) - 2 Cwy - o
- - -
Y x—0 oY =0 4
y~—4/x y~—4/x
For resonant processes, these rational fractions add up to give the thermodynamic coefficient
a2 (du)” Lo Diy)x!
L& (du) T Xy DY (B.13)
3dp? \dp 9(x3 + x)(y* + 1)?
with
Do(y) = -4’ (B.14)
Diy) = 4(*+6"+2) (B.15)
Dy(y) = -y(y'-67+5) (B.16)
Di(y) = 9*+14*+9 (B.17)
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Appendix C. Low wave number out-of-the-energy-shell discrepancy between the microscopic and quantum
hydrodynamic Beliaev-Landau coupling amplitudes

In this appendix, as announced in the penultimate paragraph of section 4.1, we clarify the physical origin of the
discrepancy of the Beliaev-Landau 2 phonons < 1 phonon coupling amplitudes of the microscopic model and of
quantum hydrodynamics in the low wave number limit out of the energy shell: the former indeed diverges whereas
the latter tends to zero. To avoid tedious calculations in the fermionic microscopic model, we rather use a bosonic
microscopic model, the weakly interacting spatially homogeneous Bose gas, of grand canonical Hamiltonian A at
chemical potential y, with

N N 2 N P
H=ZBZW(—%M—#)¢+%OZFWWW (C.1)

We then easily make the link between this microscopic theory and quantum hydrodynamics through the modulus-
phase representation of the bosonic field operator [60],

J(r) = Op2(r) (C2)

where the phase field 8(r) and the density field p(r) are canonically conjugated.

In the Bogoliubov U(1)-symmetry breaking formalism, one splits the bosonic field as J(r) = Yo + SY(r), where
o > 0is the classical field energy minimiser, and one expands the Hamiltonian in powers of 6, H = Hy+H,+Hz+. . ..
The field 6¢/(r) is then expanded over the normal modes of H, (Bogoliubov expansion):

A 1 iq-r 7.0 —iqr f0UNT
5Ur) = 75 D Uge by + Ve (b)) (C3)

q#0

where we omitted for simplicity the contribution of the anomalous modes associated to symmetry breaking and we
explicitly indicated that the quasi-particle creation and annihilation operators are relative to a &y-expansion of H.
Insertion of the expansion (C.3) in Hj leads to the reduced Beliaev-Landau coupling amplitude in the Cartesian &y
point of view:

. 3 1
ﬂ?ﬂp "q1,q:q3) = 7515283 + Z(sld2d3 + srd1d3 — s3d1dy) (C4)
with s; = sq,, 8¢ = Uq + Vg, d; = dg, and dg = Ugq — V.

In the modulus-phase point of view, adapting reference [60] to a symmetry breaking approach, we expand {(r) in
powers of the density fluctuation 9p(r) = p(r) — y2 and of the phase &(r) so that S/(r) = 6/ (r) + 6Y(r) + . . ., with

~ S0 ~

Sin(r) = fd:) + iwod(r) ©5)
. 1. 5P (r) . O(r)sp(r)

5 = —5¥ol’(r) - C.6
Jn(r) Sod*(r) - =2 " i (C.6)

To quadratic order in 6p and 8, one replaces & in H, with 6;; the normal mode expansion of the corresponding
quadratic Hamiltonian in (6p, §) gives (again neglecting for simplicity the symmetry-breaking related anomalous

modes):

510 = 75 D Uge By + Vye 0T (B) (C.7)

q#0
with the same amplitudes (Ug, V) as in equation (C.3) but with operator-valued coefficients Bﬁg, (IA)ﬁgf that coincide
with B‘;’”, (133‘”)& as 61/?1 and 51/7 do, only to first order in the fluctuations. To cubic order in §p and @, two different

contributions are obtained: (i) the obvious one coming from the replacement of 6y with 6y, in H3, which leads to the

Beliaev-Landau coupling amplitude ﬂi‘;’l, this time among the Eﬁe, and (i) the more indirect one, coming from the

replacement of 6y with 6y1 + 6> in A, and extraction of the corresponding cubic contributions of the type 6/} 6
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and hermitian conjugate, which brings an extra term ﬂii‘:}% to the Beliaev-Landau coupling amplitude. At the end,

the Beliaev-Landau coupling amplitude in the (9, 8) point of view reads:

ot = A+ A (C.8)
with
261 . w3d; 0353
Ao, (1, Q23 q3) = 3 (didy — s152) + A (s1da + s2d1)
Wady wd;

d . . K% . .
(dids + 5183) — (dods + 5753) + ?(5152(02 + $35101) — g(dZSlwl +dis200,) (C.9)

- :
with &; = hwg, /mc?, knowing that mc? = y at this order. From the Bogoliubov expressions w; = [Ei(E; + 2)]'/? and
si = 1/d; = [E;/(E; + 2)]'/*, one has &id; = (E; + 2)s; and &s; = Eid;, where E; = Eq,/mc® and Eq = h’¢*/2m.
Using as well the conservation of momentum 3 = q; + (y and its squares 6]% = (q + q2)27 q% = (qs - Q1)2 and
Qf = (q3 — q»)°, we obtain

1 . .. .. 1 . . .
ﬂﬁ;’l(m, Q;q3) = g(S3d1d2q1 “Qa + s2d1d3qy - Q3 + s1dadsqn - q3) — Eslszg(q% + q% + q%) (C.10)

with (v],' = hqi/mc.

