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We classify nonabelian extensions of Lie algebroids in the holomorphic category. More-
over we study a spectral sequence associated to any such extension. This spectral
sequence generalizes the Hochschild—Serre spectral sequence for Lie algebras to the holo-
morphic Lie algebroid setting. As an application, we show that the hypercohomology of
the Atiyah algebroid of a line bundle has a natural Hodge structure.
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1. Introduction

In this paper we study nonabelian extensions of Lie algebroids in the holomorphic
category. The same theory applies to Lie algebroids over schemes over a field of
characteristic zero. Given a Lie algebroid # and a totally intransitive Lie algebroid
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% on a complex manifold X, we prove the existence of a cohomology class which
obstructs the extension of Z by . We also show that the set of isomorphism

classes of extensions is a torsor over a suitable cohomology group.

The space of global sections of a Lie algebroid 7 over a complex manifold X

has a natural structure of Lie-Rinehart algebra [20]. If the manifold X is Stein,
the Lie algebroid &/ can be reconstructed from the space of its global sections

with its Lie-Rinehart algebra structure. Thus, locally, the extension problem for
Lie algebroids reduces to the extension problem for Lie-Rinehart algebras, which,
albeit in a different language, was studied in [17].

So, our analysis of the extension problem for holomorphic Lie algebroid starts
in Sec. 3 of this paper by studying in some detail the extension problem for Lie—
Rinehart algebras. As soon as we move to the global problem, we need to use
hypercohomology and the theory of derived functors. For this reason, and for the
reader’s convenience, we basically rework the theory from scratch, instead of relying
too much on the existing literature. Both the definition of the obstruction class,
and the classification of the extensions, are obtained by constructing explicit Cech
cocyles.

In some sense, the theory of extensions of Lie algebroids, as we approach it, is one
more step in the development of the theory of nonabelian extensions, which was
initiated by Schreier almost a century ago, with the theory of nonabelian group
extensions [24, 23]. The theory was reworked and recast in a simpler and more
modern form by Eilenberg and MacLane in the 1940s [8, 9]. The same kind of
machinery solves the nonabelian Lie algebra extension problem, see [11, 19, 25, 17];
a nice rendering of the theory, with an explicit construction of all the cocycles
involved, is given in [3]. The theory extends to Lie algebroids along the same lines.

A generalization of our result about the nonabelian extensions of Lie algebroids
to Courant algebroids was given in [2].

In a second part of the paper, given an exact sequence of Lie algebroids

0% — o — B —0,

we note that the de Rham complex 2%, of ./ has a natural filtration. This induces a

spectral sequence that converges to the hypercohomology H(X, ©%,). This spectral
sequence generalizes the one defined by Hochschild and Serre for any pair (g,b),
where g is a Lie algebra and h is a Lie subalgebra of g. We give a general form for
the E; term and, by means of an explicit computation, find a description of the

d; differential. Some of these results for the algebraic setting (i.e. for Lie-Rinehart
algebras) can be found in [22, 21].

In Sec. 5 we study in some detail the spectral sequence in the case of the Atiyah
algebroid of a line bundle .#Z. We give a very explicit realization of the differential

d1, and show that when X is compact Kéhler, as a consequence of the Hodge
decomposition, the spectral sequence degenerates at the second step (in particular,

the differential dy is zero). This also allows one to equip the hypercohomology of
the Atiyah algebroid of .#Z with a Hodge structure.



2. Generalities on Lie Algebroids

Let X be a complex manifold.* We shall denote by &x the sheaf of holomorphic
functions on X and by Cx the constant sheaf on X with fiber C; with ©x we
shall denote the tangent sheaf of X. By “vector bundle” we shall mean a finitely
generated locally free &x-module.

A holomorphic Lie algebroid &/ on X is a coherent &'x-module &/ equipped
with a Lie algebroid structure, that is, a morphism of &'x-modules a : &/ — O,
called the anchor of o7, and a Lie bracket defined on the sections of & satisfying
the Leibniz rule

[s, ft] = fls,t] + a(s)(f)t (1)
for all sections s,t of &/ and f of x. This condition implies that the anchor is
a morphism of sheaves of Cx-Lie algebras, considering ©x as a sheaf of Cx-Lie
algebras with respect to the commutator of vector fields.

A morphism (&7, a) — (&', a’) of Lie algebroids defined over the same manifold
X is a morphism of &'x-modules f: & — &', which is compatible with the brackets
defined in &7 and in &', and such that o’ o f = a.

Let us introduce the de Rham complex of <f, which is a sheaf of differential
graded algebras. This is 2%, = Ay, /™ as a sheaf of Ox-modules, with a product
given by the wedge product e A e, and differential d : 2%, — Q:jl defined by the
formula

p+1

(der&)(s1,- -5 8p11) = > (=1 Tasi)(E(s1, -+, 8ir - 5pi1))
i=1
+ Z(—l)l+]§([8i7 8j]7 ey Syt §j, e, Sp+1)
1<j

for s1,...,8p41 sections of &7, and £ a section of Q. The hypercohomology of the
complex (2%, d.) is called the holomorphic Lie algebroid cohomology of o7. When
o/ is locally free as an €'x-module, this cohomology is isomorphic to the Lie alge-
broid cohomology of the smooth complex Lie algebroid A obtained by matching (in
the sense of [16, 18, 15]) the holomorphic Lie algebroid o7 with the anti-holomorphic
tangent bundle T)O(’1 [15, 7]. Since rk A = rk.&/ + dim X, the hypercohomology of
the complex Q%, vanishes in degree higher than rk .o/ 4 dim X.

Example 2.1 (The Atiyah algebroid). A fundamental example of Lie algebroid
is ¢, the Atiyah algebroid associated with a coherent &'x-module &. This is defined
as the sheaf of first order differential operators on & having scalar symbol. P sits
inside the exact sequence of sheaves of &'x-modules

0 — &Endgy (&) — Z = Ox, (2)
2Let us stress once more that, while in this paper we work only in the holomorphic category, the

techniques used here can be also applied to the algebraic one, i.e. when X is a smooth scheme
over an algebraically closed field of characteristic 0, and &/, £ and 2 are algebraic Lie algebroids.



where o, called the symbol map, plays the role of the anchor. The bracket is given
by the commutator of differential operators. Note that, when & is locally free, the

anchor is surjective and P, is an extension of Ox by &nde, (&).

Definition 2.2. Given .# a coherent Ox-module, an & -connection on .# is a

morphism of Ox-modules « : &/ — & 4, which commutes with the anchors of &7

and 2 4. Moreover, an o/-connection « is said to be flat, and the pair (Z,a) i

called a representation of o (also called an «/-module), if « is a morphism of Lie
algebroids.

