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Abstract

We show uniqueness for overdetermined elliptic problems defined on topological disks €
with C? boundary, i.e., positive solutions u to Au+ f(u) = 0 in Q C (M?,g) so that u = 0
and g—% = cte along dQ, 1) the unit outward normal along dQ under the assumption of the
existence of a candidate family. To do so, we adapt the Galvez-Mira generalized Hopf-type
Theorem [19] to the realm of overdetermined elliptic problem.

When (M?,g) is the standard sphere S? and f is a C! function so that f(x) > 0 and f(x) >
xf’(x) for any x € R* , we construct such candidate family considering rotationally symmetric
solutions. This proves the Berestycki-Caffarelli-Nirenberg conjecture in S? for this choice of
f- More precisely, this shows that if u is a positive solution to Au+ f(u) = 0 on a topological
disk Q C S? with C? boundary so that u = 0 and g—% = cte along dQ, then Q must be a geodesic
disk and u is rotationally symmetric. In particular, this gives a positive answer to the Schiffer
conjecture D (cf. [33, 35]) for the first Dirichlet eigenvalue and classifies simply-connected
harmonic domains (cf. [28], also called Serrin Problem) in S.

MSC 2010: 35Nxx; 53Cxx.
Key Words: Overdetermined Problems; Maximum principle; Neumann conditions; Index Theo-
rem.

1 Introduction

Overdetermined elliptic problems (OEP), i.e., finding a solution to an elliptic partial derivative
equation constrained to both Dirichlet and Neumann conditions, appear frequently in physical
models and free boundary problems.
Let Q be an open connected domain of a complete connected Riemannian manifold (M, g) and

consider the OEP given by

Au+ f(u)=0 inQ,

u>0 in Q,

u=20 on dQ,

(Vu,m)g=0a  ondQ,

(1.1)

1
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where 7 is the unit outward normal vector along dQ, o a negative constant and f : R — R is a
continuous function. A domain  C M that supports a solution to (1.1) is called an f—extremal
domain. If Q C R" (endowed with the standard Euclidean metric) is bounded and f = 1, Serrin [34]
proved that the ball is the only domain where the above problem admits a solution u € C?(€2). This
was generalized later to any Lipschitz function f by Pucci and Serrin [27]. Serrin’s proof uses the
moving plane method introduced by Alexandrov in [6] in order to prove that round spheres are the
only constant mean curvature embedded hypersurfaces in R”. Right after, Weinberger [38] gave a
short proof of the very same result.

In 1997, W. Reichel [29] extended Pucci-Serrin result for exterior domains, that is, connected
smooth domains Q C R” such that R” \ Q is bounded, under the additional hypothesis that f is
non-increasing and the solution u goes uniformly to a constant at infinity.

In the same year , Berestycki, Caffarelli and Nirenberg [7] considered the problem (1.1) when
Q C R”" is an unbounded domain and also its complement, such problem appears naturally in
the regularity of free boundary solutions at a boundary point. Under certain additional condi-
tions they proved that the only f—extremal domain whose boundary is an epigraph over a hyper-
plane is a half-space. So, combining the results of Pucci-Serrin, Reichel and Berestycki-Caftarelli-
Nirenberg, they formulated the following:

BCN conjecture: If f is Lipschitz, Q C R" is a smooth (in fact, Lipschitz) connected
domain with R" \ Q connected where the OEP (1.1) admits a bounded solution, then
Q is either a ball, a half-space, a cylinder B¥ x R"* (B¥ is a ball of R") or the
complement of one of them.

P. Sicbaldi [36] gave a counterexample of the BCN conjecture when n > 3. Nevertheless, the
BCN conjecture motivated interesting works as, for example, those of Farina and collaborators
([15, 16, 17, 18] and references therein). Recently, important contributions have been made in
dimension n = 2. First, Ros-Sicbaldi [30] exploited the analogy between OEPs and constant mean
curvature surfaces (in short, CMC surfaces) which allowed them to prove the BCN conjecture in
dimension 2 under some extra hypothesis. Second, Ros-Ruiz-Sicbaldi [31] proved that the BCN
conjecture is true in dimension 2 for unbounded domains whose complement is unbounded, such
domain must be a half-space. Also, Ros-Ruiz-Sicbaldi [32] constructed exteriors domains different
from the exterior of a geodesic ball in R? for particular choices of the Lipschitz function f, this
gives a counterexample to the BCN conjecture in R? in all its generality. Hence, combining the
works of Pucci-Serrin, Reichel and Ros-Ruiz-Sicbaldi we have

Theorem [27, 29, 31]. Let f be a non-increasing Lipschitz function and Q C R? a
C%% connected domain whose complement is connected. Assume that the OEP (1.1)
admits a bounded solution u that goes uniformly to a constant at infinity, then d has
constant curvature.

Observe that dQ has constant curvature if, and only if, Q is either a ball, the exterior of a ball or
a half-space. Recall that the hypothesis that f is non-increasing and u — C uniformly at infinity are
only needed in Reichel’s Theorem. About the regularity of dQ, Pucci-Serrin and Reichel assumed
C*>% and Ros-Ruiz-Sicbaldi only Lipschitz. The above result is the best one can expect in this
situation since the BCN conjecture is not true for any Lipschitz function f (cf. [32]). In other
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words, we must assume additional conditions on f and/or u (see [3, 37] for related conditions on
f and more general operators).

Regarding other Space Forms, combining the works of Molzon [25], Espinar-Mao [14] and
Espinar-Farina-Mazet [12], we can prove the BCN conjecture for domains in the Hyperbolic space
H? under similar hypothesis than the Euclidean case, specifically:

Theorem [12, 14, 25]. Let f be a non-increasing Lipschitz function and Q C H? a
C%% connected domain whose complement is connected. Assume that the OEP (1.1)
admits a bounded solution u that goes uniformly to a constant at infinity, then d has
constant curvature.

Note that dQ has constant curvature in H? if, and only if, Q is either a geodesic disk, a horodisk,
a half-space determined by a complete geodesic or equidistant curve, or the complement of one of
them. It would be interesting to construct a counterexample for exterior domains in H? in the spirit
of [32].

In the two dimensional sphere, the BCN conjecture reads as

BCN conjecture in S2: If f is Lipschitz, Q C S? is a topological disk with C* boundary
where the OEP (1.1) admits a solution, then € is a geodesic ball.

Let us point out a couple of remarks. If we assume that Q C S? is connected and its complement
also is connected then Q is simply connected, in other words, € is a topological disk.

The previous mentioned works in R? and H? rely heavily in some variant of the Alexandrov
moving plane method introduced by Serrin in the context of OEP. We could also use this technique
for domains Q C S? to prove the BCN conjecture in S? as far as  is contained in some hemisphere
of S? (see the analogy with embedded CMC surfaces in S).

