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Abstract

We develop a general framework for the analysis of approximations to stochastic

scalar conservation laws. Our aim is to prove, under minimal consistency properties
and bounds, that such approximations are converging to the solution to a stochastic
scalar conservation law. The weak probabilistic convergence mode is convergence
in law, the most natural in this context. We use also a kinetic formulation and
martingale methods. Our result is applied to the convergence of the finite volume
method in the companion paper (Dotti and Vovelle in Convergence of the finite
volume method for scalar conservation laws with multiplicative noise: an approach
by kinetic formulation, 2016).
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1. Introduction

Let (2, F, P, (F;), (Br(2))) be a stochastic basis and let T > 0. Consider the
first-order scalar conservation law with stochastic forcing

du(x, 1) + div(Au(x, ) dt = ®(x, u(x, 1)) dW@), xeTVN,te,T).
(1.1)

Equation (1.1) is periodic in the space variable: x € TV where TV is the N-
dimensional torus. The flux function A in (1.1) is supposed to be of class C?:
A € C*(R; RM). We assume that A and its derivatives have at most polynomial
growth. The right-hand side of (1.1) is a stochastic increment in infinite dimension,
and defined as follows (see [12] for the general theory): W is a cylindrical Wiener
process, W = ZkZl Brek, where the coefficients S are independent Brownian
processes and (ex) kgl is a complete orthonormal system in a Hilbert space H. For
eachx € TV, u € R, ®(x,u) € Lr(H,R) is defined by ®(x, u)ex = gr(x, u)
where gi (-, u) is a regular function on TV. Here, Ly(H, K) denotes the set of
Hilbert—Schmidt operators from the Hilbert space H to another Hilbert space K.
Since K = R in our case, this set is isomorphic to H, thus we may also define

O(x,u) =Y gi(x.u)e, (1.2)

k=1

the action of ®(x, u) on e € H being given by (®(x, u), e) y. We assume g €
C(TVN x R), with the bounds

G r,u) = D, ) =) I, w)* < Do(1 + [uf?), (1.3)

=1
1DCx, u) — Dy, 01T = Y Ik (x 1) — gy, v)I?
k=1
< Di(lx — yI* + lu — vlh(ju — v))), (1.4)

where x, y € TV, u, v € R, and h is a continuous non-decreasing function on R .
such that #(0) = 0. We assume also 0 < h(z) < 1forallz € Ry.
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Notation in what follows, we will use the convention of summation over repeated
indices k. For example, we write W = Byey for the cylindrical Wiener process in
(1.1).

This paper is a preliminary work to the analysis of convergence of the numerical
approximation to (1.1) by the finite volume method with monotone fluxes, which
is done in [16]. We give a general notion of a family of approximate solutions,
see Definition 4.1, and explain what kind of convergence of such a family can be
expected. Our main results in this regard are the theorem 4.6, about convergence to
martingale solutions, and the theorem 4.15, which gives criteria for convergence to
pathwise solutions.

Problem (1.1) has already been studied in a series of papers. As in the determin-
istic case, the approach to the existence of solutions has been the vanishing viscosity
method, see [4,5,9,14,18,20,31,32,44] in particular. Approximation by the BGK
method has been considered by HOFMANOVA [27]. Some results of convergence of
numerical approximations to (1.1) (by the finite volume method in particular) have
also been obtained in [1-3,33,34,43].

The main difference between this present paper and all the works cited above is
in the way to answer to the following question: when considering the convergence of
approximations to (3.1), which mode of convergence regarding the sample variable
w is used? Here, we develop an approach based on convergence in law, while in the
works referred to, weak convergence (in Lebesgue spaces, or in the sense of Young
measures, cf. Section 2.2) is considered.! Convergence in law is the natural mode
of convergence for the random variables which manifest in the approximation to
(1.1). Our approach based on convergence in law is successful because we work in
the context of cadlag processes. Another difference between this present paper and
the references already quoted is that our formulation of a solution is weak in the
space variable, but not weak in the time variable, see (2.6), (2.23) for example. This
allows us to obtain convergence of approximations for each time ¢ (this is the last
statement in Theorem 4.15) without making any regularity hypothesis on the initial
datum at any moment. This paper is also a further development of the approach by
kinetic formulation initiated in [14]. We need this in the companion paper [16] to
obtain the convergence of the finite volume method with a standard CFL condition
(cf- our comment on the Kinetic formulation in the introduction section of [16]).

To complete this introduction, let us mention that the approximation of scalar
conservation laws with stochastic flux (and not stochastic force) has also been
considered in [21] (time-discrete scheme) and [39] (space discrete scheme). For
the corresponding Cauchy problem, see [22,23,28,35-37].

The plan of the paper is as follows. Section 2 to Section 4 is devoted to the
analysis of the Cauchy problem for (1.1); we introduce the kinetic formulation of
the problem in Section 2, and prove a uniqueness resultin Section 3. In Section 4, we
develop a general approach to the analysis of convergence of approximate solutions
to (1.1) based on martingale methods. In Section 5, we give some applications of
our results of convergence of approximations.

' With the exception of [20], where quite a strong notion of solution is used however.
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Note that Sections 2 and 3 are in large part similar to Sections 2 and 3 in [14].
We must explain these similarities, and why we sometimes transfer, identically,
some parts of [ 14], instead of simply making reference to it, and why, and in which
places, we need to give new statements and new proofs as compared to [14]. This
comparative analysis is given in Remark 3.3 at the end of Section 3.

2. Kinetic Solution

2.1. Definition

2.1.1. Predictable Sets and Functions For 7 > 0, we denote by B([0, T]) the
Borel o-algebra on [0, T'] and we denote by Py C B([0, T]) ® F the predictable
o-algebra, [11, Section 2.2]. If E is a Banach space, a process ( f (¢)) with values in
E is said to be weakly-predictable if the process ({f(¢), ¢) g g’) is predictable for
every ¢ in the topological dual E’. This is equivalent to saying that f is weakly Pr-
measurable, in the sense of [45, Definition 1, p. 130]. Similarly, we can define the
notion of strong predictability: the process (f(¢)) is said to be strongly predictable
if there exists a sequence of E-valued, Pr-measurable simple functions which
converges to f at every point (¢, @) in a set of full measure in [0, 7'] x Q2. By Pettis’
Theorem, [45, Theorem p. 131], the two notions of measurability coincide if E is
separable; in this case we say simply that they are “predictable”.

Let us assume that E is separable in order to introduce the following notations:
let p € [1, +00). The set L7 ([0, T] x 2; E) is the set of E-valued, B([0, T]) ® F-
measurable, Bochner integrable functions f which satisfy

// I (2, @) pd(L x P)(, ) < 400,
[0,7]x 9

where L is the Lebesgue measure on [0, T']. Equivalently, by definition of the
product measure £ x P,

T
IE/ 1 @OIL df < +oo.
0

We denote by L%([O, T1x 2; E) the set of functions g in L” ([0, T'] x 2; E) which
are equal £ x P-almost everywhere to a predictable function f. This is the case
if, and only if, (g, ¢) is equal £ x P-almost everywhere to (f, ¢) for all ¢ € E’
(we use the following fact: E being separable, there is a countable subset of E’ that
separates points in E, see [45, Lemma (1) p. 131]), so let us briefly consider the
case E = R. The class of processes in L;;([O, T]x 2; R) is analysed in [11, p. 66]
or [42, p. 172]. In particular, if X (¢) is an adapted process with

T
E/ 1X (1)|? dt < +o0,
0

then X € L%([O, T1x2; R). A progressively measurable process X in L? ([0, T'] x
2; R) is also in L%([O, T] x 2;R).
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Let m € N*. In the case where E is itself a Lebesgue space E = L? (D), where
D is an open subset of R™, we have L? ([0, T]1x 2; LP(D)) = LP(D %[0, T]x ),
where D x [0, T'] x Q is endowed with the product measure L,,4+1 X P (L,, being
the m-dimensional Lebesgue measure), see [17, Section 1.8.1]. Similarly, we have

LE([0,T] x Q; LP(D)) = L(D x [0, T] x ),

where L%(D x [0, T] x 2) is the set of functions in L? (D x [0, T] x ©2) which are
equal £,, x L x P-almost everywhere to a 3(D) x Pr-measurable function (here
B(D) is the Borel o-algebra on D). We will apply these results with D = (0, nHY,
in which case, by periodic extension, we obtain

LP([0, T] x Q; LP(TV)) = LP(TN x [0, T] x ), 2.1

and it is similar for spaces L.

2.1.2. Random Measure, Solution Let M,(TV x [0, T] x R) be the set of
bounded Borel signed measures on TV x [0, 7] x R. We denote by M (TV x
[0, T'] x R) the subset of non-negative measures.

Definition 2.1. (Random measure). A map m from  to M,(TV x [0, T] x R)
is said to be a random signed measure (on TV x [0, T] x R) if, for each ¢ €
Cb(TN x [0, T] x R), (m,¢): 2 — R is a random variable. If, almost surely,
m e MZ(’]I‘N x [0, T] x R), we simply speak of random measure.

Let m be a random measure with finite first-order moment
E|m|tv = Em(’JI‘N x [0, T] x R) < 4o0. (2.2)

Then Em is well defined and this is a bounded measure on TV x [0, 7] x R. In
particular, it satisfies the following tightness condition:

lim Em(TY x [0, T] x B%) =0, (2.3)
R—+00
where B, = {£ € R, |§] = R}. We note this fact here, since uniform versions of

(2.3) will be required when considering sequences of random measures, see (4.15).
We will also need the following result:

Lemma 2.1. (Atomic points). Let m be a random measure with first moment (2.2).
Letw: TN x [0, T] x R — [0, T denote the projection (x,t,&) +— t. Let mgm
denote the push-forward of m by . Let By denote the set of times t such that the
event “t is an atom of wgm” has positive probability:

By = {t € [0, T]; P (mgm({t}) > 0) > 0}. (2.4)
Then By is at most countable.
Proof of Lemma 2.1. We also have
By = {1 € [0, T]; Exgm({1}) > 0} .

The set By is the set of atomic points of the measure Emgm. It is therefore, at most,
countable. 0O
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The notion of a solution which we introduce below is based on the kinetic for-
mulation of conservation laws introduced in [38]. In particular, for a given function
u of the variables (x, t), we will need to consider the function

f(x, z, 5) = 1u(x,t)>$»

which is the characteristic function of the subgraph of u. We often write £ :=1,,-¢
for short.

To be flexible enough, we have to impose a cadlag property on solutions to (1.1)
(see Item 2 in the following Definition 2.2). We will show however in Corollary 3.3
that solutions to (1.1) have continuous trajectories.

Definition 2.2. (Solution). Let ug € L>(TV). An L' (T")-valued stochastic pro-
cess (u(t))sef0,7) 1s said to be a solution to (1.1) with initial datum u¢ if # and
f := 1, ¢ have the following properties:

l.ueLp(TV x[0,T] x Q),
2. forall ¢ € C(} (TN x R), almost surely, # — (£(f), @) is cadlag,
3. forall p € [1, +00), there exists C), = 0 such that

E( sup [lu()]? = Cp, (2.5)
(te[O,T] Le@ !
4. there exists a random measure m with first moment (2.2), such that for all ¢ €
CHTN x R), forallt € [0, T],
t
(£(1), ¢) = (£0, ¢) +/ (£(s),a(§) - Vo) ds
0

t
+ Z/ / 2, u(x, $)p(x, ulx, s)) dx dBi(s)
=1 0 JTV
t
+ % / / e (x, u(x, s))Gz(x, u(x,s))dxds —m(dsp)([0, 1]),
0 JTN
(2.6)
a.s., where £0(x, £) = Lyyn=¢, G := Y oo lgk|?> and a (&) := A'(£).

In (2.6), we have used the brackets (-, -) to denote the duality between C2° (TN x
R) and the space of distributions over TV x R. In what follows, we will denote
similarly the integral

(F,G) =/ / F(x,£)G(x,&)dxde, F e LP(TVN xR),G € LY(TN x R),
™ JR
where 1 £ p < 400 and g is the conjugate exponent of p. In (2.6) also, we have

used (with ¢ = 0g¢) the shorthand m(¢) to denote the Borel measure on [0, T']
defined by

m(p): A— ¢ (x,E)dm(x,t, &), ¢EC[,(TNXR)
TN x AxR
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for all A Borel subset of [0, T'].

There is a last point to comment on in Definition 2.2, which is the measurability
of the function sup, (o 7} [l (2) [l L» vy in (2.5). Let us denote by f=1-f= 1,<¢
the conjugate function of £. By the identity

|ul? =/R[flg>o+flg<o]plélp_ld§, (2.7)
we have, for p € [1, 4+00),
IO oy = s (E@, ¥4) + (@, ¥, (28)
YyeF  y_eF_

where the sup is taken over some countable sets F; and F_ of functions v chosen
as follows: Fy = {y,; n = 1}, where (¥, is a sequence of non-negative functions
in CZ°(IR) which converges point-wise monotonically to & +— p|& Hr-lifp > 1
and to & — sgn(§) if p = 1. By (2.8), we have

sup [N}, vy = sup  sup (£(0), Yy) +(E@). ¥-). (29
te[0,T] YEeFy tel0,T]

By Item 2 in Definition 2.2, we know that the function

sup (£(1), ¥4) + (£(0), ¥-)

te[0,T]

is F-measurable for all 1+ € Fy.Indeed, the sup over [0, T'] of a cadlag function
is the sup of the function on any dense countable subset of [0, 7] containing the
terminal point 7. By (2.9), the function sup, .o 7y lu(?) || L (T~ is measurable.

Remark 2.1. (Initial condition). A limiting argument based on (2.6) leads to the
following initial condition for £(7):

£(0) = fo + 9emo, a.s.,

where my is the restriction of m to TV x {0} x R. It is thus not obvious that (2.6)
entails the expected initial condition £(0) = £¢. This is the case however (and,
therefore, mog = 0 a.s.), due to Proposition 2.11 and Corollary 2.12; see also the
discussion on the same topic in Section 5 of [10].