We can now compare the Beliaev-Landau coupling amplitudes ﬂé;’ ! and ﬂzg’l among themselves and to the
quantum hydrodynamic coupling amplitude. With the expressions of s; and d; given above, it is found from equation
(C4) that ﬂgl‘;’l diverges when all the ¢g; tend to zero (out of the energy shell). On the contrary, even out of the
energy shell, 3{59“)1 becomes equivalent to the quantum hydrodynamic result (94) (here Ar = 0) that tends to zero,
but it does not coincide with it (it differs by relative corrections O(qiz)) due to the difference between the microscopic
Hamiltonian (C.1) and the quantum hydrodynamic Hamiltonian.

As a final check, one can also directly insert the expansion (C.7) (turned into an expansion of §p and 6) in the
terms of the Hamiltonian (40) of reference [60] that are cubic in §p and §. One then directly recovers the Beliaev-
Landau coupling amplitude (C.10) among the 13{1)6. Furthermore, if one neglects everywhere in this Hamiltonian (40)
the kinetic energy stored in the density-variation ¢p of the field, at the origin of the so-called quantum pressure term,
one recovers exactly the quantum hydrodynamic Beliaev-Landau coupling (94) (with here Ag = 0).

Appendix D. Beliaev coupling beyond hydrodynamics

We give here details of the calculation allowing one to obtain, for the unitary Fermi gas, the first beyond-
hydrodynamic correction to the Beliaev phonon coupling amplitude from the Son and Wingate Lagrangian [43],
see equation (148).

For convenience we move to a Hamiltonian formalism, introducing the field II that is canonically conjugate to the
phase field ¢ and that represents (up to a sign) density fluctuations, to obtain (here o =m = 1)

HO = 2’;15_:;2H2+gco,um%(gradqﬁ)z (D.1)
Hy = 3(1’5‘—;)2H3—%H<grad¢>2 (D.2)
My = —1(6165‘—‘6‘0_;/2(gradHf—c~zu“2(A¢)2 (D.3)
@ - -9(?2'6‘:)33H(gradn)2+2102—‘;0111@@2 (D.4)

where the index 2 or 3 refers to the expansion order of the Hamiltonian in IT and ¢ while the exponent (0) or (2) refers
to the expansion order in powers of spatial gradients, the zeroth order being the standard hydrodynamics. Note that
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IT and grad ¢ are of the same order. At the hydrodynamic level, the Hamiltonian depends on a single constant ¢, that
must be determined from a microscopic theory. It is linked as follows to the Bertsch parameter (147):

25/2

o 20 (D.5)
O 1spg)

The first correction to hydrodynamics involves two other dimensionless constants c¢; and c¢;. By following the pro-
cedure already used in this paper, we first use the quadratized Hamiltonian ’Héo) + 7—(;2) to determine the excitation
spectrum as in [43]:

2 1/2 3 q 2 v (hq 2
wg=|=] q|l-7Q&) e+ Zal| ]| +o@|=cq|l+ (=] +o(d (D.6)
3 2 kg 8 \mc
and the modal expansion of the fields in the quantization volume L?:
1 i
e = 5 Z Iy (bg + b )" (D.7)
q#0
1 O\l
o) = T ) balby ~ b )" (D.8)
q#0
with the amplitudes
1 (AN
n - 55
q
i (AN
.
q

A 75 8u! 3

7 = g lcoua?|1+ %Co(cl - Ecz)quo(qz)} (D.11)
q
I \ . . . . . 0 -Aq . N
Indeed é is an eigenvector of eigenvalue —iwgq of the matrix B 0 that appears in the Hamiltonian
q q

equations of motion. Note that different linear combinations of the constants ¢; and ¢, appear in the spectrum (D.6)
and in the modal amplitudes (D.11). By inserting the modal decomposition in the cubic Hamiltonian 7-(§0) + 7-{‘(2), and
isolating the Beliaev terms 2 « 1 as we did in (93), we obtain the on-shell Beliaev coupling amplitude to first order

beyond hydrodynamics as given in (148).

Appendix E. Three-phonon and four-phonon processes in a bosonic model

Here we describe and we implement the microscopic bosonic model used in section 4.2.4 to test the 2 < 2
effective phonon coupling predicted by quantum hydrodynamics. We consider spinless bosons on a cubic lattice of
lattice constant /, with a large enough interaction range b so that their excitation spectrum is concave at low wave
number ¢g. The Hamiltonian of the lattice model reads

2 6
Ay =B Y 00 (- L) b + 5 3 v - v @i i i E1)
2mB 2
r r,r
with the interaction potential
V(r) = Voe /2’ (E.2)
of Fourier transform L
Viq) = Voe™ 72 with ¥y = 2n)**bV, (E.3)
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The Bose gas is in the weakly interacting regime (ppa;)'/? < 1, where pg = Ng/L? is the density of the bosons and
the s-wave scattering length ag is given by 47h?ag/mg = V, in the Born approximation. Following the Bogoliubov
theory [61] in its U(1) symmetry preserving version [62, 50, 63, 7], we split the bosonic field operator as

d(x) = e [y go(r) + A)] (E4)

where 8, is the condensate phase operator, 7y is the number of bosons in the condensate mode ¢o(r) = 1/ L3? and the
non-condensed field operator A(r), orthogonal to the condensate mode, conserves the number of particles. Within the
subspace with fixed total number of bosons Ng, we eliminate iy through the relation

fip = Ng - I° Z AtmAr) (E.5)
.
To describe the 2 < 2 processes, we expand the Hamiltonian in powers of A up to order 4:
HAg = Apo + Hpy + Hys + Hpa + . .. (E.6)
We obtain '©
R _ N2
Hgy = V, z_LB3 (E.7)
Hy = P Z Af(r) (—%Ar) A() + pglf Z V(r-r) ([\"‘(r)[\(r') + % [ATmATa) + A(r)[\(r')]) (E.8)
Hpy = ’%lﬁ Z Ve —r) ([ATa) + ATa) | Ae)Am) + AT AT ) [Ar) + Ax))) (E.9)
r,r
X 5 e o Y
Ao = 3 Z V(- r)AT@ATE)HAT)HA®) - T [13 Z Af(r)A(r)]

