N

N

Local density approximation for the almost-bosonic anyon
gas
Michele Correggi, Douglas Lundholm, Nicolas Rougerie

» To cite this version:

Michele Correggi, Douglas Lundholm, Nicolas Rougerie. Local density approximation for the almost-bosonic
anyon gas. Analysis & PDE, 2017, {10.2140/apde.2017.10.1169). <hal-01391205v3)

HAL Id: hal-01391205
https://hal.science/hal-01391205v3

Submitted on 10 Apr 2017

HAL is a multi-disciplinary open access archive L’archive ouverte pluridisciplinaire HAL, est des-
for the deposit and dissemination of scientific re- tinée au dépoét et a la diffusion de documents scien-
search documents, whether they are published or not. tifiques de niveau recherche, publiés ou non, émanant
The documents may come from teaching and research  des établissements d’enseignement et de recherche
institutions in France or abroad, or from public or pri- francais ou étrangers, des laboratoires publics ou
vate research centers. privés.

Auto':izition
HAL Authorization


https://hal.science/hal-01391205v3
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

LOCAL DENSITY APPROXIMATION FOR THE ALMOST-BOSONIC
ANYON GAS

MICHELE CORREGGI, DOUGLAS LUNDHOLM, AND NICOLAS ROUGERIE

ABSTRACT. We study the minimizers of an energy functional with a self-consistent mag-
netic field, which describes a quantum gas of almost-bosonic anyons in the average-field
approximation. For the homogeneous gas we prove the existence of the thermodynamic
limit of the energy at fixed effective statistics parameter, and the independence of such a
limit from the shape of the domain. This result is then used in a local density approxi-
mation to derive an effective Thomas—Fermi-like model for the trapped anyon gas in the
limit of a large effective statistics parameter (i.e., “less-bosonic” anyons).
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1. INTRODUCTION

A convenient description of 2D particles with exotic quantum statistics (different from
Bose-Einstein and Fermi-Dirac) is via effective magnetic interactions. We are interested in
a mean-field model for such particles, known as anyons. Indeed, in a certain scaling limit
(“almost-bosonic anyons”, see [LR15]), a suitable magnetic non-linear Schrédinger theory
becomes appropriate. The corresponding energy functional is given by

ng[u] = /R2 (‘(—iv +ﬁA[|u|2]) u|2 + V|u|2> ’ (1.1)
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2 M. CORREGGI, D. LUNDHOLM, AND N. ROUGERIE

acting on functions v € H'(R?). Here V: R? — R* is a trapping potential confining the
particles, and the vector potential A[lu|?]: R? — R? is defined through

Al :=V%twoxo,  wo(x):=log|x], (1.2)

for o = |u|?> € L*(R?) and x* = (z,y)* := (—y, ). Thus, the self-consistent magnetic field,
given by

curl Afg](x) = Awg * o(x) = 2mpo(x),
is proportional to the particles’ density. The parameter 5 € R then regulates the strength
of the magnetic self-interactions and, for reasons explained below, we will call it the scaled
statistics parameter. Note that by symmetry of (LI]) under complex conjugation u — u we
may and shall assume

B=0
in the following. We will study the ground-state problem for (I.I]), namely the minimization
under the mass constraint
/ lu> = 1. (1.3)
R2

The functional £ bears some similarity with other mean-field models such as the Gross—
Pitaevskii energy functional

£CP[y] i— /R (—iVu+ Auf? + V]ul? + glul?) (1.4)

with fized vector potential A. The above describes a gas of interacting bosons in a certain
mean-field regime [LSSY05, [LS06, NRS16, [Roul4l Roul6]: the quartic term originates from
short-range pair interactions. The crucial difference between (1)) and (L4]) is that, while
the interactions of £ST are scalar (with interaction strength g € R), those of £ are purely
magnetic and therefore involve mainly the phase of the function uw. There is an extensive
literature dealing with (IL4]) (see [Aft07, [CPRY12l [CRY11l [CR13] for references) and with
the related Ginzburg-Landau model of superconductivity [BBH94l, [FH10, [SS07, [Sigl3].
That the interactions are via the magnetic field in (1)) poses however quite a few new
difficulties in the asymptotic analysis of minimizers we initiate here. Note indeed (see the
variational equation in Lemma [A.2]) that the non-linearity consists in a quintic non-local
semi-linear term and a cubic quasi-linear term (also non-local), both being critical when
compared to the usual Laplacian.

The functional £2f arises in a mean-field descriptionﬁ of a gas of particles whose many-
body quantum wave function can change under particle exchange by a phase factor ™
(with a € R known as the statistics parameter). This is a generalization of the usual types
of particles: bosons have o« = 0 (symmetric wave functions) and their mean-field description
is via models of the form (4], fermions have o = 1 (anti-symmetric wave functions) and
appropriate models for them are Hartree—Fock functionals (see [Bac92, [LS77, [Lio87) [Lio88,
FLS15] and references therein). For general « one speaks of anyons [Kha05, Myr99], [Ouv07,
Wil90], which are believed to emerge as quasi-particle excitations of certain condensed-
matter systems [ASW84| [Hal83|, [Hal84l, ZSGJ14l, [CS15, [LR16].

Anyons can be modeled as bosons (respectively, fermions) but with a many-body mag-
netic interaction of coupling strength « (respectively, o — 1). It was shown in [LRI5] that

1Usually refered to as an average-field description in this context.
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the ground-state energy per particle of such a system is correctly described by the minimum
of (LI) (and the ground states by the corresponding minimizers) in a limit where, as the
number of particles N — oo, one takes & = /N — 0. We refer to this limit as that of
almost-bosonic anyons, with 8 determining how far we are from usual bosons.

In the following we treat the anyon gas as fully described by a one-body wave function
u € H'(R?) minimizing (IT]) under the mass constraint (L3]). We shall consider asymptotic
regimes for this minimization problem. The limit 5 — 0 is trivial and leads to a linear theory
for non-interacting bosons (see [LRI5, Appendix A]). The limit 8 — oo is more interesting
and more physically relevant: In a physical situation the statistics parameter « is fixed and
finite and N large, so that taking 8 — oo is the relevant regime, at least if one is allowed
to exchange the two limits.

In an approximation that has been used frequently in the physics literature [CS92, TL92,
LBM92, [Tru92al [Tru92b, (WZ90|, Wes93], the ground-state energy per particle of the N-
particle anyon gas with statistics parameter « is given by

EOJ(VN) ~ /]R (2na|Ne? + Vo). (1.5)

This relies on assuming that each particle sees the others by their approximately constant
average magnetic field B(x) ~ 2raN p(x), with o(x) the local particle density (normalized
to [ge 0 =1). In the ground state of this magnetic field (the lowest Landau level) this leads
to a magnetic energy |B| &~ 27|a|No per particld].

In this work we prove that, for large (3, the behavior of the functional (ILT]) is captured at
leading order by a Thomas—Fermi type [CLL9S8| [Lie81] energy functional of a form similar
to the right-hand side of (L) with |a|N = . The coupling constant appearing in this
functional is defined via the large-volume limit of the homogeneous anyon gas energy (i.e.,
the infimum of (LI]) confined to a bounded domain with V' = 0). In particular we prove
that this limit exists and is bounded from below by the value 27 predicted by (LI). We do
not know the exact value, but there are good reasons to believe that it is not equal to 2,
thus refining the simple approximations leading to (LA]).

We state our main theorems in Section 2l and present their proofs in Sections Bl and Ml
Appendix [Al recalls a few facts concerning the minimizers of (ILI)). In particular, although
we do not need it for the proof of our main results, we derive the associated variational
equation.

Acknowledgments: This work is supported by MIUR. through the FIR grant 2013 “Con-
densed Matter in Mathematical Physics (Cond-Math)” (code RBFRI3WAET), the Swedish
Research Council (grant no. 2013-4734) and the ANR (Project Mathostaq ANR-13-JS01-
0005-01). We thank Jan Philip Solovej for insightful suggestions and Romain Duboscq for
inspiring numerical simulations. D.L. also thanks Simon Larson for discussions.

2Because of the periodicity of the exchange phase *“™, it is known that such an approximation can only
be valid for certain values of o and p. See [LLI6l [Lun16l [Tru92a| for further discussion.
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2. MAIN RESULTS

We now proceed to state our main theorems. We first discuss the large-volume limit for
the homogeneous gas in Subsection 2] and then state our results about the trapped anyons
functional (L)) in Subsection

2.1. Thermodynamic limit for the homogeneous gas. Let  C R? be a fixed bounded
domain in R?, with the associated energy for almost-bosonic anyons confined to it:

a a . 2
€8l [u) = E31,[u] = /Q |(=iV + BA[Juf?) ], (2.1)
with
Aflu’)(x) = /Q Viwo(x — y)|u(y)[* dy. (2.2)
We define two energies; with homogeneous Dirichlet boundary conditions
Ey(Q, 8, M) := inf {ngﬁ[u] cu € HYQ), / u|? = M} , (2.3)
Q

and without boundary conditions,

E(Q,3, M) := inf {ngﬁ[u] cu € HYQ), /Q lu? = M} . (2.4)

Of course, the last minimization leads to a magnetic Neumann boundary condition for the
solutions. We are interested in the thermodynamic limit of these quantities, i.e., the scaling
limit in which the size of the domain tends to oo with fixed density p := M/|2| and the
normalization changes accordingly.