Proposition 2.2. (Mass of the random measure). Letug € L (TN). Let (u(t))e10,7]
be a solution to (1.1) with initial datum uo. Then the total mass of the measure m
in (2.6) is

TV 5 [0, 71 x B = 2 luoParom, — ~ (D)
m( X ) X - 5””0”L2(TN) z”u ”LZ('H‘N)

T
- Z/O /TN gk (x, uCx, D)ulx, 1) dx dBy (1)

k21

T
+1/ f G?(x, u(x, 1)) dx dr, (2.10)
2 0 'ﬂ"N

almost surely.
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Proof of Proposition 2.2. We start from (2.6), which we apply with a test-function
¢ independent on x. By substracting (1p-¢, ¢) from both sides of the equation, we
obtain

1
(x (@), ¢) = (x0.¢) + Z/O /TN gk(x, u(x, $))e(x, u(x,s)) dx dfi(s)

k=1

t
~|—l// 8g(p(x,u(x,s))Gz(x,u(x,s))dxds—m(agw)([(),t]),
2 0 TN
(2.11)

where x (x,1,8) = £(x,1,§)—1o>¢, xo(x, &) = £o(x, &) —1p>¢ are the traditional
kinetic functions used in [41] for example. We use then an approximation argument
to apply (2.11) with ¢(x, &) = &. This gives (2.10). O

2.2. Generalized Solutions

With the purpose of preparing the proof of existence of a solution, we introduce
the following definitions:

Definition 2.3. (Young measure). Let (X, A, A) be a finite measure space. Let
P1(R) denote the set of probability measures on R. We say that a map v: X —
P1(R) is a Young measure on X if, for all ¢ € C»(R), the map z — (v;, ¢) from
X to R is measurable. We say that a Young measure v vanishes at infinity if, for
every p 2 1,

//Iélpdvz(é)d/\(z)<+oo. (2.12)
X JR

Proposition 2.3. (An alternative definition of Young measures). Let (X, A, L) be
a measure space with A.(X) = 1. Let L be the Lebesgue measure on R and let Y
be the set of probability measures v on (X x R, A x B(R)) such that mgv = A,
where myv is the push forward of v by the projection w: X x R — X. Then V! is
the set of Young measures as defined in Definition 2.3.

For the proof of this result, which uses the disintegration theorem, we refer to
the discussion in [8, p. 19-20] on the spaces ) Land y(}is (“dis” for “disintegration”:
this corresponds to the Definition 2.3). Note that there is no loss of generality in
assuming A(X) = 1.

Definition 2.4. (Kinetic function). Let (X, A, 1) be a finite measure space. A mea-
surable function f: X x R — [0, 1] is said to be a kinetic function if there exists a
Young measure v on X that vanishes at infinity such that, for A-almost everywhere
ze X, forall £ e R,

f(z,8) = vz (§, +00).

We say that f is an equilibrium if there exists a measurable functionu: X — R such
that f(z,§) = £(z, &) = 1,(;)>¢ almost everywhere, or, equivalently, v, = Sg—y(z)
for almost every z € X.
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Definition 2.5._(C0njugate function). If _f : X x R — [0, 1] is a kinetic function,
we denote by f the conjugate function f :=1 — f.

We also denote by xs the function defined by xr(z,8) = f(z,&) — lo-¢.
This correction to f is integrable on R. Actually, it is decreasing faster than any
power of |£| at infinity. Indeed, we have x r(z,§) = —v,(—00, &) when & < 0 and
Xxf(z,&) =v;(§, +00) when & > 0. Therefore

ISI”/ |xf(z,s)|dx(z)s/ / P du @) dA@) <00 (2.13)
X X JR

forallé e R, 1 £ p < 4o0.

The so-called kinetic functions appear naturally when one examines the stability
of a sequence of solutions to (1.1). We discuss this topic in details in Section 4, but
let us already mention the following compactness result:

Theorem 2.4. (Compactness of Young measures). Let (X, A, A) be a finite measure
space such that A is countably generated. Let (V") be a sequence of Young measures
on X satisfying (2.12) uniformly for some p > 1:

sup / f £17 4V (8) dA(2) < +oo. 2.14)
n X JR

Then there exists a Young measure v on X and a subsequence still denoted (V')

such that, for all h € L'(X), for all ¢ € Cp(R),

im [ he) / $(6) AV (E) dA(D) = f h) / (&) dv, (§) dA(2).
X R X R

n——+00

(2.15)

The convergence (2.15) is the convergence for the rJV)VI topology defined in [8,

p. 21]. By [8, Corollary 4.3.7], (2.14) implies that the set {v,;n € N} is V-
relatively compact, and for this result, it is not necessary to assume that /f/ is
countably generated. This latter hypothesis is used as a criteria of metrizability
of ‘L’JV}VI, [8, Proposition 2.3.1]. A consequence of Theorem 2.4 is the following
proposition:

Corollary 2.5. (Compactness of kinetic functions). Let (X, A, 1) be a finite mea-
sure space such that A is countably generated. Let ( f,) be a sequence of kinetic
functions on X x R: f,(z,&) = v} (§, +00) where v" are Young measures on X
satisfying (2.14). Then there exists a kinetic function f on X x R (related to the
Young measure v in Theorem 2.4 by the formula f(z,&) = v, (&, +00)) such that,
up to a subsequence, f, — f in L°°(X x R) weak-*.

We will also need

Lemma 2.6. (Convergence to an equilibrium). Let (X, A, A) be a finite measure
space. Let p > 1. Let ( f,) be a sequence of kinetic functions on X x R: f,(z, &) =
V2 (&, +00) where V" are Young measures on X satisfying (2.14). Let f be a kinetic
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function on X x R such that f,, — f in L°(X x R) weak-*. Assuming that f is
an equilibrium, f(z,§) = £(z,§) = 1,(;)>¢, and letting

n(2) = f EdV(E),
R

then, forall 1 < q < p, u, — u in L1(X) strong.

Proof of Corollary 2.5. We apply the theorem 2.4. The convergence of (v"*), which
means that

(z> (V1 9) = (2> (v, 8)) in L2(X) weak — * (2.16)

77

for all € Cp(R), has the consequence that

f/a(z, f;‘)dv?(é)d)»(z)e/fa(z,é‘)dvz(é)d)»(z) (2.17)
x JR x JR

for every bounded Carathéodory integrand «. This is a consequence of the iden-

tity er = ‘L'Wl in the portmanteau theorem [8, Theorem 2.1.3] (see also [8,

Lemma 1.2.3] about Carathéodory integrands). We apply (2.17) to

3
a6 = [ g0
—00
where ¢ € L' N L% (X x R), and apply also the Fubini theorem to obtain

/ fn(z, &)z, &) dr(z) d& —>/ f(z, 8)p(z, §)dr(z)d§. (2.18)
XxR X xR

Using the bound by 1 on the L* norm of f,, and f, we deduce by an argument of
density that (2.18) holds true when ¢ € L' (X xR). O

Proof of Lemma 2.6. Let r € [1, +00]. By choosing 6 = ¢ and y as a test
function in z in (2.16), and by use of a standard approximation procedure, we have

/XfR@(S)dv;’(E)V(Z) dr(z) — fXG(u(Z))V(z) dr(z) (2.19)
forall® € C(R) and y € L"(X) such that

< 409,
L (X)

sup H / 6() dv!' (£)
n R

where r’ is the conjugate exponent to r. Let us assume first that p > 2 and let us
prove the convergence of (u,,) to u in L%(X). By (2.19), takingr = 2,0(§) = £ and
y € L?(X), we obtain the weak convergence of (u,) to u in L2(X). By developing
the scalar product

e = wnll7 2y = Nt Z2 ) + Nt l 3o ) = 200, ) 12x),
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we see that it is sufficient, in order to establish the strong convergence, to prove
that

< Jul? (2.20)

. 2
lim sup ||un||L2 L2(X)

n——+00 X)

We obtain (2.20) by the Jensen inequality, which gives

letnll7 ) = /X ‘ /R EdV(§)

Indeed the right-hand side of (2.21) is converging to | u/|

2
dk(z)é//lf;‘lzdv;’(é)dk(z). 2.21)
x Jr

iz(X)
(2.19) with 8(¢) = £2 and y(z) = 1). Still assuming p > 2, the remaining cases
1 £ g < p are deduced from the result for p = 2 by interpolation and by the
uniform bound on ||u, || Lr(x). Let us consider the case p < 2 now. Let us introduce
the truncate functions and truncate sequence (u,’f ) as follows:

(here, we apply

Tr(€) := min(R, max(—R, §)), ux(2) ZA%TR(S)dV;(S)

One checks that the study done for p > 2 can be applied to established the con-
vergence u,’f — Tgr(u) in L"(X) strong for every r < +o0o. Then we use the

estimate

uR (2) — un (2)| gf

I€1>R

IR—SIdv;’(E)§2/ &1 dvZ (&),

[E1>R

from which follows, for 1 < ¢ < p, by the Jensen inequality

74
ik = unlfuy <2 [ [ perat© w@ < o [ [ eratac.
x Jig|>R RP=1 Jx Jr

and, thanks to (2.14), the uniform bound

2
R _ D g,
luy — unliLacx) = R/ S:P/X/Rm dv; dA(2).

We have also Tg(#) — uin L9(X) when R — +o00. Gathering the different results
of convergence, we obtain u,, — u in L9(X). O

In the deterministic setting, if (u,(t)) is a sequence of solutions to (1.1), then,
due to natural bounds and to Theorem 2.4, the sequence of Young measures 6, (x.)
on X := TV (consider that 7 is fixed here) has, up to a subsequence, a limit v;. Then
every non-linear expression ¢ (u,(t)) for ¢ € Cp(R) will converge to (v, ¢) in the
sense of (2.15). This is why it is natural (cf. [15]), for such non-linear problems as
(1.1), to introduce the following generalization to Definition 2.2:

Definition 2.6. (Generalized solution). Let fy: TN xR — [0, 1] be a kinetic func-
tion. An L= (TV x R; [0, 1])-valued process (f(1))refo, 7] 18 said to be a generalized
solution to (1.1) with initial datum fp if f(¢) and v; := —0¢ f(¢) have the following
properties:
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1. for all ¢ € [0, T'], almost surely, f(¢) is a kinetic function, and, for all R > O,
f e Lp(TV x(0,T) x (—R, R) x Q),

2. forall p € CC (TN x R), almost surely, the map ¢ — (f(¢), ) is cadlag,

3. forall p € [1, +00), there exists C), = 0 such that

E( sup / / |E1P dvy £ (§) dx) < Cp, (2.22)
1€[0,71JTV JR

4. there exists a random measure m with first moment (2.2), such that for all ¢ €
CHTN x R), forall ¢ € [0, T], almost surely,

t
(f (1), 9) = (fo. @) /(f(S) a(€) - Vyp)ds
t
+// fgk(x,é)w(x,S)dvx,s(é)dxdﬁk(S)
0o JTVN JR

1 t
+5// /Gz(xfs‘)asw(x,s>dvx,s(s>dxds—m(assa)([o,r]).
0o JTN JR
(2.23)

Let us make a comment about notations: for each ¢ € [0, T'], we have a Young
measure v; on TV This gives us a set of probability measures (vy /), cn, as they
appear in the second line of (2.23). There is something misleading in the use of the
notation vy ;, which conveys the idea that we are considering a Young measure v
with index space TV x (0, 7). Such a modification of the point of view is admissible
however, and we will use it fully in Section 4.3.1 to obtain the convergence of
sequences of Young measures. Indeed, due to item 1 and to the fact that, for all
t € (0, T), for almost every x € TV, a.s.,

/ 6 (&) duy. (8) = f Fle1,8)¢ () dE.
R R

if ¢ € CH(R), the map (w, x,1) + (vy;, @) is measurable (and in L%,(TN X
(0, T) x ) actually). By the Fubini theorem, we deduce that, almost surely,
(x,t) = (vx;, ¢) is measurable when ¢ € CCl (R). By an argument of density,
this holds true when ¢ € Cp(R).

This point about the status of v, ; being clear, we have now also to justify that
the stochastic integral in (2.23) is well-defined. The bound (2.22) implies

T
E (/ / / [E1P dvy 1 (§) dx) S CpT. (2.24)
0 TV JR
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Using successively, Jensen’s Inequality, the growth hypothesis (1.3), and (2.24)
with p = 2, we obtain, for ¢ € C}(TV x R),

T
]E/Z
O =1

T
gE/O Z/W/R|gk<x,s>so<x,é>|2 dve (&) dx

k=1

2
/ /gk(x,é)w(x,é)dvx,z(é)dx
™ Jr

T
=Ef f /qu,g) lo(x, &)1 dvy ,(§) dx
0 ™ JR
< llgllge, Do(1 + CoT). (2.25)

The fact that

l'—>/ /gk(x,é)w(x,é)dvx,t(é)dx
TV JR

is predictable is a consequence of item 1. To sum up, we have proved the following
result:

Lemma 2.7. (Admissible integrand). Let fo: TV x R — [0, 1] be a kinetic func-
tion. Let (f(t))se[0,1] be a generalized solution to (1.1) with initial datum fy. Then,
forall ¢ € Cg (TN x R) the lz(N*)—valuedprocess

I (/ /gk(x,E)sl’(X,E)dvx,t(%')dx)
™ JR k=1

is in L% ([0, T] x Q; I7(N¥)).

Let us now state a simple result of reduction from a generalized solution to a mere
solution.

Proposition 2.8. Let ug € L®(TV). Let (f (t):efo0,1] be a generalized solution
to (1.1) with initial datum 1, ~¢. If for all t € [0, T, f(¢) is an equilibrium, then

f(-xv t’ Ev (1)) = f(-x’ t, Ea Cl)) = lu(x‘t,w)>.§ (226)

for almost every (x, &, w) € TN x R x Q, then (u(t))tefo,1] is a solution to (1.1)
with initial datum u.