1 P PO Lpas o A
-7 [13 Z‘ AT(r)A(r)] (16 ; V(r-r) [AT(r)A(r’) +3 [AT(r)AT(r’) + A(r)A(r’)]] (E.10)
Oth order. From Hg, we get the equation of state to leading order:
3 K2
=psVo= — E.l11
Hp =ppVo = 5o (E.11)

where we introduced the healing length & and the chemical potential ug of the Bose gas. We then apply relation (58)
to obtain the sound velocity
mpCy = Up (E.12)

2nd order. Hp, can be diagonalised by a Bogoliubov transformation:

—5 > (UBbge™ + VEbleTaT) (E.13)

where the @q are annihilation operators of bosonic quasiparticles and the amplitudes Ug’ and V}; are given by

hzqz 1/4
UB+VB = §,= [L] (E.14)
q q q 2.0 ~
2L+ 205 V(q)
1
UP-VE = Dy= T (E.15)
q

10. We are here in the large N limit and we neglect 1 as compared to 7ip and to Ng. In the equations (E.8) and (E.10), there was a cancellation of
the Hartree contribution with a chemical potential-type contribution originating from the expansion of the condensate interaction energy Voﬁ(z)/ 213
in powers of the number of non-condensed particles.
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We have introduced the angular eigenfrequencies of the Bogoliubov quasiparticles

hz 2 h2 2 1/2
<[22 (2 )| 10

The dispersion relation g — wgq is then concave in the vicinity of ¢ = 0 under the condition, assumed to be satisfied in
what follows,
b>¢ (E.17)

3rd order. We insert the modal expansion (E.13) in the cubic Hamiltonian (E.9) that we write in the form (93) with
the constants m, ¢ and p replaced with mg, cg and pp respectively, and with coupling amplitudes now given by

1
Ay (@1, @23 93) = e — [V(@3)S3(S 152 = D1D2) + V(@1)S 1523 + DaD3) + V(q2)S2(S1S3 + DiDs)| - (E.18)

1
2% [V((h)s (8283 — DaD3) + V(q2)S2(S 1S3 — Di1D3) + V(q3)S3(S1S2 - DIDZ)] (E.19)
with the notations §; = S, and D; = Dy,.

A (q, q, q3) =

4th order. We insert the modal expansion (E.13) in the quartic Hamiltonian (E.10) that we write in the form (108)
with (m, ¢, p) — (mp, cg, pp) and a direct 2 < 2 coupling amplitude given by

262 dir
ﬂB

Q1,92 43, 9) = V(g1 + @) + V(g3 + 04)) (5152 = D1D2)(S 354 — D3Da) +(V(gs — q1) + V(g2 — q4)

A
32V,
X ($183+ DiD3)(S2S4 + DaDy) +(V(qs = q1) + V(@2 — @3)) (S 1S4 + DiDa)(SS5 + DaD3)| - (E20)

We considered here the general case where the q; and their opposite are two-by-two distinct, in which case only the
first term of Hp4 contributes. The other terms of Hgy, that originate from the expansion (E.5) of 71y in powers of the
number of non-condensed particles, contribute to the equation of state beyond Bogoliubov theory [60].

Effective coupling amplitude. We obtain the on-shell effective coupling amplitude of the bosonic model ﬂé%z ;ﬁ from
the amplitudes (E.18,E.19,E.20) as prescribed by the equation (105) We then expand it in the limit of small wave
vectors and express the result in terms of the angular frequencies wq ,i=1,2,3,4and wa P ‘”E]—q_w wB —qs We then
recover the hydrodynamic prediction corrected by the Landau and Khalatnikov prescription, as explained in section
4.2.4.

Appendix F. Contribution of the Beliaev and higher order processes to the 7' = 0 decay of the single phonon
state

Appendix F.1. Presentation of the problem and link with the resolvent of the Hamiltonian

We consider the damping rate Iy of a phonon with wave vector ¢ prepared at zero temperature in a spatially
homogeneous gas of fermions. We assume that the phononic excitation branch g +— wq is convex in vicinity of
g = 0. The general problem is to determine the behavior of I'q in the limit ¢ — 0, where one can use an effective
low energy theory to describe the coupling among phonons. The dominant process is of course the 1 — 2 Beliaev
one. By introducing a dimensionless parameter y > 0 describing both the correction in ¢° to the hydrodynamic linear
excitation spectrum, and the first correction to the hydrodynamic coupling amplitude 1 — 2, we have obtained the
provisional result (151) up to the sub-leading order ¢’. In this appendix, we give some details on the obtention of the
final result at the Beliaev order (153), and we examine the possible contributions of order ¢’ of all the higher order
processes, such as the cascade process | — 2 — 3 in figure 5, leading to the correction (155) and to the final result
(156).

