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Critical Crossover Functions for Simple Fluids: Towards
the Crossover Modelling Uniqueness
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Abstract Based on a single non-universal temperature scaling factor present in a simple fluid
case, a detailed analysis of non-universal parameters involved in different critical-to-classical
crossover models is given. For the infinite limit of the cutoff wave number, a set of three
scaling-parameters is defined for eachmodel such that it shows all the shapes of the theoretical
crossover functions overlap on the mean crossover function shapes close to the non-trivial
fixed point. The analysis of corresponding links between their fluid-dependent parameters
opens a route to define a parametric model of crossover equation-of-state, closely satisfying
the universal features calculated from the Ising-like limit in the massive renormalization
scheme.
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1 Introduction

In our previous paper [1], the universal features of one-component fluids close to their
vapor-liquid critical point have been analyzed using the theoretical dimensionless crossover
functions FP,th (t, h = 0), where t is the theoretical temperature-like field, and h = 0 is
the zero value of the theoretical external ordering (magnetic-like) field. These functions are
calculated from the massive renormalization (MR) scheme along the renormalized trajec-
tory which joins the Gaussian fixed point to the non-trivial (so-called Wilson-Fisher) fixed
point [2,3]. Despite the fact that the experimental data to support this theoretical analysis are
obtained at finite distance from the critical temperature, the asymptotic singular behavior of
the simple fluids are predicted in conformity with the singular universality estimated within
the so-called Ising-like preasymptotic domain (PAD), close to vicinity of the non-trivial fixed

point of the
(
φ2

)2
d=3 (n = 1) model [4,5] (d and n are the dimensions of the space and the

order parameter density, respectively). For this well-defined Ising-like critical limit along the
renormalized trajectory, the universal features are only related to the contributions of two
relevant scaling fields and a single irrelevant scaling field [6,7]. As a noticeable result, the
universal leading singular behavior of the mean crossover functions [2] are governed by the
universal values of two independent {amplitude-exponent} pairs while the universal contri-
bution of the confluent corrections-to-scaling is governed by the universal values of a single
{amplitude-lowest exponent} pair, where the universal central values of the exponents [8]
are well controlled.

In such a well-defined theoretical critical limit, each one-component fluid (labelled f )
belonging to the subclass of the simple fluids (labelled {1 f }) is characterized by only two
leading physical amplitudes andonefirst-order confluent amplitude. This non-universal three-
amplitude characterization of the one-component fluid is well defined only introducing three
non-universal parameters in the mean crossover functions under the form of two dimension-
less characteristic scale factors (noted ϑ and ψρ) and a single coupling constant (noted g0)
of convenient wavelength dimension at d = 3.

In Ref. [1], the determination of ϑ , ψρ , and g0 is made de facto without any adjustable
parameter when the four critical coordinates of the fluid (xenon as a typical example) are
known, taking advantage of the Ising-like master singular behavior of the one-component
fluid subclass described by the master crossover functions defined in Ref. [9]. Therefore, the
prediction of the Ising-like PAD description only requires the knowledge of the location of
the vapor-liquid critical point in the experimental phase surface of f , as initially postulated
in Refs. [10–12] and shown in a detailed manner in Ref. [13] for the xenon case.

A correlative question arises: how any Ising-like fluid can be characterized with only
three amplitudes with different crossover models considering the possibility of finite or infi-
nite nature of the cutoff wave number of the fluid? Indeed, it was noticeable for example
that xenon is a simple fluid for which the fitting results of the interpolated asymptotic results
for the PAD description are similar when the different crossover models are used in the
fitting of the data at finite distance from Tc. This noticeable asymptotical similarity is here
illustrated in Table 1 from the accurate xenon measurements [14,15] of the dimensionless
isothermal compressibility κ∗

T,expt (�τ ∗) above Tc and the reduced coexisting density dif-
ference �ρ̃LV,expt (|�τ ∗|) below Tc, already analyzed in Ref. [1] at finite distance from Tc.
Here �τ ∗ = T−Tc