Theorem 2.1 (Thermodynamic limit for the homogeneous anyon gas).
Let Q C R? be a bounded simply connected domain with Lipschitz boundary, 8 > 0 and
p = 0 be fired parameters. Then, the limits

= 1 == 1 2.
e(Bp)i= lim =0 Am ) (25)
exist, coincide and are independent of ). Moreover
e(B, p) = Bp’e(1,1). (2.6)

Remark 2.2 (Error estimate).

A close inspection of the proof reveals that we also have an estimate of the error appearing
in ([2.5]), which coincides with the error appearing in the estimate of the difference between
the Neumann and Dirichlet energies in a box (Lemma B.8]). Such a quantity is expected
to be of the order of the box’s side length L, which is subleading if compared to the total
energy of order L2. Our error estimate O(L'2/7+) (see ([B:28))) is however much larger and
far from being optimal. o

The above result defines the thermodynamic energy per unit area at scaled statistics pa-
rameter § and density p, denoted e(/3, p), and shows that it has a nice scaling property. The
latter is responsible for the occurrence of a Thomas—Fermi-type functional in the trapped
anyons case. The fact that e(8,p) does not depend on boundary conditions is a crucial
technical ingredient in our study of the trapped case. This is very different from the usual
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Schrodinger energy in a fixed external magnetic field, for example a constant one, for which
the type of boundary conditions do matter (see e.g. [FHI10, Chapter 5]).

The constant e(1,1) will be used to define a corresponding coupling parameter below.
One may observe that (see Lemma [3.7))

e(1,1) > 2m, (2.7)

and we conjecture that this inequality is actually strict, contrary to what might be expected
when comparing to the coupling constant of the conventional (constant-field) average-field
approximation (L5]). The reason for this is that the self-interaction encoded by the func-
tional £ has not been fully incorporated in (IH). In fact, the lower bound (7)) is based
on a magnetic L*bound (Lemma [3.2) which is saturated only for constant functions, and
hence for constant densities, which certainly is compatible with (L) in the case of homo-
geneous traps. On the other hand, in order to minimize the magnetic energy in (2.]) for
large 3, the function has to have a large phase circulation and therefore also a large vortic-
ity. This suggests the formation of an approximately homogeneous vortex lattice, in some
analogy to the Abrikosov lattice that arises in superconductivity and in rotating bosonic
gases [Aft07], [CY08,[SS07]. Such a picture has already been hinted at in [CWWHS89, p. 1012]
for the almost-bosonic gas. However the implication that the actual coupling constant may
then be larger than the one expected from (5] seems not to have been observed in the
literature before.

One should note here that there is a certain abuse of language in using the term “ther-
modynamic limit”. Indeed, we consider the large-volume behavior of a mean-field energy
functional, and there is no guarantee that this rigorously approximates the true thermody-
namic energy of the underlying many-body system.

2.2. Local density approximation for the trapped gas. We now return to (LI)) and
discuss the ground state problem

E3 = min {5gf[u] cu € HY(R?), V]u* € Ll(RQ),/R2 lu? = 1} . (2.8)

We denote u* any associated minimizer. We refer to the Appendix (see also [LRI5, Appen-
dix A]) for a discussion of the minimization domain as well as the existence of a minimizer.
In the limit 8 — oo, the following simpler Thomas—Fermi (TF) like functional emerges

TF _ ¢TF ,_ e 2 ]
£g) = E1¥1el = [ (e1.1)6F + V). (2.9

whose ground-state energy we denote
EF¥ := min {EEF[Q] 0 € L*(R%RT), Vo € LY(R?), /R2 o= 1} , (2.10)

with associated (unique) minimizer QEF. Here e(1,1) is the fixed, universal constant defined
by Theorem 2.11

A typical potential one could have in mind for physical relevance is a harmonic trap,
V(x) = c[x|?, or an asymmetric trap, V(z,y) = c12? + coy?. We shall work under the
assumption that V' is homogeneous of degree s and smooth:

V(Ax) = NV (x), V e C™(R?). (2.11)
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These conditions can be relaxed significantly; in particular we could extend the approach
to asymptotically homogeneous potentials as defined in [LSY0I, Definition 1.1]. We refrain
from doing so to avoid lengthy technical discussions in the proofs. We shall always impose
that V is trapping in the sense that it grows super-linearly at infinity, i.e., s > 1 and

min V(x) —— 0. (2.12)
|x|>R R—o0

The TF problem (2.I0)) has the merit of being exactly soluble. We obtain by scaling
BJF = pUOREIE, g = gl () (o)

and by an explicit computation

100 = 577 O = V)

o (2.14)

with the chemical potential

2
M = ElTF+e(1,1)/RQ (ofF)". (2.15)

Clearly the above considerations imply
SUPP(QEF) C Beogi/ts) (0), (2.16)
where Br(x) stands for a ball (disk) of radius R centered at x, and the estimates
TF —2/(2+s
HQB HLoo(R?) <Cpier,

HVQEFHLOO(W) < CﬁfB/(2+s)7 (2.17)

for some fixed constant C' > 0. Noticing that oI " vanishes along a level curve of the smooth
homogeneous potential V', we also have the non-degeneracy

0,V #0, a.e. on dsupp(or?), (2.18)

where n denotes the (say outward) normal vector to dsupp(oi").
We have the following result showing the accuracy of TF theory to determine the leading
order of the minimization problem (Z.8)):

Theorem 2.3 (Local density approximation for the anyon gas).
Let V' satisfy 2I1) and 2I2). In the limit 5 — oo we have the energy convergence

EY
—= = 1. 2.19
B—+o0 EEF ( )
Moreover, for any function v achieving the infimum 28), with o™ := |u®|?, we have for

any R >0

HBZ/(Q—i-s)Qaf <ﬁ1/(2+s) ) _oTF 0 (2.20)

where W~11(BRr(0)) is the dual space of Lipschitz functions on the ball Bg(0).

HWAJ(BR(O)) B—ro0
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Remark 2.4 (Extension to more general potentials).

The result can be straightforwardly extended to asymptotically homogeneous potentials,
i.e., functions V' (x) that satisfy the following property [LSYO0I1, Definition 1.1]: there exists
another function V', non-vanishing for x # 0, such that, for some s > 0,

ATV (x) — V(%)

i =0 (2.21)

)

uniformly in x € R2. The function V is necessarily homogeneous of degree s > 0 and, if we
denote by £z the TF functional (Z9]) with V' in place of V', we have

EBTF =(1+ 0(1))EEF, EBTF = B ETT, as 3 — oo.

Remark 2.5 (Density approximation on finer length scales).
We conjecture that the estimate (Z20) can be improved to show that ¢* is close to QEF on

finer scales. Namely (2.20]) implies that they are close on length scales of order /3 1/(2+5) which
is the extent of the support of QEF, but we expect them to be close on scales > 35/ ((s+2)),
which is the smallest length scale appearing in our proofs. We however believe that the
density convergence cannot hold on scales smaller than 875/(2(52) for we expect the latter
to be the length scale of a vortex lattice developed by minimizers. o

Remark 2.6 (Large [ limit for the homogeneous gas on bounded domains).
We can think of the homogeneous gas by formally taking the limit s — oo of the homoge-
neous potentials we have considered so far, which naturally leads to the restriction of the
functional £ in (IT]) to bounded domains Q with V' = 0 and Dirichlet boundary conditions,
that is (ZI)-(23]). In fact, we have by the scaling laws discussed in Section B.2],

m 26080 o, B@5D Q| te(1,1), (2.22)

B——+o0 ,8 B——+o0 5

for any bounded and simply connected €2 with Lipschitz boundary. Convergence of the
density to the TF minimizer oi* holds true in the same form as in (Z20). In this case
oi¥ is simply the constant function on the domain (confirming that the gas is indeed
homogeneous). The shortest length scale on which we expect (but cannot prove) the density
convergence is 8~/2, which should be the typical length scale of the vortex structure. o

3. PROOFS FOR THE HOMOGENEOQOUS GAS

The basic ingredient of the proof for the inhomogeneous case is the understanding of
the thermodynamic limit of the model where the trap is replaced by a finite domain with
sharp walls. We discuss this here, proving Theorem 2] and defining the constant e(1,1)
appearing in the TF functional (2.9]). For the sake of concreteness we first set

. Eo(LS, B, pL?|Q])
=1 f
e(B, p) :=limin 20|

for €2 equal to a unit square and observe that such a quantity certainly exists and is non-
negative. At this stage it might as well be infinite but we are going to prove that actually
the limit exists, it is finite, and furthermore independent of the domain shape.

