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Abstract

We develop a general framework for the analysis of approximations to stochastic
scalar conservation laws. Our aim is to prove, under minimal consistency properties
and bounds, that such approximations are converging to the solution to a stochastic
scalar conservation law. The weak probabilistic convergence mode is convergence
in law, the most natural in this context. We use also a kinetic formulation and
martingale methods. Our result is applied to the convergence of the Finite Volume
Method in the companion paper [16].
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1 Introduction

Let (2, F,P,(F:), (Br(t))) be a stochastic basis and let 7' > 0. Consider the first-order

scalar conservation law with stochastic forcing
du(z,t) + div(A(u(z, t))dt = ®(z,u(z,t))dW (), =z e TN, te (0,7). (1.1)

Equation (1.1) is periodic in the space variable: 2 € TV where T is the N-dimensional
torus. The flux function A in (1.1) is supposed to be of class C?: A € C%(R;RY). We
assume that A and its derivatives have at most polynomial growth. The right-hand
side of (1.1) is a stochastic increment in infinite dimension. It is defined as follows
(see [12] for the general theory): W is a cylindrical Wiener process, W = 3", -, frex,
where the coefficients [, are independent Brownian processes and (ex)r>1 is a complete
orthonormal system in a Hilbert space H. For each x € TV, u € R, ®(x,u) € Ly(H,R)
is defined by ®(z,u)er = gip(x,u) where gi(-,u) is a regular function on TV. Here,
Ly(H, K) denotes the set of Hilbert-Schmidt operator from the Hilbert space H to an
other Hilbert space K. Since K = R in our case, this set is isomorphic to H, thus we
may also define
@(m, u) = Z gk($, u)eka

k>1



the action of ®(x,u) on e € H being given by (®(z,u),e)y. We assume g, € C(TY xR),
with the bounds

G?(z,u) = || ®(z, )7 = D lgr (@ uw)* < Do(L + [uf?),

E>1
(1.2)
1@ (,w) — @y, 0)l[3r =D lgr(@,u) = gr(y,v)* < Di(lz — yI* + [u — v|h(ju - v])),
E>1
(1.3)

where z,y € TV, u,v € R, and h is a continuous non-decreasing function on R, such
that h(0) = 0. We assume also 0 < h(z) <1 for all z € R.

Notation: in what follows, we will use the convention of summation over repeated indices
k. For example, we write W = Siey, for the cylindrical Wiener process in (1.1).

This paper is a preliminary work to the analysis of convergence of the numerical ap-
proximation to (1.1) by the Finite Volume method with monotone fluxes, which is done
n [16]. We give a general notion of family of approximate solutions, see Definition 4.1,
and explain what kind of convergence of such family can be expected. Our main results
in this regard are the theorem 4.6, about convergence to martingale solutions, and the
theorem 4.15, which gives criteria for convergence to pathwise solutions.

Problem (1.1) has already been studied in a series of papers. Like in the deterministic
case, the approach to the existence of solutions has been the vanishing viscosity method,
see [18, 32, 20, 44, 14, 9, 4, 5, 31] in particular. Approximation by the BGK method
has been considered by M. Hofmanové in [27]. Some results of convergence of numer-
ical approximations to (1.1) (by the Finite Volume method in particular) have also be
obtained in [34, 2, 3, 1, 43, 33].

The main difference between this present paper and all the works cited above is in the
way to answer to the following question: when considering the convergence of approx-
imations to (3.1), which mode of convergence regarding the sample variable w is used?
Here, we develop an approach based on convergence in law, while in the work referred
to!, weak convergence (in Lebesgue spaces, or in the sense of Young measures, cf. Sec-
tion 2.2) is considered. Convergence in law is the natural mode of convergence for the
random variables which manifest in the approximation to (1.1). Our approach based on
convergence in law is successful because we work in the context of cadlag processes. This
is an other difference between this present paper and the references already quoted: our
formulation of solution is weak in the space variable, but not weak in the time variable,
see (2.6), (2.20) for example. This allows to obtain convergence of approximation for
each time ¢ (this is the last statement in Theorem 4.15), without making any regularity

Lwith the exception of [20], where quite a strong notion of solution is used however



hypothesis on the initial datum at any moment. This paper is also a further develop-
ment of the approach by kinetic formulation initiated in [14]. We need it crucially in the
companion paper [16] to obtain the convergence of The Finite Volume method with a
standard CFL condition (¢f. our comment on the Kinetic formulation in the introduction
section of [16]).

To complete this introduction, let us mention that the approximation of scalar conser-
vation laws with stochastic flux has also been considered in [21] (time-discrete scheme)
and [39] (space discrete scheme). For the corresponding Cauchy Problem, see [36, 35,
37, 23, 22, 28].

The plan of the paper is the following one: Section 2 to Section 4 are devoted to the
analysis of the Cauchy Problem for (1.1): we introduce the kinetic formulation of the
problem in Section 2, and prove a uniqueness result in Section 3. In Section 4, we develop
a general approach to the analysis of convergence of approximate solutions to (1.1) based
on martingale methods. Note that Section 2 and Section 3 are for a large part identical
to Section 2 and Section 3 in [14]. There are however a lot of modifications, which were
needed to prepare Section 4. In Section 5, we give some applications of our results of
convergence of approximation.

2 Kinetic solution

2.1 Definition
2.1.1 Predictable sets and functions

For T' > 0, we denote by B([0,7]) the Borel o-algebra on [0,7] and we denote by
Pr C B([0,7]) ® F the predictable o-algebra, [11, Section 2.2]. If E is a Banach
space, a process (f(t)) with values in E is said to be weakly-predictable if the process
((f(t),¢)r r) is predictable for every ¢ in the topological dual E’. This is equivalent to
say that f is weakly Pp-measurable, in the sense of [45, Definition 1, p.130]. Similarly,
we can define the notion of strong predictability: the process (f(t)) is said to be strongly
predictable if there exists a sequence of E-valued, Pr-measurable simple functions which
converges to f at every point (¢,w) in a set of full measure in [0,7] x Q. By Pettis’
Theorem, [45, Theorem p.131], the two notions of measurability coincide if F is separable:
in this case we say simply ”predictable”.

Let us assume that E is separable to introduce the following notations. Let p € [1, 4+00).
The set LP([0,T] x Q; E) is the set of E-valued, B([0,7]) ® F-measurable, Bochner
integrable functions f which satisfy

/ / 1 () Bd(L x B)(t,w) < +oo,
[0,7]x$2



where L is the Lebesgue measure on [0,7]. Equivalently, by definition of the product
measure L X P,

T
B[ 15Ol < 4.

We denote by L% ([0, T x ©; E) the set of functions g in LP([0,T] x ; E') which are equal
L x P-almost everywhere to a predictable function f. This is the case if, and only if,
(g, ) is equal L x P-almost everywhere to (f, ) for all ¢ € E’ (we use the fact that F’
is separable since E is separable), so let us briefly consider the case E = R. The class of
processes in L%, ([0,T] x §;R) is analysed in [11, p. 66] or [42, p. 172]. In particular, if
X(t) is an adapted process with

T
E/ X (0)|Pdt < 400,
0
then X € LL,([0,T] x ;R). A progressively measurable process X in LP([0,T] x ;R)

also is in L4, ([0, T] x ; R).

Let m € N*. In the case where E is itself a Lebesgue space E = LP(D), where D is an
open subset of R, we have LP([0, T|xQ; LP(D)) = LP(D x [0, T]x$2), where D x [0, T]x 2
is endowed with the product measure L, 11 X P (£, being the m-dimensional Lebesgue
measure), see [17, Section 1.8.1]. Similarly, we have

LL,([0,T] x ; LP(D)) = L%(D x [0,T] x ),

where L,(D x [0,T] x Q) is the set of functions in LP(D x [0,T] x Q) which are equal
Ly, x L x P-almost everywhere to a B(D) x Pp-measurable function (here B(D) is the
Borel g-algebra on D). We will apply these results with D = (0,1)", in which case, by
periodic extension, we obtain

LP([0,T] x ; LP(TN)) = LP(TN x [0,T] x Q), (2.1)

. . p
and similarly for spaces L.

2.1.2 Random measure, solution

Let My(TY x [0, T] x R) be the set of bounded Borel signed measures on TV x [0, T] x R.
We denote by M; (TY x [0, 7] x R) the subset of non-negative measures.

Definition 2.1 (Random measure). A map m from Q to M (T x [0, 7] x R) is said to
be a random signed measure (on TV x [0,7] x R) if, for each ¢ € Cy(TY x [0,T] x R),
(m,¢): @ — R is a random variable. If almost-surely m € M, (TV x [0,7T] x R), we
simply speak of random measure.

Let m be a random measure with finite first moment

Em(TY x [0,T] x R) < 4o0. (2.2)



Then Em is well defined and this is a bounded measure on TV x [0, 7] x R. In particular,
it satisfies the following tightness condition

lim Em(TY x [0,T] x BE) =0, (2.3)
R—+o00

where Bf;, = {£ € R, [{| > R}. We note this fact here, since uniform versions of (2.3)
will be required when considering sequences of random measures, see (4.15). We will
also need the following result.

Lemma 2.1 (Atomic points). Let m be a random measure with first moment (2.2). Let
7: TV x [0,T] x R — [0,T] denote the projection (x,t,€) — t. Let mypm denote the
push-forward of m by w. Let Byt denote the set of times t such that the event “t is an
atom of mym” has positive probability:

By ={t € [0,T};P (mym({t}) > 0) > 0} . (2.4)
Then B,: is at most countable.

Proof of Lemma 2.1. We have also

Bat = {t € [O’T]aEﬂ#m({t}) > 0} .
The set Byt is the set of atomic points of the measure Erym. It is therefore at most
countable. O

The notion of solution which we introduce below is based on the kinetic formulation of
conservation laws introduced in [38]. In particular, for a given function u of the variables
(x,t), we will need to consider the function

f(.’E, ta 5) = 1u($,t)>§a

which is the characteristic function of the subgraph of u. We often write f := 1,¢ for
short.

To be flexible enough, we have to impose a cadlag property on solutions to (1.1) (see
Item 2 in the following Definition 2.2). We will show however in Corollary 3.3 that
solutions to (1.1) have continuous trajectories.

Definition 2.2 (Solution). Let ug € L>®(TV). An L'(T¥)-valued stochastic process
(u(t))ejo,m is said to be a solution to (1.1) with initial datum wg if v and £ := L,s¢
have the following properties:

L ue LL(TN x [0,T] x Q),
2. for all ¢ € CH(TY x R), almost-surely, t — (£(t), ) is cadlag,
3. for all p € [1,400), there exists Cp, > 0 such that

E ( sup Hu(t)Hip(TN)> < Cp, (2.5)
t€[0,T]



4. there exists a random measure m with first moment (2.2), such that for all ¢ €
CHTN x R), for all t € [0, 77,

(£(0).9) = (£0.9) + [ (2(6).a(0) - Vs
+ Z/o /TN gr(z,u(z, s))p(x, u(z, s))drdpy(s)

k>1
1

+ 2 / Oep(z,u(z, )G (2, u(z, s))dzds — m(dep)([0,t]), (2.6)
0 JTN

a.s., where £0(z,£) = Ly 2)>¢, G? := Y 5oy lgkl® and a(€) := A'(€).

In (2.6), we have used the brackets (-, -) to denote the duality between C2°(TY x R) and
the space of distributions over TV x R. In what follows, we will denote similarly the
integral

(F,G) = /TN /RF(x,g)G(x,g)dxdg, F e IP(TN xR),G € LY(TY x R),

where 1 < p < 400 and ¢ is the conjugate exponent of p. In (2.6) also, we have used
(with ¢ = O¢¢) the shorthand m(¢) to denote the Borel measure on [0, 7] defined by

m(¢): A o(x,&)dm(z,t,€), ¢ € Cp(TV x R),
TN x AxR

for all A Borel subset of [0, 7.
There is a last point to comment in Definition 2.2, which is the measurability of the
function sup;e(o 7 [[u(t) || Lp(rny in (2.5). Let us denote by £ = 1—£ = 1,<¢ the conjugate
function of £f. By the identity

= [ 1o + Fecal e, 2.1
we have, for p € [1,400),

lu(OI L gy = I (£(), ¥4) + (£(8),¥-), (2.8)

where the sup is taken over some countable sets F and F_ of functions i chosen as
follows: Fy = {¢;n > 1}, where (1) is a sequence of non-negative functions in C2°(R)
which converges point-wise monotonically to & ~ p|¢*[P~1 if p > 1 and to € — sgn (€)
if p=1. By (2.8), we have

sup [[u(t)[[7, pwy = SUp - sup (£(t),004) + (E(),00). (2.9)
t€[0,T] PYEreFy te[0,T)



By Item (2) in Definition 2.2, we know that the function

sup (£(t),¢4) + (£(2),9-)

t€[0,T]

is F-measurable for all 11 € Fy. Indeed, the sup over [0,7] of a cadlag function is the
sup of the function on any dense countable subset of [0, 7] containing the terminal point
T. By (2.9), the function sup;c(o 77 [u(t)]|L»(rvy is measurable.

Remark 2.1 (Initial condition). A limiting argument based on (2.6) leads to the following
initial condition for f(¢):

f(O) =fo+ 8§m0, a.s.,
where my is the restriction of m to TV x {0} x R. It is not obvious thus, that (2.6)
entails the expected initial condition £(0) = fo. This is the case however (and, therefore,

mo = 0 a.s.), due to Proposition 2.11 and Corollary 2.12. See also the discussion on the
same topic in Section 5 of [10].

Proposition 2.2 (Mass of the random measure). Let ug € L(TN). Let (u(t))tejo) be
a solution to (1.1) with initial datum uy. Then the total mass of the measure m in (2.6)
18

1 1
m(T™ x [0,T] x R) = [Juol 7>y = 5 Iu(T) T2 (e

T 1 T )
+> /0 /T | 9kl ule, t)u(e, t)dedBy () + 5 /O |, & (@ ul@,0))dedt, (2.10)

E>1
almost-surely.