Tc
is the reduced temperature distance, where T is the temperature and Tc

the critical temperature. �ρ̃LV,expt = ρL−ρV
2ρc

, where ρL and ρV are the liquid and vapor
densities of the coexisting phases below Tc. In Table 1 are reported the results for the two-

term equations κ∗
T,expt (�τ ∗) = 	+ (�τ ∗)−γ

[
1 + a+

χ (�τ ∗)�
]
[see Eq. (11) below] and



�ρ̃LV,expt (|�τ ∗|) = B |�τ ∗|β
[
1 + aM |�τ ∗|�

]
[see Eq. (12) below] provided by several

crossover models labelledMR6 [16–18], MSR [19–22], CLM-I to IV [23–26], CPM [27,28],
TGN [29–31], CMM [13] andMR7 [2,3,9]. All these models are succinctly presented below
in Sect. 3.1. We note that the distinction between the initial (noted MR6 [16]) and upgraded
(noted MR7 [2]) crossover functions calculated from the MR scheme is only made in lines 1
and 7 of Table 1, while the following discussion always refers to the upgradedmean crossover
functions (notedMR) given inRef. [3]. Despite somemissing data (explained inAppendix 1),
Table 1 underlines the remarkable similitude of the interpolated amplitude values for both
xenon properties above and below Tc.

However, as discussed in detail in Refs. [1,13], the accurate xenon measurements of
interest [14,15] were performed in finite temperature ranges well beyond the PAD, i.e., in
the temperature ranges where the above restricted two-term equations are not valid. The
theoretical analyses of the corresponding experimental data leads to unavoidable difficulties
concerning the number and the nature of the fluid-dependent parameters introduced in the
data fitting from the different critical-to-classical crossover modelling, specially concerning
the contribution of higher-order confluent corrections-to-scaling due to additional irrelevant
fields. This nonasymptotic fitting situation is briefly summarized in Appendix 1 for the case
of xenon data. Therefore, the fact that the different crossover functions used at a finite distance
from Tc provide comparable estimates of the interpolated central values of the amplitudes
	+, B, a+

χ , and aM , still remains as a question to understand in a detailed manner.
Indeed, the origin of the universal nature of the non-similarity can be attributed to the

different Ising-like limits used in each model, i.e., the small differences between the values of
the universal critical exponents and the universal combinations and ratios between the ampli-
tudes used in each model. This universal non-similarity addresses the comparison between
the three-universal amplitudes which characterize each model to the ones characterizing the
MR functions. However, the origin of the other additional non-universal nature of the non-
similarity is more complex to understand as it is related to the exact number and nature of the
fluid-dependent parameters introduced in each model. When only three non-universal para-
meters are used in a crossover model where the well-defined Ising-like limit is characterized
by only three-universal amplitudes, we expect a quasi-exact similarity with the MR scheme,
as suggested in Ref. [1] and demonstrated below. Such a three-parameter model is refered in
the following as a model with infinite cutoff wave number.

The main concern of the present work is to understand the universal asymptotic similarity
of the crossover models before to analyze the non-universal similarity of the intrinsic free
parameters involved of each model. Our understanding of the universal similarity of the
crossover models takes the same approach to calculate the master crossover functions of Ref.
[9], which are similar to the MR mean crossover functions of Ref. [3], introducing three
universal scale factors. This approach thus ignores the minor differences in the universal
features (universal values of the critical exponent and the amplitude combinations) estimated
from each model.

The next step distinguishes the two cases of a model with only three non-universal
parameters and with more than three non-universal parameters. As previously discussed
in Appendix 1 of Ref. [9], the similarity of the confluent asymptotic shapes occurs for both
cases, when the Ising-like critical crossover regime is governed by a single non-universal
quantity associated with the contribution of a single irrelevant field along the renormalized
trajectory. Therefore, our attention is focussed on the reduction by one of the exact number
of non-universal parameters, mainly noting that a universal link can be defined theoreti-
cally between the temperature-like Ginzburg number G [32] and the first leading confluent



amplitudes a+
χ and aM in the case of infinite cutoff wave number, as expected from the

renormalization group scheme [5].
Finally, the present work addresses the knowledge of two, readily independent, non-

universal asymptotic parameters, which characterize the Ising-like critical behavior of any
simple fluid when T → Tc. Such an asymptotic behavior is thus in conformity with the
two-scale-factor universality associated with the two relevant fields crossing the non-trivial
critical point. As a result, in any selected model, the simple fluid singular behavior close to
their liquid-vapor critical point can be modelled in conformity with the MR scheme. This
modelling approach opens the route to construct a crossover master model of the parametric
equation-of-state which matches the universal features estimated from the MR functions.

