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Abstract

We address the robust stabilization of nonlinear systems subject to exogenous inputs using event-triggered output feedback
laws. The plant dynamics is affected by external disturbances, while the output measurement and the control input are
corrupted by noises. The communication between the plant and the controller is ensured by a digital channel. The feedback law
is constructed in continuous-time, meaning that we ignore the communication network at this step. We then design the sampling
rule to preserve stability. Two implementation scenarios are investigated. We first consider the case where the sampling of
the plant measurements and of the control input are generated by the same rule, which leads to synchronous transmissions.
We then study the scenario where two different laws are used to sample the measurements on the one hand, and the control
input on the other hand, thus leading to asynchronous transmissions. In both cases, the transmission conditions consist in
waiting a fixed amount of time after each sampling instant and then in checking a state-dependent criterion: when the latter
is violated, a transmission occurs. In that way, Zeno phenomenon is a fortiori excluded. The proposed hybrid controllers are
shown to ensure either an input-to-state stability property or an L, stability property, depending on the assumptions. The
results are applied to linear time-invariant systems as a particular case, for which the assumptions are formulated as linear
matrix inequalities. The proposed strategy encompasses time-driven (and so periodic) sampling as a particular case, for which
the results are new. The effectiveness of the approach is illustrated on simulations for a physical system.

1 Introduction To that end, many researchers have proposed to adapt
transmissions to the current state of the plant so that the
network is only used when it is necessary in view of the
control objectives. In this context, event-triggered and
self-triggered strategies have been developed in the lit-
erature, see e.g. [22] and the references therein. In event-
triggered control, the next transmission instant is gener-
ated based on the last transmitted value and the current
value of the plant measurement, e.g. [11,12,38,41]. In
self-triggered controllers, the sequence of transmission
instants only depends on the last transmitted value of
the plant measurement, e.g. [8,31,44,45]. In this paper,
we focus on event-triggered control.

A recent trend in technology is to connect the control
system with the plant via a digital communication chan-
nel. This configuration is referred to as networked control
systems (NCS) and has many advantages over point-to-
point connections in terms of reduced cost, flexibility,
and ease of maintenance, see e.g. [9] and the references
therein. As the network has a limited bandwidth, one
of the challenges is to design control solutions which do
not excessively use the communication channel [13,23].
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While various event-triggered control techniques have
been proposed these last years (see [22,38] and the refer-
ences therein), robustness remains a largely open ques-
tion. It has been shown in [1, 14] that standard tech-
niques, such as the one in [41], may not be robust, in the
sense that Zeno phenomenon may occur, which means an
infinite number of sampling instants in finite (ordinary)
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time. Although the presence of exogenous inputs is in-
evitable in practice, few adapted event-triggered control
solutions are available in the literature, see [14,18,27,28,
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30,37]. Among these works, only [14,28] have considered
the presence of both plant disturbances and measure-
ment noise, to the best of our knowledge. The results
of [14, 28] focus on the case where only the plant state
or the plant output is transmitted over the network but
not the control input. Moreover, the triggering mech-
anisms in [14, 28] are developed for static controllers.
Note that the techniques of [14] (for the output feed-
back case) and [28] are dedicated to linear time-invariant
(LTT) systems. We have recently become aware of the
work of [17] where the authors studied the £, stabiliza-
tion of nonlinear systems by using output-based dynamic
event-triggered controllers. In comparison to this recent
result, we consider different types of exogenous inputs,
the proposed triggering condition is different from the
one developed in [17], we allow the asynchronous trans-
missions of the output measurement and of the control
input, and we ensure different stability properties.

In this paper, we consider the scenario where the plant
dynamics is nonlinear, and depends on external distur-
bances. Moreover, the output measurements and the
control inputs are broadcast over the network and are
possibly affected by noise. We first study the case when
the output measurements and the control input are syn-
chronously transmitted over the network using a single
event-triggering condition. This set-up covers the situa-
tions where only the output measurement (equivalently
the control input) is sampled and the controller is co-
located with the actuators (equivalently with the sen-
sors) as a particular case. We also provide a solution
when the (noisy) plant measurements and the (noisy)
controller output are sampled according to two distinct
rules: we talk of asynchronous transmissions. This set-
up is relevant when the controller is dynamic and is not
co-located with the sensors and the actuators. In both
scenarios, the triggering condition only depends on lo-
cally available information, i.e. the output measurement
and/or the control input, which are corrupted by noises,
as well as the clocks designed by the user. Our objec-
tive is to design event-triggered controllers that robustly
stabilize the system, in a sense we make precise below.

We follow the emulation approach to synthesize the
event-triggered controllers. We first assume that the
plant can be stabilized in the absence of network by an
output feedback law. Then, we take into account the
effect of network and we synthesize appropriate event-
triggering conditions such that the closed-loop stability
is preserved. The event-triggering mechanism combines
techniques from time-triggered control, inspired by [35],
and event-triggered implementation [41]. The idea is
to wait 1" units of time after each transmission, where
T > 0 is based on the mazimally allowable transmis-
sion interval (MATT) given by periodic sampling, and
to evaluate, afterwards, an output-dependent and/or
input-dependent criterion. In that way, a strictly pos-
itive lower bound on the inter-transmission times is
enforced, which rules out Zeno solutions. For this pur-

pose, we had to develop new MATI bounds compared
to [35] to handle the effect of exogenous inputs as well
as asynchronous sampling. We provide sufficient condi-
tions under which robustness of the closed-loop system
is guaranteed against exogenous inputs. In particular,
we ensure an input-to-state stability (ISS) or an L,
(DL,) stability in the sense of [7] depending on the
assumptions. The idea of enforcing a lower bound on
the inter-transmission times is related to time regu-
larization techniques, see [25], and has been applied
in e.g. [17,19,32,42,46]. What distinguishes our work
from these references (with the exception of [17]) is
that the minimum time that we enforce between two
consecutive transmission instants is designed based on
time-triggered control results. Furthermore, our tech-
nique applies to both linear and nonlinear systems and
we consider more general implementation/perturbation
scenarios than those considered in [17,19,32,42, 46].

Our approach applies to any stabilizable and detectable
linear time-invariant (LTT) systems, for which the results
are new. In this case, we reformulate the assumptions
as a linear matrix inequality (LMI). The results are also
new in the particular case of time-triggered control as the
minimum time 7" between two transmissions mentioned
above can be used as a maximum sampling period. In
this context, we are only aware of the works [10,21] for
the asynchronous time-triggered implementations. Note
that the proposed schemes in [10,21] are dedicated to
the disturbance-free case. Moreover, the implementation
scenarios and the set of assumptions that we consider
are different from those in [10,21]. The effectiveness of
the approach is demonstrated on a nonlinear model of a
single-link robot arm. The numerical simulations illus-
trate a tradeoff between the estimated £, gain and the
lower bound on the inter-transmission times that we en-
force, as also shown in [17]. This tradeoff is character-
ized by some design parameters which can be tuned by
the user to adapt the hardware constraints and/or the
desired performance.

To summarize, the main contributions of the paper
are methodologies to design event-triggered controllers,
which robustly stabilize a class of nonlinear systems
either when the transmissions are synchronous or not.
This work generalizes our results in [2] to the case of
asynchronous event-triggered control and /or to the case
where the plant, the output measurement and the con-
trol input are affected by exogenous inputs. Compared
to [5, 6], the result in [6] deals with the scenario where
both the output measurement and the control input are
transmitted synchronously, while the technique in [5]
has been developed in the absence of exogenous in-
puts. Moreover, these references focus on input-to-state
stability and do not address £, stabilization.

The rest of the paper is organised as follows. Prelimi-
naries are given in Section 2. The synchronous event-
triggered implementation is studied in Section 3. The



asynchronous scenario is investigated in Section 4. The
application to LTI systems is presented in Section 5. We
illustrate the approach on a nonlinear model of a single-
link robot arm in Section 6. Conclusions are provided in
Section 7. The proofs are given in the Appendix.

