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Abstract

Let M be a smooth manifold of positive dimension n equipped with a smooth
density duaq. Let A be a polyhomogeneous elliptic pseudo-differential operator of
positive order m on M which is symmetric for the L? scalar product defined by dpas.
For each L > 0, the space U, = @, Ker(A — Ald) is a finite dimensional subspace
of C°(M). Let II; be the spectral projector onto Uy. Given s € R, we compute
the asymptotics of the integral kernel K, of II; A~° in the cases where n > ms and
n = ms respectively. Next, assuming that M is closed, let (e,)neny and (An)nen be
the sequence of L? normalized eigenfunctions and eigenvalues of A where the latter
sequence organized in increasing order. Let (£,)nen be a sequence of independent
centered gaussians of variance 1. We fix a parameter s € R such that n > ms and
consider the family (¢1,)r>0 of smooth random fields on M defined by

o= A e

0<\; <L

for each L > 0. It turns out that the covariance function of ¢ is K. Using this
information, we apply the derived asymptotics to study the zero set of ¢r. If n > ms
then the number of components of the zero set of ¢; concentrates around aLw for
some positive constant a. On the other hand, if n = ms, each Betti number of the zero

_1
set has an expectation bounded by C'In (L%) * L% where C is an explicit constant.
When M is a closed surface with a Riemmanian metric, A is the Laplacian and du g
is the Riemmanian volume, C' equals ﬁ\/EVOZ (M).
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On the left (resp. right), an instance of the field ¢p1000 = ZO<>\j§1000 =N, “e; for the
Laplacian on the flat torus with s — 1 resp. s = 0. The green regions correspond to
positive values of the field and the blue ones to negative values.

1 Introduction

Over the past fifteen years, in the context of random topology, a lot of effort has been
put in the study of the nodal set of certain smooth gaussian fields whose covariances turn
out to be Schwartz kernels of spectral projectors for the Laplacian or other elliptic oper-
ators (see [2], [14], [22], [6], [13], [7], [17], [9], [15] and [20]). Several parallels have been
drawn between these objects and the classical lattice models of statistical mechanics such
as percolation and the discrete Gaussian Free Field (see [3] and [I8]). These fields exhibit
universal local behavior at a scale given by the smallest wavelength associated to the spec-
tral window and decorrelate at large distances. This phenomenon ultimately stems from
Lars Hormander’s estimate of the spectral function of an elliptic operator in [10].

In a recent paper, [I8], we studied a random field on a surface defined also by a
frequency cut-off but with weighted frequencies tuned so that the field would converge
in distribution to the Gaussian Free Field. In this case, the covariance has a logarithmic
singularity smoothed out at the scale of the smallest wavelength and does not vanish at
large distances. In the present paper, we consider general polynomially weighted kernels in
any dimension. We study their asymptotic behavior and show how the different behaviors
observed affect the properties the nodal set. More precisely, let M be a smooth closed
manifold of dimension n, equipped with a smooth density duaq and a polyhomogeneous
elliptic pseudo-differential operator A of positive order m self-adjoint with respect to the
L% — dpp scalar product. Let (e;) and ();) be respectively the sequence of eigenfunctions
and corresponding eigenvalues of A, where the latter are arranged in increasing order. In
addition, let (£;) be a sequence of independent, identically distributed centered gaussians



of variance 1. For each s € R such that 0 < s < >, and each L € R such that L > 0, let

o= D, NiGe
0<A; <L
As explained later, for L large enough, ¢y, is almost surely regular on its zero set Zj, which
is therefore a smooth closed hypersurface of M. Let N be the number of connected
components of Zy. The number Ny behaves quite differently depending on the values of

- — 5. We will prove the following two results.

Proposition 1.1. If s < > then there exists a constant a > 0 such that
E[L™w |Ny — a] = 0.

Proposition 1.2. Suppose that s = ;. Under some admissibility condition on the operator
A, there exists an explicit constant Cy such that

ln<Lﬂl)ﬂ“:[NL] < Cp.

lim sup o

L—+00 Lm
If M is a closed surface equipped with a riemannian metric g, A is the Laplacian, duamg
18 the riemannian volume and s = 1, then A is admissible. Moreover, in this case,

Co = 1z1/3Voly(M).

These propositions are restated in full detail and proved in section 3| (see Corollaries
and as well as equation ) The admissibility condition is defined in terms of the
principal symbol of A (see Deﬁnition and is generic in a sense that we will explain later
(see Proposition [2.7]). The reader familiar with the random topology literature will find
these results reminiscent of previous work by Fedor Nazarov and Mikhail Sodin (see [15])
as well as Damien Gayet and Jean-Yves Welschinger (see [6]). The object of this article
is to provide the analytical tools to apply their work to this more general setting. The
main novelty is really the study of the asymptotics of the covariance function of a broad
family of fields. These asymptotics build on the seminal result by Lars Hérmander (see
[10]). This result gives an approximation of the Schwartz kernel Ey, of the L? orthogonal
projector I, onto the space spanned by the functions e; such that A; < L by an oscillatory
integral. More precisely, let 04 be the principal symbol of A. We have,

Theorem 1.3. Around each xg € M there are local coordinates such that, in these coor-
dinates, uniformly for each x,y € R™ with |z|,|y| <1 and for L > 1,

1 1 1 : n n—1
—_— —_— _ — 75 n n—=1
By (L wa, L my) = (%)/R Lo 00<ne T P9dEL + O (L),

Here and below, “in these coordinates” means that we implicitly compose Ey, and o4
by the cooresponding charts. It turns out that if s = 0, Er is equal to the covariance
function of the field ¢7. In this paper we give a similar approximation for the covariance
of ¢r, for any s € [0, +]. This covariance is the Schwartz kernel K, of II; A7,



Theorem 1.4. Suppose that 0 < s < ;-. Around each xo € M there are local coordinates
such that, in these coordinates, uniformly for each x,y € R™ with |z, |y| < 1 and for L > 1,

-1 -1 1 —s _i{z—y, s er =L
Kp (L7, L7 y) =W/Rn1m<o,@<m£\ e v de L+ 0(In(D) L)

where e =1 if s = ”T_l and 0 otherwise.

When s = -+ the situation is quite different.

n

Theorem 1.5. Suppose s = . Suppose further that the symbol o4 is admissible (see
Definition . Then, around each xg € M there exist local coordinates such that, in these
coordinates, uniformly for each z,y € R™, with |z|,|y| <1 and L > 1,

Kp(z,y) = (2717)"6(y> [hﬂ (\/Z) —Iny (\E\x — y\)} +O(1).

Here, 6(y) = [gu €] " 1ip,(y.)<11d€ and Iny (t) = max(In(t),0).

The covariance is therefore larger than what could be expected from the s < ;> case.
The logarithmic factor later shows up in the topological results stated above. Here again,
our results are stated below in full generality and precision (see Theorems and .

The paper is organized as follows. In section [2] we introduce the central objects of
our study and state precisely the corresponding results. In section [3] we present some
applications to random topology. In section [4] we prove the results stated in section
More precisely, in section [5.1] we prove Theorem [2.4] in section [5.2] we prove the decay of
certain oscillatory integrals using the results of section [f] Then, in section [5.3] we apply
these results to the proof of Theorem [2.6] Lastly, in section [0 we show Propositions [2.7]
and Finally, in the appendix, we present a proof of a classical result (Theorem on
which we rely heavily.

Acknowledgements:
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tions addressed in this paper, but also for his many helpful comments regarding the exposi-
tion of these results. I would also like to thank Simon Andréys for his inspiring explanations
on singularity theory.

2 Kernel asymptotics

In this section we state our main analytical results in full generality. In order to do so
we need to introduce some notation. Let n > 1 and let dx denote the standard Lebesgue



measure on R™. We consider a polyhomogeneous elliptic pseudo-differential operator of
positive order m acting on functions on a smooth manifold M equipped with a smooth
positive density dunq. We assume that A is symmetric for the L? scalar product on
(M, dpp). In other words, that for any local coordinates on M, there exists a sequence
(0j)jen of complex valued smooth functions R™ x R™ \ {0} such that

1. for each j € N, o, is homogeneous of degree m — j in the second variable.

2. if the density duaq agrees with the Lebesgue measure in these coordinates, the func-
tion 04 = oy is real-valued and positive.

3. the symbol of A read in these coordinates satisfies the asymptotic expansion ) jEN Tj
in the semi-classical sense (see for instance Proposition 18.1.3 of [12]).

Since A is elliptic symmetric, by Garding’s inequality (see Theorem 18.1.14 of [12]), it is
bounded from below. This implies that its spectrum forms an increasing sequence of real
numbers (\g)gen diverging to +oo. The associated eigenfunctions e, € C°°(M), when
normalized adequately, form a Hilbert basis of L?(M,dua). We introduce a parameter
L > 0 and let Uy, be the vector space spanned by the eigenfunctions e whose corresponding
eigenvalue is no greater than L. Let II; be the spectral projector on Uy, and let Ep, be its
integral kernel. Since Uy, is finite dimensional, Fy, is smooth. The asymptotics of Ep, as
L — 400 are well known. Before giving more details, we introduce the notion of admissible
phase function. This definition follows Hérmander (see [10]).

Definition 2.1. Given an open subset U C R™, we will say that a function ¢ € C*°(U x
U x R™) is an admissible phase function if it satisfies the following conditions.

1. The function v is a symbol of order one in its third variable.

2. For each compact subset K C U x U there exists C > 0 such that for all (z,y,§) €
K x R™,

€[> < C(10: (2,9, ) + €0 (2,9, ) *);

€1* < C(0ye(, v, ) + [€1* 0t (x, . €) ).
3. For each (z,y,&) € U x U x R", (x — y,&) = 0 implies that ¢ (x,y,&) = 0.
4. For each x € U and £ € R™, 0,9¢(x,y, &) |y=2 = &.

5. There exists 1y € C°(U x U x R™\ {0}) satisfying all of the above properties and
1-homogeneous in & such that

(@, y, ) o Yol y,6)

where the convergence takes place in SY(U x U x R™\ {0}).

The following theorem describes the asymptotics of the Schwartz kernel of the spectral
projector associated to A in terms of an oscillatory integral with an admissible phase.



Theorem 2.2. Let (M,dur) be a manifold equipped with a smooth positive density and
A be an operator on M as described above. Let P be a differential operator of order d
acting on C°(M x M). Fiz a point in M and consider local coordinates (x1,...,Ty)
around it. Suppose further that the density dunq agrees with the Lebesgue measure in these
coordinates. Let o4 (resp. op) be the principal symbol of A (resp. P) in these coordinates.
Then, there exists an open neighborhood U of 0 € R™, an admissible phase function function
€ C®°U x U x R™) and a constant C > 0, such that, in these coordinates, for each
z,y €U and L > 0,

n+d—1

PEL(%ZU) - 1/ eiw(cc,y,é)gp(m7y,am yw(x7y7§))d§ S C(1+L) "o
(2m)" Jou(ze)<tL ’

Moreover, for each neighborhood W C U x U of the diagonal there exists C > 0 such that
in local coordinates, for each (z,y) € <U X U) \W and L >0,

n+d—1

’PEL(x,y)’ <C(l+ 1)

Here 0, 41 denotes the partial derivative of ¢ with respect to the couple (z,y). Note
that this result is coordinate dependent since the notion of admissible phase function is
not invariant. The phase v is constructed as the solution of the following equation, where

1

o € St is such that Uf —oe SO

o(z,0:90(2,y,8)) = o(y,§) (1)

with the boundary conditions dictated by the admissibility condition. The case where
P = Id was proved by Lars Hormander in [I0]. The case where x = y was treated in
[19] with some restrictions on P. Finally, Gayet and Welschinger extended this result to a
general P (see Theorem 2.3 of [6]). While in their statement, x = y, their proof yields the
off-diagonal case with only minor modifications. One recent result closely related to this
theorem is Canzani and Hanin’s asymptotics for the monochromatic spectral projector un-
der some dynamical assumption on the geodesic flow (see [4] and [5]). For the convenience
of the reader, we provide a proof of the full result relying on the wave kernel asymptotics
provided in [10].