Proof of Proposition 2.2. We start from (2.6), which we apply with a test-function
¢ independent on z. By subtracting (1p>¢,¢) to both sides of the equation, we obtain

¢
(), 9) = (x0 ) + 3 /0 [ e ula et uie, 9)deds (5)
k>1
1 t
t35 / dep(z,u(w, )G (z, u(z, s))dzds — m(0ep)([0,1]), (2.11)
0 JTN
where x(z,t,§) = £(x,t,£) — Lose, xo(x,&) = fo(x,&) — 1o>¢ are the traditional kinetic
functions used in [41] for example. We use then an approximation argument to apply
(2.11) with ¢(z,&) = €. This gives (2.10). O

2.2 Generalized solutions

With the purpose to prepare the proof of existence of solution, we introduce the following
definitions.



Definition 2.3 (Young measure). Let (X, A, \) be a finite measure space. Let P;(R)
denote the set of probability measures on R. We say that a map v: X — Pi(R) is
a Young measure on X if, for all ¢ € Cy(R), the map z — (v,,¢) from X to R is
measurable. We say that a Young measure v vanishes at infinity if, for every p > 1,

/ / I[P dy. (€)dN(z) < +oc. (2.12)
X JR

Proposition 2.3 (An alternative definition of Young measures). Let (X, A,\) be a
measure space with \(X) = 1. Let L be the Lebesque measure on R and let Y be the
set of probability measures v on (X x R, A x B(R)) such that myv = A, where myv is
the push forward of v by the projection m: X x R — X. Then Y is the set of Young
measures as defined in Definition 2.3.

For the proof of this result, which uses the Disintegration Theorem, we refer to the
discussion in [8, p.19-20] on the spaces Y and Y1 (“dis” for “disintegration”: this
corresponds to the Definition 2.3). Note that there is no loss in generality in assuming
AX) =1

Definition 2.4 (Kinetic function). Let (X,.A, A) be a finite measure space. A measur-
able function f: X x R — [0, 1] is said to be a kinetic function if there exists a Young
measure v on X that vanishes at infinity such that, for A-a.e. z € X, for all £ € R,

f(Z,f) = Vz(g’ +OO)

We say that f is an equilibrium if there exists a measurable function u: X — R such
that f(z,&) = £(2,§) = 1y(;)>¢ a.e., or, equivalently, v, = ¢—y () for a.e. z € X.

Definition 2.5 (Conjugate function). If f: X x R — [0,1] is a kinetic function, we
denote by f the conjugate function f:=1— f.

We also denote by xs the function defined by xf(2,£) = f(2,£) — 1o>¢. This correction
to f is integrable on R. Actually, it is decreasing faster than any power of |¢| at infinity.
Indeed, we have x¢(z,§) = —v.(—00,&) when £ < 0 and xf(2,§) = v.(§,+00) when
& > 0. Therefore

e /X (2 E)laA(z) < /X / (CPdv2(Q)dA(2) < oo, (2.13)

forall £ € R, 1 <p < 4o00.

The so-called kinetic functions appear naturally when one examines the stability of a
sequence of solutions to (1.1). We discuss this topic in details in Section 4, but let us
already mention the following compactness results.



Theorem 2.4 (Compactness of Young measures). Let (X, A,\) be a finite measure
space such that A is countably generated. Let (V™) be a sequence of Young measures on
X satisfying (2.12) uniformly for some p > 1:

s%p/X/R|£|pdy;‘(§)d)\(z) < +00. (2.14)

Then there exists a Young measure v on X and a subsequence still denoted (V™) such

that, for all h € LY(X), for all ¢ € Cy(R),

Jim [ /¢ E)dv™(€)dA(z / /¢ €)dv. (€)dA(z). (2.15)

The convergence (2.15) is the convergence for the Tyl topology defined in [8, p.21]. By
[8, Corollary 4.3.7], (2.14) implies that the set {v,;n € N} is Tyl—relatlvely compact,
and for this result, it is not necessary to assume that A is countably generated. This
latter hypothesis is used as a criteria of metrizability of TJ‘% , [8, Proposition 2.3.1]. A
consequence of Theorem 2.4 is the following proposition.

Corollary 2.5 (Compactness of kinetic functions). Let (X,.A,\) be a finite measure
space such that A is countably generated. Let (f,) be a sequence of kinetic functions
on X x R: fu(z,£) = v2(&,+00) where v™ are Young measures on X satisfying (2.14).
Then there exists a kinetic function f on X X R (related to the Young measure v in
Theorem 2.4 by the formula f(z,£) = v.(§, +00)) such that, up to a subsequence, f, — f
in L°(X x R) weak-*.

We will also need the following result.

Lemma 2.6 (Convergence to an equilibrium). Let (X, A, \) be a finite measure space.
Let p > 1. Let (fn) be a sequence of kinetic functions on X x R: f,(2,£) = v} (&, +0)
where V"™ are Young measures on X satisfying (2.14). Let f be a kinetic function on
X X R such that f, = f in L®(X x R) weak-*. Assume that f,, and f are equilibria:

fn(z’g) = 1un(z)>§, f(zaé) = 1u(z)>§
Then, for all 1 < q < p, up, — u in LY X) strong.

Proof of Corollary 2.5. We apply the theorem 2.4. The convergence of (v™), which
means that
(z — <V?,¢>) — (z — (I/Z,¢>) in L°°(X) weak — ,

for all ¢ € Cy(R), has the consequence that

J] [ecomr@ne - [[ [acomene, e

10



for every bounded Carathéodory integrand «. This is a consequence of the identity
T% = TJI;I{ in the Portmanteau Theorem [8, Theorem 2.1.3] (see also [8, Lemma 1.2.3]

about Carathéodory integrands). We apply (2.16) to

£
a(z€) = / oz e

—00

where p € L' N L>°(X x R), and apply also the Fubini theorem to obtain

| _neoeconeis [ eoeonee @)

Using the bound by 1 on the L* norm of f, and f, we deduce by an argument of density
that (2.17) holds true when ¢ € L'(X x R). O

Proof of Lemma 2.6. Let r € [1,+00]. By choosing #'(£)y(z) as a test function, and
by use of a standard approximation procedure, we obtain

/H(Un(z))’y(z)dz—)/ O(u(z))y(z)dz (2.18)
X X

for all # € CY(R), v € L"(X) such that supy, [0(un)|l v (x) < 400, where ' is the
conjugate exponent to r. Assume first p > 2. We show the strong convergence of (uy,)
to u in L?(X), by developing the scalar product

l[u— UnH%%X) = HUH%Q(X) + HUNH%Q(X) = 2(u, un)2(x)-

The convergence of the norms follows from (2.18) with 6(¢) = &, v(z) = 1. The weak
convergence (U, Un)r2(x) — HuH%Q(X) follows from (2.18) with # = 1, v = w. Still when
p > 2, the remaining cases 1 < ¢ < p are obtained by interpolation and by the uniform
bound on |un||rr(x)- If p < 2 now, we notice that, for every R > 0, the truncate
functions

Tr(uy) = min(R, max(—R, uy,))

satisfy (2.18), and we can apply the reasoning above to show Tr(u,) — Tr(u) in L"(X)
strong for every r < 400. For 1 < ¢ < p, the uniform estimate
1+1/s 1 1 1

1/ supHunH X’ 6:_+_’

TR (un) — un”LQ(X PR

R

and similarly for u, then gives the result. U

In the deterministic setting, if (u,(t)) is a sequence of solutions to (1.1), then, due to
natural bounds and to Theorem 2.4, the sequence of Young measures d,,, (; ) on X := T
(consider that t is fixed here) has, up to a subsequence, a limit ;. Then every non-linear
expression ¢(uy,(t)) for ¢ € Cp(R) will converge to (1, @) in the sense of (2.15). This
is why it is natural (c¢f. [15]), for such non-linear problems as (1.1), to introduce the
following generalization to Definition 2.2.

11



Definition 2.6 (Generalized solution). Let fo: TV x R — [0,1] be a kinetic function.
An L®(TY x R;[0,1])-valued process (f(t))se(o] is said to be a generalized solution
to (1.1) with initial datum fo if f(¢) and v; := —0¢ f(t) have the following properties:

1. for all t € [0,7], almost-surely, f(t) is a kinetic function, and, for all R > 0,
f€LL(TY x(0,T) x (—R,R) x Q),

2. for all ¢ € CH(TY x R), almost-surely, the map ¢ — (f(t), ) is cadlag,

3. for all p € [1,+00), there exists Cp > 0 such that

<Sup/ /!§\pdum x) < 0y, (2.19)
telo, 7] J TN

4. there exists a random measure m with first moment (2.2), such that for all ¢ €
CHTN x R), for all ¢ € [0, T], almost-surely,

(F(0.6) ={or0) /t<f(8),a(§)-Vx<P>d

/ /TN/gk z,&)p(x, §)dvy, s (§)drdSBy(s)
"2 /o /TN /RGz(””’ §)Ocp(x, §)dvy s (§)dds — m(Iep)([0,t]). (2.20)

Let us do a comment about notations: for each ¢ € [0,7], we have a Young measure
v; on TV, This gives us a set of probability measures (Va,t)zeTn , @s they appear in the
second line of (2.20). There is something misleading in the use of the notation v, 4,
which conveys the idea that we are considering a Young measure v with index space
TV x (0,T). Such a modification of the point of view is admissible however, and we will
use it fully in Section 4.3.1 to obtain the convergence of sequences of Young measures.
Indeed, due to item 1 and to the fact that, for all ¢t € (0,7, for a.e. € TV, a.s.,

/R O(€)dva s (€) = /R Flt, )8 (€)de

if ¢ € CL(R), the map (w,z,t) — (Vz¢, @) is measurable (and in LL(TY x (0,T) x Q)
actually). By the Fubini theorem, we deduce that, almost-surely, (x,t) — (v, @) is
measurable when ¢ € C}(R). By an argument of density, this holds true when ¢ € Cy(R).

This point about the status of v, being clear, we have now also to justify that the
stochastic integral in (2.20) is well-defined: the bound (2.19) implies

E ( /0 ! /T § /]R |§|pdux,t(§)da:> <O, (2.21)
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Using successively Jensen’s Inequality, the growth hypothesis (1.2), and (2.21) with
p = 2, we obtain, for ¢ € C}(TV x R),

/o /TN/% 2,€) ¢(x,)dvy 4 (€)dx|?

<E AN/wkxg (2, ) 2 v 4(€)da

0 k>1

_E/‘AM/G2x§W$§Hd%K)

< |l@llfe, Do(1 + CoT). (2.22)

tor [ ] o (e dv(€)da

is predictable is a consequence of item 1. To sum up, we have proved the following result.

k>1

The fact that

Lemma 2.7 (Admissible integrand). Let fo: TN x R — [0,1] be a kinetic function.
Let (f(t))ico,m) be a generalized solution to (1.1) with initial datum fo. Then, for all
o € CHTN x R) the [*(N*)-valued process

v ([, Lote 00 i)

is in L% ([0,T] x Q;12(N*)).
Let us now state a simple result of reduction from generalized solution to mere solution.

Proposition 2.8. Let ug € L°(TV). Let (f(t))tefo,r) be a generalized solution to (1.1)
with initial datum 1,,. If for all t € [0,T], f(t) is an equilibrium:

f(x,t,f,w) = f(x7t7§7w) = 1u(x,t,w)>§7 (223)

for a.e. (z,&,w) € TN xR xQ, then (u(t))iejo, s a solution to (1.1) with initial datum
uQ-

Proof of Proposition 2.8. Under (2.23), we have vy = d,() a.s. From (2.21) with
p =1, we deduce that v € L*(TV x (0,T) x Q). Since

u(z,t) = /R dvg,1(§),

we obtain u € LL(TYN x (0,T) x ) as a consequence of Item 1 in Definition 2.6. We

have also
3
= [win, v = [ el cric
R

—00
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for all ¢ € CX(TY x R). Therefore Item 2 in Definition 2.2 follows from Item 2 in
Definition 2.6. Using the identity

[ tards = [ [ v

we obtain Item 3 in Definition 2.2. Item 4 in Definition 2.2 follows from Item 4 in
Definition 2.6. O

We will show in Theorem 3.2 that (2.23), which we give as an hypothesis in Proposi-
tion 2.8, is automatically satisfied by any generalized solution starting from an equilib-
rium 0 — fo == 1U0>§'

We conclude this paragraph with the following result, used in the proof of Corollary 3.3.

Lemma 2.9 (Distance to equilibrium). Let (X, \) be a finite measure space. Let f: X x
R — [0,1] be a kinetic function. Then

3
m(©) = [ (e = FOMC qu:Am@%

—00
is well defined and non-negative.

Note in particular that the difference f(§) — 1,5¢ writes O¢m where m > 0.

Proof of Lemma 2.9. Let v, = —0;f(2,-), z € X. By Jensen’s Inequality, we have

H(AM%@)SAHmwﬂ) (2.24)

for all convex sub-linear function H: R — R. Note that

:/Rf(z,C)—l(deC:/RCde(C)

by integration by parts. By integration by parts, we also have, for all sub-linear function

H € CY(R),
/H Q)dv,(¢) = /H/ — 1g>¢)d¢

/H déu(z = /H/ >¢ 10>c)dC

By (2.24), it follows that

and

AH/(C)(f(Za C) - 1u(z)>()dc >0

for all convex and sub-linear H € C*(R). Approximating ¢ + ({ —&)~ by such functions
H, we obtain m(&) > 0. O
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2.3 Right limits of generalized solutions

If (f(t))ieo,r] is a generalized solution to (1.1) and ¢ € C°(TY x R), then, as., t —
(f(t), ) is cadlag. In the next proposition, we show that the a.s.-property to be cadlag is
independent on ¢ and that the limit from the left at any point ¢, € (0,7] is represented
by a kinetic function.

