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Abstract

We prove the convergence of the explicit-in-time Finite Volume method with
monotone fluxes for the approximation of scalar first-order conservation laws with
multiplicative, compactly supported noise.
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1 Introduction

Stochastic first-order scalar conservation law. Let (2, F,P,(F), (Bk(t))) be a
stochastic basis and let T > 0. Consider the first-order scalar conservation law with
stochastic forcing

du(z,t) + div(A(u(z, t))dt = ®(z,u(z,t)dW (), =T te(0,T). (1.1)

Equation (1.1) is periodic in the space variable: 2 € TV where T is the N-dimensional
torus. The flux function A in (1.1) is supposed to be of class C?: A € C?(R;RY).
We assume that A and its derivatives have at most polynomial growth. Without loss
of generality, we will assume also that A(0) = 0. The right-hand side of (1.1) is a
stochastic increment in infinite dimension. It is defined as follows (see [7] for the general
theory): W is a cylindrical Wiener process, W = >, frex, where the coefficients
B are independent Brownian processes and (ey)r>1 is a complete orthonormal system
in a Hilbert space H. For each z € TV, u € R, ®(x,u) € Ly(H,R) is defined by
®(x,u)er = gi(z,u) where gp(-,u) is a regular function on TV. Here, Lo(H, K) denotes
the set of Hilbert-Schmidt operator from the Hilbert space H to an other Hilbert space
K. Since K =R in our case, this set is isomorphic to H, thus we may also define

@(m, u) = ng(x’ u)eka

k>1

the action of ®(x,u) on e € H being given by (®(z,u), ). We assume g, € C(TY xR),
with the bounds

G (z,u) = |[®(z,u)|7r = D gk (@, w)* < Do(1 + [uf?),

E>1
(1.2)
1@ (2, u) = D(y,0) |17 =D lgr (@, w) — gr(y,v)* < Da(jz — y[* + [u — v|h(|u — v])),
E>1
(1.3)



where z,y € TV, u,v € R, and h is a continuous non-decreasing function on R, such
that h(0) = 0. We assume also 0 < h(z) <1 for all z € R,.

Notation: in what follows, we will use the convention of summation over repeated indices
k. For example, we write W = Biep.

Compactly supported multiplicative noise. In this paper, we study the numerical
approximation of (1.1): our aim is to prove the convergence of the Finite Volume method
with monotone fluxes, see Theorem 7.4. Our analysis will be restricted to the case of
multiplicative noise with compact support. Indeed, from Section 3 to Section 7, we will
work under the following hypothesis: there exists a,b € R, a < b, such that gx(x,u) =0
for all u outside the compact [a,b], for all z € TV, k > 1. For simplicity, we will take
a=—1, b=1. We will assume therefore that

for all w € R, |u| > 1 = gi(z,u) =0, (1.4)

for all z € TV, k > 1, and consider initial data with values in [~1, 1]. The solution of the
continuous equation (1.1) then takes values in [—1, 1] almost-surely (see [9, Theorem 22]).
There is no loss in generality in considering that A is globally Lipschitz continuous then:

Lip(A) := sup|A4'(£)| < +oo. (1.5)
£eR

In that framework, we will build a stable and convergent approximation to (1.1) by an
explicit-in-time Finite Volume method. Under (1.4), it is also natural to assume

GQ(.%',U) = H@(m,u)H%{ = Z ‘gk(x7u)‘2 < Dy, (1.6)
E>1

which is of course stronger than (1.2). We may also perform the analysis of convergence of
the Finite Volume method under (1.2) instead of (1.6), but this puts exponential factors
in various estimates, whereas these factors are close to 1 in the real implementation of
the scheme.

Numerical approximation. Let us give a brief summary of the theory of (1.1) and
of its approximation. Different approximation schemes to stochastically forced first-
order conservation laws have already been analysed: time-discrete schemes, [17, 1, 18],
space-discrete scheme [21], space-time Finite Volume discrete schemes:

e in space dimension 1, with strongly monotone fluxes, [22]
e in space dimension N > 1, by a flux-splitting scheme, [2],
e in space dimension N > 1, for general schemes with monotone fluxes, [3],

The Cauchy or the Cauchy-Dirichlet problem associated to (1.1) have been studied in
[10, 20, 12, 33, 8, 6, 4, 5, 19].



The approximation of scalar conservation laws with stochastic flux has also been con-
sidered in [15] (time-discrete scheme) and [29] (space discrete scheme). For the corre-
sponding Cauchy Problem, see [24, 23, 25, 14, 13, 16].

Kinetic formulation. To prove the convergence of the Finite Volume method with
monotone fluxes, we will use the companion paper [9] and a kinetic formulation of
the Finite Volume scheme. The subject of [9] is the convergence of approximations to
(1.1) in the context of the kinetic formulation of scalar conservation laws. Such kinetic
formulations have been developed in [26, 27, 28, 30, 31]. In [28], a kinetic formulation
of Finite Volume E-schemes is given (and applied in particular to obtain sharp CFL
criteria). For Finite Volume schemes with monotone fluxes, the kinetic formulation is
simpler, we give it explicitly in Proposition 4.1. Based on the kinetic formulation and
an energy estimate, we derive some a priori bounds on the numerical approximation
(theses are “weak BV estimates” in the terminology of [11, Lemma 25.2]), see Section 5.
These estimates are used in the proof of consistency of the scheme when we show that
it gives rise to an approximate solution to (1.1) in the sense of Definition 2.6. Our final
result, ¢f. Theorem 7.4, should be compared to [3, Theorem 2|. This latter gives the
convergence of the Finite Volume method with monotone fluxes in a very similar context,
under the slightly stronger hypothesis that the ratio of the time step At with the spatial
characteristic size h of the mesh tends to 0 when h tends to 0.

Plan of the paper. The plan of the paper is the following one. In the preliminary
section 2, we give a brief summary of the notion of solution and approximate solution
to (1.1) developed in [9]. In Section 3 is described the kind of approximation to (1.1) by
the Finite Volume method which we consider here. In Section 4 we establish the kinetic
formulation of the scheme. This numerical kinetic formulation is analysed as follows:
energy estimates are derived in Section 5, then we show in Section 6 that this gives rise
to an approximate generalized solution in the sense of Definition 2.6. We show some
additional estimates and then conclude to the convergence of the scheme in Section 7.
This result is stated in Theorem 7.4.

2 Generalized solutions, approximate solutions

The object of this section is to recall several results concerning the solutions to the
Cauchy Problem associated to (1.1) and their approximations. We give the main state-
ments, without much explanations or comments; those latter can be found in [9]: we
give the precise references when needed.

2.1 Solutions

Definition 2.1 (Random measure). Let X be a topological space. If m is a map from
() into the set of non-negative finite Borel measures on X such that, for each continuous
and bounded function ¢ on X, (m,¢) is a random variable, then we say that m is a
random measure on X.



A random measure m is said to have a finite first moment if
Em (TN x [0,7] x R) < +oo0. (2.1)

Definition 2.2 (Solution). Let ug € L>®(TV). An L'(T¥)-valued stochastic process
(u(t))ejo,m 1s said to be a solution to (1.1) with initial datum wg if v and £ := L,s¢
have the following properties:

1. uwe LL(TN x [0,T] x ),
2. for all ¢ € CHTYN x R), almost-surely, t — (£(t), ) is cadlag,

3. for all p € [1,400), there exists Cp, > 0 such that

E | sup [|u(t)|? < C,, 2.2
(temu <>\|LP(TN>> , (2.2

4. there exists a random measure m with first moment (2.1), such that for all ¢ €
CHTN x R), for all t € 0,77,

<f(t)7()0> = <f07()0> +/0 <f(s)7a(§) . ch>ds
+Z/O /TN gr(z,u(z, s))p(x, u(z, s))drdpy (s)

k>1
t
+ % / Oep(z,u(z, )G (2, u(z, s))dzds — m(d:p)([0,1]), (2.3)
0 JTN
a.s., where £o(2, &) = 1y(@)>¢ G2 .= ppaty lgx|? and a(€) := A'(€).

In item 1, the index P in u € LL(TY x [0,7] x Q) means that u is predictable. See [9,
Section 2.1.1]. The function denoted f := 1, is given more precisely by

(x, t, 5) = 1u(m,t)>£'

This is the characteristic function of the subgraph of u. To study the stability of so-
lutions, or the convergence of approximate solutions (there are two similar problems),
we have to consider the stability of this property, the fact of being the “ characteristic
function of the subgraph of a function”. If (u,), is a sequence of functions, say on a
finite measure space X, p € (1,00) and (uy,) is bounded in LP(X), then there is a sub-
sequence still denoted (u,) which converges to a function w in LP(X)-weak. Up to a
subsequence, the sequence of equilibrium functions f,, := 1,,~¢ is converging to a func-
tion f in L*°(X x R)-weak star. The limit f is equal to f := 1,5¢ if, and only if, (uy,)
is converging strongly, see [9, Lemma 2.6]. When strong convergence remains a priori
unknown, the limit f still keeps some structural properties. This is a kinetic function in
the sense of Definition 2.4 below, [9, Corollary 2.5]. Our notion of generalized solution
is based on this notion.