Another capital result on CMC surfaces in R? is Hopf’s Theorem that states that the only
compact immersed CMC surface of genus zero (a topological sphere) in R? is a round sphere.
H. Hopf gave two proofs of this result, one of them, the most interesting for us, is based on
the fact that for any CMC surface either the surface is totally umbilic or there exists a line field
with isolated singularities of negative index. So, the Poincaré-Hopf index theorem eliminates the
second possibility in a topological sphere, thus the CMC surface must be a round sphere. Later,
J. Nistche [26] extended Hopf’s Theorem to compact immersed disks of constant mean curvature
in R? assuming that the boundary is a line of curvature, that is, it must be totally umbilic. If it
were not totally umbilic, in the interior of the disk, he can define the same line field as Hopf and
the condition on the boundary implies that the line field can be extended continuously across the
boundary after symmetrization of the domain, hence, Nistche ended up with a line field in a sphere
with isolated singularities of negative index, which is impossible. Such technique depends heavily
on the dimension but it has been widely used in different geometric situations in order to classify
topological spheres (and compact disks under assumptions on the boundary) without assuming
embeddedness, a crucial hypothesis in the Alexandrov moving plane method (cf. [1, 2, 4, 5, 10,
13, 20, 23] and references therein).

In a recent paper, J.A. Galvez and P. Mira [19] proved an extremely general version of Hopf’s
Theorem. Such version contains all the previous results mentioned here among others, new ones
and also applications to other problems as the Alexandrov conjecture on the uniqueness of im-
mersed spheres with prescribed curvature in R3. So, as Serrin did with the Alexandrov moving
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plane method, the main point of this paper is to adapt the Galvez-Mira method to OEP, this can be
seen as a Nistche type result for OEP.

More precisely, the idea is to associate to each solution of the OEP (1.1) a traceless symmetric
bilinear form. This bilinear form is defined in the support of the solution and it either vanishes
identically or has isolated zeroes. In the case it has isolated zeroes, a traceless symmetric bilinear
form defines a Lorentzian metric away from its zeroes and, it is well-known, induces two line
fields with singularities at the zeroes. First, we show that the singularities of the line fields are of
negative order and second, the boundary is a "line of curvature” of this Lorentzian metric. This
impose restrictions on the geometry of the support of the solution.

Actually, in order to define such a bilinear form, we need to assume the existence of certain
solutions to (1.1): the family of candidate solutions. In the case of S, we prove that such families
of candidate solutions exist if f satisfies some hypothesis and then the BCN conjecture follows for
these particular f.

The paper is organized as follows. In Section 2, we define what is a candidate family of
solutions. Constructions of some of them on S? are given in Section 3. In Section 4, we state and
prove the main theorem concerning the existence of our traceless bilinear form. Then we apply it
to the proof of the BCN conjecture.

Just after writing our paper, we learned that P. Mira [24] has also proved a result concerning
to fully non-linear overdetermined elliptic problems in topological disks in R?. Nevertheless, the
main result (cf. [24, Theorem 2.4]) does not apply in our situation since the functional F[u] = 0 is
not allow to depend on the base point (x,y) € Q.

2 Family of candidate solutions

First, we need to define what is a smooth family of functions parametrized by some manifold N.
So let N and M be two manifolds; N may have some boundary and M is endowed with some
Riemannian metric g whose Levi-Civita connection is denoted by V (we will use the notation
(g('7 ) = <'7 >)

A domain in M is just a connected open subset of M with a C> boundary. For any p € N, we
choose a domain €, in M in a continuous way. (£,),en is continuous if, for any pg € N, any
closed subset F' of 2, and any open subset U with ﬁpo CU,wehave F C Q, CU for any p close
to po. Let us then denote

A={(p,g9) ENxM|qeQ,}

Definition 2.1. With the above notations, a smooth family of C* functions on (Rp) pen is a map
V 1A = R such that

e the functionv,: Q, —R; g~ V(p,q) is C°,

e there is an open neighborhood B of A in N X M such that V can be extended to B and the
map
B - RxTM®S*M

P pa) o 0p(@).(@.9vp(0). VPry(9))

is a C' map on A.

Here S*M denotes the bundle of symmetric 2-forms on M and V? is the hessian operator.
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Let us remark that in the following we will say that (vp)pen is a smooth family of functions.
Moreover if (Q;,) pen 1s a continuous family of domains in M such that Q, C Q;, and N has no

boundary, then A’ = {(p,q) e NxM|q € ﬁ;} is a neighborhood of A.
Let us now fix a Lipschitz function f and a connected Riemannian surface (M,g) . Let us
define N = (TM x R4 )\ {(¢,0,0) e TM xR; g € M}.

Definition 2.2. We say that the OEP

Au+f(u)=0 inQCM,
u>0 in Q,
u=0 on dQ,
(Vu,i)=o  ondQ,

(2.2)

admits a family of candidate solutions, €, if there is a smooth family of C? functions (Vgw.a) (gwa)en
where Qg \, o C M has C? boundary and v, 4 solves

Avgwa+ f(Vgwa) =0 inQqas
Vgwa >0 inQywa,
Vgwa =0 on 0Qy v.a,
(VWgwa, ) =cte <0 on dQy,uq,

such that
(a) q € Qqa
(b) vgwa(q) =a,
(c) Vvgwa(q) =w,

(d) if (go,wo,a0) € N and denote Qo = Qg a0 and Vo = Vgg,wo.a then, for any q € Qo, we
have

Q4. vvo(g).v0(g) = L0 and vq vy (q),vo(q) = V0

Let us remark that item (b) implies that g € ,,,,ifa>0and g € 8Qq7w7a ifa=0. Item (d) is
a uniqueness property of the family of candidate solution. Actually, the same solution appears to
be parametrized by several (¢, w,a) € N.

In the family of candidate solutions %, are included all solutions with negative constant Neu-
mann boundary values, not only those with fixed Neumann boundary values . Such subset of &,
those with Neumann boundary values @, is denoted by 6, C €. In the proof of our main theorem,
we will see that only a part of ¢ will be used.

3 Two examples

A priori, constructing a family of candidate solutions is not easy to do. When we consider a suffi-
ciently symmetric space, say for example R", the Alexandrov moving plane method introduced by
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Serrin tells us that if Q is a bounded domain which admit a solution to the OEP (2.2) then Q has
to be a ball and u is rotationally symmetric. This suggest that at least in R?, S? and H?, candidate
solutions can be constructed by considering rotationally symmetric solutions to (2.2).

Actually, in this section, we construct two examples of families of candidate solutions in S?.
The work can also be done in R? and H? but only S? is interesting with respect to our main theorem
(see Corollary 4.2).

3.1 Example 1
Let A € R, we consider f(¢) = At and the following OEP in Q C S?

Au+Au=0 in Q,
u>0 in Q,
u=20 on dQ,
(Vu,m) =0 <0 ondQ.

(OEP))

First we remark that the existence of a solution implies A > 0 by the maximum principle. So
we focus on that case. The main result of this section is

Proposition 3.1. For any A > 0, (OEP,) admits a family of candidate solutions.

The end of the Subsection 3.1 is devoted to the proof of the above proposition.