In the subspace with a fixed total momentum #q, the one-phonon state |q) is the only discrete state, as it is the
only one completely characterized by a single wave vector value. It is an eigenstate of H,, the part of the Hamiltonian
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that is quadratic in the phonon creation 5™ and annihilation b operators. It is nevertheless coupled to the two-phonon,
three-phonon, etc. continua by the rest of the Hamiltonian V = A + Hy + . . ., that contains cubic, quartic, etc. terms,
when written in the normal order for the b.
As a consequence, the discrete state will in general get diluted in the continua, giving rise to a complex pole z4 in
the analytic continuation of the resolvent G(2) = (z— H)™" of the full Hamiltonian [56]. This pole can be written as
hlg

iq = h(uq—'T (F.1)

where wy is the angular eigenfrequency of the phonon and T its damping rate ''.

Appendix F.2. Perturbative calculation and power counting
The g — 0 limit corresponds to the weak coupling limit. This is apparent in the quantum hydrodynamic theory as

the modal expansion of the velocity and density fluctuations ¥ and 6p involves coefficients that tend to zero as g'/?, so
that the matrix elements of H, between phonon Fock states behave as ¢”/%:
2 2
q, ~ ¢" (E2)

q—0

One can then attempt a perturbative calculation of I'q starting from the exact expression obtained by the projector
method [56]

A 1
G = F3
dGQ@lq) Y R (F3)

then expanding in powers of ¥ the matrix element of the effective Hamiltonian in the state |q):

5 a0 a0 a0
(AlHet(2)lq) = (qIHalq) +(QVO—————=—=0VIg) + (VO ———=—=0VO0———0VIg)+... (E4
: 20 - 0,0 20- 00~ ~20- 0H0
where O = 1 — |q){q| projects orthogonally to |q). The result (153) corresponds to the second term on the right-hand
side of the equation, the Beliaev term, in which the contribution of V reduces to that of I-L. In all the following terms
of order 3 in V or higher, z can be approximated in the denominator by

z=hwg+in, n- 0%, (F.5)

the displacement of z by an imaginary part that is O(¢”) in these terms does not contribute to I'y at the order g’. The
same conclusion does not hold for the Beliaev term, as we shall see in subsection Appendix F.3.

Let us consider in (F.4) the term 7, of order n in ¥ and let us try to give an upper bound to its order in ¢ as done
in the simple reasoning below equation (153).

Taking (F.2) into account, we must retain in the V factors as many as possible contributions of A5 and, if not, those
of H,. As Hs changes the parity of the phonon number, while A preserves it, we will retain only H3 if n is even, but
it will be necessary to keep at least one factor Hj if n is odd. The minimal number of independent wave vectors of the
virtual phonons is n/2 for n even, (n + 1)/2 for n odd, and the integration over each independent wave vector provides
a factor ¢*. Finally, one has to count a factor 1/g for each of the n — 1 energy denominators. All together, this leads to

T = 0> if neven (F.6)
T =0(g*"*) if nodd (E7)

11. We cannot calculate here the corrections to wq due to the coupling with the continua, even at the order 2 in V, because we rely on an effectiye
Hamiltonian. If we try, we would encounter principal part integrals with ultraviolet divergences that, once inserted in the unperturbed value in H,
would give, following the ideas of renormalisation, the true value, which would however remain uncalculated and unknown in the absence of a
microscopic model [8]. Within this context, we do not find it useful to distinguish between the non perturbed phonon eigenenergy for H», which
we should rigorously note e
in ¥, we assume that the wave numbers of the virtual phonons are O(g), hence that the ultraviolet cutoff is set at a wave number Ag, A > 1. This
has the big advantage that the real correction to the angular eigenfrequency eflz) due to A3 to the leading order is O(¢”) and it affects neither the y
parameter in equation (57) nor the damping rate I'q to the order q.

, and the true energy 4. By the way, in order to obtain the scaling laws with g of the perturbative terms of order n
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Figure F.7: Diagram of order 2 in ¥ that contributes to the damping rate [’y of the phonon q to the order q’. Tt represents the Beliaev process
whose leading order is ¢°. On the figure, each vertex represents an action of [:I;i) .

One would then conclude with no surprise, that the processes of higher order than Beliaev, that is of order n > 3 in v,
give a contribution to I'y that is O(¢°) hence negligible.

The simple reasoning above forgets the possibility that the energy denominators are of order ¢°. For this case to
occur, the contribution to the energy denominator of the linear part of the spectrum must have a chance to cancel out
so the considered processes must have the possibility to be resonant. One must then keep in A5 only the terms in
BTBTB, that constitute the raising part Hg” of the cubic Hamiltonian, or the terms in BTBZQ, that constitute its lowering

part I-Aléf). The other terms in b'h'h" and bbb induce nonresonant processes. In Hy, we shall only keep terms bbb,
that are the most favorable potentially resonant terms, as they add a single independent wave vector.

In order to have all the energy denominators of order ¢°, all the independent wave vectors must be emitted forward,
within a narrow cone of angular aperture O(q) with respect to the direction of q. The angular integration then brings
a factor ¢* for each independent wave vector, that is ¢ for n even and ¢"*' for n odd, but we gain a factor g=2"~1
thanks to n — 1 small denominators.

This leads to the refined upper bounds

T = 0" if neven (E.8)
T =0G"™% if nodd (E9)

The conclusion of this discussion is that only the order 4 in V has a chance to produce a correction in ¢’ to the result
l"del in equation (153). We analyze it in more detail in subsection Appendix F.4. We can also confirm that the order
2 in V gives the leading contribution to [y in ¢’. This however does not exonerate us from a rigorous study of its
sub-leading contributions up to the order ¢’, which is done in subsection Appendix F.3.