2.2 Generalized solutions

Definition 2.3 (Young measure). Let (X, A, \) be a finite measure space. Let P;(R)
denote the set of probability measures on R. We say that a map v: X — Pi(R) is a
Young measure on X if, for all ¢ € Cy(R), the map z — v,(¢) from X to R is measurable.
We say that a Young measure v vanishes at infinity if, for every p > 1,

//gm%@w@<+m (2.4)
X JR

Definition 2.4 (Kinetic function). Let (X,.A, A) be a finite measure space. A measur-
able function f: X x R — [0, 1] is said to be a kinetic function if there exists a Young
measure v on X that vanishes at infinity such that, for A-a.e. z € X, for all £ € R,

f(Z,f) = Vz(g’ +OO)

We say that f is an equilibrium if there exists a measurable function u: X — R such
that f(z,&) = £(2,§) = 1y(;)>¢ a.e., or, equivalently, v, = ¢—y ) for ae. z € X.

Definition 2.5 (Generalized solution). Let fo: TV x R — [0,1] be a kinetic function.
An L>®(TVN x R; [0, 1])-valued process (f(t))tefo,r) is said to be a generalized solution
to (1.1) with initial datum fo if f(¢) and v, :== —0¢ f(t) have the following properties:

1. for all t € [0,7], almost-surely, f(¢) is a kinetic function, and, for all R > 0,
feLLTN x (0,T) x (—R,R) x Q),

2. for all ¢ € CH(TY x R), almost-surely, the map ¢ — (f(t), ) is cadlag,

3. for all p € [1,400), there exists Cp, > 0 such that

E Pdv, dr | < C)p, .
(EE&% L, [ierava© ) <q, (25

4. there exists a random measure m with first moment (2.1), such that for all ¢ €
CHTN x R), for all t € [0, 7], almost-surely,

(1)) =(for o) + /O (f(5), () - Vag)ds
=[] [ oo rete e (©ednics)

1/ 20, O T
+ 2/0 /]I‘N/RG ( ,g)aggp( ’g)d m,s(g)d d (6&0)([0,t])‘ (2.6)

The following statement is Theorem 3.2. in [9].



Theorem 2.1 (Uniqueness, Reduction). Let ug € L=(TV). Assume (1.2)-(1.3). Then
we have the following results:

1. there is at most one solution with initial datum wugy to (1.1).

2. If f is a generalized solution to (1.1) with initial datum fy at equilibrium: fo =
1y,5¢, then there exists a solution w to (1.1) with initial datum ug such that

f(x,tag) = 1u(x,t)>§ a.s., for a.e. (x,t,&).

3. ifuy, ug are two solutions to (1.1) associated to the initial data uy g, us2 o € LOO(’IFN)
respectively, then

E|(ur (¢) — u2(t) " prgrny < Ell(uro — u2,0) " llzacrw),- (2.7)

This implies the L'-contraction property, and comparison principle for solutions.

2.3 Approximate solutions

In [9], we prove the convergence of solutions to different problems, which are approxi-
mations of (1.1). The solutions of these approximate problems give rise to approximate
solutions and, more precisely, of approximate generalized solutions, according to the
following definition (see Definition 4.1 and Section 5 in [9]).

Definition 2.6 (Approximate generalized solutions). Let f&': TV x R — [0, 1] be some
kinetic functions. Let (f™(t))epo,r] be a sequence of L (T x R; [0, 1])-valued processes.
Assume that the functions f"(t), and the associated Young measures vj* = —0g f™(t)
are satisfying item 1, 2, 3, in Definition 2.5 and Equation (2.6) up to an error term,
i.e.: for all o € C4(TV x R), there exists an adapted process e"(t, @), with ¢ — "(t, ©)
almost-surely continuous such that

lim sup |e"(¢,¢)| = 0 in probability, (2.8)
n—-+4o0o tE[O,T}

and there exists some random measures m”™ with first moment (2.1), such that, for all
n, for all p € C{(TN x R), for all ¢ € [0, 7], almost-surely,

(f(t), ) =(fd, ) +/O (F7(3), a(€) - Vap)ds
+/0 /TN/Rgk(w,£)w(sv,£)du;ﬁs(§)dxdﬁk(s)
+%/0 /TN/RGz(ﬂ?,ﬁ)ag@(ﬂ?,£)du;‘7s(£)dxds—m"(aggp)([o’t]). (2.9)

Then we say that (f™) is a sequence of approximate generalized solutions to (1.1) with
initial datum fg.



Consider a sequence (f,,) of approximate solutions to (1.1) satisfying the following (min-
imal) bounds.

1. There exists Cp, > 0 independent on n such that v™ := —0¢ f" satisfies
E | sup / / |E[Pdvy ,(&)dx| < Cp, (2.10)
te[o, 7] JTN JR ’
2. the measures Em™ satisfy the bound
sup Em™(TN x [0,T] x R) < +o0, (2.11)

n

and the following tightness condition: if B = {¢ € R, [¢| > R}, then

lim sup Em™(TY x [0,T] x B) = 0. (2.12)

R—40c0 pn

We give in [9] the proof of the following convergence result, see Theorem 40 in [9].

Theorem 2.2 (Convergence). Suppose that there exists a sequence of approximate ge-
neralized solutions (f™) to (1.1) with initial datum f§ satisfying (2.10), (2.11) and
the tightness condition (2.12) and such that (fJ') converges to the equilibrium function
£0(€) = Lygse n L°(TN x R)-weak-*, where ug € L=®(TN). We have then

1. there exists a unique solution u € L'(TN x [0,T] x Q) to (1.1) with initial datum
Ugy

2. let
() = /R £l (€) = /R (2, 1,€) — Lse) de.

Then, for all p € [1,00[, (u™) is converging to u with the following two different
modes of convergence: u, — u in LP(TN x (0,T) x Q) and almost surely, for all
t € 10,7, un(t) — u(t) in LP(TV).

In the next section, we define the numerical approximation to (1.1) by the Finite Volume
method. To prove the convergence of the method, we will show that the hypotheses of
Theorem 2.2 are satisfied. The most difficult part in this programme is to prove that the
numerical approximations generates a sequence of approximate generalized solutions, see
Section 6.

3 The finite volume scheme

Mesh A mesh of TV is a family 7/Z" of disjoint connected open subsets K € (0,1)"
which form a partition of (0,1)" up to a negligible set. We denote by 7 the mesh

(K+11eZV K eT/ZN}



deduced on RY. For all distinct K,L € 7T, we assume that K N L is contained in
an hyperplane; the interface between K and L is denoted K|L := K N L. The set of

neighbours of K is
N(K)={LeT;L+#K, K|L+#0}.

We use also the notation
oK = ) KIL.
LeN(K)

In general, there should be no confusion between K and the topological boundary
K\ K.

K|L

We also denote by |K| the N-dimensional Lebesgue Measure of K and by |0K| (re-
spectively |K|L|) the (N — 1)-dimensional Haussdorff measure of 0K (respectively of
K|L) (the (N — 1)-dimensional Haussdorff measure is normalized to coincide with the
(N — 1)-dimensional Lebesgue measure on hyperplanes).

Scheme Let (Ax—1)keT,Len(k) be a family of monotone, Lipschitz continuous nu-
merical flux, consistent with A: we assume that each function Ag_,;, satisfies the fol-
lowing properties.

e Monotony: Ag_.7(v,w) < Ag_p(v,w) for all v, v/, w € R with v < ¢ and
Agp(v,w) > Ak p(v,w') for all v, w, w' € R with w < w'.

e Lipschitz regularity: there exists L4 > 0 such that
| Ak p(v,w) — Ag (v, w")| < |K|L|Lsmax(Jv — '], |lw —w']), (3.1)
for all v, v/, w, w' € [-R, R].

e Consistency:

AK%L(U,U) = | A(U) . ’I’LK7Ld/HN71 = |K|L|A(v) ‘MK L, (3.2)
K|L

for all v € R, where ng 1, is the outward unit normal to K on K |L.



e Conservative symmetry:
Agp(v,w) = —Ap -k (w,v), (3.3)
forall K,L €T, v,w€R.

The conservative symmetry property ensures that the numerical flux Q% _,; defined
below in (3.6) satisfies Q% _,; = —Q7}_, i for all K, L.

Let t, < tp,4+1 be two given discrete time. Let At, = t,41 —t,. Knowing v}, an
approximation of the value of the solution u to (1.1) in the cell K at time ¢,, we
compute v?;rl, the approximation to the value of u in K at the next time step t,1, by
the formula

K|t —vfe) + Aty > Q= [K|(At) g (i) XpFY, (3.4)
LeN(K)

where K € T, with the initialization

1
VY = —/ uo(x)dx, Ke€T. (3.5)
K] Jk
In (3.4), At,Q%_,; is the numerical flux at the interface K|L on the range of time
[tn,tnt1], where Q% ; is given by
Qk—1 = AR L(Vic, VL)- (3.6)
We have also defined

Bk (thrl) - Bk (tn)
(Atn)l/Q :

Xpt = (3.7)

Then, the (X/?H)kZLneN are 1.i.d. random variables with normalized centred normal
law N(0,1). Besides, for each n > 1, the sequence (X,?'H)kzl is independent on F,,, the
sigma-algebra generated by {X,T'H; k > 1,m < n}. The numerical functions g i are
defined by the average

1
90k 0) = /K gk (z, v)d. (3.8)

Then, in virtue of (1.6) we have

Gk (v) = Z |9k, 5 (v)[* < D, (3.9)
k>1

where v € R, K € T. We deduce (3.9) from (1.6) and Jensen’s Inequality. Similarly, we
deduce from (1.3) and Jensen’s Inequality that

2 1 2
>~ lorc(6) — 0n(0- € < Dy /K & — ylda,

k>1

10



for all y € TV. In particular (switching from the variable y to the variable ), and
assuming diam(K') < h (this is the hypothesis (5.5), which we will make later), we have
the following consistency estimate

> ok (€) = gil(x,&)1> < Dik?, (3.10)

k>1

for all x € K, which will be used later (see (6.47) for example).

