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RECURRENCE RELATIONS FOR A FAMILY OF GENERALIZED CAUCHY NUMBERS

J. CHIKHI

ABSTRACT. We obtain two sorts of recurrence relations for a class of generalized Cauchy numbers c,(fzx The first recurrences

are especially adapted to the so-called shifted poly-Cauchy numbers. The second relations are generalization, for the numbers
(s

Cp,» Of the recurrences obtained by Agoh and Dilcher for the Bernoulli numbers of the second kind b, = CEII]) /n!.

1. INTRODUCTION

The Bernoulli numbers of the second kind b,, can be defined by the generating function

log1+t Zb "t <1).

n=0

These numbers satisfy by = 1 and the recurrence formulae (see [3]),

(1.1) Z s ]+ ‘,:0 (n>1).

n [L], Agoh and Dilcher obtained among others, this first generalization (theorem 4.1),

— — k —1,k—1

We recall that the Stirling numbers of the first kind s(n,k) can be defined by
logh(1+1) k'ank , (< 1).

Their theorem 4.2 is a more general result. Form >0, k> 1 andn > k+m,

n—k—m m+]
(1.3) Z ( m ) S(n— j,k,m)bpi14j+(—1)"s(n+m+1,k,m)
j=0
1 i s k+m—1\"
= e &y Tl m = J)s(nsk >(k+j_1) ’

where the numbers §(n,k,m) are given by
(1.4) (141)"1og"™ (1 41) = (k+m)! Z Sn,k,m)t™, (jt] < 1) .

Remark 1.1. For m =0, The relations (1.3) reduce to the relations (1.2). For k =1, the relations (1.2) reduce to the
relations (1.1).
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2 J. CHIKHI

The aim of this note is to obtain some recurrence relations for the two parameters family of generalized Cauchy

numbers defined by
o log(141) &
Foolt):=) ————= = —, (<1,
S,(X() n;on‘(n_‘_a)f r;)cna ‘ (‘ | )

where s and « are real parameters with, for simplicity, s > 0 and & > 0. For s and « integers, they are called shifted
poly-Cauchy numbers in [4] .
0 andcna =0 forn>2.

Remark 1.2. Fors =0, Fyo(t) = 1+1, then C(()o()x =1= c(1
1)
1

N0
Fors=a=1, Fi(t) =t/log(1+t), and the numbers cft are the ordinary Cauchy numbers c,, = by, /n.

We introduce some other numbers to be used in the sequel.
(1) For a two indeterminate polynomial P(X,Y) and a parameter 3, we define the numbers s(n, B, P) b

log(1+1)\” =
(15) (FEC) P+ rtog1+) = X st P (< 1)
n=0
A few formulas may be noted. If m is a nonnegative integer, P = and B =0, then s(n,0,P) = s(n,m)/n! .

Y k+m
k+m

k
s(n,r,P) :r!( +m+r)s”(n+r,k,m+r) .

r

Also, If m and k are nonnegative integers, P = X" Tt and B = r is nonnegative integer, then

(2) The weighted Stirling numbers of the second kind. For a nonnegative integer n and a parameter 3, we define,
see [2],

(1.6) (x+B)" ZRnkﬁ Xk

where (x); is the falling factorial defined by (x)o =1land, fork>1, (x)y =x(x—1)..(x—k+1). For § =0,
the coefficients in are known to be the Stirling numbers of the second kind S(n, k), so R(n,k,0) = S(n,k).
Moreover we have (see [2]) R(n,0,8) = B", R(n,k,1) = S(n+ 1,k+ 1) and the general expression R(n,k,f3) =

—k (n : .
"8 ()BIS(n—j k) .
2. THE FIRST RECURRENCE RELATIONS
Here is the first main theorem.