Let A be positive, then there is R) € (0, 7) such that the first eigenvalue of —A on a geodesic
disk of radius Rj in S? is A (see Theorem I1.5.6 in [9]). So if p € S? and D, is the geodesic disk in
S? of center p and radius R, we have a solution u p 1o

Au+Au=0 inD,,
u=0 on dD,,
u(p) = 1.

Actually, u), is invariant by rotation around p so (Vu,,1j) = o, on dD,: u, is a C* solution to
(OEP,). We notice that R is decreasing in A from 7 to 0.

If pis in S? and ¢ is a point at distance p from p (with p < ), the function up is just a function
U of p. Moreover U solves the ODE

U" + (cotp)U' +AU = 0. (3.3)

We remark that U”(0) = —
ur(p) =upoL ™.

The family (fup);cg: pes is then a smooth family of functions, each of them is a solution to
(OEP,). But it is not a family of candidate solutions as in the definition since we do not have the
right parametrization. The rest of the section is devoted to prove we can reparametrize the family.

So let us consider € > 0 such that R = Rj + € < 7. € will be fixed by Lemma 3.2 below. First,
the definition of u, extends to the geodesic disk A, of center p and radius R by solving (3.3) up to
R. The choice of € is given by the following lemma.

o>

. Let us notice that if L is an isometry of S?, Dy = L(D,) and
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Lemma 3.2. There is € > 0 such that U"U — U"? does not vanish on (0,R).

The proof will be given later. The parameter € is now fixed. Actually one has U”"U —U"> < 0in
(0, R) (this is the log-concavity of U on (0,R;)) and even in (—R, R) (by defining U(—p) = U(p)).
The consequence of this is that U’ < 0 on (0,R). It also implies that the curve

pe(=RR)— (U(p),U'(p)) € R\ {(0,0)}

can be described as a polar curve A(p)(cosB(p),sinB(p)) with B(—R) = B € (n/2, ). The last
claim follows since U(R;) =0and U’ < 0in (0,R).

Let S be the angular sector {(x,y) € R?| x > v/x2 +y2cos B} and consider the map

F: RY{X(—R,R) — S
(,p) = (tU(p),tU'(p))’

The map F is C! and the above discussion about the curve p + (U(p),U’(p)) implies that F is a
bijection. Let us denote F~1(x,y) = (T (x,y),R(x,y)) and define

N ={((g,w),a) € TS* xR| (a,|w]|) € S}.

Since Vu, ,(q) =1U’(p)dp, the distance p can be computed as p = R(u; p(q), —| Vi p|(g)) and
the parameter 7 is T'(u; ,(q), —|Vus p|(¢)). Let us now define

Ra.—Iwl) |

G:(q,w,a) €N — exp,( Y

Then a right parametrization of the family of candidate solutions is given on N by
Vgwa=T(a,— ’WD”G(%w,a)'

So, if we prove that T and G are C I we obtain a true family of candidate solutions. This smooth-
ness is a consequence of the following lemma.

Lemma 3.3. F is a C' diffeomorphism from R* x (—R,R) onto S.

Proof. We just have to check that this reciprocal map is smooth. Let us compute the differential of
F. We have

OF(t,p)=(U(p),U'(p)) and dpF(t,p)=(tU'(p),tU"(p)).

So the differential DF of F has not rank 2 if and only if (U"U —U"?)(p) = 0 for some p. By
Lemma 3.2, this never occurs on (0, R) for our choice of €.

We have then proved that DF is invertible on R* x (—R,R). This implies that F ~! is smooth
and finishes the proof. 0

The above lemma implies that the maps 7(q,w,a) = T(a,—|w|) and p(gq,w,a) = G(q,w,a) are
C! when w # 0. Concerning the behaviour near w = 0, we use that, near y = 0, it holds

2 JOR 2
T(xay):x+0(y>7 R(x7y):_ﬂy+0(y) and a_y(xay):_ﬂ_{—o(l)
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Hence, near w = 0, T'(a, —|w|) = a+ O(|w|?) and T'(a,—|w|) is C! at w = 0. Clearly Rla.—pwl) ), —

[l
o(1) so it is continuous at w = 0. We also have

Du(HE ) ) =~ 52 D  w-+ Rla = (o )
= S (e = Wl -+ ol i+ o)
_ %h+\h|o(l).
So (a,w) — Rla.—wl)\, is €1 at w = 0 (the differential with respect to a is easier to deal with).

wl ~
Finally ¢ and p are C! with respect to (g, w,a) € N and this finishes the proof of Proposition 3.1.
Let us now give the proof of Lemma 3.2.

Proof of Lemma 3.2. Tt is enough to prove that U"U —U’? # 0 in (0, R;) since (U"U —U")(0) =
—ﬁ and (U"U —U")(R;) = —a3. Let us consider p € (0,Ry).
Let p = (0,0,1) € S* C R3, Y = (1,0,0) € T,S? and Y the Killing vectorfield

Y(q)=—(q.Y)p+(p.q)Y € T,S".

We consider the polar parametrization of S? given by G(p, 0) = (sinpcos 8,sinpsin@,cosp).
So writing ¢ = G(p, 6), we get

0 1

?(q):—sinpcos@ 0] +cosp |0
1 0

cospcos —sinpsin 6
Using % = cosp.sinﬂ and 8‘9—9 = sinpocos 0 |, we get
—sinp
~ d . d .
Y:COSQ%—COtpSIDQ% if p #0. (3.4)

Let g be the point with polar coordinates p = p and 6 = 0. Let v be the function defined by

V= (Y(a), Vuy(@)) u, — (Y, Vu,) in D,

”p(@

On the one hand, since ¥ (p,—8) = ¥(p,0) by (3.4), v is invariant by the map 6 — —6. On
the other hand, since Y is Killing, we have Av+ Av = 0. Moreover, observe that v(g) = 0.

At g, (Y(g), Vu,(§)) =U'(p). So, along the boundary of the disk D of center p and radius p,
we have v(p,0) = (1 —cos0)U’(p) and v has the sign of U’(p) on dD. If v change sign inside
D, there is then a domain Q C D such that v has constant sign in Q and vanishes on dQ. Since
Av+ Av =0, A is then the first eigenvalue of —A in Q. This is impossible since A is the first

eigenvalue of —Ain D, 3 Q.
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Since v(g) = 0, the boundary maximum principle implies v = 0 in D or %v((j) # 0. The first
case would imply 0 = v(p) = U1p) g U'(p) =0and then 0 =v = —cosOU’'(p), i.e. U'(p) =0,

U(p)
for any p € [0,p] which is impossible. Therefore, we have 0 # %v(cj) = L{]Z(g))) —U"(p), that is,
(U"U —U")(p) # 0 and the proof is finished. O

3.2 Example 2

In this subsection, we are going to generalize the preceding case. As above, we are looking for
rotationally symmetric solutions to (2.2). So the problem reduces to the study of the ODE

U" + (cotp)U'+ f(U) = 0. (3.5)

We will assume that f has some particular property (see hypothesis (H) and Proposition 3.11
below) but let us begin by a general study.