The paper is organized as follows. Section 2 summarizes the fluid description using the
mean crossover functions estimated from the massive renormalization scheme. Using the
definitions and notations of Ref. [1], this section describes the three-universal amplitude
characterization of the universal MR-PAD description and the three-nonuniversal parameter
characterization of the fluid-PAD description. Section 3 recalls descriptions using several
crossover models provided from different theoretical approaches. A special attention is given
to the true origin of the three-amplitude similarity observed in the universal model-PAD
characterization regardless of the theoretical schemes used to construct the crossover model.
Section 4 provides the basic understanding of this universal model-PAD similarity for the
limit of infinite cutoff wavenumber. Section 5 confirms the uniqueness of the fluid PAD
description from the different crossover models when a single crossover parameter is needed
to characterize the fluid singular behavior at finite distance from Tc. The equations linking
their fluid-dependent parameters are provided, focussing our discussion on the minimum
number (three) of free parameters and their respective (leading prefactors or crossover) Ising-
like nature. Conclusion is given in Sect. 6 which opens a route to construct a parametric
crossover model where the universal features of the Ising-like limit are similar to the ones
estimated from the massive renormalization scheme. Appendix 1 gives a brief review of
the fitting conditions of the xenon singular behaviors which provide the results reported in
Table 1. Appendix 2 provides the equations which demonstrate the asymptotic two-scale-
factor similarity of all the crossover models for the limit of infinite cutoff wavenumber, in
order to satisfy the phenomenological Ising-like characterization of each one-component
fluid from the four generalized critical coordinates of its liquid-vapor critical point.

2 Summarized Fluid Characterization Using the MR Mean Crossover
Functions

2.1 Ising-Like Universal Limit of the MR Crossover Functions

As expected from the renormalization group scheme, the well-defined non-trivial limit cal-
culated in Ref. [2] corresponds to the one obtained from the standard Landau-Ginzburg
Hamiltonian [4,5], where r − rc is the distance to the critical point and u is the coupling
constant that controls the interaction scale (with notations of Ref. [5]). The relevant para-

meters are the temperature-like Ginzburg number G = u
2

4−d [32], which scales the reduced

temperature (such as t ≡ |�τ∗|
G ), and its magnetic-like counterpart Gh = u

d+2
2(4−d) [33], which

scales the ordering field (such as h = �μ̃
Gh

). �τ ∗ and �μ̃ are the physical temperature
and ordering fields, respectively (see below). The standard critical behavior corresponds to
|�τ ∗| ≡ r − rc � G and �μ̃ � Gh . Considering the limit u → 0, (r − rc) → 0, with
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|�τ∗|
G fixed, provides accurate theoretical computations of the universal functions, such as

FP,th (t) estimated in Refs. [2,3] and used in Ref. [1]. This critical crossover limit is universal
for any similar Hamiltonians as long as the interaction is short-ranged.

For a better understanding of this well-defined critical limit, each infinite Wegner-like
expansion [34] resummed as a form of the mean theoretical function FP,th [3] can be approx-
imated by the following two-term forms valid within the PAD, i.e., restricted to the singular
contributions of the leading asymptotic term and the first-order term of the confluent correc-
tions when t � 1 at h = 0 [3],

FP,th (t) = Z
±
P t

−πP
(
1 + Z

1,±
P t�

)
, (1)

In Eq. (1), Z±
P and Z

1,±
P are the calculated universal amplitudes of the corresponding mean

crossover function. The indices + and - indicate the single, high- and the two, low-temperature
phase regions, respectively. πP is the universal critical exponent which governs the Ising-
like asymptotic singular power law behavior of FP,th (t) for t → 0. Δ = ων is the universal
confluent exponent. ω is the lowest universal correction exponent related to the scaling
contribution of an irrelevant field. ν is the universal critical exponent which governs the
Ising-like asymptotic power law behavior of the correlation length.