Given an &7-connection (., c), one can introduce the twisted modules Q¢ (.#),
where QF (#) = N*o/* @ 4, with a differential

p+1
(da€)(s1:- - spr1) = Y (=1 Falsi)(E(s1, - 8- 5pa))
i=1
+ Z(—l)Hﬂf([S“ Sj], ey §i, ey éj, ey Sp+1).
i<j

We shall call the sections of this twisted module .Z-valued .o/ -forms.

If the connection is flat, Q% (.#) is a complex of &x-modules, and its hyperco-
homology is called the cohomology of &/ with values in (Z, «). If « is not flat, one
can introduce its curvature F,, as the defect of a to be a representation, i.e.

Fo(s1,82) = [a(s1), a(s2)] — a([s1, s2]).

Observe that F, is Ox-bilinear and satisfies the Bianchi identity doF, = 0. The
curvature measures also the defect of (Q%,(.#),d.) to be a complex. In fact one
can check that d2, = F,, — e, where for £ € QF (.Z):

(Fo = )51, 5py2) = (1) Folsi8,)(E(s1,- -1 8ire 1855 8py2)). (3)
i<j

Note that F, € Q2,(&ndeg (#)), and the last equation is given by the cup product

coming from the evaluation morphism &ndgy (M) Qe M — M .

2.1. Totally intransitive Lie algebroids

In this subsection we shall collect a certain number of definitions that will be used
in what follows.

Definition 2.3. A Lie algebroid .Z whose anchor is zero is said totally intransitive.

Remark 2.4. The notion of totally intransitive Lie algebroid is equivalent to that
of a sheaf of Ox-Lie algebras. The structure of an Ox-Lie algebra sheaf induces
a C-Lie algebra structure on Z(z), the fiber of . at « € X, which, in general,
may vary from point to point. When this does not happen, i.e. when there exist a
C-Lie algebra g and local trivializations .Z|;s % Oy @ g that are isomorphisms of
Lie algebras, .Z is called a Lie algebra bundle, cf. [17].



Let .Z be a totally intransitive Lie algebroid.
Definition 2.5. Derg, (.Z) is the sheaf of the sections ¢ € &nde, (£) such that

o([1,V]) = [6(1), U] + [, o(1")] (4)
for any 1,1’ € Z.

Let ad : £ — Derg,(Z) be the morphism of @x-modules that with every
l € & associates ad; : I — [I,1].

Definition 2.6. We define
Outg, (Z) = Derg, (X&) /ad(Z).

Note that, since ad(.Z) is an ideal in Derg, (£), the sheaf Oute, () is a
totally intransitive Lie algebroid. Moreover, as .Z and its Atiyah algebroid % are
Ox-modules, we can define the following.

Definition 2.7. Dery(.Z) is the sheaf of the sections of % that satisty Eq. (4).

Note that Dery(Z) is a sub-Lie algebroid of %y, and the natural inclusion
Derg, (£) — Derg(£) induces an inclusion ad(.Z’) — Derg(.¥¢). Under this map
ad(¥) is an ideal in Derg(.%).

Finally, we define the following.

Definition 2.8. Outgy(.%) is the quotient of Dergy(.Z) by ad(.Z).

Note that Outy (%) has a natural structure of Lie algebroid. In general, for a
Lie algebroid &/ with a nontrivial anchor, Derg, (&), Dery(</), and ad(</) are
badly behaved. In fact, because of the Leibniz identity, Derg, (<) and Derg ()
are not sub-&x-modules of the corresponding vector bundles, and the adjoint map
does not yield a representation of <7 on itself (cf. [1]).

Remark 2.9. In the next sections we shall be dealing with a Lie algebroid &7 and
a totally intransitive Lie algebroid . endowed with an .@7-connection « : &/ —
Dery(.Z). We shall also consider Q%,(.Z), the sheaf of &x-modules of Z-valued
o/ -forms. The bracket on . induces a bracket [-,-] : Q% (Z) Q% (L) — QVS4(ZL)
by means of a cup-product construction. The explicit formula is

(€] (br,- -y bp+q) = Z (_1)0[6(170(1)7 ) bcr(p))v n(ba(p+1)v SRR bcr(p+q))]7

o€¥, 4
where ¥, ; denotes the set of (p, ¢)-shuffles, i.e. the set of permutations o € 3,44
such that o(1) < 0(2) < -+ <o(p)and o(p+1) <o(p+2) <--- <o(p+q). This
bracket is graded skew-symmetric, i.e.

€, n) = (=P [n, €] forall € QY (L) and  ne QL (L),

and satisfies a graded Jacobi identity.



3. Extensions of Lie Algebroids

In this section we compute the obstruction to the existence of an extension of a
holomorphic Lie algebroid by a totally intransitive Lie algebroid, and classify such
extensions when the obstruction vanishes. In the smooth category, this problem has
been extensively treated in the literature. For a comprehensive discussion we refer
the reader to [17], see also [3, 6, 5]. Moreover, the problem of the abelian extensions
of holomorphic Lie algebroids was solved in [4] for 8 = © x, and in [27] for a general
2 (with the notation of Eq. (5)).

3.1. The general problem
Let
0% —>o B —0 (5)

be an extension of Lie algebroids, i.e. .Z,.&/ and % are holomorphic Lie algebroids
over a complex manifold X, the map ¥ — & is injective, the map &/ — X
is surjective and their composition is zero. It follows from the definition of Lie
algebroid morphism that the anchor of % is zero, i.e. .Z is a totally intransitive
Lie algebroid.

Assumption 3.1. In what follows, unless differently stated, & will be a locally
free Ox-module.

Let an extension as (5) be given. Then one defines a morphism of Lie algebroids
a: B — Outy( L)
by letting
a(s)(l) = [s', ],

with s’ any pre-image of s in /. The morphism @ : B — Outy(Z) defines a
representation of % on the centre Z(.£) of £, so that one can consider the hyper-
cohomology H(X;Q%(Z(.Z)), @). Note that the action of % on the centre Z(.Z) is
defined once a morphism @ has been chosen. Thus both the Z-module structure on
Z(%) and the corresponding (hyper)cohomology groups depend on this choice. In
spite of this, we adopt a notation that does not stress this dependence. For exam-
ple, to denote the hypercohomology groups above mentioned, we shall prefer the
simpler notation H(X; Q% (Z(Z))) to the more precise H(X;Q%(Z(.Z)), @).

We can reformulate the extension problem more precisely as follows: given two
Lie algebroids B and £ on X, with £ totally intransitive, and given

a: B — Outy( L)
as above,

(i) does there exist an extension as in (5) inducing &?
(ii) if such extensions exist, how are they classified?



Some notational remarks are now in order.