In this paper, we generalize this theorem by introducing a smooth function f € C*°(R)
and studying the asymptotics of the integral kernel of Iy, f(A). Here f(A) is defined by
functional calculus so that the kernel of Il f(A) is

K=Y f(\)exNer.

<L

This is again a smooth function. However, unless f has sufficient decay at +oo, it will not
converge as L — +o0o. As explained in the introduction, we focus on the case where f
decays polynomially with a small exponent. However, a partial result holds for a general
f which might be useful for further generalizations. In section [, we prove the following
proposition.



Proposition 2.3. We use the same notations as in Theorem[2.4 Let f € C*(R) with
support in |0, +00|. Let Ky, be the kernel of I, f(A). Then, in local coordinates, uniformly
for each xz,y € U, for each L > 0,

1
@r)"

PKp(z,y) = / el VI p(x,y, 0y (2,9, €)) oAy, €))dE
oA\Y,8)>

+ o(f(L)L"ﬁi”) n o(/OL FONE d)\).

In addition, uniformly for any (z,y) € (U X U) \ W, for each L >0,

PE(z,y) = 0(f(L)L"*Ji’1) + 0</OL f’(A)A"*Ji’ldA).

Finally, the constants implied by the O’s do not depend on f.

Note that the restriction on the support of f is purely cosmetic since the spectrum
of A is bounded from below. Of special interest to us is the case where f is of the form
f(t) = x(t)t* where z € C and x is some smooth function with support in ]0, +oo[ equal
to 1 for t large enough. In that case, Proposition yields Theorem as well as
below. The first deals with the case where n + d + mf(z) > 0 and the second with the
case where n +d 4+ mz = 0.

Theorem 2.4. We use the same notations as in Theorem and fix z € C. Let f €
C*(R) be supported in |0,4o00| such that f(t) = t* for t large enough. Let Ky, be the
Schwartz kernel of II f(A). Suppose that n + d + mR(z) > 0. For each x,y € U and
L>1, let

n+d
R}/(J}?y) = L_z_% [PKL(xay)

b / pilea—y)L
@2m)™ Joa00)<1

Then, there exists an open neighborhood V of 0 € U such that, uniformly for any L > 0
and (z,y) €V x V, R (Lfix,lfiy) is O(If%) ifn+d+mz#1 and O(ln(L)If%)
otherwise. In addition, uniformly for L > 0 and (x,y) € V x V\ W, PKr(x,y) is
O(L%HHR(Z)) if n+d+ mR(z) #1 and O(ln(L)L_%) otherwise.

3=

JA(Ov €>ZUP(O7 0, (€7 _f))df .

Thus, the A® factor in I, A® translates to a 0% factor in the oscillatory integral approx-
imating K. Note also that the second part of the theorem shows that K (x,y) becomes

negligible at fixed distances compared to the case where |z —y| < L. We prove Theorem

24 in section 511

Before stating Theorem [2.6] we must introduce some more terminology. One key ingre-
dient of the proof will be the decay of certain oscillatory integrals depending on the level



sets of 0 4. To observe this behavior we must impose certain condition on o 4. This is the
object of Definition We will see, in Proposition below, that it is almost always
satisfied.

Definition 2.5. We say that a positive m-homogeneous symbol o on M is admissible there
exists kg > 2 such that

mm—1)...(m—k+1)
mk

V(z,8) € M Ik €{2,... ko}, o(x, &) 10fo(x,€) # (B¢ (z, €))%,

(2)

Note that 8?0 is well defined because coordinate changes act linearly on the fibers of
T* M. Next, since g4 is homogeneous and positive, it defines a sphere bundle S*U on the
chart U of Theorem 2.2 by S; = SiU = {{ € R" | 5a(x,&) = 1}. We denote by dv the
smooth density on the bundle S*U defined by the following equation

+o0
Vo € U, Yu € C2°(R™), /Rn u(&)d¢ = /0 / u(t€)d,v(E)t" dt. (3)

The principal symbol o4 can be seen as a smooth function of the complement of the
zero section in T*M (see Theorem 18.1.17 of [12]) which we henceforth denote by 7"M.
Therefore, the S*U’s given by different coordinates piece together to form a subset S*M
of T' M.

Theorem 2.6. We use the same notations as in Theorem[2.]. Suppose that n+d+mz =0
and that either n =1 or o4 is an admissible symbol. For each x,y € U and L > 0 let

Yp(,y) = [5 0 (.Y, Oy (Betb (2, 9, 0)E) )y (€)

Y
and ]
Ri(,y) = PE1(@9) = o Vel y) [ In (27) ~ny (L3]z — )]

Then, there exists V. C U an open neighborhood of 0 such that, uniformly for L > 0 and
(z,y) € U x U, R%(x,y) = O(1). In addition, there exists Q € C®(V x V) and o > 0
depending only on o 4 such that, for each k > 1, for L > 0 large enough and (z,y) € VxV

such that |z — y| > KL,

PKL(2,y) = ———Yp(z,y) In(jz — y|) + Q(z, 1) +o(;«ra).

1

@

The « appearing in the last equation is actually equal to 1 if n =1 or % where ky € N,
ko > 1 is the integer appearing in the admissibility condition of o4 (see Deﬁnition ifog
is indeed admissible. Note that, contrary to case where n+d+ m9R(z) > 0, the kernel K7,
does not localize but rather spikes logarithmicallly around the diagonal. The singularity
of the logarithm is then smoothed at scale L™ =. This theorem is a generalization of
Theorem 3 of [18] which dealt only with the case where A was the Laplacian and M was



two-dimensional. The main novelty of Theorem [2.6] is the assumption on the symbol and
which was implicitely satisfied in the case of the Laplacian. We prove Theorem in
section [5.3] Finally, we prove that admissible symbols are generic in the following sense.
Let m be a positive real number and let S}*(M) be the space of smooth functions on
T’ M that are homogeneous of degree m along the fibers. We endow this space with the
restriction of the Whitney topology on C*°(T*M) (see Definition 3.1 of [§]). Then,

Proposition 2.7. Almost all symbols are admissible with ko = 5 whenn = 2, kg = 3 when
n =3 or4 and kg = 2 when n > 5 (see Definition . More precisely, for any m > 0,
the set of admissible symbols in S;" (M) for the aforementioned kg is a residual subset of
St (M) for the restricted Whitney topology. Moreover, if M is compact then it is open.

We prove this proposition in section |§|

3 Applications to random topology

In this section, we use the theorems stated in [2] to apply or adapt previous results in
random topology.

3.1 Setting and results

We consider a smooth compact manifold M equipped with a smooth positive density
dua and an operator A as before. We use the same notations as in the previous section.
Moreover, we fix s > 0 such that n > ms as well as a sequence of independent real
centered gaussians of variance one (& )ren. In the case that n = ms, we assume that o4 is
admissible. We then define a family of gaussian fields ¢y, € C°°(M) indexed by L > 0 as

o= A e

0<)\j <L

A simple calculation shows that the covariance function for ¢y, is

ElprRr] =KL = > X' NRe
0<>\‘7'§L

which we studied above. In this section, we will apply previous results from random
topology to the field ¢, with some emphasis on the number Ny, of connected components
of the zero set Z, of ¢r. To begin with, it follows from sections 5.2 and 5.3 of [13| together
with Theorems and that for L large enough, Zy, is almost surely smooth. Among
the many available results regarding Z; which could be adapted easily thanks to Theorems
and we choose two which reveal the effect of the quantity n — ms on the topology
of Z1. To begin with, in the case where n > ms, the field ¢, satisfies the conditions for
Theorem 3 of [15].

Corollary 3.1. Suppose that n > ms. Then, there exists a constant a > 0 such that

E[L~m|N — a|]] — 0.
L—+oc0



Proof. By Theorem [2.4] around each point in M there are local coordinates in which

1

n 1 1 ;
SSwmKp(L ma, L™ my) —— / e 6T g 4(0,€)*dor (&
L( ) Lotoo (2m)" Jo,(0,6)<1 (0,€dov(¢)

where the convergence takes place in C* with respect to (z,y). This shows that (Lgfﬁ 10) L) .

is, in the terminology of [I5], a tame parametric gaussian ensemble on M. We can apply
Theorem 3 of [15] and set a = [ A Moo- Moreover, the spectral measure of the limiting
kernel charges a compact neighborhood of 0 so that, by section C.2 of [I5], it satisfies
condition (p4) of [I5] and the constant a is indeed positive. [J

On the other hand, when n = ms, N, grows somewhat more slowly. In order to state
a precise result, we first need to introduce some notation. Let f be a Morse function on
M. We denote by Crit(f) the set of its critical points and, for each z € M\ Crit(f), we
let H, = Ker(d,f). The disjoint union [ ., H; defines an integrable distribution, that
is the tangent space of the smooth foliation H of level sets of f on M\ Crit(f) = M’'. By
Lemma A.1 of [6] and Lemma for L > 0 large enough, the restriction of f to Zp, is
almost surely a Morse function. For each ¢ € {0,...,n — 1} and L > 0 large enough, let

Vi = Z 0.

ZL‘EC'I‘Z'ti(f‘ZL)

Here Crit;(f|z,) denotes the set of critical points of index ¢ of the restriction of f to Zy.
For any vector space E we denote by E the trivial bundle M x E and for any k£ € N, by
Sym¥(E) the kth symmetric power of F.

Definition 3.2. Let (E,g) be a Euclidean space. Then, the scalar product g on E defines
an isomorphism = : E — E*. From this isomorphism, we define a metric g~ on E* called
the reciprocal product of g as

g_l(wl, way) = wQ(E_lwl).

Stmilarly, we can define reciprocals of metrics on vector bundles.

Definition 3.3. Let E be a finite dimensional vector space and let C € Sym?(E) be a
non-negative bilinear from on E*. Let K ={( € E* | C(§,-) =0} and V ={v e E | V{ €
K, ({,v) = 0}. Then, V ~ (E*/K)*. By construction, C defines a scalar product on
E*/K. Let g be the reciprocal scalar product, on V. Consider the probability law on V

with smooth density
1

<~ €

Here dVy is the Lebesgue measure defined by g. By the inclusion V. C E, this defines a
probability law on E. We call it the gaussian probability law with covariance C.

—29(0) gy, (v).

10



Definition 3.4. For each x € M and each k > 0, we define By (x) a scalar product on
Sym*(T,M) by

ﬁk,k(vlavz): (2;—)71/ e UATS(.’E, )<§®...®f,v1><f®...®§,v2>df.

This is always well defined unless s = > and k = 0. Let w; : R x R — R be the scalar
product
! ( / dov )it
zV | l1t2.
(2m)" \ J g2

Corollary 3.5. Suppose that n = ms. For each x € M, let M, be the matriz between
orthonormal bases for Bl_ll(x)]Hx of a random centered gaussian vector in Sym?(H}) of

(tl, t2) —

We have the following result.

size n — 1 whose covariance is the restriction of Bos(z) to Sym?(Hy). Then, for each

i€{0,...,n—1}, as L — +oo, E[v}] is equivalent to the smooth density
2 Lo
WEHdet(Mx)‘l[sgn(Mw):i}]iidV/Bl,l(Jj)
ln (Lm)

in the weak topology of measures. Here sgn(M,) is the dimension of the largest subspace
of Hy on which My is negative definite and Vol(S}) fS* dyv.