3.2.1 Solutions to (3.5)

We are interested in understanding even solutions to the ODE (3.5) in (—7,7) when the value
U(0) is prescribed. Let us notice that a function U is called a solution to (3.5) if U is C? and solves
(3.5)on (—m,m)\ {0}.
For 0 < € < 7, we denote C(¢) the space of even C* functions on [—¢, €] endowed with the
C* norm | - ||x.¢- We denote C2(€) = C,(¢) and |- |lo.e = || - ||e. For g € C.(€), we consider first the
ODE:
U" + (cotp)U'+g=0 (3.6)

with U(0) = 0. This equation is equivalent to ((sinp)U’)" + (sinp)g = 0 so the solution must be
A(g) defined by

— [ S [5 (sinx)g(x)dxds if p #0
Ag)(p) =
0 ifp=0
Lemma 3.4. The map A has the following properties.
(i) A:C.(€) — C2(¢) is linear and continuous.
(ii) A(g) solves U" + (cotp)U'+g=0on [—¢,€].
(iii) Ifg € Cl(¢), then A(g) € C)(e).

Proof. Let us notice that A(g) is clearly C? on [—¢, €] \ {0}. Moreover we have

p| s
M@ < [ < [ Ginolglpaxds

(3.7)

Pl sin 5 Ip|
<lgllp) ) qgqsds < 2lincos lglpr

This proves that A(g) is continuous at 0 and A is a continuous linear map with image in C,(¢€).
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We have

—1 /P
A= L [
(8)(0) = 5o | (sinog(ods
and hence
: el . P
A®)(P)) < o ) Sl < an gl

s0 A(g) is C' with A(g)’(0) = 0 and A is continuous with image in C! (¢).
e

We also have
cosp

)
/ (sinx)g(x)dx —g(p),

sin?p Jo

A(g)"(p) =

therefore A(g) solves (3.6). Besides it holds

cosp cosp [lpl
A(g)"(p)+ (1 - reos? g(0)| < sin?p Jo (sinx)|g — g(0)|jp1dx + llg —&(0)]l|p|
COS
< (1 5 aplle = Ol

thus A(g) is C? with A(g)"(0) = —3g(0) and A is continuous with image in C2(¢).
If g is C' we have

2cot?p

P /
sinp Jo (sinx)g(x)dx+cotpg(p) —g'(p),

A(g)"(p) =

| /p (sinx)g(x)dx —

sinp Jo

so, integrating by parts and using g’(0) = 0, we obtain

2cot2p 2cosp (1l —cotp)
< 11—
cotpg(p Snp / sinx)g < |cotp( sinp )g(0)
2cosp (1 —cot P
+|eotp(1— ”S(inp p))/o & (x)dx
2
ZCOt p/ (1 —cosx)g' (x)dx
sinp
lel
cos p sin 5
W(Ig( ) +plg 1)
N 2cot2p(p sinp) 1<l
sinp lpl-
This implies
,,, |p| ~ cospsin ‘% cospsin'ﬂz| 2cot’p(p —sinp) ,
[A(g) (P)|<(tan7+m)\|g\!p+<l+l3 20083% + sinp )Hg lio1>

then A(g) is C3 and A is continuous as a map from C!(¢) to C2(¢). Thus (i), (ii) and (iii) are
proved. [

Let us now construct a solution to (3.5).
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Lemma 3.5. Let us assume that f is C'. For anyt € R, there is a unique even solution U; to (3.5)
n (—m, 1) such that U;(0) = t. Moreover the solution is C in t.

Proof. Let us notice that the only problem is near 0. So if we solve the problem on (—¢, €), then
the solution extends to (—, ) without any problem.
If U is an even solution to (3.5), then ((sinp)U’)" + (sinp) f(U) = 0 and then

U(p) / sms/ sinx) f(U(x))dxds = A(foU)(p).

Let us then define, for (v,¢) € C.(€) x R, the function < (v,t) in [—€,€] by <7 (v,1) = A(f(t +
v)). Then U is a solution of (3.5) if U —U(0) = /(U —U(0),U(0)). Observe that o7 (v,t) is
continuous in [—¢€, €] and, by (3.7),

E
|l (v,1)]le < 2|In(cos )| ~ sup —[f].
o= Ivlle.t=+[1vle]

So o7 is a map from C,(€) X R to C,(€). Moreover for any 7y € R, there is € > 0 such that the
ball By C C,(€) of radius 1 and center O is stable by .<7(-,t) for any ¢ close to #y. By the above
description, solving (3.5) with initial data ¢ consists then in finding fixed points of <7 (-,¢).

Let us notice that the map .« is C! and

DAy o) (p) = = [ < [ 600 1 +3(0)) 3+ ),

this implies that
IDA eyl <2/n(cos )| sup |f]
[t=[vllet+IIvle]

So, there is € such that B; is stable by .27 (-,7) and .27 (-,¢) is a contraction on Bj. So, <7 (-,7) has a
unique fixed point v; in By. A priori, t +v; is just a weak solution to (3.5) (t 4 v; is just continuous).
But Lemma 3.4 tells that # +v, is C? and a true solution of (3.5). Thus ¢ +v; extends to (—7, ) as
a solution of (3.5) with initial value . Moreover, since any continuous function lies in By if € is
sufficiently small, the function 7 + v; is the unique solution to (3.5) in (—x, ) with initial value ¢.

In order to prove that v; depends in a C' way of ¢, we apply the Implicit Function Theorem
to the equation <7 (v;,t) —v, = 0. Let o € R and € > 0 such that Dv,gzﬁ (vig o) 1S a contraction on

Ce(€). Then D,/ (vig to) — id s invertible from C.(€) to C,(€) and the Implicit Function Theorem
applies. [

Let us remark that if f is C! then item (iii) in Lemma 3.4 implies that the solution constructed
by the above lemma is C>.

3.2.2 The study of the solutions U;

We recall that we will use the solutions U; to produce rotationally symmetric solutions to (2.2). If
u is a solution to (2.2), then, at the maximum point p, the maximum principle implies f(u(p)) > 0.
So, some positiveness assumption could be interesting on f. The second thing is that we want to be
sure that a solution U; vanishes somewhere in (0, 7) if # > 0. We then have the following lemma.
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Lemma 3.6. Assume that f is C' and positive on R* , then the solution U; given by Lemma 3.5
with positive initial value t vanishes at some r; € (0,7), we denote by r, the smallest positive zero
of U;. Moreover, if r; > m/2, Uy is concave on [T/2,ry].

Proof. If U; never vanishes in (0, ), then

Ui(p) = = [ sinbo)f (U ()dx <0,

sinp

which implies that U; is decreasing and positive, and hence, it has a limit. But, for p close to 7, it

holds
1

T
- i U, d
= S AU
which is not integrable, a contradiction. Therefore, r; is well defined.
To finish the proof, observe that if p € [7/2,r] then U/ (p) = —cotpU/(p) — f(U:(p)) <0, so
U; is concave, as desired. O]

Ut/(p) ~n

Remark 3.7. Let us point out that since U/ (r;) < 0, r, depends in a C' way of 1.