Proof of Proposition 2.8. Under (2.26), we have v; = 8, a.s. From (2.24) with
p = 1, we deduce that u € L' (TV x (0, T) x ). Since

M(X,I)Z/Rédvx,z(f?),

we obtain u € L;J(TN x (0, T) x Q2) as a consequence of Item 1 in Definition 2.6.
We also have

3
p(x,£)d¢

(f(t),sﬂ):/ /Iﬂ(x,é)dvx,z@)dx, Vi(x,§) i=f
™ JR
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forall ¢ € C° (TN x R). Therefore Item 2 in Definition 2.2 follows from Item 2
in Definition 2.6. Using the identity

/ IM(I,X)I”dx:/ /|$|pdvx,t($)dx
TV ™ JR

we obtain Item 3 in Definition 2.2. Item 4 in Definition 2.2 follows from Item 4 in
Definition 2.6. 0O

We will show in Theorem 3.2 that (2.26), which we give as an hypothesis in
Proposition 2.8, is automatically satisfied by any generalized solution starting from
an equilibrium fy = f£o = 1,>¢.

We conclude this section with the following result, used in the proof of Corol-
lary 3.3:

Lemma 2.9. (Distance to equilibrium). Let (X, 1) be a finite measure space. Let
f: X xR — [0, 1] be a kinetic function. Then

&
mE) = / (Lime — F(©)d¢,  where u := /R X () dg

is well defined and non-negative.
Note in particular that the difference f (&) — 1,-¢ writes dsm where m 2 0.

Proof of Lemma 2.9. Let v, = —0¢ f(z,-), z € X. By Jensen’s Inequality, we
have

H( / cde@)) < / H(&) dv (0) 227)
R R

for all convex sub-linear function H : R — RR. Note that
u(z) = /ﬂ;{f(z, $) — 1> d¢ = /Ré“dvz(i)

by integration by parts. By integration by parts, we also have, for all sub-linear
function H € C'(R),

[RH(C)dvz(C) = H(0)+/RH/(§)(f(Z, ¢) —1os>¢)dg
and
H(u(z)) = /RH@)dSu(z)(g“) = H(0) +[1;H/(§)(lu(z)>§ —1p-¢) ds.
By (2.27), it follows that

/R H' (O 8) — Lywyag) g = 0

for all convex and sub-linear H € C'(R). Approximating ¢ > (¢ — £)~ by such
functions H, we obtain m(§) = 0. O
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2.3. Left Limits of Generalized Solutions

If (f (t))ref0, 77 s a generalized solutionto (1.1)and ¢ € C2° (TN xR), then, a.s.,
t — (f(1),¢) is cadlag. In the next proposition, we show that the a.s.-property to
be cadlag is independent on ¢ and that the limit from the left at any pointz, € (0, T']
is represented by a kinetic function.

Proposition 2.10. Let fy be a kinetic initial datum. Let (f(t));c[0,7] be a general-
ized solution to (1.1) with initial datum fy. Then

1. there exists a measurable subset & C of probability 1 such that, for all
w € Q,for all p € C.(TN xR), t > (f(w, 1), @) is cadlag,

2. there exists an L (TN x R; [0, 1])-valued process (f~())ie,1) Such that:
forallt € (0,T], forall w € Q forall ¢ € C.(TVN x R), f () is a kinetic
function on TN which represents the left limit of s — (f(s), @) att:

(f7 (. 9) = lim (f(5), ). (2.28)

Proof of Proposition 2.10. The set of test functions C CI (TN x R) (endowed with
the topology of the uniform convergence of the functions and their first derivatives)
is separable and we fix a dense countable subset D; (see the argument about I in
Section 4.5.1 for a proof of the existence of Dy). For all ¢ € Cc1 (TN x R), a.s., the
map

t
Jpite /O (f(s), a(®) - Vo) ds

t
+Z/ / /gk(x,E)(p(x,S)dvx,s(é‘)dxdﬂk(S)
0o JTN JR

k=1
t
+l/ / /ag(p(x,E)G2(x,$)dvx’s(§)dxds (2.29)
2 Jo Jov Jr

is continuous on [0, T']. Consequently, a.s., say for @ € Q) where 2 is of full
measure, for all ¢ € Dy, J, is continuous on [0, T]. If ¢ € Dy, (2.23) gives
(f (1), @) as a sum (up to the constant { fy, ¢)) of J,(¢) with m(dz¢)([0, ¢]). This
latter expression defines a function cadlag in ¢ for all w € 5, hencet — (f(¢), )
is cadlag if w € Q1 N 2. Here, 2y C 2 is of full measure. Next, we use the
estimate (2.22): there exists a set of full measure €23 in 2 such that, for every
w e 93,

sup / f €17 dvy 4 (§) dx = Cp(w) < +o0. (2.30)
te[0,7]JTN JR

Letw € € := Q) N QN Q3 be fixed. If ¢ € Co(TN x R), then

3
<f<r>,<o>=/ D@ dx, P 6) :=/ o(x, £)dz.

TN x

(2.31)
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Let R, > Obe suchthatgissupportedin [— Ry, R,]. Since |y (x, £)| < |l¢ll 1 (Ry+
I€1), we obtain the bound sup, o 71 [{f(7), ¢)| < [l@llL= (R, + Ci1(w)). This gives
the continuity of (f (), ¢) with respect to . Since the space of cadlag func-
tions is closed under uniform convergence, an argument of density shows that
t = (f(t), ) is cadlag for all ¢ € C.(TVN x R). To prove the second assertion
of the proposition, let us fix w € €2 and consider an increasing sequence (f,) in
[0, T'] converging to a point ¢, € (0, T]. Then, by means of (2.30) and since the
Borel o-algebra of TV is countably generated (T being separable), we can apply
Corollary 2.5: there exist a kinetic function f*~ on TV x R and a subsequence
(ng) such that f(t,,) — f*~ weakly-* in L°(TV x R) as k — +o0. If an other
subsequence (71x) provides an other weak limit f *~, then we have

(7o) = Tim (F0),0) = ("7, 9)

forall ¢ € C.(TN x R). Therefore f*~ = f*~: there is only one possible limit.
It follows that the whole sequence (£ (#,)) is converging to £~ in L®(TV x R)
weak-x. We establish this fact to ensure that the subsequence (ny) is independent
on w. Indeed, this shows that, viewed as a function of (w, x, &), f™~ is measurable.
We set f~(t,) = f*~ toconclude. O

Remark 2.2. (Left and right limits). Note that we prove a little bit more than what
is stated in Proposition 2.10. Indeed, for w € <2, we have f(@s) = f~(@) in
L>®(TN x R) for the weak-* topology, when s 4 ¢, which implies (2.28). By
similar arguments, we can show that f(s) — f(¢) in L>(TV x R) weak-* when

st

Remark 2.3. (Uniform bound). Note that, by construction, v~ = —0dg f~ satisfies
the following bounds: for all w € Q,

/ /\é\”dvx,(é)dx<c (), E( sup / /Iélpdv”(é)dx> <cC
te[O T] tel0,T]

We obtain (2.32) using (2.22)—(2.30) and Fatou’s Lemma.

(2.32)

Remark 2.4. (Equation for f 7). Passing to the limit in (2.23) for an increasing
sequence of times #, we obtain the following equation on f~:

t
(7@, 9)=(f0),9) /(f(s),a(S)quo)ds
t
+// /gk(x,E)w(x,é)dvx,s(é)dxdﬂk(s)
0 JTN JR

1 t
+3 f f f G2 (x, )30 (x, £) duy o (€) dx ds — m(30) ([0, 1).
0 ™ JR
(2.33)



Convergence of Approximations to Stochastic Scalar Conservation Laws

In particular, we have

(f() = f (1), 9) = —m(B:p)({1}). (2.34)

Outside the set of atomic points of A + m(ds¢)(A), which is at most countable,
we have (f (1), ¢) = (f (), ¢). It follows that f = f~ almost everywhere. In
particular, (2.33) gives us the following equation on f~:

t
(f7(,9) = (f(O),¢)+/O (f7(s),a(&) - Vip)ds
t
+// /gk(x,é)w(x,$)dv;,s(€)dxdﬂk(S)
0 JTVN JR
1 t
+§// /Gz(x,é)agw(x,f)dv;,s(&)dxds—m(agw)([O,t)),
0 JTVN JR
(2.35)

an equation which is also valid for r = 0 if we set f~(0) = fo.

In the next proposition, we give a criterion for the continuity of ¢ — (f(¢), ¢)
at a given point.

Proposition 2.11. (The case of equilibrium). Let fy be a kinetic initial datum. Let
(f())tefo.1) be a generalized solution to (1.1) with initial datum fy. Lett € (0, T].
Assume that f~(t) is at equilibrium: there exists a random variable v € LYTN)
such that f~(t,&) = 1y=¢ a.s. Then f~(t) = f(1).

Proof of Proposition 2.11. Let m* denote the restriction of m to TV x {t} x R.
Let us also set f = f(t). By (2.34), we thus have

fr =1y = dem*. (2.36)

There exists a subset €24 of Q of probability 1 such that, for all w € Q4, m, and
thus m*, are finite measures on TV x [0, 7] x R and TV x R respectively. Let ¢
be a smooth non-negative function such that 0 < ¢ < 1,4 = lon [—1, 1], ¢
being supported in [—2, 2]. Define the cut-off function ¥, (§) = ¥ (g£). Let also
¢ € C(TV). By (2.36), we have

/ / (0 E) — Toeyoe ) (0 (€) dx d&
TN xR

— e / / OOV (8)dm*
TN xR
< el e comy 19 e gym™* (T X R).

Taking the limit ¢ — 0, and taking into consideration the fact that ¢ is arbitrary,
we deduce that, for all w € 2 N Q4, for almost every x € TV,

/ (FF 0 8) — Loog) de = / (Lot — lomg) dE = v(x).
R R
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Now introduce
&
p*:é_'_)[ (1v>{_f+(§))d§-

By Lemma 2.9, p* is non-negative. In addition, d¢ (m* 4+ p*) = 0, due to (2.36)
and the definition of p*. Therefore m*™ + p* is constant, and actually vanishes by
the condition at infinity (2.3) and the obvious fact that p*(TV x By) also vanishes
when R — +o00. Since m*, p* 2 0, we finally obtain m* = 0 and conclude with
the identity f~(¢) = f(¢r). O

Let us consider also the special case t = 0. By letting t — 04 in (2.23),
we have f(0) — fo = dgmo, where my is the restriction of m to TV x {0} x R.
Consequently, we have the following corollary to Proposition 2.11.

Corollary 2.12. Let fy be a kinetic initial datum. Let (f (t))se(0,T] be a generalized
solution to (1.1) with initial datum fy. Assume that fy is at equilibrium. Then
f(0) = fo and m does not charge the line {t = 0}: m(TN x {0} x R) =0a.s..

Our final result in this section is about trajectories of solutions to (1.1). It is an
intermediate statement, before the full continuity result given in Corollary 3.3.

Proposition 2.13. Let ug € L®(TV). Let (u(1))ter0,1) be a solution to (1.1) with
initial datum ug. Then, for all p € [1,+00), for all ® € Q2 (given in Proposi-
tion 2.10), the map t — u(t) from [0, T] to LP(TN) is continuous from the right.

Proof of Proposition 2.13. We apply Proposition 2.10 to f(t) = £(t) = 1,¢)>¢.
For w € Q, ¢ € Co(TN x R), the map t — (£(1), @) is cadlag. Let t, € [0, T)
and let (z,) be a decreasing sequence of [0, T'] converging to f,. The sequence
f" of elements f" := £(t,) takes values in [0, 1]. For o € Q fixed, it has a
convergent subsequence in L (TV x R) weak-*. Since (f", ¢) — (£(ts), @) for
all continuous, compactly supported function ¢ on TV x R, the whole sequence
(f™) is converging to its unique adherence value, £(z,). By (2.5), the bound (2.14)
is satisfied for all p € [1, 400); we can apply Lemma 2.6 to conclude with the
convergence u(t,) — u(t,) in LP(TV). 0

3. Comparison, Uniqueness and Reduction of Generalized Solutions

3.1. Doubling of Variables

In this paragraph, we prove a technical proposition relating two generalized
solutions fi, i = 1, 2 of the equation

du;(x,t) + div(A(u;(x, 1)) dt = &;(x, u;(x, 1)) dW(z). (3.1)

We use the following convention of notations: if (f(¢)):c[0,7] is a generalized
solution to (1.1), we denote by f~ the left limit defined in Proposition 2.10, and
we denote by £ the right limit, which is simply f: fT(¢) := f(¢). This gives
more homogeneity to the different statements in this part. Recall also the notation

f =1 — f for the conjugate to f, introduced in Definition 2.5.
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Proposition 3.1. Let f;, i = 1,2, be generalized solution to (3.1). Then, for 0 <
t £ T, and non-negative test functions p € C*(TV), ¢ C(R), we have

E/ f PO — VY (E — O fECr .6) FE (v 1, ) dE dg dx dy
(TN)z R2

g/ / P — PP (E — 0) froe. &) froly. £) d& dE dxdy +1, + 1y,
(TN)Z R2
3.2)

where

t -
IPZE/ / / fl(xvs,S)f2(y,S7§)(a(§)
0 ('H‘N)Z R2
—a@NY(E —¢)déEdS - Vip(x —y)dxdyds
and
1 t
Iy, = = —WE _ ,
v =3 /(TN)zp(x » fo fsz@ ;)PZ]Lgk,](x 3
— g2y OP dv] [ ® 7 (5. ¢)dxdyds.

Remark 3.1. Each term in (3.2) is finite. Let us consider the left-hand side of (3.2).
Introduce the auxiliary functions

§ ¢
%(E)Z/ ¥ (s)ds, W2(§)=/ Vi(§)dé.

Since ¥ is compactly supported, both | and ¥, vanish at —oo. When § — 400,
Y1 remains bounded while v has linear growth. More precisely, if i is supported
in [—R, R], then

2 (O = 1S+ BRIV L1 w)- (3.3)

Since

FEGLLE) =/

(&,+00)

WhEE), FEG. ) = /( .
_w’é‘

for almostevery £, e R, x,y € TN, ¢ € [0, T], the Fubini Theorem gives us the
formula

/Rz VE = OO () dsdg = fR Y2 = v) vy @) dvp ).
(3.4)
By (3.3), we deduce that

'/sz(é — O fi 0, 1,8 f (v, 1, 0) dE dé“'

< 1l [R+ /R €] vy (§) + /R |s|dv§;?<s>}
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for almost every x,y € TV, for all t € [0, T]. Using the Young inequality for
convolution with indices 1, 1, 1, we obtain

’/ / px =V (E = O (6, 1,6) fy (v, 1, ¢) dE d¢ dx dy
(TN)2 R2
S Wl llellpiayy (R + Cri(w) + Cr2(w)), (3.5)

where

Cii(w) == sup f f |61V () dx

t€l0,T]
is in L1(2) thanks to (2.22)—(2.32).