Proposition 2.10. Let fo be a kinetic initial datum. Let (f(t))ico,r) be a generalized
solution to (1.1) with initial datum fy. Then

1. there exists a measurable subset ) C of probability 1 such that, for all w € Q,
for all o € C.(TN x R), t — (f(w,t), ) is cadlag,

2. there exists an L*°(TY x R;[0,1])-valued process (f~(t))ieo.r] such that: for all
t € (0,T), for all w € Q, for all p € C(TN x R), f~(t) is a kinetic function on
TN which represents the left limit of s — (f(s), @) at t:

(f~@),¢) = lim (f(s),

s—t—

). (2.25)

S

Proof of Proposition 2.10. The set of test functions C}(TV x R) (endowed with
the topology of the uniform convergence of the functions and their first derivatives)
is separable and we fix a dense countable subset D; (see the argument about I' in
Section 4.5.1 for a proof of the existence of D;). For all ¢ € CH(TY x R), a.s., the map

m/ ) V) ds+z/ [ [ ov(o 00t (€)dudpi(s)

k>1

" 5/0 /TN/R6590(5“’5)92(w,£)dvm,s(£)dxds (2.26)

is continuous on [0,7]. Consequently: a.s., say for w € Qy where Q5 is of full measure,
for all ¢ € Dy, J, is continuous on [0,7]. If ¢ € Dy, (2.20) gives (f(t),¢) as a sum
(up to the constant (fo,¢)) of J,(t) with m(9¢p)([0,t]). This latter expression defines
a function cadlag in ¢ for all w € Qq, hence t — (f(t), p) is cadlag if w € 1 N Qo. Here,
Qy C Q is of full measure. Next, we use the estimate (2.19): there exists a set of full
measure {23 in €2 such that, for every w € Qg,

sup /]I‘N /]R |EPdvy1(§)dx < Cp(w) < +00. (2.27)

t€[0,T]

Let w € Q:= Q1 NQy N Q3 be fixed. If ¢ € Co(TV x R), then

3
G = [ dn©dn, 0= [ el

— 00

Let R, > 0 be such that ¢ is supported in [—R,,, Ry]. Since [¢(z, )| < ||¢||z (Rp+ [€]),
we obtain the bound sup,c(o 71 [(f (%), )| < ||| L (Rp+Ci(w)). This gives the continuity
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of (f(t),¢) with respect to . Since the space of cadlag functions is closed under uniform
convergence, an argument of density shows that ¢ — (f(t),¢) is cadlag for all ¢ €
C.(TN x R). To prove the second assertion of the proposition, let us fix w € Q and
consider an increasing sequence (t,) in [0,T] converging to a point ¢, € (0,7]. Then, by
means of (2.27) and since the Borel o-algebra of T is countably generated (T being
separable), we can apply Corollary 2.5: there exist a kinetic function f*~ on TV x R
and a subsequence (ny,) such that f(t,, ) — f*~ weakly-+ in L%°(TY x R) as k — +oo.
If an other subsequence () provides an other weak limit f*~, then we have
(77 9) = lim {f(t),9) = (/7. ¢)

for all ¢ € C.(TYN x R). Therefore f*~ = f*~: there is only one possible limit. It
follows that the whole sequence (f(t,)) is converging to f*~ in L>®°(TY x R) weak-
. We establish this fact to ensure that the subsequence (ng) is independent on w.

Indeed, this shows that, viewed as a function of (w,z,&), f*~ is measurable. We set
f(ts) = f*~ to conclude. O

Remark 2.2 (Left and right limits). Note that we prove a little bit more than what is
stated in Proposition 2.10. Indeed, for w € Q, we have f(s) — f~(t) in Lo(TV x R)
for the weak-* topology, when s 1 ¢, which implies (2.25). By similar arguments, we can
show that f(s) — f(t) in L®°(TV x R) weak-*+ when s | t.

Remark 2.3 (Uniform bound). Note that, by construction, v~ = —0¢f~ satisfies the
following bounds: for all w € Q,

sup/ /]{\pdyx_t({)dxg(}’p(w), E(sup/ /\ﬂpdum_t(f)dx> < Cp. (2.28)
te[0,7] JTN JR ’ te[0, 7] JTN JR ’

We obtain (2.28) using (2.19)-(2.27) and Fatou’s Lemma.

Remark 2.4 (Equation for f~). Passing to the limit in (2.20) for an increasing sequence
of times ¢, we obtain the following equation on f~:

(1)) =(F(0),0) + /0 (F().al€) - Vaig)ds
[ ] [ oo opt@ v (dodsiio

0
1 [t
+ 5/0 /11‘N /RG2(x,f)@ggp(x,f)dyLs(f)dxds — m(0:)([0,1)). (2.29)
In particular, we have
(f@) = [~ (1)) = —m(Fep)({t}). (2.30)

Outside the set of atomic points of A — m(0:p)(A), which is at most countable, we
have (f(t),) = (f~(t), ). It follows that f = f~ a.e. In particular, (2.29) gives us the
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following equation on f~:
(1), 0) =(F(0), ) + /0 (~(5),a(€) - Vaig)ds
=[] [ oo etz ©eanits)

1/ 20, e (Vs
- 2/0 /TN/RG (z,8)0p(z,&)dv, (§)dzd (Be)([0,1)),  (2.31)

equation which is also valid for ¢ = 0 if we set f~(0) = fo.
In the next proposition, we give a criterion for the continuity of ¢ — (f(¢), ) at a given

point.

Proposition 2.11 (The case of equilibrium). Let fy be a kinetic initial datum. Let
(f(t))ecjo,m be a generalized solution to (1.1) with initial datum fo. Let t € (0,T].
Assume that f~(t) is at equilibrium: there exists a random wvariable v € L*(TN) such

that f=(t,§) = 1ys¢ a.s. Then f=(t) = f(t).

Proof of Proposition 2.11. Let m* denote the restriction of m to TV x {t} x R. Let
us also set fT = f(t). By (2.30), we thus have

JT=1yse = Oem™. (2.32)

There exists a subset €24 of 2 of probability 1 such that, for all w € €4, m, and thus
m*, are finite measures on TV x [0,7] x R and T™V x R respectively. Let 1) be a smooth
non-negative function such that 0 < ¢ < 1, ¢» = 1 on [—1,1], ¥ being supported in
[—2,2]. Define the cut-off function 1. (£) = ¥(g€). Let also ¢ € C(TV). By (2.32), we
have

/ / (f7 (@, 8) = Lu@yse)p(@)ve (€)dwd = —e // ()0 (e€)dm*
T xR TN xR
< €H<PHLOO(TN)W/HLw(R)m*(TN x R).

Taking the limit ¢ — 0, and taking in consideration the fact that ¢ is arbitrary, we
deduce that, for all w € QN Qy, for a.e. z € TV,

/(f+(9€,§) — 1losg)dé = /(1v(x)>§ — 1os¢)d€ = v(z).
R R
Introduce now
3
pien [ (e FOMC

By Lemma 2.9, p* is non-negative. In addition, d¢(m* + p*) = 0 due to (2.32) and the
definition of p*. Therefore m* + p* is constant, and actually vanishes by the condition at
infinity (2.3) and the obvious fact that p*(T" x B%) also vanishes when R — +oc. Since
m*, p* > 0, we finally obtain m* = 0 and conclude to the identity f~(t) = f(¢t). O

17



Let us consider also the special case t = 0. By letting ¢ — 0+ in (2.20), we have
f(0) — fo = demy, where my is the restriction of m to TV x {0} x R. Consequently, we
have the following corollary to Proposition 2.11.

Corollary 2.12. Let fy be a kinetic initial datum. Let (f(t))icjor) be a generalized
solution to (1.1) with initial datum fo. Assume that fq is at equilibrium. Then f(0) = fo
and m does not charge the line {t = 0}: m(TY x {0} x R) =0 a.s.

Our final result in this section is about trajectories of solutions to (1.1). It is an inter-
mediate statement, before the full continuity result given in Corollary 3.3.

Proposition 2.13. Let ug € L=(TVN). Let (u(t))iejo,r) be a solution to (1.1) with initial

datum ug. Then, for allp € [1,400), for allw € O (given in Proposition 2.10), the map
t = u(t) from [0,T] to LP(TVN) is continuous from the right.

Proof of Proposition 2.13. We apply Proposition 2.10 (and also use some facics
established in the proof of Proposition 2.10) to f(t) = £(t) = 1,p)s¢. For w € €
@ € C(TN x R), the map

e (£(8), )
is cadlag. We will show first that this can be generalized to (2.37) below, for a test

function ¢ satisfying a growth hypothesis like (2.34). Using (2.27) (with 2p instead of
p), we have

sup / |u(z,t)|*Pdx = sup / /\ﬂzpdux,t(g)dxSC’gp(w)<+oo. (2.33)
te[0,7] JTN tefo,7]JTN JR

Let p € C(TY x R) satisfy
(e, &) < CL(1 + [P~ (2.34)

Let ¢. € Co.(TYN x R) be an approximation obtained as a truncate of ¢, for example
Ve = pXe, Where x(§) = x(e€). Here, £ is a smooth, compactly supported function on
R such that x(§) = 1 for |{| <1 and x(§) = 0 for [£] > 2. Set x4 (2, &) = £() — Lo>e-
We will show the estimate

- e/l = e d T d .
tes[lé}bﬂ\(xu(t),@ {(Xu(t), Pe)| <tes[lé7pﬂ /TN/Rw (€)dvy ¢ (§)da (2.35)
< Oy (Cp(w) + Cop(w))eP. (2.36)

In (2.35), the function 1. is defined by

b6 = 1/05 (Ol - x€<<>|d<‘.

We bound [¢)-(§)| as follows:

[V (E)] < Co(1 + [E[°)Lj¢j5e-1 < Co(1 + [EP)[E]PEP,
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for a constant Cy depending on C; and p to deduce (2.36) from (2.35) and (2.33). By
uniform convergence hence, the map

t = (Xu(t), p) is cadlag. (2.37)

In particular, ¢ = (xu(), ) is continuous from the right: if ¢, € [0,7)] and (¢,) | ts,
then

Xu(tn))» @) = Xut) )5

for all ¢ satisfying (2.34). By Lemma 2.6 and its proof, this implies u(t,) — u(t.) in
LP(TV). O

3 Comparison, uniqueness and reduction of generalized so-
lutions
3.1 Doubling of variables

In this paragraph, we prove a technical proposition relating two generalized solutions f;,
i = 1,2 of the equation

dui(x,t) + div(A(ui(z, t)))dt = @;(z, ui(x,t))dW (t). (3.1)

We use the following convention of notations: if (f(t)):cjo,r) is a generalized solution to
(1.1), we denote by f~ the left limit defined in Proposition 2.10, and we denote by fT
the right limit, which is simply f: f*(¢) := f(¢). This gives more homogeneity to the
different statements in this part. Recall also the notation f = 1 — f for the conjugate
to f, introduced in Definition 2.5.

Proposition 3.1. Let f;, i = 1,2, be generalized solution to (3.1). Then, for0 <t <T,
and non-negative test functions p € C°(TN), ¢ € C(R), we have

/’]TN / (z = (€ = Off (2,1, f5 (y, 1, ¢)dédCdady
/ TNz /R z =€ — O fro(@, &) faoly. Q)dédCdady + 1, + Iy, (3.2)
where
I,=E /Ot /(TN)2 - fi(a, 5,6 faly, s,O)(a(€) — a(O)(€ = O)dEdC - Vop(x — y)dadyds

and
1
=g [ o) B[ [ €0 S k0.6 oty Ok 04 (€, oy,

k>1
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Remark 3.1. Each term in (3.2) is finite. Let us for instance consider the left-hand side
of (3.2). Introduce the auxiliary functions

¢ ¢
= [ wris = [ witee

Since 1 is compactly supported, both ¥, and 9 vanish at —oco. When & — 400, ¥
remains bounded while 15 has linear growth. More precisely, if ¢ is supported in [— R, R],
then

12 (O] < (IS + R)[¥ll L () (3-3)

Since

faro= [ alFo. Fueo- [ aFo,
(£,+OO) (7OO7<)
for a.e. &, ( €R, z,y € TV, ¢t € [0,7], the Fubini Theorem gives us the formula
[ vl = Ot 5 . Odedd = [ nu - o)k, ()
By (3.3), we deduce that

‘/R W(E = OfF (2,4, /5 (. t, <)dgd<'

< Il [R+ i+ [ \srduj:m] ,

for a.e. x,y € TV, for all t € [0,T]. Using the Young inequality for convolution with
indices 1,1, 1, we obtain

/ / (z —y)p(§ - C)f1 (z,t §)f2 (y,t,C)dédCdxdy
TN)2 JR2

< |[llprmwllollpr oy (R + Cri(w) + Cra(w)), (3.5)

Crilw) = sup / / €ldviE
tEOT TN

is in L'(£2) thanks to (2.19)-(2.28).
Proof of Proposition 3.1. Set

where

G}(z,€) = ZL%, z P, ie{1,2}.

Let p1 € C2(TY x Re) and 9 € CSO(TZ]/V x R¢) be some given test-functions. Equa-
tion (2.20) for f; = f;" reads (f;"(t), 1) = u1([0,t]) + Fi(t), where F} is the stochastic

integral
-y / L. [ oot (©)dnass)
N

k>1
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and t — p1([0,¢]) is the function of finite variation on [0,7] (cf. [42, p. 5]) defined by

11 ([0.4]) = (F105 21000, 1]) + /0 (1,0~ Vipr)ds

1 / /T ) / Do G2duy(€)dds — my (eon) ([0, 1]).