As a remarkable result strictly valid within the PAD, the functions FP,th (t) are then char-
acterized by only two independent leading amplitudes among the complete

{
Z

±
P

}
universal

set and a single confluent amplitude among the complete
{
Z
1,±
P

}
universal set. This universal

three-amplitude characterization is due to the universal combinations and ratios between the
Z

±
P amplitudes (so-called two-scale-factor universality induced by the two relevant fields)

and to the universal ratios between theZ1,±
P amplitudes (the confluent universality induced by

the single irrelevant field). The universal three-amplitude characterization of the MR results
is thus similar to the universal three-exponent characterization of the theoretical O (1) uni-
versality class controlled by the universal scaling laws with only two independent critical
exponents (among the complete {πP } set), while the single lowest value of the correction
exponent ω accounts for all the confluent crossover contributions.

To illustrate the three-amplitude sets characterizing the Ising-like theoretical universal-
ity within the PAD, we have selected here the three mean crossover functions FP,th =
{�th;χth;mth} of Ref. [1], namely, the correlation length �th (t) and the magneticlike suscep-
tibility χth (t) in the one-phase domain, and the magnetizationlike density mth (|t |) in the
two-phase domain. The corresponding Eq. (1) can be written as follows

�PAD,th (t) =
(
Z

+
ξ

)−1
t−ν

(
1 + Z

1,+
ξ t�

)
(2)

χPAD,th (t) =
(
Z

+
χ

)−1
t−γ

(
1 + Z

1,+
χ t�

)
(3)

mPAD,th (|t |) = ZM |t |β (
1 + Z

1
M |t |�)

(4)

Only considering here χth (with critical exponent γ ) and mth (with critical exponent β) as

two independent functions, we can thus define the amplitude set

{
Z
1,+
χ = 8.56347;

(
Z

+
χ

)−1

= 0.269571;ZM = 0.937528

}
given in Ref. [3] as being the characteristic three-

amplitude set of the MR-PAD description. This set is strictly Ising-like equivalent to the set{
Z
1,+
χ ;

(
Z

+
χ

)−1 ;
(
Z

+
ξ

)−1 = 0.471474

}
selected in Ref. [1], through the �th (t) to mth (|t |)



exchange for h = 0. For both sets, the asymptotic critical crossover provided by theMRmean
crossover functions close to the non-trivial fixed point have the same well-defined Ising-like
limit.

2.2 Ising-Like Fluid Characterization Using the MR Crossover Functions

The singular behaviors P∗
s,expt (|�τ ∗|) of the fluid properties along the critical isochore can

be predicted using the following rescaled forms of the mean theoretical functions calculated
in Ref. [3]

P∗
s,expt

(∣∣�τ ∗∣∣ ,�μ̃ = 0
) = Pr FP,th

(
ϑ

∣
∣�τ ∗∣∣ , ψρ�μ̃ = 0

)
(5)

In Eq. (5), the non-universal nature of each one component fluid can be unambiguously
characterized by the three-scale factor set

{
ϑ;ψρ; g0

}
, introduced through the following

linearized asymptotic equations:

t = ϑ�τ∗ (6)

h = ψρ�μ̃ (7)

�th (t) = g0ξexpt
(
�τ ∗) (8)

ϑ is the fluid-dependent scale factor along the critical isochore. The superscript ∗ labels a
non-dimensional fluid quantity obtained by using a single energy reference [noted (βc)

−1

below, see Eq. (21)] and a single length reference [noted αc below, see Eq. (22)] in the
physical normalization process of the fluid particle properties.ψρ is the fluid-dependent scale
factor along the critical isotherm, associated to the intensive fields h → 0 and �μ̃ → 0.
�μ̃ = μ̃ − μ̃c is the ordering field, with μ̃ = μρρc

pc
(μ̃c = μρ,cρc

pc
). Here, ρ is the mass

density and μρ is the chemical potential per mass unit. The subscript c refers to a critical
parameter of the fluid, such as the critical pressure pc. The subscript ρ refers to a specific
(per mass unit) quantity and the decorated ˜ indicates a normalized quantity which introduces
an additional set of energy and length references, such as for example ρ̃ = ρ

ρc
or μ̃ = μρρc

pc
.

