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ABSTRACT
Widely linear (WL) receivers are able to fulfill single antenna
interference cancellation (SAIC) of one rectilinear (R) (ASK,
BPSK) or quasi-rectilinear (QR) (MSK, GMSK, OQAM)
co-channel interference (CCI). In the presence of residual
frequency offsets (FO), standard SAIC/MAIC receivers lose
their efficiency and have to be extended using WL frequency
shifted (FRESH) filtering, which has been done recently.
However, in practice the observations are low-pass filtered
before sampling and processing, which may degrade the per-
formance. In this context, the purpose of the paper is twofold.
The first one is to extend the previous pseudo MLSE-based
WL FRESH receiver, for sources with differential FO, to
observations which are low-pass filtered. The second one is
to analyze, both analytically and by simulations, the impact
of the low-pass filtering on the performance of the extended
pseudo MLSE-based WL FRESH receiver.

Index Terms— Widely linear, SAIC/MAIC, Frequency
offset, Rectilinear, CCI, Pseudo-MLSE, FRESH, Low-Pass
Filter

1. INTRODUCTION

These two last decades, since the pioneer works on the
subject [1-4], WL filtering has aroused a great interest for
second-order (SO) non-circular signals [5] in many areas.
In particular, WL filters have been used efficiently for CCI
mitigation in radio communication networks using R or QR
modulations. Let us recall that R modulations correspond
to mono-dimensional modulations such as ASK or BPSK
modulations, whereas QR modulations are complex modula-
tions corresponding, after a simple derotation operation, to
a complex filtering of an R modulation. Examples of QR
modulations are MSK, GMSK or OQAM modulations. WL
filtering is able to fulfill SAIC of one R or QR multi-user CCI,
allowing the separation of two users from only one receive
antenna [6-8]. The effectiveness of this technology jointly
with its low complexity are the reasons why it is operational
in most of GSM handsets, generating significant networks
capacity gains for the GSM system [8], [9]. Extension of
the SAIC technology to a multi-antenna reception is called
multiple antenna interference cancellation (MAIC). However,
it has been shown recently in [10], in the GSM context, that

in the presence of a differential frequency offset between the
signal of interest (SOI) and the CCI, standard SAIC/MAIC
receivers may lose their efficiency. This may be the case for
airborne communications, due to high differential Doppler
shifts between the sources. This is also the case in the context
of filter bank multi-carrier (FBMC) waveforms, coupled with
OQAM modulation, which are considered as promising can-
didates for the 5G mobile networks in particular [11]. Indeed,
the Inter-Carrier Interference of FBMC-OQAM waveforms,
which are difficult to remove for highly frequency selective
channels or for MIMO systems, have FO corresponding to
multiple of 50% of the (real) baud rate. In the presence
of a differential FO between the sources, the SAIC/MAIC
receivers have to be extended using WL FRESH receivers.
Such a WL FRESH receiver has been introduced recently
in [12], for R and QR signals and for arbitrary propagation
channels, using the pseudo-MLSE approach introduced in
[13-14]. Performance of this receiver, jointly with the impact
of the FO on the latter, have been analyzed both analytically
and by simulations, showing off the great interest of this re-
ceiver whatever the value of the FO. However in practice,
the observations are low-pass filtered before sampling and
processing. One may then wonder whether this low-pass fil-
tering operation may degrade or not the performance of the
considered WL FRESH receiver.

In this context, the purpose of this paper is twofold. The
first one is to extend, for R sources with different FO, the WL
FRESH receiver introduced in [12] to observations which are
low-pass filtered. The second one is to analyze, both analyt-
ically and by simulations, the impact of the low-pass filter-
ing on the performance of the extended WL FRESH receiver.
Note that papers dealing with WL FRESH filtering for equal-
ization/demodulation in presence of CCI are not so numerous
and correspond to [15-18] for R signals and [19-21] for QR
signals. However none of these papers discuss the impact of
a low-pass filter on the output performance.