So let us assume that f > 0 on R . For any p € S? and ¢ > 0, we denote by D j, the disk of
center p and radius r;. In Dy j, the function U; define a radial function u, ;, which is a solution to
the OEP (2.2) in Dy j,. Our aim is to prove that using some extra hypotheses on f we can construct
a family of candidate solution from (i P)(t, p)ER? xS2+

As in the case of (OEP, ), we need to go further in the description of the solutions of (3.5). So
for the rest of this section, we fix some extra assumptions on f, the assumption is

fisaC' function so that f(x) >0 and f(x) > xf’(x) for any x € R.. (H)

Since the family of functions U; is C! in ¢, we define H, = %U,. Observe that H; is a solution
to
H/' + (cotp)H] + f'(Uy)H; =0, (3.8)

with H;(0) = 1. We use the notation A, p to denote the rotationally symmetric function in Dy ,
associated to H;.

Lemma 3.8. Let f be a function satisfying (H), then for any t, H; is positive in (—ry,r17).

Proof. Since H;(0) = 1, if the lemma were not true, there is p € (0,r,) such that H;(p) = 0 and
H;(p) >0 forp € (—p,p). Given p € S?, let Dj be the geodesic disk of center p and radius 5. The
function A , is positive in D and vanishes on dDp. u,,, is positive in D5 s0 0 < § = minp, }"ﬁ is
well defined. Then the function w = u; , — 8/, is non negative in D; , and vanishes at some point
inside it. By Hypothesis (H), we have

AW+f/(ut,p)W = f/(ul,p)”t,p — fusp) <O0.

By the maximum principle, w = 0 which is impossible since w > 0 on dDj;. [

From this lemma we see that U; is increasing in . We are now interested in the behavior when
t goes to oo,



J.M. Espinar, L. Mazet 13

Lemma 3.9. Let f be a function satisfying (H). Let t, be a sequence going to +oo and p,, € [0,y |
then ||(Uy, (0n), U] (Pn))|| = —+oo. Actually, either Uy, (p,) — oo or U] (pn) — —c°.

Proof. Let us assume the lemma is false. For ¢ > 0, we denote % (p) = U2(p) +U/*(p). So we
can find 7, — +o0 and p,, € [0,r;,] such that (%, (p,)). is bounded. Since r; is non decreasing, we
can define 7. = lim;_so. 77.

Since f satisfies (H), f(x) < f(1)x = Ax for x € [1,4e0) and there is @ > 0 such that f(x) <
a+ AxonRy. If p, > m/2, the concavity of U;, in [7/2, p,] implies that

0 < Uy, (7/2) < Uy (pw) + Uy, (p) (/2 pu) and U (pu) < Uy, (/2) < 0.

Since %, (pn) is bounded, this implies %, (7/2) is bounded and we can always assume that
pn < m/2. Using 0 < f(x) <a+Axon Ry, for 0 < p < min(ry,/2), we have

—(1+2cotp)% < %' =2U,U/ —2((cotp)U/ + fF(U))U; < 2a~/ U + A%,

thus, since %, (p,) stays bounded, (%, (p))» is bounded for any p € (0, min(re, 7/2)).

Let us now prove that U; (p) goes to o for p close to O which is a contradiction with the
boundedness of % .

There is dy € (0,7.) such that U»(p) > 1 for |p| < dp. From the monotonicity ¢ — Uy, we thus
have U;(p) > 1 for |p| <dpand r > 2. Let u > 0 be the first eigenvalue of —A in a geodesic disk of
S? of radius dy. Let fi > p such that a + Ax < fix if x > 1. Let d; < d, be the radius of a geodesic
disk in S? whose first eigenvalue is fi.

The first eigenfunction in a disk of radius d; is a rotationally symmetric function generated by
a profile curve W solving in [—d,d] the equation

W + (cotp)W' +aWw =0

with W(0) = 1. Let us prove that fort > 2, U; > tW on [—d,,d;]. Notice that U; > 1 on [—d},d,],
so U; > tW close to —d; and d;. Moreover, at p = 0, it holds

U;(0) =t =tW(0) and U/ (0) = —%f(t) > —%t =tW"(0).

So U; —tW vanishes at 0 and is positive near 0. If U; —tW > 0 were not true, there is dr €
(0,d1) such that Uy (d2) —tW(d>) = 0. Let & = sup|_, 4,1 U;/W. Since U; —tW is positive near 0,
0 >1t. We have U, — 0W < 0 on [—d>,d>], Uy (dr) — W (d,) < 0 and there is some d3 such that
Ui(d3) — 0W (d3) = 0. At that value d3 we obtain

0> (U —8W)"(d3) = —(cotd3)U/ (d3) — f(Uy)(d3) + (cotd3) W' (d3) + [i6W (d3)
> —(cotds)(U; — 6W)'(d3) — (U — 6W)(d5) > 0,

which gives us a contradiction and U, > tW on [—d,d] as claimed.
Using this last inequality, we obtain limU, (p) = oo for any p € (—d,d;). This contradicts
%, (p) stays bounded as n — co. The proof is finished. O

We need one more lemma concerning U; and H; which is similar to Lemma 3.2.

Lemma 3.10. Let f be a function satisfying (H). Ift > 0 then H,U —U/H] # 0 on [—r, 1]
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Proof. First we see that (H;U/' — U/H])(0) = U/'(0) = —1f(t) < 0. Consider p € (0,r]. If
H;(p) =0, then H/(p) # 0 since H; is a non vanishing solution of (3.8) and (H,U;" — U/H])(p) =
—(U/H])(p) # 0. So we can assume H;(p) # 0.

As in the proof of Lemma 3.2, let p = (0,0,1) € S?, ¥ = (1,0,0) € 7,S* and Y the Killing
vectorfield Y = —(g,Y)p — (p,q)Y. We also consider the polar coordinates (p, 8) around p and ¢
the point with polar coordinates p = p and 6 = 0. Let v be the function defined by

H@),Vup(@), s
V:< (Q)v Mt,p(q)>hl7p_<Y,Vut7p> il’le,

hi p(q)

such that v(g) = 0 (recall that ; ,(§) # O since H;(p) # 0). Since Y is Killing, we have Av +
f(ugp)v=0. ]
Using polar coordinates, we have v(p,6) = & EggHt(P) —cos OU;(p). Let Dj denote the disk

H;
of radius p and center p. Since U/(p) < 0, the maximum of v on dDj is reached at 6 = 0 and
v<0ondD;.

Let us prove v < 0 in D;. If this were not the case, we consider Q = {q € D | v(g) > 0}. Since

hip > 0in Dj, 0 < 6 = ming }% is well defined and satisfies A, , — 6v > 0 in Q and A , — 6v
vanishes at some point in Q. Since A, , — 6v solves Au+ f’(u;)u = 0, the maximum principle gives
hi p —8v=0in Q but ; , — v > 0 on dQ. We get our contradiction and v < 0 in Dj.