Theorem 2.1. For any positive integers n and N, we have

n 1 n— k ( n+ k 0 b
on Z ((x Z Jk )i N, /)) C]E,;N)
k=1 = "
n+N [min(k,N) (n+] k,0 PN] y (S)
+ )Y | X (k—j)! "¢
k=n+1 \ j=k—n . -

where Py j is the polynomial Py j(X,Y) = X/~! ZszjR(N7k, a)S(k, j)Yk

© _ 1 and c,(% = 0 for n > 2 then we obtain, in particular for the shifted poly-Cauchy numbers,

Fors =0, Clg=

Corollary 2.2. For any positive integers n and N, we have

n 1"’< min(kN) ¢(n 4 j—k,0,P
2.2) Z( ) Z s( ] NJ) C/((_;FN)

= -

n+N /min(k,N) s(n+j_k 0,Py )
,0, 7 (s+N) n—1
+y < Lo gy e SOUT
k=1 \ j=k-n '




RECURRENCE RELATIONS FOR A FAMILY OF GENERALIZED CAUCHY NUMBERS
By more specialization, we obtain
Corollary 2.3. Ifin addition of s =0, a = N = 1, then we recover the recurrence relations (1.1J) .

2.1. Proof of the corollary Z.3). For N = a = I, the relations (2.2)) write for positive integer n,

_ 1\n—k min(k,1) . )
(_1)n71 _ Z (( 1) + s(n+] k’O’PL])) kb,

k=1 k! =1 (k—j)!
n+1 min(k,1) i k0P
+ S(n+] 7 ‘7 l,j) k'bk
k=n+1 \  j=1I (k—j)!
L (=1)F s(nd1—k,0,P ) 5(0,0,Py 1)
= L) kb + 2 (- )by
k;( T k=) L

We have P 1 = R(1,1,1)S(1,1)Y =Y then 5(0,0,P; ;1) =0 and s(/,0,P; ;) = (—1)!~1 /I for I > 1. Hence

() (-1 |
(—1) IZ( X +(/<—1)!(n+1—k)>k'bk

k=1
n a k n (_1)n7k
=Y () 1+ —— ) be=(n+1)Y ——b
LD ( +n+1—k> =D X
but by = 1, then

(71)n n (71)n—k n (71)k

— b -t b=0=(-1"Y ———b
PER R Sy ( )kg’on—i-l—kk’

and we arrive to desired recurrence (I.I)).

2.2. Proof of theorem (2.1). Let us consider the function Es o (x) = Yy - s0 that E; o (log(1+1)) = F; o (2),

n!(n+o)s
the generating function of our generalized Cauchy numbers. Then,

Lemma 2.1. For any positive integer N, any real number x , we have
oo k

(2.3) Esa(x) = Y RNk, a)x* d

EE&HV’(Z(X) .

Indeed, we write

then by (T.6),

N o0 xnfk

Nk—7———~on~
= = n!(n+ o)stN
N k

=Y R(N.k,a)x* d

—F .
= dxk s+N,o ('x)

To translate this result to Fy ¢ (¢), we shall use the following lemma.
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Lemma 2.2. If F(x) and F (log(1 +1)) admit m derivatives, then it holds

(2.4) T Flog(1+1)) = m}gbs(m,j)F(j)(log(l +1))
(2.5) and F" (log(1+1)) = iS( (1 +1) jj F(log(1+71)) .
j=0

Indeed, the first part is classical and given in [3] with ¢ in place of 1 +z. It is also used in [1]], lemma 4.1, with the
function F (x) = 1/x. The proof is by recurrence and uses the fundamental relations on the Stirling numbers of the first
kind, see [3] :

s(mk)=s(n—1,k—1)—(n—1)s(n—1,k), n>k>1;
s(n,0) =s(0,k) =0, except s(0,0)=1.

