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Abstract

We prove the convergence of the explicit-in-time Finite Volume method with
monotone fluxes for the approximation of scalar first-order conservation laws with
multiplicative, compactly supported noise.
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1 Introduction

Stochastic first-order scalar conservation law. Let (2, F,P,(F), (Bk(t))) be a
stochastic basis and let 7" > 0. Consider the first-order scalar conservation law with
stochastic forcing

du(z,t) + div(A(u(z, t))dt = &(z,u(x,t))dW(t), =TV te (0,T). (1)

Equation (1) is periodic in the space variable: € TV where T? is the N-dimensional
torus. The flux function A in (1) is supposed to be of class C?: A € C2%(R;RM).
We assume that A and its derivatives have at most polynomial growth. The right-
hand side of (1) is a stochastic increment in infinite dimension. It is defined as follows
(see [7] for the general theory): W is a cylindrical Wiener process, W = ) .-, Brex,
where the coefficients S, are independent Brownian processes and (ex)r>1 is a complete
orthonormal system in a Hilbert space H. For each z € TV, u € R, ®(x,u) € Ly(H,R)
is defined by ®(z,u)er = gi(x,u) where gi(-,u) is a regular function on TV. Here,
Lo(H, K) denotes the set of Hilbert-Schmidt operator from the Hilbert space H to an
other Hilbert space K. Since K = R in our case, this set is isomorphic to H, thus we

may also define
U) = E gk(xau)eka
E>1

the action of ®(x,u) on e € H being given by (®(z,u), e) . We assume g, € C(TY xR),
with the bounds

G2, u) = [0z, )3 = 3 lge(w, w)[2 < Do(1 + [ul2),
k>1
(2)
@ (a,u) - = 3 Jgi(a,u) — gy, ) < Dale -y + u— vlh(lu — o)),
k>1

(3)



where z,y € TV, u,v € R, and h is a continuous non-decreasing function on R, such
that h(0) = 0. We assume also 0 < h(z) <1 for all z € R;.

Notation: in what follows, we will use the convention of summation over repeated indices
k. For example, we write W = [reg.

Compactly supported multiplicative noise. In this paper, we study the numerical
approximation of (1): our aim is to prove the convergence of the Finite Volume method
with monotone fluxes, see Theorem 26. Our analysis will be restricted to the case of
multiplicative noise with compact support. Indeed, from Section 3 to Section 7, we will
work under the following hypothesis: there exists a,b € R, a < b, such that gx(x,a) =
gr(z,b) = 0 for all x € TV, k > 1. For simplicity, we will take a = —1, b = 1. We will
assume therefore that

gk(x7_1) :gk<x71) =0, (4)

for all z € TV, k > 1, and consider initial data with values in [~1, 1]. The solution of the
continuous equation (1) then takes values in [—1, 1] almost-surely (see [9, Theorem 22]).
There is no loss in generality in considering that A is globally Lipschitz continuous then:

Lip(4) := sup |AY(€)] < +oo. (5)

In that framework, we will build a stable and convergent approximation to (1) by an
explicit-in-time Finite Volume method. Under (4), it is also natural to assume

G*(z,u) = |®(xz,uw)l3; =Y lgr(x,u)|> < Dy, (6)
k>1

which is of course stronger than (2). We may also perform the analysis of convergence
of the Finite Volume method under (2) instead of (6), but this puts exponential factors
in various estimates, whereas these factors are close to 1 in the real implementation of
the scheme.

Numerical approximation. Let us give a brief summary of the theory of (1) and
of its approximation. Different approximation schemes to stochastically forced first-
order conservation laws have already been analysed: time-discrete schemes, [17, 1, 19],
space-discrete scheme [21], space-time Finite Volume discrete schemes:

e in space dimension 1, with strongly monotone fluxes, [22]
e in space dimension N > 1, by a flux-splitting scheme, [2],
e in space dimension N > 1, for general schemes with monotone fluxes, [3],

The Cauchy or the Cauchy-Dirichlet problem associated to (1) have been studied in
[10, 20, 12, 33, 8, 6, 4, 5, 18].



The approximation of scalar conservation laws with stochastic flux has also been con-
sidered in [15] (time-discrete scheme) and [29] (space discrete scheme). For the corre-
sponding Cauchy Problem, see [24, 23, 25, 14, 13, 16].

Kinetic formulation. To prove the convergence of the Finite Volume method with
monotone fluxes, we will use the companion paper [9] and a kinetic formulation of
the Finite Volume scheme. The subject of [9] is the convergence of approximations to
(1) in the context of the kinetic formulation of scalar conservation laws. Such kinetic
formulations have been developed in [26, 27, 28, 30, 31]. In [28], a kinetic formulation
of Finite Volume E-schemes is given (and applied in particular to obtain sharp CFL
criteria). For Finite Volume schemes with monotone fluxes, the kinetic formulation is
simpler, we give it explicitly in Proposition 11. Based on the kinetic formulation and
an energy estimate, we derive some a priori bounds on the numerical approximation
(theses are “weak BV estimates” in the terminology of [11, Lemma 25.2]), see Section 5.
These estimates are used in the proof of consistency of the scheme when we show that
it gives rise to an approximate solution to (1) in the sense of Definition 7. Our final
result, ¢f. Theorem 26, should be compared to [3, Theorem 2]. This latter gives the
convergence of the Finite Volume method with monotone fluxes in a very similar context,
under the slightly stronger hypothesis that the ratio of the time step At with the spatial
characteristic size h of the mesh tends to 0 when h tends to 0.

Plan of the paper. The plan of the paper is the following one. In the preliminary
section 2, we give a brief summary of the notion of solution and approximate solution
to (1) developed in [9]. In Section 3 is described the kind of approximation to (1) by
the Finite Volume method which we consider here. In Section 4 we establish the kinetic
formulation of the scheme. This numerical kinetic formulation is analysed as follows:
energy estimates are derived in Section 5, then we show in Section 6 that this gives
rise to an approximate generalized solution in the sense of Definition 7. We show some
additional estimates and then conclude to the convergence of the scheme in Section 7.
This result is stated in Theorem 26.

2 Generalized solutions, approximate solutions

The object of this section is to recall several results concerning the solutions to the
Cauchy Problem associated to (1) and their approximations. We give the main state-
ments, without much explanations or comments; those latter can be found in [9]: we
give the precise references when needed.

2.1 Solutions

Definition 1 (Random measure). Let X be a topological space. If m is a map from Q
into the set of non-negative finite Borel measures on X such that, for each continuous
and bounded function ¢ on X, (m,¢) is a random variable, then we say that m is a
random measure on X .



To define a notion of solution to (1), we introduce the following time averages (cf. [9,
Remark 3.]): let 7> 0 and let u € LP(TV x [0,T] x Q). For € € (0,T/2), we set

1 T/\(t+€) 1 t
Muft) = - / w(s)ds, M u(t) = 1 / w(s)ds, te(0,T). (7)
e Jt € Jov(t—e)

We also fix a decreasing sequence (&,,) such that eg < 7'/2 and €, | 0.

Definition 2 (Solution). Let ug € L¥(TY). A function u € L*(TN x [0,T] x Q) is said
to be a solution to (1) with initial datum ug if

1. we LL(TN x [0,T] x ),

2. for all p € [1,400), there exists C, > 0 such that

E<wpmpMQMM@WM)3@, (8)
n te(0,7]

3. there exists a random measure m such that £ := 1,~¢ satisfies: for all p € CH(TN x
[0,T) x R),

T T
/0 (£(t), Byp(t))dt + (£0, 0(0)) +/0 (£(1), a(€) - Veo(t))dt
T
= —Z/O /TN gk (@, u(z, t))e(x, t, u(z, t))dedBy(t)

k>1

T
5 [ [ deetatuta, )G o, ulw )dodt + m@e), (9)
o Jn
a.s., where £o(r,§) = Ly ()¢ G2 =302 lgk|? and a(€) :== A'(€).