Note that, by Corollary 2.12, ml(ﬁggpl)({O}) = 0 and thus the value of p;({0}) is
(f1.0,1). Similarly, we write (f;"(t),p2) as continuous semi-martingale, sum of the

stochastic integral
- // /9k2%02dV ¢)dydB(s)
TN

k>1

with the function with finite variation given by
t
pa(10.8) = (oo 22)0(0.6) + [ (fova Vipa)ds
0
1 t
5 | [ [ oo (s + ma@ce) (0.1),
0 JTN JR

Again, we note that u2({0}) = (f2,0,02). Let us define the test-function
Ck(.%" §7 Y, C) = ¢ (.%'7 g)ng (y7 C)

We want to compute

(i (OF (1), a)) = (Fi7 (1), 1) (5 (), p2), (3.6)

where ((-,-)) denotes the duality product over T x Re x T2 x R¢. By the It formula
for continuous semimartingales, [42, p. 146], taking expectation, we obtain the following
identity:

E((fi" (1) f5 (1), @) = ((fr0f20,))
—HE/ /TN /]R2 fifa(a(€) - Vi +a(C) - Vy)adéd¢dxdyds

+§IE /0 /(TN)Q 8 deafo(s)Gidv, ((€)d¢dzdyds
1 t
~5E /0 /(TN)2 g dcafi(s)Gadv, (C)dEdydnds

t
—E / / G1adv, ((§)dv, () dadyds
TN)2 JR2 ’ ’

_E/ot /’]I‘N)Q /Rg 35adm1(gc S §)d€dy
+E/(07t} /(TN)2 - fl_(s)agade(y,s,C)dgdx (3.7)
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where G12(2,4;&,¢) =D 1> 961(2,€)9k,2(y, (). By a density argument, (3.7) remains
true for any test-function o € C(TY x R x ’IFZ]/V x R¢). Using similar arguments as
in Remark 3.1, the assumption that « is compactly supported can be relaxed using the
to the condition at infinity (2.3) on m; and (2.12) on v¢, i = 1,2. Using truncates of
a, we obtain that (3.7) remains true if a € Cf°(TY x R¢ x ']I'év x R¢) is supported in a
neighbourhood of the diagonal

{(z,&,2,8);z € TV, £ e R}
We then take oo = pip where p = p(z — y), ¥ = (£ — ). Note the remarkable identities
(Vae+Vy)a=0, (0:+0:)a=0. (3.8)
In particular, the last term in (3.7) is

E / / I (s)dadededmaly, s, 0)
(O7t} ('IFN)2 R2

= —E/O p /’]I‘N - f1 (8)Ocadédaxdma(y, s, Q)

= —E/ / / adu 5 (&)dxdma(y, s, () <0
(0,8] J(TN)2 JR?

since @ > 0. The symmetric term

E / / J (s)Bcadmi (s, 5,€)dCdy
(0,¢] (']l"N)2 R2

:—E/ / / aduj’j(g)dydml(x,s,g)
(0,8 J(TN)2 JR2 ’

is, similarly, non-positive. Consequently, we have

E((fi7 () f5 (), @) < ((frofz0, @) + 1, + 1y, (3.9)
where

t
I, := E/ / fifa(a(é) - Vi +a(C) - Vy)ad€d¢drxdyds
0 'EN)Q R2

and
1t _
I, =-E / / Ocafa(s)Gldy, ((€)d¢drdyds
2 0 (']TN)Q R2 ’
1 t
—5E / / dcafi(s)Gadv, ((C)dEdydnds
0 (TN)2 R2

t
—E / / G1ady, (§)dv; () dady.
0 (TN)2 R2 ’ ’

22



Equation (3.9) is indeed equation (3.2) for f;" since, by (3.8),

t
I, = IE/ / flfg(a(g) —a(()) - VyadédCdxdyds
0 (']TN)Q R2

and, by (3.8) also and integration by parts,
1 t
o=gB [ [ @+ G- 26, 02, (6 dudyds
2 Jo (TN)2 JR2 ’ ’ Y
1 t
=58 [ [ ] e o) — ol vk, @2 (6. Oddyds.
o Javye Jre 157

To obtain the result for f;”, we take t, 1 ¢, write (3.2) for f;"(¢,) and let n — co. O

3.2 Uniqueness, reduction of generalized solution

In this section we use Proposition 3.1 above to deduce the uniqueness of solutions and
the reduction of generalized solutions to solutions.

Theorem 3.2 (Uniqueness, Reduction). Let ug € L¥(TV). Assume (1.2)-(1.3). Then
we have the following results:

1. there is at most one solution with initial datum wuy to (1.1).

2. If f is a generalized solution to (1.1) with initial datum fo at equilibrium: fy =
1y,>¢, then there exists a solution w to (1.1) with initial datum uy such that

f(@,t,8) = Ly p>e a-s., for a.e. (z,t,).

3. if ur, ug are two solutions to (1.1) associated to the initial data uy g, ugo € L™ (TV)
respectively, then

El|(u1(t) — u2(t)) [l 1 eony < ll(ua,0 — u2,0) " i ew), (3.10)
for all t € [0,T]. This implies the L'-contraction property, and the comparison

principle for solutions.

Corollary 3.3 (Continuity in time). Let ug € L®(TV). Assume (1.2)-(1.3). Then, for
every p € [1,400), the solution u to (1.1) with initial datum uy has a representative in
LP(Q; L>®(0,T; LP(TN))) with almost-sure continuous trajectories in LP(TV).

Remark 3.2 (Uniqueness of the kinetic measure). Let f and f be two generalized solution
to (1.1) with initial datum fy at equilibrium, fo = 1,,5¢. By Theorem 3.2, we have
f = f. It follows from (2.20) that the associated random measures m and h satisfy: for
all ¢ € CH(TN x R), for all ¢ € [0, 7], almost-surely,

m(9)([0,1]) = m(Iep)([0, ). (3.11)
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At fixed ¢, the two functions of ¢ in (3.11) are cadlag. Therefore (3.11) is satisfied for
all ¢ € CHTN x R), almost-surely, for all + € [0,T]. By an argument of density (as in
the proof of Proposition 2.10), we obtain (3.11) almost-surely, for all ¢ € C}(TV x R),
for all ¢ € [0,T]. This implies: almost-surely, d¢gm = O¢mn. By (2.10), the two measures
have the same total mass almost-surely. Consequently, almost-surely, m = m.

Proof of Theorem 3.2. Consider first the additive case: ®(z,u(z)) independent on
u(z). Let f;, i = 1,2 be two generalized solutions to (1.1). Then, we use (3.2) with g
independent on § and ¢. By (1.3), the last term I is bounded by

tD
o / 1 — yPp(x — y)dedy.
']I*N)Q

We then take ¢ := 15 and p = p. where (¢5) and (p.) are approximations to the identity
on R and TV respectively, i.e.

ws(© =50 (5). n0 =0 (%),

3

where 1) and p are some given smooth probability densities on R and T respectively,
to obtain

(3.12)

tD
I¢ S 71626_1.

Denote by v, t the Young measures associated to fli, i € {1,2}. By a computation
similar to (3.4), we have, almost-surely, for almost all x,y € TY,

[ o8 o = [ - o alEaE o). (313)
By (3.4), we have also

/R s = O (@, 1) f5 (9,1, Q)dgdC = /R Vo= 0)dugy (wdvy(v), (314)

where

3 3
o s(€) = / Brs(QdC,  rs(é) = / Ba(0)dC

Assume that 1 is supported in (0,1). Then 15 5(£) = 0 if £ <0 and, for £ > 0,

¢ +00
+
EF —hs(€ / /c Y(u)dud( = / T A (6u)p(u)du. (3.15)
Using (3.15) in (3.13), (3.14) gives
0< / 6 FE(y,t, €)de — / (€ — O FE (s t,€) FE (9, 1, €)dedC
R R2

Heo 1,4+ 2%,
< [ ] = Aot ),
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Since (u —v)T A (6¢) < |u| A (6C) + |v] A (6¢C), we have

0< / fT (@, f5 (y. 1, €)d — / s (€ — Q) fE(x,t,€) f5 (y, t,¢)dedC
R R2

< /0 - ( /R el (€) + /R \srdvjzf@)) A (BB (C)dC.

It follows that

/(TN)Q /RPEW — Y (2,6, f5 (v, £, ) dédady

- / / pe(& — (€ — O fE (. €) FE (. 1, O)dédC dudy
'H‘N ]R2

/ - (/TN/ €l(dvyy () + dugy <f>>dw> A (26C)(Q)d¢
S/O (CF1(@) +C(w) A (260w(0)C. (3.16)

We have used (2.19)-(2.28) (with a constant Cfi for %) to obtain (3.16). When & — 0,
we have

/(TN)Q/Rpe(w—y)ff(x,tﬁ) fzi(y,t,é)dédwdy—/ /ff[(x,t,f)fgc(m,t,f)dgdx

<sw [ [ @0 - 50 - e8| deda

|z|<e

< sup /’]I‘N/ ‘ij: —2z,t,§) Xf;(x,t,g)‘dédx. (3.17)

|z|<e

Consequently (see (3.16), (3.17)),

lim / / pe(@ — y)s(€ — O fE (@, 1, €) FE(y, . O)dedCdardy
TN)2 R2

£,0—0 (
- / / FE (ot €) FE (w1, ) déd,
™ JR

for all w € Q. We apply the estimate (3.5). We have the uniform bounds

Hpa”Ll(TN) =1, HT/&S”LI(R) =1, R=06<1.

Consequently, we may apply the Lebesgue dominated convergence theorem: we obtain
B[ [ et o
™ JR
SB[ e s Ot 7 0ot ey + (e,
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where lim, 5_,07:(e,0) = 0. We need now a bound on the term I,. Since a’ = A” has at
most polynomial growth, there exists C' > 0, p > 1, such that

la(€) = a(Q)l <T(E QI = ¢l T(,¢) =Ca+Ief~ +[¢.

This gives

t —
LB [ [ [ AENEOE — (st~ O (o — )Gy

By integration by parts with respect to (&, (), we deduce

t
I E T d ! 2 x Me - d d d ’
SB[ [ [ X0, 00 O — o) dadydo
where o e
T = INE ¢de'd
(€,0) /C | el = Cluste - hagac
It is shown below that T admits the bound
T(€, Q) < CA+ [EF + [¢]7)d. (3.18)

Since v! and v? vanish at infinity, c¢f. (2.19), we then obtain, for a given constant Cp,

<G ([ Wepetoiar).
TN

It follows that, for possibly a different C,
1,| < tCpoe™. (3.19)

We then gather (3.12), (3.19) and (3.2) to deduce for t € [0,T]
/’]TN/fl ) f (t)dadg </ /flonOdmd§+7“(€ 5), (3.20)

TD
where the remainder r(e, §) is (e, 8) = TCpde ™ + 71525_1 +m(g,0) —no(e, d). Taking

6 = e*/3 and letting ¢ — 0 gives

E/EN/Rfli(t)fQi(t)dxdg < /I‘N/RfLOfQ’dedg. (3.21)

Assume that f is a generalized solution to (1.1) with initial datum 1y,>¢. Since fo
is the (translated) Heavyside function 1,,-¢, we have the identity fofo = 0. Taking
fi=fo=fin (3.21), we deduce fT(1— f*) =0 a.e., i.e. fT € {0,1} a.e. The fact that

—d¢ f* is a Young measure then gives the conclusion: indeed, by Fubini’s Theorem, for
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any t € [0,7], there is a set E; of full measure in TV x Q such that, for (z,w) € E,
fr(z,t, & w) € {0,1} for a.e. £ € R. Let

Et :Etﬂ(TN X Q)

The set E; is of full measure in TN x Q. For (z,w) € E, =0 fT(z,t,,w) is a probability
measure on R. Therefore f*(t,z,& w) = Ly tw)>e for ae. & € R, where u(z,t,w) =
Jo(f (2, t,& w) —1os¢)dE. We have a similar result for f~ (this will be used in the proof
of Corollary 3.3). Proposition 2.8 implies that u is a solution in the sense of Definition
2.2. Since f = f7T (recall the convention of notation introduced at the beginning of
Section 3.1), this shows the reduction of generalized solutions to solutions. If now u;
and uy are two solutions to (1.1), we deduce from (3.21) with f; = 1,,5¢ and from the
identity

/ 1u1>§1u2>§d£ = (U1 - u2)+’
R

the contraction property (3.10).

In the multiplicative case (® depending on u), the reasoning is similar, except that there
is an additional term in the bound on I,,. More precisely, by the hypothesis (1.3) we
obtain in place of (3.12) the estimate

Dy

T'Dy 5.4 h
I, < =%t + L,

where

Ih:Eéiémﬁké;m@—ow—amw—qwﬁﬁ®@ﬁ@<mwwm

Choosing 95(&) = d~ 1 (671¢) with ¥ compactly supported in (0,1) gives

TD TD,Cyh(o _
< DOz TDCWRO) ey b)) (3.22)
2 2 €e(0,1)
TD,Cyh(0
We deduce (3.20) with a remainder term 7’(g,d) := r(e,d) + %() and conclude

the proof as in the additive case. There remains to prove (3.18): setting &’ = &' — (/, we
have

+o0o
r@ozj /ﬁ (" + ¢, )\ s (€7)de"dc
¢ |€"|<6,6" <€~
§+6 7 ! ! !
<O g PO S

€46
sc/ (Lt leP + [P 1de 5,
¢
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which gives (3.18). O

Proof of Corollary 3.3. We use the notations and the results of Proposition 2.10. We
fix p € [1,+00). Both (f(t))wco,r) and (f~())icpo,r) are generalized solutions to (1.1)
associated to the initial datum 1,,-¢ (we use (2.31) here). By Theorem 3.2, they are at
equilibrium: f(t) = Ly4)se, f7(t) = 1y-(1)>¢- By Proposition 2.13, for all w € Q, the
map ¢ — u(t) from [0, 7] to LP(T) is continuous from the right. Similarly, ¢ — u~ (¢) is
continuous from the left. By Proposition 2.11, the fact that f~ is at equilibrium has the
following consequence: at every t € (0,7), f(t) = f~(¢t). In particular, we have u = u~
and thus, almost-surely, u is continuous from [0, 7] to LP(T¥). O

We apply (3.10) to infer an L* bound on solutions to (1.1) in the particular case of a
multiplicative noise with compact support.