(i) The pair (&, @) is sometimes called a coupling of A, see [17].
(ii) Two extensions &/, &’ of B by £ are called equivalent if there exists
a Lie algebroid morphism & — ./’ that makes the following diagram

commutative:
0 & o PB 0
0 & o’ PB 0.

(iii) Given a complex of sheaves Z#* indexed by Z and given a € Z, we denote by
729.F* the truncated complex, obtained by replacing the sheaves .#° by 0 for
b<a,ie.

20T = 50— 0 F— Fotl
The main result of this section is contained in the following theorem.

Theorem 3.2. There is a cohomology class ob(a) € H3(X;721Q%(Z(L))) such
that:

(i) there exists a (holomorphic) Lie algebroid extension of % by £ inducing the
map & if and only if ob(a) = 0.

(ii) when ob(@) = 0, the set of isomorphism classes of extensions of B by L
inducing & is a torsor over H2(X; 72105, (Z(2))).

To simplify the exposition, we shall split the proof of Theorem 3.2 into two
subsections. In the first we shall assume that X is a Stein manifold, while in the
second X will be any complex manifold.

3.2. The local case

If X is a Stein manifold, instead of studying the extensions of # by .£ (two coherent

O x-modules), we can study the problem of the extensions of B by L (the spaces
of global sections of Z and .%). Indeed, on a Stein manifold any coherent O'x-

module is generated by its global sections, and thus the problem of the extensions
of coherent &'x-modules reduces to a purely algebraic one. Since in this context the
terminology of the Lie-Rinehart algebras is commonly used, we shall start recalling
the relevant definitions for this class of algebras; see also [13] for some history
about this subject. The results presented in this subsection are an adaptation to
the Lie-Rinehart terminology of the results about the extensions of smooth real Lie
algebroids, for which we refer the reader to [17, Chap. 7].

Definition 3.3. Let R be a unital commutative algebra over a field k. A (k, R)-Lie—
Rinehart algebra is a pair (B, b), where B is a k-Lie algebra and b : B — Dery(R)
a representation of B in Dery(R) that satisfies the Leibniz identity (1).



Remark 3.4. (i) Let M be a smooth real manifold, and E a Lie algebroid on it.
The space of global sections T'(E) of E is a (R, C°°(M))-Lie-Rinehart alge-
bra. Viceversa, any (R, C°°(M))-Lie-Rinehart algebra, which is projective as a
C>°(M)-module, is the space of sections of a smooth Lie algebroid.

(ii) Given a holomorphic Lie algebroid 7 over X and an open subset U C X,
the vector space &7 (U) of sections of o/ over U has a natural structure of
(C, Ox(U))-Lie-Rinehart algebra.

As for Lie algebroids, for Lie-Rinehart algebras it is possible to define a coho-
mology theory, which reduces to the Lie algebra Chevalley—Eilenberg cohomology
when b = 0. In the same vein, all notions introduced in Sec. 2 have an analogue in
the theory of the Lie—Rinehart algebras. For example, given an R-module M, it is
possible to define the corresponding notion of Atiyah algebra %), of B-connection,
and of representation of B. Moreover, given a B-connection (M, «), one can intro-
duce the twisted modules Q% (M) and the corresponding differential d,,. Finally, if
M is a representation of B, we shall denote by H*(B; M) the kth cohomology of
the complex Q% (M).

Before stating the main result of this subsection we introduce the following
notion.

Definition 3.5. A lifting pair of the coupling (L, &) is the data of a pair (a, p),
where:

(i) a: B — Derg(L) is a lifting of & and
(ii) p € Q% (L) satisfies ad, = F,.

Note that lifting pairs always exist: any lifting @ : B — Derg L of & is a B-
connection on L, and since @ is a morphism of Lie algebroids, there exists p € Q% (L)
such that Fy, (b1, bs) = adp(bhb2).

Theorem 3.6. Let R be a unital commutative k-algebra, and (B,b) a (k, R)-Lie—
Rinehart algebra, where B is a projective R-module. Let (&, L) be a coupling of B,
where L is a R-Lie-algebra, and & : B — Outgy L a morphism of Lie—Rinehart
algebras.

(i) There exists a class ob(a) € H3(B; Z(L)) such that ob(&) = 0 if and only if
there exists an extension of B by L inducing &;

(ii) When the class ob(a) is zero, the set of extensions of B by L has the structure
of a torsor over H*(B; Z(L)).

Proof. We begin by constructing the obstruction class. Let («, p) be a lifting pair
of & and define A\(,, ) = dap. One checks that A, ,) takes values in Z(L), so that it
defines an element in Q%(Z(L)). Since dsA = d2 p, from Eq. (3) and Remark 2.9 we
obtain that dgA = [p, p] vanishes, as the bracket is skew-symmetric on two forms.

The obstruction class ob(@) is then the cohomology class [A( )] € H?(B; Z(L)).
We need to show that the definition of this class does not depend on the choice



of the lifting pair, i.e. we need to prove that if (a’, p') is another lifting pair, then
the corresponding A, /) is cohomologous to A(,,,)- To this end, first assume that
o' = «. In this case ad,_, = F,, — F,, = 0, so that p’ — p takes values in Z(L),
which implies

Aap) = Nayp) = dalp’ = p),

proving that A, ) and A, are cohomologous. Let now (o, p’) be any other
lifting pair of &. Then there exists ¢ € Q(L) such that o/ —a = adg. The following
lemma proves that the class ob(@) is independent of the choice of the lifting pair.

Lemma 3.7. Let (a, p) be a lifting pair of &, and ¢ € Q5(L). Then

1
s another lifting pair of &, and we have

)‘(a+ad¢,p+da¢+é[¢,¢b = Nawp)-

This lemma is proved by direct computation, using the fact that d,, is a graded
derivation of the bracket [-, ] defined on Q% (L), together with the result established
by the following lemma.

Lemma 3.8. Let o, o be two liftings of & such that o/ —a = ady for some ¢ : B —
L. For every n € QL (L), the corresponding differentials do,do satisfy the formula

da/n - dozn = [¢»7I]

Now, given a lifting pair («, p) of (L, @), and after defining
(6 1), (¥, 1)]ap = ([, 6], [1, 1] + a(0)(I') — a(b") (1) + p(b, 1)),
Vbt € B, I,I' e L,
we can state the following lemma, whose proof is a straightforward computation.
Lemma 3.9. Given a lifting pair («, p):

(1) the bracket [-,-]a,, equips B & L with a skew-symmetric bracket which is com-
patible with &, with the canonical maps L — B ® L and B & L — B, and with
the brackets defined on L and B;

(2) the bracket [-,-]a,, defined in (3.2) satisfies the Jacobi identity if and only if
Xa,p) = 0. When this happens, (B@ L, [-,-]a,p) is a Lie-Rinehart algebra exten-
sion of B by L, inducing the coupling &;

(3) two lifting pairs (a, p) and (o, p') define equivalent extensions if and only if
there exists n € QL (L) such that o — o = ad,, and

1
p—p—dan+ 5[77,77] =dsf

for some 8 € QL(Z(L)).