The third nonuniversal parameter g0 has the convenient wavelength dimension at d = 3 to
take the practical role of a finite wavelength cutoff, defined at the vapor-liquid critical point.
The inverse wavelength (g0)−1 is the natural microscopic length unit for �th (t) to calculate
the dimensional correlation length ξexp (�τ ∗), through Eq. (8). In such a case, the susbscript
r in the non-universal dimensionless prefactor Pr of Eq. (5) recalls that the appropriate non
classical powers of g0 are thus accounted for through the product g0αc, as discussed below.

As a similar remarkable result strictly valid within the PAD, the physical asymptotic
singular properties P∗

s,expt can then be estimated from Eq. (5) as the following restricted
two-term forms [3],

P∗
s,expt

(∣∣�τ ∗∣∣) = Π±
P

(∣∣�τ ∗∣∣)−πP
[
1 + a±

P

(∣∣�τ ∗∣∣)�
]

(9)

The complete sets of the leading amplitudes, such as Π±
P = Prϑ−πPZ

±
P , and the confluent

amplitudes, such as a±
P = ϑ�

Z
1,±
P , depend on the fluid f . In such a fluid PAD description,

the calculated non-universal nature of each one-component fluid is characterized by only
two leading asymptotic amplitudes among the complete

{
Π±

P

}
set and a single confluent

amplitude among the complete
{
a±
P

}
set, conforming to the Ising-like universal features

estimated from the MR scheme. However, the fluid non-universal characterization needs
a particular attention, noting that FP,th are only dependent on the first nonuniversal scale
factor ϑ turning of Eq. (5). Moreover, the dimensionless prefactors Pr can be dependent on



the second non-universal scale factor ψρ where are contributing two fluid-dependent lengths
(g0)−1 and αc to account for the extensive nature of the theoretical and physical properties.

As for the above illustration in the theoretical case of Eqs. (2) to (4), now we consider the
corresponding two-term expansions for�τ ∗ → 0 of the dimensional correlation length ξexpt
and the dimensionless properties κ∗

T,expt and �ρ̃LV,expt mentionned in the introduction, i.e.,

ξexpt
(
�τ ∗) = ξ+

0

(
�τ ∗)−ν

[
1 + a+

ξ

(
�τ ∗)�

]
(10)

κ∗
T,expt

(
�τ ∗) = 	+ (

�τ ∗)−γ
[
1 + a+

χ

(
�τ ∗)�

]
(11)

�ρ̃LV,expt
(∣∣�τ ∗∣∣) = B

∣
∣�τ ∗∣∣β

[
1 + aM

∣
∣�τ ∗∣∣�

]
(12)

We note that ξ+
0 ∼ [

length
]
is mandatory a fluid characteristic length in Eq. (10), which

leads to define the physical dimensionless amplitude ξ+ = ξ+
0
αc

from reference to the physical
length unit αc. Thus ξ+ must be controlled in terms of the non-universal parameters of each

fluid, where both Eqs. (11) and (12), introduce
{
a+
χ ;	+; B

}
as being the characteristic three-

amplitude set to be similar to the three-scale factor set
{
ϑ;ψρ; g0

}
to define the fluid PAD

description. From the term to term matching of the corresponding rescaled Eq. (5), it is easy
to obtain the unequivocal relations

a+
χ = Z

1,+
χ ϑ� (13)

	+ =
(
Z

+
χ

)−1
χ+
r ϑ−γ (14)

B = ZMMrϑ
β (15)

The prefactor terms Pr of the leading amplitudes 	+and B are χ+
r = (

L
{1 f })d (

ψρ

)2 and

Mr = (
L

{1 f })d ψρ , respectively, where is thus introduced the dimensionless coupling-like
constant L{1 f } defined by

L
{1 f } = g0αc (16)