Proof of Proposition 3.1. Set
o
Gl (x.8) =) lgri(x, &), ie{l,2}.

Let g1 € C?O(chv x Re) and o € C° (vav x R;) be some given test functions.
Equation (2.23) for f1 = f;" reads (f;" (t), ¢1) = n1([0, t]) + Fi(t), where Fj is
the stochastic integral

Flm—fo fgkupldv ;(€) dx dBi(s)

k=1

and 7 — ([0, t]) is the function of finite variation on [0, T'] (¢f: [42, p. 5]) defined
by

t
w1 ([0, 1]) = (f1,0, ¥1)80([0, 1]) +/0 (fi,a-Ver)ds

1 t
+—// /agqu%dv;s@)dxds—m1(as¢1>([o,r]>.
2 Jo Jrv Jr

Note that, by Corollary 2.12, ml(aggol)({O}) = 0 and thus the value of w({0}) is
(f1.0, 1). Similarly, we write ( f2 (1), ¢2) as continuous semimartingale, sum of
the stochastic integral

P (1) = — Z// /gkzﬁl’zd‘)}s(é')dydﬂk(s)

k=1

with the function with finite variation given by
t
w2(10, t1) = (2,0, 2)80([0, 1]) + / (f2,a-Ver)ds
0

1 t
) / / / 3§(P2G% dv%,s (&) dy ds +m2(9:2)([0, t]).
0 ™ JR )
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Again, we note that u,({0}) = ( fz,o, ¢2). Let us define the test-function

a(x, £, 5,0 =o1(x,)ea(y, £).

We want to compute

(O @, a)) = (7O, o) (5 @), @2). (3.6)

where ((-, -)) denotes the duality product over ch\’ x Rg x lev x R¢. By the Ito
formula for continuous semimartingales, [42, p. 146], taking expectation, we obtain
the following identity:

E(fi" (0 f 1), a) = (frofa0 @
+E/ /TN / fi72(a®) - Vs
+a(¢)-Vyadédsdxdyds

1_ (! _
+ —IEJ/ / / dear fo(s)GTdv! (£)dz dxdyds
2 0 J(TN)?2 JR? ’

1 t
--E 2 4?2 de dydxd
2 \/0\ ,/("]I‘N)Q /I\{Z aé‘af](s)Gz vy,s(é‘) g y X ds
t
—IE// Gioady, (&) dv; (¢)dxdyds
TN)z ]R2
—E/ f o ()dgardmy(x, s, &) d¢ dy
0,1 J(TN)?2 JR?

—HE/ / fi ()3 dma(y,s, ¢)dé dx,
0,11 J(TN)2 JR2
3.7

where G 2(x, y; £, 8) := D ;> &k 1(x, £)gk 2(y, ¢). Equation (3.7) is identical
to Equation (24) in [14]. We refer to the proof of Proposition 9 in [14] for the last
arguments that establish (3.2) on the basis of (3.7). O

3.2. Uniqueness, Reduction of Generalized Solution

In this section we use Proposition 3.1 above to deduce the uniqueness of solu-
tions and the reduction of generalized solutions to solutions.

Theorem 3.2. (Uniqueness, reduction). Let ug € L®(TV). Assume (1.3)~(1.4).
Then we have the following results:

1. there is at most one solution with initial datum ug to (1.1);

2. If f is a generalized solution to (1.1) with initial datum fj at equilibrium: fo =
1,>¢, then there exists a solution u to (1.1) with initial datum wo such that
fx,1,8) = 1,0, 0>¢ a.s., for almost every (x,t,§);
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3. if uy, ua are two solutions to (1.1) associated with the initial data ui 0, uz,0 €
L®(TN) respectively, then

Ell(u1 () = ua @) llprepyy S N0 — u2,0) g1 owys (3.3)

forallt € [0, T. This implies the L'-contraction property, and the comparison
principle for solutions.

Corollary 3.3. (Continuity in time). Let ug € L (TV). Assume (1.3)—(1.4). Then,
for every p € [1, 400), the solution u to (1.1) with initial datum uo has a repre-
sentative in LP(§2; L0, T: LP(TY))) with almost sure continuous trajectories
in LP(TM).

Remark 3.2. (Uniqueness of the kinetic measure). Let f and f be two generalized
solution to (1.1) with initial datum fy at equilibrium, fy = 1,,~¢. By Theorem 3.2,
we have f = f . It follows from (2.23) that the associated random measures m and
m satisfy, for all ¢ € Ccl. (TV x R), and for all 7 € [0, T], almost surely,

m(0:)([0, 1]) = m(3 ) ([0, 1]). (3.9)

At fixed ¢, the two functions of ¢ in (3.9) are cadlag. Therefore (3.9) is satisfied
for all ¢ € CC1 (']TN x R), almost surely, for all + € [0, T]. By an argument of
density (as in the proof of Proposition 2.10), we obtain (3.9) almost surely, for all
Qe Ccl, (TN x R), for all t € [0, T]. This implies: almost surely, dgm = 9gm. By
(2.10), the two measures have the same total mass almost surely. Consequently,
almost surely, m = m.

Proof of Theorem 3.2. Consider first the additive case: ®(x, u(x)) independent
on u(x). Let f;, i = 1, 2 be two generalized solutions to (1.1). Then, we use (3.2)
with g independent on & and ¢. By (1.4), the last term I, is bounded by

tDq 5
T||¢||L°O lx = y[7p(x — y)dxdy.
(TN)?

We then take ¢ := 15 and p = p, where (¥s) and (p.) are approximations of the
identity on R and T¥, respectively, that is,

1 (& 1 x
¢u9=5wﬁﬁ,;um=;m(;y

where ¥ and p are some given smooth probability densities on R and T", respec-
tively, to obtain

tD
I, < 71823*1. (3.10)

Denote by v)'j the Young measures associated to fl.i, i €{1,2}. By acompu-
tation similar to (3.4), we have, almost surely, for almost all x, y € TN,

Aﬁwm@ﬁ@m9%=éy—ww&%mwﬁw 3.11)
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By (3.4), we also have

[ me-oftwnoitonodd=[ ysu—nblfwaiio.
(3.12)

where

§ §
1#2,5(5):/ V1,(5) de, 1#1,5(5):/ Ys(¢)de.

Assume that ¥ is supported in (0, 1). Then ¥ 5(§) = 0if & < 0 and, for & > 0,

£T rtoo

+00
AR X103 =/0 ¥ (u) du d¢ :/o E A (Gu)y () du. (3.13)

¢/8

Using (3.13) in (3.11), (3.12) gives

0§Afli(x,t,é)fzi(y,t,é)dé—/Rz Vo€ — O S 1,6 f5 (.1, ) dE e

400
= fR /O = v)" A GOYE) A dvy () dvy (v).
Since (u — v) T A (82) < ul A (82) + [v| A (82), we have

0 [ FEwnofEon0de = [ v - 0fE e 05 0 dde

+00
é/ (/ |$|dv§;f($)+/ |s|du§;f(g))A(3;)w@)d;
0 R R

It follows that

/ /ps(x—y)fli(x,t,é)ﬂi(y,t,é)dédxdy
(TV)2 JR
—/ /ps(x—waa(s—c)fﬂx,aé)f;(y,r,;)déd;dxdy
(TN)Z R2
+00
< fo ( /T ) /R E1(dvE ) + dvf:?(é))dx) A Q500 dg

+00
< fo (Cﬁ1<w>+clﬂf2(w>)A(zs;)wmd@. (3.14)
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‘We have used (2.22)—(2.32) (with a constant Cf,. for vi¥) to obtain (3.14). When
g — 0, we have

V / pe(x = V) [ (x,1,€) f5 (v, 1,) dE dx dy
(TV)2 JR

—/ /fﬁ(x,r,smi(x,t,@dsdx
™ JR

< sup /TN/Rfﬁ(x,r,@|f;(x—z,r,s> — f5(x.1,8)] d& dx

|z|<e

< sup /TN/R(Xf;(x—z,z,s)—xfzi(x,z,s)‘ dE dx. (3.15)

lzl<e

Consequently [see (3.14), (3.15)],

hmf /pe(x—waa(s—c)fﬂx,né)f;(y,r,odsdcdxdy
(TN)Z R2

£,6—0

=f ffﬁ(x,r,s)fzi(x,t,s)dmx,
™ JR

for all w € Q2. We apply the estimate (3.5). We have the uniform bounds

||,05||L1(11‘N) =1, ||¢8||L1(R) =1, R=56=1

Consequently, we may apply the Lebesgue dominated convergence theorem to
obtain

E/EN ~/]Rf1:t(x’t’s)f2i()€,l,§)dxdé

< E/ f pex — Vs (E — O FECe 1. 6) FE (v 1. 0) dE d dx dy + mi(e, 8),
(TN)Z R2
(3.16)

where lim, s_.0 1 (¢, 6) = 0. Once (3.16) has been established, we may follow the
lines of the proof of Theorem 11 in [14] to obtain (see Equation (31) in [14])

E / / FEO FE) dx de < / / Fio oo dx de. (3.17)
™ JR ™ JR

Assume that f is a generalized solution to (1.1) with initial datum 1,,,~¢. Since fp
is the (translated) Heavyside function 1,,~¢, we have the identity fo fo = 0. Taking
fi = f» = fin (3.17), we deduce fT(1 — fT) = 0 almost everywhere, that is
fT € {0, 1} almost everywhere. The fact that —dz f is a Young measure then
gives the conclusion; indeed, by Fubini’s Theorem, for any ¢ € [0, T], there is a set
E; of full measure in TV x € such that, for (x, w) € E;, fT(x,1,&, w) € {0, 1}
for almost every & € R. Let

E, = E N (T x Q).
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The set E; is of full measure in TV x Q. For (x, ®) € E;, —d: f(x,1,-, @) isa
probability measure on R. Therefore [T (7, x, &, ®) = 1,(x.1.w)>¢ for almost every
£ € R, where u(x, t,w) = [p(fT(x,1,§, ®) —1p-¢) d§. We have a similar result
for f~ (this will be used in the proof of Corollary 3.3). Proposition 2.8 implies that
u is a solution in the sense of Definition 2.2. Since f = f (recall the convention
of notation introduced at the beginning of Section 3.1), this shows the reduction of
generalized solutions to solutions. If #| and u; are now two solutions to (1.1), we
deduce from (3.17) with f; = 1,,-¢ and from the identity

/ Ly e lyyog d& = (ug —up)™*
R

the contraction property (3.8).
In the multiplicative case (® depending on u), the reasoning is similar, see [14].
O

Proof of Corollary 3.3. We use the notations and the results of Proposition 2.10.
We fix p € [1, 400). Both (f(¢))iefo,7) and (f~ (£))sefo,1] are generalized so-
lutions to (1.1) associated with the initial datum 1,,-¢ (we use (2.35) here). By
Theorem 3.2, they are at equilibrium: f(¢) = 1,>¢, [~ (1) = 1,~()=¢- By
Proposition 2.13, for all w € <, the map t — u(t) from [0, T] to L?(TV) is
continuous from the right. Similarly, # + ™~ (¢) is continuous from the left. By
Proposition 2.11, the fact that ™~ is at equilibrium has the following consequence:
ateveryt € (0, T], f(t) = f~(¢). In particular, we have u = 1~ and thus, almost
surely, u is continuous from [0, T'] to L? (V). o

We apply (3.8) to infer an L°° bound on solutions to (1.1) in the particular case
of a multiplicative noise with compact support.

Theorem 3.4. (L°° bounds). Assume (1.3)—(1.4) and
gk(x,u) =0, Vul 21, (3.18)

forallx € TN, k > 1. Let ug € L®(TN) satisfy —1 < ug < 1 almost everywhere.
Then, for all t 2 0, the solution u to (1.1) with initial datum u satisfies, almost
surely,

—1Zu(x, =1 (3.19)
almost everywhere in TV

Proof of Theorem 3.4. We use (3.8) to compare u to the two particular constant
solutions (x,7) — —land (x,¢) — 1. 0O

Remark 3.3. (Comparative analysis between Sections 2 and 3 and Sections 2 and 3
of [14]). In Section 2, we introduce in Definition 2.2 a notion of solution that dif-
fers from the one given in [14, Definition 2]. The notions of generalized solution
(Def. 2.6 here, Definition 7 in [14]) are different therefore. The elements on Young
measure theory are common in both papers, though (compare for example Defini-
tion 2.3 with [14, Definition 3]). However this repetition seems necessary to obtain,
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to a certain extent, a self-consistent paper. Furthermore, the hypothesis “countably
generated” on the o -algebra A in [14, Theorem 5] was missing out (compare to the
statement of Theorem 2.4). The analysis of left limits of solutions in Section 2.3,
although similar, is different from the study in Section 2.3 in [14]. Indeed, right lim-
its are known to exist in our present paper by essence (the cadlag property is one of
the criteria for being a (generalized) solution). More importantly, Proposition 2.10
is more specific than Proposition 8 of [14] about the almost certain character of the
results. Note also that Proposition 2.11, its corollary 2.12, and Proposition 2.10,
absent in [14], are necessary to prove the a.s. continuity of solutions (a point that
was treated too quickly in [14, Proof of Corollary 12]). The method used here to
prove uniqueness (and the reduction result for generalized solutions) is very similar
to what was done in [14, Section 3], however, it is more complete [¢f. Remark 3.1,
Formula (3.4) in particular, that is used to justify (3.11)]. The initial part of the
proof of Proposition 3.1 differs from the proof of Proposition 9 in [14]. For the
final arguments, we have referred to [14]. Eventually, although Theorem 3.2 and
Corollary 3.3 are similar to Theorem 11 and Corollary 12 in [14], we have given
their proofs with many details. It was required in the case of Corollary 3.3, as
already mentioned. In the proof of Theorem 3.2, we explain with more precision
than in [14] how to obtain (3.16). Then we essentially refer to the proof of [14,
Theorem 11] since the arguments we used are the same.