We can now conclude the proof of Theorem 3.6.

(i) Assume that an extension as (5) is given. Choose a splitting s : B — A, which
exists as B is assumed to be a projective R-module. Define a5 : B — Derg L via the
formula a(b)(1) = [s(b),1], and ps € Q% (L) via ps(b1,b) = [s(b1), 5(b2)] — s([b1, ba))-
Then (a, ps) is a lifting pair of @, so that Ay = A4, ,.) is a representative of ob(a).
The splitting s induces also an isomorphism A > B @ L. Under this isomorphism,
one obtains a bracket on B @ L from the bracket on A. This bracket coincides with
[, ]as,p.- Then ob(a@) = [As] = 0 by Lemma 3.9.

Conversely, assume that ob(a) = 0. Choose any lifting pair («, p) of &. Since the
cohomology class of A, ,) is zero, there exists w € Q%(Z(L)) such that dop = daw.
Now, since w takes values in the centre of L, also (a, p — w) is a lifting pair. On the
other hand, from the definition of w we have do(p — w) = 0, so by Lemma 3.9 the
bracket [+, ]a,p—w on B @ L is an extension of B by L.

(ii) To conclude the proof one needs to define an action of H?(B; Z(L)) on the set
of equivalence classes of the extensions. Let an extension be given, choose a splitting
s : B — A, and construct a lifting pair (as, ps) as before. Let v € Q%(Z(L)),
with dsy = 0, be a representative of a class in H?(B;Z(L)). Then [, ]a. p.+~
defines a new extension, which by Lemma 3.9 is equivalent to [-, -4, . if and only if
v =dap.

This action defines a torsor structure because if one is given two extensions
A and A’, by choosing two splittings s : B — A and s’ : B — A’, one obtains
two lifting pairs (a, ps) and (ay, ps). One checks that, for ¢ € QL(L) such that
o' —a = ady, the formula

7=p’—p—da¢—%[¢,¢] (6)

defines a ds-closed element v € Q%(Z(L)), which singles out a class in
H?%(B; Z(L)). O

3.3. The case of holomorphic Lie algebroids

With the local case in mind, we can now deal with the global situation. Let 2 be a
holomorphic Lie algebroid and let (., @) be a coupling of &, where . is a totally
intransitive holomorphic Lie algebroid. We proceed first to the construction of the
obstruction class ob(a) € H3(X;7210%(Z(%))). Let 4 = {U;} be a good open
cover of X (where by “good” we mean that each U; is a connected Stein manifold
and that for each 4g,...,%, the intersection Uip..ip, = ﬂa U;,, when nonvoid, is a
connected Stein manifold). We compute the hypercohomology using Cech resolu-
tions. More precisely, H3(X; 721Q%(Z(%))) is the degree 3 cohomology of the total
complex T'* associated to the double complex K = CP(U;Q%(Z(L))) for p > 0
and g > 1, with differentials d; = §, the Cech differential, and dy = dg. In this way,
a representative of a cohomology class in H3(X;721Q%,(Z(.%))) will consist of an
element of 7% = K3 & K7 & K3.



Over each U; we get a coupling for the Lie-Rinehart algebra Z(U;), i.e. a pair
(Z(U;),a(U;)), where a(U;) : B(U;) — Outy (L) (U;). For each i we can choose a
lifting pair (o, p;) of @(U;), and on the double intersections we can choose ¢;; €
05, (ZL)(U;;) such that a; — a; = adg,,. This motivates the following.

Definition 3.10. A lifting triple of (£, &) is a triple

({ai}, {pi}, {9i})

with {a;} € COL QL (Derg (2))), {pi} € CO(LL0%(L)), and {¢;;} € CH(4;
QL (&), such that:

(i) for each i the pair (s, p;) is a lifting pair for a)y,,
(ii) for each i, j on the double intersections Us;; we have a; — o; = ady, ;.

Now let ({a}, {p:i}, {¢i;}) be a lifting triple of (.Z, &). For each ¢ we can con-
struct A = Ao, p;) € Q5(Z(Z))(U;) as in the previous section. The collection {\;}
defines a Cech cochain in K3. On the double intersections let

1
Lij = pj — pi — (dai@j + §[¢ija ¢ij])-

These t;; are elements of Q%(Z(%£))(Ui;) (cf. Eq. (6)), and their collection defines
the Cech cochain {t;;} € K?. Finally, on the triple intersections U let

Gijk = (00)ijx = —Pjk + i — Pij-

By the definition of the ¢;;, it follows that ad,, , = 0, so that one obtains a Cech
cochain {g;x} € K3.

Definition 3.11. The triple ({\;}, {ti;},{gijx}) defines an element in 7", which
will be called the cochain associated to the lifting triple ({cu}, {pi}, {®i;})-

We can prove the following statement.

Proposition 3.12. The triple ({\;}, {ti;}, {qijx}) € T? is closed under the total
differential of T, and therefore defines a cohomology class in H(X; 721Q%,(Z(ZL))).

Proof. The claim is equivalent to the four equations:

(i) daXi = 0;
(i) dagijx = (0t)ijn;
(iv) 0g = 0.

The first equation follows from the analogous proposition which holds true in
the local case, while the fourth follows from the definition of ¢, as 62 = 0.



The other two equations require a little more effort. Let us begin with the third.

Since §%2p = 0, we have

[Djks Pjk]-

DN | =

1 1
(0t)ijr = —da, Gij + da,; ik — da,; i — 5[@]‘, bij] + §[¢ika Pik]
On the other hand, since the left-hand side of (iii) is
dagijk = da;Qijk = —da;0ij + da, Gik — da, Pjk,
we just need to show that
1 1 1
—do,; ik — §[¢ij7 bij] + §[¢ik7 bir) — §[¢jk» bjk] = —da, Djk-
By Lemma 3.8, this is equivalent to
1 1 1
5[@%', bij] — §[¢ik7 bir] + §[¢jka bjk] = @iz, Djkls
which holds true since ads4),,, = 0 implies the identity
[Pij, Big] = [Pij, Dik] — [@ij, Dk

Finally, we prove that also the second equation holds true. Expanding it we
obtain:

1
da, (Pj = pi = da,9ij — 5ldis, %1) = da, pj — da,pi,
which is equivalent to

1
da,pj — da,pj = d2 dij + §dai([¢zj7 bijl)-

Using again Lemma 3.8 and Eq. (3), we have
1
—[9ij. pi] = lpi, i) + §do¢i [Pij, Pij)-

Since dq, is a derivation for the bracket, 3dq, [¢ij, ¢ij] = [da, ®4j, ¢i;], and the thesis
now follows since p; — p; — dq, ¢i; takes values in the center of .Z. O

We can eventually introduce the following cohomology class.