From Eq. (8), we also obtain ξ+
0 = (g0)−1

(
Z

+
ξ

)−1
ϑ−ν , which can be rewritten as

ξ+ =
(
Z

+
ξ

)−1
ξ+
r ϑ−ν (17)

with the prefactor ξ+
r = (

L
{1 f })−1

. Therefore, only considering the description of the {1 f }
subclass of the simple fluid where L{1 f } = g0αc is a master constant, Eq. (16) provides the
uniqueness of the length unit used in the renormalized bare quantities and dimensionless
physical quantities. As expected in our master PAD description [9], the introduction of the

master constant L{1 f } ensures the amplitude combinations
(
ξ+
r

)d (Mr )
2

χ+
r

= 1 and Qc =
(
ξ+)d B2

	+ =
(
Z

+
ξ

)−d
(ZM )2 Z+

χ to be conform with the two-scale-factor universality (using

the scaling law dν = 2β + γ ).
For a refined understanding of the non-trivial critical limit, it should also be recalled that

the bare coupling constant, (g0)
1

4−d , defined at the critical point has been substituted to
the cutoff wave number, �, to play the role of the wave-vector unit, while the MR mean
crossover functions were derived in the massive renormalization scheme [16] using infinite
cutoff wave number (� → ∞). Nevertheless, for d = 3, g0 has exactly the dimension of



�, i.e., the inverse length dimension, which is very convenient to derive dimensionless prop-
erties, but not essential. Indeed, for the case of the theoretical (dimensionless) and physical
(dimensional) correlation length, �th can naturally be compared with the experimental mea-

surements of ξexpt via the relation �th = (g0)
1

4−d ξexpt. Therefore, in the MR scheme, g0 was
generally considered as the third non-universal parameter added to ϑ and ψρ to characterize
any physical system belonging to the O (1) universality class. However, the introduction of

the critical microscopic length, αc =
(
kBTc
pc

) 1
d
, as a length unit for the simple fluid case,

leads to define the physical dimensionless correlation length as ξ∗
expt = ξexpt

αc
. As a practical

consequence, a master (constant) value of L{1 f } = 25.585 estimated from Ref. [9] can then
be used to characterize the one-component fluid subclass (noted {1 f }), i.e., the subclass of
comparable simple fluids where the explicit length scale unit αc takes comparable values
when αc is calculated from two intensive critical properties Tc and pc [see below Eq. (22)].
The length dimensions of the hamiltonian bare quantities (such as r0 for example, which leads

to |�τ ∗| ∼ r0 − r0c ∝ (g0)
2

4−d and �0 ∼ m ∝ (g0)
d−2

2(4−d) ), are then implicitely accounted
for, since the density variables correctly account for the critical power dimension of L{1 f }.

In return, L{1 f } = 25.585 can be used as a criteria to define the related universal length
range, such as �th � (3 − 4)L{1 f } 	 75–100, where the universal three-amplitude set seems
sufficient to characterize the universal critical crossover regime. As a direct consequence, in
Ref. [1], this well-defined Ising-like limit and the ad hoc construction of the mean crossover
functions are the two essential keys to calculate the precise local values of the scale factor
ϑ±
L (|�τ ∗|) in the extended preasymptotic domain, de facto beyond the PAD, but still within

the Ising-like side of the intermediate region [3]. From the asymptotic identities ϑ ≡ ϑ±
L ,

as well the scale factor ϑ as the prefactors Pr
(
ψρ

)
, take physical meaning at the Ising-like

limit |�τ ∗| → 0. Finally, the non-universal nature of any simple fluid belonging to the {1 f }-
subclass of the O (1) universality class is characterized by two parameters ϑ and ψρ , while

the inverse ϑ−1 and
(
ψρ

)−1 act as the effective temperature-like and magnetic-like Ginzburg
numbers, respectively.