By the boundary maximum principle this implies either v =0 in Dj or %v((j) > 0. The first
Ul

H,gg # 0. The second case implies 0 < %v(cj) = IUJ,EBHZ@) —

U/’ (p) and the lemma is proved. O

case is impossible since v(p) =

3.2.3 The family of candidate solutions

Now we are interested in finding a good reparametrization of (u;, p)(n p)ER® xS2- More precisely we
are going to prove the main result of this section.

Proposition 3.11. Let us assume that f satisfies (H). Then (2.2) admits a family of candidate
solutions.

Let us consider
Rx(—m7m) — R?

RS RS AP RIAT))

Let us also define A = {(t,p) € R* x (—x,7)| —r, < p < r;} and A be the closure of A in R¥ x
(m, 7).

Lemma 3.12. The map F is a diffeomorphism from A to R*, x R.

Proof. First we notice that F(A) C R*. x R. We have

OF(t,p) = (Hi(p),H/(p)) and dpF(t,p) = (U;(p).U (p))-

So the differential DF of F has not rank 2 if and only if (H,U’ — H/U/)(p) = 0 for some p €
(—r¢,r:). By Lemma 3.10, this never occurs so F is a local diffeomorphism.
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Let us prove that F is proper. Let (,,p,), be a proper sequence in A. If t, — +oo, Lemma 3.9
tells that || F (t,, pn)|| — +oo. If £, — 0, by monotonicity, U;, (pn) < Uy, (0) =t, — 0 and F(t,,pn)
goes to d(R% x R). Ift, = a > 0 then p, — r4 and Uy, (pn) — U,(ra) = 0. Therefore, in any case,
F(ty,pn) goes to d(R% x R). Thus F is proper which implies that F : A — R*% x R is a covering
map. Since R’ x R is simply connected F is a diffeomorphism. [

We have F(t,r[) = (O,Ut/(r;)> and a,U,/(r,) = H;(r[) + U,”(r,)a,rt = Ht/(rt) — II}I;E:;%U;/(rt) <0

by Lemma 3.10. This implies that F extend to a bijective map on A, notice that F(t,—r,) =
(0,—U/(ry)). Actually we have much more.

Lemma 3.13. There is an open neighborhood A of Ain R* x (=7, ) such that F is a diffeomor-
phism from A onto its image.

Proof. Let P be the projection map

~R?2 - {0} xR
“(ry) = (0,y).

Let p € dA, since DF (p) has rank 2 there is a neighborhood &), of p such that F is a dif-
feomorphism from &), onto its image. Moreover by reducing €, if necessary, we can assume
F(O,\A) CR: xR.

Actually, by reducing &, once more, we can assume that for any g € 0, the segment [F (g), P(F(q))]
is contained in F(0),). We claim that A=AU (Upean Op) satisfies the expected property.

Since F is a local diffeomorphism on A, we only have to check the injectivity. Since F (&), \
Z) C R* xR and F is injective in A, if F were not injective, there is ¢; € 0), (i = 1,2) such
that F(q1) = F(q2). Let y:[0,1] — R? be the segment [F(g;),P(F(g:))], with y(0) = F(g;) and
y(1) = P(F(g;)), and % = F~!(y) in &,,. We have F(y(1)) = P(F(g;)). So since F is injective
on dA, 71(1) = p»(1). Since F(yi1(s)) = F(y(s)) and F is a local diffeomorphism, ; = 9> and
q1 = %(0) = 1(0) = go: F is injective. O

Now the end of the proof of Proposition 3.11 is similar to the one of the (OEP,) case. More
precisely, let us define S = F(A), N = {((g,w),a) € TS* xR| (a,|w|) € S} and

F~'(x,y) = (T (x,y),R(x,)) for (x,y) € S.
Then the computations are the same except that the estimates of R become

2 JdR 2

R(x,y) = ———=y+o(y) and a—y(xyy)=—m

70 +o(1).

4 Main Theorem and applications

Before stating our main theorem, let us give a last definition. Let (M, g) be a Riemannian surface
and Q be a quadratic form on M. A curve yon M is a line of curvature of Q if ¥/ (¢) is an eigenvector
of Qy () for any 7.

Now, with the definition of a family of candidate solutions associated to an OEP, we can an-
nounce:
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Theorem A. Let (M, g) be a complete connected Riemannian surface and f : R — R be a Lipschitz
function. Let Q C M be a bounded connected domain with a C*> boundary 0Q and u € C3(Q) be a
solution to the OEP

Au+f(u)=0 inQ,

u>0 in Q,

u=>0 on 0,

(Vu,n) = o on dQ.

Assume that the above OEP admits a family of candidate solutions €. Then, there exists a C!
traceless symmetric bilinear form Q on Q such that

1. Qvanishes at some x € Q if, and only if. u has a contact of order k > 2 at x with some v € €.
2. Q vanishes identically on Q if. and only if. u € €.

3. If Q does not vanish identically on Q, then Q has only _isolated (interior and boundary)
zeroes. Moreover; the null directions of Q determine on Q two C! line fields with isolated
singularities of negative index.

4. The boundary dQ is a line of curvature of Q.

4.1 Applications

As a consequence of Theorem A, we can prove some uniqueness property for solutions of some
OEP.

Theorem 4.1. Let f be a Lipschitz function and Q C M be a compact simply-connected domain
with a C* boundary dQ where the OEP (1.1) admits a solution u € C(Q). If the OEP admits a
family of candidate solutions €, then u € 6.

Combining the above theorem with the candidate families constructed in Section 3, we obtain:

Corollary 4.2 (BCN conjecture in S?). Let us assume that f satisfies (H). Let u be a solution of
(1.1) in some topological disk Q C S* with C*> boundary. Then, Q is a geodesic disk (centered at
some point p € S?) and u is rotationally symmetric (with respect to the center p).

Proof of Theorem 4.1. Let Q be the traceless symmetric bilinear form given by Theorem A. If Q
vanishes identically then u € %, and we are done. So, we assume that Q does not vanish identically
and we will get a contradiction. We follow ideas already appearing in the work of Choe [11].

Let & be a diffeomorphism from the north hemisphere S| = {(x,y,z) € S?| z > 0} to Q. Let
us define @_ = P, oS on the south hemisphere S_ where S is the symmetry with respect to the
equator E. We define 0 = ®* Q on S; and 0 = ®* Q on S_. Since JQ is a line of curvature of Q
these two definitions coincide on E. By Theorem A, Q is a symmetric bilinear form on S? which
has isolated zeroes and is a Lorentzian metric outside its zeroes. Moreover the null directions
of O determine on S? two line fields with isolated singularities of negative index. This gives a
contradiction by the Poincaré-Hopf Index Theorem. [
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Another consequence is the classification of simply-connected harmonics domains in S?. A
domain Q C S? with regular boundary is harmonic if the mean value of any harmonic function on
Q equals its mean value on dQ and they are characterized by supporting a solution to the Serrin
Problem

Au+1=0 in Q,

u=20 on dQ,
(Vu,M)g=0a ondQ.