(3.1)
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We briefly anticipate here the proofs plan: next Section Bl contains basic technical
estimates that we are going to use throughout the paper; Section contains the proof of a
crucial scaling property of the energy in the homogeneous case; in Section B.3] we prove the
existence of the thermodynamic limit for the case of squares, and then extend the result to
general domains.

3.1. Toolbox. Let us gather a few lemmas that will be used repeatedly in the sequel. We
start with a variational a priori upper bound confirming that the energy scales like the area.
The proof idea, relying deeply on the magnetic nature of the interaction, will be employed
again several times.

Lemma 3.1 (Trial upper bound).
For any fized bounded domain 2, and B, p > 0, there exists a constant C' > 0 s.t.

E(LD, 8, pL?Q)) _ Eo(L, B, pL2I2) _
L2 = L2 =

C,  VL>1.

Proof. That the Dirichlet energy is an upper bound to the Neumann energy is trivial because
HE(Q) € HY(Q). Let us then prove the second inequality.

We fill the domain LQ with N ~ L? subdomains on which we use fixed trial states with
Dirichlet boundary conditions. The crucial observation is that the magnetic interactions
between subdomains can be canceled by a suitable choice of phase (local gauge transforma-
tion). For concreteness we here take disks as our subdomains.

Let f € C2°(B1(0); RT) be a radial function with fBl(O) |f|? =1, and let

uj(x) = Vonf(x —x;) € CX(By),  wy = pL?|Q|/N.

Here the points x;, j = 1,..., N, are distributed in L) in such a way that the disks
B; := Bj(x;) are contained in L) and disjoint, with N ~ ¢|L}| as L — oo for some ¢ > 0.
Hence

lim wy = p/ec.
—00
Take then the trial state

N
u(x) 1=y uj(x)e PN Dk MEXXR) € 020(LQ).
j=1

Note that its phase is smooth on each piece B; of its support and that

0, otherwise,

= ui(x)]?, for x € B;
lu(x)|?> = lu;(x)[2 = {‘ (%)% 5
jZl j

and hence

/LQ lu|?> = Nwy = pL?|Q).
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Then

2
‘dx

N .
N O N T P )
j=1"5j
> 2
_ Z/B ((-N + BAlw ]+ X (BAJug[?] — o'V arg(x — Xk)))uj(x)‘ dx
=1 J

N
=5 [ 1+ AP = Nox [ (-9 + g Al

B1(0)

where we used that by Newton’s theorem [LL01, Theorem 9.7]
AP0 = 7 [ fx vl dy = T lnfx—xal [ Judy = on ¥ arg(x-x)
By By,

for x ¢ By. It then follows that
a 2
Eo(LQ, B, pL?|2)) < Eglu] < Nwn (IV fll2 + Bon |AllfP]fll12)" < OL?,

for some large enough constant C' > 0 independent of N or L (but possibly depending on
B, p and Q). O

The following well-known inequalities will provide useful a priori bounds on the func-
tional’s minimizers:

Lemma 3.2 (Elementary magnetic inequalities).
Diamagnetic inequality: for any B € R and u € Hl(

/| (V + iBA[ul]) /ywuu (3.2)
Magnetic L* bound: for any 8 € R and u € Hl(Q

/|V+15A[|u| 27r|5|/ uft, (3.3)

Proof. The diamagnetic inequality is, e.g., given in [LLOI, Theorem 7.21], while the L*
bound follows immediately from the well-known inequality

/Q (V +iA)ul? > i/gcurlA ul|?, u € HE(Q); (3.4)
see, e.g., [FHI0, Lemma 1.4.1].
A proof of (8] is to integrate the identity
(V +iA)u)? = |((81 + A1) £ (8 +iA2))ul? £ curl I[u] + A - VE|ul?,
with ]
Ju] := %(uVﬁ —uVu).

Thanks to the Dirichlet boundary conditions, the integral of the next to last term vanishes
while the last one can be integrated by parts yielding

:F/ curl A |ul?.
Q
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Again, no boundary terms are present because of the vanishing of w on 0f). Dirichlet
boundary conditions are necessary since the bounds ([B.4]) resp. (B3] are otherwise invalid
as A — 0 resp. 8 — 0, as can be seen by taking the trial state u = 1. O

In order to perform energy localizations we shall also need an IMS type inequalityﬁ, ie.
a suitable generalization of the well-known localization formula |[CFKS87, Theorem 3.2]:

[Vul? = [V(xw)]? + [Vu)? = ([Vx? +[Vnl?) uf?, (3.5)
where x2,n? form a partition of unity.

Lemma 3.3 (IMS formula).
Let Q C R? be a domain with Lipschitz boundary and x> +n? = 1 be a partition of unity
s.t. x € CX(Q) and supp x is simply connected. Then, for any v € H(Q) and B € R,

o = [ 17+ iAW + [ 17+ iBAlP) )
- /Q (19X + [9) [ul?, (3.6)

where

/ (Y + iBA[Juf?]) / 1V (3.7)

/ Vel 2,

17 +isAGh ol > { 208l [ 3l
Q

(1 - )8 4[] — (7 — 1)5? /Q A L] P cul?,

(3.8)
with ¢ € (0,1) arbitrary, K := suppx Nsuppn, and 1 = ¢P%yu € Hl(suppx) for some
harmonic function ¢ € C?(supp x).

and

Proof. We expand

f _ ul? w21 Il 2 u22u2.
U]—/Q\V!Hﬁ/QAH 2. 3] + B /Q|An 2]l

For the first term we use the standard IMS formula (B.5]), while for the term involving J we
have

2(Ixul + I[pul) = uxV (x@) + unV (i) — axV(xu) — anV(nu)
= u(x® + n*)Va — a(x* + n*)Vu = 2J[u].
We can then recollect the terms to obtain ([B.6]). Equation ([B.7)) and the first version of
B3) follow from the diamagnetic inequality (B:2]), while the second version of ([B.8]) follows

3The initials IMS may refer either to Israel Michael Sigal or to Ismagilov-Morgan-Simon.
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from the magnetic bound (3.3]) with Dirichlet boundary conditions. For the third version
we write

/Q (Y + iBAul?]) (xu)|

)

= [ [(7 +iBAlul] + ALK + 6 (Al L] = V) (x|

where the last magnetic term vanishes by taking the gauge choice
60 i= [ arglx—y) () dy,  x € suppx.
Thus, noting that |yu|? = |¢|?,

/ (V +iBA[ul?]) (xu)|* = / (Y + iBA[G]) ¥ + iBAnulLx])?,
Q Q

and there only remains to expand the square and bound the cross-term using Cauchy-
Schwarz to conclude the proof. O

3.2. Scaling laws. In fact the large 8 and large volume limits are equivalent, as follows
from the simple observation:

Lemma 3.4 (Scaling laws for the homogeneous gas).
For any domain Q C R? and X\, u > 0 we have that

1
B(, 8, M) = 15 B (1S 3, V2u2M) | (3.9)

and an identical scaling relation holds true for Ey(S2, 3, M).

Proof. Given any u € H'(£)) we may set

u (%) == Au(x/p), (3.10)

and observe that uy , € H'(u),

/ fupp? = A2 / uf?,
us2 Q

E20sltn ] = NEX 430 2[u].

and

Namely, using V4t wo(x) = x~+ := x/|x|? and

Agallu i) = [

(x = y) " ur(y) 2 dy = A2 / (x - y) "L luly/p)? dy
2 Q

o
e /Q (/1 — 2) " u(2)|? dz = N2uAol[uf?] (x/p),
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we have

Eibptind = [ 190000+ 18 Asallun Floyun )
= [ P /) + iAot ) x
=22 [ |(Fu/i) + i Aalll?) o ut /)| dx
u2

— X2 / |Vu(z) + i8N 1 AqlluP] (2)u(z)|* dz = N 550,a[ul.

Hence, we may take as a trial state for EZ‘Q BA-2p-2 the function uy , where u is the minimizer

(or minimizing sequence) of Sf‘zfﬁ, and vice versa. Moreover, if u € H} then so is Uy, O

It follows immediately from the above that the thermodynamic energy has a very simple
dependence on its parameters, which justifies (Z.6]) and the way it appears in (2.9)).

Corollary 3.5 (Scaling laws for e(g, p)).
For any p > 0 and bounded 2 C R?, with e(B, p) defined as in (B.1)), we have

Eo($2, 5, p)

e thlnf ,
(L,p) =€ 5

(3.11)

and for any B,p =0,
e(B,p) = Bpe(1,1). (3.12)

Remark 3.6. At the moment each shape of domain €2 may give rise to a different limit
e(B, p) in BI), and this Corollary and proof applies in such a situation. However it will be
shown below in the case of Lipschitz regular domains that the limit is independent of the
shape, and one may therefore w.l.o.g. take the unit square 2 = ) as a reference domain.