More essential to understand the physical crossover behavior in simple fluids, αc also
measures the range of the fluid microscopic interactions, i.e., a key parameter for distin-
guishing the critical and classical limiting regimes. αc can take physical meaning analyzing
the crossover competition between long-ranged critical fluctuations and short-ranged micro-
scopic interactions [1], then using the following equation

�th (t)

L{1 f } = ξexp (�τ ∗)
αc

(18)

where �th (t) ∼ L
{1 f } corresponds to ξexp (�τ ∗) ∼ αc. As a result, the range �th (t) < L

{1 f }
has nomicroscopic physical sense for a fluid belonging to the {1 f } subclass with comparable
short-ranged molecular interactions. Only the above range �th � (3 − 4)L{1 f } 	 75 − 100
confers a well-defined Ising-like nature to the corresponding theoretical temperature-like
range t = ϑ±

L |�τ ∗|, then to thephysical temperature rangewhere ξexpt (|�τ ∗|) � (3 − 4) αc,
and, finally, to the experimental temperature range where the identities ϑ±

L ≡ ϑ using the
calculated values of ϑ±

L (|�τ ∗|) beyond the PAD are validated. Reference [1] has provided
unambiguous non-analytic equations to define the extension and nature of the fluid crossover
behavior characterized by this single value of ϑ along the critical isochore (and ψρ along the
critical isotherm, subsequently). It is important to point out that the Ising-like scale factor
nature of ϑ was noticeable, despite the initial arbitrary introduction through the asymptotic



linear relation t = ϑ |�τ ∗|, which only assumes small values of t and �τ ∗ (with similar
induced Ising-like scale factor nature of ψρ such as h = ψρ�μ̃).

2.3 Master Characterization of the Simple Fluid Subclass

The above Ising-like critical crossover description of the simple fluid is phenomenologically
reinforced from the calculated master crossover functions of Ref. [9], which are Ising-like
similar to the MRmean crossover functions without any adjustable non-universal parameter.
Assuming the existence of the master relations,

ϑ (Yc)
−1 = Θ{1 f } (19)

ψρ (Zc)
1
2 = Ψ {1 f } (20)

where Θ{1 f } and Ψ {1 f } are two additional master constants, all the fluid-dependent para-
meters and amplitudes are thus estimated from the four generalized critical coordinates

Qmin
c,ap̄ =

{
Tc; pc; v p̄,c; γ

′
c

}
of the liquid-gas critical point. v p̄,c = m p̄

ρc
is the critical mole-

cular volume. m p̄ is the particle mass. γ
′
c is the common critical direction of the saturation

pressure line and critical isochoric line at Tc. Firstly, these four critical coordinates of f are
used

(i) to make the thermodynamics properties and the correlation length dimensionless from
the following energy and length references

(βc)
−1 = kBTc (21)

αc =
(
kBTc
pc

) 1
d

(22)

and
(ii) to define the following two dimensionless critical numbers

Yc = γ
′
c
Tc
pc

− 1 (23)

Zc = pcm p̄

ρckBTc
(24)

Yc of Eq. (23) and Zc of Eq. (24) are the respective characteristic scale factors of the rele-
vant master fields along the critical isochore and the critical isotherm of f . Then, the three
master constant set

{
Θ{1 f } = 4.288 × 10−3;L{1 f } = 25.585;Ψ {1 f } = 1.75505 × 10−4

}

[9] take physical meaning on the dimensionless thermodynamic properties of the (Zc)
−1

particles filling the critical interaction volume of size αc =
(
kBTc
pc

) 1
d
, with critical

mass
m p̄
Zc

= ρc (αc)
d . That induces the determination of the three master amplitude set

{
Z1,+

χ = 0.555;Z+
χ = 0.11975;ZM = 0.4665

}
[9], which characterizes the master PAD

description of the {1 f } subclass. Finally, switching our focus to the interpolated two-term
expansions of κ∗

T,expt and �ρ̃LV,expt mentionned in the introduction, we obtain

a+
χ = Z1,+

χ (Yc)
� (25)

	+ = Z+
χ (Zc)

−1 (Yc)
−γ (26)

B = ZM (Zc)
− 1

2 (Yc)
β (27)



The three-amplitude set
{
a+
χ ;	+; B

}
is well only a function of the two scale factors Yc

and Zc of Eqs. (23) and (24), i.e., a PAD description which only needs the knowledge of the
critical point location on the fluid phase surface of equation-of-state φap̄

{
p, v p̄, T

} = 0. The
subscript ap̄ recall for a normalized thermodynamic description starting from the Helmholtz
free energy of the fluid particle.