Remark 3.1 (Approximation in law). In effective computations, the random variables
X,?H are drawn at each time step. They are i.i.d. random variables with normalized
centred normal law N(0,1). In this situation, we will prove the convergence in law of
the Finite Volume scheme to the solution to (1.1), see Remark 7.1 after Theorem 7.4.

Remark 3.2 (Global Lipschitz Numerical Flux). We assume in (3.1) that the numerical
fluxes Ag_,1 are globally Lipschitz continuous. This is consistent with (1.5). Both
(3.1) and (1.5) are strong hypotheses, except if a priori L*>°-bounds are known on the
solutions to (1.1), which is the case here, thanks to the hypothesis of compact support
(1.4). Without loss of generality, we will assume that Lip(A4) < L4.

4 The kinetic formulation of the finite volume scheme

The kinetic formulation of the Finite Volume method has been introduced by Makridakis
and Perthame in [28]. The principle is the following one. For linear transport equations,
which corresponds to a linear flux function A(u) = au, a € RY, the upwind numerical
flux Ax—, 1 in (3.6) is given by

Agrn(v,w) = [ak ] v = [aj ] w, (4.1)
where
gy = / a- nK|Ld7-lN71 = |K|Lla - ng 1, (4.2)
K|L
with the usual notation v* = max(v,0), w~ = (—w)*. The discrete approximation of

the transport equation

atf + a(&) Vo f =0
by the Finite Volume method is therefore

(K|(fh = f)) + Aty Z ak (&) =0, (4.3)
LeN(K)

where

a1 (€) = laie (O] £ — [l ()] F-

11



Recall that G is defined by (3.9). A kinetic formulation of (3.4) consistent with (4.3)
would be

|K|(£5 — £%) + Aty Z aK—)L
LeN (K

1
= |K|(Atn) 25,5 g, K<5>X,’;+1 K|t (m5e(6) = 5 G (g =¢), (44)
where, for K € T, n e N, £ € R, m}(§) > 0, and where

£x(8) = Lo >e. (4.5)

This is not exactly the kinetic formulation that we will consider. See (6.9) for a correct

version of (4.4). We will mainly work with a kinetic formulation (see (4.12)), obtained

thanks to the following splitting method. For K € T and n € N, let us define v;?Ll/ % as

the solution to

K| =)+ Aty S Agon (v, v7) =0, (4.6)
LEN(K)

Then v;?Ll/ ? is the state reached after a step of deterministic evolution, by the discrete
approximation of the equation u; + div(A(u)) = 0. To this step corresponds the kinetic
formulation

K| =5 + Aty Y a1 (€) = |K|AL, Qemik (), (4.7)

LeN(K)

where £2(§) = 1ymse, m € {n,n + 1/2} and
mi > 0. (4.8)

n (4.7), ak_,; (&) is a function

a?(—)L(g) - GKHL(S,U?(,UQ), (49)

where (§,v,w) — ax (£, v, w) satisfies the following consistency conditions:

/R (k1 (6 0,w) — @ (Lo dE = A (v, w), (4.10)

aK—)L(57U7U) = a%%L(§)1U>§7 (411)

for all {, v, w € R, where a},_,; is defined by (4.2). Before we prove the existence of the
kinetic formulation (4.7)-(4.8)-(4.10)-(4.11), see Proposition 4.1, let us first deduce from
(4.7) the kinetic formulation of the whole scheme (3.4). This is the equation

K85 = £5) + Atn > af,(€) = At demie(€) + K] [£12(6) — £37%(9)]-
LeEN(K)
(4.12)

12



We may try to develop the term £ (¢) — f}?l/z@) (this is done in (6.13) to obtain
(6.9)), but (4.12) will be sufficient for the moment. It will be sufficient in particular to
obtain the so-called energy estimates of Section 5.

Proposition 4.1 (Kinetic formulation of the Finite Volume method). Set

ag1(§v,w) = ax_ () Lecorw + [02AK 1 (0,8) Ly<e<w + O1ARSL(E, w)Ly<e<o]

(4.13)
and
n 1 n+1/2 + e
(€)=~ [0k -0 - k-0 - X a1 (e, (4.14)
LeN (K)
Let us also assume that 5
At, "K”LA<1 VK €T, (4.15)

for allmn € N, K € T. Then the equations (4.7)-(4.8)-(4.10)-(4.11) are satisfied and,
besides, we have
agp(&v,w) =0, when & >vVw, (4.16)

forall K,L €T.

Remark 4.1 (Support of m’,). By (4.14), the definition (4.13) of ax_,1, and the equation
(4.6), & = m. (&) is compactly supported in the convex envelope of vn+1/2 v, {v}; L€
N(K)}.

Proof of Proposition 4.1. We check at once (4.7) and (4.10), (4.11), (4.16). To show
that m%(§) > 0, let us introduce

+oo
(pK_>L(§,’U,’LU) = l aKﬁL(C,’U,’LU)dC (417)

“+o0o
eonl) = PR vend) = [ ae(Qdc (1.18)
A simple computation gives the formula

k—r(§) = Ak L(g, vf) — Ak (Vi A vE A E). (4.19)

By comparison with the identity (v —&)" = v — v A&, the quantities 7, (£) appears,
in virtue of (4.19), as the numerical entropy fluxes associated to the entropy n(v) :=
(v —&)*. Then m7%(£) > 0 is equivalent to the discrete entropy inequality

R [0 = 0]+ e S0 ep© <0 (4.20)

» EN(K)
It is a classical fact that, under the CFL condition (4.15), the deterministic Finite
Volume scheme (4.6) has the following monotony property: v?:l/ *in (4.6) is a non-
decreasing function of each of the entries v}, v}, L € N(K). This implies (4.20) then.
See Lemma 25.1 and Lemma 27.1 in [11]. O
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5 Energy estimates

The Finite Volume scheme (3.4) may be compared to the stochastic parabolic equation
du(x,t) + div(A(u®(z, t)))dt — eAu(x,t)dt = ®(z,u"(z,t))dW (t). (5.1)

For (5.1), we have the energy estimate

1d 1

S B OB, + IV (O = SEIGCW ) By (52)
(Recall that G is defined by (1.2)). In the following Proposition 5.1, we obtain an
analogous result for the Finite Volume scheme (3.4). To state Proposition 5.1, we need

first some notations.

5.1 Notations

For a fixed final time 7" > 0, we denote by 07 the set of admissible space-step and time-
steps, defined as follows: if A > 0 and (At) = (Ato,...,Atn,—1), Nr € N*, then we say
that 0 := (h, (At)) € op if

1 Np—1
—e N iy, = Z At, =T, sup At, <1. (5.3)
h o 0<n<Nr
We say that § — 0 if
|0] :==h+ sup At, —0. (5.4)
0<n<Nr

For a given mesh parameter 6 = (h, (At)) € 0p, we assume that a mesh 7T is given, with
the following properties:

diam(K) < h, (5.5)
anh? <|K]|, (5.6)
1
|OK| < —hrN "L, (5.7)
an

for all K € T, where

diam(K) = wn;g}}({ |z — y|

is the diameter of K and ayu is a given positive absolute constant depending on the
dimension N only. Note the following consequence of (5.6)-(5.7):

1
hlOK| < —-|K], (5-8)
oy

for all K € T. We introduce then the discrete unknown vs(t) defined a.e. by

vs(z,t) = vy, x€ Kty <t<tpyr. (5.9)
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We will also need the intermediary discrete function
V3, tny1) = v?:l/z, reK, (5.10)

defined for n € N. Let us define the conjugate function f = 1 — f. We introduce the
following conjugate quantities:

- 3
aK—)L(§7U7w) = a’}}%L(S) - aK—)L(57U7w)7 q)K_>L(§,’U,’LU) = / dKﬁL(C,’U,’LU)dC.
- (5.11)
We compute
P& v,w) = Agsr(6,6) — AgsL(v A wAE). (5.12)

We recognize in (5.12) a numerical flux associated to the entropy

v (v—&) =& —vAEL.