Theorem 3.4 (L*° bounds). Assume (1.2)-(1.3) and
gr(z,—1) = gg(z,1) =0, (3.23)

for allz € TN, k > 1. Let ug € L>®(TN) satisfy —1 < ug < 1 almost everywhere. Then,
for all t > 0, the solution u to (1.1) with initial datum g satisfies: almost-surely,

—1<u(z,t) <1, (3.24)
a.e. in TN,
Proof of Theorem 3.4. We use (3.10) to compare u to the two particular constant
solutions (x,t) — —1 and (z,t) — 1. O

4 Convergence of approximate solutions

In this section, we develop the tools required for the proof of convergence of a certain
type of approximate solutions to (1.1). The basic principle is to generalize the notion
of solution introduced in Definition 2.2. Indeed, this facilitates the proof of existen-
ce/convergence. In a second step a result of reduction (or “rigidity result”), which
asserts that a generalized solution is a solution is used. This principle is of much use
in the deterministic theory of conservation laws (c¢f. [15] with the use of “measure-
valued entropy solutions”, [19] with the use of “entropy process solutions”, [41] with the
use of kinetic solutions as defined here). We have already introduced a generalization
of the notion of solution in Definition 2.6, and have proved a result of reduction in
Theorem 3.2. Here we will work mainly on the probabilistic aspects of the questions.
We will have to consider “solutions in law”, or "martingale solutions” (see the comment
after Theorem 4.6 for more explanations about the terminology). The plan of this section
is the following one: in Section 4.1, we define the notion of approximate generalized
solution. In Section 4.2, we give a martingale characterization of the stochastic integral.
In Section 4.3, we give some tightness results on sequences of approximate generalized
solutions. The main result, Theorem 4.6, which shows the convergence of a sequence
of approximate generalized solutions to a martingale generalized solution, is proved in
Section 4.5. Eventually, we obtain a result of pathwise convergence in Section 4.6.
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4.1 Approximate generalized solutions
Let d be an integer fixed once and for all.

Definition 4.1 (Approximate generalized solutions). Let fi: TV x R — [0, 1] be some
kinetic functions. Let (f"(t))c(o,m) be a sequence of L>®(TY x R; [0, 1])-valued processes.
Assume that the functions f"(t), and the associated Young measures vj* = —0e@ f™(t)
are satisfying item 1, 2, 3, in Definition 2.6 and Equation (2.20) up to an error term,
i.e.: for all o € C4(TV x R), there exists an adapted process e™(t, ), with ¢ — "(t, ©)
almost-surely continuous such that

lim sup |e"(¢,¢)| = 0 in probability, (4.1)
n—-+o0o tE[O,T}

and there exists some random measures m" with first moment (2.2), such that, for all
n, for all p € C{(TN x R), for all ¢ € [0, 7], almost-surely,

t
0

(09 =30 + [ (17(5).al€) - Vahds
+/Ot/TN/Rgk(x,§)<p(x,§)dy;‘,s(§)dxdﬁk(s)+€n(t7(p)

1t ) ) .
T3 /0 /TN /RG (,€) D¢ p(w, )dvy o (€)dads — m™ (Dep) (0,8]).  (4.2)

Assume also f"(0) = f{'. Then we say that (f™) is a sequence of approximate generalized
solutions to (1.1) with initial datum f§.

4.2 Martingale characterization of the stochastic integral

In order to pass to the limit in an equation such as (4.2), we will first characterize (4.2)
in terms of a martingale problem, and then we will use martingale methods to pass to
the limit. In the present section, we give the characterization of (4.2) in terms of a
martingale problem, see Proposition 4.1 and Proposition 4.2 below. We refer to [30,
Example 1.4, p.143] for characterization of the standard Wiener Process in terms of a
martingale problem. In the context of SDEs and SPDEs, such kind of characterizations
have been applied in [40, 7, 29, 26, 13] in particular.

Let us define the stochastic integrands

) = [ [ oo oo, O Ode, W0 = (40 0y ()

and the stochastic integrals

w0 =3 [ [ ] oo et gz, ©dednico). (14)

k>1

By Lemma 2.7, we have hj, € L3([0,T) x Q;12(N*)) for all n, ¢. Using Ito’s Formula,
we deduce from (4.4) the following statement.
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Proposition 4.1. Let (f™) be a sequence of approximate generalized solutions to (1.1)
with initial datum f§. Let ¢ € CH(TN x R). Let Mg (t) be defined by (4.4) and h (1)
by (4.3). Then the processes

Mg (), MG6)Be(t) — | hix(s)ds, M@ — [ hE()lize-)ds, (4.5)
0 0

are (Fi)-martingales.
What will interest us is the reciprocal statement.

Proposition 4.2. Let h € L%([0,T] x ;13(N*)). Let X(t) be a stochastic process
starting from O such that the processes

X0, X080~ [ mods XOP - [ b6 Eeds 40
are (Fi)-martingales. Then
Xm:;AM@M@, (@7
for all t € [0,T].

Proof of Proposition 4.2. The proof can be found in [26, Proposition A.1]. Let us
give some details about it. We first claim that the following identity is satisfied:

E [(X(t) — X(s)) / 00 (o) o — / t hk(a)é?(a)da‘}"s} — 0 (4.8)

forall 0 < s <t <T,all k>1andall § € LL([0,7] x ). The proof consists in
approximating 6 on the interval [s,t] by predictable simple functions. It is similar to a
computation of quadratic variation. Note that (4.8) uses only the fact that

t
X, XOAO - [ mlds
0
are (F;)-martingales. We apply (4.8) with s = 0 and § = hj, and sum over k to obtain
t t
EXOXO) =B [ [holhgds X0 =3 [ m6dae. @9
k>1

This gives the expression of the cross-product when we expand the term E|X (t) — X (¢)|2.
Using the fact that

t
IXOF = [ 1)l gy ds
0

is a (F;)-martingale and applying Ito’s Isometry to E|X (¢)
are also given by

|2 shows that the square terms

t
BIX(OF = BIXOF = [ 1) ds.

It follows that X (t) = X (t). O
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4.3 Tightness

Let (f™) be a sequence of approximate generalized solutions, in the sense of Definition 4.1.
Recall that V! is the notation for the set of Young measures on TV x [0,7] x R (cf.
Proposition 2.3) and that My(TY x [0,T] x R) is the notation for the set of bounded
Borel measures on TV x [0, 7] x R while M, (TV x [0, 7] x R) is the subset of non-negative
measures. Let ™ be the Young measure associated to " (v = —0¢ ™). The law of 1" is
a probability measure on the space Y'. We will see in Section 4.3.1 that, under a natural
a priori bound, see (4.10), the sequence (Law(v")) is tight in Y!. In Section 4.3.2, this
is the sequence (Law(m')) that we will analyse. We show under (4.14) and (4.15) that
it is tight in M (TN x [0, 7] x R) (see, more specifically, Proposition 4.4).

We also need to analyse the tightness of ({f,(t),¥)) in the Skorokhod space D([0,T)):
this is done in Section 4.3.3.

4.3.1 Compactness of the Young measures

In this section, we will use the following notions: we say that a sequence (") of P!
converges to v in V! if (2.15) is satisfied. A random Young measure is by definition
a Y1-valued random variable.

Proposition 4.3. Let (f™) be a sequence of approximate generalized solutions to (1.1)
with initial datum f'. Assume that the following bound is satisfied: for all p € [1,400),
there exists Cp, > 0 independent on n such that v™ := —0¢ f" satisfies

E[sup / / EPdv? (€)da
teo, 7] JTN JR ’

Then, there exists a probability space (Q,f, I@) and some random Young measures v",
v, such that

<G, (4.10)

1. U™ has the same law as V"™,

2. U satisfies

E | sup L / / / |E[PdDy 4 (&)dzdt | < C), (4.11)
gcpor 11y Jrv Jr

where the supremum in (4.11) is a countable supremum over all open intervals
J C [0,T] with rational extremities,

3. up to a subsequence still denoted (™), there is P-almost-sure convergence of (0™)
to v in YL,
Furthermore, if f, f: TN x [0,T] x R x Q — [0,1] are defined by
fn(x’tag) :I;;L,t(g’ —|—OO), f(x,tag) :ﬁx,t(ﬁ,—i—oo),

then f* — f in L®°(TN x [0, T] x R)-weak-* P-almost-surely, f being a kinetic function.
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Proof of Proposition 4.3. Note first that (4.10) yields

E ( /0 ! /T ) /[R lg\pdy;},t(g)dxdt> <C,T. (4.12)

For R > 0, p > 1, let us denote by Kg, the set of Young measures v V! such that

/OT /TN/R’ﬂpde,t(@dxdt <R.

By [8, Theorem 4.3.2, Theorem 4.3.8,Theorem 2.1.3], the set Kg, is compact in V!
for the T;q—topology, which is metrizable, [8, Theorem 2.3.1] and corresponds to the
convergence (2.15). By (4.12), we have

c,T
( ¢ KR,p) < Ta

which shows that the sequence (™) of }!-valued random variables is tight. The set )*
endowed with the 7y; W _topology is Polish, [8, Theorem 2.3.3]: we can use the Prokhorov’s
metric, [6, p. 72]. By Prokhorov’s Theorem, [6, Theorem 5.1], there exists a Y!-valued
random variable v and a subsequence still denoted (¥™) such that (v™) converges in
probability to v. Since the map

1
Pp: V= [0,4], v Js%pT] m[]/er /]R 1§ P dyy (&) dxdt,
Cl0,

are lower semi-continuous, we have
Evy,(v) < liminf Ev,(v™) < C
wp( ) =3 wp( ) > 0Lp

by (4.10) and, consequently, v satisfies the condition

sup // /\glpduxt §)dxdt | < Cp. (4.13)
JC[0,1] 171 )5 Jon

Let us now apply the Skorokhod Theorem [6, p. 70]: there exists a probability space
(Q, F,P) and some random variables 7", 7, such that

1. 7™ and U have the same laws as v™ and v respectively,

2. up to a subsequence still denoted ("), there is P-almost-sure convergence of (™)
to 7 in Y.

Since 7 and v have same laws, ¥ satisfies the bound (4.11). If we apply Corollary 2.5
we obtain that f* — f in L®(TVN x [0,T] x R)-weak-* P-almost-surely, f being a kmetlc
function. n

32



4.3.2 Compactness of the random measures

Proposition 4.4. Let (f™) be a sequence of approximate generalized solutions to (1.1)
with initial datum fi'. Assume that

Em™(TY x [0,T] x R) is uniformly bounded, (4.14)
and that m™ vanishes for large & uniformly in n: if BS, = {¢ € R, || > R}, then

lim Em™(TY x [0,T] x B%) =0, (4.15)
R—+o00

uniformly in n. Then, there exists a probability space (Q,f, I@’) and some random mea-
sures m™, m: Q — My(TN x [0,T] x R) such that

1. m"™ has the same law as m",

2. up to a subsequence still denoted (™), there is P-almost-sure convergence of (m™)
to m in My(TN x [0,T] x R)-weak-*.

Proof of Proposition 4.4. Let n: Ry — R, be defined by

n(R) = supEm™(TY x [0,T] x B%).
neN

Let h be a fixed function on TV x [0, T'] x R, h continuous, positive, integrable. Proving
the statement for the sequence of measures

B~ m"(B)+ / h(z,t,&)dzdtdE
B

is equivalent to prove the statement for the original sequence (m™). We will assume
therefore that n(R) > 0 for all R > 0 and that

[m™]| := m™(TY x [0,T] x R) > 6 > 0,

where ¢ is independent on n. Let p™ := ”m—:” We consider the random variables
X" = (u", |[m™|), taking values in P1(T x [0,T] x R) x R, where P}(T¥ x [0,T] x R)
is the set of probability measures on TV x [0,7] x R. For A > 0, let K4 be the set of

probability measures p € PH(TV x [0,T] x R) such that

w(TN x [0,T] x BE)
sup < A.
R>1 n(R)

Then K 4 is compact in P*(TV x [0, T] x R)-weak-* by Prokhorov’s Theorem and (4.15).
Using the Markov Inequality, and the definition of n(R), we obtain

P(Mn §é KA) < A’
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where C' is independent on n: this shows that (u") is tight in PY(TV x [0,7] x R)
endowed with the topology of the weak convergence of probability measures. Similarly,
using (4.14) and the Markov Inequality, we have

P([lm"[| > A) <

[ Q

)

where C' is independent on n:, therefore (||m"||) is tight in R. It follows that (X") is
tight in P1(TV x [0,T] x R) x R, endowed with the product topology. This topology is
separable, metrizable and there exists a compatible metric which turns the space into a
complete space (we can take the sum of the Prokhorov’s metric and of the usual metric
on R;). Therefore we can apply the Skorokhod Theorem: there exists a probability
space (Q,F,P) and some random variables X" = (i",a"), X = (ji, &) such that X"
has same law as X" and, P-almost-surely, X — X in PY(TY x [0,7] x R) x R,. Set
m" = &"i" and m = @fi. Then ™ has the same law as m” and there is P-almost-sure
convergence of (") to m in My(TY x [0,T] x R)-weak-*. O

4.3.3 Tightness in the Skorokhod space

Let D([0,T]) denote the space of cadlag functions on [0,T]. See [30, VI.1] and [6, Chap-
ter 3] for the definition of D([0,77]). Let (f™) be a sequence of approximate generalized
solutions to (1.1) with initial datum fj. In Section 4.4 below, where we analyse the
convergence of (f,), it would be desirable to have a result of tightness of the processes
t — (f™(t),¢) since they are random variables in D([0,T]) (here, ¢ is a given test-
function). It seems difficult to obtain such a result. The only fact which we can infer
naturally from (4.10), (4.14), (4.15), is that the sequence of processes

b= (fU(0), ) + Ag(t),  AL(t) = (m", 0:0)([0, 1),

is tight in D([0,77), see Proposition 4.5 below. Showing additionally that (Ag) is tight
in D([0,T]) seems impossible, however, if no additional properties of (m™) are known.
Indeed, the weak convergence of p" := (m",0:p) to a measure p on [0,77] is not a
sufficient condition for the convergence of A7 to A(t) = u([0,]) in D([0,T]). Consider
for example the case
,U'n = 515*—5” + 5t* —0On

where ¢, € (0,7) and (s,) | 0, (o,,) 0 with s, < oy, for all n. Then (u,) converges
weakly to u = 26;,, we have

an(t) := ([0, 1]) = a(t) = p((0, 1))

for every t € [0,T], but (a,), or any subsequence of (a;,), does not converge to « in
D([0,T]). This example should be compared to [30, Example 1.20, p.329]. See also
Theorem 2.15, p.342 in [30].