4. Convergence of Approximate Solutions

In this section, we develop the tools required for the proof of convergence of a
certain type of approximate solutions to (1.1). The basic principle is to generalize the
notion of solution introduced in Definition 2.2. Indeed, this facilitates the proof of
existence/convergence. In a second step a result of reduction (or “rigidity result”),
which asserts that a generalized solution is a solution is used. This principle is
of much use in the deterministic theory of conservation laws (cf. [15] with the
use of “measure-valued entropy solutions”, [19] with the use of “entropy process
solutions”, [41] with the use of kinetic solutions as defined here). We have already
introduced a generalization of the notion of solution in Definition 2.6, and have
proved a result of reduction in Theorem 3.2. Here we will work mainly on the
probabilistic aspects of the questions. We will have to consider “solutions in law”,
or “martingale solutions” (see the comment after Theorem 4.6 for more explanations
about the terminology). The plan of this section is the following: in Section 4.1,
we define the notion of approximate generalized solution. In Section 4.2, we give a
martingale characterization of the stochastic integral. In Section 4.3, we give some
tightness results on sequences of approximate generalized solutions. The main
result, Theorem 4.6, which shows the convergence of a sequence of approximate
generalized solutions to a martingale generalized solution, is proved in Section 4.5.
Eventually, we obtain a result of pathwise convergence in Section 4.6.

4.1. Approximate Generalized Solutions

Let d be an integer fixed once and for all.
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Definition 4.1. (Approximate generalized solutions). Let fy : TN xR — [0, 1] be
some kinetic functions. Let (" (¢))<[0.7] be a sequence of L®(TY x R; [0, 1])-
valued processes. Assume that the functions f”(¢), and the associated Young mea-
sures v/ = —0g@f"(t) are satisfying Items 1, 2, 3, in Definition 2.6 and Equa-
tion (2.23) up to an error term, that is: for all ¢ € CS (TN x R), there exists an
adapted process " (¢, ¢), with t — &" (¢, ¢) almost surely continuous such that

lim  sup |¢"(t, ¢)| = 0 in probability, 4.1)
n——+00 tel0,T]

and there exists some random measures m" with first moment (2.2), such that, for
all n, for all ¢ € Cg(']I‘N x R), for all # € [0, T'], almost surely,

t
0. 0) = (f ) +/0 (F(5), a(®) - Vag) ds
t
4 / / / gk, E)p(r, £) AV (5) dx dBi(s) + (1, )
0 ™ JR

1 t
+E/f /Gz("’5)3f¢’<x’€>dv§,s@>dxds—m"(aw)([o,tn.
0 ™ JR 42)
4.

Assume also f"(0) = fi'. Then we say that (f") is a sequence of approximate
generalized solutions to (1.1) with initial datum f{'.

4.2. Martingale Characterization of the Stochastic Integral

In order to pass to the limit in an equation such as (4.2), we will first characterize
(4.2) in terms of a martingale problem, and then we will use martingale methods
to pass to the limit. In the present section, we give the characterization of (4.2)
in terms of a martingale problem, see Proposition 4.1 and Proposition 4.2 below.
We refer to [30, Example 1.4, p. 143] for characterization of the standard Wiener
Process in terms of a martingale problem. In the context of SDEs and SPDEs, such
kind of characterizations have been applied in [7,13,26,29,40] in particular.

Let us define the stochastic integrands

W) = /T ) /R . 90 A O dx, K0 = (0), L @)

and the stochastic integrals

t
My @) = Z/O AN Agk(x,é)w(x,é)dvﬁ,s(é)dx dBi(s). (4.4)

k=1

By Lemma 2.7, we have hz € L%([O, T1 x ;12(N*)) for all n, ¢. Using It5’s
Formula, we deduce from (4.4) the following statement:
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Proposition 4.1. Let (f™) be a sequence of approximate generalized solutions
to (1.1) with initial datum f§'. Let ¢ € CH(TN x R). Let M}}(t) be defined by
(4.4) and hz () by (4.3). Then the processes
13 ) 13
M), MIOB(D) — /0 0 () ds, (M) — /0 A (5) 2oy dis,
4.5)

are (F;)-martingales.

What will interest us is the reciprocal statement.
Proposition 4.2. Leth € L%([O, T1x Q; 12(N*)). Let X (1) be a stochastic process

starting from O such that the processes

t t
X0, X©Op(r) - /0 hi(s)ds, X0 — /0 1Ay ds  (4.6)

are (F;)-martingales. Then
t
X0=> / hi(s) dBi(s) (4.7)
=170
forallt € [0, T].
Proof of Proposition 4.2. The proof can be found in [26, Proposition A.1]. Let us
give some details about it. We first claim that the following identity is satisfied:

t t
IEI|:(X(t) - X(s))/ 0(0) dBi (o) do —/ hk(o)e(a)da‘fs] =0 4.8)

forall0 < s <t < T,allk =2 landalld € L%)([O, T x ). The proof consists in
approximating 6 on the interval [s, t] by predictable simple functions. It is similar
to a computation of quadratic variation. Note that (4.8) uses only the fact that

t

X, X(0Bu(t) - fo e (s) ds

are (F;)-martingales. We apply (4.8) with s = 0 and 6 = hj and sum over k to
obtain

_ t _ t
E[X @)X (@)] :E/o ||h(s)||122(N*) ds, X(1r):= Z/O hi(s) dBi(s). (4.9)

k=1

This gives the expression of the cross-product when we expand the term E|X (1) —
X (t)|%. Using the fact that

t
X - /0 ()12 ey ds
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is a (F;)-martingale and applying It6’s Isometry to | X (r)|? shows that the square
terms are also given by

t
EIX(1)* =EIX(0)* = /O 72 ()17 g s

It follows that X (1) = X(r). O

4.3. Tightness

Let (f™) be a sequence of approximate generalized solutions, in the sense
of Definition 4.1. Recall that )! is the notation for the set of Young measures on
TV x[0, T1xR (cf. Proposition 2.3) and that M, (T x [0, T]xR) is the notation for
the set of bounded Borel measures on TV x [0, T'] x R while /\/l;r (TN x [0, T] xR)
is the subset of non-negative measures. Let v" be the Young measure associated to
ST (V" = —0¢ f"). The law of v" is a probability measure on the space ) 1. We will
see in Section 4.3.1 that, under a natural a priori bound, see (4.10), the sequence
(Law(v™)) is tight in V!, In Section 4.3.2, this is the sequence (Law(m")) that we
will analyse. We show under (4.14) and (4.15) thatitis tightin M;’ (TN x[0, T]1xR)
(see, more specifically, Proposition 4.4).

We also need to analyse the tightness of ({f,(¢), ¢)) in the Skorokhod space
D([0, T]): this is done in Section 4.3.3.

4.3.1. Compactness of the Young Measures In this section, we will use the
following notions: we say that a sequence (v") of V' converges to v in P! if
(2.15) is satisfied. A random Young measure is by definition a Y!-valued random
variable.

Proposition 4.3. Let (") be a sequence of approximate generalized solutions
to (1.1) with initial datum f. Assume that the following bound is satisfied: for
all p € [1, +00), there exists C;, 2 0 independent on n such that v"" := —dg f"
satisfies

E[ sup / /|§|”dv;')t($)dx:| <C,. (4.10)
tef0,71JTV JR

Then, there exists a probability space (S, F,P) and some random Young measures
V", v, such that

1. V" has the same law as V",
2. V satisfies

- 1
E sup —/f /|S|pdﬁx,t($)dxdt §Cp, “4.11)
scor Uy Jov Jr

where the supremum in (4.11) is a countable supremum over all open intervals
J C [0, T] with rational extremities,
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3. up to a subsequence still denoted (V"), there is P-almost sure convergence of
") 1o ¥ in YL
Furthermore, if f", f: TN x [0, T] x R x Q — [0, 1] are defined by
FrOe,1,6) =T (€, 400),  f(x,1,8) = Tys(§, +00),

then f" — fin L(TN x [0, T] x R)-weak-* P-almost surely, f being a kinetic
function.

Proof of Proposition 4.3. Note first that (4.10) yields

T
E(/ / /|§|pdvj},($)dxdt>§cpT. 4.12)
o J1VJR ’

For R > 0, p 2 1, let us denote by K, p the set of Young measures v € ) ! such

that
T
///dex,f(s)dxdtgze.
o JTN JR

By [8, Theorems 4.3.2, 4.3.8, 2.1.3], the set Kg , is compact in V! for the r)v)vl_
topology, which is metrizable, [8, Theorem 2.3.1] and corresponds to the conver-
gence (2.15). By (4.12), we have

Cc,T
PO ¢ Krp) S —%-,

R
which shows that the sequence (") of J!-valued random variables is tight. The set
V! endowed with the 7, -topology is Polish, [8, Theorem 2.3.3]: we can use the
Prokhorov’s metric, [6, p. 72]. By Prokhorov’s Theorem, [6, Theorem 5.1], there

exists a V!-valued random variable v and a subsequence still denoted (") such
that (V") converges in probability to v. Since the map

1
Yy V' = [0, +00], v JsE)pT]m/]/TNfRIEI”dvx,z(E)dxdt
cl0,

is lower semi-continuous, we have

< T ny <
Eyp(v) = nglfggEWp(V )= Cp

by (4.10) and, consequently, that v satisfies the condition

// /|$|pdvxt($)dth < Cp. (4.13)
JCOT]|J|

Let us now apply the Skorokhod Theorem [6, p. 70]. There exists a probability

space (€2, F, P) and some random variables V", ¥, such that

1. V" and ¥ have the same laws as v" and v respectively,

2. up to a subsequence still denoted (v"), there is P-almost sure convergence of
(3" to ¥ in V1.

Since v and v have same laws, v satisfies the bound (4.11). If we apply Corollary 2.5,

we obtain that f* — f in L®°(TV x [0, T] x R)-weak-* P-almost surely, f being

a kinetic function. 0O
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4.3.2. Compactness of the Random Measures

Proposition 4.4. Let (f") be a sequence of approximate generalized solutions
to (1.1) with initial datum fO”. Assume that

Em”" (TN x [0, T] x R) is uniformly bounded, 4.14)
and that m" vanishes for large & uniformly in n: if BS, = {§ € R, |§] = R}, then

lim Em"(TV x [0,T] x B%) =0 (4.15)

R—+00

uniformly in n. Then, there exists a probability space (Q, F, If”) and some random
measures m", m: Q@ — My(TV x [0, T] x R) such that

1. m"™ has the same law as m", y
2. up to a subsequence still denoted (m"), there is P-almost sure convergence of
™) to m in Mp(TV x [0, T] x R)-weak-*,

Proof of Proposition 4.4. Let n: R. — R, be defined by

n(R) = supEm" (TN x [0, T] x BY).
neN

Let / be a fixed function on TV x [0, T] x R, h continuous, positive, integrable.
Proving the statement for the sequence of measures
B m"(B) + / h(x,t,&)dxdrdé
B
is equivalent to proving the statement for the original sequence (m"). We will
assume therefore that n(R) > 0 for all R 2 0 and that
Im™|| == m" (TN x [0, T] xR) =68 > 0,

where § is independent on n. Let p” Hm" T We consider the random variables
= (u", ||m"|)), taking values in PI(TN x [0, T1 x R) x R, where P! (TN x
[O, T] x R) is the set of probability measures on TN x [0, T] x R. For A > 0, let
K 4 be the set of probability measures u € PHTN x [0, T] x R) such that
w(TN x [0, T x B‘)

sup =

R>1 n(R)
Then K4 is compact in Pl(']I‘N x [0, T] x R)-weak-* by Prokhorov’s Theorem
and (4.15). Using the Markov Inequality, and the definition of (R), we obtain

C
P(u" ¢ Ka) = e

where C is independent on 7; this shows that () is tight in P'(TV x [0, T] x
R) endowed with the topology of the weak convergence of probability measures.
Similarly, using (4.14) and the Markov Inequality, we have

C
P(|m"| > A) £ —,
(llm™] > )_A
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where C is independent on n:, therefore (||m”||) is tight in R. It follows that (X™)
is tight in P1(TY x [0, T] x R) x R, endowed with the product topology. This
topology is separable, metrizable and there exists a compatible metric which turns
the space into a complete space (we can take the sum of the Prokhorov’s metric and
of the usual metric on R ). Therefore we can apply the Skorokhod Theorem. There
ex1sts a probability space (Q, F, P) and some random variables X" = (", at),

= (ft, &) such that X" has same law as X" and, P-almost surely, X" — X in
73 (TN x[0, TIxR)xR.Setm" = a"n" andm = a . Thenm™ has the same law
as m" and there is P-almost sure convergence of (/") to i in My (TN x [0, T]xR)-
weak-*. O

4.3.3. Tightness in the Skorokhod Space Let D([0, T']) denote the space of
cadlag functions on [0, T]. See [30, VI.1] and [6, Chapter 3] for the definition of
D([0, T]). Let (f") be a sequence of approximate generalized solutions to (1.1)
with initial datum f. In Section 4.4 below, where we analyse the convergence
of (f,); it would be desirable to have a result of tightness of the processes ¢t
(f™(t), p) since they are random variables in D([0, T']) (here, ¢ is a given test-
function). It seems difficult to obtain such a result. The only fact which we can infer
naturally from (4.10), (4.14), (4.15), is that the sequence of processes

t> (f1(0), 9) + AG@),  Ay() == (m", 9:)([0, 1])

is tight in D([0, T']), see Proposition 4.5 below. Showing additionally that (Ag) is
tight in D([0, T']) seems impossible, however, if no additional properties of (m")
are known. Indeed, the weak convergence of u" := (m", d¢¢) to a measure 1 on
[0, T'] is not a sufficient condition for the convergence of Az to A(t) = n([0,])
in D([0, T]). Consider for example the case

'un = al*fx,, + 81‘*70',, s

where t, € (0,7T) and (s,) | O, (o,) | 0 with s, < o, for all n. Then (u,)
converges weakly to u = 24;,, we have

a, (1) == up ([0, 7]) — a(t) := n(0,1])

for every ¢t € [0, T'], but («,), or any subsequence of (¢, ), does not converge to «
in D([0, T]). This example should be compared to [30, Example 1.20, p. 329]. See
also Theorem 2.15, p. 342 in [30].