In particular, by applying the Morse inequalities we obtain following two corollaries.
The first one follows by comparing Betti numbers with the number of critical points of

f|ZL'

Corollary 3.6. Suppose that M is a closed manifold. Then, for each i € {0,...,n — 1},
the expectation of the ith Betti number bj(Zr1) of Z1, satisfies

In (LL
li - E[|det(M,)|1 dv;
linjclép 1= / M [|de 2)] [sgn(M. ] P11 (@).

Corollary 3.7. Suppose that M is a closed manifold. Then, the expectation of the Euler
characteristic x(Z1) of Z1, satisfies

In (L%> 5
Bz o | e Bt MV, (@),

Proof. Let vj (M) = [,, v} be the number of critical points of index i of f|z,. By the
Morse inequalities, x(Z1) = Z?;Ol(—l)iyi(/\/l). Taking expectations, by Corollary ,

In (L n—1
wE[X(ZL)]E%(l)i 7ﬂ/O?(S;)IE[Ide?f( o)L sgn(ar)=a)dVe, , () + o(1).

m

11



But 310 (—1)i|det(M,)| 1 sgn(nr.)=i) = det(M,) so
ln(
B2 = [ o Eet OV, (@) + o(0).

3.2 Proof of Corollary

The proof of Corollary [3.5| will be based on Theorem 1.10 of [6]. We will also use the two
following lemmas.

0

Lemma 3.8. For L large enough and x € M, the symmetric bilinear form
((tl, ’Ul), (tQ, UQ)) — KL(:E, w)tltg +d; ® deL(Ul, Ug)

defined on R* @ H, is positive definite. Let g1, be its reciprocal metric. Similarly, the two
tensor w @ P11|m defines a metric on R* @ H. Let g1 be its reciprocal metric. Suppose
that s = . For each L > 0, let ap, : R® H* — R® H* be the map of multiplication by

m

N

( ( L ) along the fiber of R and by Lm along the fiber of H*. Then,
17 A—
argr —— g
uniformly on compact sets.

Proof. Let aE : R*"® H — R* @ H be the adjoint of alL. Then, (atgr)™' =
((az)*l)*gzl. The map (aTL)*1 acts by division by <1n <L%>)§ along the fiber of R*
and by L along the fiber of H. Hence, for each x € M,

-1
((ah) g e = (1 (L7)) Ki(e,2)dt + L dy @ do K| 2.

By Theorem [2.6] for the first term and Theorem [2:4] for the second, this converges to
@ & f1,1|m uniformly for z in compact subsets of M. O

For the second lemma, let us introduce some notation. For each k € N, let J;’fl be the
kth jet bundle over M’ of restrictions of smooth functions to the leaves of H. For any
[ € N the kernel of the projection JlJrl — JH is canonically isomorphic to Sym!*!(H*).
Any metric on JH provides a complement to each of these kernels - the orthogonal - thus
inducing an isomorphism ko : JH — @ =0 Sym? (H*). We denote by H' the orthogonal
of H with respect to the metric Sy ;.
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Lemma 3.9. For each L > 0, let by, : @?:0 Sym/ (H*) — @?:o Sym/ (H*) be defined by
the following relation. For each (x,qo,q1,q2) € @5:0 Sym/’ (H*),

br(z,q0,q1,q2) = (567 <1n (L%))_

Por cach o € M, let (a,}(2), 4} (z), 4} (2) = bi © ka(73(01))] and 3} (z) = ooy
Then, the random wvector ( .42 (x), 4} (z),q%(x)) converges in law to a random wvector
9r(z) = (7,¢°x),3*(2),¢*(x)) € R@® T*M & Sym?(H*)|,, uniformly for x € M’
in compact sets. The random vector Qr(x) is a centered gaussian whose covariance is
w(x) ® P11(z) © Paa(x) restricted to R & T*M' & Sym?(H*)|,. In particular, this is
independent of the metric initially chosen on J72_[.

VI

_1 _2
QO7L ’”QLL mQQ)-

Proof. The covariance of (dy@r, k2(j2,(61))]z) is

( dy ® do K7, (Ko 0 j2|s) ® du K, )
de ® (K20 j3/2) KL (K20 j3|2) @ (k2 0 j3]0) KL

The lemma now follows by direct application of Theorems [2.4 and [2.6] O

Let st = dy¢r|n, € Hom(H*,R). The last component s2 of ka(jx(¢1)) is a section of
Sym?(H*) ~ Hom(H, H*). Consequently, the couple s;, = (s}, s?) defines an element of
Hom(H+,R)® Hom(H, H*) C Hom(TM',R® H*). We denote by sgn(s2) the dimension
of the largest subspace of H on which the bilinear form s? is negative definite.

Proof of Corollary With the above notations, Theorem 1.10 of [6] implies the
following. For large enough values of L > 0, E[VZL] defines a smooth density such that for
each x € M’,

E[SdegL( ) l[sgn (s7, z]| ¢L( ) =0, d$¢L|Hz = O]

Rescaling sz, and g, shows that E[vt], equals

1 Lm

= - E[(L—%S;,L—%S%)*dm(z) o By | 92(@) = 0. dur |, = 0],
In (Lm>

In the right hand side, by Lemmas [3.8] and 3.9] the expectation defines a smooth density
that converges to

[(q~1|Hi7q2 *thqll[sgn )=1] ’ qO =0, qu‘H - 0]
=E[§' ;1 dVor | §'|a = 0] @ E[g** dV,- 11 Lson(a?)=i)]

uniformly on compact sets. Here we used that R and H* are perpendicular for g; and
that for each x, ¢°(x) is independent of ¢ (z). Since the covariance of ¢! is 811, ¢ | is

13



independent of ¢'|g. Therefore,
E[q' |} dVe1 | G'|i = 0] = B[} dVep1 ()]

(271‘)” 1 / _14
=4/ t dtd
Vol(Sx) v2r Jr e V81l ()
2(2m)n

= WT(LS';)CZVBLI‘HJ- (.’1:)

Here Vol(S}) = [q. dev. Let M be the matrix of ¢* in orthonormal coordinates for fy,1.
Then, ’

E[q%dvgii‘Hl[sgn(qZ)zi]] = ]EHdEt(M)|1[sgn(M):i]]dV,31,1\H‘
To conclude,
; 2 Lm
E[v]s WT(S;)EHdet(Mw)‘1[Sgn(Mz)=ﬂ] dVs, , (z)

g

We conclude this section with an example. Let M be a closed manifold of dimension
n > 2 which we equip with a Riemmanian metric g. Let A be the Laplace operator
on (M,g) and dVy be the volume density defined by g. The density dur = dV and
the operator A = A satisfy the hypotheses of Proposition [2.3| with m = 2. Indeed, the
principal symbol of A is o4(x,§) = \§|§ so it is admissible. We set s = 1 and consider
the family of fields (¢1)r>0 associated to A and s as defined above. In this case, we call
this family the cut-off Gaussian Free Field. This is because its covariance function is the
kernel of II; A~! which converges in distribution to the covariance of the Gaussian Free
Field when L — oo. Corollary implies that in dimension 3 or more, the number Ny,
of connected components of the zero set of the cut-off Gaussian Free Field is equivalent to
al? in probability for some positive constant a € R. Suppose now that n = 2. Then, we
can apply Corollary [3.5] Let f be a Morse function on M. Fix 2 € M and let 71, 72 be an
orthonormal basis of T, M such that 71 spans H,. Let (§1,&2) be its dual basis. Then, in
these coordinates, the metric 311 reads

1

This metric is clearly rotation invariant so it must be a multiple of g. Taking v1 = v = 71,
we deduce that 51,1 = c1g with

1 / &
o= — Sy
P An? e [ ¢
1 1 27 5
= 4772/0 tdt/o cos(6)=do
_ 1
81

14



Consequently, dVs, ;, = c1dV,; = %dVg. Moreover, Vol(S;) = 2m. The metric 3 o satisfies

<€7 Ul><§7 ’U}1><§, U2><£7 ’U)2> d
€17

Let E be the matrix of a random gaussian tensor with covariance £ 2 in the coordinates
1 1

(¢; 271, ¢; 272), which are orthonormal for the metric 8;1. Then,

1 & 3
E[E?] = oL ge = =
[ 11] 477201 \/|\£|2<1 |€’2 5 2

Therefore the expected determinant in Corollary isfori=0or 1,

3 1,2 3
[|E \/> — te 28 dt =/ —.
| 11 o Ar

Hence, for ¢ equal to either 0 or 1,
. 1 3 L
Ebi] ~ 517 3
In (\/f)
A /ln
4 —5 \/> Voly( (4)

4 Proof of the analytical results

1
B2,2(v1 ® wi,v2 @ wa) = 42/ €.
™ Jigr<1

In particular,

limsup ——
L—+oc0o

In this section, we will prove the results of section 2] We will use the notations of that
section. The overall proof follows that of Theorem 3 of [I8]. However, in order to deal with
this more general setting, we need to develop some additional tools. First, we will prove
Proposition[2.3]and Theorem[2.4] To prove these results, we essentially apply integration by
parts to the kernel E, along the L variable and use Theorem[2.2] For the proof of Theorem
we need some additional tools which we develop in section[5.2] Most notably, we prove
the decay of certain oscillatory integrals. In section we prove Theorem [2.0] using the
results of section [5.2] Some technical results are stated along the way but proved only

later, in section

5 Preliminaries

Let M be a smooth manifold of dimension n > 2 equipped with a smooth positive density
dup. Let A be an elliptic pseudo-differential operator on M as in section 2] Let f €
C*°(R) be such that f(¢) vanishes for —t large enough. Let K} be the integral kernel of
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I f(A). Let P be a differential operator on M x M of order d with principal symbol
op. Let us fix local coordinates © = (x1,...,x,) around a given point in M such that
dua coincides with the Lebesgue measure in these coordinates. Let U, W C U x U and
1 € C°(U x U x R™) be as in Theorem The following quantity will be central in our
proofs. For any ¢t > 0, z,y € U and £ € R" let

AP(:E? Y, 57 t) = eiw(x,y,tf)ap (:L‘a Y, t_lax,yw(x7 Y, t&)) (5)
and
Tneyt) = [ Aple,.& 0d0(©). (6)
S5

Note that Ap satisfies the following equation. For any s,t > 0, z,y € U and £ € R™,

Ap(z,y,s¢,t) = sPAp(z,y,&, st). (7)

At several points along the proof we will use properties of the phase ¢ from Theorem [2.2]
that follow from Definition We gather these properties in the following lemma, which
we prove in section [5.4] below.

Lemma 5.1. Let U C R™ and let ¢ € C°(U x U x R™) be an admissible phase function.
For each s > 0, let ¢y =t~ %4(-, -, t-). Then,

1. for each x,y € U and each £ € R", ¥(x,y,0) = (z,x,&) =0 and O¢(z,x,&) = E&.

2. for any a € N™ and for each compact subset K C U uniformly for t > 1, and for
z,y € K and £ € R™ with [£] > 1,

Oepu(x,y,€) = 02 (&= —y)) + Oz — yI[€])

3. for each compact subset K C U, there exists C' > 0 such that for each x,y € K and
each £ € R™,

(021 (2, y,€) — €] < Cla -y
|0yhe(2,y,€) + & < Clz —yl.

4. for each compact subset K C U, for each a, 3,7 € N, there exists C > 0 such that
for each s >0, for each z,y € K and £ € R™\ {0},

10807 0)n(,y, )| < O (1 + €))7
where |a| = oy + -+ + ap.