2. MODELS AND STATISTICS

2.1. Observation model and SO statistics

We consider an array of N narrow-band antennas receiving
the contribution of a SOI, one CCI and a background noise.
Both sources are assumed to be R. The vector of complex



amplitudes of the data at the output of these antennas after
frequency synchronization can then be written as

x(t) =
∑
k

[
bkg(t− kT )+ek(v(t− kT )ej2π∆f t)∗hI(t)

]
+u(t)

=
∑
k

bkg(t− kT )+
∑
k

eke
j2π∆fkTgIo(t− kT )+u(t)

,
∑
k

bkg(t− kT )+n(t). (1)

Here, bk and ek are real-valued zero-mean i.i.d. r.v., corre-
sponding to the SOI and CCI symbols respectively, T is the
symbol period, g(t) = v(t) ∗ h(t) is the impulse response of
the SOI global channel, ∗ is the convolution operation, v(t)
and h(t) are the impulse responses of the SOI pulse shaping
filter and propagation channel respectively, ∆f is the residual
FO of the CCI, which is assumed to be known and positive or
null, gIo(t) = vo(t) ∗ hI(t) where vo(t) = v(t)ej2π∆f t and
hI(t) is the impulse response of the propagation channel of
the CCI, u(t) is the background noise vector, assumed zero-
mean, circular, stationary, temporally and spatially white and
n(t) is the total noise vector composed of the CCI and back-
ground noise.

The observations are assumed to be filtered by an ideal
low-pass filter having a bandwidth B′ whose impulse re-
sponse is p(t) and whose frequency response is p(f), as
depicted by Figure 1. Denoting by B the bandwidth of the
SOI, the response p(f) is equal to 1 for −B′/2 ≤ f ≤ B′/2
and to 0 elsewhere, where B ≤ B′. The low-pass filtered
observation vector is then given by

xp(t) , x(t) ∗ p(t) =
∑
k

bkg(t− kT ) + np(t) (2)

where np(t) , n(t) ∗ p(t).

Frequency→
SOI CCI

∆f

B
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Fig. 1. Spectral representation of the SOI, CCI and p(t)

The SO statistics of np(t) are characterized by the two
correlation matrices Rn(t, τ) and Cn(t, τ), defined by

Rn(t, τ) , E
[
np(t+ τ/2)nHp (t− τ/2)

]
(3)

Cn(t, τ) , E
[
np(t+ τ/2)nTp (t− τ/2)

]
(4)

where (.)T and (.)H mean transpose and conjugate transpose
respectively. Using (1), it is easy to verify that Rn(t, τ) is a
periodic function of twith a period equal to T . In a same way,
it is easy to show that Cn(t, τ) = C′n(t, τ)ej4π∆f t where
C′n(t, τ) is a periodic function of t with a period equal to
T . Matrices Rn(t, τ) and Cn(t, τ) have then Fourier series

expansions given by

Rn(t, τ) =
∑
αi

Rαi
n (τ)ej2παit (5)

Cn(t, τ) =
∑
βi

Cβi
n (τ)ej2πβit. (6)

Here, αi and βi are the SO and conjugate SO cyclic frequen-
cies of np(t) such that αi = i/T and βi = i/T+2∆f (i ∈ Z),
Rαi
n (τ) and Cβi

n (τ) are respectively the cyclic and conjugate
cyclic correlation matrices of np(t) for the cyclic frequencies
αi and βi and the delay τ , defined by

Rαi
n (τ) ,

〈
Rn(t, τ)e−j2παit

〉
(7)

Cβi
n (τ) ,

〈
Cn(t, τ)e−j2πβit

〉
(8)

where 〈·〉 is the temporal mean operation in t over an infinite
observation duration.

2.2. Conventional and two-input FRESH models

Conventional linear processing of xp(t) only exploits the in-
formation contained in the zero (α = 0) cyclic frequency of
xp(t).

The WL FRESH receiver introduced in [12] for R signals
exploits the conjugate SO cyclic frequency β = 2∆f of xp(t)
through the exploitation of the two-input FRESH observation
vector xp,F2(t), defined by

xp,F2
(t) ,

[
xTp (t), ej4π∆f txHp (t)

]T
=
∑
k

bkgF2,k(t− kT ) + np,F2
(t) (9)

Here, np,F2(t) , [nTp (t), ej4π∆f tnHp (t)]T , gF2,k(t) ,
[gT (t), ej4π∆f (t+kT )gH(t)]T .