From the explicit formula (4.13), we obtain the identity

ax—r(§v,w) = ax_ () Lesovw + (@)1 (§) — O2AK1(v,§)) Ly<e<u
+ (@50 (§) = 01 AR L(6 W) lw<e<y. (5:13)
Note that, for ax s, defined by (4.13), we have (using the fact that Lip(A) < Lga),
sup{|ax (&, v,w)];€,v,w € R} < L4|K|L|. (5.14)
Formula (5.13) gives the estimate
sup{|ax (& v, w)|;§ v, w € R} < 2L4[K]L], (5.15)

which is not optimal as (5.14) may be, since it has an additional factor 2. Consequently,
we will use a slightly different formulation for ®x_,7:

_ €

Bionléow) = [ BenlCbn o, (5.16)

—00

where

BK—)L(C7 §,v, w) = a;(—>L(§)1£>v\/w + 31AK_>L(C, 5)1US5SW + aZAKﬁL(& C)lwﬁégv-

(5.17)
We also introduce B B
?(—)L(C7§) = bK—)L(CaSa”?(?”%)' (518)
Now for bg_, 1, we have an estimate similar to (5.14):
sup{|bx (€, v,w)|;&,¢,v,w € R} < La|K|L]. (5.19)
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5.2 [Energy estimate and controls by the dissipation

Proposition 5.1 (Energy estimate for the Finite Volume Scheme). Let ug € L*°(T),
T >0 and 6 € 0p. Let (vs(t)) be the numerical unknown defined by (3.4)-(3.5)-(5.9).

Set
Np—1

=) Aty \Ky/mK (5.20)
n=0 KeT/ZN
Then, under the CFL condition (4.15), we have the energy estimate
1 Nr—1
SElvs(T) |7 vy + EE(T) = Hva( 2wy + E oAt > KDY kxR
n=0 KeT/zN  k>1

(5.21)

In the following proposition we derive various estimates, where the right-hand side is
controlled by the dissipation term &£(T) introduced in (5.20).

Proposition 5.2 (Control by the dissipation). Let ug € L>®(TV), T > 0 and 6 € 0r.
Let (vs(t)) be the numerical unknown defined by (3.4)-(3.5)-(5.9). Let v} be defined by
(5.10). Then, under the CFL condition

0K| laf_ (&)
2At, sup ———= <(1-60), 0<n<N,K,LeT, (5.22)
K| ¢er KL

where 6 € (0,1), we have the following control:

Np—1

ZAt Z Z /fL—fK K—r(§)dE

KeT/ZN LeN (K)

g Nzt
<3 K| [ @mid, 62
n=0 KGT/ZN
and
Np—1 o Nr1
> [dten) st [y <5 20 A0 301K [ h@mk(epie
n=0 KE’T/ZN
(5.24)
Under the CFL condition
K b
2At,, OK] sup Vi1 (6,8)] <(1-6), 0<n<N, K, LeT, (5.25)

K| ¢er KL
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where 0 € (0,1), (and where b}, ; is defined by (5.18)) we have the following control:

Np—1

Z Aty Z Z /fL—fK Dy, (£)de

KeT/ZN LeN (K)

Nr—1
2
<3 > Aty |K|/f" €)de, (5.26)
n=0 KeT/ZN

and

Nr—1 9 9 Nr—1

> [t = vste] o <5 2 At K| [ sh©mi©e

n=0 n=0 KET/ZN

(5.27)

Eventually, as a corollary to Proposition 5.2, we obtain the following estimates.

Corollary 5.3 (Weak derivative estimates). Let ug € L>®°(TV), T > 0 and § € Or.
Assume that (1.4), (1.6), (3.1), (5.5), (5.6) and (5.7) are satisfied and that

2
Atn < (1— G)QO‘TN h, 0<n <Ny, (5.28)
A

where 6 € (0,1). Let (vs(t)) be the numerical unknown defined by (3.4)-(3.5)-(5.9). Let
v} be defined by (5.10). Then we have the spatial estimate

Np—1

D S S A R O

KeT/ZN LeN (K)

—_

DT
< GlusOllzeqm) + =5~ (5.29)

and the two following temporal estimates:

Npr—1

1 ) DoT
R Z Bt s1) — vt oy S gl Ol + =5 (5.30)
and N
— 1 2D T
E Y llvs(tnss) = vs(tn) [2gen) < Gllvs(0) 72 pny + =5 (5.31)
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5.3 Proof of Proposition 5.1, Proposition 5.2, Corollary 5.3

Proof of Proposition 5.1. We multiply first (4.7) by £ and sum the result over
K € T/Z" and £ € R to get the following balance equation

1. 1
Slbtas) oo, + 860 3= K] [ micle)de = Slostt) ooy (532
KeT /7N R
We have used Remark 4.1 to justify the integration by parts in the term with the measure

m'. The term
D i N (3) (5.33)
)

KeT/ZN LeN (K

related to the flux term in (4.7) has vanished. Indeed, (5.33) is equal to
1
52> ahou(O) +aiok(©) (5.34)
KeT/ZN LeN(K)

by relabelling of the indexes of summation. All the arguments in (5.34) cancel individ-
ually in virtue of the conservative symmetry property (3.3) of Ax_, (v, w). Indeed, one
can check that ax_.; inherits this property, i.e.

aK—)L(é.avfu}) - —GL_>K(§,’LU,’U), K7L S Ta v, w € R? (535)

thanks to the explicit formula (4.13). To obtain the equation for the balance of energy
corresponding to the stochastic forcing, we use the equation

VI = 2 (ALY g g () X (5.36)

which follows from the equation of the scheme (3.4) and the definition of v?:l/ 2 by

. . o . . +1
(4.6). E‘la/lzmg the square of both sides of (5.36) and using the independence of X'
n

and v, , we obtain the identity

1 1, At
§E|’U6(tn+1)\ﬁ2(w) = §E”U(§(tn+1)ui2(’ﬂ‘f\’) + TnE S OIKDY gk i) (5.37)
KeT/zN  k>1

Adding (5.32) to (5.37) gives (5.21). O
Remark 5.1. Note that (5.36) also gives

1 At
SElos(tni) = thltus ) By = SE S KIS k(@R (5:39)
KeT/ZN k>l

for all 0 < n < Np.
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Proof of Proposition 5.2. We begin with the proof of the estimates (5.23) and (5.24).
Multiplying Equation (4.7) by £ := 1 — £, we obtain

KR (©E5 2 (€) + At (&) D afe,1(€) = [K|At, Fi(€)0emik(6).  (5.39)
LeN(K)

Next, we multiply (5.39) by (§£ — v}) and sum the result over ¢, K. We use the first
identity

[ (€~ s oemic€)ae - / (€~ ) Oem(€)d6 = — [ E(©mi(©)de, (5:40)
R R

(once again, we use the fact that m}, is compactly supported to do the integration by
parts in (5.40), ¢f. Remark 4.1) and the second identity

n\gn n 1 n
[ €= vhIB @M e = SR = ik
to obtain
2
[vg(tn+1)—v5(tn)]+‘LQ(TN)—}—Atn |K|/fn i (6)de

KeT/zZN

YD / B sal o (€)dE. (5.41)

KeT/ZN LeN (K

We transform the right-hand side of (5.41) by integration by parts in &: this gives,
thanks to (4.17)-(4.18), the term

Z Z /fK K—L(8§)dE. (5.42)
KET/ZN LeN(K)

Then we can relabel the indices in (5.42) and use the conservative symmetry relation
(consequence of (5.35))

q)K—>L(§7U7w) = _(EL—>K(§7U}7U)7 (543)
to see that

2

| Bhttain) - v5<tn>]+\

+A S0 IK] [ Se©@mic(e

KeT/ZN

IRINpY /fZ T (6) Pk (€)dE. (5.44)

KeT/ZN LeN(K)

L2(TN)

Note that the integrand (£7(£)—£'%(£))®% _, ;. (£) is non-negative thanks to the monotony
properties of Ax_,7, and (4.19). At this stage, in order to deduce (5.23) from (5.44), we
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have to prove that, under the CFL condition (5.22), a fraction of the right-hand side of

(5.44) controls the term
2

|| [3tns) = ws(t)] |

(see the estimate (5.49) below). To this end, we integrate Equation (5.39) over £ € R.
This gives

L2(T)’

K|[opt? o], + At Y /f Yt (€)dE <0, (5.45)
LeN(K

which reads also

|K|[n+1/2 Vi), < At Z Dy 1 (vk)
LEN(K)

by (4.18) (note that it is also the discrete entropy inequality (4.20) with & = v}%).
Taking the square, using the Cauchy-Schwarz Inequality and summing over K € T /Z",
we deduce that

2

no Y. Aty 10K] > w. (5.46)

"G R S TR

| st = st [ g, <

Next, we note that [®% ., (v'%)|? is non-trivial only if v% < v7. In that case, it can be
decomposed as

n n
UL UL

D ()0l (€)dE =2 / B (E)a,p(€)dE, (5.47)

3 n
K UK

By ()P = —2 /
which is bounded by
v]’j 3 3
2supla . (€)| / B, ()] = 25upla,(€)] / () — E)P) (E)de. (5.48)
§eR v EER R

Under the CFL condition (5.22), the estimate (5.46) can be completed into

2

b -

SN DS / (E1(6) — E0(€) P, ()dE. (5.49)

KeT/ZN LeN (K)

Using (5.44) then, we deduce the two estimates (5.23)-(5.24).