In item 1, the index P in u € LL(TY x [0,7] x Q) means that u is predictable. See [9,
Section 2.1.1]. The function denoted f := 1,-¢ is given more precisely by

(l’, L, 6) = 1u(z,t)>£'

This is the characteristic function of the subgraph of u. Consider a sequence of functions
(un), say on a finite measure space X, and let p € (1,00). If (u,) is bounded in
LP(X), then there is a subsequence still denoted (u,,) which converges to a function u in
LP(X)-weak. Up to a subsequence, the sequence of equilibrium functions £,, := 1,,,>¢ is
converging to a function f in L>(X x R)-weak star. The limit f is equal to f := 1,5¢
if, and only if, (u,) is converging strongly, see [9, Lemma 10]. When strong convergence
remains a priori unknown, the limit f still keeps some structural properties. This is
a kinetic function in the sense of Definition 4 below, [9, Corollary 9.]. Our notion of
generalized solution is based on this notion.



2.2 Generalized solutions

Definition 3 (Young measure). Let (X,A,\) be a finite measure space. Let P1(R)
denote the set of probability measures on R. We say that a map v: X — P1(R) is a
Young measure on X if, for all ¢ € Cp(R), the map z — v,(¢) from X to R is measurable.
We say that a Young measure v vanishes at infinity if, for every p > 1,

/ / €[Pdv (€)dA(2) < +o0. (10)
X JR

Definition 4 (Kinetic function). Let (X, A, \) be a finite measure space. A measurable
function f: X xR — [0, 1] is said to be a kinetic function if there exists a Young measure
v on X that vanishes at infinity such that, for A-a.e. z € X, for all £ € R,

f(z7§) = VZ(§> +OO)'

We say that f is an equilibrium if there exists a measurable function u: X — R such
that f(z,§) = £(2,§) = Ly2)s¢ a.e., or, equivalently, v, = S¢—y(s) for a.e. z € X.

Definition 5 (Generalized solution). Let fo: TV x R — [0,1] be a kinetic function. A
measurable function f: TN x [0,T] x R x Q — [0,1] is said to be a generalized solution
to (1) with initial datum fy if

1. almost-surely, f is a kinetic function,

2. for all p € [1,+00), there exists Cp, > 0 such that v := —0¢ f satisfies

E <sup sup /TN/RE\deiVx,t(S)diU) < Oy, (11)

n te€l0,T]
3. for ally € Cp(R), the random map (z,t) — (¢, va) belongs to L3(TN x [0, T] x 2),
4. there exists a random measure m such that for all p € CH(TN x [0,T) x R),
T T
| e oetna+ oo + [ trat0)- Ten)ar
T
_ /0 /T ) /R 91 (2, )0, 1, €) v (€)dwd By (1) (12)

k>1

T
_;/0 /TN/R35%0(36,t7f)GQ(g;,g)dy(x’t)(g)da:dt+m(aggp), ..

The following statement is Theorem 20. in [9].

Theorem 6 (Uniqueness, Reduction). Let ug € L>(TV). Assume (2)-(3). Then,



e there is at most one solution with initial datum ug to (1). Besides, if f is a gene-
ralized solution to (1) with initial datum fo at equilibrium: fo = 1y, ¢, then there
exists a solution u to (1) with initial datum ug such that f(z,t,€) = Ly 1)>¢ a-5.,

for a.e. (x,t,§).

e if ur, ug are two solutions to (1) associated to the initial data uyp, ugo € LOO(']I‘N)
respectively, then

B|(ur (t) — u2(t) " | rgrny < Ell(ur0 — uz,0) |1 (rm). (13)

This implies the L'-contraction property, and comparison principle for solutions.

2.3 Approximate solutions

Definition 7 (Approximate generalized solutions). Let d € N. Let fJ: TV xR — [0, 1]
be some kinetic functions. Let f™: TV x [0,T] x R x Q — [0,1] be some measurable
functions. Assume that for all ¢ € CH(TN x R) are given adapted processes (¢"(t,p))
(the error terms) such that t — €™(t,¢) is almost-surely continuous,

lim sup |e"(¢,¢)| = 0 in probability. (14)
n—=+00 tc(0,7]

Suppose that there exists some random measures m'™, such that, for all n, for all p €
CYHTN x R), for all t € [0,T], almost-surely,

() 0) =((0). ) + /0 (F"(s). a(€) - Vap)ds — / / /T g P (2,5,

—l—/o /T/ng(x,§)<p(a:,§)dug7s(£)dxdﬁk(s)
+;/O /T/RG2(x,§)0g<p(x,§)du;‘7s(g)dxds+5n(t7(p)’ (15)

where vy} y = —0¢ fu(x,t,-). Then we say that (fy) is a sequence of approvimate genera-
lized solutions of order d to (1) with initial datum f{.

Consider a sequence (f,,) of approximate solutions to (1) satisfying the following (mini-
mal) bounds.

1. There exists C}, > 0 independent on n such that v™ := —0¢ f" satisfies

E<sup sup [ [ lepanizizea )scp- (16)
leN tefo,1] JTN

2. the measures Em™ satisfy the bound

sup Em™(TN x [0,T] x R) < +o0, (17)

n



and the following tightness condition: if Bf = {£ € R, |£| > R}, then

lim sup Em™(TV x [0, 7] x B) = 0. (18)

R—+o00 n

The objective of [9] is the proof of the following convergence result, see Theorem 40 in
[9]-

Theorem 8 (Path-wise solution). Suppose that there exists a sequence of approximate
generalized solutions (f™) to (1) with initial datum f§ satisfying (16), (17), (18) and such
that (ff) converges to the equilibrium function £0(£) = lyyse in L®°(TYN x R)-weak-*,
where ug € L>®(TN). We have then

1. there exists a unique solution u € L*(TN x [0,T] x Q) to (1) with initial datum uo;

2. let
W (1) = /R Edu(€) = /R (F (2,1, €) — Lose) de.

Then, for all p € [1,00[, (u™) is almost-surely converging to u in LP(TYN x (0,T)).

3 The finite volume scheme

Mesh A mesh of TV is a family 7 /Z" of disjoint connected open subsets K € (0,1)"
which form a partition of (0,1)"V up to a negligible set. We denote by 7 the mesh

{(K+1;1eZV K e T/ZN}

deduced on RY. For all distinct K,L € T, we assume that K ﬂ; is contained in
an hyperplane; the interface between K and L is denoted K|L := K N L. The set of
neighbours of K is
N(K)={LeT;L#K, K|L#0}.
We use also the notation
oK = ) KIL.
LeN(K)
In general, there should be no confusion between K and the topological boundary
R\ K.

K|L



We also denote by |K| the N-dimensional Lebesgue Measure of K and by |0K| (re-
spectively |K|L|) the (N — 1)-dimensional Haussdorff measure of 0K (respectively of
K|L).

Scheme Let (Ax 1)kxeT, Len (k) be a family of monotone, Lipschitz continuous nu-
merical flux, consistent with A: we assume that each function Ag_,;, satisfies the fol-
lowing properties.

e Monotony: Ax_7(v,w) < Ag_(v',w) for all v, v, w € R with v < v/ and
Ak p(v,w) > A (v,w') for all v, w, w' € R with w < w'.

e Lipschitz regularity: there exists Ly < 400 such that
‘AK—>L(7}7 w) - AK—)L(Ula wl)’ < |K’L|LA m&X(|U - vl‘7 |w - 'lU/D, (19)
for all v, v/, w, w' € R.

e Consistency:

Ag_p(v,0) = | A() -ng pdHN T = |K|LIA(W) - nk.L, (20)
K|L

for all v € R, where ng 1, is the outward unit normal to K on K|L.
e Conservative symmetry:
Agp(v,w) = —Apk(w,v), (21)
forall K, L € T, v,w € R.

The conservative symmetry property ensures that the numerical flux Q% _,; defined
below in (24) satisfies Q% _,; = —Q}_, x for all K, L.