3. GENERIC PSEUDO-MLSE RECEIVER

3.1. Generic pseudo-MLSE receiver

We denote by xp,FM
(t) and np,FM

(t) the generic M (M =
1, 2) input FRESH observation and associated FRESH to-
tal noise vectors respectively. We assume that xp,F1

(t) and
np,F1

(t) correspond to xp(t) and np(t) respectively. Thus for
M = 1, we consider conventional linear receivers whereas
for M = 2 we consider two-input WL FRESH receivers. We
denote by R0

FM
(f) the Fourier transform of (7), where αi

and n(t) are replaced by 0 and np,FM
(t) respectively.

To apply the standard pseudo-MLSE criterion introduced
in [13], we have to elaborate a bit. Indeed, it is straigthforward
to verify that, depending on ∆f and B′, matrix R0

F2
(f) may

not be always invertible for −B/2 ≤ f ≤ B/2 and 2∆f −
B/2 ≤ f ≤ 2∆f +B/2. This prevents to easily compute the
pseudo-MLSE two-input FRESH receiver from (2). To solve
this problem, we consider the following artificial two-input
FRESH observation vector



xp,FM ,δ(t) , xp,FM
(t) + nFM ,δ(t)

=
∑
k

bkgFM ,k(t− kT ) + np,FM ,δ(t) (10)

where, for 1 ≤ M ≤ 2, nFM ,δ(t) is a (MN × 1) artificial
noise vector, assumed to be Gaussian, circular, stationary,
spatially and temporally white with a power spectral density
equal to Nδ , whereas np,FM ,δ(t) = np,FM

(t) + nFM ,δ(t).
Vector xp,FM

(t) becomes the limit of xp,FM ,δ(t) as Nδ → 0.
Assuming a stationary, circular and Gaussian generic FRESH
total noise np,FM

(t), vector np,FM ,δ(t) has the same prop-
erties. It is shown in [22], [23] that the sequence b ,
(b1, ..., bK) which maximizes its likelihood from xp,FM ,δ(t)
is the one which minimizes the following criterion1:

Cδ(b) =

∫
[xp,FM ,δ(f)− sFM

(f)]
H [

R0
FM ,δ(f)

]−1

× [xp,FM ,δ(f)− sFM
(f)] df. (11)

Here, R0
FM ,δ(f) corresponds to the Fourier transform of (7),

where αi and n(t) are replaced by 0 and np,FM ,δ(t) respec-
tively. This matrix is always invertible for Nδ 6= 0 whatever
the value of f , while sFM

(f) ,
∑K
k=1 bkgFM ,k(f)e−j2πfkT ,

where gFM ,k(f) corresponds to g(f) for M = 1. A suffi-
cient statistics of (11) is obtained by integrating (11) on
[−B/2, B/2] and [2∆f − B/2, 2∆f + B/2] only. For
subbands for which p(f) and p(2∆f − f) overlap inside
[−B/2, B/2] or [2∆f − B/2, 2∆f + B/2], R0

FM
(f) is al-

ways invertible whatever M and the limit of Cδ(b) when
Nδ → 0 can be taken directly for these subbands. However,
for subbands for which p(f) and p(2∆f − f) do not overlap
inside [−B/2, B/2] or [2∆f −B/2, 2∆f +B/2] R0

F2
(f) is

not invertible. For these subbands, it is then necessary to take
a sufficient statistics of (11) keeping only terms that depend
on the symbols bk, before taking the limit of the obtained
sufficient statistics when Nδ → 0. Considering, for each sub-
band, only terms that depend on the symbols bk, it is possible
to show, after some manipulations, that the minimization of a
sufficient statistics of (11) when Nδ → 0 is equivalent to that
of the metric:

Λ(b) =

K∑
k=1

K∑
k′=1

bkbk′rk,k′ − 2

K∑
k=1

bkzp,FM
(k) (12)

where zp,FM
(k) , Re[yp,FM

(k)] and where the sampled out-
put yp,FM

(k) and rk,k′ are defined by

yp,FM
(k) =

∫
wH
FM ,k(f)xp,FM

(f)ej2πfkT df (13)

rk,k′ =

∫
wH
FM ,k(f)gFM ,k′(f)ej2πf(k−k′)T df. (14)

The vectors wFM ,k(f), 1 ≤M ≤ 2, are defined by

wF1,k(f) , R0
F1

(f)−1g(f) , wF1(f) (15)

1All Fourier transforms of vectors x and matrices X use the same notation
where t or τ is simply replaced by f .