As asserted above, we will show that the sequence of processes
te (f(1), ) + AG(),  AL(t) = (m", 9e)([0,1]),
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where

o) (0.0 = [ a5,
is tight in D([0,T7). It is sufficient to show that
b ([0 0) + Bo(t),  By(t) := (m", 9ep)((0,1]) — " (1, ) (4.16)

is tight in D([0,T]) since each function ¢ — €"(t,¢) converges in probability to 0 in
C(]0,T7) by (4.1). Since f™(0) = f§', we have

(f"(t), ) + Bo(t) = (f', ) + J5 (1), (4.17)
P-almost-surely, where

Jn t'—>/ (f™(s chderZ/ /TN/gkxg (, &)dv2 o (€)dxdBy(s)

k>1

/ /TN/aW z,8)G*(z,)dv} (§)dads. (4.18)

We will show that (J3(t)) is tight in C([0, T7).

Proposition 4.5. Let (f™) be a sequence of approximate generalized solutions to (1.1)
with initial datum f'. For ¢ € C{(TN x R), set

D3t = [ (77(6)ale) - s,
Z/ L. [ o 0eta. 0t (€ dodsi (o),

k>1

2 /0 /TN /R5&0(%E)Gz(w,@dugs(g)dms.

Then each sequence (D), (Mg), (1) is tight in C([0,T]). In particular, the sequence
(J3) defined by (4.18) is tight in C([0,T1).

Proof of Proposition 4.5. Note first the trivial uniform bounds
E|DZ ()], E[Mg ()], E[IZ(t)] = O(1),

obtained for ¢ = 0 since all three terms vanish. We then use the Kolmogorov’s criterion
to obtain some bounds in some Hélder space C([0,7]). We have the following estimate
on the square of the increments of D:

B|DR() — Do) < la- Voll2s st — oI (4.19)
since |f,| < 1 almost-surely. Similarly, we have

E|I() — I2(0) < Dolldee |2 o It — oI (4.20)
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The estimates (4.19) and (4.20) give some bounds on E|Dg||ca(jo,7]) and E|| 13| ca jo,1))
respectively, for a < % Furthermore, the Burkholder - Davis - Gundy Inequality gives,
for p > 2,

E|M;:<t>—Mg<a>|pst[sup M) - Mz<a>|]

o<r<t
p/2
< C,E Z/ / /gkxf (z,&)dv? (€)da ds
k>179
By Jensen’s Inequality, and a bound analogous to (2.22), we obtain
2
E|MJ(t) = MR < Coll @l oy D1t = o772, (4.21)

and (4.21) gives a bound on E|[MZ||ca (o, for a < i %. We obtain in this way some
tightness conditions on the laws of D™, M™, I" respectively on C([0,T]). O
4.4 Convergence of approximate generalized solutions

We conclude here this section about the stability of generalized solutions by the following
statement.

Theorem 4.6 (Convergence to martingale solutions). Let (f™) be a sequence of approz-
imate generalized solutions to (1.1) with initial datum f§', satisfying (4.10), (4.14) and
(4.15). We suppose that there exists a kinetic function fo on TV x R such that fo = Jo
in LOO(TN x R)-weak-*.  Then there exists a probability space (Q, F,P), a filtration F,,
some Fy-adapted independent Brownian motions (5k)k>1; some random Young measures
", 7, some random measures m", m on TN x x [0,T] x R such that

1. U™ has the same law as V"™,

2. up to a subsequence still denoted (0"), there is P-almost-sure convergence of (7"
to v in YL

3. for ally € Cy(R), the random map (z,t) — (¢, Uy +) belongs to L%(']I‘N x [0, T]xQ),
4. m™ has the same law as m™,

5. up to a subsequence still denoted (™), there is P-almost-sure convergence of (™)
to m in My(TN x [0,T] x R)-weak-*.

Let f be defined by f(x,t,&) = 7 4(€,400), then, P-almost-surely, f is a kinetic function
and

6. up to a subsequence, and P-almost-surely, f* converges in L°(TN x [0,T] x R)-
weak-* to f

7. P-almost-surely, for all ¢ in Co(TN x R), t — (f(t),¢) is cadlag,
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8. U satisfies

E Pdi, ,(€)dz | < O, .
<£Eé,pﬂ L, [ieran. ) <Cy (122

for all 1 < p < +o0o, where C), is a finite constant,

9. for all g € CHTN x R), for all t € [0,T), P-almost-surely, f satisfies
~ t ~
(Fe)9) =)+ [ (F(s)a@)- Vs
t ~
[ [ [ 6ot dndiis)

1 [t 5 ) N
+ §A ANAG (x’é.)ai()o(xaS)dyx,s(g)d$d8—m(ag(p)([()’t]) (423)

After one does the substitution
(Q’]:’]P)’]:taﬁk(t)) — (Q,ﬁa[@aﬁta/gk(t))a

which is a substitution of the probabilistic data in the Cauchy Problem for Equa-
tion (1.1), the points 3, 7, 8, 9 in Theorem 4.6 show that f is a generalized solution
associated to the initial datum fo. Such a function f, which turns out to be a general-
ized solution to (1.1) after a substitution of the probabilistic data, is called a martingale
generalized solution. The term martingale refers to the martingale characterization of
(4.23), cf. Proposition 4.1 and Proposition 4.2, which we will use to prove Theorem 4.6.

4.5 Proof of Theorem 4.6

In this section, we will give the proof of Theorem 4.6. We will use the results (and the
proofs) of Proposition 4.3, Proposition 4.4, see Section 4.3.1 and Section 4.3.2 respec-
tively.

4.5.1 State space and Skorokhod’s Theorem

Recall that
W(t) = But)er,

k>1

where (ey)r>1 is the orthonormal basis of the Hilbert space H. Let Y be an other
separable Hilbert space such that H < il with Hilbert-Schmidt injection. Then the
trajectories of W are P-a.s. in the path-space Xy = C([0,T]; ) (see [12, Theorem 4.3]).
We consider the C%-norm

lllga = sup{lD™@l| oo (v xmysm € {0, ..., d}F1}
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on C{TN x R). Let
I'= {9017@27---}

be a dense countable subset of C4(T™ x R) for this norm. We can construct I" as follows:
let

1
pa(x7§) = N+ p(g_Nx’ 5_15)

be a compactly supported approximation of the unit on TV x R. Let {0p;p € N} be
a dense subset of L!(TY x R). We can assume that all the functions 6, are compactly
supported (otherwise, we use a process of truncation). Then any function in Cg(TN x R)
can be approximated by functions in

= {pp—1 *bp;p € N,k € N*} € CHTVN x R)

for the convergence measured by the C4-norm. Indeed, given ¢ € C{(TN x R), a > 0,
and m € {0,...,d}¥*!, we have, by the triangular inequality,
[1D™p = D™ pe 5 Op|| oo < |D™ = D™ pe % Lo + [[D™ pe * (9 = Op) || o=

ol o
< wpme(€) + g 19 — Ol (4.24)

since the norm of D™p, in L* is bounded by 6]|\|/jr”f+°‘°m‘. In (4.24), wpm, denotes the

modulus of continuity of D™¢p. We choose ¢ = k~! with k large enough to ensure
wpmy(e) < a for all m € {0,...,d} L. Taking then p € N such that ||p — 6,1 <
agFDINFD " we obtain || — pp-1 * 0]/ ca < 2a.

Let also R denote the product space H@EFR endowed with the topology of point-
wise convergence. As such, R* is separable, complete and admits a compatible metric.
Define the Polish space

E:=C([0,T;R*) x C([0,T];R*>) x C([0, T]; R*) x R,
and
ep(t) =€t ), Jot) = ("), ) = {fo',) + (M",0e0)([0,1]) —e(t),  (4.25)

for all ¢ € C4TV x R). Note that, as a consequence of Equation (4.17) and Proposi-
tion 4.5, we know that, for all ¢ € C{(TV x R),

(J2) is tight in C([0, T)). (4.26)

By (4.1), we also have e5 — 0 in C([0,T]) in probability, for all ¢ € CHTN x R). We
introduce the four following sequences:

{(J" 0} = (JoO)ger, M)} := (Mg (t))per, {e"(t)} := (5(F))ger
and {fl1} == ((f¢', ¥))per, where M7 is defined by (4.4). We will consider the multiplet

7" = W A AMT A {find 0" [Im™ W) € &,
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where the state space X is
X =Y x ExPYTY x [0,T] x R) x Ry x Xyy.

Let € > 0. By (4.26), there exists for each j € N a compact K; in C([0,7]) such that
- n , _ <
wp(nem) 215

Let K = [];cn K. Then K is compact® in C([0,T]; R>) and

P} e K< Y P (L € K5) <> o =2,
JEN JEN
for all n € N. This shows that ({J"}) is tight in C([0,T];R>). We have similar results
about ({M"™}) and ({¢"}) by Proposition 4.5. On Xy we consider the topology induced
by the norm
ol = sup [jo(?)lly
te[0,T)

Then Xy is separable and complete. A first consequence of this is the fact that the
law of the single random variable W is tight in AXyr. A second consequence is the fact
that X is a separable completely-metrizable space. By Section 4.3.1 and Section 4.3.2,
we conclude that (Z™) is tight in the Polish space X. We may thus apply Skorokhod’s
Theorem to (Z"): there exists a probability space (€2, F,P) and some random variable
Z", Z such that Z" has the same law as Z" and, up to a subsequence, I@’—almost—surely,
A converges to Zin X.

4.5.2 Identification of the limit: cadlag version

Let us denote the component of Z as follows:
Z = (0, {J} AM}, {&}, { fin}, 1, &, W)
Note first that € = 0 by (4.1). We have also

{fin} = ((fo,#))per

since f — fo in L®(TY x R)-weak-* by hypothesis. Recall (see Proposition 4.3 and
Proposition 4.4) that f(z,t,&) = 7, 4(§,+00) and 7 = Gji. It was shown in the proof
of Proposition 4.3 that item 1, 2, 6 of Theorem 4.6 are satisfied and that the moments
of 7 are bounded as in (4.11). By the proof of Proposition 4.4, we have also 4, 5 of
Theorem 4.6. We will first establish the following result.

2since C([0,T);R*) is homeomorphic to the countable product, over T, of copies of C([0, T]; R)
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Lemma 4.7. We have the following identities: P-almost-surely,

for all t € [0,T), for all p €T, (f"(t), ) = {fo, 0) + I3 (t) = (", e} (0, ]) — E3(1),
. (4.27)
and: P-almost-surely, there exists a negligible set No C [0,T] such that,

for all t € [0, T)\ No, for all € T, (f(t), ) = (fo, o) + Jp(t) — (11, D) ([0, 1]). (4.28)

We will use (4.28) to prove Proposition 4.8, where we obtain a cadlag version of f (cadlag
in the sense that P-almost-surely, for all ¢ € C.(TV x R), t — (f(t),¢) is cadlag).

Proof of Lemma 4.7. Let 6 € C([0,7]). Let us integrate the identity (4.25) against
0. Using the Fubini theorem, we obtain: P-almost-surely,

T
/0 (T(E) + (3 0) + € (E)B()dE — (o™, @) — (™, B) =0, (4.29)

where
13

T
W, 1,€) = Oepla,€) / O(s)ds, D(a,1,€) = / o, C)dCh(1).

—0oQ
Note that ¥ and ¢ are continuous and bounded functions. Taking the square, then
expectancy in (4.29) gives EF(Z") = 0, where F': X — R defined by

2

T
F(Z") = /0 (S () + (fo' ) +ep(8)0(t)dt — (7, @) — [|m"™[[{u", )

is a continuous function. Taking the limit in n and using the identity of the laws of Z
and Z, we obtain EF(Z) = 0. Since 6 is arbitrary, this gives: P-almost-surely, for all
p e, forae. te(0,7),

(F().0) = (fo, @) + Jp(t) = (i, Do) ([0, 1]).