Let t, < t,+1 be two given discrete time. Let At, = t,41 —t,. Knowing v}, an

approximation of the value of the solution u to (1) in the cell K at time t,, we compute

v}‘(ﬂ, the approximation to the value of u in K at the next time step t,,4.1, by the formula

K| — o) + Aty > Qhyp = |K|(At) 2 gp i (i) X[, (22)
LeN(K)

where K € T, with the initialization
1
VY = / uo(x)dx, KeT. (23)
K| Jx

In (22), At,QY%_,; is the numerical flux at the interface K|L on the range of time
[tn, tnt1], where Q% _,; is given by

Qk—1 = Ak —L(Vi, VL)- (24)



We have also defined
5k(tn+1) - Bk(tn)
(At,)1/2 '

Xt = (25)

Then, the (Xl?H)kZl,nEN are i.i.d. random variables with normalized centred normal
law N(0,1). Besides, for each n > 1, the sequence (X,?H)kzl is independent on F,,, the
sigma-algebra generated by {X,TH; k > 1,m < n}. The numerical functions g x are
defined by the average

kK (v / gk (@, v) (26)
K]

Then, in virtue of (6) we have

= lgex ()] < Dy, (27)
>1

where v € R, K € T. We deduce (27) from (6) and Jensen’s Inequality. Similarly, we
deduce from (3) and Jensen’s Inequality that

1
3 lorcl€) = a0 &) < Dus [ o=y,
KT Jy

k>1

for all y € TV. In particular (switching from the variable y to the variable z), we have
the following consistency estimate

D,
> gk (€) = grl@, & < ?|K|2» (28)

k>1
for all z € K, which will be used later (see (148) for example).

Remark 9 (Approximation in law). In effective computations, the random variables
X,?'H are drawn at each time step. They are i.i.d. random wvariables with normalized
centred normal law N(0,1). In this situation, we will prove the convergence in law of
the Finite Volume scheme to the solution to (1), see Remark 27 after Theorem 26.

Remark 10 (Global Lipschitz Numerical Flux). We assume in (19) that the numerical
fluzes A1, are globally Lipschitz continuous. This is consistent with (5). Both (19)
and (5) are strong hypotheses, except if a priori L*°-bounds are known on the solutions
to (1), which is the case here, thanks to the hypothesis of compact support (4).

4 The kinetic formulation of the finite volume scheme

The kinetic formulation of the Finite Volume method has been introduced by Makridakis
and Perthame in [28]. The principle is the following one. For linear transport equations,
which corresponds to a linear flux function A(u) = au, a € RY, the upwind numerical
flux Ag_,1 in (24) is given by

Agop(v,w) = (a5 ]"v = [af ] w, (29)

10



where
gy = /| a‘nK‘LdHN*1 = |K|L|a - nk 1, (30)
KI|L

with the usual notation v* = max(v,0), w~ = (—w)*. The discrete approximation of
the transport equation

of+a(§) -Vuf=0
by the Finite Volume method is therefore
[K|(fh = f1) + Aty Z agkr(§) =0, (31)
LeN(K)

where
(&) = [al (O & — lake (O [T

Recall that G; is defined by (27). A kinetic formulation of (22) consistent with (31)
would be

[K[(£5 — £5) + At Y aK—>L
LeEN (K

1
- |K|<Atn>1/25vy{zggk,K<5>X:“ + | K|Atade (e () = 5 G (=), (32)
where, for K € T, n € N, £ € R, m}(§) > 0, and where

£ (8) = Lop>e. (33)

This is not exactly the kinetic formulation that we will consider. See (110) for a correct
version of (32). We will mainly work with the kinetic formulation (40), obtained thanks

to the following splitting method. For K € 7 and n € N, let us define U?'l/ % as the

solution to "
K| — i) + Aty Y Arop (v, o) = 0. (34)
LeN(K)

Then v?;rl/ ? is the state reached after a step of deterministic evolution, by the discrete
approximation of the equation u; + div(A(u))0. To this step corresponds the kinetic
formulation

IKIEE? =80 + Aty > a1 (€) = [K|At, demik (€), (35)
LeN(K)

where £2(£) = 1ymse, m € {n,n + 1/2} and
m’ > 0. (36)
In (35), a_,; (&) is a function

ag1(§) = ax~1(§, vk, vr), (37)

11



where (§,v,w) — ax_1(§, v, w) satisfies the following consistency conditions:

/R (k1 (6 0,w) — @ (€)Lone] dE = Arcyr,(v,w), (38)
aK—)L(Ev v, U) = a*K—>L(£)1’U>§7 (39)

for all £, v, w € R, where a},_,; is defined by (30). Before we prove the existence of the
kinetic formulation (35)-(36)-(38)-(39), see Proposition 11, let us first deduce from (35)
the kinetic formulation of the whole scheme (22). This is the equation

K5 — ) + At Y e ) = Aty demie(€) + |£571() — 21729
LeN (K
(40)

We may try to develop the term £:71(¢) — f?(+1/2(§) (this is done in (114) to obtain
(110)), but (40) will be sufficient for the moment. It will be sufficient in particular to
obtain the so-called energy estimates of Section 5

Proposition 11 (Kinetic formulation of the Finite Volume method). Set

ak—r(&v,w) = ak_,1(§)lecorwt[02AK (v, ) Ly<e<w + Q1 AR L(§ W) Ly<e<o] (41)

and
n 1 n+1/2 + +oo
k(€)= — 5 |0k -0 - k-0 - gy X afep(Qd. (42)
" LeN(K
Let us also assume that
Atn%Lip(A, [m,M]) <1, VKeT, (43)

K|
for alln € N, K € T. Then the equations (35)-(36)-(38)-(39) are satisfied.

Remark 12 (Support of m},). By (42), the definition (41) of ax—.1 and the equation

(34), & = m(§) is compactly supported in the convex envelope of vy +1/2, v, {vis L e

N(K)}.

Proof of Proposition 11. We check at once (35) and (38)-(39). To show that m’, (&) >
0, let us introduce

+oo
s (6,0, w) = /5 ax>(C, v, w)dC (44)

+oo
n (€)= Drop (€0 0]) = /é a1 ()dC. (45)

12



A simple computation gives the formula
k—1(§) = Ax-p (v, vp) — Ak L(Vi A§ 0L AE). (46)

By comparison with the identity (v— &)™ = v —v A, the quantity ®% ., () appears, in
virtue of (46), as the numerical entropy flux associated to the entropy 7(v) := (v — &)™ .
Then m7(§) > 0 is equivalent to the discrete entropy inequality

1 n
O ROl Ry D DI G R} (47)
" LEN(K

It is a classical fact that, under the CFL condition (43), the deterministic Finite Volume

scheme (34) has the following monotony property: v}?l/ “in (34) is a non-decreasing
function of each of the entries v}, v}, L € N(K). This implies (47) then. See
Lemma 25.1 and Lemma 27.1 in [11]. O

5 Energy estimates

The Finite Volume scheme (22) may be compared to the stochastic parabolic equation
du® + div(A(u®))dt — eAutdt = O (u®)dW (). (48)

For (48), we have the energy estimate

1d

1
S I 2 v, + BNV Oy = SEIGC (0 any (49)

(Recall that G is defined by (2)). In the following Proposition 13, we obtain an analogous
result for the Finite Volume scheme (22). To state Proposition 13, we need first some
notations.

5.1 Notations

For a fixed final time T > 0, we denote by 07 the set of admissible space-step and time-
steps, defined as follows: if A > 0 and (At) = (Ato,...,Atn,—1), Ny € N*, then we say
that 0 := (h, (At)) € op if

1 Np—1
—€N', typi= Y At,=T, sup At, <1 (50)
h = 0<n<Ny
We say that 6 — 0 if
0] :=h+ sup At, — 0. (51)
0<n<Nrp

13



For a given mesh parameter § = (h, (At)) € 07, we assume that a mesh 7T is given, with
the following properties:

diam(K) < h, (52)
anh™ < |K]|, (53)
1
0K| < —hN", (54)
ay

for all K € T, where
diam(K) = -
iam(K) nax. |z =yl

is the diameter of K and ay is a given positive absolute constant depending on the
dimension N only. Note the following consequence of (53)-(54):

1

h|OK| < —|K|, (55)
)
Ay

for all K € 7. We introduce then the discrete unknown vs(t) defined a.e. by
vs(z,t) = vy, x€ Kty <t <ty (56)
We will also need the intermediary discrete function
n+1/2

v(;(ar,th/Q) =v, T, z€EK,

defined for n € N. Let us define the conjugate function f = 1 — f. We also introduce
the following conjugate quantities:

_ 3
dK—)L(€71)7w) = a?{—)L(é) - G’K—>L(§7v7w)7 q)K—>L(§7U7w) = / dK—>L(C7U7w)d<'
- (57)
We compute -
Prr(&v,w) = Ax0(6,8) — Ak (v A Ew A ). (58)

We recognize in (58) the numerical flux associated to the entropy

v (v=§&) =&—vAE.