2 Preliminaries

Let R := (—o00, ), Ry :=[0,00), Z>p :={0,1,2,...}
and Zso := {1,2,...}. A continuous function v : Ry, —
R, is of class K if it is zero at zero, strictly increasing,
and it is of class K if in addition y(s) — coass — co. A
continuous function v : RZ, — R is of class KL if for
eacht € Ry, v(,t) is of class K, and, for each s € R,
~(s, -) is decreasing to zero. We denote the minimum and
the maximum eigenvalues of the real symmetric matrix
A as Apin (A) and Apax (A), respectively. We write AT to
denote the transpose of A, and I,, stands for the identity
matrix of dimension n. We write (x,y) to represent the
vector [z, yT]T for z € R™ and y € R™. For a vector

x € R", we denote by |z| := VaTz its Euclidean norm
and, for a matrix A € R™*™  |A] := \/Amax (AT A).

We consider hybrid systems of the following form [15,20]

it=F(r,w) z€C, 2te€G@x) reD, (1)
where x € R™ is the state, w € R™ is an exogenous
input, C is the flow set, F' is the flow map, D is the jump
set and G is the jump map. Note that in (1), the ex-
ogenous input w only affects the flow dynamics and the
flow and the jump sets do not depend on w, which is
sufficient for the purpose of this study. We assume that
the hybrid model (1) satisfies the basic regularity con-
ditions, see Section 6.2 in [20]. Hence, the vector field F
is assumed to be continuous and G to be outer semicon-
tinuous and locally bounded with respect to D, and the
sets C and D are assumed to be closed, which will be the
case in our study.

We recall some definitions from [15,20]. Solutions to sys-
tem (1) are defined on so-called hybrid time domains. A
set B C R>0 X Z>0 is called a compact hybrid time do-

main if E = U ([t],t]H] j) for some finite sequence
of times 0 = to S t1 < .. <tyanditis a hybrid time
domain if for all (T,J) € E,En ([0,T] x {0,1,...,J})
is a compact hybrid time domain. A hybrid signal is a
function defined on a hybrid time domain. A hybrid sig-
nal w : domw — R™ is called a hybrid input if w(-, j)
is measurable and locally essentially bounded for each
4. A hybrid signal z : domz — R"= is called a hybrid
arc if z(-, j) is locally absolutely continuous for each j.
A hybrid arc x : domx — R™ and a hybrid input
w : domw — R™ is a solution pair (x,w) to system
(1) if domz = domw, z(0,0) € C UD, and: (i) for
all j € Z>o, and almost all ¢ such that (¢,7) € dom,

F(a(t, j),
€ domz such that (¢,5+ 1) €

) (t 7)); (ii) for all
J
and z(t,j +1) € G(x(t, ), w(t, j))-

x(t,j) € C and &(t,j) =
) domuz, z(t,j) € D

(t,

The following definition of L., norm for hybrid signals
was proposed in [15].

Definition 1 (L norm [15]) Given a hybrid signalr,
its Loo mOTm is given by

Ir(t', 571,

[I7||co := max ess sup
(t,j')€dom F\I(r), t/+j' <t+j

sup |7“(f',j')|} ,
(¢, )ET(r), '+ <t+j
(2)
where T'(r) := {(¢t,j) € domr : (¢, + 1) € dom r}. If
the right-hand side in (2) exists and is finite, we write
wE Loo. O

We adopt the following notions of £, norm with p € Z~¢
[23].

Definition 2 (£, norm [23]) For a hybrid signal z de-
J-1

fined on the hybrid time domain dom z = U ([tjsti+1], )
3=0

with J possibly oo and/ort; = oo, the L, norm of z is de-

L
fined as, forp € Lo, ||2llp:= (X720 [ (2. ) Pdt)”
provided that the right-hand side emsts and is finite. In
this case, we write z € L,. O

Based on Definition 2, we can define £, stability for
system (1).

Definition 3 (£, stability [23]) Given p € Z~o, sys-
tem (1) is L, stable from the input w to the output
z := h(x,w) with gain less than or equal ton > 0 if there
exists B € Koo such that any solution pair (v, w) to (1)
satisfies ||z[|p < B(|x(0,0)]) + nl[w|p.

3 Synchronous event-triggered implementation
3.1 Hybrid model and problem statement

Consider the nonlinear plant model

p = fp(Tp, u,w), Y = gp(xp, dy), (3)

where z,, € R"» is the plant state, u € R™ is the control
input, w € R™ is a vector of unknown exogenous dis-
turbances, y € R™¥ is the available output of the plant,
which is affected by noise d, € R™». We assume that the



signal corresponding to d,, is differentiable. We consider
the following dynamic controller

T = fe(Te,y), U= ge(Te, Y, du), (4)
where x. € R"¢ is the controller state and d,, € R"*
is noise corrupting the control input. The noise d,, may
model computational glitches or quantization errors or
more generally any disturbance, which may affect the
control input. We assume that the signal correspond-
ing to d, is differentiable. Moreover, we assume that
controller (4) is not necessarily observer-based and it
captures static feedback controllers as a particular case
when u = g.(y, d,,). Note that both the control input in
(4) involves a feedthrough term. The functions f,, f. are
assumed to be continuous and the functions g,, g. are
assumed to be continuously differentiable.

We consider the scenario where plant (3) and controller
(4) communicate with each other through a digital chan-
nel. The plant output y and the control input u are sent
over the network to the controller and the plant, respec-
tively, at discrete instants t;,7 € Z C Z>o. The sequence
of transmission instants is defined by an event-triggering
mechanism. For the sake of generality, we allow the trig-
gering condition to depend on both y and u. In that way,
we cover the common situations where only the plant
output (respectively, the control input) is sent over the
network and the controller is co-located with actuators
(respectively, the sensors), see Figure 1. In these two
cases, the triggering rule respectively depends on y only
and on (y, u), in addition to an auxiliary clock variable
that we will introduce in the sequel. When both y and
u are sent over the network, it may be difficult to imple-
ment the strategy proposed in this section in practice. It
makes more sense in this case to design distinct trigger-
ing policies for y and wu: this is the purpose of Section 4.

At each transmission instant, y is sent to the controller
which computes a new control input that is instanta-
neously transmitted to the plant. We ignore the effect of
small transmission and computation delays, which can
be handled like in [41].

The overall system is described by the equations below

Ty = fplwp, 4, w) t € [ti,tit1]
te = fe(ze, ) t € [ti,tiva]
Yy = gp(zp, dy)
U= gel@e, §du) )
7 =0 t € [ti,tit1]
=0 t € [ti tis1]
9(t) = y(t:)
aty) = u(ty),

dy

g
Controller % l

Event-triggering
mechanism

dy

{—lj Controller
Event-triggering

mechanism

(b)

Fig. 1. Implementation setup for particular cases: (a) only
y is transmitted over the network; (b) only u is transmitted
over the network.

where ¢ and 4 respectively denote the last transmitted
values of y and u . We assume that zero-order-hold im-
plementations are used to generate the sampled values 3
and @ on flows, which leads to § = 0 and 4 = 0 between
two successive sampling instants in (5).

Because we only have access to noisy signals, we define
the sampling-induced error using noisy variables. Hence,
we consider e := (ey, e,) € R", where

ey =

(6)

@)
I
SIS

>
|

€y =

which are both reset to 0 at each transmission instant.
Note that e is available to the event-triggering mech-
anism. We also introduce an additional clock variable
7 € R to describe the time elapsed since the last trans-
mission, which has the following dynamics

=1 tetitis], r(t5) = 0. (7)

This variable will be useful to define the triggering con-



flx,e &
( ) fc(:cc,y—i—ey)

g(iE,e,g) =

_%gp(xpv dy) fp(Tp; Ge(Tes y + €y, du) + ey, w) — (%ygp(xpv dy)du

(fp(xpvgc(xmy + ey, du) + euvw) )

—aixcgc(xm y+ey,du)fe(ze,y+ey) — %QC(‘TCa Y +ey, du)du

dition. In that way, the system is modeled as

T f(z,e€) xt T
el =1 gxeé |gel, et | =(0]qeD,
7 1 r+ 0

(8)
where x := (2, z.) € R", ¢ := (z,e,7) € R", and § :=
(w,dy, dy, dy, du) € R™ is the concatenation of all the
exogenous inputs to (8) with ng := ny, + 2ny + 2n,, and
dy, d,, are the time-derivative of the noises corresponding
to d, and d,, respectively. The latter appears in the
definition of g, i.e. of the dynamics of e on flows. The
functions f and g in (8) are given in (9).