To prove the estimates (5.26) and (5.27), we proceed similarly: we start from the fol-
lowing equation on £%, which is equivalent to (4.7):

IKIER2€) —F(©) + Aty Y @k, (€) = — K| Aty demii (€). (5.50)
LeN(K)
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Then we multiply Eq. (5.50) by £%, to obtain
K| E 26 + At Y fKaKﬁL —| K| Aty £5:0em (€), (5.51)
LeN(K

which is the analogue to (5.39). In a first step, we multiply (5.51) by (v} — &) and sum
the result over £ € R, K € T/ZN. This gives (compare to (5.41)-(5.44))

1
2

1 At K| / £1.(€)mi (€)de
KeT/ZN

Z Zf‘@K—w)

KeT/ZN LeN(K)
o> EE PR 9. (5.52)
KeT/ZN LeN(K)

To conclude to (5.26)-(5.27) under the CFL condition (5.25), we proceed as in (5.45)-
(5.49) above, with the minor difference that, instead of the identity P (&) =
at_,(€), we use the formula e, (€) = b, (£,€) (see (5.18)) when we develop

[k (VR O

Remark 5.2. A slight modification of the lines (5.47)-(5.48) in the proof above shows
that

2
[t = va(t)] ||,

B, (6 V o)? < 2sup a1 (€)] / ()~ 0y (O)de, (5.53)
EER R

for all £ € R. This estimate will be used in the proof of Lemma 6.4 below.

Proof of Corollary 5.3. Assume that (5.28) is satisfied. It is clear, in virtue of the
estimate (5.8) and the bound (5.14) and (5.19) on al_,; and b} _, ;, that (5.28) implies
the CFL conditions (5.22) and (5.25). Besides, due to (3.9), we have the bound

S n> lgrx Wk < Dy. (5.54)
KeT/ZN  k>1

This gives
Np—1

SNooate ST 1Y gk @) < DT,
n=0

KeT/ZN k=1
which, inserted in the energy estimate (5.21), shows that
1
EE(T) < §\|v5(0)||%2(w + DoT

)
By addition of the estimates (5.23)-(5.26) and (5.24)-(5.27) respectively, we obtain there-
fore (5.29) and (5.30). There remains to prove (5.31). For that purpose, we use (5.38)
and (5.54) to obtain

Ellvs(tn+1) = v3(tns1) |22y = Elvs(tnr1) [ 72er) = Elv3(tns1)lF2iry < DoAtn. (5.55)
Summing (5.55) over 0 < n < Np and using (5.30) yields (5.31). O
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6 Approximate kinetic equation

6.1 Discrete unknown

In this section we will show that, when § — 0, some discrete kinetic unknowns fs
associated to the scheme (3.4) are approximate kinetic solutions. There may be several
way to define fs: it depends for example on the manner in which the discrete data f7; are
assembled by interpolation. One of the constraints due to our definition of approximate
kinetic solution is the formulation “at fixed t” (2.9) (in opposition to a formulation which
would be weak in time). To establish such a formulation in our context, a minimal
amount of regularity of the function ¢ — fs(t) is required (in particular, for all ¢,
(fs(t), ) should be a cadlag process). For t € [t,, tn41), we will therefore consider the
function f5(¢) defined as the interpolation

t—1t tht1 — 1
fg(x,t,f) = Tnlvﬁ(x,t)>§ + nTlva(a:,t)>§7 § R, (6'1)
n n

where vg(:v, t) is given by

v, t) = v b g k() (Be(t) = Brltn)), tn <t <tpiz€ K. (62)

We set vg((t) = vg(x,t), x € K. Then, for t € [ty,thy1) , t — vg((t) is itself an
interpolation between v;?rl/ ? and U?QLI. We also denote by f5 the piecewise constant
function

f5(z,t,8) =tk = ]-v(g(:v,t)>£a z € Kt € [tn,lnt1). (6.3)
We check first that fs and fs are close to each other.
Lemma 6.1. Let ug € L>®°(TY), T > 0. Assume that (1.3), (1.4) 6), (3.1), and

» (L
(5.28) are satisfied. For § € dr, assume (5.6) and (5.7). Let (vs(t)) be the numerical
unknown defined by (3.4)-(3.5)-(5.9) and let fs, £5 be defined by (6.1)-(6.3). Then

2 /.

2
dxdt

/ |f5(£ﬂ,t,£) - f5(x’ta£)
R

gpﬂm@ﬁwm+mﬂuﬁﬂusw m4.w@

0<n<Nr

Proof of Lemma 6.1. Since

t—t,
fs(t) — £5(t) = AL (Lt e — Losy>e)s

for t € [t,,tn+1) and since the factor t&: is less than 1, the quantity we want to estimate
is bounded by the following L?-norm:

/.

2 T
m&gE/Hﬁ@—w@ﬁwwﬁ (6.5)
0

/ ‘fg(.%’,t,é.) - f5(1’,t,§)
R
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By definition of vg(t) and independence and (3.9), we obtain

Nr=1 4
/ /]TN /‘f5$t§ — f5(x,t,&) dxdt<D0 Z /t |t — t,|dt
Np—1 " )
n |03 (tns1) = vs(tn) Loy
Using the temporal estimate (5.30), we deduce (6.4). 0

Remark 6.1. Note for a future use (¢f. (6.45)) that we have just proved the estimate

T
E/O va(t) — ’U§(t)”%2(’]TN)dt < 671”7}5(0)”%2(TN) + DoT'(1+ 071)} L<su<pN Atn]
Sn<NT
(6.6)

To fs we will associate the Young measure

—ln
At

g1 — 1

(¢ = (e, 1) + 2L

V(&) = =0 fs(w,t,€) =

(€ = vs(w,1)), (6.7)

We also denote by ms the discrete random measure given by

Np—1

dms(z,4,8) = > Y Lt tnen) (@ )M (€) dudtde. (6.8)

n=0 KcT

Recall the definitions (5.3)-(5.4) (definition of the set of mesh parameter d7 in particu-
lar), that we will use in all the section.

Proposition 6.2 (Discrete kinetic equation). Let ug € L>®(TV), T > 0. Assume that
(1.3), (1.4), (1.6), (3.1) and (5.28) are satisfied. For 6 € dp, assume (5.6) and (5.7).
Let (vs(t)) be the numerical unknown defined by (3.4)-(3.5)-(5.9) and let f5, v°, ms be
defined by (6.1), (6.7), (6.8) respectively. Then fs satisfies the following discrete kinetic
formulation: for all t € [ty,tn+1], © € K, for all b € CH(R),

(fs(z,t),9) — (fo(z,tn),¥)

~wl L2 e OV - / [ eeviemierdeds

LeN (K

tA_tin/ gk,K(”?{)w(Ug(x73))d5k(8) 3 At /G2 vK)agw(vé(x s))ds. (6.9)

tn

_l’_

In (6.9), (fs(z,t), ) stands for the product

/[R S 1, )b (€)de.
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Proof of Proposition 6.2. Let ¥ be a primitive for ¢) and let x € K, t € [t,, tnt1)-
By definition of fs, see Equation (6.1), we have

t—t,

(o), 0) = (o). 0) = 7 [, ) = Wos(a,1)]

which we decompose as the sum of two terms:

tA_tin |:\I’(Uﬁ(x, t)) o \Il(vb(xa tn+1))] ) (610)
and L
N VO (@ b)) = s, )] (6.11)

We use first the deterministic kinetic formulation (4.7), which we multiply by ¥ (§). B
integration over £ € R, it gives

(6:11) =~ /t [ X @i /tt [ dcoimic©icas. ©.12)

LeN(K)

By Ito’s Formula on the other hand (cf. (6.2)), the term (6.10) is equal to

t—tn, [* " 4 5
22 [ gttt nin) + 352 [ GheRoale. i 619
Summing (6.12) and (6.13), we obtain (6.9). O

We will prove now that the Finite Volume scheme (3.4) is consistent with (1.1). Indeed,
we will show, thanks to the estimates obtained in Section 5, that an approximate kinetic
equation for fs in the sense of (2.9) can be deduced from the discrete kinetic formulation

(6.9).

Proposition 6.3 (Approximate kinetic equation). Let ug € L>(TN), T > 0. Assume
that (1.3), (1.4), (1.6), (3.1) and (5.28) are satisfied. For § € dp, assume (5.6) and
(5.7). Let (vs(t)) be the numerical unknown defined by (3.4)-(3.5)-(5.9) and let f5, v°
mg be defined by (6.1), (6.7), (6.8) respectively. If (6,,) is a sequence in dp which tends
to zero according to (5.4), then (fs,,) is a sequence of approzimate solutions to (1.1)
of order d = 2. Besides, (fs,,(0)) converges to the equilibrium function fo = 1ly>¢ in
L>®(TN x R)-weak-*.