If B′ ≤ 4∆f −B
wF2,k(f) ,

[
wT
F1

(f),0T
]T

; −B/2 ≤ f ≤ B/2 (16)

wF2,k(f) ,
[
0T ,wH

F1
(2∆f − f)ej4π∆fkT

]T
; (17)

2∆f −B/2 ≤ f ≤ 2∆f +B/2

If 4∆f −B ≤ B′ ≤ 4∆f +B

wF2,k(f),
[
wT
F1

(f),0T
]T

; −B/2≤f≤2∆f−B′/2 (18)

wF2,k(f),
[
0T,wH

F1
(2∆f−f)ej4π∆fkT

]T
; (19)

B′/2≤f≤2∆f+B/2

wF2,k(f),R0
F2

(f)−1gF2,k(f); (20)
[2∆f−B′/2≤f≤B/2]∪[2∆f−B/2≤f≤B′/2]

If 4∆f +B ≤ B′

wF2,k(f) , R0
F2

(f)−1gF2,k(f); (21)
[−B/2≤f≤B/2]∪[2∆f−B/2≤f≤2∆f+B/2]

3.2. Interpretation of the generic pseudo-MLSE receiver

We deduce from (13) that yp,FM
(k) is the sampled version,

at time t = kT , of the output of the filter whose frequency
response is wH

FM ,k(f), where wFM ,k(f) is defined by (15) to
(21) and whose input is xp,FM

(t). It is composed of the WL
FRESH filter wH

FM ,k(f), which reduces to a time-invariant
(TI) linear filter for conventional receivers, followed by a
sampling at the symbol rate, a real part capture and a decision
box implementing the Viterbi algorithm, since r∗k,k′ = rk′,k.

3.3. SINR at the output of the generic pseudo-MLSE re-
ceiver

For real-valued symbols bk, the symbol error rate (SER) at the
output of the generic M input (M = 1, 2) pseudo-MLSE re-
ceiver is directly linked to the signal to interference plus noise
ratio (SINR) on the current symbol before decision, i.e. at the
output zp,FM

(n) [24, Sec. 10.1.4], while the inter-symbol in-
terference is processed by the decision box. For this reason,
we compute the general expression of the output SINR here-
after and we analyse its variations in section IV. It is easy to
verify from (1), (9), (13) and (14) that zp,FM

(n) can be writ-
ten as
zp,FM

(n) = bnrn,n +
∑
k 6=n

bkRe[rn,k] + zn,p,FM
(n) (22)

where the real-valued sample zn,p,FM
(n) is defined by the

real part of (13) for k = n with np,FM
(f) instead of

xp,FM
(f). Defining πb , E[b2n], the SINR on the current

symbol n is then given by

SINRFM ,n , πbr
2
n,n/E

[
z2
n,p,FM

(n)
]
. (23)

4. SINR ANALYSIS
4.1. Assumptions

In this section, we analyse both analytically and by simu-
lations, the impact of the parameter B′ on the SINR at the



output of the two-input pseudo-MLSE receiver. For this pur-
pose, we consider the model (1) and we assume a raised co-
sine pulse shaping filter v(t) with a roll-off γ. The SOI and
CCI have the same bandwidth,B = (1+γ)/T , and spectrally
overlap if 0 ≤ ∆f ≤ B, (i.e. if 0 ≤ ∆fT ≤ 1 + γ) as illus-
trated in Fig. 1, what we assume in the following. Moreover,
to easily describe the behavior and quantify the performance
of the generic M input pseudo-MLSE receiver, we limit the
analysis to deterministic propagation channels with no delay
spread such that

h(t) = µδ(t)h and hI(t) = µIδ(t− τI)hI . (24)
Here, µ and µI control the amplitude of the SOI and CCI, δ(t)
is the Dirac pulse, τI is the delay of the CCI with respect to
the SOI whereas h and hI , such that hHh = hHI hI = N , are
the channel vectors of the SOI and CCI.