Proof. A first consequence of the scaling property (3.9) is that taking the thermodynamic
limit as described in (23] or (B.)) is equivalent to taking the limit 8 — oo at fixed size of
the domain, i.e.,
EO(LQaC,p|Q|L2) P EO(QaCL2|Q|?p)
= lim inf ,
L2|Q| L—o0 L?

where we have applied &9) with = L, A = |Q|'/? and M = p. Now if, for any ¢ > 0, we
set 3 = cL?|Q)| — oo, the above expression becomes
EO (Q7 57 p)

B )

e(e,p) = lieriiorcl)f

e(c, p) = ¢|Qliminf (3.13)
B—00

which proves the first claim, and also implies that
e(c,p) = ce(l,p). (3.14)
Next we take p =1 in (3.9) and obtain
Eo(, 8, M) = A Ey(Q, BA2, A2 M).
Taking M = ||, dividing by || and taking the limit |Q] — oo we deduce
e(B,1) = A7%e(BAT3 A7) = A e(B,0?)
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FiGure 1. Filling the square L,,Q with smaller squares L,Q);.

where we used (B8.14]) in the last equality. This yields

(5, p) = p? e(5, 1) (3.15)
for all 8, p > 0. Combining (8.14]) and (B.10) yields the result (3.12). O
3.3. Proof of Theorem [2.11 We split the proof in three lemmas:

Lemma 3.7 (Thermodynamic limit for the Dirichlet energy in a square).
Let Q be a unit square, and p > 0 and B8 > 0 be fixed constants. The limit

. EO(LQaﬁapLQ)
prg 1 B ——
e(B,p) =  lim 2
exists, is finite, and satisfies (B3, p) = 2w Bp?.
Lemma 3.8 (Neumann-Dirichlet comparison).

Let Q) be a bounded simply connected domain with Lipschitz boundary, then for any fixed p
and B positive, as L — 0o

Eo(LS, 3, pL219)) _ E(LQ, 3, pL*[9) _ Eo(LR, 5, pL*|9)
L2|Q] L2[Q] L2[9)]

Lemma 3.9 (Thermodynamic limit for the Dirichlet energy in a general domain).

Let Q C R? be a bounded simply connected domain with Lipschitz boundary, then

. EO(LQ,ﬁ,pLQIQ\)
1m
L—+4o00 LQ‘Q’

= e(B, p)- (3.16)

Theorem 2] immediately follows from these three results: combining Lemma [B.7] with
Lemma B.§ one obtains the existence of the thermodynamic limit for squares. In order to
derive the result for general domains, one then uses Lemma 3.9 together with Lemma [3.8
Notice that the proof of Lemma B9 requires only Lemma B.7 and B.8] for squares as key
ingredients.

Proof of Lemma[3.7]. From Lemma [B.I] we know that the sequence of energies per unit
area has both an upper and lower limit. We denote (L, )nen and (L, )men two increasing
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sequences of positive real numbers such that L,, — oo, L,, — oo and

EO(LnQ757PL%L) EO(LQ757PL2)

lim inf

L% n—oo  L—oo L? ’
Eo(L L? FEo(L L?
0( mQ7257p m) limsup 0( Q757P )
Lm m—r0o0 L—00 L2

For each n, there must exist a sequence of integers

qnm — +o0
m— o0

such that, for m large enough, e.g., m > n,
Ly, = Qnan + knma 0< knm < Ly.

We then build a trial state for Eo(L,Q, 3, pL2,) as follows (see Figure[). The square L,,Q
must contain ¢2,, disjoint squares of side-length L,, that we denote L,Qj;,j=1,... /-
Then we pick u; a minimizer of Fy(L,Q;, 3, pL?) and remark that by definition,

Gm
Z curl Aljug?] =0, in L,Q);.
k=1k+#j
Thus there exists a gauge phase ¢; on the simply connected domain L, (); such that

2
dnm

> Allupl)=V¢;, in L,Q;.

k=1,k#j

Similarly, there exists ¢y on the remaining part of the domain (which can be arranged to
be simply connected as well, as in Figure []) such that

q%m q%m
ZA[|uk|2] = V¢, on LmQ\ U LnQ]
k=1 j=1

We define the trial state as (see the proof of Lemma [3.1])

2
qnm
u = Z uje” PP 4 uge 0%
=1

q

2
where ug is a function with compact support in L,,Q \ s L, Q; satisfying

/ o luol* = pLy, — qrpmpLi.
By Lemma [3I] we can construct ug such that
: 2 2 2 2 72
/ |(V +iBAJuol’]) uwo|” < C(L;, — gamLs) < 2C Lk
mQ

(where C' > 0 may depend on 3 and p). The function w is an admissible trial state on
L,,@ because it is in H! on each subdomain, and continuous across boundaries due to the
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Dirichlet boundary conditions satisfied by each u;. Computing the energy we have

qnm
£ el = /

) 2
€719 (V + ipA[luf?) - 87 6;) w|

= Elqplu]+ /LmQ |(V +iBA[Juol]) uo|*

j=1
= qszO(LnQ7 57 PLi) + O(Lmknm)a

2

Since u has by definition mass pL?2,, it follows from the variational principle that
EO(LmQ;57pL%n) < EO(LnQ7257pL%L) 1+0 knm +0 Fnm )
L2, L2 Ly, L,
Passing to the limit m — oo first and then n — oo yields

' Eo(LQ,B,pL?) .. . _Eo(LQ,B,pL?)
fim sup === < lim inf ===

with

)

and thus the limit exists.
Additionally, we have by the bound (B.3]),

1 213 213 2
_gaf ul > =2 u 4 > = </ ” 2>
L2 LQ,ﬁ[ ] L2 LQ ‘ ’ L4 LQ ‘ ’

for any u € H}(LQ), proving that e(3, p) = 2r3p>. O
Proof of Lemma[3.8 Since HE(Q) C H(Q) we obviously have
Eo(Q,8,M) > E(Q,8,M).

Only the second inequality in the statement requires some work. Let u € H'(LS2) denote
the minimizer of €2, 5[u] (see Proposition [Ad] of the Appendix) with mass

| k=g
LQ

and no further constraint (thus satisfying Neumann boundary conditions). In the sequel we
take f =1 and |Q2] =1 to simplify the notation.

We will need to make an IMS localization on a small enough region, and therefore consider
a division of L£) into a bulk region surrounded by thin shells close to the boundary, where
we will be using several different length scales L™/3 <A<« l< Land L' < /< h< L
(see Figure 2] for the case of Q2 = @ a square).

We shall use Lemma B3] a first time at distance A from the boundary to deduce some
useful a priori bounds. Next, using a mean-value argument we show that, within a window
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FIGURE 2. Localizing on thin shells for the square LQ.

of thickness h further from the boundary, there must exist one particular shell of thickness
£ where we have a good control on the mass and energy. Finally we perform a second IMS
localization with the truncation located in this particular shell. This yields a lower bound
in terms of the Dirichlet energy in the bulk region, plus error terms that we can control
using the a priori bounds and in particular the good control on mass and energy in the
second localization shell.

Step 1, a priori bounds. Let dq(x) := dist(x,9(LS2)) denote the distance function to
the boundary, which is Lipschitz and satisfies |Viq| < 1 a.e. We make a first partition of
unity

X+t =1
such that x varies smoothly from 1 to 0 on a shell K of width A closest to the boundary of
L, ie. Ky = {x € L : dq(x) < A}. One may note that it is possible to construct these
functions so as to satisfy

VI < ATIXH, |V < ed T,

for some arbitrarily small p > 0, independent of A, e.g., by taking, in supp x N supp7,
X = f%and 7 = /1 — x2 for a large and some smooth function 0 < f < 1 varying on the
right length scale and reflection symmetric. Then, by Lemma [3.1] and Lemma [3.3]

CL® > Ejfpalu] > /L (om " + IVl = (IR +197) [uf)

> [ (en@lult 4 (D0l - AL B ). ()
LQ

We bound the unwanted negative term as follows:

1/2 1/2
)\2/ ]IK/\X'272;L‘UI2 g )\72 </ X‘24;L> </ X‘2’u‘4>
LQ K K

1/2
< OA3/2L1/2 (/ )22|u|4>
Ky

< COLA3 + 051/ Clul?,
L
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with § a fixed, large enough, constant. Combining with ([B.I7)) we deduce

/ (2rP|ul* + |V]iul?) < CL? + CLA 3 < OL? (3.18)
LQ

since we have chosen A\ > L~1/3. We note that this bound implies for the mass in a shell
Ky of thickness £ in LQ \ K

1/2
o e ([ ) e (3.19)
K, K,

Step 2, finding a good shell. We now select a region where the bounds (BI8])
and (BI9) can be improved. Consider dividing L \ K into shells of thickness ¢ that
form a layer closest to the shell Ky, of total thickness h ~ L7 > ¢ (again, see Figure ().
Hence, we have

N, :=h/l>1
such shells in the layer. Denote by Ny the number of such shells K, with [ K, lul* > M. If

Ny < Ng, there must exist a shell K, with fKe lul* < M. But, using (3.I8) and the fact
that all the shells are included in the region where ¥ = 1, we have

MNM</
L

Clul* < CLA
Q
We can thus ensure that Nj; < N by setting
Ny=h/l ~ L*507t ~ L2 /M,

i.e. taking M ~ (L', Hence we have found a shell K, with
/ lul* < CeLME, (3.20)
K

and thus
/K lu? < C(LL)V2(eLHe)Y2 = cept+e/?, (3.21)
e

improving (3.19)).