Our objective is to synthesize output-based triggering
conditions, i.e. to design the flow and the jump sets of
system (8) using conditions which only involve e, y, u
and 7, to ensure stability properties for system (8), as
well as the existence of a uniform strictly positive lower
bound on the inter-transmission times.

3.2 Assumptions

We make the following assumption on system (8), which
is inspired by [35].

Assumption 1 There exist locally Lipschitz functions
ViR — Ry, W : R — Ry, with W positive
definite, a continuous function H : R™ "¢ — R, real
numbersL > 0,7 > 0, a, @ € Koo, a continuous function
ag : Rt — R and a continuous function § : R —
R such that:

(i) for allx € R
aflz]) < V(z) < a(lz); (10)

(ii) for almost all x € R™ and all (e,§) € R™e T
<VV(:E)7 f(‘rueug» < _CYS(JI,§) - H2(.’IJ7§) - 6(y)
+y2 W2 (e);

(11)
(iii) for almost all e € R™ and all (z,&) € R™=1"¢

(VW(e), g(x,e,8)) < LW(e) + H(z,£).  (12)

d

Item (i) of Assumption 1 means that V is positive defi-
nite and radially unbounded. Ttem (ii) of Assumption 1
is a dissipativity property of the system & = f(z,e¢, &)
with inputs £ and e. We will focus on the case where
as(z,€) = a(|z]) — o(|€]), where a, p € K to guarantee
an input-to-state stability for system (8). In this case,
(11) implies that the system & = f(z,e,&) is ISS with
respect to e and w, and input-to-state stable (ISS) with
respect to d,, and d,, in the sense of [7] (since p € K and
W is positive definite and continuous, W (e) can there-
fore be upper-bounded by a class-K function of |e| in
view of Lemma 4.3 in [26]). Conditions (10)-(11) also im-
ply that the system @ = f(x,¢,&) is L2 gain stable from

(W, /o) to (H,V/5). We will also consider the case where
as(x,€) = |z — nP|€|P, with p € Zso and 1 > 0, to ad-
dress £, stabilization. Condition (12) is an exponential
growth condition of the e system on flows, which is also
used in [2,6,17,34,35]. Assumption 1 can always be sat-
isfied for stabilizable and detectable LTI plants (3), see
Section 5. A nonlinear example is provided in Section 6.

3.8 Event-triggering mechanism

In view of Assumption 1, we could follow the same idea
as in [41] and trigger transmission whenever y2W?2(e) >
d(y) to (approximately) preserve the dissipativity prop-
erty of the continuous-time closed-loop system. How-
ever, Zeno phenomenon may occur in this case, first,
due to the presence of exogenous inputs as explained
in [14], and second, because only an output of the plant
is used to synthesize the event-triggering condition and
not the full state information, see [18] for more detail.
To overcome these issues, we enforce the existence of
a uniform strictly positive lower bound on the inter-
transmission times by augmenting the event-triggering
condition v2W?2(e) > §(y) with a time-triggering rule.
We rely for this purpose on the results of [35], which
we extend to the case where exogenous inputs affect the
plant. Hence, we define the event-triggering mechanism
as follows

YV?W2(e) > 6(y) and 7 > T, (13)

where v, W, come from Assumption 1 and 7" > 0 is
selected such that T' < T (k,~, L), where

- arctan(r) (1+k)y>L
T(k,v,L) =14 T (1+r)y=L (14)
+ arctanh(r) (14 k)y <L



with r = and L,7 come from As-

2
1+k

‘(( EE L
sumption 1. The constant x > 0 is a tuning parame-
ter which can be arbitrarily chosen by the user. Note
that T (k,~,L) is a decreasing function in x and when
k — 0 we recover the MATT bound given by [35] and
used in [2,4]. We will see that a small value of x yields a
large ISS gain estimate, thus suggesting a trade-off be-
tween the number of transmissions and performance.

The flow and the jump sets of system (8) are defined as

C = {(:zr,e,r) L2 W2(e) < i(y) orT € [O,T]} (15)
>

D= {(:C,e,T) :y2W?2(e) > §(y) and 7 > T}.

We are ready to state the main results of this section.
3.4 input-to-state stability

The theorem below ensures ISS property for system (8)
when Assumption 1 holds with as(z, ) = a(|z])—o(|¢]),
where a,p € Ko, and when H can be written as
H(z, &) = H(z) + o(|§]) with 0 € Kw.

Theorem 1 Consider system (8) with the flow and the
Jump sets defined in (15), where the constant T is such
that T € (0,7 (k,7,L)) with & > 0. Suppose that As-
sumption 1 holds with as(z,§) = a(lz]) — o(|¢]) and
H(z,&) = H(x) + o(|¢]) for all (z,£) € R 1" where
@, 0,0 € Ko. There exists B € KL such that any so-

lution pair (6,€), with ¢ = (fer der dr) nd € € Lo,
satisfies, for all (t,7) € dom ¢,

60t )] < max { B(1(62(0,0), 6.(0,0))], ¢ + ),

16
B(llEll) } 1o

where v(s) i= a7 (L(o(s) + Lo*(s)) ) fors 20,
p(s) = min{p1(5),ky05} for s > 0, p1 € Ku, and
0, € (0,1). Furthermore, the inter-transmission times
are lower bounded by the constant T'. O

Theorem 1 shows that system (8), (15) satisfies an ISS
property, see [7], with respect to the external disturbance
w and the measurement noise d. It is worth mentioning
that the argument of the ISS gain ¢ in (16) includes the

derivative of the measurement noises, d, du, because of
sampling, see (3), (4) and the definitions of the sampling-
induced errors. Indeed, in this case the dynamics of the
sampling-induced errors between two transmission in-
stants also depend on dy, d,. This type of results is com-
mon in the sampled-data control literature, see [33]. The
constants 6, can be arbitrarily chosen in (0,1). We no-
tice that the tuning parameter x may provide a tradeoff

between the guaranteed minimum time between trans-
missions and the upper bound on the estimated ISS gain
¥ in view of (14), (16). The value of T (k,7, L) can be
increased by taking s small, however the upper bound
on the ISS (nonlinear) gain 1 in (16) will increase, and
vice versa.

Remark 1 The optimization of the estimated ISS gain
P and guaranteed minimum time T between two trans-
missions is relevant in practice. However, this task is far
from trivial since v is a highly nonlinear function and
depends on several parameters. The investigation of this
point is beyond the scope of this study and may be con-
sidered in future research. O

3.5 L, stability

Consider now the case where Assumption 1 holds with
as(x, &) = |z|P — nP|€P, where z := h(x,§) is the con-
trolled output (which is a priori not measured) and with
h is a mapping from R™=+7¢ to R"*, p € Z~¢, and > 0.
The following result ensures an £, stability property of
system (8), (15) from the input & to z.

Theorem 2 Consider system (8) with the flow and the
Jump sets in (15) and the output z := h(x, &), where the
constant T is such that T € (0, T (0,7, L)). Suppose that
Assumption 1 holds with as(x,€) = |z|P — nP|€|P, where
p € Zso andn > 0. Then system (8) is L, stable from &
to z with an L, gain less that or equal to 7. O

The proof of Theorem 2 follows similar lines as the proof
of Theorem 3 given in the next section, it is therefore
omitted.