From the explicit formula (41), we obtain the identity

arg—r(§v,w) = ak 1 (§)lesorw + (@)1 (&) — AR L(v,6))ly<e<w
+ (akp(§) = 01 Ax (6, W) Ly<e<o.  (59)

Note that, for ax_,;, defined by (41), we have

sup{lax—r(§,v,w)]; &, v,w € R} < Lu|K|L|. (60)
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Formula (59) gives the estimate
sup{|ax—L(§, v, w)|;€,v,w € R} < 2L4|K|L], (61)

which is not optimal as (60) may be, since it has an additional factor 2. Consequently,
we will use a slightly different formulation for &, :

_ &
Bresr (€0, 0) = / b (€, v, w)dC, (62)

—0o0

where

br—n(C 6 v, w) = a1 (€)Lesovw + N Ar—1(CE) Ly<e<w + AR L(€, ) Lp<e<p.

(63)
We also introduce B B
?(—)L(C?g) = bK%L(gagvv?(vUZ)' (64)
Now for bg_, 1, we have an estimate similar to (60):
sup{|bx (€, v, w)[; &, ¢, v,w € R} < La|K|LJ. (65)

5.2 Energy estimate and controls by the dissipation

Proposition 13 (Energy estimate for the Finite Volume Scheme). Let ug € L>®(T),
T >0 and 6 € 0p. Let (vs(t)) be the numerical unknown defined by (22)-(23)-(56). Set

Np—1

= Y At X IK] [ i@ (66)
n=0

KeT/zZN
Then, under the CFL condition (43), we have the energy estimate

Np—1

1 1 1
SE0s(T)2agamy +BE(T) = 5 05(0) 2oy + 58 3 At 3 KIS lgc (k)
n=0 KeT/ZN  k>1
(67)

In the following proposition we derive various estimates, where the right-hand side is
controlled by the dissipation term £(T") introduced in (66).

Proposition 14 (Control by the dissipation). Let ug € L¥(TY), T > 0 and § € or.
Let (vs(t)) be the numerical unknown defined by (22)-(23)-(56). Then, under the CFL
condition

o, 10K supla ,(6)]<(1—-6), 0<n<N, K,LeT, (68)

K| ¢er
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where 6 € (0,1), we have the following control:
Np—1

ZAt Z Z /fL—fK K—r(§)dE

KeT/ZN LeN (K
NT 1

5 2 on 3K [ shomied (09
KET/ZN
and
Np—1 o Nr-1
> H[Ué(tnﬂ/z)*vé(tn)] ‘LQ vy = <97 Z Aty |K|/fK Jmie (§)dé.
n=0 KeT/zZN
(70)
Under the CFL condition
K _
2Atn‘aK sup |V (6,8 <(1—60)h, 0<n< N, K,LeT, (71)
K] cer
where 0 € (0,1), (and where bY_,; is defined by (64)) we have the following control:
Np—1
Z Aty Z Z / £7 — £5) @1 (£)dE
KeT/ZN LeN(K)
o Nr-1
<5 X A 3 K| [ kom0
KET/ZN
and
Np—1 o Nr-1
Z H[Ua(tn+1/2)—vé(tn)] ‘LQ avy S 9 Z At, |K|/f” Ym'(§)dE.
n=0 KeT/ZN
(73)

Eventually, as a corollary to Proposition 14, we obtain the following estimates.

Corollary 15 (Weak derivative estimates). Let ug € L®(TN), T > 0 and § € or.
Assume that (4), (6), (19), (52), (53) and (54) are satisfied and that

2
Aty <(1—0)“N ph, 0<n< Ny, (74)
2L 4
where 6 € (0,1). Let (vs(t)) be the numerical unknown defined by (22)-(23)-(56). Then
we have the spatial estimate

Nr—1

D I S S A R A S LI

KeT/ZN LeN(K)

—_

DoT
< s Fam) + == (75)

e
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and the two following temporal estimates:

Np—1

2 1 DyT
E S [osttnsnsa) = vslta) 32y < 5l10600) 22, + Zp, (76)
n=0
and -
- 1 2DT
E Y Nos(tat1) = vs(tn) | Z2ieny < @"05(0)”%2(']1‘1\’) Ty (77)

5.3 Proof of Proposition 13, Proposition 14, Corollary 15

Proof of Proposition 13. We multiply first (35) by £ and sum the result over K €
T/ZN and ¢ € R to get the following balance equation

1 n 1
Nvs sy Famny + Atn Y K| [ mie(©)dg = S |vs(tn) [opny  (78)
2 R 2

KeT/ZN

We have used Remark 12 to justify the integration by parts in the term with the measure

ml. The term
Z Z af (& (79)
KeT/ZN LeN (K)

related to the flux term in (3 ) has vanished. Indeed, (79) is equal to
Z Z afr(§) +alx(§) (80)
KGT/ZN LeN(K)

by relabelling of the indexes of summation. All the arguments in (80) cancel individually
in virtue of the conservative symmetry property (21) of Ax_,r(v,w). Indeed, one can
check that ax_,; inherits this property, i.e.

CLK*)L(g,’U,’w) = —(LL*)K(é_,w,”U), KaL € T7 v, W € Rv (81)

thanks to the explicit formula (41). To obtain the equation for the balance of energy
between times t,,,1/2 and t,+1, we use the equation

ot = Y2 (ALY g i (V) X, (82)

which follows from the equation of the scheme (22) and the definition of vn+ /2 by (34).

Taking the square of both sides of (82) and using the independence of X "H and v nH/ 2,

we obtain the identity

1 1 At
§EHU<S(tn+1)H%2(TN) = §E”v5(tn+1/2)”%2(11‘N) + THE > IKID gk (Wi)P. (83)
KeT/zN k>l

Adding (78) to (83) gives (67). O
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Remark 16. Note that (82) also gives
§E||U6(tn+1) = U5 (tnt/2) I p2erny = T]E Z |K]| Z gk, (V)| (84)
KeT/ZN  k>1
for all 0 <n < Nrp.
Proof of Proposition 14. We begin with the proof of the estimates (69) and (70).
Multiplying Equation (35) by £, we obtain
=n n+1/2 = n
KIFR©F (O + AFle(©) Y- af,(6) = KA E(oemi (). (85)
LeN(K)

Next, we multiply (85) by (£ — v}%) and sum the result over {, K. We use the first
identity

/ (€ — V) E (€)Demi (€)de = / ) 4 Demi (€)dE = — / £1()m(€)dE,  (86)
R

R

once again, we use the fact that m’ is compactly supported to do the integration by
K
parts in (86), ¢f. Remark 12) and the second identity

s n 1, »
/R (€ — o) EL (O 2 (E)de = T2 )2,

2
to obtain
1 2
3 sty =] |+ A0 301K [ Ee(@mic(ee

KeT/zZN
— A Y / R)af L (Ode. (87)
KeT/ZN LeN (K

We transform the right-hand side of (87) by integration by parts in &: this gives, thanks
o (44)-(45), the term

—At, Y ) / ()P, (€)dE. (88)
KeT/ZN LeN (K

Then we can relabel the indices in (88) and use the conservative symmetry relation
(consequence of (81))

(I)K_>L(£,U,UI) = _(I)L%K(gawav)v (89)
to see that

+At S0 IK] [ FOmic(©de

KeT/ZN

YD / (E1(6) — E1(6) D, ()dE. (90)

KET/ZN LeN(K)

2
2 H 0s(tns12) = vsltn)] ) L2(TN)
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Note that the integrand (£7(£) —£% (£))®%_, ; (§) is non-negative thanks to the monotony
properties of Ax_,; and (46). At this stage, in order to deduce (69) from (90), we have
to prove that, under the CFL condition (68), a fraction of the right-hand side of (90)

controls the term )

[Vs(tasr o) = vs(t)] |

L2(T)’
(see the estimate (95) below). To this end, we integrate Equation (85) over £ € R. This
gives

K[ =]+ At Y / £1(€)all 1 (€)dE <0, (91)
LeN(K

which reads also

’KH: + / < At Z @KA)L 'UK
LeN(K)

by (45). Taking the square, using the Cauchy-Schwarz Inequality and summing over
K € T)ZN, we deduce that

’ WY AaREL S e ep ()

KeT/ZN ‘ |LeN(K)

H [05(tns1/2) — 05(tn)]+‘ 1> ’]I‘N)

Next, we note that [®%_; (v%)|? is non-trivial only if v% < v7. In that case, it can be
decomposed as

B @) = -2 [ 00k @ =2 [ By ©ak i@ (03)

K K

which is bounded by
vz 3 3
2sup a1 (6)] / B, (6)]dE = 25up|a_, (€)] / (£] — E1)8h, (E)dE.  (94)
£eR o £€R R

Under the CFL condition (68), the estimate (92) can be completed into

2

% H [vs(tnsry2) = “5(t")}+) L?(TN)

<a-ogan Y Y / (E1(6) — E3(6) D1 ()dE. (95)

KeT/ZN LeN (K)
Using (90) then, we deduce the two estimates (69)-(70).