Step 3, IMS localization in the good shell. We now perform a new magnetic
localization on this K,. We pick a partition x + 7% = 1, s.t. x varies smoothly from 1 to
0 outwards on Ky, so that x = 1 resp. n = 1 on the inner resp. outer component of Kj.
Then, using Lemma B.3], we have

Efaalul > (1 - 8)Eqa[¥] - (671~ 1) /m |Allnul* 1] [xul?

- / (VX2 + (o) uf?, (3.22)

K,

for any & € (0,1), where we have denoted 1) = xe'®u and K = supp x Nsuppn C K. Since
1) is compactly supported in L{) we have for the first term

Etoalv] = Eo <LQ, L WH%%LQ)) = Eo (LQ, L, HXUH%?(LQ)) :
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Recalling the scaling relation ([39) (taking =A=' = L/L) and denoting

M=/ lul?,  L=+/M/p,
LO

we have

M - -
Ey(LQ, 1, M) = —5 Fo(LQ, 1,pL?). (3.23)
P

We need to estimate the deviation of the mass M of x?|u|? from pL? = [, |ul*:

'pLZ— [ o= [ o= [l [
LO LO LO LO
1/2 1/2
<o | rvmuu2+(/ W) (/ xzru\‘*)
K O O

< ONL2 4+ ChY2L3? <« 12 (3.24)

Here we have used a Poincaré inequality to control the 77%|u|? term, making use of the fact

that this function vanishes at the inner boundary of K. It is not difficult (see the proof

methods of [Evad8| Theorem 1 and 2 in Section 5.8.1] and [LLO1, Theorem 8.11]) to realize

that the constant involved in this inequality applied on the set K can be taken to be

proportional to A\2. Note that L — oo, if L — oo, thanks to (3.24). Hence, inserting the
above estimate in (3.23]), we get

ggffl,l[w] > EO(LQ717M) M? EO(E9717P£2) (1_|_ (1))E0(EQ,17[)£2)

= - = = 0 _ X

L? L? (pL?)? L2 72
Then, there only remains to control the error terms in ([B.22]): Using the Holder and

generalized Young inequalities (|| - ||, denotes the weak-LP norm [LLO1, Theorem 4.3, Re-
marks]),

(3.25)

2
/LQ |Allpu* 1] [xul* < [Vwo * [nul* L3, Ixul3, < el Vawoll3 o llmul xllz, I xull3,

2g—1

1
<c</ |nu|25—31) “ (/ |xu|2q)q,
K, LQ

where
1 1 1 1 1
- +-=1and 1+—=-+—,
P q 2p 2 r
ie.,
2q

r € (1,2) with ¢ € (1,00).

T g1
We can take ¢ = 2 and insert (3.I8))-(3.20]) to obtain

3/2 1/2 1/2
(/ |nu|8/3) (/ |xu|4> <Kl [t (/ |xu|4)
K LQ K, LQ

S (EL)1/2£L1+€(L2)1/2 _ 63/2L5/2+€.
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The last term in (3.22]) is, using (3.21]), bounded by
cf_z/ lu? < e-lpiel?,
K
There only remains to optimize the error terms in (3.22]):
0Ey (LQ, L HWE?(LQ)) +er(671 — D)2LHE 4 eyl VL2 < 3012 + ead 5 L0,

where we have picked ¢ = L=3/5-¢/552/5 assuming that § < 1, as it will be. Thus, optimiz-
ing now over 4, i.e., taking 6 ~ L=2/7¢/2 we have the bounds

2
Bo(L1,pL2) _ B(L.1,pL2) _ Fo (L2130
> >
L2 L2 L2
Combining with (3:25]) and passing to the liminf completes the proof. O

—cL77s. (3.26)

Proof of Lemmal3.9. The result is proven as usual by comparing suitable upper and lower
bounds to the energy.

Step 1: upper bound. We first cover L) with squares @Q;, 7 = 1,..., Ny, of side length
¢ = L" 0 < n < 1, retaining only the squares ); completely contained in L{). One can
estimate the area not covered by such squares as

Ny
O\ (U@ )| <ceL=o(r?). (3.27)
j=1
Then we define the trial state
Ny
u(x) == Zuje*iﬁ‘bf, (3.28)
j=1
where
uj(x) == ug(x — x;)1g;, (3.29)

with 1y a minimizer of the Dirichlet problem with mass pL?|Q|/N; in a square Q with side
length ¢ centered at the origin, and x; the center point of @);. The phases ¢; are chosen in
such a way that (see the proof of Lemma B.1] again)

Ny
> Allukl)=Vé;, in Q.

k=1k+#j
The existence of such phases is indeed guaranteed by the fact that

Ny

Z curl AlJug?] =0, in Q;.

k=1,k#j

Hence

Ny Ny
Eoplul = > &Y slu) = Eo(€Q, B, pL?|QIN; ),
j=1 j=1
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which implies

Eo(LS, B, pL?) 1 X )
TS ) 2 PoltQ AN (3.30)
LQ!Q\ ZEO (Q, B, (1+ o(1)pl*)/€* = (1 + o(1)e(B,p),  (3.31)

where we have estimated

[U; @il _ (1+0(1)L%|]
Q5] ¢

and used Lemma B.7l Notice that, thanks to the assumption on 7, we have { — oo, which

is crucial in order to apply Lemma B.71

Step 2: lower bound. We again cover L{) with squares ()j—1, . n,, this time keeping
the full Covering but still having (2N,/|LQ| — 1 as L — oo. We pick a minimizer u® =
sl ¢ HY(LQ) of &3, > With mass pL?|Q)|, and set

f f f 2
uj =utlg,;, Pj ::][ |u™ (x)|” dx. (3.32)
j
The idea of the proof is reminiscent of that in the upper bound part: we gauge away the
magnetic interaction between the cells, and this leads to a lower bound in terms of the
Neumann energy of the cells.
Note that u?f € HY(Q;) for each j, and

Ny
2 2
>0yt = pL1g).
j=1
Before estimating the energy we need to distinguish between squares with sufficient mass
and squares which will not contribute to the energy to leading order. We thus set

QL = {Q]7] € {17"'7NZ} : p] >L_27]+6}7 (333)
for some 0 < § < 2n. Note that the mass concentrated outside cells Qj, is relatively small:
> pil? < CENLTM = o(L). (3.34)

Q;¢9r

We can now estimate, using the gauge covariance of the functional on each @),

Eo(L9, B, pL2|0) = &35, 5[u™] Z/ (=iv + BA || ) ut

L : 862\ y0f o189 |
:Z/j‘(—zv+ﬂA[|uje 7| Duje g

N 2
>3 42712 O T Rt SN CES)
j=1 J:Q;€QL 7
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where ¢; satisfies (observe that the left-hand side is curl-free on Q;)
Ny
> AP =ve;,
k=1k#j

and in the last step we used the scaling law (B.9) with = 1/A = ,/p;. Also,
0= Jpjt > L ——
J Pi L—o0 oo

uniformly in j for cells @Q; € Qr, and we thus conclude by Lemma [3.7 and [3.8] that

1 2 6(,8, 1) 2,2 6(5,1) S
L2—|Q|E0(LQ,ﬁ,pL Q) > (1 —0(1)) 729 j:QJXE:QL pit° = (1—-o(1)) ] /QQ , (3.36)

where we consider here the step function g := ) 70,0y pjlg; and denote by Q the union
of the cells Qy,. It remains then to observe that the constrained minimum

pomin{ [ ¢ 0<0er@) [ o= -opprial).

is achieved by ¢ constant and thus

/Q > B = ((1—o(1)pL2[2)*Q"" > (1 - o(1)p L.

Inserting this in ([B:36) and using p?e(B,1) = e(B3,p) leads to the desired energy lower
bound. O

4. PROOFS FOR THE TRAPPED GAS

4.1. Local density approximation: energy upper bound. Here we prove the upper
bound corresponding to (2.19)):

ng < EBTF (1+0(1)), as 3 — oo. (4.1)

We start by covering the support of QEF with squares @;, j = 1,..., Ng, centered at points
x; and of side length L with
L=p",

n (4.2)

s
S 2(s42) <n< s+2

We choose the tiling in such a way that for any j = 1,...,Ng, Q; N supp(QEF) # (. The
upper bound on L indicates that the length scale of the tiling is much smaller than the size
of the TF support. The lower bound ensures that it is much larger than the scale on which
we expect the fine structure of the minimizer to live.