Before moving on, let us give some intuition about the proofs of Theorems [2.4] and
assuming Proposition |[2.3] To make things simpler, we assume that P = Id, that M = R",

that o4(z, &) = |£| and that ¥ (x,y,&) = (&, z —y).
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We start with Theorem [2.4] Then, taking f(¢) = t=° in Proposition tells us that, if
s > —n, Kr(x,y) is equal to (2# f|§|<L €|~ 5e¥&7=v) d¢ plus a negligible remainder term.
Of course we should add a cut-off at 0 for f but this does not change the asymptotics.

Setting ( = L&, we see that

1
@)

Kr (L*%;,L*H,) - / IC] 26TV dc L3 (1 + o(1)).
[¢]<1

This is essentially the claim made by Theorem

For Theorem [2.6, we make the additional assumption that dim(M) = 1. This implies in
particular that Yp(x,y) = 2. In this case, Proposition with f(t) = t_ll[tzl] tells us
that

1 (o ane AE _
Kr(z,y) = — TE= L O(L71).
o) = o 1<[¢|<L €] ( )

Since the cases where & > 0 and £ < 0 are symmetric, we deal only with the first. Suppose
that © >y, let r = x —y and let ¢t = (z — y)&. Then,

L rL
L
1 € T 3

Now, by integration by parts, it is easy to see that for all a > 1,

o dt
’/ e’t—’§3. 8)
1

t
Thus,
L o d rL ) dt
/ i@ y)&j = / €Zt1[t§1]? +O(1).
1 r

£
Next, we compare e’ to 1. Since t~!(e® — 1) is bounded for ¢ € [0, 1],

L o d rL dt
/ pile-)e 98 _ / Ly<y +O(1).
1 f r 13

Lastly for L > 1,
rL dt
1[t§1]? = ID(L) — ln+ (’I"L)

Therefore,

2

Ki(w,y) = 5 [m(L) - ln(rL)} +0(1).
m

This corresponds to the first statement of Theorem [2.4] The proof in dimension greater

than one is somewhat different since the bound is not valid anymore. We replace it

by a generalized stationary decay formula. The rest of the arguments carry over to the

general case with only technical adjustments.
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5.1 Proof of Proposition [2.3| and Theorem 2.4
We begin by relating K, to Er.

Lemma 5.2. For any L € R,

L
Ky, = f(L)Ep - /0 £/ Exd.

This lemma generalizes Proposition 21 of [18].

Proof. The functions L — Ej, and L — K, are locally constant and define distribu-
tions on R with values in C*°(M x M) supported on some interval [c, +oo] with ¢ € R.
We denote by ' the weak derivative with respect to L of these kernels. For all L > 0,

Ep = Z ep Weg; Kp = Z f(Ak)er Mg

A <L A <L
SO
Kp=> 65 (L) f(M)ex Reg = f(L)Y by, (L)ex Reg = f(L)EY,
keN keN
and

L
Ky :/ FN)E\dN.
0
The result follows by integration by parts. [

We can now prove the proposition using Theorem [2.2]

Proof of Proposition First, let U be the open subset given by Theorem [2.2]
By Theorem for each uniformly for z,y € U and L > 0,

1
@)

PEL(%ZU) = / ( £)<L 6iw(m7y,£)0P(.’L‘,y, 8x,y/l/](x7y,£))d£ + O(Ln+7171)
0AYS)S

1

1 L nid-

= (%)n/ Jp(x,y,t)t“d*ldtJrO(L &0 1).
0

In the second equality we used the definition of dv and Jp as well as the fact that op is
d-homogeneous along the fibers. Consequently, uniformly for any z,y € U and L > 0,

—/OL f'(NPE(z,y)d\ = —(Qi)n /OL '\ /OM Jp(x,y,t)tn+d1dtdx+o(/; f/(A)A%“).

Integrating by parts along A the first term in the right hand side we get

n+d—1 n+d—1

1 L 1 1 1
HEIPBLe) + o [ FOV AR ey XN A+ O (1)L,
2m™ J, m

18



Setting u = )\%, the integral term becomes

L 1 1 1 n+(i 1 Lm
/ f(A)E)\E—lJp(m,y,)\ d\ = / ™ Ip (g, w)u 4y
0
— / e eV @8 f(oa(y, €))op(x,y, Dpytb(x, y, E))dE.
Y

By Lemma
L
PK; = f(L)PE} —/ f' (N PE\d.
0

Replacing the integral term by the expression derived above, we see that the f(L)PEy
terms cancel out and leave the first result of Proposition For the case where (z,y) €
U xU\W just apply the corresponding estimate from Theorem [2.2]and proceed accordingly.
0

To prove Theorem we fix z € C and specialize to the case where f(¢) =t* for ¢t > 0
large enough.

Proof of Theorem Let K be a compact neighborhood of 0 € U. By the second
and third point of Lemma (with oo = 0) we have, uniformly for z,y € K, € S5, t >0
and L > 1 large enough,

t‘%(L—%m,L—iy,tg) L€,z — >+O(L—%>
t—law(L—%x,L—%y,tg) ( —i)
—t_lﬁzﬂb(L_ix,L_%y,tﬁ) ( _7)

Let Cy > 0 be a constant to be fixed later. Since op(z,y,-), depends smoothly on (z,y,§)
and by the third point in Lemma [5.1} we have, uniformly for z,y € K, £ € S§ L > 1 large

enough and 0 < ¢ < COL%,

£+
£+

O’p(L wa, L my,t 1a$,y¢(L*ix,L*%y,t§)) = op(0,0, (£, —g))+O(L*i)
and
AP(L—%x,L—%y,g,Q Ap(0,0,€,1) +0< ) 9)
_ LT HER ) 5000, 0, (€, g))+o( ) (10)

Recall that Ap was defined by equation . Here the O’s depend on Cj. Since o4 is
positive homogeneous in the second variable, we may choose Cj so that for each y € K,

each £ € R” and each L > 1 large enough, o4 (L_%y, {) < L implies that 04(0,¢&) < CyL.
Let Cy > 0 be such that f(t) = t* for t > Cy. With this choice of Cp, equation (9) shows
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that following integral is bounded uniformly for z,y € K and L > 1 large enough, where
f(t) stands either for f(t) or for ¢,

/"A(L’I'L%E)Scl J(oa <L_%y’ L))AP <L_%$’ Ly, 04(0,8) m&, 04(0, 5)%)0&“.

Therefore, by Proposition since f(t) = t* for t > C; and since n + d + R(z) > 0,
PKy, (Lfiqr,LfigO equals

1
2r)"

[ a0 (L Ly oA (0,6 FE 00,6 )+ Olo(L)
oalLl”my&)<L

n+d—1

where g(L) = L™ m "2%&) if n 4+ d4+mz # 1 and ln(L)Ln+ri_l+m(Z) otherwise. Since o4 is
positive and homogeneous of degree m, we have, uniformly in y € K and L > 0,

i z n m. z
/ ok £)<chA<o,§>m+ dé = oL+ mRG)),
gA mY,S)>

Therefore, by equation @D,

1
@r)"

1
PR (L7, L7wy) = / L oa(0.67Ap(0,0,0,7 (0,6)8,0.4(0,€) 7 )dE+O(g(L)).
oa(L™my <L

Since 0 4(y, §) is both smooth in y and homogeneous of degree m in &, there exists a constant

Cs such that for each y € K, for each L > 1 large enough, the symmetric difference of

the sets {£ € R" | 04(0,&) < L} and {{ € R™ | UA(Ifiy,f) < L} has volume at most
C’anT_l. Also, by construction of Cp, for any £ in this symmetric difference, for any y € K

and for L > 1 large enough, 04(0,¢) < (1 + Cp)L. Consequently,

1 1 1 ., L 1
PKy, (L*Ex,lfﬁy) - (2m)n /UA(O,f)<L 04(0,8)mT*Ap(0,0,0,™(0,6)&,04(0,8)m)dE + O(g(L))
1 . .
= T [, 00y2p A0 AP(0.0.6: 1)+ Olg(2) by cquation (@)
! z 1 s ) B
= (271')” LA(07<)<1 UA(07 C) AP (0,0, LmC, l)dCL o + O(g(L)) by Settlng é_ _ LC

In conclusion, uniformly in L > 0 and =,y € K,

n+d
m

PRL(L e L wy) = [ oa0.07¢ 6 ap(0,0, (6 ~€)dEL 4 OG(L)).

74(0,6)<1

This proves the first statement of the theorem for V' = K. To prove the second statement,
observe that by Lemma [5.2] for each L > C and z,y € K,

L L
PKL(xay) = f(L)PEL_/(; f/()\)PE)\((L',y)d)\ = LZPEL(wvy)_/C )‘ZilpE)\<x7y)d>‘+O(1)
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where the O is uniform in z,y € K. Next, by Theorem [2.2] there exits C3 > 0 such that
for any (x,y) € (K x K)\ W and any L > C, |PEL(x,y)| < C3L ™. Therefore,

L
PE(2,y)] < Cs( L5080 4 / N 1)),
Cl

Therefore there exists C4 > 0 such that for any L > C; and any (z,y) € (K x K)\ W,

\PKL(2,y)| < CiL™ 5 +RE) In(L)e

where € = 0 if n + d + m9R(z) = 1. This proves the second statement of Theorem [2.4] O

5.2 Oscillatory phase asymptotics

We keep the notations of the previous section. To prove in Theorem we need three
lemmas which we prove here. The first controls the behavior of the function Ap defined

in equation .
Lemma 5.3. The function Ap satisfies the following properties.

1. The function t — Ap(-,-,-,t) extends continuously tot = 0 as a function from Ry to
C*®(U x U xR") and

AP(‘T7 Y, 67 0) = O'P(CE, Y, 8z,y(a£¢(37a Y, 0)5))
2. We have Ap(z,y,&,t) — Ap(z,y,£,0) = O(t|z — y||€|4TY) uniformly for t > 0 and
x,y in compact subsets of U and & € R™.

Note that this lemma implies that the function ¢t — Jp(-,-,t) extends continuously to
t =0 as a function from Ry to C*°(U x U) and

Tol,0) = [ op(a. 00,0t (e..00)d,(€) (1)

Proof. The first statement follows from a Taylor expansion at ¢ = 0 of Ap. For the
second statement, by equation @, we may therefore restrict our attention to the case
where § € 5. Next, we observe that by the first point of Lemma Ap(y,y,&,t) =
Ap(y,y,£,0). The function Ap is clearly C! with respect to its first variable so that
|Ap(x,y,§,t) — Ap(x,y,&,0)| is no greater than

|.’E - y| S?p} ‘aa:AP(Sx + (1 - 8)y7y7£7t) - aIAP<3x + (1 - 8)3/73/757 0)’
s€|0,1

Moreover, by applying Taylor estimates to 0, Ap with respect to t at ¢ = 0 and the fourth
point of Lemma , we see that uniformly for z,y in compact subsets of U and £ € Sy,

a:EAP(x7 Y, 57 t) = azAP<I', Y, §7 0) + O<t)
which completes the proof. [J

The second lemma controls the behavior of Jp at ¢ — +o0o. This will be useful in
dimension n > 2.
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Lemma 5.4. Suppose that the symbol 0 4 has e-non-degenerate energy levels (see Definition
. Then, there exists V. C U an open neighborhood of 0 and C > 0 such that, uniformly
for distinct x,y € V and t > 0

[ Jp(z,y,t)] < Otz —y[)~*

This corresponds to Proposition 23 of [I§] for ¢ = % although, in that setting, the
non-degeneracy condition was always satisfied.