4 Asynchronous event-triggered implementa-
tion

When controller (4) is dynamic and both y and u are
transmitted over the network, the strategy proposed in
Section 3 may be difficult to implement as already men-
tioned. In this section, we design independent event-
triggering conditions for y and u, which leads to asyn-
chronous event-triggered control, see Figure 2.

4.1 Hybrid model

We respectively denote the sequences of transmissions
ofy and of u by t,i € T, C Z>o, and t¥,i € Z,, C Z>o.
At each transmission instant ¢/, the current output mea-
surement y is sent to the controller, and at each trans-
mission instant ¢}, the control input u is broadcasted to
the actuators. These sequences of transmissions are de-
fined by two independent triggering conditions, which
we design in the following.
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Fig. 2. Asynchronous event-triggered control.

To model the overall system like in Section 3, we need
to introduce the sampling-induced errors. We define
ey = 3 — y as before but we no longer use e, = @ — u.
Indeed, because of the feedthrough term in (4), when
y is updated, u experiences a jump and so does e,.
Hence, an update of §j generates a jump of e,, which
does not necessarily correspond to an update on the
control input (since & and ¢ are in general not up-
dated at the same time instants). To be more pre-

cise, let t¥, i € Z,\Z,. We have eu(t‘;ﬁ) = ﬁ(ti—ﬁ) —

+ + + +
W) = at?) = ge(we? ), G, dut? ")) = a(t?) —
9ge(@e(t), y(t), du(t))) # a(t])—ge(zc(t?), §(t), du(t}))
in general. While it may be possible to handle these
jumps of e, in view of [24, 36], we prefer to work with
€. := . — x. instead in this section to overcome this is-
sue!, where &, denotes the sampled-version of x.. Note
that since x. is the controller state, it is reasonable to as-
sume that this signal is available to the event-triggering
mechanism. The value of Z. is kept constant between
two successive sampling instants of the control input
and is reset to the actual value of z. when the triggering
condition for the input is violated. At each sampling
instant ¢}, &, is updated to the current value of x.. As
a result, the sampling-induced e. only experiences a
jump when z. is updated to the current value of x. at
ti*, which avoids the above mentioned issue. Hence, we
consider e := (ey,e.) € R" with n. = n, + n.. Note
that the dimension of the vector of sampling errors e is
different from the one considered in Section 3.1. In that

! If the dynamic controller (4) does not involve a direct-
feedthrough term, i.e. the control input takes the form u =
ge(Ze,dy), then we do not have this issue and e, can be
defined based on the control input u as in (6), see e.g. [5,18].

way, we obtain the impulsive model below

Tp fp(xpvavw) t ety ?Jrl]
Ee = fe(ze, ) te [t t]]
Y = gp(ap,dy)
1{' = gc(‘%cagadu)
;g =0 te [tzyvtzy-i-l] (17)
. =0 te [ty ti ]
u =0 te [t?,t;ﬁ_l]
gty = y(tl)
Ze(tiT) = we(t})
a(ty ™) = ulty),

where g, 2. respectively denote the last transmitted val-
ues of the plant output and of the controller state, which
are generated by zero-order-holds between two succes-
sive transmission instants. In agreement with Section 3,
we introduce two timers 7,7, € R, to describe the
time elapsed since the last transmissions of y and of u,
respectively, which have the following dynamics

fy =1 telt t],], () =0 (18)
fu =1 tetdth,], (') = 0.
Let q 1= (x, ey, ec, U, Ty, Ty) € R™, ng := ng + ne +

n, + 2. Note that the definition and the dimension of
q are different from those considered in Section 3.1. By
following similar lines as in Section 3.1, we obtain the
following hybrid model

q=F(q,¢)
qt € G(q)

g€ CyNCy
(19)
qg € DyUD,,

where the flow map F(g, ) is given by

F(.6) = (£(2,€).9,(0,9). 9:(3:€).0,1,1),  (20)

where the vector of exogenous inputs £ is defined
as £ = (w,dy,ciu,dy) € R with d, denotes the
value of d, at the transmission instant ¢}'. Because
of the change of the definition of the sampling-

induced error e., we obtain f(g,§) = (fp(xp,gc(:zzc +
ecugp(xpvdy) + eyvdu)vw)vfC(xcvgp(xpvdy) + ey))?
9y(q,€) = _%gp(xpv dy) fo (xp=90($c + ec, gp(Tp, dy) +

eyudAu)aw) - %gp(xpady)d.y and gc(‘]ag) = _fC(:EC7

9p(p, dy) + e,). Note that the time derivative d,, does
not appear in the dynamics g. of the sampling error e,



contrary to Section 3. The jump map G is defined as

{(x 0,ec.,1,0 Tu)} q € Dy\D,
(x,€y,0,u,7y,0) q € D,\Dy
Glg) = { }
{(@.0,e0,0,0,7),

(x, ey, 0,u, Ty, )} q € DyND,.

The sets Cy, D, are defined according to the triggering
condition for the plant measurements and the sets C,,, D,
are constructed based on the triggering condition for the
control input, which are given below. Solutions to system
(19) flow on C, N C,, which corresponds to the region of
the state space where both triggering conditions are not
satisfied. When only the triggering condition involving
the plant measurements or only the one involving the
control input is verified, i.e. ¢ € Dy\D,, or ¢ € D,\D,
respectively, the system experiences a jump according

0 (21). When both triggering conditions are satisfied at
the same instant, i.e. ¢ € D, N D, solutions experience
two successive jumps, in view of (21). This modeling
choice is justified by the fact that it ensures that the
jump map G is outer semicontinuous (see Definition 5.9
in [20]), as shown in [39], which is one of the hybrid basic
conditions (see Assumption 6.5 in [20]). This would not
be the case if we would define G(q) as {(x,0,0,0,0)}
when ¢ € D, N D,.

4.2 Assumptions

We make the following assumption on system (19). In
contrast with Assumption 1, we need to introduce two
functions W, and W, for the sampling-induced errors,
and not a smgle one.

Assumption 2 There exist locally Lipschitz func-
tions V. : R" — Ry, W, : R — R, W,

R% — Ry, with W, W. positive definite, continu-
ous functions Hy, H. : R™t"¢ — R, real numbers
Ly]7Ly27LU]7Lu2 Z 0; ’7y770 > 0; n 2707 gaa S ICOO7 a
continuous function a, : R — R, and continuous,
functions 6, : R™ — Ry, 0. : R™ — Ry such that

(i) for allx € R™
a(|z]) < V(z) <a(lz)); (22)

(ii) for almost all x € R™ and all (e,&) € R™e+ne

<VV(‘T)7 f($,€,§)> < _as(xvg) - H;(l‘,f)
—HZ(@,8) — 0y(y) — de(wc)
+yyWiley) +2We (ec);

(23)

(iii) for almost all e € R™ and all (x,&) € R™=T"¢

(VWy(ey), gy(z,€,8)) < Ly, Wy(ey) + Ly, Welec)
+Hy(x,§)

<VWc(ec)ugc(:Eu €,§)> S Lulwc(ec) + LUQW’U(GU)

—I—Hc(x,{).
(24)

d

The interpretation of item (ii) of Assumption 2 depends
on the function «, in a similar manner as we have ex-
plained after Assumption 1. We also impose item (iii) in
Assumption 2 on the growth of the sampling errors e,
and e.. These conditions are formulated in terms of an
LMI for linear systems in Section 5. We note that the
dynamics of the functions W, and W, depend on both
ey and e, which indicates that a mutual interaction be-
tween the growth of the sampling induced errors might
exist, see Section 6 for an example.

4.3  FBvent-triggering conditions

To synthesize asynchronous event-triggering conditions,
we need to carefully handle the possible mutual effect of
each sampling-induced error on each other, which is re-
flected by (24). We propose to transmit the plant output
to the controller when the condition below is verified

O3+

where vy, Ly,, Wy, 6, come from Assumption 2, k, is
any strictly positive constant (we explain how to tune
it in the sequel), and T, > 0 is given below. We recall
that 7, is one of the t1mers introduced in Section 4.1.
The stability analysis provided in the Appendix suggests
to define the event-triggering part of the mechanism as
in (25) and not by y2WZ(e,) > d,(y), which is another
substantial d1fference Wlth the synchronous case. In view
of (25), two successive transmissions of y cannot occur
before T}, units of time have elapsed.