Our trial state is defined similarly as in the proof of Lemma

Ng
u'est = Z uje” P (4.3)
j=1
where u; realizes the Dirichlet infimum

EO(Qj757Mj) 1= min {Ej‘f[u] RS H&(Q]), / \u]2 = M]} ,

J
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where of course

5;f[u]:55fj,ﬁ[u]:/Q (—iV + BATul]) uf”

J

M; = j/ 2 : /f oI, pj:=:ﬂ4;/L2::jg ofF. (1.4)

J
The phase factors in (IZ:{I) are again deﬁned so as to gauge away the interaction between
cells, i.e.,

and we set

Ng

> Allupf]=V¢;, inQ;.
k=1,k#j

test

This construction yields an admissible trial state since u'*t is locally in H', continuous

across cells by being zero on the boundaries, and clearly

Ng Ng
/]R2 ’utest’2:§ :/ ’uj’2:§ :/ QEF:L
j=1"4 j=174

Similarly as in the proofs of Lemmas B.1] and [3.9] we thus obtain
Ng

By < &) = Y&l + [ VI Z%@ﬁM)AJWW.@m

j=1
Our task is then to estimate the right-hand side.
We denote, for some £ > 0 small enough

SEZ{XGSuppr {Q >ﬁs+2 5}

and split the above sum into two parts, distinguishing between cells fully included in S,

and the others. Using ([2.13)), it is clear that
[supp (03¥) \ S| < g7z - gz

where the first factor comes from the dilation transforming of " into QEF and the second
one is an estimate of the thickness of S; based on (Z.16])-(2.18]).
By a simple estimate of the potential V in the vicinity of S. we obtain

s 2 2 s
> / Vi[> < CB72 - g g5 = O+ > < B,
]Q]gss j
s 2
where the factor 3s+2 accounts for the supremum of V, the factor 3s+2° for the volume of

2
the integration domain and the factor 3~ s+2~° for the typical value of |uj|2 on this domain.
Also, using in addition Lemma [3.4] and B.1], we deduce

> Eo(Q,8,Mj) = > Eo(B'Q.B,8%p;) < BT
j:ngSE j:ngSs
For the main part of the sum in ([£3]) we use the scaling law (take A = VvPj and p = /Bp;
in Lemma [3.4]) to write

Eo(Qj, B, M;) = pjEo(L+\/Bp;Q,1,L*Bp;)
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with @ the unit square. Then

> Eo(QpB.M) = ) L*Bpfe(Ll)+ Y LBp; (%—em))

J:Q;CSe J:Q;CSe J:Q;CSe

with, provided ¢ is suitably small and in view of the lower bound in (£2]) and the fact that
we sum over squares included in S,

Lj:= L\/ﬁ—pj > me%ﬂ — 400,  uniformly with respect to j =1,... Ng.
We thus obtain (recall the definition of the thermodynamic energy in (2.5]))
Eo(L;Q,1,L3)
L3 Lj—00

e(1,1)

uniformly in j, and deduce that
> Eo(Qs, 8, M;) = (1+0(1)) Be(1,1) Y pi L7
j:QJ’CSE _] Q]CSE
Recalling that
by = ][ o3F (x) dx,
i

We recognize a Riemann sum in the above. Using ([2I7)) and the upper bound in (£2) we
may approximate g F by a constant in each square (this is most easily seen by rescaling to

oi¥ and observing that the size of squares then tends to zero), and bound the part of the
integral located in the complement of S, similarly as above to conclude that

2
> Eol@; 8.5 = (1+ o(1)pe(t1) [ (o)
j:QjCSs R
Using (2.11)) and (2.16) we obtain
VV(x)| < Cpee
for any x € S.. Combining with ([4.2]) we deduce as above that

> [ viul= o) [ Ve

J: Q]CSE
and this completes the proof of (4.1]).
4.2. Local density approximation: energy lower bound. Let us now complement (.1])
by proving the lower bound
f TF

B > EFF (1+0(1)), (4.6)
thus completing the proof of ([2Z19). We again tile the plane with squares Q;,7 = 1,..., N3,
of side length

L=p3"

satisfying (£.2]), and taken to cover the finite disk Bg:(0) with
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for some € > 0 to be chosen small enough. We also denote
Qs = {Q; € Bpu(0)| /03B > 5" (47)
f af

where ©u® = ug is a minimizer for é’gf with unit mass and

= ) dx
i
Define the piecewise constant function
_af
)= Y pilg,(x). (4.8)
QJEQB
We claim that one may find some g > 0 in ([@.7), such that
M = éaf E— 1. (4'9)
R2 B—ro0

Indeed, using (2I1)) and (2I2) we get that for any x € B, (0)
V(x) > CB* min V > CB*
B{(0)

for  large enough. Thus, using the energy upper bound (@J]) and dropping some positive

terms we obtain
BSt/ |uaf|2 g/ V|uaf|2 < ggf[uaf] < C,BS‘"LQ
B, (0) R?
and thus

/C lut)? < CB*e. (4.10)
BBt (0)
On the other hand, by definition of Qg,
Z / |uaf|2 < NBIB2;L71
Q;#Qs" %

where N is the total number of squares needed to tile Bg:(0). Clearly, we may estimate
Ny < OB%L72 = CB2= and then

Z / ’uaf’2 < 052t72n+2,u71 <1 (4.11)
Q;¢Qs " %7

because of (4.2]), which implies —s/(s+ 2) — 2n < 0, and provided we take ¢ and p positive
and small enough, e.g. (recall that L = 8" is the side-length of the tiling squares),

0<ce<i(—2 42 0<pu<e (4.12)
SA\Gsr2 ) pse '

Combining (#I0) and (@II) and recalling that v* is L2-normalized proves (&3).

With this in hand we turn to the energy lower bound per se. Let us again set

Wl =ulq,,  Mj=pL*= / JuP.

J
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Dropping some positive terms we get

2
B = &) > Y /{ —iV + BA [\uaf\zbuaf +vyuaf12}
QEQ
A , 2
- > / { =iV BA [Juf e ) e +V!u?f'2}
Q;€Qs
> 3 {p@usan+ [ vigre]
QjEQ[i’ Qj
> ¥ {nr (v ey« [ veh (1.13)
Q]'GQ,B g

where the local gauge phase factors are defined as in previous arguments by demanding
that (this is again possible because the left-hand side is curl-free in the simply connected
domain Q)

Ng
S Al =ve, Qs
k=1,k#£]

The minimum (Neumann) energy E(Qj, 3, M;) in the square Q); is defined as in (2.4]) and
we used the scaling laws following from Lemma [3.4] as previously to obtain

B(Qj, 8, M;) = p; E (Lv/Bpy Q. 1, (L/Bp;)?)
with @ the unit square. Next, we note that ([£2]) and ([@7)) imply, using (12,
Lj=Ly/Bpj = " — o0
uniformly in j for all j such that @; € Qg. Then, by Theorem [2T],
> 0B (LVBpQ 1L (LVBp)?) = S BL*0E (L;Q.1,L3) /L2
Q€98 Q;€9s

= (1+o0(1))Be(1,1) Y  L?p5 = (1+o(1 ))56(1,1)/ ()"

Q;€93 R?

On the other hand, it follows from (ZII]) that, on all the squares of Qg,

9V < cpfibreey

and thus if

D Vix))lg,(x). (4.14)

QJEQB

we have that

Vi(x) - V(x)| < CLBS+2+€(S D= (ETF) for any x € Qg.



26 M. CORREGGI, D. LUNDHOLM, AND N. ROUGERIE

Recalling (48] and ([@9]) we then have

Z / V’uaf’ / 7af+0 (Lﬂz;éJre(sfl))

Q;€Qp
:/ V' +o(EFY). (4.15)
R2

The last assertion follows from (2.13)) and (4.2), provided we take £ small enough, e.g., for
s> 1 (recall that the tiling squares have side-length L = 57),

€<2(81_1) (2;;“7) (4.16)

In the very same way however we can put back V in place of V, obtaining
174 af —af ETF _ / v —af ETF 4.17
Z/]u\/g—i—o(ﬁ) [ vetro(ET). @)
Q;€93
Combining (£13), (£15) and (4I7) yields
a —a _af) 2
EY > /R2 V o™ + (1+0(1))Be(1,1) /RQ (8*)" + o(ES")
> (1+0(1)&; " [8"] + o(E5")
> (14 0(1)EFT (M) + o(EF), (4.18)

where the latter energy denotes the ground state energy of the TF functional (2.9]) minimized
under the constraint that the L'-norm be equal to M. Inserting (&) and using explicit
expressions as in (2.I3]) and (2.14]), one obtains

EFF (M) = (1+o0(1)Ez"
in the limit 5 — oo, thus completing the proof of (L0).