As asserted above, we will show that the sequence of processes

t=> (10, 0) + A1), Ag@) == (m", 3:¢) ([0, 1]),

where

(m", %) ([0, t]) := /[/ dep(x,s, &) dm" (x,s,§),
TN x[0,7]xR

is tight in D([0, T']). It is sufficient to show that

1= ("), 9) + By(t), By(t) :=(m", 0:¢)([0,1]) — &"(t. @) (4.16)
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is tight in D([0, T']) since each function ¢ +— &"(¢, ¢) converges in probability to
0in C([0, T]) by (4.1). Since f"(0) = f(?, we have

(F"(0). 9) + BLG) = (f§ . 9) + (o), (4.17)

P-almost surely, where
1
szt [(0).a@)- Vords
0

t
+Z// /gk(x,E)(p(x,S)dv)'c’,s(é')dxdﬂk(S)
0 JTN JR

k=1
13
+l/ f /3§<P(X,E)G2(x,é)dp)’;s(g)dxds' 4.18)
2 Jo Jrv Jr ,

‘We will show that (J(;’ (7)) is tight in C ([0, T]).
Proposition 4.5. Let (f") be a sequence of approximate generalized solutions
to (1.1) with initial datum f{. For ¢ € C{(TVN x R), set

t
(1) = /0 (s, al) - Vo) ds,

t
My =3 fo /T ) /];@ g r. E)px, £) AV (5) dx dBi(s).

k>1
t
1{,}(021// /3s§0(X7S)Gz(x,é)dvfs(f)dxd&
2 Jo Jov Jr ’

Assume that (4.10) is satisfied. Then each sequence (DZ), (Mg), (Ig) is tight in
C([0, T)). In particular, the sequence (J(l’j) defined by (4.18) is tight in C ([0, T]).

Proof of Proposition 4.5. Note first the trivial uniform bounds
E|D!(n)], EIM!®)], E|I! ()] = O1),

which are obtained for t+ = 0, since all three terms vanish. We then use Kol-
mogorov’s criterion to obtain some bounds in some Holder space C*([0, T']). We
have the following estimate on the square of the increments of D(’/’):

E|D}(t) — D}(o)* < la- Vol7, 2, (4.19)

(TNX]R) |t - UI
since | f,,| < 1 almost surely. Similarly, using (1.3) and (4.10), we have
Bl (1) = 1501 £ DET (1 + Co 00117 o pn I — 0. (4.20)

The estimates (4.19) and (4.20) give some bounds on IE||D(’Z||ca([0,T]) and
E|[1}|ca (o, 7)) respectively, for & < 5. Furthermore, the Burkholder - Davis -
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Gundy Inequality gives, for p > 2,

E[My () — My(o)|”

p
<E M (r) — M"
S Lgpgtl o () w(o)l}

p/2

2
/ / gr(x, §)g(x, &) dvy ((§)dx| ds
™ JR

t
< CepG(p)E Z/

k=1

By Jensen’s Inequality, and a bound analogous to (2.25), we obtain

E|My (1) = Myy(0)I” < Cepc (p) [Do(1 + COIP? 9] o gy It = 01772,
4.21)

and (4.21) gives a bound on ]E||M;)’ llceo,1)) fora < % — % We obtain in this way
some tightness conditions on the laws of D", M", I" respectively on C([0, T']).

O

4.4. Convergence of Approximate Generalized Solutions

We conclude here this section about the stability of generalized solutions by
the following statement:

Theorem 4.6. (Convergence to martingale solutions). Let (f") be a sequence of
approximate generalized solutions to (1.1) with initial datum fy, satisfying (4.10),
(4.14) and (4.15). We suppose that there exists a kinetic function fy on ™ x
R such that f — fo in L®(TN x R)-weak-*. Then there exists a probability
space (fZ, F , I@’), a filtration f} some Jz',-adapted independent Brownian motions
(:gk)kZD some random Young measures V", U, some random measures m", m on

TN x [0, T] x R such that

1. D" has the same law as V",

2. up to a subsequence still denoted (V"), there is P-almost sure convergence of
") to ¥ in Y1,

3. for all y € Cp(R), the random map (x,t) — (¥, Vx ) belongs to L%(TN X
[0, T] x Q),

4. m" has the same law as m",

5. up to a subsequence still denoted (m'), there is P-almost sure convergence of
(™) to i in My(TN x [0, T] x R)-weak-*.

Let f be defined by f(x,t,&) = Vy.r (&, +00), then, P-almost surely, f is a kinetic
function and

6. up to a subsequence, and P-almost surely, f converges in L=(TN x [0, T x
R)-weak-* 10 f, 3
7. P-almost surely, for all ¢ in Co(TN x R), t — (f (1), @) is cadlag,
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8. U satisfies

IE( sup f / |$|pdﬁx’,(§)dx) < Cp, (4.22)
tel0,71JTN JR

forall 1 < p < 400, where C,, is a finite constant,
9. forall p € CH(TN x R), forall t € [0, T], P-almost surely, f satisfies

t
(f@), @) = (fo, @) + fo (f(s),a(€) - Vyp)ds
t
+ / / / gk (x, E)p(x, &) diy 5 (§) dxd B (s)
o JTVN JR

1 t
+s / f / G2(x, £ (x. £) APy (6) dx ds — (3 ) ([0, 1]).
o JTV JR
(4.23)
After one does the substitution
(Q.F.P.Fi. fr() < (Q.F.B. Fi. Br(1)).

which is a substitution of the probabilistic data in the Cauchy Problem for Equa-
tion (1.1), the points 3, 7, 8, 9 in Theorem 4.6 show that f is a generalized solution
associated with the initial datum fj. Such a function f , which turns out to be a
generalized solution to (1.1) after a substitution of the probabilistic data, is called
a martingale generalized solution. The term martingale refers to the martingale
characterization of (4.23), cf. Proposition 4.1 and Proposition 4.2, which we will
use to prove Theorem 4.6.

4.5. Proof of Theorem 4.6

In this section, we will give the proof of Theorem 4.6. We will use the results
(and the proofs) of Proposition 4.3, Proposition 4.4, see Sections 4.3.1 and 4.3.2,
respectively.

4.5.1. State Space and Skorokhod’s Theorem Recall that

Wty =Y B(ne,

k=1

where (ey),> is the orthonormal basis of the Hilbert space H. Let il be an other
separable Hilbert space such that H <> ${ with Hilbert—Schmidt injection. Then
the trajectories of W are P-a.s. in the path-space Xy = C([0, T']; Lf) (see [12,
Theorem 4.3]). We consider the C4-norm

l@llca = sup{[ID" @l oo (pn wry: m € {0, ..., d}VH1)
on C{TV x R). Let

' ={¢1,¢2,...}
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be a dense countable subset of CS('IFN x R) for this norm. We can construct I" as
follows: let

1
pel, §) == —rp(e ™ x, 67 1)

be a compactly supported approximation of the unit on TV x R. Let {# s p € N}
be a dense subset of L!(TY x R). We can assume that all the functions 0, are
compactly supported (otherwise, we use a process of truncation). Then any function
in C4(TV x R) can be approximated by functions in

[ = {pp1 %0, p e Nk e N} c 4TV x R)

for the convergence measured by the C%-norm. Indeed, given ¢ € cg‘ (TN x R),
a>0,andm € {0, ..., d}N“, we have, by the triangular inequality,

[D"¢@ — D" pe % 6pllLe < [ D™ @ — D™ pe % @llLoe + [|D™ pe % (9 — 6p) Lo

ol
§ C!)Dm(p(g) + m”(ﬂ — 9P||L1 , (424)

since the norm of D" p, in L™ is bounded by Swlﬁﬁ\ .In (4.24), wpm, denotes

the modulus of continuity of D”¢. We choose ¢ = k! with k large enough to
ensure wpmy(e) < a forallm € {0, ..., d}N+1. Then taking p € N such that
o — Oyl < ae@HDWNVED 'wwe obtain [l — pp-1 %6, ca < 2a.

Also, let R* denote the product space ]_[qJ or R endowed with the topology of
point-wise convergence. As such, R* is separable, complete and admits a compat-
ible metric. Define the Polish space

E:=C(0, TI; R*®) x C([0, T]; R*) x C([0, T]; R*®) x R*,
and

e,() =¢"(t, @), Jgt) = (f"®).9) = (fg, @) + (m", 0:9)([0, 1]) — £ (1),
(4.25)

for all ¢ € CS(TN x R). Note that, as a consequence of Equation (4.17) and
Proposition 4.5, we know that, for all ¢ € CS(TN x R),

(J1) is tight in C([0, T1). (4.26)

By (4.1), we also have sg — 01in C ([0, T']) in probability, for all ¢ € CS(TN x R).
We introduce the four following sequences:

(J0) == (L O)ger.  (M"D) == (MED)ger, (6" (D)) = (£1(D)ger

and {fi} := ((fg'» ®))ger, Where Mg, is defined by (4.4). We will consider the
multiplet

Z" = " I AM A  Ufn) w Im L W) € X
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where the state space X is
X =Y xExPUTY x[0,T] x R) x Ry x Xy.

Let ¢ > 0. By (4.26), there exists for each j € N a compact K; in C([0, T'])
such that
ianP(J" e K~) >1- 2
neN i )= 27"
Let K = HjeN K ;. Then K is compact in C ([0, T']; R*) and

PUJ"} € K¢) < Z}P’(J(Zi c Kj.) < Zzi] — 2

jeN jeN

for all n € N.2 This shows that ({J"}) is tight in C([0, T']; R®). We have similar
results about ({M"}) and ({¢"}) by Proposition 4.5. On Xy we consider the topology
induced by the norm

vl = sup [lv(®) .
1€[0,T]

Then Xy is separable and complete. A first consequence of this is the fact that
the law of the single random variable W is tight in X. A second consequence
is the fact that X" is a separable completely-metrizable space. By Sections 4.3.1
and 4.3.2, we conclude that (Z") is tight in the Polish space X. We may thus
apply Skorokhod’s Theorem to (Z"): there exists a probability space (<2, F.P)
and some random variable Z", Z such that Z" has the same law as Z" and, up to a
subsequence, P-almost surely, zn converges to Zin X.

4.5.2. Identification of the Limit: Cadlag version Letus denote the component
of Z as follows:

Z = (0, {J), (M}, (&}, { fin), i, & W).
Note first that ¢ = 0 by (4.1). We also have

{fin} = (fo, @)ger,

since fy — foin L>®(TV x R)-weak-* by hypothesis. Recall (see Proposition 4.3
and Proposition 4.4) that f(x, t,&) = Uy (&, +00) and m = aji. It was shown in
the proof of Proposition 4.3 that item 1, 2, 6 of Theorem 4.6 are satisfied and that
the moments of v are bounded as in (4.11). By the proof of Proposition 4.4, we
have also 4, 5 of Theorem 4.6. We will first establish the following result:

2 Kis compact since C ([0, T']; R®) is homeomorphic to the countable product, over I,
of copies of C([0, T']; R).
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Lemma 4.7. We have the following identities: P-almost surely

forallt €10, T], forallg € T, (f*(1). ¢) = (fo. ) + T (1)
— (m", 9:9)([0, 1]) — &, (D),

(4.27)
and for P-almost surely there exists a negligible set Ny C [0, T] such that
forallt € 10, TI\No, forall ¢ € T, (f(1),¢) = (fo, ¢) + Jo(t)
— (m, 9 ) ([0, 1]).
(4.28)

We will use (4.28) to prove Proposition 4.8, where we obtain a cadlag version of
f (cadlag in the sense that P-almost surely, forall ¢ € C.(TN xR), > (f(t) )
is cadlag).

Proof of Lemma 4.7. Let 6 € C([0, T']). Let us integrate the identity (4.25)
against 0. Using the Fubini theorem, we obtain: P-almost surely,

T
/0(J;;(t)+<f(;’,<p>+e;(t))9(r)dr—<v",c1>>—<m",\p>:o, (4.29)

where

T £
W(x,t,&) = 3s¢(x,é)/ O(s)ds, D(x,1,8) =/ @(x,£)dgo(r).
t —00

Note that W and ¢ are continuous and bounded functions. Taking the square, then
expectancy in (4.29) gives EF (Z") = 0, where F: X — R defined by

2

T
F(Z") = ‘/O g @) + (f5 @) + e, 00 (1) dr — V", @) — [Im" (", W)

is a continuous function. By identity of the laws of Z” and Z”, we have EF(Z") =0
for all n. Since F is non-negative, this means F (Z™") = 0, P-almost surely. Since 6
is arbitrary and I' is countable, we deduce (4.27), a priori for t € [0, T]\N,,, where
N, is a measurable negligible set. We can take N,, = ¥ because both sides of (4.27)
are cadlag functions. By almost sure convergence, that F (Z") = 0, P-almost surely
implies F (Z) =0, P-almost surely. Hence, similarly, we obtain (4.28). O

Proposition 4.8. There exists a measurable subset Q7+ of Q of probability one, a
random Young measure v on TV x (0, T) such that

1. forall & € QF, for almost every (x, 1) € TN x (0, T), the probability measures
b, and vy ; coincide,

2. the kinetic function f¥(x,1,&) := v} (&, +00) satisfies: for all @ € Q, for
all g € Co(TN x (0, T)), t — (f+(t), @) is cadlag,

3. the random Young measure v satisfies (4.22).
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Proof of Proposition 4.8. The proofis quite similar to the proof of Proposition 2.10.
For ¢ € I, let Fy,(t) denote the right-hand side of (4.28):

Fy(t) = (fo, @) + Jo(0) — (1, 39) ([0, 11). (4.30)

We define QT as the intersection of the three following events: first (4.28), second:
“forall ¢ € I', Fy, is cadlag”, third the event

1
sup —// /|E|”df)x,t(5)dxdt<+oo,
gcor 1 g Jrv Jr

where the supremum over intervals J is as in (4.11) (a countable supremum over
all open intervals J C [0, T] with rational extremities). Assume that Q7 is realized
(say we draw a particular @ € QT). Assume in particular that

1 - -
—// / [E|P dDy ;(§) dx dt < Cp (@) (4.31)
[J1JsJrv Jr

for all open intervals J C [0, T'] with rational extremities. Then the map

rw/‘/mw%@mx
™V JR

is integrable on (0, 7"). A simple approximation procedure shows then that (4.31)
holds true when J is any interval in [0, T'].