Definition 3.13. ob(a) is the cohomology class of the triple ({\:}, {ti;}, {@ijx})
in H3(X; 721Q%,(Z(%))).

The definition of the triple ({\i}, {ti;}, {¢ijx}) depends on the choice of a lift-
ing triple, so we should check that two different lifting triples yield cohomologous

cochains. To this end, at first we consider the case of two lifting triples having the

same ;. Let ({ai}, {pi}, {#i;}) and ({as}, {p}},{¢};}) be two such lifting triples,
and ({A\i}, {tis}, {@ie}) and ({Ni}, {#};1}, {di;x }) the corresponding cocycles. Since



the ; are the same, the differences p; — p; and ¢}; — ¢;; take values in Z(Z). Then
we have:

Ai = Ai = da(p; — pi),
ti; —tiy = 0(p" — p)ij — da(dy; — bi5),
Gk — Qijk = (6" — B)ijk,

and the cocycles are cohomologous.
The proof for two general lifting triples follows from the next result.

Lemma 3.14. Let ({os},{pi}, {¢i;}) be a lifting triple of &, ({ N}, {ti;}, {qiji}) the
associated cocycle and {n;} € CO(U4;Q5(Z)). Then ({aj}, {pi},{¢};}) is another
lifting triple of &, where:

OK{L = o4 + avdni,

, 1
P = pi +do,mi + 5[771‘,771‘]7
Giy = big + 15 — M-

Its associated cocycle ({\j}, {ti;},{d;.}) is equal to ({Ni}, {ti;}, {qijn})-

We can now prove the first part of Theorem 3.2.

Proposition 3.15. The class ob(&) vanishes if and only if there exists a holomor-
phic Lie algebroid extension of B by L.

Proof. Let an extension as in (5) be given. Consider a collection {s;} of splittings
it By, — F|y,. Out of it we construct as, and ps; as in Sec. 3.2, and, moreover,
we define ¢s,, = sj — s; € V(L) (Uyj). The triple ({as, }, {ps, }, {¢s,, }) is a lifting
triple for (£, @). The results of Sec. 3.2, together with some straightforward com-
putations, allow us to conclude that the corresponding cocycle ({ N}, {ti; }. {aijx})
is zero.

Conversely, assume that ob(a) = 0, and let ({ou}, {p:}, {¢i;}) be any lifting
triple, with corresponding cocycle ({\;}, {¢i;}, {gijrx}). As this is a coboundary,
there exist

{ai} € CO(W05(Z2(2)) and  {my} € CH Q5 (Z(2)))
such that
Ai =dsa;, tij = (0a)ij —damij,  ijk = (0M)ijk- (7)
Since a; and b;; take values in the center Z(.Z), the triple ({a,}, {pi — ai}, {¢i; —
m;; }) is again a lifting triple for (.Z, @). Using again the results of Sec. 3.2, on each

open set U; we can define a bracket [+, -]o, p,—a;, 00 (Z @ .L)|y,. By Lemma 3.9, this

defines a Lie algebroid extension of %y, by Z|y,. On the double intersections Uy,
the endomorphism of (Z © £y,

gZSij — Myt (b, l) — (b, |+ ¢ij (b) — My (b))



is defined. The second equation in (7) ensures that ¢;; — m;; is a morphism of
algebras

(@\Uu D Danj’ ['7 ']O‘jvl’j—aj) - (‘%’\Uu D "%Uij’ ['7 ']Otz‘-,Pi—ai)a

while the third equation in (7) guarantees that the maps ¢;; — m;; can be used to

glue the local extensions just defined to obtain a Lie algebroid over X, which is an
extension of Z by .£. This ends the proof.
O

We finally come to the proof of the second part of Theorem 3.2.

Proposition 3.16. When the obstruction ob(&) vanishes, the set of isomorphism
classes of extensions of B by £ inducing the coupling (£,a) is a torsor over
H2(X;r210%,(Z(.2))).

Proof. Let an extension &/ be given, choose a collection of local splittings s; :
By, — u,, and construct the corresponding lifting triple ({as,}, {ps; }, {9s,,})
as in the proof of the previous proposition. Let ({7;},{w:;}) be a representative

of a class in H*(X;721Q%(Z(%))), with {y;} € K& and {¢;;} € K{. Then, since
both ~; and 1;; take values in Z(.Z), also (as,,ps, + Vi, ¢s,; + 1ij) is a lifting
triple of @, and as ({7;}, {t;;}) is closed in T2, the brackets [-, Jae, pu, 4+, define Lie
algebroid extensions of #y, by £y, that glue with the ¢, + 1;; to yield a global
Lie algebroid extension of % by .Z.

Conversely, given two extensions & and &/, construct lifting triples
({os, b {ps; > {¢s,,}) and ({a;;}7{p;2},{¢’s;‘}) out of a collection of local split-
tings as before. Choosing 1, € QL (Z(.Z)) such that aly — as,

, = ad,,, we obtain
that

1
Vi = Py = Psi = da i = 5[l
¢ij = ¢;;J - ¢5ij

take values in Z (%) and satisfy the necessary conditions to define a class in the
hypercohomology group H?(X; 721Q%(Z(%))). O

4. A Spectral Sequence

Let X be a complex manifold. Given an extension of Lie algebroids on X as in
Eq. (5), one can construct a spectral sequence which converges to the hypercoho-

mology H®(X;Q?,). This is a generalization of the spectral sequence associated to
an inclusion of Lie algebras h C g as given in [12]. This result was generalized to
the case of Lie-Rinehart algebras in [21], while the case of smooth Lie algebroids
was treated in [17, Chap. 7.4]. We explicitly compute the first and second terms of
this spectral sequence.

We consider an exact sequence of holomorphic Lie algebroids as in Eq. (5). We
shall assume that both Z and .Z are locally free &'x-modules.



Definition 4.1. For p = 0,...,¢, we define FPQ?, as the subsheaf of Q?, whose
sections are annihilated by the inner product with ¢ — p + 1 sections of .Z.

Note that FQ?, = Q7 F1Q?, = Q% FiriQ?l = 0.

In this way a decreasing filtration of the complex Q% is defined, which, according
to [10, Chap. 0, 13.6.4], induces a filtration on the complex that computes the
hypercohomology of the complex Qf,. For the sake of clarity we give here the
details of this construction.

Lemma 4.2. gr, Q2 7 := FPQPII/FriQlid ~ OF @ Q.