Proof. To prove this lemma, we interpret Jp as an oscillatory integral whose phase is
a deformation of (w ® 7) +— (w, 7). First, fix K C U a compact neighborhood of 0 and for
each s > 0, let ¢y = t~19(-,-,t-) and for each t,r >0,y € U, &, 7 € R, let

frr(y, &, 7) =17 ((y +77),,€).

Then, by the second point of Lemma for every a € N" uniformly for y € K and
7 € R" in compact sets, for £ € S and for ¢ > 1,

O frr(y, &, 7) = O (&, 7) + O(r).

In other words, fi,(y,&,7) — (¢, 7) smoothly in &, uniformly in 0 < s <1 and (y,7) in
r—

compact subsets of K x R™. Moreover, setting r = |z — y|, we get

(e 16) = e = Uy (106 ()

In addition, when z,y € K are distinct, the vector i:g stays in a compact subset of a

complement of {0} in R™. Moreover, by the fourth point of Lemma the function

f = Up(l‘, Y, tilax,yw(xv Y, t&))

has bounded seminorms in C'*°(R"™) uniformly for z,y € K and ¢ > 1. Therefore, the fact
that o4 has e-non-degenerate energy levels implies the existence of an open neighborhood
V Cc U of 0, a constant tg > 0 as well as a constant C > 0 such that, uniformly for z,y € V
and t > tg,

‘/ O gp(a,y, t7 10y (2, y,1€) ) dyv (€)| < Otz — y)) ™.

Here the parameter n from the definition of non-degenerate energy levels is the couple
(t71, |z — y|) € R?, the parameter 7 is t|z — y| and the function f, is ft,Jz—y|- By the first
statement of Lemma [5.3] the estimate is clear for ¢ < tg. O

In dimension n = 1 however, 04 never has non-degenerate energy levels. In this case
we will use the following result.

Lemma 5.5. For each compact subset K C U x U, there exists C > 0 such that for each
0<a<b, each e € {—1,+1} and each (z,y) € K

€b
. | _ —d— —
’/ e @y lz=yl ”)crp(w,y,\m—y!az,y¢($,y7|x—y| ) ln| =" dn| < Ca”.
€a
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To prove this, we will use the following technical lemma regarding 1, which we prove
in section to avoid breaking the flow of the exposition. In addition to the properties of
admissible phase functions, this Lemma uses the fact that 1) satisfies the eikonal equation
associated to a symbol whose principal part is o4 (z, 5)%

Lemma 5.6. Suppose that M has dimension n = 1 and let 1 € S*(U x U x R) be the
admissible phase function from Definition[2.1. Then, for each compact subset K of U x U,
there exists ¢ > 0 such that, uniformly for (z,y) € K and £ € R, £ # 0, ]8§2¢(x,y,§)\ <

)2
A, 10600 (2,9, €)| < cle = y| and Lx — y| < [etb(a,y, €)| < clz — yl.

In dimension 1, the symbol o appearing in equation is “close” to o(z)[| for some
positive function g as £ — +oo. If we replace o(z,£) by o(z)[{| in the equation, the
solution is equal to ¥ (z,y, &) = (x — y)& which satisfies the claims of both Lemma and
Lemma Lemma makes this approximation rigorous. We begin by proving Lemma
using Lemma [5.6]

Proof of Lemma Since op has order d in the third variable and by the second
statement of Lemma we have, uniformly for (z,y) in a compact subset of U x U and
for non-zero n € R,

op(x,y, | — y|0uyb(z,y, |z — y|~'n)) |~ = O(n| ™)
Nlop(z,y, |z — y|Osy¥(z,y, |z — y| 7 0) 0|~ = O(In|2).

In addition, the first and third statement of Lemma , mean respectively that 8%1&(:6, Y, |z—
y|7'n) = O(In|~1) and that 8, (z,y, |x —y|~'n)] is bounded frome above and below by a
positive constant, both uniformly for (z,y) in compact subsets of U xU and for n € R. Now,
setting momentarily u(n) := ¥(z,y, |z — y|~'n) and v(n) = op(x,y, |z — y|Os 4 (x, y, |z —

y|~'n))|n|~4"t, we have, for any a,b > 0 such that a < b,
> L uy 0() 7° 1 g (V') o ()
iu(n) — | 2 giulm) 2D _ [ Zgiul (TN U)W AN
R e O e e R

The above observations show that, uniformly for (z,y) in compact subsets of U x U, non-

zero 1 € [a,b] and a,b > 0 such that a < b, we have Z,((‘;)) = O(a™Y), ;J'((I;))) =0,
Zigzg = O(n~2) and ”(Z)Zj;;g”) = O(n~2). Consequently, for any compact subset K of U x U,
there exists C' > 0 such that for any (x,y) € K and any a,b > 0 such that a <,

b
| [ et 0, e — it o~ ol )] < O
a
The proof for [7," is identical. [J

5.3 Proof of Theorem [2.6]

In this section we prove Theorem We use the admissibility condition through Propo-
sition [6.2] which is stated and proved in section [} Suppose that n 4+ d 4+ mz = 0, so that
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z = —4" By Proposition , uniformly for z,y € U,

m -

1 i 1
(27T)" / (wE)<L e“ﬁ(%yf)ap(x’ Y, 6m,y¢(xa Y, g))f(UA(yy €))dg + O(L_E>.
0A\YS)>

PKL(xvy) =

Since f(t) = t* for t > 0 large enough, there exists C' > 0 such that

PR = o [ oty (e O)ay, O e
+Qi(z,y) +0(L77)
where
Q)= g [ p(r 0,000, D) FOA

We will split the integral term in the last expression of PKj, as follows. Let 1j¢>1) be
equal to 0 if =1 <& <1 and 1 otherwise, let 1j¢|<;) = 1 —1j¢)>1] and let, for any x,y € U,

1 wp(x —d+1
IL(%’,y) = n / 1[0,4(y,£)|:c—y|21]e W ’y’g)UP(iﬁaya32,3;1/)(96,2/,5))@4(3/,5) mdg
2m)" Jo<oawe)<L
1 wp(x —dtl
Ip(z,y) = —— / Loy (r.o)l—yl<1€ Vo p(,y, Opytb (2, y,€))oa(y, §) " dE.
@2m)" Jo<oawe)<t
Then,

1
PKy(a,y) = Iu(2,y) + [1(2.5) + Qu(a,y) + O(L77).
Theorem [2.6] is an immediate consequence of the following two lemmas.

Lemma 5.7. Suppose that either n = 1 or o4 is admissible. There exist an open neigh-

borhood V- C U of 0 € R™, a function Qo € L>*(V x V) and a constant C > 0 such that
for any x,y € V and L > 0,

(IL(wvy) - Qz(x,y)’ < C'min (L_’“O%"!w —y| R, 1)

where ko = 1 if dim(M) = 1 and kg is the order of admissibility of o if it is admissible.

In dimension one, we prove the lemma using Lemma 5.5 while in the case of admissible
symbols we use Proposition It the only place where we use this theorem.

Lemma 5.8. There exist an open neighborhood V- C U of 0 and a constant C' > 0 such
that for all x,y € V and L > 0,

111(w,) — o Volw,y)[In (D7) —Iny (Lile—of)]| <

(2m)

Moreover II(x,y) is independent of L as long as |z —y| > L.
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In particular, Il (z,y) — In (L%) + Ing (L%]x — y\) is also independent of L for
|x —y| > L . In the proof of Lemma we will repeatedly use the following equality,
which appears by changing of variables n = |z — y|¢. For any a,b > 0

) (z -
/ eV @Y p (2, y, Opyt(2,y,))oaly, &) m df = (12)
alz—y[~m<oa(y,§) <blz—y[~™

. -1 _ 7&
/ ( )be“”“’y"w Mo p(2,y, v — YOy (@, y, lz =yl 'n)oaly,n) ™ w dn.  (13)
asoa(y,n)<

Here we used that op has order d in the third variable.

Proof of Lemma Suppose first that M has dimension one and fix K C U a
compact neighborhood of 0. By Lemma 5.5 the integral

/ L, eyl
Clz—y|™<oa(yn)<|z—y|™L [f(y)” ™ In|=1]

_ _ _d+1 A
op(x,y, | — y|Ouy (. y, | —y|7'n))oaly, n| i)~ n| "4 dn

converges for fixed x # y as L — 400 and the remainder term is O ( min (\x—y[‘llfi, 1))

uniformly for distinct x,y € K. Here, we use that, since dim(M) = 1, oa(y, |n|~'n)
depends only on the sign of 7. By equation , for x # y, the integral I (z,y) converges
to some limit Q2(x,y) as L — +oo in such a way that the remainder term Ry 1 (x,y) is
O(min <|x — y|_1L_%, 1)) This ends the proof of the one-dimensional case with V = K.

Suppose now that n > 2 and o4 is admissible for some integer kg. Then, for any L > 0
and z,y € U,

1

I dt
IL(xay): (27‘()" ok 1[\x—y|t21]JP(x7yat)?

1 L [z—y| ; L ds
= 1 x,y, |r —y|” "s)— setting s = |x — y|t.
@n) /cmcc—m s>1)JP(2, Y, |2 =yl s) gs=l|r—yl
Here we used equation (3). By Proposition it has %—non—degenerate energy levels.
Therefore, by Lemma there exist an open neighborhood V' C U of 0 and a constant

_1
C > 0 such that, uniformly for distinct z,y € V and ¢ > 0, |Jp(z,y,t)| < C(Jx —y[t) *o.
Therefore, the function s + s~ Jp(z, y, |z —y|~'s) is uniformly integrable for any distinct
x,y € V and

Cm|z—y| S max

—+o00 1 dS , “+o00 L
’IL(xuy) _/ 1 1521<]P(1"’y7 |1" _y| 8)7‘ <C / <| |Li 1) S ko ds
T=y|Lm,
1"

C _1 _L
= — min (1,L Fom |z — y| kO).
ko
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By continuity, this stays true for x = y. This proves the lemma for o4 admissible with
oo ds
Q2(r,y) = / L 1ss1Jp(x,y, |z —y| ts)—.
Cmlz—yl §
O

Proof of Lemma [5.8 The proof of the second statement is obvious from the
definition of II;, and the expression In (L%) —Iny (L% | — y\) We now prove the first
statement. Recall that

1 . _d+1
I (z,y) = n / 1[0,4(y,&)\x—y\<1]ew}($7y7§)ap($aya 3x,y¢(iﬂay75))UA(y,§) mdg.
@m)" Jo<oawe)<L

Since the integrand equals I[UA(y@”z,yKl]Ap(x,y,f,UA(y,f)%)aA(y,f)fi, by equation

(12), I1.(z,y) equals
1

(2m)" /Cw—ymSUA(y,n)SLr—ylm
According to the first point of Lemma there exist V' C U a neighborhood of 0 and a
constant C’ > 0 such that for any z,y € V and any n € R,

1 _1
Lo am<yApr(@,y, 2=y, [x—yloaly,n)=)oaly,n)” =dn.

1 1
‘Ap(m,y, [z —yln, |z — yloaly,n)m) — Ap(z,y, |z — yn,0)| < C'oaly,n)m |z —y|*n|*
so that there exists C” > 0 for which

1
]IL(-T, y) - /
‘ (2m)" Clz—y|m<oa(y,n<Llz—y|™

_ 1
Lo uymy<1AP (@, y, |2 — yln,0)oa(y, n)” mdn

< C"min(L |z =yl o — y1%).
In particular, this is uniformly bounded for z,y € V. Now, by definition of Jp (see equation

@)

_1
/ l[UA(y,n)<1]AP(x7y> |‘T _y|7770)0A(y777) m )
Clz—y|m<oa(yn)<Llz—y|™

equals
1
L lz—yl
ds
JP(x7y70)/ 1 1[|x—y\s<1]7-
C |z—y| s
Finally

/Lrln L ds /Lr}z|my| L dt
— 11— = t<1] 7~
il SRR

=In (L%> —1Iny (L%|$ — y|) —1In (C%)

so that, uniformly for any (z,y) € V x V and L > 0,
(271T)nJP(:L", y,0) {ln (L%) —Ing (L%]x - y|> —1In (C%)} +0(1).