4.3. Density convergence. The lower bound in (46 together with the energy upper
bound (&) implies that g*f, the piecewise constant approximation of ¢ on scale L = 7,
is close in strong L? sense to Q . We will deduce ([2:20]) from the following

Lemma 4.1 (Convergence of the piecewise approximation).
Let g be defined as in ([EX) and QEF be the minimizer of ([29)). Then

~af _TF — —1/(s+2) 4.1
|2 = 8" gy = 057¢) (4.19)
in the limit 8 — oo.
Proof. Combining (41]) and (48] we have
371" < By +0(1)877 < ES¥ +o(1)87%2. (4:20)

The variational equation for QEF takes the form

2Be(1,1)05" +V = A3" = 3" + fe(1,1) /]R (05")”
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on the support of QEF (recall (Z14) and (ZI5]). Thus,

/R2 (gaf _ QEF>2 _ /}R2 <(§af)2 " (QEF)Z) _ 2/]1%2 g gIF
= L@ [ - et orr-v),
< 56(11) [SEF [0"7] = AFT + Be(1,1) /RQ(QEF)Q]

:Beé,l) 37 [0"] - EF] = o(577),

where we used (£20) in the last step. O

By the definition (@8] of g we also have, for any Lipschitz function ¢ with compact
support,

[oo (e w3 [ o (570075 o
—Z@( ) [ e 0 (377 Lol

- /R? ¢ <ﬁ*1/(s+2)x) o (x) dx + O <ﬁn—s+% H¢||Lip) ’

using the normalization of p™. Furthermore, by Cauchy-Schwarz and Lemma E.1] we obtain

Lo (576 ) (20 = 037 60)) i = o(1) 0] s -

Since the above estimates are uniform with respect to the Lipschitz norm of ¢, we can take
n < 1/(s + 2), change scales in the above and recall (213 to deduce
sup | [ o) (82101 (5164 0x) — T () ) dx
R2

#€Co(Br(0))
lpllpip<t

for fixed R > 0, hence (2.20)).

=o(1), B— o0,

APPENDIX A. PROPERTIES OF MINIMIZERS

In this appendix we recall a few fundamental properties of the average-field functional
(L) in a trap V, respectively (21]) on a domain 2, as well as their minimizers.
As discussed in [LRI5, Appendix], the natural, maximal domain of £ is

24 = {u c H(Q): / Viul? < oo} ,
R2

and one may also use that the space C2°(R?) is dense in this form domain w.r.t. &£
Furthermore, [LR15, Appendix: Proposition 3.7] ensures the existence of a minimizer u* €
2 of ng for any value of 8 € R for confining potentials V', and by a similar proof and the
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compactness of the embedding H{ () ¢ HY(Q) — LP(Q), 1 < p < oo, the same holds for
Ef‘zf for any bounded 2 with Lipschitz boundary:

Proposition A.1 (Existence of minimizers).
Let B € R be arbitrary. Given any V: R? — Rt such that —A +V has compact resolvent,
there exists u™ € 2 with [o, [u™|? =1 and ng [u?] = E¥. Moreover, if M > 0 and Q C

R? is bounded with Lipschitz boundary then there exists u™ € H (10)((2) with [o [u®? = M
and ngﬁ[uaf] = E)(Q, 8, M).

Proof. The first part is [LR15, Appendix: Proposition 3.7]. For  C R? we have by the
Hoélder, weak Young, and Sobolev inequalities, as well as Lemma [3.2] that

Al 22y < 1Al L@y lull o) < Cllul?llpas @) Vwoll 2w @) llull L)
< Ollullifpr ) < C'(M + EFTu])>?,
and therefore
IVl p20) = ||V + iBA[Jul*lu — iBAullul| 2 o) < EFu]"/? + C'|BI(M + E&u])*/.
Hence, given a minimizing sequence
(Un)n—oo C H(lo)(Q)7 HunH%%Q) =M, 7}1_{205?;[“71] = E(O)(QaﬁaM)7
by uniform boundedness and the Rellich-Kondrachov theorem (see, e.g., [LLOI, Theo-

rem 8.9]) there exists a convergent subsequence (again denoted u,,) and a limit u® € H (10) Q)

such that
u, — u™ in LP(Q), 1< p < oo, Vu, — Vu* in L2(Q).

Furthermore, by estimating
A [ln P — Al Pla ]|, < [JALJunl® = [0 Punl], + [|Alla™ ] (w, — )],
as above and using the strong convergence in LP(Q2) for any 1 < p < oo, we have that
Allun|?Jun — AfJu?]u in L2(Q).
Hence,

, = Sup [(Vu +iBA[u*u™, v)
foli=1

= sup lim [(Vu, + iBA[[un]*]un,v)]

flofl =177

| v+ iBAfw

< liminf sup [(Vu, + iBA[|un |*|un, v)|

70 lv]|=1

1 . . 2
= liminf || (V + iBA[un|*])un]

27

that is E)(Q, 8, M) < E&u™] < liminf, o0 3 [un] = Eg)(Q, 8, M), and furthermore
fQ |u‘r“f|2 = lim,, 00 fQ |un|2 =M. O

For completeness, we finish with a derivation of the variational equation associated to
the minimization of the energy functional (II]). Let us denote

Ju] :== % (uVu — uVu)
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and for two vector functions F, G : R? — R?, their convolution
FxG(x) := /R2 F(x—y) G(y)dy.

Lemma A.2 (Variational equation).
Let u = v be a solution to 28). Then

[(—N + BA[[u])? + V — 28V w * (BA[Jul)|ul? + J[u])} w=>u, (A1)
where
A=E"u] + / (28A[Jul*] - Iu] + 287 Aflul*]*|ul?)
R2
= /R2 (L(Vul + Vi) +2- 28A[ul*] - I[u] + 387 Allul*]|*ul?) . (A.2)

(Note that the factors 1, 2, resp. 3 correspond to the total degree of |u|? in each term.)
Proof. Let
Flu @, N o= € fu,a] + A1~ [ [uf?)

= / (IVal + (V= Nlul* + B2 Allul)*[ul® + 28A[|uf?] - I[u]) + A,

Erlu,u] = / |A [ua)|*ua = // V4w (x — y) - V3w (x — z)ui(x)ui(y)ui(z) dxdydz,

Elu, u] = /A[uﬂ] ~i(uVu —aVu) = // V4w (x — y)ua(y) - i(uVa — aVu)(x) dxdy.
We have
Eilu,u+ev] = &fu, u +€/// Lwo(x —y) - VEwg(x — 2z) (v(x)u(x)|u(y)*u(z)?
+ () Puy)v(y)lu(z)* + u(x)? IU(Y)\QU(Z)U(Z)))dxdde +0(e?),
hence at O(e),

v(x)u(x)Allu|?12dx— | v(¥v)u Viw ) |ux)? | Viwe(x—2)|lu(z)]? dzdxd
/x<><>[||1 /y(.y)(y)/x oy >|<>|/z o(x—2) u(z)| y
= [v@ut) [ Viunts - 0GP | T yluty)? dydxdz

X

= /vuAHu]Z]2 —Q/qulwo*\uIQAHu]Z].
Also

Eu,u + ev] = Elu, u] + 5/ (VLU)()(X —y)u(y)v(y) - i(uVa — aVu)(x)

+ Vg (x = y)u(y) - i (u(x)Vo(x) - o(x)Vu(x)) )dxdy + O(?),
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hence at O(e) and using V- A =0,
— | v(y)u V4w —x) - 2J[u)(x) dxdy — i [ v(x)Vu(x) - Aflul?](x)dx
[ v |ty =) -230ux) dxdy — [ o) V) - Al 09

+ Z/u(x)A[|u|2](x) -Vo(x)dx = —Q/UUVJ"U)O * J[u| — Qi/vVu - AlJul?]

/

={PI}=—i [ Vu-Av—i [uw(V-A)v

Hence
Flu i+ 20, A = Flu, @, A + ¢ / o[ (A V = Nut B AP

— 262V wo # [uPA[Jul?u — 28V wo * I[ulu — 2iBA[ul?] - vu] +0(e?),

and using
(=iV + BA[[ul*))?u = —Au — 2iBA[|u]*] - Vu+ B> Allul**u,

we arrive at (A.J)).
For (A:2) we use [ |u|?> =1 by multiplying (A.I) with @ and integrating:
A= %] - Qﬁ/ |ul*Vwo *(BA[|uf*][ul? + Iu]).
We then use that
1T s APl = [ [ [ 1PV wox-y) v ol - )ful) Puly)? dxdydz
—— [[[ 7Hunty =% THunty - 2)u) Plu()Plu(y) P dxady =~ [ AfjufPlup
and

2 [PV huoedul = [ [ WGPV un(x — y) - (u(y)Valy) - a(y) Va(y)) dxdy

— [ itV avuy) - [ Hunly - 0l dxdy = -2 [ I(u] - Afuf?

to arrive at (A.2). O
REFERENCES
[Aft07] A. Aftalion, Vortex patterns in Bose Einstein condensates, Perspectives in nonlinear partial
differential equations, Contemp. Math., vol. 446, Amer. Math. Soc., Providence, RI, 2007,
pp. 1-18.

[ASW&4] S. Arovas, J.R. Schrieffer, and F. Wilczek, Fractional statistics and the quantum Hall effect,
Phys. Rev. Lett. 53 (1984), no. 7, 722-723.

[Bac92] V. Bach, Error bound for the Hartree-Fock energy of atoms and molecules, Commun. Math.
Phys. 147 (1992), no. 3, 527-548.

[BBH94] F. Béthuel, H. Brézis, and F. Hélein, Ginzburg-Landau vortices, Progress in Nonlinear Differ-
ential Equations and their Applications 13, Birkh&user, Boston, MA, 1994.