L2
UZ)W;(ey) >6,(y) and r, > T,,  (25)

Similarly, we update the controller state Z. and the con-
trol input @ when the following triggering condition is
satisfied

2

(v2+ %)Wﬁ(ec) > 6.(z.) and 7y > T, (26)
y

where e, Ly, , We, §. come from Assumption 2, ,, is any

strictly positive constant, and 7, > 0 is given below.

Note that (26) ensures that the inter-transmission times

of the controller state are lower bounded by 7,.



The constants T, and 7T, are selected such that
Ty < 7;!(795 Lyu Lu27 “y) and TU < 7;1(765 Lul? Ly27 Hu)v
where

——arctan(ry) I'y> L,
E(VyaLylaLuwﬁy) = L];l Fy:Lyl
arctanh(ry) I'y < Ly,

arctan(ry) Ty > Ly,

L1q"‘u
7:1,(’707LU17Ly27K;u) = Tu, r, :Lu1
Luim arctanh(r,) Ty < Ly,
(27)
2 2
withr, = ‘(LF—“J) — 1,7y = ‘(LF—“) —1‘,1"1} =
Y1 ul :

L2 L2
S (e ), r = Jow (24 )

The constants x, and k, offer a trade-off between 7,
and 7, (we omit the arguments of 7, and 7, in the se-
quel for the sake of convenience). Indeed, reducing s,
generates a decrease of I'y, and therefore an increase of
Ty. On the other hand, this also leads to an increase of
T', and thus a decrease of T,. The selection of the pair
(Ky, ku) seems to be non-trivial and is out of the scope
of this paper, noting that these constants also appear in
the event-triggering conditions in view of (25) and (26).

The flow and the jump sets in (19) are now given by

2

¢y i={as (124522 )Wele,) < 8,(y) or 7y € 0,7, ]}
2

Cu :{q (’yf—i— Nf)Wf e

y(y) and 7, ZTy}

(x.) and 7, > T, }

(28)
We note that both ¢ and Z. may be updated at the same
time instant, which prevents the existence of a dwell-
time for the overall system (19), like in other works on
asynchronous event-triggered control, see [18], [42].

B
< So(we) or Ty € [O,Tu]}
s,
> 5,

D9

4.4 L, Stability

Due to space limitations, we only focus in this section
on L, stability; similar results can be derived to ensure
an ISS property like in Section 3.4. The following theo-
rem ensures an £, stability property for the closed-loop
system (19) under the event-triggering mechanism (28).
The arguments of 7,7, are omitted in the sequel for
convenience.

Theorem 3 Consider system (19) with the flow and the
Jump sets in (28) and the output z = h(x, ), where the
constants Ty, T, are such that T, € (0,7,) and T, €

(0, Tw). Suppose that Assumption 2 holds with as(x, &) =
|z|P — nP|€|P, where p € Zso and n > 0. Then, system
(19) is L, stable from & to z with an L, gain less than or
equal ton. O

4.5 Time-triggered control

The transmission laws developed in Section 4.3 can
be applied to the case where transmissions are time-
triggered. For instance, asynchronous time-triggered
implementations directly follows from (28) by taking

Cy={q:7y €0, 1]}, Dy={q:7y€ley, Ty]}
Co={q¢:1€[0,T]}, Du={q:7u€ lew,Tu]}
(29)
where ¢, € (0,T,], €, € (0,T,] are introduced to prevent

Zeno behaviour, and Ty, T,, are strictly smaller than 7,,
T, defined in (27). When ¢, = T}, and ¢, = T,,, the sets
in (28) lead to periodic and asynchronous transmissions
of the output measurement and of the control input,
respectively. Then the conclusion of Theorem 3 holds,
by following similar lines as in the proof of Theorem 3,
when Assumption 2 is verified. Note that in the case of
time-triggered control, the functions d,,d. in (23) are
not needed and thus Assumption 2 can be relaxed.

Remark 2 The time-triggered implementation of the
case where the output measurement and the control input
are transmitted synchronously can be realized in a simi-
lar way by modifying the flow and the jump sets in (15)
tobeC={q:7€[0,T]} andD ={q: 7 € [¢,T]}, where
€ € (0,T] and T is upper bounded by T defined in (14). O

5 Case study: linear time-invariant systems

We apply the results to LTI systems. Due to space
constraints, we focus on Ly stabilization under asyn-
chronous transmissions. The results for the cases of
synchronous implementation and ISS stabilization sim-
ilarly follows. Consider the LTT plant model

&p = Apxp + Bpu + Epw, y = Cpzp +dy,, (30)
where z, € R", v € R™, w € R"™, y € R", d, €
R™ and A, By, E,, C, are matrices of appropriate di-
mensions, with (A,, B,) stabilizable and (4,,C,) de-
tectable;. The plant is stabilized by the following feed-
back law in the absence of exogenous inputs

e = Acxe + B.y u=Cecxc+ Dy + dy, (31)
where z. € R", d, € R™, and A., B.,C., D. are ma-
trices of appropriate dimensions. We then take into ac-
count the sampling as in Section 3.1. We obtain the hy-



b)) *

BIP —p,
MTP 0
EFP+e,DICy+DTC.+X2ET Ay + X267 A3 0

Si=ATP+PA +CTC. + XA Ay + XN AT A3 + 6,01 Cy +e.CTC,

Cy = (Cp,0), Cy = (0,C.), D, :=(0,1,0,0).

* *
* *
<0
_Hu]lnc *
0 DID.+XET&+A.E]E+e, DI D, —I,,
(34)

brid model below (recall that ¢ = (z, ey, ec, U, Ty, Tu))

.Ale + Bley + Mlec + 815
.AQIE + 32€y + MQGC + 825
Aszx + Bzey, + E3¢

q B O q € CU ﬁCu
1
1
gt € G(g) €D, uD.,
(32)
i i Ap + BpDcCp ByCe
with G(q) defined in (21), A4; := »+ BpD.Cp By 7
BCCP Ac
B Dc B Cc E, B Dc B, 0
- [} e[ o
be 0 B. 00
Ag = —Cp [Ap + ByDcCy chc], By = —CyB,D.,

M2 = _Cpo067 62 = [—CpEp —CpoDc —Cpo —1]7
As = [=B.Cy —Ac], Bsi=—Be, &:=[0-B.00]. We
consider the following controlled output

z=C,r+ D.¢, (33)

where C, D, are matrices of appropriate dimensions.

The proposition below states that the satisfaction of
a linear matrix inequality ensures that Assumption 2
holds, which in turn implies that the conclusions of The-
orem 3 hold. We use boldface symbols in the LMI to
emphasize the decision variables.