Proof of Proposition 6.3. The last assertion is clear: (fs,(0)) converges to the
equilibrium function £ = 1,,¢ in L=(TV x R)-weak-* since, by (3.5), v (0) — ug a.e.
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on TV. We will show that, for all ¢ € [0,T], for all p € C(TY x R),

s =601 — [[[ oot amate 5.8 + 0.0
/ (5(s), a(€)Dap)ds (6.14)
w [ oo 9ete. ot dndsits (6.15)
3 [ [ ] @6 90etnas (o, (6.16)
where the error term £°(¢, @) satisfies
lim tes[%%] |55(t,¢)|2] =0, (6.17)

for all ¢ € C3(TYN x R). Note that the convergence in probability (2.8) follows from
(6.17). Given ¢ € C2(TN x R), we introduce the averages over the cells K € T

1

ok (§) = &

o(x,&)dx, & e€R. (6.18)
|

To prove (6.16), we apply the discrete kinetic equation (6.9) to & — ¢(z,§) for a fixed
x € K. Then we sum the result over z € TV. By the telescopic formula

Np—1

(fg(x,t),?[)> - <f5($,0),¢> = Z <f5($,t /\tn+1)’¢> - <f5($,t Atn)a¢>,

n=0

we obtain

s ) =t 0= [ oco@amste.s.0

NT 1 tAtni1
/ /R > GK% )oK (§)dsdE (6.19)

n= 0 KeT/ZN LEN(K
N e odui,svt(s, Vi) (6:20)
0 JTN JRxR
1 t
w5 [ L] @ oteetw it (6 s, (6.21)
0 JTN JRxR
where the measure u‘;,&t on R x R is defined by
Np—1
tATh1 — T AT,
<:U'(Jsr,s,t7¢> = Z +At l[tn,tn+1)(s)w(v5(x78)7?}?5('%'78))7 (622)
n=0 "
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and the discrete coeflicient g s(x,€) is equal to gi k(&) (cf. (3.8)) when z € K (sim-
ilarly, Gs(z,€) = Gg(€), v € K). Note that ui@t is simply the Dirac mass at

(vs(z, s), vg(x s)), except when t; < s <t (where [ is the index such that ¢; <t < t;41),

in which case it is the same Dirac mass, with an additional multiplicative factor A—t’

The term (6.19) is a discrete space derivative: we will show that it is an approximation
of the term (6.14). The two terms (6.20) and (6.21) are close to (6.15) and (6.16)
respectively. We analyse those terms separately (see Section 6.2, Section 6.3). The
conclusion of the proof of Proposition 6.3 is given in Section 6.4.

6.2 Space consistency

Lemma 6.4. Let ug € L®°(TN), T > 0 and 6§ € 7. Assume that (1.4), (1.6), (3.1),
(5.6), (5.7) and (5.28) are satisfied. Then, for all o € C2(TN x R), we have

/TN / / - Ve fs(s)drdsdE

= Z Z / / Z aK%L @K(f)df + 6space 0( ) + gpace,l(t’ Qp)’

n=0 KeT/ZN LeN(K)
(6.23)

for all t € [0,T], with the estimates

1
E Sup ‘gspace,O(tv ()0)‘2
te[0,7)

)

1 1
< TILAPIVaslz, [glosOsr + Do (145 )] sup At (629

and, for all compact A C R, for all p € C(TN x R) supported in TV x A,

16LAT 1 2D, T
B 5 et < St APIOT el |Gl O, + 20| e (025)
te[0,7 N

Proof of Lemma 6.4. To begin with, we replace fs by fs in the left-hand side of
(6.23). This accounts for the first error term

st 0) = [ [ [ ) Tupliits) ~ 2s(s)arasde.

Thanks to Lemma 6.1, we have the estimate (6.24) for 5gpace,0(ta ¢). Then, we use the
following development:

/1rN// - Vapts(s))drdsdE

tAtp11
= / / Vaptfs(s)drdsdg, (6.26)
R

tAtn KeN(K)
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Since f5(s) has a constant value £ in K X [t,,t,+1), we obtain, thanks to the Stokes
formula,

/TN// - Vapfs(s)dredsds

tAtni1
= / /R Z Z ax 1 (€)K i dsdg, (6.27)

=0 JtAln KeN(K) LEN (K)
where aj_,; (&) is defined by (4.2) and gy, is the mean-value of ¢ over K|L:

1

K|L| L o(z, &)dHN ().

@K\L(f) =

We add a corrective term to (6.27) to obtain

/T N / / Vo pfs(s)ddsde

Nr—1 At

Z/Mtn / Z Z ax )Pk — ¢r)EfdsdE.  (6.28)

KeN(K) LEN (K)

Equation (6.28) follows indeed from (6.27) by the anti-symmetry property (5.35) of
ax—. Note that Equation (6.28) is more natural than Equation (6.27) (when one
has in mind the decomposition of a volume integral over each cells K), by use of the
correspondence

a(§ Z ax (&) (Pr|L — ¢K) in K.
LeN(K

By (5.35), the discrete convective term in (6.19) is

Nr—1 tAtnt1
> X [ Y ksl exdsds (6.29)
n=0 KeT /7N tAtn LeN(K)

To estimate how close is the right-hand side of (6.28) to (6.29), we have to compare
a_ (&) and afe_,; (§)ER(E). Let v € Wl’l(Rg). If vt <o}, then

/RV(f) [0k () (§) — ak(§)]d§ = —/ V(O EK (§ak - (§)dE (6.30)

R

by the consistency hypothesis (4.11) and the support condition (4.16). Using an inte-
gration by parts and (4.17), we obtain

/R A€) [, ()T (E) — alf,(€)] dE = / O (EVl)de.  (6.31)
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Similarly, if v} < V%, then

L/W@JM}HL@ﬁ%QJ—a%ﬁL@ndsz—1/7%96}ﬁagAv%ma (6.32)
R R

We deduce that (6.23) is satisfied with an error term

6gpace 1 / / / . mQD fg(S)dCCdef
TN

Np—1 tAEng1
/ > ak L (©ex(€)d,  (6.33)

DO

n=0 KeT/zN ’\n LEN(K)
which is bounded as follows:

Nr—1 " iat,

|space1 |< Z/

tAtn

> / > 10cpkin — Oevi]

KeT/zZN “® LeN(K)

X {1U%SU2’(I)”KHL(§ Vv + 1vf<v?(’q)KaL(§ N v?()\]df,

(6.34)
By (5.5), we have
100k |L(§) — ok ()| < N0eVap(, )l g by
for all £ € R. If ¢ is compactly supported in TV x A, we obtain thus the bound
’ffgpace 1(t )] < HagvwaLoo ’A’BSPaceh (6.35)

where Bgpace is equal to

Np—1

Z Aty Z Z { n<yn SUp [P, (EV V)| + Lyp<yn sup D5 (€N U?()|]-
KeT/ZN LEN (K) LER LER

We seek for a bound of order h~/2 on Bgpace. For notational convenience we will estimate
only the first part

Npr—1

space = Z Aty Z Z 1 v <vf iup’q)K—)L(f \/UK)’

KeT/ZN LEN(K)

since the bound on the second part in Bgpace Will be similar. By the Cauchy Schwarz
inequality, we have

Np—1
IE|Bspace S Z Atn Z |6K|
n=0 KeT/zZN
Np—1

SUP|‘I)K—>L(5 Vo).

EX A Y Y

KeT/ZN LeN(K) |K|L|
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We use the estimate (5.53), which gives

B7 (6 V o) < 2LA KL /R (E) — E3)@0,, (€)de.

thanks to (5.14). We also use (5.8), and get

Np—1

E’Bspace‘2 2LATE Z At Z Z / fn _fn nK%L(&)dg

KeT/ZN LeN (K

With (5.29) and (6.35), we conclude to (6.25). O

6.3 Stochastic terms

Lemma 6.5. Let ug € L>®(TN), T > 0 and § € 07. Assume that (1.4), (1.6), (3.1) and
(5.28) are satisfied. Then, for all ¢ € C3(TN x R), we have

[ L[ st et it ale e
™ JRxR
//TN/gkass (2, €)dv8 (€)dadu(s) + £ (1) + altp), (6.36)

an
[ ] etooet om0
0 JTN JRxR
t
= [ [, | S 0teeta it (dnds + Syslto) +atp). (637
where
E [ sup ey 1 (¢, 90)|2] <ADI T p|7ee h® +2Do o7 e, [ sup Atn], (6.38)
t€[0,7] ’ € | 0<n<Nr
E | sup |edys(t0)*| <4DiT||0ep| 7o h* +2D0)| 0|7, | sup Atn|,  (6.39)
te[0,T] oe =& | 0<n<Np
and

E

sup [efy »(t, <p)12] <2Dp ||| [ sup Atn]
t€[0,7) ©¢ | 0<n<Np

+8{Dill¢l}e, + Dolloeel}=, }

1/2
1 3DyT
X |:§||'U6(0)H%2(T) + TO] sup Atn] . (6.40)

0<n<Np

Eventually, E%VA(t, ©) satisfies the same estimate as E%V,Q(t, @) with Ogp instead of ¢ in
the right-hand side of (6.40).
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Proof of Lemma 6.5. Define

Auattd) = [ [ ] st — e O] oo Qi (6. Odndiu(o),

and let € ,(t, ) be equal to

/Ot /wv [/Rngk(wﬁ)so(x,C)duivs,t(é,o —Agk(x,g)w(x,ﬁ)dug,s(f) dzdBy(s).

Then (6.36) is satisfied. Note that n — e (s, ) is a (F3,)-martingale. By Doob’s
Inequality, Jensen’s Inequality (note that uf , (R x R) < 1) and (3.10), we deduce

E| sup |efyy(tn, s0)|2]

0<n<Np

tNT
<AE /
0

tNT
<AE / / / 1960(@,€) — gul, O di (€, C)dds | o3
0 TN JRxR .8

<AD\ T}, 1.