While the second part is the usual inversion formula based on the orthogonality of the Stirling numbers of the two kinds,
see [3]]. By combining the lemma (2.3) and the lemma (2.4), we obtain for |¢| < I,

N
Fra(t) = Y RNk, o) logh(1+1)EW,  (log(1+1))
k=0
N k d/
= Y RNk @)log (1 +1) Y. S(k ) (1 +1) T v allog(1+1))
k=0 j=0
N k ) )
= Y Y RV k, )S(k, j)(1+1) log (1 + 1)Ey o (1)
k*Oj—O

= R(N,0,)S(0,0)Fyiy ot +ZZRNkoc )S(k, j)(1+1) logh (14 1)FY) 4 (1)

N N .
- aNFPrNOC 1+t Z 1+t (ZR(N,k,a)S(k,J)log (1+t)> sgrg\/a(t) )
Jj=1 k=j

then

F Ot(t) NFH»N.OL( ( )
2. : = ' log(1 ’
(2.6) L =% T, —&-}EZ Py j(1+1,log(1+0)Fly (1)

To conclude, we consider the corresponding expansions. On one hand, we have

(s) w [ n (s+N)

Fyalt = [ v —kk, Fyqn, —k 5k,
2.7) iV,OC( ) _ Z Z(il)n kT:X tn’ Ds+N,a\t) OC Z Z(fl)n k ]:C! P

+r 520 \io : 141 n=0 \ k=0

On an other hand, we have

n - s !
(1,0, Py, ) ) (Z L) m)

Py j(1+1,log(1+1)F )y (1) = (

=
i yoki

n=0
o n C(s+N)
k+j, l
:Z ZS(n—k,O7PN7j) k;a t"
n=0 \ k=0
(s+N)

’ij ( k,0,Py ) k@ n
Sn+]_ y DN, j 7 .
k=j ! (k—j)!

(=]
n=0
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Hence, we obtain

N ,
(2.8) Y Py j(1+1,log(1 +I)Fv(£v,a(t)
j=1
= (N mEN s =k 0,Py) i) |
= Z Z Z (k_ )' ckA,(X .
n=0 \ k=1 \ j=max(1,k—n) J):
The identities (2.6), (2.7) and (2.8) lead to the equality
- " c(5> - " C(s+N)
Z Z(_l)nfkkiy'a = OCN Z Z(—l)nikk’% "
n=0 \ k= k! n=0 \ k=0 k!
= (neN (ominkN) gy 4 j—k,0,Py )
y L IN,j (s+N)
"k (Z ( X G ) )"
n=0 \ k=1 \ j=max(1,k—n) :

Equating the coefficients of 7" in the expansions above, achieves the proof of the theorem (2.1).

3. THE SECOND RECURRENCE RELATIONS

3.1. Preliminaries. The starting point is the following lemma.

Lemma 3.1. For any real number t, with 0 < |t| < 1, we have

du .

_ 1 Ll Fy, a(u)
G.1) Ftal) = iy ) e 0 40

Proof. We just compute, for |¢| < 1, the derivative
d d [ & log" (1 +t1)
dt ( Og ( + ) S+1706( )) dt (no n!(n_;'_a)‘H*l

1 & log"™t* (141 Fyqlt
I+t = nl(n+a)

)

1+1¢
and observe that the function log*(1+¢)F1 () vanishes for 7 = 0.
We define the function

(3.2) Gialt) i= /log (1+u Fli(z) du
and look for its expansion in powers of ¢ .
Proposition 3.1. For any |t| < 1, we have G, o(t) =Y gg,fzxt" with

) | n C(S)
(3.3) gn,azmkzonfma) s(n—k,a,1)—>~ o

Indeed, we first expand, for |u| < 1,

log® '(14u) 1 ,
—= v 7 — — (log%(1
T+u 5 log"(1+u))
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Next we put it in (3.2),

Gso(t) = ! t <i(n+a) (n7a71)u”+0‘1> Fyo(u) du

OC
at =

o f (Ersermaree) (12

ralw < k k 1Ck,05(s) " d
Otta u Z Zn +a)s(n—k,o,1) o u" du .