Lett, € [0, T). Let (¢7) be a sequence of positive numbers decreasing to 0 such
thatt, +¢e1 < T. Let J; = (t4, t« 4 &). Consider the sequence of Young measures,
and corresponding kinetic functions

70 —

D= mm,WW@=W%ﬁw=i—LMm@m
|Jl| Ji

|Jl| J

Since the Borel o-algebra of TV is countably generated (T" being separable), we
can apply Theorem 2.4 and Corollary 2.5. There exists a subsequence (/,,;,) and a
Young measure 7* such that 7¢») — * in the sense of (2.15) and fUm) — fF*
in L®(TY x R) weak-*, where f*(x, &) = 9*(£, +-00). The limit f* is unique.
Indeed, if ¢ € T, then, due to (4.28) and to the Fubini theorem, and due to the
right-continuity of Fy,, we have

) gy L
(Y, 0) F(p(t)dt_> Fy(ty).

B |J l | J
This implies
(f*,9) = Fy(t). (4.32)
Since I' is dense, f* and 7* = —0¢ f* are unique. We deduce that the convergence
holds along the whole sequence / = 1, 2... ., independently on & € ©* and on

ti € [0, T). Consequently, setting

irL =00 fTeu . E) =11, (€, +00),
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we have, forall @ € QT forall 7 € [0, T), and for all ¢ € Cp,(TVN x R),

t+e
1/ // $(x. £) s (5) dx ds — // é(x. &) di, (&) dx.
& Jt TN xR TN xR ’

(4.33)

Since T is arbitrary, we can as well work on [0, T + 1], instead of [0, T']. In that
way, we can give a meaning to \7;',, for t = T also. By (4.28) and (4.32), we have
frx,t,8) = f(x,t,6) and b, = ¥, forall @ € QF, forall ¢ € (0, T)\No, for
almost every (x, &) € TN xR.If ¢ € C,(R) and & € QT then (x, 1) — (Virr @)
is measurable and (x, t) +— (\7;" ;» ¢) differs from the latter function on a negligible
subset of TV x (0, T). Therefore (x, 1) — (Nx ;» @) itself is measurable. We deduce
that 9T and f7 satisfy the measurability properties of a random Young measure
and a random kinetic function respectively, and point 1 of the proposition is proved.
The point 2 of the proposition follows from (4.32), which gives ( £ (1), ¢) = Fy(t)
for all #. We have established item 7 of the proposition for ¢ € I' only. By density
the results remain true for all ¢ € C. (TN x R). To obtain the last point of the
proposition, we note first that vt, like 7, satisfies (4.11). If

1
sup —// /|g|Pdﬁj,(g)dxdr<+oo,
Jcor Wy Jov Jr '

which happens P-almost surely, then

1 -
sup —// /|§|”dux’,($)dxdt sup / f|€|pdvxt(€)dx
Jco.r Vg Jov Jr 1€[0,T]

by right-continuity of # > ;7. This gives the desired result. O

We will now consider only the cadlag versions. We replace ¥ by v and f by
f*. This amounts to a modification on a negligible set. Therefore, this does not
affect the results 1, 2, 4, 5, 6 in Theorem 4.6. We have now also items 7 and 8 of
the theorem. It remains to define the filtration (F;), the Wiener processes B and
to prove the points 3 and 9 of the theorem. We define (F), B and show item 3 in
the proof of convergence of the stochastic integral in the next section 4.5.3. The
equation (4.23) is established in Section 4.5.4. To finish the current section, let us
first record the fact that (4.28) is now true for all ¢, due to our re-definition of f
and to (4.32), for P-almost surely,

forallz € [0, T), forallp € T, (£(1), ¢) = (fo, @) + J,(t) — (i1, de9) ([0, 7).
(4.34)

We deduce from (4.34) the following lemma:

Proposition 4.9. There exists a countable subset B C [O T such that, P-almost
surely, for all t € [0, T\B, forall ¢ € C.(TN x R), (f*(t), ¢) — (f (1), @).
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Proof of Proposition 4.9. It is sufficient to obtain the convergence for ¢ € I'. We
apply Lemma 2.1. Let

B= |t € [0, T: P (ram({r}) > 0) > 0] . (4.35)

Then B is countable. Since | (7, e){t)] < 0@l Lomam({t}), P-almost surely,
we have (m, dgp)({t}) = 0 for all ¢ € [0, T]\f?. For ¢ € [0, T]\I§ then, the right-
hand side of (4.27) is converging to the right-hand side of (4.34). We deduce the
convergence of the left-hand sides, that is (f” 1), p) —> (f(t), ¢). O

4.5.3. Identification of the Limit: Convergence of the Stochastic Integral Let
us set

! ~
My (1) = Z/O /TN /ng(x,é)w(x,S)dﬁx,s(é)dxdﬂk(S), (4.36)

k=1

(B is defined in Lemma 4.11 below). Our aim is to prove the identification (M} =
{M*}. To obtain this result, we will use the martingale characterization developed
in Section 4. The proof is decomposed into several steps.

Step 1. Filtration The approximation procedures to (1.1) (vanishing viscosity me-
thod, Finite Volume method as here) construct approximate solutions on arbitrary
time intervals [0, T']. We will therefore consider the functions as defined on the
whole time interval R . This is simply to avoid the special case of the final time in
the definition of the Skorokhod space D ([0, T]), cf. [6], [30, Remark 1.10, p. 326].
Let E be a Polish space. Let us introduce the following notations (see [30, Def-
inition 1.1 p. 325] in the case E = R™): on the space D(R4; E), @P(E) is the
o -algebra generated by the maps o — a(s), s < r and

Z(E) =(2NE), 2-(E)=\/ Z(E).

r<s s<t
Note that Z,(E) # QP(E ). Indeed, the time of entrance in an open subset U of E,
t(a) =inf {r 2 0;a(t) € U},

is a stopping time with respect to (Z;(E)), but not with respect to (@,0 (E)) [42,
Proposition 1.4.6].

Proposition 4.10. Let t > 0. Given a continuous bounded function 6: E — R,
s € [0,t)and e > 0, let Oy denote the evaluation map o +— 6(a(s)) on D(Ry; E),
and let 6;; denote the regularization

1 tA(s+¢€)
Oyt ¢ — —/ O(a(o))do (4.37)
& N

of Oys. Then 0 is a 9, (E)-measurable bounded function, continuous for the
Skorokhod topology. Let H denote the set of functions

H=6," .05% (4.38)

#sy
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wherek > 1,0 s < -+ <spg <t,0<ep,...,e0 01, ...,05 € Cp(E). Then
every characteristic function 14 of a cylindrical set A € Z;_(E) of the form

A={ee DR:; E);a(r) € By, ...,a(t) € By}, (4.39)

for By, ..., By closed subsets of E and 0 < 11 < --- < 1 < 1, is the bounded
pointwise limit of a sequence of functions in H.

Proof of Proposition 4.10. This is essentially the proof of [30, Lemma 1.45 p. 335].
Let« € D(R4; E) and let (a,) be a sequence in D(R4; E) such that o, — «
almost everywhere on [0, 7]; this is the case if «, — o« in D(R4; E) since
ay(0) — «(o) for every o not in the (countable) jump set of «. Then, by the
dominated convergence theorem, 6y (a,) — 6 (cx). Therefore 6 is a bounded
function, continuous for the Skorokhod topology. It is Z;_ (E)-measurable since it
is the bounded pointwise limit when  — 0 of the sequence of Z;,_ (E)-measurable
functions

1 (t—n)A(s+e)
o — —/ 0(a(o))do.
€ Js

Let us prove the last point. We can choose some sequences of continuous bounded
functions 0, ..., 6;': E — R converging pointwise to the characteristic functions
1p,,...,1p, (by considering, for example, the function distance to B, which is
continuous). Since 6 is approaching 6y for the bounded pointwise convergence,
the result follows. O

Remark 4.1. Note that the function H defined by (4.38) is more than merely con-
tinuous for the Skorokhod topology. Indeed, what we have seen in the proof of
Proposition 4.10 s that, forany @ € D(Ry; E) and any sequence (o) in D(R4; E)
such that o, — o almost everywhere on [0, ¢], we have H(«,,)) — H(x).

Let us set
{(fY=Uf @)jen, E=R®xR®x{l

Recall that R is the product space [ | el R endowed with the topology of point-
wise convergence. Since E is a product of Polish spaces, it is a Polish space. Since
the product of D(R; R*°) with C(Ry; R* x &l) is, topologically, a subset of
D(R4; E), the triplet ({f}, {M}, W) is an element of D(R4; E).

Definition 4.2. The filtration (Fy) is the completion of the filtration generated by
the triplet ({ f}, {M}, W) as follows:

Fr=o(Af), (M), W)™ (Z(E) U [N e F; B(N)=0}), 1€[0,T].
(4.40)

Note that (f',) is right-continuous since (Z; (E)) is, and complete by definition.
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Step 2. Wiener process Let j: H — il denote the injection of H into {l. Note
that j o j* is a :frace—class operator on il. The Brownian motions B (¢) are the
components of W (¢) on the orthonormal basis (eg).

Lemma 4.11. The process W has a modification which is a (]},)-adapted joj*-
Wiener process, and there exists a collection of mutually independent real-valued
(Ft)-Brownian motions { By} k=1 such that

V=>" PBex (4.41)

k=1
in C([0, TT; L0).
Note: see [12, Paragraph 4.1] for the definition of a Q-Wiener process.

Proof of Lemma 4.11. It is clear that W is a j o j*-cylindrical Wiener process
(this notion is stable by convergence in law; actually it can be characterized in
terms of the law of W uniquely if we drop the usual hypothesis of a.s. continuity of
the trajectories. This latter property of continuity can be recovered, after a possible
modification of the process, by using Kolmogorov’s Theorem). Also W is (Fr)-
adapted by definition of the filtration (]:',). By [12, Proposition 4.1], we obtain the
decomposition (4.41). The P-a.s. convergence of the sum in (4.41) in the space
C([0, T']; Y1) is proved as in [12, Theorem 4.3]. O

Note that the last component W™ of Z" depends a priori on n. Without loss of
generality, we will replace W" by W. Of course, this does not affect the almost sure
convergence of Z" to Z, and Lemma 4.11 asserts that this does not modify the law
of Z". This operation is not mandatory for the validity of what follows, and quite
natural since the original sequence (Z") is stationary (as a sequence) with respect
to its last argument.

Step 3. Martingales
Proposition 4.12. Let ¢; € I'. Let flj,k(t) be defined by

ﬁj,k(r):/TNngk(x,s)goj(xf)dﬁx,t@)dx.

Then, for j € N, k 2 1, the processes

~ ~ ~ t ~ ~ l ~
M), MjBit) — /0 hji(s)ds, |M;@®)* - /O 172 ()11 ey s
4.42)
and (W(t)) are (]:",)-martingales.

Proof of Proposition 4.12. The proof is similar to the proof of [30, Proposition 1.1
p- 522], except that we do not use any hypothesis of boundedness here since we use
the P-almost sure convergence and the Vitali Theorem to pass to the limit in the
expectation of the quantities of interest (an other minor difference with the proof
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of [30, Proposition 1.1 p. 522] is that M is known to be continuous P—a.s., not only
cadlag).

Lett1,t € Ry, t1 < tp and let H be a &, (E)-measurable bounded function
as in (4.38). By identities of the laws of M(Z and M. (’pl, we have

E|My () — My (t0)]* = EIMy (1) — My (D).
Using (4.21), it follows that
sup | (1), (1) W) [, ) — g o ]| < o0,
since H is bounded. We have, in addition,
(71 1), W) — (7). 1y, W) (443)
almost everywhere, P-almost surely by Proposition 4.9, and thus,

H (7", (1", W) > H (17, 1), W)
P-almost surely. There is also convergence
A;Izj(tz) - M(Zj([l) — Mj(t2) — M;(t)

P-almost surely. By Vitali’s Theorem, we obtain
E[H (17", (17, W) (#1320 = b1 1)) |
) [H ({f}, (M}, W) (Mj(rz) — Mj(tl))] . (4.44)
By identities of the laws, the left-hand side of (4.44) is
E[H (), (M), W) (M7 () = My, an) | =0,

since M g is a (F;)-martingale. We deduce from (4.44) thus that

E [H ({f}, (M), W) (Mj () — M; (tl))] —0. (4.45)
Due to Proposition 4.10, we deduce from (4.45) that

&[4 (U1, 1), W) (#502) = #1;00)) | = 0 (4.46)

for all cylindrical sets A as in (4.39). The left-hand side of (4.46) defines a finite
measure (due to (4.21)) which coincides with the trivial measure A — 0 for sets
A as in (4.39). Since such sets form a w-system which generates Dy, (E), hence
a separating class, we deduce that (4.46) holds true for all A € D;,_(E). It also
follows then that (4.45) is satisfied for all Dy, — (E)-measurable bounded function
H.Nowlets, t € [0, T) withs < t.Let (s,,) and (¢,) be some decreasing sequences
in R, converging to s and ¢ respectively. Let H be a &, (E)-measurable bounded
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function. Then H is a @Sn,(R”m)—measurable bounded function since s < s,.
By passing to the limit in (4.45) written with t; = s,, t» = #, (we use the right-
continuity of the processes her e), we obtain

B[ (7). 1), W) (8,00 - ;(9) | =0, (4.47)

This shows that (M j(®)isa f,-martingale. The proof that (W(t))isa f,-martingale
is similar, we do not give the details of that point. To go on, let us now define the
processes

! t
ik () Z/ h i (s)ds,  Hjx(t) =/ hji(s)ds,
0 0
and
~ ro ’ » r s
H’}(r):/ 125 ()12 (e s H.,(t):/ 17 ()17 (e 5
‘ 0 A
and the processes

Y (6) = MY B(@) — HY (1), Yja(0) = Mj(0) (1) — Hjx (1),

V) = M) = H @), Vi) = M;@)* = H; ).