Proof. We define a morphism:
j:iFPQPTT - 0f @ Ql,
by letting
j(w)(bl,. . bp;lh .. .,lq) = w(El,. . .,Bp,lh .. .,lq)7

where w is a section of Fpr+q b1,...,b, are sections of A, [,...l, are sections
of £, and b; is any section of &/ Whose image in A is b;. Since w € FPQPW
this definition does not depend on the choice of b;. The kernel of j coincides with
FPHQZ;“ 9, and this map is surjective. In fact, since both % and £ are locally
free, for all k,p, locally we can always find an isomorphism FPQF, ~ @p,zp

/ k7/
Qpey”. O

Theorem 4.3. The filtration F'*Q%, induces a spectral sequence which converges
to the hypercohomology H(X;Q¢,). The first term of this spectral sequence is
EYT ~HY(X, 00, ® Q%). (8)

The differential of the complex in the right-hand side of this equation is the
differential d induced by the trivial action of .Z on Q7.

We make some preparations for the proof of Theorem 4.3. By standard homo-
logical constructions (see e.g. [26]), one can introduce injective resolutions #'7®
of %, and FP€?* of FPQ!, such that FPE?*® is a filtration of €'%°, and
gr, ¢* = FPgae |FPHLIEe® is an injective resolution of gr, 09, We consider

the total complex
- @ roxe

pt+q=Fk

whose cohomology is the hypercohomology of €,. Its descending filtration is
defined by

FITY = @ T(X, Fler).
p+q=k

Lemma 4.4. One has an isomorphism

(X, F'eP) )T (X, FFeP) ~ T(X, gr, €79).



Proof. As FP¢?®/FPH14¢7® ~ gr, P9 one has the exact sequence

0 — (X, Figra) - T(X, Fleri) — T'(X, gr, €79)

— HY(X, Ftigra) = 0.

O

Proof of Theorem 4.3. As a consequence of Lemma 4.4, the zeroth term of the
spectral sequence given by the filtration F*T* is

Eg*= @ T(X.gr ™).
pt+q=k+{
Recalling that the differential do : ES* — ES*" is induced by the differential of
the complex Q%,, we obtain
EYF ~ HE (X, FYQS, JFI08).
By plugging in the isomorphism proved in Lemma 4.2, we get Eq. (8). O

Remark 4.5. (i) One can also consider the spectral sequence associated with the
filtration of the complex of sheaves F'*€2¢,. In this case the first terms of the spectral
sequence are the sheaves

EPT=0L 0L, &M=0F @99,

where ¢7 are the cohomology sheaves of the complex 2%,.
Note that the &7°7 are the sheaves associated with the presheaves

U ~ HY(U, Q% © Q%)

but E"? is not the vector space of global sections of &7

(ii) Note that given the extension (5), we have the coupling & :  — Outg(.L).
This induces a representation of Z on the sheaves 47, so that we can consider the
PB-forms with values in ¥?. These sheaves form a complex (Q2%,(¥7), dz) and by the
previous item, &7 = Q7 (47). One checks that the differential d; of the spectral
sequence coincides with dg (cf. [12, 17] for details). It follows that the second term
of the spectral sequence is formed by the cohomology sheaves

EVT = AP (O0%(97),ds).
However, a description of the differential d; of term E}*? will need a finer study, as

it cannot be recovered directly from d;y of &9. The next section will be devoted to
this goal.

Example 4.6. Given a Lie algebroid 7, denote by .# the image of the anchor a
and by .4 the kernel of a. One gets an extension

0O— AN > - —0

of the type (5). Then a spectral sequence is intrinsically associated to the Lie
algebroid 7. Note that in general .# and .4 are not locally free &'x-modules, but



the definition of the filtration on .27 makes sense also in this case, so that we have
indeed a spectral sequence associated to any Lie algebroid.

Consider now the sheaves 47, the cohomology sheaves of the complex of sheaves
Q°, (cf. Remark 4.5). The differential d; of the local spectral sequence &7 is a
differential

di - Q091 — QP @9,

which, motivated by the next example, can be interpreted as a Gauss—Manin con-
nection on the sheaves ¥9.

Example 4.7. Let X,Y be complex manifolds and p : X — Y a submersion. Then
we have the exact sequence

0—-T,—>Tx —»p"Ty —0

of vector bundles over X. Here T}, is the sub-Lie algebroid of Tx whose sections are
the vector fields tangent to the fibers of p. One introduces the sheaves 77 ,(X/Y) =
Rip, Q% Iy The Gauss—Manin connection associated to the morphism p is a flat
connection

Voum : APp(X/Y) @ B — AFR(X/]Y) © QP

In [14] it is shown that this connection is the d; differential of the spectral sequence
defined as follows. Consider the filtration defined in Definition 4.1 with o/ = Tx
and £ = T),. Note that T}, is not an ideal in T'x, however, Definition 4.1 makes
sense for any .# sub-Lie algebroid of 7. Applying the derived functor Rp, to the
filtered complex of sheaves F*Q%, by the construction of [10, Chap. 0, 13.6.4], we
obtain a spectral sequence converging to R*p.(Q%). The E}"? term of this spectral
sequence is isomorphic to S, (X/Y) @ QF, and the d; differential coincides with
the Gauss—Manin connection.

The rest of this section is devoted to the explicit computation of the differential
dr when a collection of local splittings s is given. This will allow us to compute the
d; differential of the spectral sequence, and to understand how the other differentials
behave.

Remark 4.8. Let Z € Q% ® N £ andn e Q% ®Q%. The duality pairing between
£ and Q% induces a cup-product = — n € Qg’ o Q%7 defined explicitly by the
formula

(E\—/n)(bl,...,bp+k;ll7...,lq,j)
= Z (—1)07](b0(1),...,bg(p);E(bg(erl),...,bg(erk)),ll,...,lq_j).

oEYp k

Let an extension as (5) be given and let s : %)y — &y be a local section
defined over some open subset U C X. The splitting s induces an isomorphism



AU = Py © Ly, which, in turn, defines an isomorphism

Uy = @ Dy @ Vo)

m=0

Given £ € QZIU’ we shall denote by s(£) the corresponding element on the right-
hand side of (4). In particular, we shall write s(¢) = (s(&)%F,...,s(&)*0), with
s(€)mkm e Qv ® Qf%\gb

Remark 4.9. Observe that s(¢)™*~™ is defined by the formula

S(E)™F M by, bl ) = E(5(D1), - Sk ) 1y ooy D). (9)

Moreover, the splitting s induces a %7-connection as on Zjy (cf. Sec. 3). By a
standard argument, s induces a %|y-connection on DZT{J and on all exterior powers
Q?fIU' Explicitly, this action is given as

(as(®) - )11, ... 1p) = as(b)(n(ly, ..., 1, +Z DY(La)slas -y lay o lp)

for n € Q%, , and b € H)y. From this we obtain the differential

Z\U

.Oom k—m m-+1
do, : gy @ gy — Qg ®Q@|U7

which satisfies d2_ = F,_ — e, where F, is the curvature of o acting on Q% .
On the other hand, since . is totally intransitive, we can consider the trivial
Z-action on 7. In this way we obtain a differential

m k—m m k—m+1
de : Qg @ Qeyr = Qgu © Q$|U+ ,

which satisfies d%, = 0.
Now we have the following.