Proposition 1 Consider system (32). Suppose that
there exist €y, €c, Ly, fus Ays M, ¥ > 0 and a positive def-
inite symmetric real matriz P such that (34) holds. Take
V(z) = 2T Pz, Wy(e,) = Mley| and We(e) = Aulee,
for all x € R", (ey,e.) € R™. Then Assumption
2 holds with a(s) = Amin(P)s?, @(s) = Amax(P)s?,
ay(z,€) = [2[P=nP|€[* withn = VO fors > 0, Hy(x,§) =
Ayl Azz+E2€|, He(x,€) = Aul Asz+E5€], 3y (y) = ey lyl*,
5C(x0) = €C|IC|27 Lyl = |32|) Lyz = i\_Z|M2|7 Lul = 07

Hy _ VHu
’» y Ve = - O

Luz = i_Z|B3|7 Yy =

u

10

Proposition 1 provides a systematic way to verify the re-
quired conditions in Theorem 3. Note that, since the left-
hand side of (34) is a symmetric real matrix, a necessary
condition to guarantee the feasibility of LMI (34) is that
DD, +Xe1&,+ N7 €3+ €,DI D, — V1, < 0. This
condition can be always verified by selecting Ay, Ay, gy

sufficiently small and by taking ¢ sufficiently large. How-

vy v/
Ay Au
become large, which leads to a smaller upper bound on

the MATI, see (14). Moreover, when ¢, is small and 7,
Ly
)W; (ey) <

L2

Ku
gy|y|> may be quickly violated, which would lead to
smaller inter-transmission times for the plant output.
Hence, Ay, Ay, ey can be used as tuning parameters to
make a tradeoff between the estimated Lo gain 77 on one
side and the MATT and the amount of transmissions gen-
erated by the event-triggering mechanism on the other
side.

ever, when Ay, A, are small, vy, = and v, =

increases, the event-triggering rule (75 +

Remark 3 In the absence of sampling, condition (34)
reduces to the existence of a real matriz P = PT > 0 and
a scalar 9* > 0 such that

(

where n* = /9% is an estimate of the Lo gain in the ab-
sence of anetwork. Note that LMI (35) is equivalent to the
standard Lo gain/Ho, LMI for LTI systems, see Corol-
lary 2.19 and Proposition 2.2/ in [40], which is always
feasible when system (30) is stabilizable and detectable as
assumed here. The feasibility of LMI (35) implies that, by
applying the Schur complement, LMI (34) is feasible for
Ay, Ay €y, Ec sufficiently small and for puy, j., sufficiently
large. O

ATP + PA, +CTC,
TP+ DTC,

*

<0, (35)
DTD, — 91,



A BK 0

.Al = 5 Bl = ,./\/ll :
MC A—MC + BK M

Ay = [—MC —(A—MC—FBK)} s By = —M, My

BK B _ |9y +e) = o(y)
BK ) gl - 0 B ) 1/’(%67;) - 0 ]
-BK, & = [0 -B|

(41)

6 Illustrative example
6.1 Model of a single-link robot arm
Consider the dynamics of a single-link robot arm

ETp1 Epe = —sin(xp1) + u + w,

y =

= Tp2,

(36)

Tpl,

where z,; denotes the angle, z,2 the rotational velocity,
u the input torque and w is the external disturbance. We
ignore measurement noises to simplify the presentation
only. The system can be written as

p =Ax, +Bu—¢(y) + Bw y=Cux,p, (37)
1
where 2, = (Ip17$p2)a A= [8 0} B = [(1)} O =

nk 0 0 e
[O] , oly) = [sin(y)] ,E = {1] . In order to stabilize sys-

tem (37), we first construct a state feedback controller
of the form u = Kx,+ BT ¢(y) +d,, where d,, € R is the
noise on the control input. We design the gain K such
that the eigenvalues of A + BK are —1 and —2 (which
is possible since the pair (A, B) is controllable). Hence,
the gain K is selected to be K = [—2 — 3]. Next, since
only the measurement of y is available, we construct a
state-observer of the following form

. = Ax. + Bu— ¢(y) + M(y — Cx.)

38

= (A—MC)z.+ Bu— ¢(y) + My, (38)
where z. € R? is the estimated state and M is the ob-
server gain matrix. We design the gain matrix M such
that the eigenvalues of A — M C are —5 and —6 (which
is possible since the pair (A, C) is observable), which
leads to M = [11  30]7. We now take into account the
effect of the network and we study the two implemen-
tation scenarios. We focus on the Lo stability. We con-
sider the measured output y as the controlled output,
ie. 2=y = xp1.

6.2 Verification of Assumption 2
We consider here the scenario where the output measure-

ment and the controller state are asynchronously sam-
pled by using two different triggering conditions. Hence,

11

as explained in Section 4, we define the network-induced
erroras e = (ey, e.) with e, = §—y, e = &, —x¢, and the
vector of exogenous inputs ¢ is defined as & = (w, d,,).
Then, we obtain

T = -’4117 + Bley + Mlec + 515 =+ 1/}(ya ey) = f(qag)

éy = —Tp2 =0y (qvé.
be = Ao + Boey + Mae,. + Eq& 9:(4,6)
(39)

with the system matrices and 1 as defined in (41).

Now we verify that Assumption 2 holds to apply the
result of Theorem 4.4. Let Wy(e,) := A,le,| and
We(ee) = Aylec| for all e € R™ and Ay, A, > 0. Con-
sequently, for almost all e € R™ and all x € R"=,
(VWy(ey), 94(q,€)) < Aylape| and (VI (ec), gc(g; €)) <
Aul A2z + E2E| + Ay |Baley| + Au| Ma2l|ec|. Hence, condi-
tion (24) holds with Hy(z, &) = Ay|apz2|, Ly1 = Ly2 =0,
Hc($,§) = )\u|-/42$ + g2§|7 Lu1 = |M2| and Lug =
i‘\—z Bs|. Let V(x) = a7 Pz, where P is a real positive

definite symmetric matrix such that AT P+ PA; = —Q
and @ is a real positive definite and symmetric matrix.
For all (z,e) € R"=+tme,

(VV(2), f(2,€,€)) < —Amin(Q)]2]? +2|PB]|z]ley |
T2 PM||zllec| + 2|P& =] [¢]
+2[Pllx|[$(y, ey)-

(42)

We have that [1(y, e,)| = 6y + ¢,) — d(y)| = | sinly +
ey) — sin(y)| < |ey|. By using the fact that 2(|PB;| +

PB P2
IPDlalley| < vilaf® + SE25HE e, 12, 2P M [allec] <
vola|? + P2L e 2, 2| P&y ||zlle] < vz + LEL g2,

|z] < |z|, |z¢| < |z|, and by adding and subtracting the
terms |z|? + e.|z|?, it holds that, for ,,&. > 0

(VV(2), f(g,8)) < —alz® — |2 — gy |y[* — eclac|”

PB1|+|P])? PMy|?
+(| 1l|/1\ D |ey|2—|—‘ 1 lec|?

v2
+EAE fep2,
(43)
where @ := Apnin(Q) —11 —v2—v3—egy—e.—1. By adding
and subtracting H}(x,£) = A.|zpe|® and HZ(x,§)



A2 | Aoz + E26|? < 202 | A2 |z)? + 202 |E2]2|€]2, we obtain

HQ(:E 5) - H2(.’IJ7§)
_‘5y|y|2 — eclzel* + ’YyWQ(ey)
+Y2WE (ec) + 0 |EL,

—alz]* — |2f* -

(VV(2), f(g,€)) <

(44)
—Vl—VQ—I/g—Ey—EC—l—

(IPB.1]+]P])? _ [IPMy?
1/1)\?/ ’FYC - 1/2)\%

where a := A\nin(Q)

22 —2X2 | Ao|?, vy =

n= \/( [PEE 4 972|€,[2). Thus, by taking @ such that

Amin(Q) > vi+rvatustey+ec+ 14202 +2X2 A%,
which ensures that o > 0, condition (23) is Verlﬁed with
8y (y) = eylyl?, dc(ze) = EC|:EC| and an L5 gain less than
or equal to 7.

To set the design parameters Ky, Ky, V1, V2, V3, €y, Ec, Ay,
and A\, we use the MATLAB fmincon optimizer to min-
imize 7y, + . + 1 such that these parameters are strictly
positive. We obtain x, = K, = 0.01, v1 = vp = v3 =
l,ey = e = 1,y = 1, and A\, = 0.01, which yield
Ly, =0.0361, L,, = 0.3195, v, = 278.2691, 7. = 4305.8
and Lo gain n = 19.3746. By substituting in (27), we
obtain 7, = 5.62 x 1073 and T,, = 3.63 x 10~*.

0.3 Simulation results

We take T, = 5.6 x 1073 and T, = 3.6 x 10~* and we
consider the random disturbance w satisfies |w(¢)| < 0.1
and the noise on the control input d,(t) = 0.1sin(50¢)
for any ¢t > 0. We have run simulations for 100 randomly
distributed initial conditions such that |2(0,0)| < 100,
e,(0,0) = 0, ec(0,0) = (0,0), and (7,(0,0),7,(0,0)) =
(0,0) for 10 s. The obtained minimum and the average
inter-transmission times, respectively denoted by 7Tin
and Tayg , are give in Table 1.