4.2. SINR computations and analysis for a zero roll-off

Under the previous assumptions, analytical interpretable ex-
pressions of the SINRFM ,n (23) are only possible for a zero
roll-off γ which is assumed in this subsection. For a zero
roll-off, for which B = 1/T , the quantities πs , µ2πb,
πI , µ2

Iπe and η2 correspond to the mean power of the
SOI, the CCI (for ∆f = 0) and the background noise per
antenna at the output of the pulse shaping matched filter re-
spectively, where πe , E[e2

n]. We then denote by φsI , the
phase of hHhI , εs and εI the quantities εs , πsh

Hh/η2

and εI , πIh
H
I hI/η2 and by SINRRM ,n the SINR (23) at

the output of the M input pseudo-MLSE receiver at time nT .
Due to lack of space, we limit the analysis to N = 1 antenna.
Assuming a strong CCI (εI � 1), we obtain, after tedious
computations not reported here

SINR1,n ≈ 2εs∆fT ; ∆f 6= 0 (25)

SINR1,n = 2εs/[1 + 2εI cos2(φsI)]; ∆f = 0 (26)

If ∆f ≤ B/2

SINR2,n ≈2εs

[
1−

3−TB′

2 + (1− 2∆fT ) cos(2ΨsI,n)

2

]
;

B ≤ B′ ≤ 2∆f +B (27)

SINR2,n ≈2εs

[
1− 1−∆fT+(1−2∆fT ) cos(2ΨsI,n)

2

]
;

2∆f +B ≤ B′ (28)

If B/2 ≤ ∆f ≤ B
SINR2,n≈2εs∆fT ; ∆f 6= 0;B≤B′≤4∆f−B (29)

SINR2,n≈2εs[1−(3−TB′)/4]; 4∆f−B≤B′≤2∆f+B (30)

SINR2,n≈2εs[1− (1−∆fT )/2] ; 2∆f+B ≤ B′ (31)

where ΨsI,n is defined by

ΨsI,n , φsI + 2π∆f (nT − τI) (32)

Let us recall that a receiver completely cancels the CCI as
εI → ∞, or performs SAIC, at time nT if the associated

SINRn does not converge toward zero. Previous expressions
show that SINR2,n is always an increasing function of B′

corresponding to the SINR without any filtering for B′ ≥
2∆f + B, i.e. as soon as the low-pass filter does not cut the
CCI spectrum. In this case the spectral correlation properties
of the CCI are not altered by the low-pass filter. However,
for B′ < 2∆f + B, the CCI spectrum is cut by the low-
pass filter, which modifies the spectral correlation properties
of the CCI and which deteriorates the output SINR of the WL
FRESH receiver. In this case, the performance degradation
increases as B′ decreases toward B. Moreover, expression
(29) shows that for B/2 ≤ ∆f ≤ B, SINR2,n corresponds
to the SINR at the output of the conventional receiver as soon
as B′ ≤ 4∆f − B. In this case the low-pass filtering opera-
tion has completely removed the spectral correlation proper-
ties of the CCI inside the SOI bandwidth and then the interest
of the WL FRESH receiver. Figure 2 illustrates these results
by showing the variations of SINR2,n as a function of B′ for
φsI = π/4, τI = 0 and for several values of ∆f . Note the
decreasing output SINR as B′ decreases below 2∆f +B. All
these results show off the importance of a careful choice of the
low-pass filter which has to keep the CCI unfiltered in order
to maintain the whole potential of the WL FRESH receiver
for SAIC.
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Fig. 2. SINR2,n as a function of B′T , εs=10 dB, εI =20 dB

5. CONCLUSION

The WL FRESH receiver introduced in [12] for SAIC/MAIC
of a R CCI having a residual FO has been extended in this
paper, for arbitrary propagation channels and from a pseudo
MLSE-based approach, for low-pass filtered observations.
Performance of the extended WL FRESH receiver have been
analyzed for deterministic propagation channels with no de-
lay spread, both analytically and by simulations, enlightening
the impact of the low-pass filter bandwidth. It has been shown
that to maintain the whole potential of the WL FRESH re-
ceiver introduced in [12], the low-pass filter has to keep the
CCI unfiltered. Extension of these results for QR signals will
be presented elsewhere. These results should be very helpful
in particular to optimize the reception filter of FBMC-OQAM
systems using WL filtering at reception.
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