0 n=0 \ k=0

After integration, it holds

1 & ¢ C;(f()x "
Gs.a — k+oa)s(n—k,o,1)——
ocn; k;)n +a)sin—k a, )k! n+a’

(5)

and the expression of g, o appears clearly.

3.2. The second theorem. We are now able to state our second main result.

Theorem 3.1. Let N > m > 0 be given integers. Then for any integer n > N, we have

n—N
. J= 0 s
(3.4) E)s(nﬂ, . QmN)(]!)cﬁ._;”

m ] n—j—1
:ZZ( ) IS J?l)< Z (r)m—jggfg(s(n_j_l_r)oanj,Nll)) )
j=01=0

r=0

where the polynomials Qy , are Qn u(X,Y) = X™Y N

Gs,a (t)

Proof. We shall apply the operator (1 +)"1og""*~1(1+¢)d™ /dt™ on both sides of the equality ”tla“ ® _

obtained from (3.1I). For the left side, we have for the derivatives

am FerIOt s+l - s+l)tniaim
dm @ tmz Z'n_ i nt
then
de t e tn—(x—m
(1+1)"1og" o (140) T fif() = (1 0)"0g" * (140) Y (0= o)elit
n=0 :
et (log(1+0)\*! = "
— l(g(t)) (0" log"(140) Y- (n = omesis” .
n=0 '
and by (1.3, we expand
log(141)\ %! > N
((r)> (10)"log" (1 +1) Z ’"C”S;)n!

el (i s(n, o — ],QmA,N)tn> <i (n= @mei” ZL‘)

n=0 n=0

—m— = u . X)m (s n
=t 1 Z (Zs(n—], -1 Q’nN)(]J‘)C;;—l))t )

n=0 \j=0

log®(1+1)
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Thus we have obtained that

(3.5)

F,
(141)"1og" "1 (1 41)logN*+o~ 1(1+r)d Firialt)

arm ¢
[} n P
="'y <Zs(n—j,oc—l Omn)

, . (.] .a)mc(‘sgl)> e
e | &~ Jj! b
n=0 \j=0
For the second side, the derivatives are
d}n GS a(t) m m (M7 ]) d
— = G -1 1+1
dtm IOgO‘(l—i—t) ;) ] 5,0 ( )d Og ( + ) )
and by lemma (2.4), we have
d 1 J )ZS(J,Z)
— 1 1+1¢
a7 o8 "D = g E e (1+41)
then we obtain
" Gyall)
drm log®(1+1)
_$y (m) G (G
soico\J/) " (1+1)/log®™(1+1)
then
(3.6)

Mo N+o—1 L m (m—j) (—(X)IS(jJ)
(1+1)"log 1+ ;%(i)(}s’a ([)(l+t)jlog“+[(1+t)
vy ( ) @), )G

vo (141" log" T (141)
j=01=0
According to (3.2) and (I.3)), we have

Gg’éf’)(t)(l+t)’”*flogN*l*1(1+t):tf*’” <Z( Y ,gn 5 1

><ZST’£OQm jN—I— 1)l)
n=0

=iy (20 (F)m-jgras(n = r,0, Qmj,zvm)) £

—m 1 Z (Z m jgr&s( r’07Qmj,NZ])> tll+j+l )

By changing n+ j+ 1 to n in the summation, we obtain
oo nfjfl ( )
—m—1 s
=Y L O glas

G (1) (141" T logh = (1+1) e igos(n—
n=j+1 r=0

witch leads to the expression of the right hand of the equality (3.6)),
£y (")

Jj=01=0
;=1 &L (m o (NS () ; n
Y)Y a)is(il) Y, | X (Dmjgrasn—j—1-10,0njn-1-1) |1

j=0i=0 \J n=j+1 \  r=0
o (min(m,n—1) n—j—1
=] Z Z ( ) o)s(j,1) i
n=1 j=0 1=

Y (Pl —J—l—r,o,Qmj,Nu)»r"-
0

]_] _r307Qmj,Nll)> t" y

@)is(j, DG (1)1 +1)" T log" =1 (1 +1)