Since T is countable, we have (4.28). Using the identity EF(Z") = 0, we obtain (4.27)
in a similar way. There is no negligible set in (4.27) because both sides of the identity
are cadlag functions: if they coincide a.e. on [0,T1], then they coincide everywhere. [

Proposition 4.8. There exists a measurable subset QT of Q of probability one, a random
Young measure o+ such that

1. for all & € QF, for a.e. (x,t) € TV x (0,T), the probability measures D;ft and Uy
coincide,

2. the kinetic function fT(x,t,€) = ﬁzt(f, +00) satisfies: for all & € QF, for all
p € Co(TVN x (0,7)), t — (f*(t), ) is cadlag,

3. the random Young measure vt satisfies (4.22).
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Proof of Proposition 4.8. The proof is quite similar to the proof of Proposition 2.10.
For p € I, let F,(t) denote the right-hand side of (4.28):

Fy(t) = (fo, 0) + Jo(t) = (172, 00) ([0, 1)) (4.30)

We define Q7 as the intersection of the fourth following events: first (4.28), second: “for
all p € I', F,, is cadlag”, third the event

1
sup —// /|§|pdﬂm7t(§)dxdt<+oo,
JC[0,T] |J| J s o Jr

where the supremum over intervals J is as in (4.11) (a countable supremum over all open
intervals .JJ C [0,7] with rational extremities) and fourth, 7 € Y'. Assume that Q% is
realized (say we draw a particular @ € QF). Assume in particular that

7 [ L [ era@ast < cya), (431)

for all open intervals J C [0,7] with rational extremities. Then the map

tor [ [ 1ePana)ia

is integrable on (0,7"). A simple approximation procedure shows then that (4.31) holds
true when J is any interval in [0, 7.

Let t, € [0,T). Let (g;) be a sequence of positive numbers decreasing to 0 such that
ty +e1 < T. Let J; = (ts,tx + ;). Consider the sequence of Young measures, and
corresponding kinetic functions

1
~()
vy =
BAwS?

Upadt,  fO(z,€) =50 (€, +00) f(x,t,€)dt.

1
PANS?
Since the Borel o-algebra of TV is countably generated (TY being separable), we can
apply Theorem 2.4 and Corollary 2.5. There exists a subsequence (lm)N and a Young
measure * such that pm) — 5* in the sense of (2.15) and fm) — f* in L°°(0,T)
weak-*, where f*(x,£) = }(€,+00). The limit is determined in a unique way. Indeed,

if ¢ € I, then, due to (4.28) and to the Fubini theorem, and due to the right-continuity
of F,,, we have

(7.0 = o [ Folde > Fa(e).
PANS?
This implies
(" 0) = Fu(ts). (4.32)
Since I is dense, f *and " = —0; f * are unique. We deduce that the convergence holds

along the whole sequence [ = 1,2...., independently on @ € Q% and on ¢, € [0,7).
Consequently, setting

ﬂ;t* :I;::’ f+($,t*,£) :’;;:r,t*(g,_}'oo)a
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we have: for all & € Q7F, for all ¢ € [0,T), for all ¢ € Cy(TV x R),

S s einanis [ owoantion @

By (4.28) and (4.32), we have f*(z,t,€) = f(z,t,£) and ﬁ;:t = iy for all @ € O, for all
t € (0,T)\ N, for a.e. (2,&) € TN xR. If ¢ € Cp(R) and & € QF, then (x,t) = (v y, B)
is measurable and (z,t) — (u;f ¢, @) differs from the latter function on a negligible subset
of TV x (0,T). Therefore (z,t) <1/3'CF 4, @) itself is measurable. We deduce that 7"

and er satisfy the measurability properties of a random Young measure and a random
kinetic function respectively, and point 1 of the proposition is proved. To establish the
point 2 of the proposition, let us first notice that (4.31) and (4.33) give the bound

swp [ [ fepazt s < 6@ (131)
te[o,7) JTN JR

Using (4.34), we can show that any sequence (7, ), with (t;) | ¢ € [0,T) has a convergent
subsequence, in the sense of (2.15). Denote by 7/t the limit and by fH(z, &) the
corresponding kinetic function. Let ¢ € I'. Using (4.32), and the right-continuity of F,,
we have (f++, ) = F,(t) = (f*(t),¢). Therefore ft* = ft(t), o+ = ﬁ;r,t and the
whole sequence is converging. Similarly, in the case where (¢;) Tt € (0,T), we have some
adherent points 7~ and 1~ which are uniquely characterized since (fT~, ) = Fy(t-)
for all p € I' owing to (4.32) and to the fact that Fi, has limits from the left. We deduce
that (f*(t;),¢) = F,(t—) as | — +o0o. We have established item 7 of the proposition
for ¢ € T only. By density the results remains true for all ¢ € C.(T x R). To obtain
the last point 3 of the proposition. We note first that 7", like v, satisfies (4.11). If

1
swp o [ [ [ lepani€)dode < oo,
Jclo,1) |J Jy Jo~ Jr ’

which happen ]f”—almost—surely, then

swp = [ [ [ lepant@aede = sup [ [ jepani €
Jclo,T] | s e~ Jr ’ tefo,T) JTN JR ’

by right-continuity of ¢ — 17t+ . This gives the desired result. U

We will now consider only the cadlag versions: we replace 7 by o™ and f by f*. This
amounts to a modification on a negligible set. Therefore, this does not affect the results
1, 2, 4, 5, 6 in Theorem 4.6. We have now also items 7 and 8 of the theorem. There
remains to define the filtration (.7:}), the Wiener processes ﬁNk and to prove the points 3
and 9 of the theorem. We define (]}t), Br and show item 3 in the proof of convergence
of the stochastic integral in the next section 4.5.3. The equation (4.23) is established in
Section 4.5.4. To finish the current section, let us first record the fact that (4.28) is now
true for all ¢, due to our re-definition of f and to (4.32): P-almost-surely,

for all ¢ € 0.7), for all ¢ € T, (F(t).0) = (fo. ) + Jo(t) — (i, D) (0.4).  (435)
We deduce from (4.35) the following lemma.
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Proposition 4.9. There exists a countable subset BcC [0, 7] _such that, P-almost-surely,
for allt € [0, T)\ B, for all ¢ € C.(TN x R), (f™(t),0) — (f(t),®).

Proof of Proposition 4.9. It is sufficient to obtain the convergence for ¢ € I'. We
apply Lemma 2.1. Let

Aézz{te[O;Tk@(ﬂ#ﬁw{ﬂ):>0)>>0}. (4.36)

Then B is countable. Since |(ri, de)({t})| < ||0cp||pempin({t}), P-almost-surely, we
have (1, ¢ )({t}) = 0 for all ¢ € [0,T] \ B. For t € [0,T]\ B then. the right-hand side
of (4.27) is converging to the right-hand side of (4.35). We deduce the convergence of
the left-hand sides, i.e. (f"(t),¢) — (f(t), o). O

4.5.3 Identification of the limit: convergence of the stochastic integral

Let us set

M) =3 [ oo ) (€dadi(s), (437

k>1

(B is defined in Lemma 4.11 below). Our aim is to prove the identification {M} = {M*}.
To obtain this result, we will use the martingale characterization developed in Section 4.
The proof is decomposed in several steps.

Step 1. Filtration The approximation procedures to (1.1) (vanishing viscosity me-
thod, Finite Volume method as here) construct approximate solutions on arbitrary time
intervals [0,7"]. We will therefore consider the functions as defined on the whole time
interval Ry . This is simply to avoid the special case of the final time in the definition of
the Skorokhod space D([0,T7]), cf. [6], [30, Remark 1.10]. Let E be a Polish space. Let
us introduce the following notations (see [30, Definition 1.1 p. 325] in the case E = R™):
on the space D(R,; E), 20 (E) is the o-algebra generated by the maps a + «a(s), s < t;

2(E) = (22E). 7 (B) =\ 7,(B)

t<s s<t

Note that Z;(E) # 2 (E): the time of entrance in an open subset U of E,
Tv(a) =inf{t > 0;a(t) €e U}
is a stopping time with respect to (Z;(FE)), but not with respect to (27 (FE)).

Proposition 4.10. Lett > 0. Given a continuous bounded function §: E — R, s € [0,1)
and € > 0, let 045 denote the evaluation map o — 6(a(s)) on D(Ry; E), and let 6%,
denote the reqularization

1 tA(s+e)
géaag/ 0(a(0))do (4.38)
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of Oys. Then 9%&5 is a Dy (E)-measurable bounded function, continuous for the Skorokhod
topology, and P, (E) is generated by the finite products 0;2 . Hij’;, E>1,0<s <
< s <t,0< ..., ek, 0L, ... 0F € Cy(E).

Proof of Proposition 4.10. This is essentially the proof of [30, Lemma 1.45 p.335].
Let @« € D(R4; E) and let (ay,) be a sequence in D(R4; E) such that a,, — « a.e. on
[0,¢]: this is the case if a,, = v in D(Ry; E) since ay,(0) — «a(o) for every o not in the
(countable) jump set of a. Then, by the dominated convergence theorem, 9%&3(0‘”) —
9% s(@). Therefore 9; . is a bounded function, continuous for the Skorokhod topology.
The o-algebra Z;_(F) is generated by the characteristic functions 14 of cylindrical sets

A={a € DRy;E);a(s1) € Bi,...,a(sk) € By},

for By, ..., By closed subsets of F and 0 < s1 < -+ < s, < t. We can choose some
sequences of continuous bounded functions 67, ...,0;: E — R converging simply to the
characteristic functions 1p,,...,1p, (by considering, for example, the function distance

to Bj, which is continuous). It is then clear that 63, is %, (E)-measurable and that
9;_(E) is generated by the finite products 6} JREEE Hgésk. Since

0,7 () = 0, (@),

when e; — 0 forall j € {1,...,k}, « € D(Ry; E), we conclude that ;_(E) is generated

by the finite products 6;‘2 . 9’;5: <

Remark 4.1. Note that the function

_ 1,61 k,E
H =004

is more than merely continuous for the Skorokhod topology. Indeed, what we have seen
in the proof of Proposition 4.10 is that, for any o € D(Ry; F) and any sequence () in
D(Ry; F) such that a,, — « a.e. on [0,t], we have H(ay,) — H(«).

Let us set ) )
{f} =[S 9))jen, E=R>®xR>® x4l

Recall that R* is the product space H¢€FR endowed with the topology of point-wise
convergence. Since F is a product of Polish spaces, it is a Polish space. Since the product
of D(R;R*>) with C'(R4;R* x 4l) is, topologically, a subset of D(Ry; E), the triplet
({f},{M}, W) is an element of D(R,; E).

Definition 4.2. The filtration (]}t) is the completion of the filtration generated by the
triplet ({f},{M},W):

Fo=o (7). (1), W) (2(E) U{N € F: B((N) =0}), t€[0.T.  (439)

Note that (F;) is right-continuous since (2;(E)) is, and complete by definition.
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Step 2. Wiener process Let j: H — il denote the injection of H into . Note that
Joj* is a Trace-class operator on 4. The Brownian motions Bi(t) are the components
of W (t) on the orthonormal basis (eg):

Lemma 4.11. The process W has a modification which is a (]}t)—adapted joj*-Wiener
process, and there exists a collection of mutually independent real-valued (F;)-Brownian
motions {B }k>1 such that

W=> Prex (4.40)

k>1
in C([0,T7; 41).
Note: see [12, Paragraph 4.1] for the definition of a Q)-Wiener process.

Proof of Lemma 4.11. It is clear that W is a j o j*-cylindrical Wiener process (this
notion is stable by convergence in law; actually it can be characterized in terms of the
law of W uniquely if we drop the usual hypothesis of a.s. continuity of the trajectories.
This latter property of continuity can be recovered, after a possible modification of the
process, by using Kolmogorov’s Theorem). Also W is (.ﬁ)—adapted by definition of
the filtration (F;). By [12, Proposition 4.1], we obtain the decomposition (4.40). The
P-a.s. convergence of the sum in (4.40) in the space C([0,T];4l) is proved as in [12,
Theorem 4.3]. O

Step 3. Martingales
Proposition 4.12. Let ¢; € I'. Let ﬁj7k(t) be defined by

hia) = [ [ a0, dnel)de

Then, for j € N, k> 1, the processes

M;(t), Mj(t)ﬁk(t)—/o hji(s)ds, IMj(t)IQ—/O 1725 (5) 72 - s (4.41)

are (F;)-martingales.

Proof of Proposition 4.12. The proof is similar to the proof of [30, Proposition 1.1
p.522], except that we do not use any hypothesis of boundedness here since we use the P-
almost-sure convergence and the Vitali Theorem to pass to the limit in the expectation of
the quantities of interest (an other minor difference with the proof of [30, Proposition 1.1
p.522] is that M is known to be continuous P-a.s., not only cadlag).

Let t1,to € Ry, t1 < to and let H be a %, _(F)-measurable bounded function. By
Proposition 4.10 and Remark 4.1, we can assume without loss of generality that H is
continuous for the Skorokhod topology, and, even more, that H(a,,) — H(a) for each
sequence (ay,) of D(R,; F) and each cadlag function o € D(R4; E) such that o, — «
a.e. By identities of the laws of M7 and Mg, we have

E|M, (t2) — My, (t0)* = E[Mg, (t2) — Mg, ().