Guaranteed
Tmin Tavg
dwell-time
plant output y | 5.6 x 1072 | 5.6 x 1072 | 8.4 x 1073
control input | 3.6 x107* | 3.6 x 107* | 67 x 1074

Table 1
Minimum and average inter-transmission times for the out-
put measurement and the control input.

The generated inter-transmission times with the initial
condition of the state 2(0,0) = (10,—10,—10,10) are
shown in Figure 4. We note that the enforced constant
times T, T, (represented by the constant lines) act as
lower bounds on the inter-transmission times which jus-
tify the proposed triggering mechanism. The state tra-
jectories of the plant and of the controller are shown in
Figure 3 where we notice that the states asymptotically
converge to a neighborhood of the origin as expected. We
have compared the results with periodic time-triggered

controllers, that is with (29) and T, = 5.6 x 1073 and
T, = 3.6 x 10~*. We have noticed that the state tra-
jectories are almost identical to those in Figure 3 and
cannot be distinguished. However, as shown in Table 1,
event-triggered controllers leads to reducing the average
amount of transmissions by 33% for the output measure-
ment and by 95% for the control input, which shows the
advantage of the proposed event-triggering mechanism.
Finally, the tradeoff curves between the Lo gain 7 and
T, and T, are presented in Figures 5, 6, respectively. We
observe that smaller values of 7 lead to smaller lower
bound Ty, T, on the inter-transmission times and vice
versa.

Tp

Magnitude

6 8 10
Timels]

Fig. 3. State trajectories of the plant and the controller with
event-triggering mechanism (28).
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Fig. 4. Inter-transmission times for the plant output (upper
plot) and for the controller state (lower plot).
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7 Conclusion

We have investigated robust stabilization of nonlinear
systems using output feedback event-triggered con-
trollers with both synchronous and asynchronous com-
munications. The proposed techniques ensure ISS and
L, stability properties for the closed-loop system and
we enforce uniform strictly positive lower bounds on the
inter-transmissions times. The approach is applied to
LTTsystems as a particular case and has been illustrated
on a physical nonlinear example.

The results presented in this paper have many natural
extensions. For instance, the flexibility of the proposed
mechanism can be enhanced by jointly designing the
feedback law and the event-triggering condition in the
case of linear systems like in [3], as opposed to the emu-
lation approach. On the other hand, we believe that the
proposed techniques can be adapted for the distributed
event-triggered control of nonlinear systems. In this con-
text, Zeno phenomenon is also a major issue and we ex-
pect that triggering laws similar to the ones presented
in this paper could be synthesized to handle this issue.

Appendix

We first present some definitions and results that we use
in the proofs of our main results. Since we consider lo-
cally Lipschitz Lyapunov functions (that are not neces-
sarily differentiable everywhere), we use the generalized
directional derivative of Clarke which is defined as fol-
lows. For a locally Lipschitz function U : R — R and
a vector v € R", U°(z;v) = limsup,, o+ ,,.(U(y +
hv)—U((y))/h. For a continuously differentiable function
U, U°(x;v) reduces to the standard directional deriva-
tive. We will define Lyapunov functions as the maximum
of two locally Lipschitz functions and we will invoke the
following result, see Lemma II.1 in [29].

Lemma 1 Consider two functions u; : R™ — R and
ug : R®™ — R that have well-defined Clarke derivatives
for all z € R™ and v € R™. Introduce three sets A =
{z :ur(z) > we(x)}, B :={z : u1(z) < uz(x)}, I :=
x :uy(x) = ua(x)}. Then, for any v € R™, the function
U(z) := max{uy (), uz(x)} satisfies U°(x;v) = uf(x;v)
for all x € A, U°(z;v) = us(z;v) for all z € B and
U°(z;v) < max{u(z;v),us(z;v)} for allz € T. O
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Proof of Theorem 1. We first introduce ¢ : Ry; — R
the solution to the following differential equation

¢= ¢(0) =

where 8 € (0,1) and x > 0. We denote T (0,x,7,L)
the time it takes for ¢ to decrease from 6~ to #. This
time T (6, k,, L) is a continuous function of 6, k which
is decreasing in 0, k. On the other hand, we note that
TO,v,k,L) = T(k,v,L) (where T (k,~,L) is defined
in (14)) as 6 tends to 0, see Lemma 1 in [16]. As a con-
sequence, since T < T (k,~, L), there exists 6 such that

T < T(9,k,~,L). We fix the value of 6.

—2L¢ — (1 + K)Y(C2 +1) 6=t (45)

We define for all ¢ € C U D, R(g) :=
max{0,7¢(1)IV2(e)}.

Let ¢ € D and G(gq) := (x,0,0). We obtain, in view of
(8) and the fact that W is positive definite,

Viz) +

R(G(q)) = V(w) + max{0,7¢(0)W*(0)}

=V (x) < R(q). (46)

Let ¢ € C and € € R™ and suppose that ¢(7) < 0. As
a consequence, R(q) = V(z) and it holds that 7 > T.
Indeed, ((7) is strictly decreasing in 7, in view of (45),
and ((T) > ¢(T) =0 >0asT < T.Then ¢(r) < 0
implies that 7 > T. Hence, v?W?2(e) < §(y) in view
of (15) since ¢ € C. Consequently, in view of page 100
in [43], Lemma 1, Assumption 1 and the definition of
R, R°(g; F(q,€)) < —a(lz]) + e([¢]), where F(q,£) :=
(f(x,e,8),9(x,e,€),1). Hence, in view of (10) and since
a € Ky, there exists p; € Ko such that

R%(q; F(q,€)) < —p1(R(q)) + o([¢])- (47)
When {(7) > 0, we have that
R(q) = V(z) +7C(1)W3(e). (48)

As above, in view of page 100 in [43], Lemma 1, item (ii)
of Assumption 1 and (45),

RO(Q; F(Qu&)) = <VV(‘T)7 f(xv €,§)> + 7{(T)W2(€)
+29¢(T)W (e)(VW (e), g(, €, £))
< —a(jz]) — H*(z) = 8(y) + *W2(e) + o(l¢])
+29¢(T)W (e) (LW(e) + H(z) + a(lél))
+yW2(e)(—2L¢ — (1 + K)v(¢3(7) + 1))
< —a(lz|) — H2(z) — 6(y) — x> W2(e)
+o(lgl) = (1 +r)y*C(T)W2(e)

+27¢(T)W(e)H (z) + 27¢(T)W (e)o ([€])-
(49)



By using the fact that 27C(T)W(6)H1(:v) < H%*(z) +
VQCQ(T)WQ(e)v 29¢(M)W(e)a(lg]) < Lo*([g]) + ry°x
C2(r)W?2(e) and since 6(y) > 0, we deduce that
R°(¢; F(g,€)) < —allz]) = ky*W2(e) + x([€]), where
X = o+1o* .By using the same argument as in (47) and
since ¢(7 ) < 0~ for all 7 > 0 in view of (45), we derive
that R°(q; F(q,€)) < —p1(V(@)) — p2(7C(T)W?(e)) +
x(|&]), where p2 : s = Ky0s € Koo. We deduce that
there exists p € Ko such that

R°(q; F(q,€)) < —p(R(q)) + x(I€]), (50)

where p(s) := min{p;(3), p2(5)} for s > 0.

When ((7) = 0, we obtain, in view of (47), (50) and

Lemma 1

R°(q; F(q,€)) < —p(R(q)) + x([¢])- (51)

Hence, (51) is satisfied in all cases.