To prove the estimates (72) and (73), we proceed similarly: we start from the following
equation on £7, which is equivalent to (35):

IKIER2€) —5(€) + Aty Y @, (€) = —|K|At, dem(€).  (96)
LeN(K)
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Then we multiply Eq. (96) by £%, to obtain
IR G RN fKaM = —|K|Aty thdemi(€).  (97)
LeN(K

which is the analogue to (85). In a first step, we multiply (97) by (v} — &) and sum the
result over £ € R, K € T/Z". This gives (compare to (87)-(90))

[05(tns1/2) — Uﬁ(tn)],’ i

L2(TN)

KeT/ZN

> Z £ Phen (6

KeT/ZN LeN(K)
Y Z (£ — £5) P (). (98)
KeT/ZN LeN (K

To conclude to (72)-(73) under the CFL condition (71), we proceed as in (91)-(95) above,
with the minor difference that, instead of the identity DeDhe_ () = @, (), we use
the formula 9z, (€) = b, (€,€) (see (64)) when we develop @y, (v})[%. O

Remark 17. A slight modification of the lines (93)-(94) in the proof above shows that
D% L(EV k) < 222}% a1 (6] /R(f? — f5) P L (§)dE, (99)

for all £ € R. This estimate will be used in the proof of Lemma 22 below.

Proof of Corollary 15. Assume that (74) is satisfied. It is clear, in virtue of the
estimate (55) and the bound (60) and (65) on a}_,; and b _,;, that (74) implies the
CFL conditions (68) and (71). Besides, due to (27), we have the bound

> nD> gk kW) < Do. (100)
KeT/zN  k>1

This gives
Np—1

Sooat, Y nY lgrx@Wi)? < DoT,
n=0

KeT/ZN  k>1
which, inserted in the energy estimate (67), shows that
1 1
EE(T) < 5’\176(0)”%2(@) + 5 DT

By addition of the estimates (69)-(72) and (70)-(73) respectively, we obtain therefore
(75) and (76). There remains to prove (77). For that purpose, we use (84) and (100) to
obtain

El[vs(tnt1) = v5(tng1/2) 1 Z2(ry = Ellvs(tar )1 72(r) = Ellvs(tng1/2) 172 (ry < Doty (101)
Summing (101) over 0 < n < Np and using (76) yields (77). O
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6 Approximate kinetic equation

6.1 Discrete unknown

In this section we will show that, when § — 0, some discrete kinetic unknowns f;
associated to the scheme (22) are approximate kinetic solutions. There may be several
way to define fs: it depends for example on the manner in which the discrete data f;* are
assembled by interpolation. One of the constraints due to our definition of approximate
kinetic solution is the formulation “at fixed ¢” (15). To establish such a formulation in
our context, a minimal amount of regularity of the function t +— fs(¢) is required (in
particular, for all ¢, (f5(t), ) should be a cadlag process). For t € [t,,tnt1), we will
therefore consider the function fs(¢) defined as the interpolation

t—t, togq —t

f6($>taf) = TtnlﬂK(t)>f + Ttnlv%>§v S K7€ c Ra (102)
where Tg (t) is given by

— _ n+l/2 n

Uk(t) =vg 7+ gk k (Vi) (Be(t) — Br(tn)),  ta <t <tpia. (103)
Then, for t € [tn,tnt1), t — Tr(t) is itself an interpolation between v?(Jrl/Q and vt
We also denote by 75 and f5 the piece-wise constant functions

vs(x,t) =0 (t), fs(x,t,8) =1f% x€ K,tE€ [tn,tnt1). (104)

We check first that fs and fs are close to each other.

Lemma 18. Let ug € L>®(TV), T > 0. Assume that (3), (4), (6), (19), and (74) are
satisfied. For 6 € op, assume (53) and (54). Let (vs(t)) be the numerical unknown
defined by (22)-(23)-(56) and let f5, £5 be defined by (102)-(104). Then

“J, L

2
dxdt

\/R ‘f&(x7t7§) - f6<$7t7§)’d§

. (105)

0<n<Np

< [9_1”7}6(0)“%2(?1\’) + DoT'(1+ 9_1)] [ sup Aty

Proof of Lemma 18. Since
t—1t,
fs(w,t,8) — £5(x,t,&) = Ttn(lm(t»g = Lys0)>¢);

for t € [t,, tn+1) and since the factor t& = is less than 1, the quantity we want to estimate

is bounded by the following L?-norm:

2, /.

2 T
dudt < E / [75() — 05Ol agpmy . (106)
0

/]R |f5($7t7£) - f(g(l‘,t,f”df
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By definition of v5(¢) and independence and (27), we obtain

Nr=1 g
/ / / |fs(xz,t,&) — £5(x,t,&) da:dt < Dy Z / |t — t,|dt
TN tn
Np—1
2

+E Y Atn[[us(tusrye) = vs(tn)|[ 2wy -

n=0
Using the temporal estimate (76), we deduce (105). O

Remark 19. Note for a future use (cf. (146)) that we have just proved the estimate

0<n<Nrp

T
B [ lms(t) = () oy < e—wmomiw)+D0T<1+9-1>}[ sup At
0

(107)
To fs we will associate the Young measure

t—t,
At,

75n+l —t
Aty

V0 ,(€) i= =0 f5(x,t,€) = 5(& = v5(a, ) + 5(¢ =vs(z,t)),  (108)

We also denote by mg the discrete random measure given by

Nr—1

dms(x,4,8) = D> > Lt tng) (@ )M (8) dadtd. (109)

n=0 KeT

Recall the definitions (50)-(51) (definition of the set of mesh parameter d7 in particular),
that we will use in all the section.

Proposition 20 (Discrete kinetic equation). Let ug € L¥(TY), T > 0. Assume that
(3), (4), (6), (19) and (74) are satisfied. For§ € dr, assume (53) and (54). Let (vs(t)) be
the numerical unknown defined by (22)-(23)-(56) and let f5, v°, ms be defined by (102),
(108), (109) respectively. Then fs satisfies the following discrete kinetic formulation: for
all t € [tp,tns1], © € K, for all € CL(R),

<f5($ t),¢) — (fs(x,tn),¢)

- /t / S ek (€0(€)ds - /tt /IR Ot (€)mi (€)de

LeN(K)

+tA—tin/ G, (Vi)W (05 (, 8))dBi(s) + 5 Atn /n G2 (v})0etp(05(z, 5))ds. (110)

tn
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In (110), (fs(x,t),v) stands for the product

/R fo(, £, € (€)de.

Proof of Proposition 20. Let ¥ be a primitive for ¢ and let x € K. By definition of
fs, see Equation (102), we have

Fs(a,t),6) = (fsla, ) ¥ = " (B (8) — TR,

which we decompose as the sum of two terms:

St (v - v, (1)
and Py
A P )] (112)

We use first the deterministic kinetic formulation (35), which we multiply by (£). B
integration over £ € R, it gives

= [ [ % e [ [ocvmieeas.

LeN(K

By It6’s Formula on the other hand (c¢f. (103)), the term (111) is equal to

t—1n ! n — 2
o [ orentmte, Nise) + 5 5 [ GheRoEs s 111
Summing (113) and (114), we obtain (110). O

We will prove now that the Finite Volume scheme (22) is consistent with (1). Indeed,
we will show, thanks to the estimates obtained in Section 5, that an approximate kinetic

equation for fs in the sense of (15) can be deduced from the discrete kinetic formulation
(110).