Appendix E3. Study to second order in V

In this subsection we restrict the effective Hamiltonian in equation (F.4) to second order in V and calculate the
resulting value of I'q up to the order q.

To this order in V several different diagrams actually contribute, as V = H; + Hy + Hs + ... The leading order
in ¢ can be estimated by power counting. If the two factors V are both equal to A3, one has to integrate over at least
one independent wave vector and the leading order is ¢° as in equation (F.8). If they are both equal to Hj, one has
to integrate over at least two independent wave vectors and the leading order is ¢° without the “small denominators”
effect, but not any better with the “small denominators”. If one of the factors V involves I:Ip, with p > 5, the
contribution is even smaller and negligible. We can then restrict to V = Hj, and furthermore to V = I-Algi) as the non
resonant terms in b'h*h" and bbb of A3 involve two independent wave vectors and contribute in O(g®).

There remains then a single diagram, the Beliaev one, represented in figure F.7. Let us introduce the corresponding
Beliaev self-energy, for any complex number z with Imz > 0:

Ay = | 5 k. q-KA )P 20m2p &k [Fgi, & a-KQF
4 244z (& + k) p Qny 7 (& +€x)
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where we considered the thermodynamic limit and we have used the form (93) of the hydrodynamic Hamiltonian. To
this order of approximation, the pole zq associated to the phonon q is the solution of the implicit equation

2 = g+ At (2a) (F.11)

where the downward arrow denotes the analytic continuation of the self-energy from the upper half-plane Imz > 0 to
the lower one Im z < 0 through the branch cut on the real positive axis. Let us separate zB"’l into the real and imaginary
parts as in (F.1) and let us expand the right-hand side in powers of I'g:

1Al ihly d
2 dz
It is enough here to truncate the Taylor expansion to the order one; on the other hand the zeroth order is not enough 2.

The values of the analytic continuation and of its derivative in ¢, are obtained as the limits when  — 0% of the
noncontinuated functions in z = &g + in:

Bel

= ey + Aeg T (eg) - At () + O(g) (F.12)

ihlg
2o = eq + Ael (g + i) — Td—AeBel(eq +in) + 0(¢") (E.13)
The second term is the ordinary perturbative result. It leads to the damping rate I'2°! qpert given by the zero temperature
limit of equation (119),

Bel
hl'y pert

2
and its value for the unitary gas has been calculated up to the order ¢’ in equation (151). Once the imaginary part of
equation (F.13) has been taken, we find a nonnegligible correction to this order, resulting from a first self consistent
iteration of zq in the implicit equation (F.11):

= —Im Aeg® (e + in) (F.14)

d
roe =Te% [1 +Re d—ZAe}fel(eq +in) + O(g") (F.15)

with

2(mc?)? 3 [ Aok a — ks @)
9 Aebel(e, + i) = -2 f Ik yiro (E.16)

dz (27)* (€q — €& — €q—k + in)?
In order to obtain an equivalent of this derivative when g= hg/mc — 0, we apply the same technique as in section 5.3.
We use spherical coordinates of polar axis q and perform the rescalings k = kg and 6 = y'/236 on the modulus and
polar angle of the vector k, with k < 1 to profit from the “small denominators” effect. In the integrand and hence in
the coupling amplitude (94), we take the limit § — 0 with & and 8 fixed, with the intermediate results

7 7]_{‘?2&2 4 }
k=gl -b1+ 21 Lo F.17
4K =q(1 =R 1+ 505+ 0 (R17)
G>mc? 4>
€q — € — Eqi ~ [3k(1 B - } (E.18)
o 2 2 5= _
[Arvaro (k. a = k@l ~ 50 - B (F.19)

taking into account the fact that 1 + Ag = 8/9 at unitarity. The integration with respect to & over [0, +oo[ is simple
after the change of variable X = 6, and we are left with

8 me ) f‘ _ R - k)2
Bel
— € +1 dk———" F.20
PRI Ry (hp1/3) o 3k(1—K) +in (£20)
The dominated convergence theorem allows us to take the 7 — 0 limit in the integrand and to obtain the result (153),
knowing that p(%/ me)? = V3 /(2 133/ 2). As a side remark, the fact that the derivative with respect to z (F.20) is real

in the limit  — 0*, means that a change in the real dispersion relation g — wq of order ¢’ does not affect [y to the
order ¢’, which the calculation technique of subsection 5.4.2 also shows.

12. The Taylor contribution of order 7 is O(¢>"*?) as the nth order derivative of the self-energy, that involves an energy denominator to the power
n + 1, is of order ¢®/g>**1 accounting for the “small denominators™ effect.
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Appendix F4. Study to the order 4 in V

We have seen in subsection Appendix F.2 that the order 4 in V may contribute to Iy to the order g’. Let us write
the corresponding correction 6I'q restricting to the leading order, that is keeping I-Alg_) in the first two factors V and
Flg’) in the last two, this sequence being imposed by the presence of the projectors Q:

N

LA W(+)|q> (E21)

Eq+iT]—H2

hoT X
- 1 _ Im(qIW(‘)

where we introduced, for £ = +, the effective coupling operator 1 < 3 to second order

A

oo 2 pe (F22)