Let (¢,&) be a solution pair to (8), (15) with ¢ =
(¢n, be, Pr), input & € Lo and dom ¢ = dom&. In view
of (51) and page 99 in [43], forany € € (0,1), R(¢(t,7)) <
R(t, 1); F(o(t, ), E(6 1)) < —(1 — )p(R(6(1, 7))
ep(R(o(t, 1)) + x(|€(t, §)]) for all j and for almost all
t € I’ where I’ = {t : (t,7) € dom ¢}. As a consequence,
using (46) and (51) and by following similar lines as in
the end of the proof of Theorem 1 in [35], we deduce that
for any (t,j) € dom ¢

R($(t, §)) < max {B(R(¢(0, 0)), 0.5¢ + 0.5T7),

52
gl } )

for some 8 € KL. On the other hand, in view of As-
sumption 1 and since W is continuous (since it is locally
Lipschitz) and positive definite, there exists @y € Koo
such that W(e) < @w(Je|]) for all e € R™ by follow-
ing similar arguments as in the proof of Lemma 4.3
in [26]. As a result, in view of Assumption 1, (45) and
the definition of R, it holds that, for all ¢ € C U D,
R(q) < V(z) + W?3(e) < a(z]) + aw(le])

ar(|(z,e)|), where agr s = a(s) + gaw(s) €
Koo- As a result, in view of (52), we deduce that

R(3(t.5) < max{B@r(|(¢(0,0). 0.(0,0))]).0.5¢ +
O.5Tj),p_1(%x(||§||oo))}. Consequently, in view of

(10), |#(t,5)] < a " (R(¢(t,4))) and thus (16) holds
with f8 (s1,82) = a '(B(@r(s1),52)) € KL,

Y(s) = 1o (p_l(x(s))> for s > 0. O
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Proof of Theorem 3. Let (y,(u : Ryq — R be the
solutions to the following differential equations

éy = 2Ly, ¢y — (1+ ’fy)/_\y(Cyz +1), ¢(0)=0, '
o = =2Lu,Gu = (L k) A(E 1), Cul0) =677,
(53)

— 2 —
where A, = \/(1+—1ny) (”yﬁ—l— L};f), Ay 1=
(% + L, ) for ky,ky > 0, and 6,,6, € (0,1). We

respectively denote ’7; and T, (we dropped the argu-
ments for notational convenience) as the times it takes
for (y, Cu to decrease from 6, 16,1 to 6,,0,. By using
similar arguments as in (45), we conclude that there ex-

ist 8,0, > 0 such that T, < 7~; and T, < T, and we fix
their values.

Let C :=Cy,NC, and D := D, UD,. We define for all
qeCUD (recall that ¢ = (v, ey, ec, U, Ty, Tu)), R(q) =

V(x)+max{0, )‘UC’U(T’U) (eu)}—l—maX{O )‘ucu(Tu) 2(60)}'

By following lines as in (46), we deduce that for all ¢ € D,
R(G(q)) < R(q).

Let g € C. We distinguish five cases in the following.

(1) ¢y(ry) < 0 and (u(7,) < 0. In view of the defini-
tion of R, we obtain R(q) = V(x) and by using
similar arguments as in (47), it holds that 7, > T,
and 7, > T,. Hence, in view of (28) and since

L2
q € C, (’yg + %ﬁ)WUQ(ey) < dy(y) and (’yc +
%)Wf(ec) < dc(zc). Consequently, in view of
Assumption 2, R°(q; F'(q,£)) = (VV(z), f(z,¢€)) <
[P —H ()= HE (@, )+ |E[7 < — [P+ €.

Cy(Ty) > 0 and Cu(T) < 0. In this case R(q) =
V() + AyCy(ry) Wi (ey). In view of Lemma 1, As-
sumption 2 and (53), we obtain R°(¢; F(¢,§)) =

(VV(2), f(z,e,8)) +5‘yéy(7y)Wy2(ey)+25‘yCy(Ty)><
Wy (ey)(VWy(ey), gy(z, e, &)) which leads to

— 2P — Hy(z,
—0y(y) = de(we) + ;W (ey)
+9EWe(ee) +nPIEP

-1+ ’iu))‘ig(Tu)WyQ(ey)
—(1+ liy)/_\QW2(ey)

+2X Gy (Ty )Wy (ey) Ly, We(ec)

+2)‘y<y(7'y) Wy(ey)Hy(z,§).
(54)

R°(q; F(q,€)) < ) — HZ(x,§)



Using the fact that 2X\,(,(7,)W,Ly,We(e.) <
_ L2 _
Fy Ao Co (T )W (ey) + ﬁWf(ec) and 2Ay Gy (7y) %
Wy(ey)Hy(z,§) < /\?,Cg(Ty)Wyz(ey) + Hs(x,g)
2
and (y2 + Ln—yy?)Wf(ec) < d¢(x.) since ¢ € C and
Cu(7u) < 0, we have that (recall that (1 + k,)A2 =
L o
—2), R°(¢: F(q,€)) < — |27 +nP[&]P.
Cy(my) < 0 and (u(m) > 0. By following the

same lines as in the previous case, we deduce that
R%(q; F(q,€)) < —lzP + PP

vy +

(iii)

Cy(my) > 0 and (u(7y) > 0. In view of the def-
inition of R, R(q) = V(x) + Ay(y(ry)Wi(ey) +
MiCu(Tu)W2(e.). By following similar lines as in
case (ii), we obtain R°(q; F'(q,&)) < —|z|P + nP||P.

Cy(my) = 0 or ¢u(7y) = 0. In view of cases (i)-(iv)
and Lemma 1, we obtain R°(q; F'(¢,£)) < —|z|P +
U

As a result, it holds that, for all ¢ € C, N Cy

R°(q; F(q,€)) < — 2P +nP|€|P. (55)

Let (¢,€) be a solution pair to (19), (28) with
¢ = (¢u; Pe,, Pe.s Py br, s Pr, ), input & € L, and
dom¢ = dom¢. In view of (55) and page 99 in [43], it
holds that R(¢(t, j)) < R°(o(t,j); F(o(t, ), £(t,))) <
—lz(t, )P + nP|&(t, 5)|P for all j and for almost all
t € I’ where I' = {t : (t,j) € dom¢}. Finally, by
following similar lines as in the end of the proof of
Theorem 1 and Theorem IV.7 in [23], we conclude

that [|z(t,5)ll, < @r($(0,0)"? + nl[é(t, j)llp, where

ap s — als) + g—zawy (s) + ’G\—ZEWC(S) € Koo. Thus,
the conclusions of Theorem 3 hold. O

Proof of Proposition 1: Let W,(e,) = Ayley| and
We(ee) = Aylec]. Then we have, for all x € R"™ and
almost all (e, e.) € R™T" (VW,(ey), Az + Baey +
Maec +E&) < Ay Asx + E€[ + Ay [Balley| + Ay [Ma]lec|
and (VIWc(e.), Asx + Bsey, + E3&) < Ay|Aszz + E3&| +
Au|Bsl|ey|. Hence, condition (24) holds with Hy(z,&) =
Myl Aez + Ef| He(x,§) = Au|Asz + &3¢, Ly, =
|B2|aLy2 = i_Z|M2|;Lu1 = OaLu2 = i_Z|B3|

Let V(z) = 2T Pz, for x € R". Condition (22) is sat-
isfied with a(s) = Ain(P)s? and @(s) = Apax(P)s? for
s > 0. In view of (32), it holds that, for all (e,, e.) € R™e
and all z € R™, (VV (), Aiz + Biey + Mie. + &) =
xT(AlTP+PA1)x+2xTPBley—|—23:TPM166—|—2:1:TP51§.
By post- and pre-multiplying LMI (34) respectively by
the state vector (z, ey, €., ) and its transpose and by re-
arranging the terms we obtain (VV (x), A1z + Biey +

15

Mlec + 51§> S _|Z|2 - H;((E,g) - Hg(i[],f) - Ey|y|2 -
eclze|® + 54W i (ey) + 58 W2(ee) + D€[°. As a result,
condition (23) is verified with &,(y) = &,|y|?, dc(z.) =

|27’Yy:\§?7%=\§?7&nd77:\/5- U

Ec|Te
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