2

Lo loea@©) = €0 ol i, (6 dnds
TN JRxR

Besides, we see, using Ito’s Isometry, and (1.2), (3.9), that

5 5
E| sup |ew(t9) —ewa(tn, 80)|2]

te [tn 7tn+1)

SE/tn"“ /TN /RXR [gr.5(2,v5(s, %)) — gr(x, v5 (s, 2))] @ (x, vh(s, x))

<2Do|]l7 =, L<8u<13v Aty
| o<nenn

2
dzxds

Similarly, we have

E +E| sup !e%v,2<tn,eo)\2] :

0<n<Nr

sSup ‘g%V,Q(taw)‘z] SzDOHQPH%“ [ sup Atn
te[0,T] ¢ | 0<n< Ny

Using Doob’s Inequality, we obtain

E +4E|6%V,2(tNTaSD)|2'

sup ety (¢, 80)|2] < 2Do|7, [ sup Aty
t€[0,T] > 1 0<n<Np

By Ito’s Formula, E|ed, o (tny, ¢)|? is bounded from above by

TS

k>1

2

[ e 00le,Odit 1, 60) = [ gule (o 2 (©)| dads.
RxR R
(6.41)
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We have, for t € [0,T), t € [tn,tni1), n < Nr, and 1) € Cp(R x R),

(1 g ) =00 © vy ) = o [0(0A 1), 0B 1)) — los(a, ), )

_ tnxt— ¢ [1/1(?}5(90,75),1)5(95,75)) — 1/;(@5(957,5)702(96715))} .

We estimate therefore (6.41) by the two terms

D /t:+1 /TNZ‘%(%%%(?EJ)) —gk(:ﬂ,va(:c,t))‘z|go(:c,5)|2dxdt, (6.42)

0<n<Nr k>1
and
tn1 # 2 5
2E Z / / Z ‘gp(m,v(;(x,t)) - @(m,v(g(x,t))‘ lgk(z,v5(z,t))|“dzdt. (6.43)
0<n<Np ”tn ™ >1
Note that (1.3) gives, for all n > 0, and 7, v € R,
1
Z\gkxv — gr(2,0))> < D1t — 0| < Dy <n+—\6—v\2>. (6.44)
k>1 n

In virtue of (6.44), we can bound (6.42) by
2D |12 Le [V 1ok — w02 dt
el [+ 1B [ 1080) = s Ol

Using (6.6) and taking n = [supg<, <, Aty 1/2, we deduce that (6.42) is bounded by
1/2

sup At,
0<n<Nr

3D°T} (6.45)

1
2D1 ¢l Z. | lvs(0) |72y + ——

An estimate on (6.43) is obtained as follows: (6.43) is bounded by

T
2000l E [ 105(0) = 05(0) o et

Using (6.6) gives an estimate on (6.43) from above by

sup Aty (6.46)

3D0T}
0<n<Nr

1
2D0|0cl|7 00, |7 0s(0)1F2ny + —5—
at |0 (TN) 0

Next, we denote by 6%\,73(75, ¢) and 6%‘/’4(75, ) the error terms
t
[ L] 160 - Ghw. ] depta, it (6. O,
0 JTN JRxR

t
/ / [ G2 (2, €)0eip(a, )y o (6,C) — / Gi(m@)@w(m@)duﬁ,s(@} duds.
0 ™ RxR R
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We have, for x € K, n > 0,

GF 5(2,8) — G, )| = | D (0. () — g (2, €)) (g1 (€) + gi(,€))

k=1
S—Z|QkK — k(@ )P + 1) ok k() + |gr(z, I
k‘>1 k>1

Using (3.10), (1.2) and (3.9) and taking n = h, we see that
G 5(x,8) — Gi(x,)| < (Do + Dy)h. (6.47)

This is sufficient to obtain (6.39) and the last statement of the lemma (estimate on
5%\7,4 (t7 (P)) [

6.4 Conclusion

To conclude, let us set

§
Z EW] t ()0 space 0( 90) - Espace,l(tv ()0)

Then the approximate kinetic equation (6.16) follows from the discrete kinetic equation
(6.21) and from the consistency estimates (6.23)-(6.36)-(6.37). Since [|vs(0)|p2(pny <
l|luoll .2 (TN) (the projection (3.5) onto piecewise-constant functions is an orthogonal pro-
jection in L2(T¥)), it follows from the error estimates (6.24), (6.25), (6.38), (6.39), (6.40)
and from the CFL condition (5.28) that

E[sup €0t 0)P| < Clp)l]'?,

t€[0,T]

where C(¢) is a constant that depends on ||lugl|,2(p~y, on Do, Dy, L4, on the parameter ¢

in (5.28), on T, on |A|, where A is the support of ¢, and on the norms H@%"i@g@”mo(qrwxm

7 Convergence

To apply Theorem 2.2 on the basis of Proposition 6.3, we need to establish some ad-
ditional estimates on the numerical Young measure ©° and on the numerical random
measure m®. This is done in Section 7.1. We conclude to the convergence of the Finite
Volume method in Section 7, Theorem 7.4.
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7.1 Additional estimates
7.1.1 Tightness of (1°)

Lemma 7.1 (Tightness of (19)). Let ug € L®(TN), T > 0 and § € dr. Assume that
(1.4), (1.6), (3.1) and (5.28) are satisfied. Let (vs(t)) be the numerical unknown defined
by (3.4)-(3.5)-(5.9) and let v° be defined by (6.7). Let p € [1,400). We have

(ESPT L, [aienaie :c) <, (71)

where C, is a constant depending on Do, p, T and |[ugl| Lo (7ny only.

Proof of Lemma 7.1. It is sufficient to do the proof for p € 2N* since 1 + [¢[P <
2(1 + [£|?) for all £ € R if ¢ > p. Note that

n+1

p p
[ [ terad e = S IO gy + R s o,

for t € [tn,tnt+1). Recall also that vg is defined by (6.2). Let

ep(€) =peP Tt =09 (eR

We multiply Equation (4.7) by ¢,(§) and sum the result over K, . We obtain then,
thanks to (5.35),

b
63t g, + PP — DA, K| [ € 2 mig(e)de = ostta) ony (72
KeT/ZN
In particular, we have the LP estimate
103 (e DI vy < 0 ()17 vy (7.3)

Let us now estimate the increase of LP-norm due to the stochastic evolution. By Ito’s
Formula and (6.2), we have

[P

n tny1 3 1 tn41 B "
P [ RO R0 + - 1) [ oGk R
tn tn

and thus
b tn+1 ti 1
Hvé(tn—kl)uip(ﬂw) = Hvé(tn'i‘l)H][),p(’]TN) +p/t <U5(t)p =7£>L2(TN)dﬁk(t)

1 tn+1 B n
50— 1) / WE (P2, T oot (7.4)
tn
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where
(@) = grx(vk), T"(x)=GLk(vk), v€K.
Using (7.3) and induction, we obtain

(DN oy < [0s(O) 2 o) + My + Bay. (7.5)

where (My) is the martingale

tn+1
My =03 [ W R a0
n=0 n
and
1 N=1 4., ﬁ ;
By = 5?(29 —1) nzzo/ (U5 ()P, T7) L2y dt.

Note that the argument (vg(t)p_z,F"> r2(rvy in By is non-negative since I'" > 0 and
p—2 € 2N. Consequently, Esupy<,, <y, Bn = EBn, and we deduce the following bound

Np—1

E sup B, < =p(p—1)D E|[of(¢)|1P2 dt. 7.6
2, g0 3 [ O i 00

tn

We have used (3.9) to obtain (7.6). If p = 2, then E|]v5( )HLP 2¢pvy = 1 and is therefore

bounded. To estimate EHU(;( )HLP 2(prvy When p > 4, note that vg( t) = v} (tns1) + 22 (1)

for t € (tn,tnt1), where 2§ (z,t) = 4 (x)(Bk(t) — Br(tn)) is, conditionally to Fp, a
Gaussian random variable with variance, for x € K,

E (|25 ()21 Fa] = (¢ — £)G% (v}) < Doty

by (3.9). In particular, we have the bound

Ell=3 (I 22y = D IKIE (E [|zk(6)P%1Fa])

KeT/ZN

n —2)/2 _
=C(p) Y IKIE(E |25 (0)P1F]) " < Co)(Doat,) 272,
KeT/zZN

where C(p) is a constant depending on p. It follows, using (7.3), that we have the
estimate

Eui (0I5, % vy < Cp, Do) (1+ Ellw(tnrn) 2,2 o)
< C(p, Do) (1+ Bllos(ta) 17,2 oy )

where C'(p, Dy) is a constant depending on p and Dy. In particular, we have

sup  sup  E[|o§(8)[17, % pw, < C(p, Do) <1+ sup  Ellos(tn) 17, % g ) (7.7)

0<n<Nrp tE(tn,tn+1) 0<n<Np
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By (7.6), we conclude that

E sup B, <C(p,Dy)T <1+ sup E|lvs(t )HLP ) ’IFN)> (7.8)