Lemma 4.10. For ¢ € Q];ﬂU one has

s(ddg)nﬁ»l,kfm _ dg(S(f)m’kim) + (_1)m+1da§ (s(§)m+l,k7mfl)

— s — s(g)mfl,kferl'

We check now how this decomposition depends on the splitting. Let s’ be another
splitting defined over an open set U’ C X, so that s’ — s = ¢ : Bynv: — Lunu:-

Lemma 4.11. Given £ € Q , and two local splittings s, s’ as above, we have

S/(f)m,k—m — S(f)m,m—k’ + Z/\aqs — S(f)m—i-a,k—m—a,

a

where ¢ = s' — s, and N°¢ € Q% @ N\ .Z is defined by (A“®)(b1,...ba) = ¢(b1) A
A ¢(ba)



Let now {4 = {U,},c1 be an open cover of X, and let s = {s;} be a collection
of splittings of (5), with each s; defined over U;. We can construct a lifting triple
({ovs, } {ps; } {¢s:,}) as described in Sec. 3.3. The groups of Cech cochains Kb =
Cc (4, QP ) form a double complex with differentials §; = d.s and d3 = ¢ the Cech
differential. If { is good in the sense previously introduced, the cohomology of the
total complex TF = @p I K¥ is isomorphic to the holomorphic Lie algebroid
cohomology of &7.

Now, the choice of the local splittings s induces an isomorphism

G, ) > @ G, QL 0. (10)
p'+r=p
This isomorphism is explicitly given by s{c;,...., } = {Si,(Cig-.-i, ) }. We use the nota-
tion K1 := (U, Q8 ® Q7). Under the isomorphism (10), the filtration takes the
form
k q—a

FPTPHd — @ @ Kptma—a=m (11)

a=0m=0
Now, for any element h € T*, write h = (ho, ..., hx) with h, = {(ha)ig.-i.} €
C* (81, Q%) Define (sh), to be the image of h, under the isomorphism (10),
namely, ((8h)a)ig-is = Sio((ha)ig-i,).- Moreover, we shall write (sh), =
((sh)k=a0 ... (sh)%*~%), with the Cech cochains (sh)""F-e—m ¢ Kmk-a-m
defined by
(R =™ i = Sig ((ha)igein) ™ ™70 (12)

where the right-hand side of the equation is defined in Eq. (9).

We want to understand how the differential dp of the total complex T" behaves
under the isomorphisms (10). To this end, we introduce some operators which will
provide a decomposition of this differential. Now, dp = d + 6, and by Lemma 4.10
we see that doy = de + (—=1)Pd,, — ps — e, where:

deg : KP9— KParl o g, KP4 — KPHLa s oo e KP4 — KPF2a-]
for {niy...., } € KP? are defined by
de{Nig-ia } = {dLNig-ia }3
Doy { Mg } = {dav,, Mig-in }5
ps = {Mig-in} = {Psiy = Mig-ia }-

Moreover, for every positive integer ¢, using the cochain {¢,,,} of the lifting
triple associated to s, we define the operators

Ny — o KDY KDH
via the formula

(/\t¢5 ~ {’r]iomia})jomja+1 = At¢joj1 ~ Mj1Jat1
for n € K4 see the Lemma 4.11 for the right-hand side of the equation.



Finally, we have the Cech coboundary operator 6 : K27 — K2,
Now we can state the following.

Lemma 4.12. Let h € T*. According to the decomposition (12), one has

(S(dTh))Z’L,IH»lfafm _ dy((ﬁh)gz,kfafm) 4 (_1)mda5 ((5h)ngl,k+17a7m)
— pa = ((sh)p=2FH2mamm) o (_)krag((sh)m i)

Z (_ k+a+t+1 /\t¢ v((sh)m t,k+1—a— m+t)

Proof. After Lemma 4.10, it suffices to understand how the Cech differential &
behaves under the decomposition (12). We have:

((6R)5"")ig-ia = Sio((6ha—1)ig-i,)™"

= i ((ha=1)ir i) + D (1) 81 ((ha-1);,.

)m,n
i :

On the other hand we have:
5((sh) oV io-ia = —Siy ((ha=1)iy i)

Using Lemma 4.11 we conclude. O

Let us rewrite this as follows. Denote by A" the composition of the isomorphism
S

~

Tk = D.. KPF=2=b with the projection onto the subspace @, KI*F—a—m =
gr™ Tk, Then the equation of Lemma 4.12 becomes

A (drh) = dz (A7 (h)) + (1) da, (A7 (R)) = ps — AT T2(h)
_|_( 1 _|_ Z k+t+1 /\t A;n_t(h)
Moreover, for each positive integer a, we can introduce the operators D¢ :

g™ TF — grmteTh+l guch that for h = APh one has APT*(dr(AP(h))) =
D2(ALhR). Explicitly, we have

Dy =dg + (-1, Dy =(-1)"da, +(~1)"¢s — e,
Ds?:_psv°+(_1)k+l/\2¢5v°a D¢ = (- )k+a/\a¢ ~ e.
Using these operators, we can write the total differential in the compact form

A" (dph) = ZD“ (Am=( (13)



Note that, according to (11), h € FPTPT4 if and only if
(sh)T-Pra=a=m —(  for m < p.
Then using the A" operators, this becomes:
h € FPTPT if and only if AI"(h) =0 for m < p. (14)

Now, recall that the terms of the spectral sequence E?'? may be defined (cf. [28])
as the quotient E?'Y = ZP9/BP, where

ZP1 = {x c Fprrta | drz € Fp+er+q+1}
and
1,q—1 —r+1 -2
Bt =z s dp 2l PR C g,

while the differentials d,. : EP*? — EPT™9T1=" are induced by dr. By this definition
and (14), we see that h € ZP7 is a representative of a class [h] € EP? if and only
it A"(h) =0 for m < p and A"(drh) =0 form <p-+r.

For r = 0 we obtain

p.q __ + P,q __ +1 +
Zb4 — ppTrta. BRd — prlpeta

S

so that Ef? = gr? TPte 5 @ KP972 To compute the differential dp, let h €
FPTP*e; then Eq. (14) is satisfied, and from Lemma 4.12 we obtain that dg[h] is
the class in Ef'? of

AL(drh) = DJ(AL(R)).