Proposition 21 (Approximate kinetic equation). Let ug € L>®°(TN), T > 0. Assume
that (3), (4), (6), (19) and (74) are satisfied. For § € or, assume (53) and (54).
Let (vs(t)) be the numerical unknown defined by (22)-(23)-(56) and let fs, v°, mgs be
defined by (102), (108), (109) respectively. If (6,,) is a sequence in dp which tends
to zero according to (51), then (fs,) is a sequence of approximate solutions to (1) of
order d = 2. Besides, (fs,,(0)) converges to the equilibrium function fg = lyy>¢ in
L®(TN x R)-weak-*.
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Proof of Proposition 21. The last assertion is clear: (fs,, (0)) converges to the equi-

librium function £g = 1,,¢ in L®(TY x R)-weak-* since, by (23), v’ (0) — ug a.e. on
TV. We will show that, for all ¢ € [0, 7], for all € COO(TN x R),
st =)= [[[ | depledmile 5.9 + (1)
TN % [0,t] xR
/ (fs(s), a(€)Dup)ds (15)
[ [ oo 0wt (©aan) (116)
0o JTN JR
1 t
w5 [ ] ] @00t i (€)duds, (117)
2 Jo Jrv Jr ’
where the error term £°(t, ¢) satisfies
IimE | sup |2(¢,¢)]?| =0, (118)
=0 |tefo,1]

for all ¢ € C?(TY x R). Note that the convergence in probability (14) follows from
(118). Given ¢ € C2(TY x R), we introduce the averages over the cells K € T

oK (t,€) = o(x,t,&)de, te€][0,T],¢€€R. (119)

1
|K]
To prove (117), we apply the discrete kinetic equation (110) to & — ¢(z,§) for a fixed
x € K. Then we sum the result over x € TV. By the telescopic formula

Np—1

<f§(xvt)aw> - <f6(1")0)7¢> = Z <f5(x7t/\tn+l)’1/)> - <f5(x7t/\tn)7¢>)

n=0

we obtain

s ) =(fstw 0= ([ awieamste. s

Np—-1 tAtnt1

DD DS o @pQdsts (120

n=0 Ke7/zN 7 tn LEN(K

+/0 /TN/R ng,g(x,f)go(x,C)dui&t(g,c)dﬂk(s) (121)

t
+;/0 /TN G )0cp(w, ) dpig (8, ) (122)

where the measure ug st on R x R is defined by

tAtpe1 —t Aty _
(00 00) = == b w5, 9), Vs (, 8)), (123)

24



and the discrete coefficient gy, 5(z, §) is equal to gx k (§) (c¢f. (26)) when z € K (similarly,
Gs(x,§) == Gg(§), € K).

The term (120) is a discrete space derivative: we will show that it is an approximation of
the term (115). The two terms (121) and (122) are close to (116) and (117) respectively.
We analyse those terms separately (see Section 6.2, Section 6.3). The conclusion of the
proof of Proposition 21 is given in Section 6.4.

6.2 Space consistency

Lemma 22. Let ug € L¥(TY), T > 0 and § € 7. Assume that (4), (6), (19), (53),
(54) and (74) are satisfied. Then, for all ¢ € C2(TN x R), we have

/TN// Ve fs(s)drdsdg

= Z Z Z aK%L(g)(pK(f)dé + Espace O(t ()0) + €gpace,1(t7 90)7
R

n=0 KeT/ZN thtn LeN(K)
(124)

for all t € [0,T], with the estimates

2
E sup ‘gspace O(t (P)’
te[0,7

1 1
< [LaPIVapldz, anxomi%TN)+zxﬂﬂ(1+-9>}0<mgx At., (125
, sw

and, for all compact A C R, for all o € C°(TYN x R) supported in TV x A,
16LAT 2DgT

1
E sup [edcen(t:9)? < MW@wwmﬂﬂm@ﬁmm+ 9]h<m®
te[0,T] N

Proof of Lemma 22. To begin with, we replace f5 by fs in the left-hand side of (124).
This accounts for the first error term

et 9) = [ [ [ al€) Vatplhs(s) ~ (o).

Thanks to Lemma 18, we have the estimate (125) for Sgpacc,O(t’ ¢). Then, we use the
following development:

/TN// Vapts(s))dzdsde

_ /;At”+1 / 3 / Vapts(s)dedsde,  (127)

Atn KeN(K)
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Since f5(s) has a constant value £} in K X [t,,t, 1), we obtain, thanks to the Stokes
formula,

/I[‘N// Vapts(s)drdsdé

NT 1 tAEp41
/ Z Z ax (&)L fidsdg, (128)

tAtn KeN(K) LEN (K)
where aj;_,; (&) is defined by (30) and ¢k, is the mean-value of ¢ over K|L:

1

K|L| KL o(x, &)dHN ().

@K\L(f) =

We add a corrective term to (128) to obtain

/TN / / - Vapts(s)drdsdg

NT T rtAtng
/ / Z Z ax () (Pr|L — pr)EkdsdS.  (129)

tAtn KeN(K) LEN(K)

Equation (129) follows indeed from (128) by the anti-symmetry property (81) of ax 1.
Note that Equation (129) is more natural than Equation (128) (when one thinks to the
decomposition of a volume integral over each cells K), by use of the correspondence

a(€)-Vep~ > diep (e — ¢x) in K.
LeN(K)

By (81), the discrete convective term in (120) is

Np—1 tAtnt1

Z Z /t /RZ a1 (§)(pxiL — i )dsds. (130)

n=0 KeT/zN 7t in LEN(K)

To estimate how close is the right-hand side of (129) to (130), we have to compare
al_ (&) and a_ ; ()E% (). Let v € Wl’l(]Rg). If v} <o}, then

/R () [ (O)E3(€) — all, 1 (6)] de = — / AOTL(O)al, (Ode  (131)

R

by the consistency hypothesis (39). Using an integration by parts and (44), we obtain

/R (€) [ahe 1 (E)E3(€) — a1 (6)] dE = / OO (EVu)de.  (132)

Similarly, if v7 < v, then
/R A(€) [afe o () (E) — all, 1 (€)] dE = — /R VOB (EAU)dE. (133)
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We deduce that (124) is satisfied with an error term

5gpace1 /TN/ / . z(pf(s(s)dacdsdg

—|—Z Z / /RZ ag—r(§)er(§)dE,  (134)

n=0 ge7/zN VN LEN(K)
which is bounded as follows:

Nr—1 At g1

| spacel t P ’ < Z / Z / Z |a§‘pK|L_a£90K|

INn ke /zN 'R LeN(K)

%L <up | @€V 03] + Lug <cap [Be, (6 A )]

(135)
By (52), we have
100k 1L(€) = Oepr () < (|10 Vaip (-, E) [l Lo,
for all £ € R. If ¢ is compactly supported in TV x A, we obtain thus the bound
’ggpacel o) < Hafvm‘PHL“ |A| Bspace h, (136)

where Bgpace is equal to

Nr—1

Zmn > [ ngvgguﬂg@h@v&n+1vg<v%§u§|¢2%<§m&>|}
€ S

KeT/ZN LeN (K

We seek for a bound of order h~1/2 on Bgpace. For notational convenience we will estimate
only the first part

Nr—1

space : Z Aty Z Z 1 v <v} 2up|q)K—>L(§\/UK)|

KeT/ZN LeN(K)

since the bound on the second part in Bgpace Will be similar. By the Cauchy Schwarz
inequality, we have

Npr—1

E|Bspace‘2 < Z Atn Z |6K|
n=0 KeT/ZN
Np—1

X Z Aty Z Z \KE\L SUP"I)K—>L(§VUK)\2-

KeT/ZN LeEN(K)
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We use the estimate (99), which gives

B (6 V o) < 2LAK|L| /R (E) — EL)B,, (€)dE,

thanks to (60). We also use (55), and get

Nr—1

E’Bspace 2 = QLAT Z Atn Z Z / fn - fK K—>L(§)d£

KeT/ZN LeN (K)

With (75) and (136), we conclude to (126). O

6.3 Stochastic terms

Lemma 23. Let ug € L¥(TV), T > 0 and § € 0p. Assume that (4), (6), (19) and (74)
are satisfied. Then, for all ¢ € C?(TN x R), we have