Finally, by equation Jp(z,y,0) =Yp(z,y). O

IIL('%" y) =
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5.4 Proof of Lemmas [5.1] and 5.6l

In this section we prove Lemmas [5.1] and [5.6] used in the proof of Theorems [2.4] and [2.6]
These lemmas follow from the properties of the phase 1 and their proof does not rely on
any other results proved in this article.

Proof of Lemma [5.1 The first point follows by the third and fourth point in
Definition The last point is just a restatement of the first point in Definition 2.1} To
prove the second point first we fix a compact subset K C U as well as a multiindex o € N™.
Given ¢ € R” such that |£] > 1, set u = |¢] and n = |¢| '€, By the fifth point of Definition
the family (¢¢)i>1 = (¢719(, -, ¢-) is bounded in C*°. Hence, uniformly for z,y € K,
t > 1, and &, v and 7 as before,

O Vur(,y,m) = 00bur (Y, ¥, 1) + 005V (y,y,m) (x — y) + Oz — y|?).

Now, by the first point of Lemma Oput(y, v, n) = 0 and by the fourth point in
Definition O ut(y,y,n)(x — y) = (n,z — y). Multiplying the above expansion by u
and replacing u and n by their definitions, one obtains, uniformly in z,y € K, ¢t > 1 and
& € R™" with [¢| > 1,

0en(x,y,€) = (€, —y) + O(|lz — y[*¢]).

The proof of the third point of Lemma [5.1] is analogous to that of the second point, but
with 850‘ replaced by 0, or d,. We mention only that by combining the third and fourth

points of Definition one obtains that 0,y (z,y, f)‘ =-£ 0
-

Now we prove Lemma [5.6

Proof of Lemma Let us fix a compact subset K C U x U. Since dim(M) =1,
any such compact subset is contained in a finite union of closed rectangular subsets of
U x U. Thus, we assume K = I x I where I is a segment contained in U. By the
fourth point of Lemma there exists C' > 0 such that for each (x,y) € K and each
non-zero { € R, |8§20§¢(az,y,f)| < CJ¢|~t. Moreover, by the first statement of Lemma
Y(z,x,€) =0 and O,¢(x,x,§) = £ for any x € U and any £ € R. Therefore, for any
(z,y) € K, and any non-zero £ € R,

ool =| [ [ oBoRutw.y dudz]| < §o— 0)?lel
Y Y

This proves the first statement of the lemma. The proof of the second statement is anal-
ogous to the first. Now, since the symbol o4 of A is polyhomogeneous and dim(M) = 1
there exist ¢ > 0, o € C®°(U) a positive function as well as 7 € S™ 1(U x R) such
that oa(x,&) = o(x)™[¢|™ + 7(x,§) for [{] > ¢ and * € U. By construction of v
as explained in Lemma , there exists another symbol 7 € S°(U x R) such that if
o(z,§) = o(x)|¢] + 7(x,€) for |{]| > c and x € U, then

VEEeR\ [=¢,d), Yo,y € U, o(x, 0ut(x,y,6)) = o (y,§)-
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Since 7 € S, there exists a constant larger than max(c, 1) which we will also call ¢ such
that for any = € I and £ € R such that |£| > ¢,

1
Vel <ol €) < cle
1
p < Ogo(z,§) < c.
Let (07 1)(x,) be the inverse of o(x,-) : [¢, +00[— [o(x, c), +o0[. Let us fix zg € I. Then,
for any x € I,
utp(w,20,€) = (07 1) (2, 0 (20, 6))-
Differentiating this equation we obtain the following expression for d¢0,1.
Oc0t)(x,30,€) = De(0™ ) (2, 0(20,£)) 90 (20, §)-
Now, by definition of =1, we have, for x € I and ¢ € R such that £ > ¢ = maxyer o(y, c),

-1 1

007 (,8) = (00,07 (@,€))) = (0@) + dr(@,07 (@,€)))

where o(z) is bounded on I from above and below by positive constants and 9¢7(x, 0~ (, £))
is O(|o= (=, &)™) uniformly for x € I. Since o~ !(z, &) £—> +oo then
—+00

o(x) + 97 (z, 0~ (2,€)) — o(x)

so that 9¢(o(z)o~(x,€)) §—> 1 where both convergences are uniform for x € I. As a
—+00

consequence, uniformly for x € I we have o~ !(z,£) ~ o(x) "¢ as &€ — +oo. Therefore,

8x85¢($,$0,€) = 85(071)(1',a(xo,f))é)ga(xo,f) —

Since p is bounded from above and below by positive constants, there exists C > 0 such
that for any = € I and any £ € R such that £ > C|

C_l S axa§¢(3373307§) S C

Recall that, by the first point of Lemma Y(x,z,§) =0 for any x € U and any £ € R.
Thus, for any &€ > C,

|0 (2, 20,8)| = ‘/ D00 (y, mo,ﬁ)dy‘ € [C Yz — 2], Clz — 0]

where C' is independent of © € I and ¢ € I. The case where £ < 0 is symmetric. This
proves the third statement of the lemma. [
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6 Non-degeneracy conditions for o4

As announced in the introduction the admissibility assumption for the symbol implies the
decay of certain oscillatory integrals. To make this more precise, let us introduce the
following terminology. For any subset E C R* we endow CY(E), the space of continuous
functions on F, with the topology of uniform convergence on compact sets. For any open
subset F' € R* we endow C°(F) with the topology of uniform convergence of derivatives
on compact subsets.

Definition 6.1. Let € > 0, m > 0 and let U C R™ be an open subset. Let o € C°(U x
R™\ {0}) be homogeneous of degree m in the second variable. For each x € U, let Sk =

{£ e R"\{0} | o(,§) = 1}
1. Given a compact subset K C R™ x (R™\ {0}) let us call a deformation of the height
function for o over K any family of continuous functions
o i {(z,7,§) e K xR" | o(z,8) =1} = R
indezed by n € RP such that

e the function fo(x,7,£) = (1,€)

e the following two maps are continuous

RP — CY(K x R")
n— fn
RP x K — C*°(R")
(777 xz, T) = f'f](x7 T, )
2. We say that o has e-non-degenerate energy levels if, for any compact subset K of
R™ x (R™\ {0}) and any deformation of the height function (fy)y for o over K there

exist C > 0, V C RP a neighborhood of 0 and k € N depending only on K and o such
that for each (z,7) € K, each t > 0, eachn € V' and each u € C*°(R"),

)/ et @)y () dyv(€)] < Ollulort . (14)

Here || - ||ox denotes the CF norm.

3. We say that a homogeneous symbol on a manifold has non-degenerate energy levels
if it has this property when written in any local coordinate system.

Note that for the case of symbols on a manifold, since coordinate changes act linearly
on the fibers of T*M and since linear transformations do not affect the decay of the
above integrals, it is enough to check the criterion for one atlas. We prove the following
proposition, which may be of independent interest to some readers.
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Proposition 6.2. Homogeneous positive symbols of degree m > 0 on M admissible for
some integer ko > 2 have %-non-degenemte enerqgy levels.

In this section, we provide a proof of Propositions [6.2] and 2.7} For this we need three
lemmas which we state here and prove at the end of the section.

Lemma 6.3. Let m be a positive real number, U be an open set of RP, f € C*(U) be a
positive function, b € R and v € RP. Then, for all k > 2 and for all x € U,

Vhe{l.. k—1}, d" [f(x)—%(<m> +b)} 0o
a8 [£(@) 5 () +5)] = ({0} + D) ()

[Fla) s - mim =) M RED g, pyen].

m

Lemma 6.4. Let m be a positive real number and let f € C°(RP \ {0}) be an m-
homogeneous function. Then, for each x € RP\{0}, each hyperplane H C RP not containing
x and each ko > 2,

(m—=1)...(m—k+1)

_ m
VE € {2, ko), fla)hldbs = =

(def)®* (15)

1s equivalent to

m(m—1)...(m—k+1)
mk

Vke{2,... .k}, f(=)*tdif|, = (dof)®*|,;- (16)

The following lemma is a generalization of the classical stationary phase formula. There
are many generalizations of this formula (see for instance [I] as well as section 7.7 of [11]).
However, we were unable to find this particular result in the literature. Essentially, we
apply Malgrange’s preparation theorem to reduce the problem to the case of polynomial
phases which is dealt with in [IJ.

Lemma 6.5. Letp,q € N, g > 1. We denote by n the variables in RP and x the variables in
Re. Let (fy)nere be a family of smooth functions on R? whose derivatives depend smoothly
on the parameter n for uniform convergence on compact sets. Suppose that there exists
k > 1 such that dffo # 0. Then, there exist neighborhoods U of 0 € R and V of 0 € RY,
an integer | € N and a constant C > 0 such that we have the following estimate. For each
u € CXP(V), eachn €U and each a > 0,

‘/ @)y () da §C||u||cza_%. (17)
Ra

Here, if u € C*(R?), |lul|ci denotes 3, <, Supyera [0%u(z)].
We now prove the proposition using these three results.

Proof of Proposition [6.2 Let us fix some local coordinates around a point in
M. Recall that for any z € R", S¥ = {£ € R", o(z,§) = 1}. Fix a compact subset
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K C R" x (R™\ {0}) and let (f,)nere be a deformation of the height function of o4 over
K (see Definition . We wish to control the behavior of the following integral

/ eitf'r] (va)u(g)dzy(f)

where z € R", n € RP, ¢t > 0 and v € C®(R"). Let 29 € R" and § € S, . Let
(&1,...,&n—1) € R™ be such that the family (&o,&1,...,&,—1) is independent. For any
x € R”, let

By : RV Sr
n—1 . n—1
(@1 a1 o oo+ 30 6) 7 (G0 + 3 0i6; ).
j=1 j=1

The condition on the &; is open so there exist an open neighborhood D of 0 € R an
open neighborhood A x B of (zg,&p) such that for each (z,£) € A x B with o(z,{) = 1,
Bz : D — S defines local coordinates near . By partition of unity, we may restrict our
attention to the case where u € C*°(R") is supported in B. Notice that for any x € A, for
any ¢ = (q1,...,qn_1) € B;(B) and for any v € R",

n—1
fola,7,B:(0)) = oz, &0+ Y _ q;&)) ’i<§o, +Zq] &) )

=1

Let 0, (z,7,q) := fy(x, 7, B(q)). Then, n ~ 6, is continuous from R into C°(A x B x D)
for the topology of uniform convergence on compact sets. Moreover, (n,z,7) — 0,(z,7-)
is continuous from R? x A x B into C*°(D) for the topology of uniform convergence of
derivatives on compact subsets. Let f : R" x D — R be defined by f(z,q) = o(z,& +

> 0o quj) Then, Oy(z,7,q) = f(x,q)_% <<§0, T) 4+ Z] 1G5 <§j,7>). Changing variables
by B, in the integral, it is enough to prove that for each xg € R™ and 79 € R™ \ {0}, there
exists a constant C' > 0, an integer [ € N and a neighborhood V of (z¢, 79,0) € R" xR™ xRP
such that for any (x,7,17) € V, any u € C*°(D) and any t > 0,

z‘t@n(mﬂ—,q) d < C t_ki
s € u(q)dq| < Cllullcit *o.