Note that in the above case, u must be positive on the interior of Q by the maximum principle.
Thus, Theorem 4.1 and the candidate families constructed in Section 3 give

Corollary 4.3 (Serrin Problem in S?). Any simply connected harmonic domain in S? is a geodesic
ball.

The Schiffer conjecture D can be stated as (cf. [33, 35]): Given a bounded connected open
domain Q C S? with a regular boundary and such that the complement of its closure is connected,

the existence of a solution to
Au+Au=0 inQ,

u=20 on dQ,
(Vu,M)g =0 ondQ,

implies that Q is a geodesic ball. When A is the first eigenvalue of the Laplacian then u > 0 on Q.
Thus, the Schiffer conjecture D for the first eigenvalue can be stated as:

First Schiffer conjecture D in S?: If there exits a solution to

Au+Aiu=0 inQ,
u>0 in Q,
u=>0 on 0,
(Vu,)g=0a ondQ,

then Q is a geodesic ball.

Therefore, the previous considerations lead us to
Corollary 4.4 (First Schiffer Conjecture D in S?). The first Schiffer conjecture is true in S*.

A last application concerns the case where f(x) = x — x®> which is the usual Allen-Cahn non-
linearity. Actually such f does not satisfy (H) since f is negative on (1,0) but f(x) > xf’(x) for
x > 0. So if u is solution of (1.1) on Q C S? and M = maxu, the maximum principle implies that
f(M) >0 and M < 1. We can then consider a function g which coincides with f on [0,M] and
satisfying (H). As a consequence € is a g-extremal domain. We thus obtain

Corollary 4.5. If f(x) = x — x>, a f-extremal disk in S* with C* boundary is a geodesic disk.
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4.2 Proof of Theorem A

Once the quadratic form Q will be defined, we will consider its (2,0) part &: if z is a local

conformal parameter, & = P(z)dz> where P(z) = Q(g—z7 S—Z). Properties of Q can then be deduced

from properties of & since Q = & + & (cf. [21]).

Let Q C (M, g) be a bounded domain with C? boundary dQ. Let u be a solution to the prob-
lem (2.2).

Let (Vgwa)(gwa)en DE a candidate family associated to the OEP (1.1), we recall that N =
TM xR\ {(q,0,0) € TM xR; g € M}. For any x € Q, let us define the symmetric bilinear form
O, : ThM x TM — R given by

Oy = Vzu(x) - VzV}gVu(x),u(x) (x)

where V7 is the Hessian operator. Observe that Q is well-defined in Q and is C' since u is C* and
(Vgw.a) (gwa)en 18 @ smooth family. The definition of Q proves item 1 in Theorem A.

Claim A. Q, is traceless so either Q = 0 or Q, is a Lorentzian metric.

Proof of Claim A. Let us compute the trace of Qy (W.r.t. g) at each point x € Q:
Trg Oy = Au(x) - Avx,Vu(x)M(x) (x)) = _f(u(x)) +f(vx,Vu(x),u(x) (x)) = —f(u(x)) +f(u(x)) =0,

where we have used item (b) of the family of candidate solutions. This finishes the proof of
Claim A. U

A second point is easy to verify, it is statement 4 in Theorem A.
Claim B. The boundary 0 is a line of curvature of Q.

Proof of Claim B. Let T the unit tangent vector field along dQ. Since (Vu,7) = o is constant
along dQ, if we differentiate with respect to 7 we get

0= (VaVu, 1)+ (Vu, Vi) = VZu(T,1) + (i, Vi) = VZu(T, 1),

where we have used the full overdetermined condition and (7}, Vz7j) = O (observe we use dQ € C?).
Note that the above holds for any solution satisfying both boundary conditions, as it does the
candidate family, hence

Qx(%(x)a ﬁ (x>) = V2u<x) (‘?(x), ﬁ (x>) - Vzvx,Vu(x)m(x) (x) (’?(X), ﬁ (x)) =0,
that is, dQ is a line of curvature of Q since Q is trace free. ]

Now, we study the behavior of Q near a point where Q, = 0. To do this we introduce z € % C
Q a local conformal parameter in %, i.e., there exists a positive function A € C>(%) such that
g = A(z)|dz|>. We have a first observation.

Lemma 4.6. Given v € C*(% ) a solution to Av+ f(v) = 0, consider the quadratic differential

Jd d

5 a_z) dz*. (4.9)

M, = H,(z)dz> = (V*)(

Then, it holds A 5
(Hy): = =7 (F'(u) +2Kg) (v, =), (4.10)

where K, denote the Gaussian curvature of g.
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Proof. First, note that V5 g_z =V, g—z = 0 since z is a local conformal parameter for g. Moreover,
dz 0z

a straightforward computation shows

<V%Vv’8_z> Av.
Then,
_d 2,0 d .\ _d d d
1) =5 (P05 5) = 52 (194 7050 ) = (7 ¥, 9.5
d Jd d d
d d d d d d
A CAS ) AR A RO
_d (A A 8 AK, d
— a—Z (ZAV) ﬂ, <Va VV, a > T<Vv,a—z>
A0 AK, d A d d
= Za_z (AV) — T<VV, a—z> 4 <<VAV, a > 2Kg <VV, a—z>> N
now, using that Av = —f(v) we get VAv = — f/(v) Vv, and (4.10) holds. O

Now we introduce & the (2,0) part of Q: i.e. &2 = Qz(g—z, g—z)dz2 = P(z)dz* where z is a local
conformal parameter. Since Q is trace free, we have

Q=P+ 2.
Claim C. The function P satisfies P(z) = B(z)P(z) where B is some continuous complex function.

Proof of Claim C. Let us fix some zyp where we are going to compute P;, we denote by uy = u(zp)
and wo = Vu(zp). We finally define v to be v, ,, 4,. # and v are then two solutions to (1.1) which
satisfy u(zg) = v(z9) and Vu(zg) = Vi(zp). In the following computations, we use the notation
Vgwa(2) = v(z,q,w,a) since we will compute derivatives with respect to all these parameters (this
computation can be done because of the smoothness of a family of candidate solutions). Hence
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from (4.10), we get

Jd o .. d
Px(z0) = (Hy)z(20) — (H5)z(20) — DgV*v(20,20, Wo, t0) (5=, =) (5=)
dz' dz’ 07
Jd d 0 d ., 0
- D,V v(zo,ZO,Wo,Mo)(a '3z )(Va Vu) —D,V? V(ZO,ZO,WO,MO)(a—Z,a—Z)(a—Zu)
A d A d
= 4(f (uo) +2K, )(Wo,a )+ (f (uo) +2K; )<W07a )
Jd o .. o Jd o
_D V V(Z(),Z(),W(),I/t())(a a )(8Z) D V V(ZQ,ZQ,WQ,MQ)(aZ a—Z)(V%Vu)
Jd o d
—D,V? V(zo,Z(),WO,uo)(a '3z =) (w O’a_z>
Jd o .. 0 Jd o
= _D V V(Z07Z07W0au0)(az az>(az) D V V(Z07Z07W07u0)(az az)(v%vu)
Jd o d