/ / / 9k.s(, &) (0, ) 1 (€, C)dBr(s)
TN JRxR
/ /’H‘N/gk z,&)p(z §)d1/xs(§)dwd5k( )+5W1( )+sz(t o), (137)

an
[ L] @i ot oms .o
0 JTV JRxR
t
= [, [ €00t aut (s + Sy slto) +elvatt) (139)
where
E | sup |EWl(t ©)2| <4D1T|¢||2 h? + 2Dg]|0||3 sup Aty (139)
t€[0,T] e =8 | 0<n<Nrp
E | sup |edy 5t @)[*| <4DiT||0p| 7o h+ 2D0|10cpll7o0, | sup Aty (140)
te[0,T) @8 #:¢ | 0<n<Np
and
E [ sup |efy o(t, <P)|2] §2Do||<PH%;o5 [ sup Aty
t€[0,T] ©510<n<Nr
+8{Dillel}z, + Dolldeslli=, }
1 3DyT 2
X *H’U§<O)H%2(T)+ 0 sup Aty (141)
0 0 0<n<Nr

Eventually, 5%\,74(@ ©) satisfies the same estimate as 6%\,72(75, ©) with Ogp instead of ¢ in
the right-hand side of (141).
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Proof of Lemma 23. Define
t
Auattd) = [ [ ] ool — o O] ol Qi (6. Odndf(o),

and let 5%72(t, ¢) be equal to

/ot /TN [/Mg’“(m’fwwvC)dni,s,t@, ¢) - /R gr (@, E)p(x, €)dvy (&) | dwdfy(s).

Then (137) is satisfied. Note that n — agv’l(tmgo) is a (F,)-martingale. By Doob’s
Inequality, Jensen’s Inequality (note that u‘;,&t(R x R) < 1) and (28), we deduce

E| sup [l (tn, w)\2]

0<n<Nr

tng
§4JE/
0

tNT
<8 [ s©) = i OF dud (6 Odedslol
0 TV JRxR o

<ADIT o] 720 h*.

2

Lo los@&) = oo ) ot O, (60| dnds
TN JRxR

Besides, we see, using Ito’s Isometry, and (2), (27), that

£l |e%v,1<t,w>—e%v,l<tn,w>|2]

te[tnytn-&-l)

tnt1
SE/tn /TN /RXIR (gk.5(x,vs(s, ) — gr(z,vs5(s,x))] o(x,V5(s,x))

§2D0]<p||%;<j§[ sup At

0<n<Np

2
dxds

Similarly, we have

+E

E sup |edy 2(tn, ¢)|2] :

0<n<Nrp

sup |edy (¢, s0)|2] < 2Do|ll 70, [ sup Aty
t€[0,T] S 1 0<n<Np

Using Doob’s Inequality, we obtain

E sSup ’5(\57\7,2(757 90)‘2 + 4E’€€N,Q(tNT? (p)‘z'

te[0,T] 0<n<Nrp

< 2Dy o3, [ sup Aty

By Ito’s Formula, E|€%v,2(tNT, ¢)|? is bounded from above by

TS

k>1

2

/ 91 (@, (@, Oy (6:C) / g2, €) o, )8 (€)| duds.
RxR R
(142)
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We have, for t € [0,T), t € [tn, tn+1), n < Np, and ¢ € Cp(R x R),

<N§c,t,tNT ) :<V~’C7t & Ve t, ¥) tA_tin [V (Vs(,1),05(z, ) — Y(vs(,1),Vs5(z,1))]

tn—i—l —t
At,

We estimate therefore (142) by the two terms

[Y(vs(w,t), v5(w, 1)) — P(vs(x,t),Vs(x,t))] -

2E Z /tn"‘H /TN Z lgk(z,v5(x,t)) — gk(li,v(s(x,t))‘Q \go(a:,{)\dedt, (143)

0<n<Nrp k>1
and
bt 2 2
2 3 [ [ letwwstant) ~ ol vsCa ) lont,vo(o ) Pdode. (141)
0<n<Nrp ”tn ™ >1
Note that (3) gives, for all n > 0, and v, v € R,
1
Z|gkx 7) — g(z,v)]* < D1t —v| < Dy <n+|v—v|2>. (145)
k>1 n

In virtue of (145), we can bound (143) by
2D |17 Le [ o) — w02 dt
ol [0+ 2 [ 19500 — o0 acomct].

Using (107) and taking n = [supg<, <y, Aty 1/2, we deduce that (143) is bounded by

1/2
sup Aty (146)
0<n<Nrp

1 3D T
2D1 ||l F e, | 7 11vs(0)[1 72y +
2 |0 (T) 0

An estimate on (144) is obtained as follows: (144) is bounded by

T
200kl E [ 196(8) = o) Eacomyect.

Using (107) gives an estimate on (144) from above by

sup At,
0<n<Nrp

SD()T} (147)

6

1 2
200106z, 150 e, +
Next, we denote by g‘\SNB(t, v) and 5%\,74(75, ) the error terms
t
L[] (60~ G ) et ) (6. s,
0 JT~ JRxR

t
I [ Gz 0w (6.0 | Gi<x,5>agso<x,s>du£,s<g>} duds.
0 TN RxR R
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We have, for x € C;, n > 0,

G7 5(2,€) — GE(@, )| = | (9r.:(6) — g1, €)) (g (€) + gr (. €))

k>1
<35 Z|gm — (@, O + 1Y gk + |gr(x, ).
M= k>1

Using (28), (2) and (27) and taking n = h, we see that
|G, (. €) — Gii(,€)| < (Do + Di)h. (148)

This is sufficient to obtain (140) and the last statement of the lemma (estimate on
v alt,9). R

6.4 Conclusion

To conclude, let us set

Z SWJ gpace O(t 90) - 5gpace,1(ta 90)'

Then the approximate kinetic equation (117) follows from the discrete kinetic equa-
tion (122) and from the consistency estimates (124)-(137)-(138). Since [lvs(0)|p2(pnvy <
[uollL2(rvy (the projection (23) onto piecewise-constant functions is an orthogonal pro-
jection in L2(TY)), it follows from the error estimates (125), (126), (139), (140), (141)
and from the CFL condition (74) that

E| sup |°(t,0)|*| < C(p)h*/?,

t€[0,T]

where C(y) is a constant that depends on |[ug || 2(p~y, on Do, D1, L4, on the parameter ¢

n (74), on T, on | K|, where K is the support of ¢, and on the norms ||d4 590||Loo (TN xR)
with 7, + k < 2.

7 Convergence

To apply Theorem 8 on the basis of Proposition 21, we need to establish some additional
estimates on the numerical Young measure v and on the numerical random measure
m?. This is done in Section 7.1. We conclude to the convergence of the Finite Volume
method in Section 7, Theorem 26.
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7.1 Additional estimates
7.1.1 Tightness of (19)

Lemma 24 (Tightness of (1°)). Let ug € L¥(TN), T > 0 and § € 0p. Assume that
(4), (6), (19) and (74) are satisfied. Let (vs(t)) be the numerical unknown defined by
(22)-(23)-(56) and let v° be defined by (108). Let p € [1,+00). We have

(é‘é"ﬂ L, [a+lemas )scp, (149)

where Cy, is a constant depending on Do, p, T and |[ugl| oo (rny only.

Proof of Lemma 24. It is sufficient to do the proof for p € 2N* since 1+[£[P < 2(1+(¢|9)
for all £ € R if ¢ > p. Note that

n 1 —
L [ terant de = S w0l e, + R s Ol gy

for t € [tn,tnt1). Recall also that Ts is defined by (103). Let

ep(€) =peP Tt =0 (eR

We multiply Equation (35) by ¢,(§) and sum the result over K, {. We obtain then,
thanks to (81),

fos(tuss/o pgomy 20 =1) 32 [ & 72mi(€)dg = sy (150)

In particular, we have the LP estimate

|’”5(tn+1/2) Hip(TN) < Jvs(tn) HI[),p(TN)' (151)

Let us now estimate the increase of LP-norm due to the stochastic evolution. By Ito’s
Formula and (103), we have

|,Un+1|p
n tnt1 1 tn+1
= o P+ p / TR (P g (Vi) dB () + 5p(p — 1) / R (PG (o],
and thus
tn+1 1
H%(%H)Hip(w) = \|U<S(75n+1/2)”ip(qyzv) +p/t @s ()P Vi) 2 (v ydBr(t)

1 tn+1
gp = 1) [ I i, (152
tn
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where
(@) = g (0k), T"(z)=Gi(vk), zeckK.