5

Now note that D? = d.¢+(—1)P*44 does not depend on the choice of 5 and coincides
with the total complex associated to the double complex K3'* = C*(U, QF, © Q%,).
So the term EP*? of the spectral sequence is isomorphic to H?(X; QY @ Q%,); this
yields a hands-on proof of Theorem 4.3.

We can now compute the differential d; : EP? — EPT9. Let h € 2%, Since
BYtha — gpt2a=l g zbthaml — pot2petatl 4 gn FPHITPR ) we have

drh = AP (drh)  mod BYFHY,
So from Eq. (13) we obtain:
di[h] = [D(AL(h)) + DO(AL™ ()]
and, since D°(A2T'(h)) is a coboundary for the dy differential, we have
di[h] = [Dg (AL (h))].

So, we can identify the Es term of the spectral sequence with the cohomology

1
of the complex H?(X; 20, ® Q%) 2 HY(X; Q’gl ® 0% ). One should check that the



differential D} is well defined, i.e. it does not depend on the choice of the collection
of splittings s. In fact, we have the following.

Lemma 4.13. Let s and s’ be two collections of splittings over the same open cover
U. Let p; : By, — L, be the differences 1; = s; — s;. Then, for any £ € gr? Trta
with D°(€) = 0, we have

D€ — Dyg = D°(n),
for n € grP TPT4 defined as n =1 — €.

The further terms of the spectral sequence become quite complicated, so that
we just give a hint of how one can describe the do differential. Let h € FPTPT4 be
a cochain defining an element [h] € EY?. This means that h € Z5? and by (14)
we have

DJ(A2(h)) =0, D;(AL(h)) = (~1)PD(ALF(h)).
Then
drh = D2(AL(h)) + DL(APT!(h)) + D3(AL(h)) + DZ(APT(h) mod BEF 47

and the terms on the right-hand side of the equation yield a representative of da[h].

5. Example: Cohomology of the Atiyah Algebroid of a Line Bundle

We apply the results of the previous sections to study the cohomology of the Atiyah
algebroid Z_ 4 of a line bundle .. In this case the sequence (2) takes the form

0—>0x — 24— Ox — 0, (15)

where Oy is regarded as a bundle of abelian Lie algebras. Since &x has rank one,
the filtration has only one nontrivial term, i.e.:

kOk k
F Q@Jﬂ ~ Qx,
and the only nontrivial graded objects are
gy Qb , ~ Q& gr b~ 0k, (16)

One can compute the cohomology of Z , directly. To this end observe that,
denoting by T_é}ﬂ the complex computing the hypercohomology H?(X; g, ), and
by T§, the complex computing the hypercohomology H?(X;Q%) = H(X;C),
from (16) we can deduce that FFTS =Tk and gr, T5 =T . From this we
obtain the exact sequence of complexes

0T, —Ts,—To . —0. (17)



Proposition 5.1. The short exact sequence (17) induces a long exact sequence in
cohomology

-— H1(X;C) — HY(X;Q3 ) — HT7Y(X;C) — H™(X;C) — ---

whose connecting morphism is given by the cup product with the first Chern class
of A . In particular, we obtain
H1(X;C
HYZ.4;C) ~ # @ ker v z.4-1,
Im~y.z.q-2

where
Yoar.q: HY(X,C) — H™?(X,C),
Yoa,q(x) = cer( M) — x.

Proof. Let ({as, }, {ps; }, {¢s,,}) be alifting triple associated with a collection s =
{si} of splittings of the exact sequence (15). Note that giving a splitting of this
sequence is equivalent to giving a connection on .#. Since we can always locally
define flat connections on a line bundle, we can assume that p;, = 0. Moreover, the
extension is abelian, and the action of © x on Ox coincides with the standard one,
so that the oy, are the restriction to U; of agq, the standard action of ©x on Ox.
Finally, the cocycle {¢s,, } is d-closed, and its cohomology class in H'(X;QY) is
the first Chern class of .Z .

Let ¢ € Tg;l be a representative of a class in H? !(X;C), and denote by o
the connecting morphism. Then o([c]) = [dg , ], for  any lifting of ¢ to T7, . In
particular we can choose 2 = (0,c), where we are using s to identify 77, =~ with
TS, & T " So we have

dg ,ov =dc+da,,c+ ¢s — C.

As d,.,, coincides with dx, the de Rham differential of X, and c is closed in Tg;17
we have dc+d,,,,c = 0, and we obtain dg , & = ¢s ~— c. Since ¢4 is a representative
of the Chern class of .Z, the proposition is proved. |

As in this case 2%, is the two term complex 0 — Ox 9, Ox — 0, we have the
isomorphisms

EPY ~HY(X;Q% @ 00) ~ HI(X;08) @ HH(X;0%.).
Using the computations made in the previous section, we obtain the following.
Proposition 5.2. (i) For (§,,&,-1) € HI(X;Q5) e HI1(X; Q%) ~ EV?, one has
dl(gqa gqfl) = (ngq +a ('%) ~ §q717 deq71)~

(ii) If X is a compact Kdhler manifold, the spectral sequence degenerates at the
second step.

Moreover, the cohomology H*(X; Q7 ,) inherits a Hodge structure of weight (k —
1,k).



Proof. Part (i) is clear.

To prove (ii), observe that if X is a compact Kéhler manifold, one has the Hodge
decomposition for X. This implies that the spectral sequence associated with the
béte filtration of 1% degenerates at the first step. This entails that for any Cech
cocycle &, € Ca (U, %), the Cech cochain dx¢§, is actually a 6-coboundary.

This in turn implies that the differential dy of the spectral sequence satisfies

d1[(&g:&q—1)] = [(cr (A) — &4-1,0)].
We then have
HY(X;0%)

P.q _
EYY = I
MY ,q—1,p—1

® Ker v.z,g-1,p;

where by 7.4 ,4,» We denote the cup product
Vtt,ap = 1 (M) — o HI(X;Q8) — HTH(X; Q).

On the other hand, we know that the spectral sequence converges to

_ HYX;0)

4=

o Ker v.z,4—1-

Now, the Hodge decomposition for X induces the decompositions
H*(X; Q%) _ a5 H(X; Q%)
Im~y. 7 g-1,p-1

, Kervzi—1= Kerv.z,qp, (18
Im~y. 7 k-2 K ! @ ttap (18)

p+q=k p+q=k—1

from which we obtain H(X; Q% ,) = @,k £57 Thus the spectral sequence
degenerates at the second term.
Moreover, since ¢ (.#) belongs to H?(X;Z), we have the isomorphisms

Kerv.zqp = Ker v pg Imyzqp =Imyzpq,

so the  decompositions (18) define Hodge structures of weight k& and &k — 1,
respectively. O
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