3 - 3
€ t+1in— H>

In these expressions, one can use for H3 the quantum hydrodynamic approximation (93), provided one includes in
€q = hwyq the cubic correction (57) to the linear hydrodynamic spectrum. As the matrix elements of Hj are real in the
Fock basis, the matrices representing W™ are obtained one from the other by transposition. After the insertion of a
closure relation in the three-phonon subspace, one obtains

hély 1 (aWlq1. q2. q3))*
- =Im — Oqu+qp+q0q —— (F.23)
2 3 QIJIZ2;(13 W ey +in — (eq, + €q, + &)
where, by virtue of equation (93),
O > Amc2)? [ FPrsino(@i- @2 1 + @) A (@1 + @2, ¢33 Q)
q qi,92,93) = :
pL3 €q + 1 — (€q +q, T €g5)
Ao (@243 @ + @A (@ + 43, 913@) Ao (€1, 43541 + G AL (@1 + 63,023 9) 2
+ - + - .
€q + 117 — (€q1q; + &q,) €q + 117 — (€gq,+q; + €g)

The contribution to the matrix element of the first term between square brackets, that we note P(q;, q2|q3), corresponds
to the process in figure 5. The other two terms, P(qy,qs|q;) and P(qi, q3|qz2), are deduced from the first one by
circular permutation. As the rest of the summand in (F.23) is invariant by permutation of the three wave vectors, we

can replace its numerator [P(q1, 21q3) + P(q2, Q31q1) + P(q1, q31q2)] by 3[P(q1, q21q3))* + 6P(q1, q21q3) P(q1, Q31q2),
which amounts to considering the two diagrams in figure F.8 and the integral expression

261

8(mc2y fd3q2d3q3 { [(Apearo (@15 @23 A1 + @A (@1 + @2, 33 @
[

2 (2m)® €q + 117 — (&g, + €, + €g.)1l€q + 117 — (€qy+q, + ;)]

hol'g .
= lim Im
n—0* P

2 A i (A1 €23 A1 + @) AL (A1 + @2, 433 QAL o (A1, G35 a1+ 43) AL o (A1 + G5, 621 Q)
+

[éq +117 = (€q, + €&, + €q))1[€q + 117 = (&g, +q, + €qs)][6q + 117 = (€qi+qs + €gy)]

} (F.25)

where we eliminated the sum over q; thanks to momentum conservation, q; = q — (2 + q3), and took the thermody-
namic limit.

In practice, the integration over  and qs is performed in spherical coordinates of polar axis . To evaluate the
contribution to ¢I'q of the emission cones of q, and q3 of angular aperture O(g) around q, we rescale the polar angles

6; as follows:
Y 0;
0; = VYCH (F.26)

then we let § = fig/mc tend to zero with 6 fixed. The calculation is similar to the one in section 5.3. One introduces
the polar representation as in (137):

0, = Rcosa 05 = Rsina (F27)
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Figure E8: The two diagrams of order 4 in V that may contribute to the damping rate T q of the phonon q to the order g’ thanks to the “small
denominator” effect. The one on the left (I) is a Beliaev process with a single loop correction (itself of the Beliaev nature) to the virtual phonons
angular eigenfrequency. The one on the right (I) is a Beliaev process enriched by an interaction between the virtual phonons. Each vertex
corresponds to an action of I-Algi)A

The wave numbers g; must be rescaled by ¢, meaning that g; = % are kept fixed when taking the § — 0 limit, with the

constraint
G +qg3 <1 (F.28)

following from (154) and from the positivity of g;.
We give as an intermediate result the expression of an energy denominator in the W) matrix elements,

€q — (€q-q. + €q.) 723 _ G3R2 sin® .
q q (l; a3 = ﬂ “g3(1 - g3) - 613—_ + O(qs) (F.29)
mc -0 2 |4 1-qs
and the energy denominator in the 3 phonon subspace,
€q — (€q, + €q, + € 7
q (€ +€q T €q) _ Y uR?) + 0°) (F.30)
mc? g-0 2

whose manifestly positive coefficients (once they are written in the proper form) look like those of equations (139)
and (140):

o cos? @ + g3 sin® @ — §»g3(1 — cos ¢ sin 2a)

u

1-q-q3
7 — Grsina)? + drda(l -
_ @ cosa -7 smla) ;— chcl;( + cos @) sin 2 v droosta+zusite (F3D)
— 42— 43
and
1 =3 =3 — ~\3 3 _ _ _ B
v=0-6-4-0-0-4)1= 7(1-50)1-4)G+73) (F32)
One finally obtains
hol BA+AD! & ( me ]
S S By (i) (R I o) (F33)

with the parameter Ar defined in equation (83) and the quintuple integrals, coming from the left (type I) diagram and
the right (type II) diagram of figure F.8, that should be evaluated in the limit  — 0*:

1 1-2, ud /2 A7 qx 3X sinacos a(l — 33)*(1 — G2 — G3)32G°
O = tim [ g, f s f " f do f (1 =g3)°(1 — G2 — 43)3,43 (F34)
0 0 - 0 0

+ 3 . _ — q si 2 .
0 2 (v -uX +i[3g5(1 - g3) - LI 4 i
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(bU+in /b

(agHm)/a, | | x M(cﬂ+in)/c|

Figure F.9: Thick line: contour integration in the complex plane that should be used to apply the residue theorem, in order to obtain the identity
(E.39). The real numbers ag, a1, bo, b1, co, c1 and n are positive. The radius p of the half-circle tends to infinity. The crosses correspond to the poles
of the integrand in the case they are all simple, but the result holds also in the general case.