Using (151) and induction, we obtain
lea (N ey < 08(O) gy + My + By (153)

where (My) is the martingale

N-1 1
My =p Z / @s ()P Vi ) 2 (v dBr(t)
n=0 in

and
1 N-1 ) )
By = opp—1) 3 [ @O et
n=0 “tn

Note that the argument <175(t)p_2,I‘">L2(TN) in By is non-negative since I'" > 0 and
p — 2 € 2N. Consequently,

NT 1 tn 1
-2
Eo<snu<pNT B, =EBy, < p —1)Dy Z / E[[T5(t) 7, v dt- (154)
We have used (27) to obtain (154). If p = 2, then E||v5(¢ )HLP 2T

bounded. To estimate E|/vs(t )HLP 2(prvy When p > 4, note that Us(t ) = V5 (tpg1/2) + 25 (1)
for t € (tn,tnt1), where 2§ (z,t) = 4 (z)(Bk(t) — Br(tn)) is, conditionally to Fy, a
Gaussian random variable with variance, for x € K,

Ny = =1 and is therefore

E [|zk (0P| Fn] = (t = ta) Gk (vk) < Doty

by (27). In particular, we have the bound

B O ey = > KR (B[l (0 %7)])

KeT/zN

n —2)/2 _
=c(p) Y IKIEE[|0RIF]) " < co)Doat,) D12,
KeT/ZN

where C(p) is a constant depending on p. It follows, using (151), that we have the
estimate

BITH O o) < O Do) (14 Elts(tuin s e,

< C(p, Do) (1 + Ellos(ta) 17,20 oy ) -
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where C'(p, Dp) is a constant depending on p and Dy. In particular, we have

sup  sup EJT5(0) % g, < C (0, Do) <1+ sup Errva<tn>rr§;22w)).

0<n<Np tE(tn,tn+1) 0<n<Np
(155)
By (154), we conclude that
E sup B, <C(p,Dy)T (1 + sup El|vs(t )HLP ) TN)> (156)
0<n<Np 0<n<Nt

for possibly a different constant C(p, Dy). Let us now turn to the estimate of the quantity
E supg<,<n, |Mn|. The martingale (My) can be rewritten as a stochastic integral (with
an integrand which is a simple function). Consequently, the quadratic variation of My,
is

Nr—1

tn+1
(Myg) = 22/ Z|U5 P AR L2y dt
2NT 1 t'n 1 .
<p Z / Zuva 0722 oy I 22 v
N 1
2 — 2(p—1) n
=p Z || v5(t HLQ(,, DTN [T L1 (pvydt
NT 1 )
<ﬁ%§:/ Ol s
tn

by (27). Using (155) (with 2p instead of p) gives thus
E(Mny) < p*DoTC(2p, Do) <1 + sup  Ellvs(ta) |75, 2 pn ) : (157)
0<n<Np

By Burkholder - Davis - Gundy’s Inequality, there exists a constant Cgpc such that

E sup |Mn| S CBDGE<MNT>1/2-
0<n<Nrp

By Jensen’s Inequality and the estimate (157), we obtain

E sup |M,| < Cppa(E(My,))"/?
OS’I’LSNT

1/2
Sme@Jﬂ%ﬂwm<H@ﬂ%Em(Wﬁaw> :
=N T

(158)
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We can conclude now. Since EMy,. = 0, taking expectation in (153) (where we replace
Nt by n) gives
B us(t) o) < (1500w, + EB.

Note (see Section 6.4) that

[vs(0)[| Lo (rvy < ol Locrnvy < lluoll poo (T

By (156), this gives

0<n<Np 0<n<Np

sup  El[os(ta) 12, o, < lloll? o, + O, Do)T (H sup Euw(tn)H’;ﬁQ(M).

By iteration on p € 2N*, we deduce, for every such p, that

sup E”U(;( )”Lp TN) <Cp7 (159)
0<n<Np

where the constant C), depends on p, Do, T" and |[[ug|| g (r~). Denote generally by C,
any such constant, possibly different from line to line, depending only on p, Dy, T and
[woll oo (rvy- By (159) with 2p — 2 instead of p, we have Esupy<,<n, |[Mn| < Cp. Then
we use (156) with p — 2 instead of p to obtain Esupy<,<n, Bn < Cp. By (153), we
deduce

E sup ||U6(tn)||]zp(wv) < Gy, (160)
0<n<Nr
which concludes the proof of the lemma. O

7.1.2 Tightness of (my)

Lemma 25 (Tightness of (mg)). Let ug € L®°(TY), T > 0 and 6 € 0p. Assume that
(4), (6), (19) and (74) are satisfied. Let (vs(t)) be the numerical unknown defined by
(22)-(23)-(56) and let ms be defined by (109). Then, for all p > 1, we have

2
(1 + [€P)dms(x,t,6)| < Cp, (161)

TN x[0,T) xR
where Cy, is a constant depending on Do, p, T and |[ugl| Lo (rny only.

Proof of Lemma 25. Let p € 2N*. By (150), we have

S [ e < sty v

KeT/ZN

We multiply this inequality by At,. Summing over n € {0,..., Ny — 1}, we obtain

i & 2dma(e, ) ST sup [[o5(ta) ], .
TN x[0,T) xR 0<n<Nrp
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. 2 2
Since Hv(g(tn)HLZ;(TN) < Hv(g(tn)HL’;p(TN), we have

2
el[f] & 2dmy(a,t,6)| <TE sup [v(ta)|Zhpw, <TCp
TN x[0,T)xR

0<n<Np

by (160). Taking first p = 2, then p € 2N* arbitrary, we obtain (161). O

7.2 Convergence

Theorem 26. Let ug € L¥(TY), T > 0. Assume that the hypotheses (3), (4), (6),
(19), (53), (54) and (74) are satisfied. Let u be the solution to (1) with initial datum ug
and let vg be the solution to the Finite Volume scheme (22)-(23)-(24)-(25). Then, for
all p € [1,00[, (vs) is almost-surely converging to u in LP(TN x (0,T)) when & — 0.

Remark 27. If the XQ'H are merely i.1.d. random wvariables with normalized centred
normal law N'(0,1), then (vs) is converging to u in LP(TN x (0,T)) in law when § — 0.
Indeed, the identity (25) is only satisfied in law now, hence vs has the same law as the
function U5 defined by (22)-(23)-(24), with X" replaced by the right-hand side of (25).
We apply the conclusion of Theorem 26 to U5. As a corollary, we obtain the convergence
in law of (U5) to u in LP(TN x (0,T)). A slightly different manner of expressing the same
thing is to notice that, when the discrete increments (X,ZH'I) are some given normal law
N(0,1), then we can construct a set of Brownian motions By (t) such that

Br(tnt1) — Bk(tn)_

n+1 __
Xk - (Atn)1/2

(162)

Indeed, without loss of generality, we can restrict ourselves to the case At, =1 in (162)
and use the Lévy-Ciesielski construction of the Brownian motion, [32, Section 3.2] on
[0,1] as follows: we define (cf. [32, Formula (3.1)] )

Go= XM, Gr=X{" L G = X, Ge= X G = X1,

and we set

B(t) = Z Gp<1[0,t}> Hp>a
p=0

where the Hy,’s are the Haar basis of L*(0,1). Then (162) follows from the fact that

1
| ooyt = (. 1) = 60
0
Proof of Theorem 26. By Proposition 21, Lemma 24 and Lemma 25, we may apply

Theorem 8 to fs5: we obtain the convergence a.s. of z5 to u in LP(TV x (0,7)), where

t—tn_ tny1 — 0
so(ot) 1= [ () = o) + PRl 1),
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for t € [tn, tnt1]. By (107), we have the estimate

T
E /0 25 — vall2amydt = O(18])

on the difference between zs and vs. This gives the result for p < 2. If p > 2, we
use the convergence result for p = 2 and the uniform bounds (8)-(160) with p > p to
conclude. O
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