M\..

m—j8r,aS\N
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‘We obtain here that

(37) (1+l)m10gN+a_1(1+l)10gN+a_1(1+t) d" Gs,tx(t)

drm 1og®(1+1)
IS min(m,n—1) j n—j—1 )
=r ! ) ( Z Z ( ) a);s(j,1) ( Y, ("m-jgras(n—j—1-r0, Qm—j,N—l—l))) .
n=1 r=0
Finally, (3:3) and (3.7) together give

Z <ZS n—j,a a—1 QmN)(] ]a) Cf;”) t"

n=0 \j=0

o min(m,n—1) j n—j—1
=) ( Z Z( > o)s m( Y (r)mjgﬁf&smjlr,o,Qm_,-,N_l_l)>>t”.
n=1

r=0

To conclude, we equate the coefficients of ¢*, for n > N, in the summations after observing that for n — j > N,
s(n—j,0—1,0un)=0and min(m,n—1) =mforn>m. O

3.3. The special case s =0 and & = 1. We show here that we recover the recurrences of Agoh and Dilcher for the
Bernoulli numbers of the second kind. Let n be an integer > N and denote by L the left hand of the recurrence @]},
with s = 0, o = 1, and R its right one.

n—N
L=Y s(n—j,0,0mn)(j— 1)mb;
j=0
and
e . n—j—1 © .
R=)) j (=Dus(s) [ Y, (F)m-j&(s(n—j—1-=10,0mjn-1-1) | -
j r=0
As(j—1)u=(j—1)(j—2)..(j — m) vanishes for j = 1,2,..,m and equals (—1)"m! for j = 0, we have

n—N
L= (-1)"m!s(n,0,0mn)+ Z s(n—7,0,0mn)(j— )b,

Jj=m+1
n—N
= (—=1)"m!N'§(n,N—m,m)+N! Y §n—j,N—mm)(j—1)ub;
Jj=m+1
n—N ]—1
= (=1)"m!N's(n,N —m,m) +m!N! Z f(n—j,N—m,m)( )bj ,
Jj=m+1 m
and by a little shift
n—N—m—1 ]+m
(3.8) L= (-1)"m!N!§(n,N —m,m)+m!N! Z Sh—j—m— l,N—m,m)( " )bj+m+1 .
Jj=0

For the right hand R, as GOI():% i“ du=1, theng(()leandg() 0forr>1,s0

/\

) [S .]7 m js(n_j_hoanfj,Nflfl)'
But (0),,—; vanishes for m > j and equals 1 for m = j, then

Z ) 11s(m,1)s(n—m—1,0,Q0n-1-1)

(=D)ts(m,[)(N—1—1)'§(n—m—1,N—1—1,0) .

ngE

-
Il

0
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We use §(n—m—1,N—1—1,0)=s(n—m—1,N—1—1) and introduce a binomial coefficient,
N=1)! &, N—1\""'
R= ——-"— -1 l —-m—1,N-[-1 .
<n_m_1)z,§0( Vstm Ds(n—m—1, AV
Now, put [ = m — j in the summation above and obtain
N—1)1 & y . . N-1 \
39 R=———"— 1"/ — —m—1,N— -1
(3.9) (n_m_l)!j;)( J"istmm = j)str—m— LN =mtj=D{
Finally, we put N = m+k in both (3.8) and (3:9) with n+m+ 1 instead of n and obtain

n—m—k j+m
L=(-1)"m!(m+k)§(n+m+ 1,k,m)+m!(m+k)! Z 5(nj,k,m)< m >bj+m+1,
=0

R =

(m+k—1)! & » . . mtk—1\"
T];O(—l)’” Is(m,m— j)s(n,k+j—1) ktjo1)

L _ R
and m!(m+k)! — m!(m+k

7 is exactly the desired identity (T.3).
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