1 1-g> T /2
I = lim | dg, f dgs f d¢ f da
1—0* Jo 0 - 0
y f+°° dx 6X sinacos a(l — g2)(1 — g3)(1 — 32 — 333343
0

2 v—uX+ ir])[%qz(l -3) - %1’{3;;&

RO (E.35)

+inl[3g(1 - g3) — L3552 + il

In the integration over the radius R we have performed the change of variables X = R?. This allows to see that the
integral over R, that is over X, in (F.35) has a zero imaginary part in the limit  — 0%, and hence

Im/™ =0 (F.36)

Indeed all the factors in the integrand denominator in (F.35) have the form & — X + ip, with@ > 0 and 8 > 0. As a
consequence, the integral over X € [0, +oo[ can be evaluated using the following elementary theorem:

Theorem: We define a(X) = ag — a1 X, b(X) = by — b1 X and c¢(X) = ¢y — c1X for all X € R. If all the coefficients
ap, ay, by, by, co,c1 are > 0 and n € R, then

lim f dXIm . X — =0
=0+ Jgs [a(X) +in][b(X) + in][c(X) +in]

(E.37)

Proof: We first note that the theorem would be trivially proved if the integral over X was taken over R™. Indeed, for
all p > 0 and for all X <0,

X - X
[a(X) +in][b(X) + inl[c(X) +in]l  a(X)D(X)c(X)

where the upper bound has a finite integral over R™, so that the dominated convergence theorem can be used to
exchange the order of the integral and limit  — 0*. We can then extend the integration domain in (F.37) to the whole
R without changing the result. On the other hand we can use the following identity valid for any 1 > 0 not necessarily
infinitesimal, concerning both the real and the imaginary parts:

(F.38)

X
dX =0 F.39
fl; [aCX) + M) + lleX) + 7] (39)

To show it, we use the residue theorem by closing downwards the integration contour following a half-circle of radius
p — +0co in the lower half-plane; the behavior of the integrand as 1/X? for large |X| allows for it, which leads to a
vanishing O(1/p) contribution of the half-circle. As the integrand poles are all in the upper half-plane, they are not
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enclosed by the contour, see the figure F.9, hence (F.39) and (F.37) '°. O

One might think that the same reasoning applies to the contribution (F.34) and that Im /¥ = 0, in which case
oLy = 0(g") and there would be no correction to add to the result (153). This is not the case because, in order
to obtain a finite value of I, we have this time to keep in the integral over X a finite value A?/§? of the upper
bound, which prevents the application of the theorem. Here, A > 0 is a cut-off constant whose precise value is not
relevant, and the power law in §~2 comes from the fact that §; < 7 and then §; < 7/(y"/?g) in (F.26), which implies
X = R? = 62 + 82 = O(§72). If one simply replaces A>/4* by +oo in equation (F.34), one finds indeed that the integral
over X diverges as @2 when a tends to zero, which leads to an integral over a that diverges logarithmically for
a = 0. To progress, we cut the integration interval over « into two, a sub-interval [0, v] for which the cut-off A%/&?
in the integration over X is necessary, and a sub-interval [v, 7/2] for which the integration over X can be extended to

+o0:

® /2 A2/ v A% /2 +00
f da de(cy,X)—>f dozf de(a,X)+f daf dXf(a, X) (F.40)
0 0 0 0 v 0

The contribution of the second bit to Im ID is zero, because of the theorem. The contribution of the first bit does not
depend on the value of v. We can then calculate it for a value of v sufficiently small to approximate each contribution
depending on « in the integrand by its leading order in @, thatis sin@ ~ @, cosa = 1, u ~ uy = go(1 —g3)/(1 = G2 — @3).
The dependence in ¢ then disappears and the integration over ¢ simply gives a factor 2x. After a simple calculation
of the integral over a:

a=v

4 1 7
f ada - 43 (F41)
0

— — gz Xa? . - — - g3 Xa? .
(3331 =g3) = §5- + il [23X[3G5(1 - §3) = §5- +inl |

we shall concentrate on the integration over X. The fully integrated term @ = v of equation (F.41), after a multiplication
by the factor X in the numerator of (F.34) and a division by the denominator (v — upX + in), gives an integrand that is
O(1/X?); one can in this case replace the upper bound A/ in the integration over X by +oco and use the following
variant of the theorem, in order to show that its contribution to Im I is exactly zero:

1
lim dXIm - — =0
1=0" Jp+ [a(X) + in][b(X) + in]

(F42)

The fully integrated term @ = 0 of equation (F.41) leads on the contrary to an integral over X of nonzero imaginary

13. We supposed here that the leading contribution to 6I'q comes from the “bicone” configuration in which both q, and q3 are in the forward
emission cone of angular aperture O(g) with respect to the direction of . One can imagine a more subtle scenario, called “unicone”, in which
only the vector q3 would be in this cone, while q2 would be at an angle ~ 4° with q. In this case, only the denominator of P(qi, q2|q3) is = 7,
while that of P(qi,q3l|q2) is = ¢. The crossed term P(qi, q3lq2)P(q1, q2/q3) is then negligible with respect to [P(q;, q2|q3)]2. The global energy
denominator €q + in — (€q, + €q, + €g;) of (F.23) is also ~ ¢, which makes us lose a factor 42, but this is exactly compensated by the loss of a
factor g in the numerator in the polar integral f d6, sin 6,. The ensemble seems then to contribute to the same order ¢’ as the bicone configuration.
The integration over the polar angle 63 rescaled as in (F.26), with the inclusion of the three-dimensional Jacobian é% from the integration over g3,
however leads to .