J
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Using (4.21), it follows that
sup |H ({F}, (01117 [31, (02) = 33, (1) | < +oc,
since H is bounded. We have in addition
(473 4y, W) = (47}, (1}, W) (4.42)
a.e., P-almost-surely by Proposition 4.9 and thus,
H ({F" ) A", W) = H ({7}, W)),
P-almost-surely. There is also convergence
M (t2) = M (tr) — Mj(ta) = Mj(t)
P-almost-surely. By Vitali’s Theorem, we obtain
B H ({7 1AMy, W) (B, (t2) = AT (1)) |
— BB ({100 W) (W(t2) - M) )| (4.43)
By identities of the laws, the left-hand side of (4.43) is
E[H ({f" 1AM} W) (M, (t2) = M, (1)) | =0,
since Mg is a (F;)-martingale. We deduce from (4.43) thus that
B |H ({7} A0, W) (Mj(ta) = M(t)) | = 0. (4.44)
Let now s,t € [0,T) with s < t. Let (s,) and (¢,) be some decreasing sequences in R,
converging to s and ¢ respectively. Let H be a Z;(F)-measurable bounded function.
Then H is a %5, (R*™™)-measurable bounded function since s < s,,. By passing to the

limit in (4.44) written with ¢; = s, to = t,, (we use the right-continuity of the processes
here), we obtain

E[H ({7} {01}, W) (3,0 - 5(s) ) | = 0. (4.45)
This shows that (M;(t)) is a F;-martingale. To go on, let us define now the processes
1) = [ Belsds, a0 = [ uateids
and

t~ _ t~
Hﬁﬂzéﬂ@@ﬂ%w@7?M0=AHM®WQW@7

46



and the processes

Yi(t) = M (OBR () — Hpy(t), Yi(t) = My(t)Be(t) — Hjx(t),

VI(t) = (M) — H(2), V() = |M; (1) = H;(t).
To complete the proof of Proposition 4.12, we have to show that (Yi(t)) and (V (t)) are
Fi-martingale. We will use the following result.
Lemma 4.13. Let T > 0. Then, for all j € N, k € N*, P-almost-surely, sz — Bj,k and
HiL;‘(-)HlZQ(N*) — Hﬁj(-)Hfg(N*) in L'(0,T), when n — +oo.
Lemma 4.13 implies that, P-almost-surely, for every ¢ € [0,T], ]:Ijrfk(t) and 7—2?(25) are
converging to Hjy(t) and H;(t) respectively. We have also M} — M; in C(Ry), from
which follows the convergences M]"Bk — M; B and |]\~4]”|2 — |M;]? in C(R..), P-almost-
surely. We deduce that, P-almost-surely,

() Talt), V) - V(). (4.46)

for all t > 0. With the estimate (4.21), it is easy to obtain the bounds
E[Y{'(t) = Y(s)? < C, E[V*(t)—V"(s)]? <C, (4.47)
where the constant C' depend on s,t € [0,7], k, but not on n. By (4.46) and (4 A7)
(this last condition shows the equi-integrability of (Y;*(t) —Y;"(s)) and (V"(t) — V"(s))
respectively), we can use the arguments applied to the martingale Mg(t) in the first part
of the proof: it will establish that Y (t) and V (t) are (F;)-martingales. O

Let us now give the
Proof of Lemma 4.13. Define, for every ¢ € Cy(TY x R),

/TN/WUV §)dx /TN/wxsdm) (4.48)

If ¢ € CL(TN xR), then h"( ) = (f™(t), ). By Proposition 4.9, we have then, P-almost-
surely,

for all ¢ € [0,T]\ B, hlj(t) = hy(t). (4.49)
We have also P-almost-surely,
T
sup/ / /(1 + [€]?)dDy (&) dmdt < +oo. (4.50)
n Jo ™ JR

Under (4.50), we can extend the convergence (4.49) to the case of a general integrand
Y € Cy(TYN x R) by an argument of truncature and density. Let us apply then (4.49)
with 1 = grp;. The growth hypothesis (1.2) shows that

~ 2
(O] < Dol iy [ [ (0 6PN (e

By (4. 00) and the dominated;onvergence theorem, it follows that, P-almost-surely,
h T hjx and \|hn||l2 ) = ||hj||122(N*) in L1(0,7). O
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Step 4. Conclusion of the martingale method Let us first prove that M3 (¢) given
n (4.37) is well-defined.

Lemma 4.14. Item 3 in Theorem 4.6 is satisfied, i.e.: for all € Cp(R), (x,t) —
(¢, Uy ) belongs to L%(’]I‘N x [0,T] x ).

Proof of Lemma 4.14. Let ¢ € I'. The process X,: t — (f(t), ) is cadlag. Since
(X, (t)) is adapted by definition of (%), it is an optional process [42, p. 172]. In parti-
cular, X, is progressively measurable [42, Proposition 4.8], hence X, € L%([O,T] x Q).
This holds true when ¢ is any element of C4(TV x R). Indeed, as L%([O, T]x Q) is closed
in L2([0,7] x Q) and T dense for the C%-norm, it is sufficient to show that

Xy, — X, in L2([0,T] x Q) (4.51)
if ¢, = ¢ and Oc,, — O¢p for the C%norm on TV x R. This is clearly the case since

[ X (2) ) = /TN/ag @)y 1 (€)dz| <

We have used the identity

sup |0z ion (2, &) — Oep(, ).

z€TN £€R

X,= [ [ ocodnacra,
™ JR

t /TN / ¢(x, )dDy 1 (§)dw € LA ([0,T] x Q) (4.52)

which shows that

for every ¢ of the form ¢(x,§) = f ¢ o(z,¢)d¢. By a new argument of approximation
and truncation, we see that (4.52) is sa‘msﬁed for every Carathéodory function ¢(z,¢&).
ITaking ¢(z, &) = 0(x)y(€) with 0 € L2(TY), we obtain, for all 1 € Cy(R), that (z,t)
(¢, Uy ¢) belongs to L%([O,T] x € L?(TV)) (here we use the fact that being weakly or

strongly P-measurable is the same thing, ¢f. Section 2.1.1). By (2.1), we obtain the
desired result. O

We can apply now Proposition 4.2. Indeed, due to Lemma 4.14, the processes ﬁj,k in
Proposition 4.12 are in L%([O, T] x Q). By the martingale property (4.41), we conclude

that M,(t) = M(t), with Mg (t) defined by (4.37), for every ¢ € T'.

4.5.4 Identification of the limit: equation

We prove now (4.23). Let ¢ € I'. By item 2 and item 6 of Theorem 4.6, using also the
identity My(t) = Mj(t), we have the identification

10 = [ 7©.a© voas+ 3 [ [ [ st 0ot 0 (@raiuts

k>1
1 [t ]
+§/0 /EN/Rag(p(x’g)GQ(xvf)de,s(g)d.%’ds.

The equation (4.23) follows therefore from the identity (4.35).
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4.6 Pathwise solutions and almost-sure convergence

If fo is at equilibrium in Theorem 4.6, then we have seen in Theorem 3.2 that (1.1) admits
a unique solution for a given initial datum. We can use this uniqueness result to obtain
existence of pathwise solution and convergence in LP of the sequence of approximate
solutions in that case.

Theorem 4.15 (Pathwise solution). Suppose that there exists a sequence of approximate
generalized solutions (f™) to (1.1) with initial datum fi' satisfying (4.10), (4.14) and
the tightness condition (4.15) and such that (f§') converges to the equilibrium function
£0(€) = Lygse in L°(TYN x R)-weak-*, where ug € L=®(TN). We have then

1. there exists a unique solution u € LY(TYN x [0,T] x Q) to (1.1) with initial datum
Uugy

2. let
(@) = [ &) = [ (766 = 1m0 de.
Then, for all p € [1,00], (u™) is converging to u with the following two different

modes of convergence: w, — u in LP(TYN x (0,T) x Q) and, for a subsequence (ny,),
almost surely, for allt € [0,T), up, (t) = u(t) in LP(TV).

Proof of Theorem 4.15. We use the Gyongy-Krylov argument, [24, Lemma 1.1] (the
basis of the Gyongy-Krylov argument is this simple fact: if a couple (X, Y,) of random
variables converges in law to a random variable written (Z, Z), i.e. concentrated on the
diagonal, then X,, —Y,, converges to 0 in probability). Let us go back to Section 4.5.1.
We introduce the random variable

20 = (" AT AM Y A p Im® vt T MY {e pt lm ], W)
in the state space Z equal to
VX EXPHTY x [0,T] x R) x Ry x V! x & x PHTN x [0,T] x R) x Ry x Xy

We repeat the arguments used in Section 4.5 to show that Z™7 is tight in Z and that
there exists a probability space (Q F, Iﬁ’) and a new random variable Z™9 with the same
law as Z™4, such that a subsequence (Z"l’ql)l is converging IF’—almost surely in Z to a
random variable Z. Let & be the the first component of Z and 7 be the the seventh
component of Z. Repeating all steps from Section 4.5. 5.3, 4.5.4, we obtain two
generalized solutions

F(2,6,6) = Doy (6,400),  F(@,,€) = Fap (€, +00),

to Equation (1.1) with probabilistic data (Q, F, P, (F;), V) where (F;) is the completion
of the filtration generated by the five-uplet ({f}, {M}, {f}, {M}, W):

Fi = o(({F} AM {1 M}, W)™ (Z(E) x Z(E)) U{N € F; B(N) =0}),
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for t € [0, T, with
E:=R® xR®, FE:=R®xR® x4l

Note that Z,(E) x Z( E) # 9(E x E) since the natural topologies of D(Ry;FE) x
D(R,;E) and D(R;; E x E) are different (the topology of the former is the product
topology of the Skorokhod topologies on each space: this authorizes two changes of
times, one for each coordinate; for the Skorokhod topology on D(R,; E x E), only one

change of time is admissible). The solutions f and f have the same initial condition fo,
which is an equilibrium function £3. By Theorem 3.2, we have

Ff=f=t, (4.53)

where f is the equilibrium function 1z-¢, where

i, 1) = /R € (€)

A first consequence of (4.53) is that v = P—almost surely. By Remark 3.2 on the
uniqueness of the kinetic measure, we have also m = m, P-almost-surely. We apply the
Gyongy-Krylov argument: we obtain that (™) is converging in probability in ! and
(m™) is converging in probability in My (T x [0, T]xR)-weak-*. Extracting an additional
subsequence if necessary, we can assume that the convergences are also P-almost-sure. By
the arguments of the sections 4.5.2, 4.5.3, 4.5.4, it follows that f(t,z,&) := vz (&, +00)
is a generalized solution to (1.1). Note, to give few details, that we do not need to
follow Step 1. and Step 2. of Section 4.5.3 here, since the filtration (F;) and the Wiener
processes O (t) are already known here. The convergence of the stochastic integral in
Jg (t) does not require the martingale method of Step 3. of Section 4.5.3 either. Using
the L? convergence of the integrand (c¢f. Lemma 4.13) is sufficient by the It isometry.

We use the second identity in (4.53) now. It states, equivalently, that I@’—almost—surely,
for a.e. (7,t), P(zs) = dy(ar). The fact that 7 is a Dirac mass can be characterized in
terms of equality in the Jensen Inequality:

E//ENX(O,T)Q)(/RSdﬁ(xt > //1rN OT/ §dxw0(8): (4.54)

where ® is a strictly convex, polynomially bounded function, like ®(¢) = &2 for example.
The identity (4.54) depends on Law(2) = Law(v) uniquely. Therefore v also is almost-
surely a Dirac mass: P-almost-surely, for a.e. (x,1), V(3 s) = Oy(z,r), Where

ula, 1) = /R Edviy ) (€)

By Proposition 2.8, u is a solution to (1.1): it is the unique solution by Theorem 3.2.

Using Lemma 2.6, also, we have [|[u™ — u”iP(TNx(o,T)) — 0 in probability. We also have

the uniform bound

Elju™ — ul|?, <C, (4.55)

LP(TN x(0,7))
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where r > 1 and C' is independent on n. Taking (4.55) for granted, we deduce, with the
convergence in probability, that E||u” — ull}, (¥ (o) 0 and we obtain the first part

of the second point of Theorem 4.15. The bound (4.55) follows from the estimate

-1
EHun - u“iz(’]I‘NX(O7T)) < EHun - UHZZT(TNX(Q,T))TT ’

and (2.5), (4.10). To prove that almost surely, for all ¢t € [0, 7], w,(t) — u(t) in LP(TYN),
we use Lemma 2.6 and Proposition 4.9. It gives: almost surely, for all ¢ € [0,T] \ Bat,
un(t) — u(t) in LP(TV), where By is defined in Lemma 2.1. Since, almost-surely, u is
continuous in time with values in LP(T?) by Corollary 3.3, it follows from (2.30) that
B, is empty. This gives the desired result. U

5 Some applications

5.1 Vanishing viscosity method

Assume that (1.2) and (1.3) are satisfied. Consider the parabolic approximation to (1.1):
du + div(A(u"))dt — nAudt = & (z,u")dW (t). (5.1)

For > 0 and u] € L>(T¥), the existence of solutions to (5.1) under the initial condition
u"(0) = ug has been proved in [25]. Let (1) | 0. In [14], we have shown that the sequence
(u) gives rise to a sequence of approximate generalized solutions (f™), with random
measure m", given by

fn =f" = 1u77”>£7

<mn,gp> - // SD(SU,t)nn|vmu""(x,t)|2d:cdt,
TN x(0,T)

t
caltep) =ne [ [ €@ (e agdads

Here the order is d = 2. Let p € [1,+00). By Theorem 4.15, we recover the result given
in [14] of convergence u” — u in LP(TY x (0,7) x ), where u is the solution to (1.1)

with initial datum ug. We also obtain that, if (1, ) | 0, for a subsequence (ny), almost
surely, for all ¢ € [0, T, u™k (t) — u(t) in LP(TV).

5.2 BGK approximation

We consider now the following BGK approximation to (1.1):
£ — f7
n

df" + a() - Vo frdt — dt — O f1BAW (1) — %ag(c;?ag(— M, (5.2)

il W= [ (16~ Tos0) (5.3
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Assume that (1.3) is satisfied and that (instead of (1.2)), either G2(z,&) < Dyl€?| or
G2(z,&) < Dy is satisfied. M. Hofmanova has proved in [27] the existence ot solutions
to (5.2)-(5.3) with given initial datum fJ = £ = 1,75¢ (the fact that the initial datum
is at equilibrium can be relaxed). Let (,) J 0. Then f™ := f" provides a sequence of
generalized approximate solutions of order d = 0, with
n n
Oegm" = -7 ,
n
€n (t, QD) =0.

Let ugp € L>®(TVN). Assume u" — ug in LP(TY) for all p € [1,+00), and let u be the
solution to (1.1) with initial datum wg. By Theorem 4.15, we recover the convergence

u" — u proved in [27]. We have also: for a subsequence (ny), almost surely, for all
t € [0,T], u™(t) — u(t) in LP(TV)

5.3 Approximation by the Finite Volume method

The approximation of (1.1) by the Finite Volume method is considered in the companion
paper [16].
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