—D, V2 v(zo,Zo,Wo,Mo)(a 8z)< 0, 8z>

We can do the same computation by replacing u by v but in this case, since v is a candidate
solution v = v, vy(x) 5(x) for any x, the associated 2" vanishes. Let us explain this. Consider the
symmetric quadratic form

Q;c7 = Vz‘j(x) - Vsz,VV(x),V(x) ()C),

and hence we can write

Q' =P+ P,
but, since 7 is a candidate solution, we have " = 0. Hence, we obtain
Jd od _,d Jd o
0= —D,V*v(zo, zO,wo,uo)(a 3Z)(9Z) D, V? V(ZO7ZO’WO’MO>(8Z a—z)(V%V\?)
Jd o 0
— D, V? V(Zo,Zo,Wo,uo)(a '3z =) (w 0’32>

So gathering the above two equations gives

0 d
P:(z0) = —Dwvzv(zo,zo,wo, uo)(8_z’ a_z>(v%w - V%Vﬁ) .
We also have

(V%VM—V%VV)(Z )

(VaVu—VBVva o o a>

’8z>3z (ngVu Ve Vv’8z>8z

il

(P 1 ) P e B0
= 2 (Pla) 2.+ 5 (Bu(zo) ~ A7) -
= 2 (Plan) 5+ (= o) + £ 00)) 52) = 2 Plao) 5.

)
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Thus we obtain

d d 2, . d 2 d d ., 0 —
P:(z0) = —D,,V? —, =) (=P(z0)=—) = —=D,V? —)(=)P
Z(ZO) w V<Z07Z07W07u0)(azv 8z)(l (ZO) az) A V(ZO,Z(),W(),M())(a a )(az) (ZO)
which is exactly P:(z9) = B(z0)P(z0) for B(z9) = —%DWVZV(Zo,Z(),Wo,Mo)(g—Z, g—z)(g—z) O
In order to study the behaviour of Q near a vanishing point we will use two lemmas.

Lemma 4.7. Let f: U C C — C be a complex function defined in an open subset U. Assume that

| fz| < hlf]

where h is a continuous non-negative function. Assume further that z = zo € U is a zero of f. Then
either f =0 in a neighborhood V- C U of zg or there is k € N such that

f@2)=(z-2)"f(2), z€V,
where f is a continuous function with f(zo) # 0.

This is [22, Lemma 2.7.1, pp 75]. Actually we will also use a version of this lemma on the
boundary. So let D denote the unit disk in C and D+ = {z € D| =3z > 0}. We then have the
following variant of the above lemma.

Lemma 4.8. Let f : D, — C be a continuous complex function which is C' in D and satisfies
f(z) e Rifz € R. Assume that in D

|fz| < hlf]

where h is a continuous non-negative function on D. Assume further that f(0) = 0. Then either
f =0in aneighborhood V of O or there is k € N such that

f2)=2F(), zeV,
where f is a continuous function with f(0) # 0.

Proof. For ¢ > 0 and { € C, we denote by D.({) the disk in C of center { and radius c¢. Let
w € Dgr(0)\ {0}, R < 1, and define W = Dg(0) \ (D,(0) UD,(w)), where a < min(|w|/2,R — |w|).
Let us extend the definition of f to D_ by f(z) = % Since f is real on DN R, this gives us
a continuous complex function in D. If we extend & by h(z) = h(Z) we getin D_, |fz| < h|f].
If r € N, we can then define a continuous complex 1-form by

f(z)

7 (z—w)

O =

whichis C' in D, UD_. Moreover d¢ = —Z,(Zf—iw)dz/\dz. We then have the following computation

/Wd¢ - /WmD+ 9+ wnD_ 49
- IDR(0)NDy - / D(0)ND; - /8Da(w Dy /[1,1}mw ’
* dDg(0)"D— /300(0 nD_ /am( )AD_ - /[—1,1]mw ’
B dDg(0 ) / ¢ /azpu
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Now, the end of the proof is similar to the one of [22, Lemma 2.7.1, pp 75] which only uses
the continuity of f and a uniform bound on A. [

We can now obtain statement 3 in Theorem A.

Claim D. Either Q =0 on Q or Q has isolated zeroes. Moreover, in the second case, the null
directions of Q determine on Q two C line fields with isolated singularities of negative index.

Proof of Claim D. Let xq be a zero of Q. Assume that xg € € and choose some complex conformal
coordinate near xq such that z = 0 is xy. The (2,0)-part & = P(z)dz> vanishes then at 0. By
Claim C and Lemma 4.7, either P vanishes in a neighborhood of 0 or P(z) = z"f(z) for some
n € N and £(0) # 0. In the second case, 0 is an isolated zero of P so is xo for Q. The writing
7" f(z) implies that the null directions of Q have negative index around xy. We have then proved
that either Q = 0 or it has isolated zeroes in Q2.

If xo € dQ, we choose some complex conformal coordinate z € D near xq such that z = 0 is

xo and z € R correspond to dQ. We then have g—z = \/TI(?—F i) along D, NR. By Claim B, this
implies

Jd d A, - = oy A I
P= Q(a_za a_z) - Z(Q(Taf) - Q(nvn) +21Q(Ta 77)) - Z(Q(TJ T) - Q(rl7 77)) €ER
As above, the conclusion follows using Lemma 4.8. [

Next, we verify statement 2 in Theorem A.
Claim E. If Q =0o0n Q then u € 6.

Proof of Claim E. Let xo € Q and write ¥ = vy v(xg).u(x,)- Let X be normal coordinates at xo. At
Xo, # and v have a contact of order at least 2. Moreover

Au—v) = f(u) = f(7) =g x (u—7)

where g = [} f/(tu+ (1 —1)¥)dz. So by Bers Theorem [8], either u = ¥ near 0 or (1 — v)(X) =
q(X) +o(||X]|[¥) where g # 0 is a homogeneous harmonic polynomial of degree k > 2. Assume we
are in this second case. So we can write

Oy = Vzu(x) - Vzvxyu(x),u(x) (x)
= (V2u(x)) = V29(x)) + (V29(x) = V2V, v () (X)) -

In coordinates the hessian operator V2 can be written as an operator which is the Euclidean hessian
H uptoaO(||X||) error term. So the first term in the above computation is just Hg(X) +o(|| X ||¥=2).
For the second term, we notice that ¥ = v, 5, vy(y) and the map (w,a) € M X R V2 walx) is
smooth. So the second term can be evaluated by

V25(x) = V2V i) Vu(e) (%) = O(lu—7](x) + | V= V]| (x)) = O(|IX ||~

So O, = Hq(X) + o(||X|[¥=2). As Q vanishes around x, this implies that ¢ = 0. So we get a

contradiction and u = v near xo and by connectedness, u = v everywhere and Q = Q. v, (x) u(x)-

Remark 4.9. Let us notice that the argument used in Claim E can be applied to prove that Q has
isolated zeroes of negative index in Q but it seems difficult to do the same at xo € I since we do
not have a result similar to Bers Theorem at a boundary point.
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