- 736346 ___pU-))2

331 -g3) +in

s 2
’ [%%(1 a3 - P +in
which has a real limit —% when 7 — 0*. Hence the sought imaginary part in 6Ty may only come from the global energy denominator, which would
provide a Dirac 6[€q — (&g, + €q, + €q;)]; however, to the leading order in g that we consider here, q3 = g3q, with 0 < g3 < 1, and the dispersion
relation is linear, so that the argument of the Dirac distribution cannot be zero unless ¢, and q are collinear and of the same direction, which is in
contradiction with the hypothesis of having a ¢ outside the forward emission cone. The same arguments hold for the damping rate F?]Hz of section
5.3, and justifies that we only have considered there the “bicone” configuration.
14. This phenomenon does not occur in the contribution (F.35) because neither the factor containing the term X sin’ @, dangerous when @ — 0,
nor the one containing the term X cos? @, dangerous when @ — /2, are taken to the square. As a consequence, the integral over X from 0 to
+oo diverges only as In or In(5 — @) when @ — 0 or @ — 7/2. Mathematically, by replacing in equation (F.35) the integral f0+°° dX f(X) by

- f_o « 4Xf(X) from the identity (F.39), then by using the dominated convergence theorem, we can justify the exchange of the limit 7 — 0* and the
integration over g2, 43, ¢ and «, and prove the result (F.36).
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part in the limit  — 07:

- A2/ (1 - g3)dX ~ _1 -4 m [ln(v —upA%G72 +in) — In(v + in)]
0 253 —uX +ip[3ga(1 —gz) +inl  2suo 2g3(1-g3) +in
OupAg > -
_1%3—q2V> (F43)
=0t o 393

where O is the Heaviside function and In is the usual branch of the complex logarithm, with a branch cut along the
real negative axis. We are then left with

1 1-g> 2
Im [V = 27° f dg, f dg3(1 = @3)(1 = G2 = BPBBHOMAY > = v) > = (F44)
0 0 q-0 840
hence the correction (155) to be added to the result (153).

To conclude, one might ask whether there is a physical interpretation to the contributing diagram of order 4 in V,
which is the left one (I) in figure F.8. In the calculation of the complex energy shift AeBel of a phonon q induced by
a Beliaev process, this diagram takes into account the effect of a modification of the angular eigenfrequency of the
virtual phonons, modification itself induced by a Beliaev process at this order. More quantitatively, let us introduce
the Beliaev self-energy (F.10), where we note now more rigorously Eliz) the unperturbed eigenenergy of a phonon with
wave vector k in H», to distinguish it from the exact energy €q (see the note 11). We verified that the change in the
complex energy of the phonon q originating from the left diagram (I) is exactly

(I) “q3.q - QS|I:I3|Q>)2
5y = 3 Z

2 2
leq +in — (e, + €g g1

[Aeb!(eq + i — €ly) + Aell (e +in — e)] (F.45)

qtls

The reader will notice that the argument z of Ae, (113611; is here the exact energy €; minus the non perturbed energy of the

virtual phonon that is spectator in the process of diagram (I), that is the one that does not participate to the loop. The
sum of the correction (I) and of the usual perturbative Beliaev shift of the q phonon energy can then be written, to the
order 4 in H3, as a Beliaev shift for a renormalized complex dispersion relation:

Bel

1 (43, qalH31q))* g+
(I) Z q3+q4,q

2 2
[() ()

(&g +1in) + 0zq Bl B
€, t+ Aeq (6q +in — €, ) + €

(F.46)

: Bel (2)
dae &g T — +Aeqe (&q +177—E013 )]

By the way, the formulation (F.45) provides a second calculation method, alternative to the one of equation (F.34).
With the rescalings of subsection 5.3 suitable to the “small denominators”, and by using (F.18) with (q, k) successively
equal to (qs3,k) and (q,q3), where Kk is the integration variable appearing in the expression taken from (F.10) of

Aeg(eq +in — €, q3) we find

mc? B 6472 94

1
X f dk k(1 = k)?
0

1/2

Acg(eq +in =€) 9(1+ Ap)® ( me )3 oos
hol/3

(F47)

. 4@3/_(142 ) . _ _ _37 C]393
im+In|———|—1In|in + 3g;5(1 — +353k(1 - k
((1 Yy 1+ 3q3(1 = g3) + 3g3k(1 = k) = ~Z
Here g3 = q3/q, k = k/q3, 0y = 65/ (y'/*g), 05 is the non oriented angle between the vectors q and q;. The integral
over § = 6/ (¥'"2§3), where 6 is the angle between k and q, has been explicitly performed over the interval [0, A/§3]
with the same cut-off parameter A as in equation (F.34). After the insertion of (F.47) in equation (F.45), we obtain

Imozg' P +AR* [ me \* ;[ o
= g | dgsgi(l-g dk 21 - k)?
mc? 64ty (hpm) ‘Ifo 3 q5( 613)f (1-k
it —In (in + 3g3(1 - 3) + 3g3k(1 — k) — 1£22)
xlmf dX;

1 = = 3A3 2
(in +3g:(1 - g3) - )

(F.48)
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We omitted here the #;-independent logarithmic real term, in between square brackets in equation (F.47), because its
contribution to the final result is clearly real in the limit  — 0*. The dependence on the cut-off parameter A then
disappears. The integral over X3 = é§ of the bit with the logarithm is calculated by parts, by taking the derivative of
the logarithm; one finds that its contribution is zero in the limit 7 — 0* by using the identity (F.42). Finally, only the
term i matters, and it leads exactly to the result (155).
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