[CFKS87] H.L. Cycon, R.G. Froese, W. Kirsch, and B. Simon, Schrédinger operators, Texts and Mono-
graphs in Physics, Springer-Verlag, Berlin, 1987.



[CLLOg]

[CPRY12]
[CR13]
[CRY11]
[CS92]
[CS15]
[CWWHS9)
[CYO08]

[Eva98]
[FH10]

[FLS15]
[Hal83]
[Hal84]
[1L.92]

[Kha05]
[LBM92]

[Lie81]
[Lio87]

[Lio88]

[LLO1]
[LL16]
[LR15]
[LR16]
[LS77]
[LS06]
[LSSYO05]

[LSYO1]

ON THE ALMOST-BOSONIC ANYON GAS 31

I. Catto, C. Le Bris, and P.-L. Lions, The mathematical theory of thermodynamic limits:
Thomas-Fermi type models, Oxford Mathematical Monographs, The Clarendon Press Oxford
University Press, New York, 1998.

M. Correggi, F. Pinsker, N. Rougerie, and J. Yngvason, Critical rotational speeds for superfluids
in homogeneous traps, J. Math. Phys. 53 (2012), 095203.

M. Correggi and N. Rougerie, Inhomogeneous vortex patterns in rotating Bose-FEinstein conden-
sates, Commun. Math. Phys. 321 (2013), no. 3, 817-860.

M. Correggi, N. Rougerie, and J. Yngvason, The transition to a giant vortex phase in a fast
rotating Bose-Einstein condensate, Commun. Math. Phys. 303 (2011), no. 2, 451-508.

R. Chitra and D. Sen, Ground state of many anyons in a harmonic potential, Phys. Rev. B 46
(1992), 10923-10930.

N.R. Cooper and S.H. Simon, Signatures of Fractional Exclusion Statistics in the Spectroscopy
of Quantum Hall Droplets, Phys. Rev. Lett. 114 (2015), 106802.

Y.H. Chen, F. Wilczek, E. Witten, and B.I. Halperin, On anyon superconductivity, Int. J. Mod.
Phys. B 3 (1989), 1001-1067.

M. Correggi and M. Yngvason, Energy and vorticity in fast rotating Bose-Einstein condensates,
J. Phys. A: Math. Theor. 41 (2008), no. 44, 445002.

L.C. Evans, Partial differential equations, Graduate Studies in Mathematics, AMS, 1998.

S. Fournais and B. Helffer, Spectral methods in surface superconductivity, Progress in Nonlinear
Differential Equations and their Applications 77, Birkhduser, Boston, MA, 2010.

S. Fournais, M. Lewin, and J-P. Solovel, The semi-classical limit of large fermionic systems,
arXiv:1510.01124, 2015.

F.D.M. Haldane, Fractional quantization of the Hall effect: A hierarchy of incompressible quan-
tum fluid states, Phys. Rev. Lett. 51 (1983), 605-608.

B.1. Halperin, Statistics of quasiparticles and the hierarchy of fractional quantized Hall states,
Phys. Rev. Lett. 52 (1984), 1583-1586.

R. Iengo and K. Lechner, Anyon quantum mechanics and Chern-Simons theory, Phys. Rep. 213
(1992), 179-269.

A. Khare, Fractional Statistics and Quantum Theory, 2nd ed., World Scientific, Singapore, 2005.
S. Li, R.K. Bhaduri, and M.V.N. Murthy, Thomas-Fermi approrimation for confined anyons,
Phys. Rev. B 46 (1992), 1228-1231.

E.H. Lieb, Thomas-Fermi and related theories of atoms and molecules, Rev. Mod. Phys. 53
(1981), 603—641.

P.-L. Lions, Solutions of Hartree-Fock equations for Coulomb systems, Commun. Math. Phys.
109 (1987), no. 1, 33-97.

, Hartree-Fock and related equations, Nonlinear partial differential equations and their
applications. College de France Seminar, Vol. IX (Paris, 1985-1986), Pitman Res. Notes Math.
Ser., vol. 181, Longman Sci. Tech., Harlow, 1988, pp. 304-333.

E.H. Lieb and M. Loss, Analysis, Graduate Studies in Mathematics, vol. 14, AMS, Providence,
RI, 2001.

S. Larson and D. Lundholm, Exclusion bounds for extended anyons, preprint arXiv1608.04684,
2016.

D. Lundholm and N. Rougerie, The average field approximation for almost bosonic extended
anyons, J. Stat. Phys. 161 (2015), no. 5, 1236-1267.

, Emergence of fractional statistics for tracer particles in a Laughlin liquid, Phys. Rev.
Lett. 116 (2016), 170401.

E.H. Lieb and B. Simon, The Hartree-Fock theory for Coulomb systems, Commun. Math. Phys.
53 (1977), no. 3, 185-194.

E.H. Lieb and R. Seiringer, Derivation of the Gross-Pitaevskii equation for rotating Bose gases,
Commun. Math. Phys. 264 (2006), no. 2, 505-537.

E.H. Lieb, R. Seiringer, J.P. Solovej, and J. Yngvason, The mathematics of the Bose gas and
its condensation, Oberwolfach Seminars 34, Birkh&user, 2005.

E.H. Lieb, R. Seiringer, and J. Yngvason, A rigorous derivation of the Gross-Pitaevskii energy
functional for a two-dimensional Bose gas, Commun. Math. Phys. 224 (2001), no. 1, 17-31.




32 M. CORREGGI, D. LUNDHOLM, AND N. ROUGERIE

[Lunl6] D. Lundholm, Many-anyon trial states, preprint arXiv:1608.05067, 2016.

[Myr99] J. Myrheim, Anyons, Topological aspects of low dimensional systems (A. Comtet, T. Jolicoeur,
S. Ouvry, and F. David, eds.), Les Houches - Ecole d’Ete de Physique Theorique, vol. 69, 1999,
pp. 265-413.

[NRS16] P.T. Nam, N. Rougerie, and R. Seiringer, Ground states of large Bose systems: The Gross-
Pitaevskii limit revisited, Anal. PDE 9 (2016), no. 2, 459-485.

[Ouv07] S. Ouvry, Anyons and lowest Landau level anyons, Séminaire Poincaré 11 (2007), 77-107.

[Roul4] N. Rougerie, De Finetti theorems, mean-field limits and Bose-FEinstein condensation,
arXiv:1506.05263, 2014, LMU lecture notes.

[Roul6] , Théorémes de de finetti, limites de champ moyen et condensation de bose-einstein, Les
cours Peccot, Spartacus IDH, Paris, 2016, Cours Peccot, College de France: février-mars 2014.

[Sigl3] I.M. Sigal, Magnetic Vortices, Abrikosov Lattices and Automorphic Functions, preprint
arXiv:1308.5446, 2013.

[SS07] E. Sandier and S. Serfaty, Vortices in the magnetic Ginzburg-Landau model, Progress in Non-

linear Differential Equations and their Applications 70, Birkh&user, Boston, MA, 2007.
[Tru92a) C.A. Trugenberger, Ground state and collective excitations of extended anyons, Phys. Lett. B
288 (1992), 121-128.
[Tru92b] , The anyon fluid in the Bogoliubov approzimation, Phys. Rev. D 45 (1992), 3807-3817.
[Wes93] E. Westerberg, Mean-field approrimation for anyons in a magnetic field, Int. J. Mod. Phys. B
7 (1993), 2177-2199.

[Wil90] F. Wilczek, Fractional Statistics and Anyon Superconductivity, World Scientific, Singapore,
1990.
[WZ90] X.G. Wen and A. Zee, Compressibility and superfluidity in the fractional-statistics liquid, Phys.

Rev. B 41 (1990), 240-253.
[ZSGJ14] Y. Zhang, G.J. Sreejith, N.D. Gemelke, and J.K. Jain, Fractional angular momentum in cold
atom systems, Phys. Rev. Lett. 113 (2014), 160404.

DIPARTIMENTO DI MATEMATICA “G. CASTELNUOVO”, UNIVERSITA DEGLI STUDI DI ROMA “LA SAPIENZA”,
P.LE ALDO MORO, 5, 00185, ROME, ITALY.
E-mail address: michele.correggi@gmail.com

KTH ROYAL INSTITUTE OF TECHNOLOGY, DEPARTMENT OF MATHEMATICS, SE-100 44 STOCKHOLM,
SWEDEN
E-mail address: dogge@math.kth.se

CNRS & UNIVERSITE GRENOBLE ALPES, LPMMC (UMR 5493), B.P. 166, F-38042 GRENOBLE,
FRANCE
E-mail address: nicolas.rougerie@lpmmc.cnrs.fr



	1. Introduction
	2. Main results
	2.1. Thermodynamic limit for the homogeneous gas
	2.2. Local density approximation for the trapped gas

	3. Proofs for the homogeneous gas
	3.1. Toolbox
	3.2. Scaling laws
	3.3. Proof of Theorem 2.1

	4. Proofs for the trapped gas
	4.1. Local density approximation: energy upper bound
	4.2. Local density approximation: energy lower bound
	4.3. Density convergence

	Appendix A. Properties of minimizers
	References