By Lemma it suffices to show that for each z € A and each v € R™ \ 0, there exists
1 < k < kg such that d’;ﬁo(x,v, 0) # 0. Suppose that for each 1 < k < ko, d’;@o(aﬁ,v,O) =0.
Then, k£ = 1 implies, for each 1 < j <n —1, (§;,v) = %(ﬁo,wf(x,0)_18qu(x,0). In par-
ticular, (§y,v) # 0. Indeed, otherwise, for each j, ({;,v) = 0 and v = 0. Hence, by
Lemma [6.3] for each 2 < k < ko, dbf(x,0) = "Dkt D) g1 0)(d, f(x,0)) 2.

m

Since the chart ¢ acts linearly on the fibers of the cotangent bundle, this implies that
there exists (z,&) € T*¢ 1(A) such that for all 2 < k < ko, o(x, {)k_lf)ka(x,§) =

m(m=1)...(m— kH)( o(x,€))®* when restricted to the hyperplane H C Tg(T:M) = T:M

mF
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spanned by ((d2¢)*¢;)j=1,..n—1. But the w; are such that { ¢ H. Since o is m homoge-
neous, then, by Lemma, for each 2 < k < ko,

mm—1)...(m—k+1)
mk

o(z,&)F 1 0fo(x,€) = (Beor(x, €))%,

This contradicts our initial assumption (see equation (2))). O
We still need to prove the three lemmas.

Proof of Lemma First, for all z € RP,
o [£(2) 5 (G, 0) +6)] =~ f (@) 5 (G 0) + D) f + ()0

Therefore, d, {f(a:)fi(@,w + b)] = 0 implies that (-,v) = L((z,v) +b)f(z)"'d,f. We
will first prove that there exists a sequence of real numbers (aj)x>2 depending only on m
such that for all k > 2 and all z € U,

Vi<h<k-—1, d" [f(x)*%(@:,v) + b)} 0=
a8 [£@) 7 () + )] = — (o) + ) () * () f — andaf)®].

Afterwards, we will identify (ax) using a suitable choice for f. To prove the existencee
of the (ax), we will consider the successive dfvl f as elements of the commutative algebra
of symmetric multilinear forms on RP. By the Leibniz rule, for each k, there exist two
polynomials Ay, B, € R[Xj, ..., X;_1] such that

[ 1) () 1) = - @) F [ F@) ) + D) f
+ Ak’(f(l‘)a def,..., dl;_lf)(<x’v> + b) + Bk(f(x)7dva s ’d];;_lf)<'av>] :

Moreover, Ay, and By, are such that A(f(z),dsf,...,d" 1 f) and By(f(z),dsf,...,d""1f)
are k-linear forms. The observation made above shows that there exists Cy € R[ Xy, ..., Xx_1]

of degree k such that if we assume that d, [f(x)fi((:v, v) + b)] = 0 then

a8 [£(2) 5 (G, 0)+0)] =~ (o)1) f )k [ F@) - CuF (@), a7 )]

Moreover, Cy is such that Ci(f(z),dyf,...,d "1 f) is a k-linear form. Now, we work by
induction. For k = 2, C} must be a multiple of X?. Let k > 2 and suppose that the
lemma is true for all h < k — 1. If ((x,v) + b) = 0 we are done. Otherwise, for each
2 < h<k—1,df = mayf(z)'~"(d.f)®". Replacing each d’f by this expression in
Cu(f(x),dsf,...,d5"1f) results in a homogeneous polynomial of degree k in f(x) and d, f
such that each term is a k-linear form. But these constraints imply that it is a real multiple
of (d.f)%*.

Now that we have proved the existence of the sequence (ay) we choose f(z) = 2™ defined
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on 0,400, b =0 and v = 1 € R such that for any = €0, +o0], f(x)_i@;,v) = 1. This
function is constant so all of its derivatives vanish. Therefore, taking for instance x = 1,
for all k > 2,

k
mm—1)...(m—k+1) = [(:nm)k*%(xm)} d

m k k
r=1 _ak(% z:l(:v )> = Gk

g

Proof of Lemma Equation implies by restriction to H. Let us
assume (|16 and prove the converse. Since z ¢ H, Rx @ H generate RP. By multilin-
earity, it is enough to prove when the k forms are evaluated on families of the form
(x,...,x,y1,...,yn) where y1,...,y, € H and h € {1,...,k}. Now, since f is homoge-

neous, by Euler’s equation, for any h < k, and for any y1,...,yn € H,
dﬁf(xa"'vxayb'"ayh) = (m_h)(m_k+1)d2f(ylavyh)
1if k=h

and (de ) (2, .., 2,00, yn) = mE @) (e ) (g1 n)-
Applying to compare the right hand sides of each line we get equation . ([
In order to prove Lemma [6.5, we need the following multilinear algebra result.

Lemma 6.6. Let T be a symmetric k-linear form on R'. For each v € R!, let O(v) =
T(v,v,...,v). Then, for all vy,..., v € R,
k k
T(v1,...,v5) = 2k Z H 6,@( ejvj) .

ee{—1,1}k =1 J

—_

In particular, ® =0=T = 0.

Proof of Lemma Given any multiindex p = (p1,...,pr) € N¥ and any
v1,...v5 € RY we will denote by T[v}" ... v1*] the form T evaluated in the v;’s where the
Jth term appears p; times. This is well defined because T is symmetric. Then, for each
Vlyenn, Uk € R!,

k

k k L
Y [eo(Xew)=- ¥ [e X ( >T[<elv1>pl...<ekvk>m]

ee{—1,1}k i=1 j= ee{-1,1}ki=1  pi+-+pp=k PLy- - Pk

k k |
= Z <p17--.,pk>T[vzfl ,.,UZk] Z HEI;J—H'

—_

p1+-+pp=Fk ee{—1,1}kj=1
Given j € {1,...,j} and (p1,...,px) such that p; = 0, applying the bijection (eq, ..., €;) —
(€1,...,—€j,...,€;) shows that ZeE{—l,l}k j e?j—'—l = 0. Thus, the only remaining term
is the one corresponding to p; = --- = pr = 1. Therefore,
Z HGZ@(ZQUz) = QkT(Ul,.. . ,’Uk).
ee{—-1,1}¢ 1 i
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Proof of Lemma We start with the case where ¢ = 1. For each n € RP, we
denote by d’. f, € R the jth derivative of f,. Let k be the smallest positive integer such
that dffo # 0. Without loss of generality, we may assume that dffy > 0 and that for
all n € RY, f,(0) = 0. We now apply Theorem 7.5.13 of [I1], a variant of the Malgrange
preparation theorem, to the function x — f,(z). According to this theorem, there exist
smooth functions y, € C*(R) and by, ..., bx_o € C°(RP) such that

vie{l,....k—2}, b;(0

k
v € R, fy(o) = P b @) by () i > 2
Vn e RP, fy(z) =yy(x) if k=1.

Moreover, since the derivatives of f,, depend continuously on 7, the proof of Theorem 7.5.13
shows that (y,), can be chosen to have the same property. In particular there exists an
open neighborhood W of 0 in R?” and an € > 0 such that for n € W, z — y,(x) is a local
diffeomorphism from I =] —¢, [ onto its image. By imposing that u in equation must
be supported in I and changing variables in the integral through this diffeomorphism, we
reduce the problem to the case where f is a polynomial in the integration variable with
coefficients depending contiunously on 7. But this case is well known, see for instance
Theorems 7.5 and 7.7 of [I].

For the multidimensional case, let ¢ > 2 and let k be the smallest positive integer such

that dffo # 0. By Lemma m there exists v € R? such that C‘%‘tzofo(tv) # 0. Note
that v must be non-zero. By applying a linear isomorphism to R? we may, without loss of
generality, assume that 8§q fo(0) # 0. Set & = (x1,...,24—1) and consider U a bounded
open neighborhood of (0,0) € RP*9~1 and an open interval I C R containing 0, an integer
| € N and a constant C' > 0 given by the one-dimensional case. Let U be the projection
of U onto the first ¢ — 1 coordinates. Then, given u € C*°(R?) compactly supported in
Ux1I,a>0andneR?,

’/ eiaf”](f,fﬂq)u(j?xq)dg;’ S/
Ra Ra—1

< Vol(U) sup ‘ / ewf"(i’xq)u(:i,xq)dwq’.
R

zelU

/emf"(i’xq)u(ir,xq)d:cq’d:i
R

Now, setting 77 = (1, T) as a new parameter, f; = f,(Z,-) satisfies the hypotheses of Lemma
[6.5] so we may apply the one-dimensional case. There exists C' > 0, independent of u and
a as before, such that

- _1
< Csup ||u(Z, -)||ra"F
FeU
< Clluf|cra”*.
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We now finish off the section by proving Proposition . Recall that S}"(M) is the
space of smooth m-homogeneous symbols on M. We endow S}*(M) with the restriction
of the Whitney topology (see Definition 3.1 of [8]) on C*°(M). Moreover, we denote
by J* the jet bundles and by j* the jet maps as in Definition of 2.1 of [§]. Here we
introduce an auxiliary metric g on M and consider the cosphere bundle ¥ M = {(z,§) €
T*M | [[]lg = 1}. If we equip C°°(37 M) with the Whitney topology, the restriction map
p: SpH (M) — C=(E;M) is a homeomorphism. For each kg > 2, let Xy, be the set of

((x7€)7 f(x7§)7d(:r,£)f7 d%;,;é).ﬂ B dlgg,g)f) € JkO(E;M) such that f($7€) >0 and

mm—1)...(m—k+1)
mk

V2 <k < ko, f(z, )P OFf(2,6) = (O f (2, )=* € (T¢ (T M))=F.

This system of equations is clearly regular provided f(z,£)¥~! > 0, in which case X ko 1S @
submanifold of J kO(EZM) of codimension

§§<n+k—2>
. .
k=2

Here, ("+]]§_2) is the dimension of the space of symmetric homogeneous polynomials in
n — 1 variables of degree k. Note that dim(X;M) = 2n — 1 and

2x2-1<1+1+141(n=2k=05)
2x3-1<3+4(n=3k=3)
2x4-1<6+10(n=4,k=3)

Vn > 5, 2><n—1<<;‘>.

By Thom'’s transversality Theorem 4.9 of [§], if kg = 5 when n = 2, kg = 3 when n =
3 or 4 and kg = 2 when n > 5, then the set of functions f € C°°(XyM) such that

(%) fY(M) N Xiom) = 0 is a residual set for the Whitney topology. Moreover, if M
is compact, it is open. By Lemma for each ko > 2 and (z,§) € XM, a symbol
o € S} (M) satisfies

m—1)...(m—k+1)
mk

V2 <k < ko, o(x,8) 0o (x,8) = m (B¢ (z, €))%*

if and only if j%(p(c))(z,€) € Xj, and the proof is over. Here, the hyperplane H in
Lemma is Ty (S M) C T (TyM).

7 Appendix : Proof of Theorem

In this section, we prove Theorem by following the approach used in [I0] and in [6]. As
explained above, [6] contains all the essential arguments for Theorem despite the focus
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on the case where x = y. In this section we merely wish to confirm this by revisiting the
proof. We will use the notations of the introduction and make the additional assumption
that A is of order m = 1. The general case will easily follow, as will be explained at the
end.

7.1 Preliminaries

We call these functions symbols. Let M be a smooth manifold of positive dimension n > 0
endowed with a volume density duag. Let A be a pseudo-differential operator on M as
in section [2] of order m = 1. Let o4 be its principal symbol. The following lemma is a
summary of the results proved in section 4 of [10].