0<n<Nrp 0<n<Nr

for possibly a different constant C(p, Dy). Let us now turn to the estimate of the quantity
Esupy<,<n, |[Mn|. The martingale (My) can be rewritten as a stochastic integral (with
an integrand which is a simple function). Consequently, the quadratic variation of My,
is

Np—1

tn+1
) =" 3 / S o P

NT 1

39> / S IO e o
N 1
2 — 2(p 1) n

=P Z L2p 1)(TN) 177 1 TN)dt

Nf 1

2 1
<p*Do Z /t o5 (1) L(2pp f)(w)dt

by (3.9). Using (7.7) (with 2p instead of p) gives thus

E(Mn,) < p*DoTC(2p, Dy) (1 + sup  Eflus(t)l 75,2 o > : (7.9)
0<n<Nt

By Burkholder - Davis - Gundy’s Inequality, there exists a constant Cgpg such that

E sup [M,| < CepcE(My,)"/2.
0<n<Nr

By Jensen’s Inequality and the estimate (7.9), we obtain

E sup |M,| < Cppc(E(My,))"?
OSW/SNT

1/2
< Cppap(DeTC (2p, Dy))'/? <1 + sup EHU(;(tn)Hi’;;_QQ(TN)) )

0<n<Nr

(7.10)

We can conclude now. Since EMy, = 0, taking expectation in (7.5) (where we replace
Np by n) gives

Ellvs(tn) 2 g,y < 05O o,y + BB
Note (see Section 6.4) that

05 (O Lo ey < lluoll oy < [luoll Loo oy
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By (7.8), this gives

sup Elv < lwol? o +C(p, DT |14+ sup E|uvs(tn)|P3> )
O§n<pNT || 5( )HLp TN) || OH (TN) (p 0) < O§n<pNT || 5( n)HLp 2(TN)

By iteration on p € 2N*, we deduce, for every such p, that

sup EHU(S( )HLP(’]I‘N <Cp’ (711)
0<n<Np

where the constant C), depends on p, Do, T" and |[[ug||gc(r~y. Denote generally by C,
any such constant, possibly different from line to line, depending only on p, Dy, T and
[woll oo (rvy. By (7.11) with 2p — 2 instead of p, we have Esupg<,, <, |Mn| < Cp. Then
we use (7.8) with p—2 instead of p to obtain Esupy<,, <y, Bn < Cp. By (7.5), we deduce

E sup |vs < C,, 7.12
o s (tn) oy < Cop (7.12)
which concludes the proof of the lemma. O

7.1.2 Tightness of (my)

Lemma 7.2 (Tightness of (m;s)). Let ug € L=(TN), T > 0 and § € 0. Assume that
(1.4), (1.6), (3.1) and (5.28) are satisfied. Let (vs(t)) be the numerical unknown defined
by (3.4)-(3.5)-(5.9) and let ms be defined by (6.8). Then, for all p > 1, we have

2
(L+[§P)dms(z,t, )| < Cp, (7.13)

TN x[0,T)xR
where Cy, is a constant depending on Do, p, T' and |[ugl| Lo (7ny only.

Proof of Lemma 7.2. Let p € 2N*. By (7.2), we have

We multiply this inequality by At,. Summing over n € {0,..., Np — 1}, we obtain

i & 2dms(e,t,9) ST sup [[o5(ta)|l, om.
TN x[0,T)xR 0<n<Np

Since [[v(ta)|%) gy < [[05(ta) [ % . e have

& 2dms(x,1,6)| <T°E sup  los(t)l|7hypv) < T°Cp

0<n<Np

TN x[0,T)xR

by (7.12). Taking first p = 2, then p € 2N* arbitrary, we obtain (7.13). O
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7.2 Convergence

We may now apply the theorem 2.2, to obtain the following results.

Theorem 7.3. Let ug € L®°(TV), T > 0. Assume that the hypotheses (1.3), (1.4),
(1.6), are satisfied. Then there exists a unique solution u to (1.1) with initial datum

ug, in the sense of Definition 2.2. Besides, for all 1 < p < +o0, almost-surely, u €
C([0, T); Lr(TV)).

Theorem 7.4. Letug € L>(TN), T > 0. Assume that the hypotheses (1.3), (1.4), (1.6),
(3.1), (5.6), (5.7) and (5.28) are satisfied. Letu be the solution to (1.1) with initial datum
ug and let vs be the solution to the Finite Volume scheme (3.4)-(3.5)-(3.6)-(3.7). Then
we have the convergence

=0, (7.14)

. P
(%g% E|lvs — UHLIJ(TNX(QT))

for allp € [1,00).

Remark 7.1. If the X,’;H are merely i.i.d. random variables with normalized centred
normal law N(0,1), then (vs) is converging to u in LP(T x (0,T)) in law when § — 0.
Indeed, the identity (3.7) is only satisfied in law now, hence vs has the same law as
the function 9 defined by (3.4)-(3.5)-(3.6), with X" replaced by the right-hand side
of (3.7). We apply the conclusion of Theorem 7.4 to ¥5. As a corollary, we obtain
the convergence in law of (¥5) to u in LP(TY x (0,7)). A slightly different manner of
expressing the same thing is to notice that, when the discrete increments (X,’:H) are
some given normal law A(0,1), then we can construct a set of Brownian motions [ (t)
such that N _
Bk(thrl) - Bk(tn)
( Atn)l /2 :
Indeed, without loss of generality, we can restrict ourselves to the case At,, = 1in (7.15)

and use the Lévy-Ciesielski construction of the Brownian motion, [32, Section 3.2] on
[0,1] as follows: we define (cf. [32, Formula (3.1)] )

n+l __
X, =

(7.15)

1 1 1 1 1
Go=X", Gi=XT G = X[ G = XT, G = X055,

and we set

oo
B(t) = Z Gp<1[0,t},Hp>,
p=0
where the H)’s are the Haar basis of L?(0,1). Then (7.15) follows from the fact that

/ CH, (0)dt = (Hy Ho) = b0,
0

Remark 7.2. Theorem 7.3 has already been proved in [8] (see also Section 5 in [9])
under less restrictive hypotheses (having a compactly supported noise is unnecessary).
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We give the statement together with Theorem 7.4, however, to emphasize the fact that
the convergence of the Finite Volume method, in the framework which we use, give
both the existence-uniqueness of the solution to the limit continuous problem, and the
convergence of the numerical method to this solution. It is not necessary to provide the
existence of the solution u to (1.1) by an external means.

Proof of Theorem 7.3 and Theorem 7.4. Let us first prove the theorem 7.4. We take
the existence of u, solution to (1.1) with initial datum wug for granted. By Proposition 6.3,
Lemma 7.1 and Lemma 7.2, we may apply Theorem 2.2 to fs: we obtain (7.14) with zs
instead of vs, where

t—t, g —t
zs(x,t) == /Rfdu‘;t(f) = Us(x,t) + %vg(x,t),

for t € [tn,tnt1]. By (6.6), we have the estimate

T
B [ 5 = vslEaqovdt = O(1)

on the difference between zs and vs. This gives (7.14) for p < 2. If p > 2, we use the
inequality

—1
Ellvs — uHI[),p(’]I‘NX(O’T)) < [lvs — u”LQ(QxTNx(O,T))HUé - uHII)IQ(pfl)(QX’H‘NX(O7T))

1 2(p—1
= EEHW = ullEa e wo.1y) + NIV — uHL(QIZP’z)(TNX(O,T))’ (7.16)

where 7 is a positive parameter. Thanks to the uniform bounds (2.2)-(7.12), we can
choose n independent on § to have the second term in (7.16) smaller than an arbitrary
threshold. By the convergence result for p = 2 the first term in (7.16) is then also small
for ¢ close to 0. This concludes the proof of theorem 7.4. To prove 7.3, we just need
to construct an approximation scheme satisfying (3.1), (5.6), (5.7) and (5.28) and to
compute vs by (3.4)-(3.5)-(3.6)-(3.7). We can use a cartesian grid for this purpose: let
hm = %, where m € N*. Let 7 /Z" be the set of open hypercubes of length h,, obtained
by translates of the original hypercube (0, h,,, )Y by vectors h,,z, z having components
in {0,1...,m — 1}. Then (5.6), (5.7) are satisfied with ay = 27% since an hypercube
has 2% sides. We can choose the Godunov numerical fluxes, defined as follows:

|K|L| min A(¢) -ngp ifv<w,

v<é<w

|K|L| max A(&) -ng, if w<wo.
w<E<v

AK—)L(U7 ’U}) -

These fluxes Ag_,;, are monotone (non-increasing in the first variable, non-increasing
in the second variable). They satisfy the hypotheses of regularity, consistency (3.1) and
(3.2) respectively with Ly = Lip(A4). The conservative symmetry property (3.3) is also
satisfied. At last, to ensure (5.28), we just need to take a uniform time step At like

2
_lay

At=-—Np .
t 22L,4 ™
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We have then (5.28) with 6 = % At this stage, Proposition 6.3 provides a sequence of
approximate solutions (f,,). Thanks to the uniform bounds established in Section 7.1, we
can apply Theorem 2.2: this gives the existence of a unique solution u to (1.1) with initial
datum ug. By Corollary 3.3 in [9], we have u € C([0,T]; LP(T")) almost-surely. O
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