To complete the proof of Proposition 4.12, we have to show that (Yk (1)) and
(V (1)) are .’Ft -martingale. We will use the following result:

Lemma 4.13. Let T > 0. Then, up to a subsequence, for all j € N, k € N¥, P-
almost surely, h’]’ — hJ x and ||h”( )||12(N* — ||h ()”ﬂ(N* in LY(0, T), when
n — +00.

Lemma 4.13 implies that, P-almost surely, for every ¢t € [0, T, H j” () and
7:(’} (t) are converging to H k(1) and H j () respectively. We have also M 7 - M jin
C(R.), from which follows the convergences M;’ B — M By and |M}’ RIS |M; |2
in C(R4), P-almost surely. We deduce that, P-almost surely,

Y1) = Y@, Vi) — V@), (4.48)
for all + = 0. With the estimate (4.21), it is easy to obtain the bounds
EIY! () =Y @ £C BV - VP £C, (4.49)

where the constant C depend on s,¢ € [0, T], k, but not on n. By~(4.48) and
(4.49) (this last condition shows the equi-integrability of (Y j” RO Yj’f «(5)) and
(\7;’ (t) — \7]’.’ (s)) respectively), we can use the arguments applied to the martingale
M} (t) in the first part of the proof; this it will establish that ¥; 4 (r) and V; (t) are
(F;)-martingales. O
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Let us now give the

Proof of Lemma 4.13. Let us first show that, for all j, k, we have the following
convergence:

W% — hjx in L*((0.T) x Q). (4.50)

Define, for every i € C;,(’]I‘N x R),

E:za)zf fwx,s)dﬁx,,(s)dx, ﬁw):/ /w(xf)dﬁx,t(s)dx.
™ JR ™ JR
4.51)

Ify e C, LTV x R), then A" (t) = (f”(t) 0: ). By Proposition 4.9, we have,

P-almost surely,
forallz € [0, TI\B, ki, (t) — hy(1). (4.52)
Using the Jensen inequality, we have

I ,
175 = Ry 720,19y = 4TIV, 0w - (4.53)

By the Vitali Theorem, we obtain the convergence ﬁ?y — EW in L! (0, T) x fZ).
Using (4.53) as well, we see that this convergence can be extended to the case of
general integrand ¢ € C, (TN x R). Let us then take Y = grp;. We obtain first

h] P hj «in L2((0, T) x Q) It follows that, up to a subsequnce, P-almost surely,

il’},k — h/,k in L2 (0, T), hence in L1(0, T). The subsequence and the P-almost
sure property can be made independent on j, k, since I' x N* is countable. The
growth hypothesis (1.3) also shows that

T 7 2 2
DM = Rk T2 01y e ) S AP0+ COTNG;IE, v -
k

Again, using the dominated convergence theorem, we deduce that

IR ey = 1172

()
in L'((0, T) x fZ), which allows us to conclude the proof of the lemma. O

Step 4. Conclusion of the martingale method Let us first prove that M;f (1) given
in (4.36) is well-defined.

Lemma 4.14. Item 3 in Theorem 4.6 is satisﬁed,~ that is: for all ¥ € Cp(R),
(x, 1) = (¥, Vx ;) belongs to L%(']I‘N x [0, T] x ).
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Proof of Lemma 4.14. For ¢ € Cp(R), set Xy (x, 1) = (¥, ¥, ;). We have X,, €
L2(TVN x [0, T] x €), with

ENXy 1 7200n 0.7y S 1W 16, @) T- (4.54)

If6 € C(TV), and if Yis C 1 vanishes in the neighbourhood of —oo and satisfies
¥’ € C.(R), then, due to (2.31), we have

(Xy@).0)20pvy = (F(D). @), @(x,8) := 0P ().

By Item 7 of Theorem 4.6, the process Y; := <)~(1ﬁ (1), Q)LZ(TN) is cadlag. Since (Y;)

is adapted by definition of (F1), itis an optional process [42, p. 172]. In particular,
(Y;) is progressively measurable [42, Proposition 4.8], hence Y € L%([O, T] x

Q). A limiting argument (by approximation and truncation of the function ¥ in
particular), using (4.54) and the fact that v vanishes at infinity shows that the
result holds true when v is merely a function in Cp(R) and 6 any function in
L>(TN). We obtain, therefore, that, for all € Cp,(R), Xy, belongs to L%([O, T1x

Q: L2(TV) — weak). Since being weakly or strongly P-measurable is the same
thing, (cf. Section 2.1.1), we have established the result. O

_ We can apply now Proposition 4.2. Indeed, due to Lemma 4.14, the processes
hj  in Proposition 4.12 are in L%([O, T] x 2). By the martingale property (4.42),

we conclude that M(p (t) = M;f (1), with M; (t) defined by (4.36), for every ¢ € T'.

4.5.4. Identification of the Limit: Equation We now prove (4.23). Let ¢ € I'.
By item 2 and item 6 of Theorem 4.6, using also the identity M, (¢) = M;(t), we
have the identification

t

~ t ~
J(ﬂ(f)Z/ <f(s),a<s>-w>ds+2/ / /gk(x,sw(x,s>dﬁx,s(s)dxdﬂk(s>
0 1 0 JTN JR

1 t
+*/ / /aw(x,S)G2(x,$)dﬁx,x(§)dxds.
2 Jo Jrv Jr
The equation (4.23) follows therefore from the identity (4.34).

4.6. Pathwise Solutions and Almost Sure Convergence

If fo is at equilibrium in Theorem 4.6, then we have seen in Theorem 3.2 that
(1.1) admits a unique solution for a given initial datum. We can use this uniqueness
result to obtain the existence of a pathwise solution and convergence in L? of the
sequence of approximate solutions in that case.

Theorem 4.15. (Pathwise solution). Suppose that there exists a sequence of approx-
imate generalized solutions (f") to (1.1) with initial datum f§ satisfying (4.10),
(4.14) and the tightness condition (4.15) and such that ( fy) converges to the equi-
librium function £0(&) = 1,,>¢ in L®(TN x R)-weak-* where ug € L®(TN).
We then have
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1. there exists a unique solution u € LYTYN x [0, T] x Q) ro (1.1) with initial
datum u;
2. let

ull(x’t)Z/i:dv;”t(%'):v/\ (f"(x,1,8) — 1o-¢) dé.
R R

Then, forall p € [1, oo[, (u") is converging to u with the following two different
modes of convergence: u, — uin LP? (TN x (0, T') x Q) and, for a subsequence
(ny), almost surely, for all t € [0, T], u™ (t) — u(t) in LP(TN).

Proof of Theorem 4.15. We use the Gyongy-Krylov argument, [24, Lemma 1.1]
(the basis of the Gyongy-Krylov argument is this simple fact: if a couple (X, ¥;,)
of random variables converges in law to a random variable written (Z, Z), that is
concentrated on the diagonal, then X,, — Y}, converges to 0 in probability). Let us
go back to Section 4.5.1. We introduce the random variable

ZMT = " I AMY M) Ui 1 1 v (DY AMTY, e { finds 19 Im 1] W)
in the state space Z equal to

Y x ExPUTY x[0,T] xR) x Ry x V! x & x PI(TN x [0, T] x R)
xRy x Xy
We repeat the arguments used in Section 4.5 to show that Z™1 is tight in Z and that
there exists a probability space (€2, F, P) and~a new random variabl~e Z"™1 with the
same law as Z""9, such that a subsequence (Z"-9"); is converging P-almost surely
in Z to a random variable Z. Let i be the the first component of Z and v be the

seventh component of Z. Repeating all steps from Section 4.5.2, 4.5.3, 4.5.4, we
obtain the generalized solutions

fx,1,8) = V(e (€, +00) and fae, 1.8 = Do) (€, +00),

to Equation (1.1) with probabilistic data (€, F,P, (]:',), W), where (f,) is the
completion of the filtration generated by the five-uplet ({ f 1, (M}, { f Y AMY, W)

Fo= o (A (91 07, 00, W)~ (2B) x 2:(B)) U{N € F; Bv) =0})
for ¢t € [0, T], with
E:=R® xR®, E:=R*® xR® x 4l.

Note that Z; (E) x Z,(E) # Z,(E x E), since the natural topologies of D(R; E) x
D(R.; E)and D Ry; Ex E) are different (the topology of the former is the product
topology of the Skorokhod topologies on each space; this authorizes two changes
of times, one for each coordinate; for the Skorokhod topology on D(R; E x E ),

only one change of time is admissible). The solutions f and f have the same initial
condition fj, which is an equilibrium function £(. By Theorem 3.2, we have

f=f=r1, (4.55)
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where f is the equilibrium function 1;. ¢, where
i, = [ £ ®).

A first consequence of (4.55) is that v = 5, P-almost surely. By Remark 3.2 on the
uniqueness of the kinetic measure, we have also m = 1, P-almost surely. We apply
the Gy6ngy-Krylov argument: we obtain that (") is converging in probability in Y!
and (m") is converging in probability in My, (TY x [0, T] x R)-weak-*. Extracting
an additional subsequence if necessary, we can assume that the convergences are
also P-almost sure. By the arguments of the sections 4.5.2, 4.5.3, 4.5.4, it follows
that f(z, x, &) := vy ;(§, +00) is a generalized solution to (1.1). Note, to give few
details, that we do not need to follow Step 1 and Step 2 of Section 4.5.3 here,
since the filtration (F;) and the Wiener processes Py (¢) are already known here.
The convergence of the stochastic integral in Jg (#) does not require the martingale
method of Step 3. of Section 4.5.3 either. Using the L? convergence of the integr
and (¢f. Lemma 4.13) is sufficient by the 1t6 isometry.

We use the second identity in (4.55) now. This states, equivalently, that P-almost
surely, for almost every (x, 1), Vx 1) = 85(x,r)- The fact that ¥ is a Dirac mass can
be characterized in terms of equality in the Jensen Inequality:

E// ® (/ gda(x,t)(g)> dx dt =fE// / (&) i (§) dx dt,
TN x(0,T) R TN x(0,T) JR

(4.56)

where @ is a strictly convex, polynomially bounded function, like ®(£) = &2 for
example. The identity (4.56) depends on Law(v) = Law(v) uniquely. Therefore
v also is almost surely a Dirac mass; P-almost surely, for almost every (x,t),
V(x,t) = Su(x,r)» Where

u(x, 1) = fR £ v (®).

(Remark that v, ;) = 8u(x,r) a.s., almost everywhere, is also a consequence of
Theorem 3.2. However this theorem is difficult to show, and, although we have
already used Theorem 3.2, the argument based on (4.56) is simple and natural.) By
Proposition 2.8, u is a solution to (1.1); it is the unique solution by Theorem 3.2.
Using Lemma 2.6 as well, we have |lu" — M”il’(TNx(O,T)) — 0 in probability. We
also have the uniform bound

n pr

E”u - u”Lp(TNX(O,T)) é C7 (457)
where r > 1 and C is independent on n. Taking (4.57) for granted, we deduce, with
the convergence in probability, that E|[u" — u|| z PN (0.7)) 0 and we obtain the
first part of the second point of Theorem 4.15. The bound (4.57) follows from the
estimate

Ellu® — ull S Eflu” — ul T,

pr pr
LP (TN x(0,T)) LP (TN x(0,T))
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as well as (2.5) and (4.10). To prove this almost surely, forall ¢ € [0, T'], u,, (t) —
u(r) in LP(TV), we use Lemma 2.6 and Proposition 4.9. This gives, almost surely,
forallt € [0, T\ By, ttn, (t) — u(t)inL? (TV), where By is defined in Lemma 2.1.
Since, almost surely, u is continuous in time with values in L” (TN ) by Corollary 3.3,
it follows from (2.34) that By is empty. This gives the desired result. O

5. Some Applications

5.1. Vanishing Viscosity Method

Assume that (1.3) and (1.4) are satisfied. Consider the parabolic approximation
to (1.1):

du + div(A@™) dt — nAu dt = ®"(x, u™) dW (2). (5.1)

Forn > 0 and u € L°°(TV), the existence of solutions to (5.1) under the initial
condition u(0) = ug has been proved in [25] provided the noise has a finite number
of components. Therefore, we assume [compare to (1.2)]

OM(x u) = Y gklx.wex, (5.2)

1Sk<K,

where K, is finite, K, — +o0o0 when n — 0. Let (1,) | 0. In [14], we have
shown that the sequence (1"") gives rise to a sequence of approximate generalized
solutions ( f"), with random measure m", given by

fn = fn = 1”71n>§,

(m",<p>=//TN . @ (x, | Vit (x, D) dx dt,
x(0.7)

t
s,l(r,go):nn// £7(x, 5, &) Ag(x, £) d& dx ds.
o JTN

Here the orderisd = 2. Let p € [1, 4-00). By Theorem 4.15, we recover the result
given in [14] of convergence u” — u in LP(TV x (0, T) x ), where u is the
solution to (1.1) with initial datum ug. We also obtain that, if (n,) | O, then, for a
subsequence (ny), almost surely, for all ¢ € [0, T1, u™* (t) — u(¢) in LP(TM).

5.2. BGK Approximation
We consider now the following BGK approximation to (1.1):
e 1
Ee 0 [ AW (1) — 0 (G?0: (—fM)),
(5.3)

£ i=1psg, u'= /R(f"(é) —lo>¢) dé. (5.4)

df"+a() - Vifhdt =
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Assume (5.2), and assume that (1.4) is satisfied and that (instead of (1.3)), either
G2(x, £) < Dol&?|or G2 (x, &) < Dyis satisfied. M. Hofmanov4 has proved in [27]
the existence of solutions to (5.3)—(5.4) with given initial datum f(;7 = fg =1, £
(the fact that the initial datum is at equilibrium can be relaxed). Let (1,)) | 0. Then

f" = f" provides a sequence of generalized approximate solutions of order
d =0, with
fn _ n
asmn — —f7
n
en(t, ) =0.

Let ug € L®(TV). Assume u)" — uq in LP(TV) for all p € [1, +00), and let
u be the solution to (1.1) with initial datum ug. By Theorem 4.15, we recover the
convergence u”" — u proved in [27]. We also have, for a subsequence (7x), almost
surely, that for all # € [0, T'], u”* (t) — u(t) in LP(TV)

5.3. Approximation by the Finite Volume Method

The approximation of (1.1) by the Finite Volume method is considered in the
companion paper [16].
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