Lemma 7.1. Firstly, the spectral function of A defines a tempered distribution of the L
variable with values in C*°(M x M). In addition, for each set of local coordinates in which
du coincides with the Lebesque measure on R™, there is an open neighborhood U of 0 € R™
such that there exist € > 0, an admissible phase function » € C*°(U x U x R™), a symbol
o € SYU,R™), a function k € C®°(UxUx]—¢,¢[) and a symbol ¢ € S°(U x]—¢,e[xU,R"),
for which

1 . .
FilB) (z,)|(t) = @ /Rn q(x,t,y, €)'V @vO=W) e 4 k(z,y, ).

Here Fy, (resp. ') denotes the Fourier transform (resp. the derivative) with respect to the
variable L, in the sense of temperate distributions, and the integral is to be understood in
the sense of Fourier integral operators (see Theorem 2.4 of [10]). We have

1. The function v satisfies the equation
Ve,y €U, £ €R”, o(z, 0x9(2,y,8)) = o(y,§).

2. For eacht €] —¢, e[ and & € R™, the function q(-,t,-,£) has compact support in U x U
uniformly in (t,€) and q(x,0,y,&) — 1 is a symbol of order —1 as long as x,y belong
to some open neighborhood Uy of 0 in U.

1
m 0
3. 0—of €5°.

We will also need the following classical lemma. Here and below, S(R) will denote the
space of Schwartz functions.

Lemma 7.2. For each ¢ > 0 there is a function p € S(R) such that F(p) has compact
support contained in | —e,e[, p >0 and F(p)(0) = 1.

Proof. Choose f € S(R) whose Fourier transform has support in | — 5, 5[. Then it is
easy to see that p = f2 x f2 satisfies the required properties. [J

Before we proceed, let us fix U, 9, ¢, k and p as in Lemmas and as well as a
differential operator P on M x M of order d with principal symbol op. Let Ef, p = PEF,.
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In order to estimate this Ey,_p, we will first convolve it with p in order to estimate it using
Lemma Then, we will compare Er, p to its convolution with p which we denote -
somewhat liberally - by

p*EL7p:/p(A)ELA7Pd)\.
R

7.2 Estimating the convoluted kernel

In this section we provide the following expression for p x Er, p in the local coordinates
chosen in Lemma [7.1]

Lemma 7.3. There is an open set V. C U containing 0 such that, as L — oo and uniformly
for (z,y) e VxV,

p*Epp(z,y) =

1
W/( 5)<L0P($,y, ,y¢($ Y, E)) i (x ’yg)déf_{_O(Ln-‘rd 1)
aly

In order to do so we use the three lemmas stated below, whose proofs are given at the
end of the section. To begin with, we use the information of Lemma to give a first
expression for px Ep, p.

Lemma 7.4. The quantity

L

p* Epp(a,y) - / F [ Fo)P(ala. by, e ot Ot09) | (3)dgdx

—oo (2m)" JTrmt
is bounded uniformly for (x,y) € U x U.

Here and below F is the Fourier transform and the occasional subscript indicates the
variable on which the transform is taken. Let us now investigate the effect of the differential
operator P on the right hand side of this expression. By the Leibniz rule, there is a finite
family of symbols (0j)o<j<a € C®(Ux] — ,e[xU,R™")¥*! such that for each j, oj is
homogeneous of degree j, such that

d
Plq(x, t,y, &)W @ud)— to(yé»} — [Zgj(xjt,y75)]ei(w(x,y,§)ft0(y,£))
7=0

and such that

O-d(xvt7y’£) = Q(x,ta y,é)UP(CU, Y, 8x,y(7!)(33,%5) - tO’(y,é—)))

Now, for each j, let
Rj(x,y,L,&) = n+1/]~' to;(x,t,y,&)eladt

and

(2,9, L / Ri(,9, A — oy, €), €)™ @0 ded.
R"L
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Then,

5 d
/ (271T)n /n ]:t_l [f(p)P(q(%t’y’S)ei(w(zvyﬁ)fto(y,é)))]()\)d&p\ = ZSj(x,y, L).

§=0
Each S; will grow at an order corresponding to the degree of the associated symbol. This

is shown in the following lemma.

Lemma 7.5. There is an open set V- C U containing 0 such that, as L — co and uniformly
for (z,y) eV xV,

1

Sj (QS‘, Y, L) = (27T)n

/ oj(x,0,y,8)e " dg + O(L"H 1),
a(y,§)<L

Similarly since g(x,0,y,£) —1 € S™1(Uy x Uy, R™), from a computation analogous to
the proof of Lemma [7.5] and left to the reader, replacing o4 by

(¢(x,0,9,8) — Dop(@,y, Ouy((2,y,£) — to(y,£))) € S¥*

one can remove ¢ from the main term, which results in the following.

Lemma 7.6. There is an open set V. C U containing 0 such that, as L — co and uniformly
for (z,y) eV xV,

1
2r)"

Sa(w,y, L) = / o op(2,y, Ouy (U, y, €) — to(y, €)@ de + O(L" 7).
o\Y,8)>

The juxtaposition of these results yields Lemma
Proof of Lemma First of all,

s er@i)hos - g [ F[FEOP (st e e ) (1
(18)
= FUF () (OPK( )] (L), (19)

Since k € C°(U x Ux] —¢,¢[) and F(p) is supported in | — ¢, ],
FiH F (o) () Ph(z,t,y)] (L) € S(R).

Therefore,

L

e Busta) |

G / Fi [f (p)P(q(x,t,y,5)6“1”("”’9’5)*”(%5)))} (\)dédA

is bounded. O
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Proof of Lemma In this proof, all generic constants will be implicitly uniform
with respect to (z,y) € V x V. Let us fix y € V and define the following three domains of
integration.

Er={(\& eRXR" | A< L, o(y,&) < L}

By ={(MEOERXR"| AL, o(y,€) > L}
Bs={(\&ERXR" | A> L, o(y,£) < L}.

Moreover, for | = 1,2,3, let I = [ Rj(x,y, A~ a(y, &), €)e@vdedN. We will prove that

Iy and I3 are O(L™"771). The followmg calculatlon Will then yield the desired identity.
Here we use Fubini’s theorem and the fact that F(p fR A)dA = 1.

Si(z,y, L) =TI + o = [} + I; + O(L"H 1)

:/( §)<L |:/RRj(xyyysag)dS}eiT/}(I,y:E)df+O(Ln+j_l>
Y

1 / . -

= a;(2,0,y,€)eV=v8dg + oL,
@m)" Joweos<s

First of all, R; is rapidly decreasing in the third variable and, since o is elliptic of degree

1, bounded by o(y, £)7 with respect to the last variable, £. Therefore, for each N > 0 there

is a constant C' > 0 such that

Col(y,&)

|Rj(w,y, A, 6)| < ELk

Since o is elliptic of order 1, the hypersurface L={o(y, &) = L} C R" converges smoothly
for L — oo uniformly in y to Sy, = {0a(y,{) = 1} and the volume of {o(x,{) = 8} C R"
is O(B"~1). Taking N = 2n + j + 1, we deduce that

( ) 400 5n+j—1
”2'<C/ /ygm A+ —oly, 5>|>2n+ﬂ+1d5‘“<c/ / @+ gt P

+oo  pL—p l@n—l—g 1 ﬁn—i—] 1
< -
sof [ armmmar s [ o g

+<>o n+j—1 .
c/ 7 Oy < ormti,
2n+]

Here we applied first the change of variables s = A\ — § and then v = § — L. The case of
I3 is analogous and by a similar calculation we deduce that I is well defined. [J

7.3 Comparison of the kernel and its convolution

In this section we set about proving that Fy, p is close enough to its convolution with p.
This is encapsulated in the following lemma.
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Lemma 7.7. There is an open set V. C U containing 0 such that, as L — co and uniformly
for (z,y) eV xV,
p* Epp(z,y) — Epp(x,y) = O(L"H1).

As before, the proofs are relegated to the end of the section. In order to prove Lemma
[7.7 we first estimate the growth of the R; as follows.

Lemma 7.8. There is an open set V C U containing 0 such that, as L — oo and uniformly
for (x,y) eV xV,

Ri(z,y, L — a(y,£),£)e?@v8de = O(Li-1).
R

This lemma follows from a computation analogous to the bound on I and I3 given in
the proof of Lemma above and the details are left to the reader. It allows us to prove
a second intermediate result from which we obtain Lemma directly.

te h € is an open set [/ C l/ Containing () Su(fh th t; as > OO and unif(n mly
f()?” (Z]}',y) 6 V X V’ a l

Proof of Lemma We begin with the case where x = y and P is of the form
P, ® P;. For brevity we define

u(L) Eprx Z lplekr
A <L

Recall p > 0 so it stays greater than some constant a > 0 on the interval [—1,0]. Moreover
u is increasing so by equation and Lemma

0 < u(L+1)—u(L) = /LLH W (N)dA < i/fl (L — M/ (A)dA

S% (pu) Z By L —a(y,)dé + O(L™ 1) = O(L™H 1),

Now if P is of the form Py ® P>, and for any x and y, let X = (Pieg)r<r,<r+1 and Y =
(Paer)L<r,<L+1 be two vectors in some C? which we equip with the standard hermitian
product “x”. Then, Er1 p(z,y) — Erp(z,y) = X Y so

|Ery1.p(2,y) — Epp(x,y)* < | XY

= |EL+1,P1®P1 (CE, y) - EL,P1®P1 (l" y)| |EL+1,P2®P2 (l" y) - EL7P2®P2 ("E, y)’

1
— (EL+17P1®P1 (z,7) — EL piop (2,7) + Erv1,pop (YY) — ELpop (Y, y))

<
4
X (EL+1,P2®P2 (z,2) — Ep pyop, (7, %) + Ept1,p0r, (Y, Y) — EL Por, (v, y))

< CL2n+2d72
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Here we used first the Cauchy-Schwarz inequality, then the mean value inequality, then on
each factor,
2| Prex () Prex(y)| < |Preg(a)|* + | Prex(y)[”

and finally the above estimate. In general P is a locally finite sum of operators of the form
PPy O

Proof of Lemma [7.7]  First of all, according to Lemma there is a constant C
such that for all L > 0 and A,

|Erap(@,y) = Brp(z,y)| < C(L+ A+ L) 711+ |A]).
Consequently

(p* Epp(v,y) — Epp(z,y)| < | /P()\)ELH,P(% y)d\ — Er, p(x,y)|
</ ‘EL—MP(J; y) — Erp(r,y ‘d)\

< c/ Y1+ A+ L)1 (14 [A)dA

for some C' > 0. Here we used that p > 0, p is rapidly decreasing and fR p(N)dA =
F(p)(0)=1.0

7.4 Conclusion

Combining Lemmas [7.3] and [7.7] we obtain the following:

Erp(z,y) = (271r)” /o(y&) op(z,y, 0y (x,y,§)) l¢$yf)d£+O(Ln+d b,

1
Since 0 — o' € SY, replacing one by the other adds only a O(L"+=1) term. Therefore,

1
n/ GP($7y7 gyw(l' y g)) “pxyg)dé‘_i_O(Ln-Fd 1)
(2m) oa(y,§)<L

EL,P(£7 y) =
This estimate is valid and uniform for z,y € V.

So far we have worked under the assumption that A is of order 1. For the general case,
that is, A of order m > 0, just apply the previous result to Aw which is also an elliptic
positive self-adjoint pseudo-differential operator (see [21]), with the same eigenfunctions as
A and whose corresponding eigenvalues are just those of A to the power % Moreover, if

0 4 is the principal symbol of P, then (O'A)% is equal to the principal symbol of P . Here
we use that A is polyhomogeneous. In that case,

1
PLr(e.9) = o / P Ba (e ) O

This concludes the proof of Theorem [2.2]

n+d 1

).
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