3 Summary of Fluid Characterization Using Other Crossover Theoretical
Models

3.1 Selected Crossover Models

3.1.1 Crossover Functions from the Minimal-Subtraction Renormalization Scheme
(MSR Model)

The implicit MSR model [22] was developped in the minimal-subtraction renormalization
scheme [19,20]. The MSR crossover functions are essentially equivalent to the MR ones,
although differs the way to introduce the set {u; a;μ} of three non universal parameters
(using notations of Ref. [22] and noting that the MSR parameter u cannot be confused
with the previous MR (coupling constant) parameter u). It should be noted for our present
concern, that the RG-based crossover expressions in the minimal-subtraction and massive
renormalization schemes were derived using an infinite cutoff wave number (� → ∞). The
limitations induced by the introduction of such an infinite value are discussed inRefs. [17,19].
The present work demonstrates the unequivocal similarity of MSR versus MR ignoring the
minor differences between their respective Ising-like universal features, i.e., their slightly
different universal values of the critical exponents and amplitude combinations, including
the ratios of the first-order confluent amplitudes.

3.1.2 Parametric Models from Crossover Expansions of the Free Energy (CLM-I to IV,
CPM, CMM)

A series of models [25] used the crossover expansions for the Helmholtz free energy based
on the renormalization group matching point method [35–37], initially implemented in the
so-called crossover Landau models (noted CLM-I to IV) [23,24,38,39], and subsequently
upgraded in the crossover formulations (noted CPM) of the phenomenological parametric
forms of the pertinent fields involved in the equation of state [27,28]. These models have
thus complemented the crossover models of Ref. [40] obtained on the basis of an expansion
in terms of ε = 4 − d, but restricted to the susceptibility and heat capacity above Tc, as
discussed in Ref. [41].

The common main characteristic of CLM and CPM is the introduction of a minima four
non-universal parameters to characterize the crossover behavior of the physical system. We
have distinguished three versions, noted CLM-I, CLM-II, and CPM, to precise the role
of their respective non-universal parameter sets, namely, {g; u; a0; u0},

{
�; u; ct ; cρ

}
, and{

g; u; m̃0; l̃0
}
(for notations, see Refs. [25] and [28]).We already note that two non-universal

parameters, namely g and u, or � and u, are explicit to characterize the classical-to-critical
crossover behavior.We recall that CLM-I&II are asymptotic versions and a especial attention
is given to CLM-II for which the previous works [42,43] have already demonstrated the
similarity with the master PAD description in the analysis of the singular behaviors of six



simple fluids different from xenon. Additional CPM-MSR comparisons can be found in Refs.
[26,44]. We also note the recent development of the master form (noted CMM) [13] of CPM,
which works without any adjustable non-universal parameter when the critical coordinates
of the liquid-vapor critical point of the one-component fluid are known.

For a more precise comparison with the MR scheme, the present work also considers
the reduction by one of the number of non-universal parameters involved in the re-named
CLM0-I&II and CPM0 models (adding the label 0), by fixing u = 0 in CLM-I&II and CPM
(see below and Appendix 2.3). Through this condition, these models are also satisfying the
infinite limit for the cutoff wave number (� → ∞), with finite values of the product u�,
leading to the definition of the crossover functions that only depend on g, or u�.

3.1.3 Numerical Crossover Calculations from the Ising Lattice Models (TGN)

The theoretical crossover curves [31] that have been obtained from numerical calculations for
Ising lattice models refer to the model noted TGN [29,30], in which the system-dependent
parameter was the tunable, Ginzburg-number-like parameter (noted G±

Xe in Ref. [31]). The
comparison of these numerical results with CLM-II is given in Ref. [45]. The PAD charac-
terization for the numerical TGN case is not reported here, as it appears to be more complex
due to the supplementary dependence on the interaction range of the Ising lattice models
which can not be related to the microscopic molecular interactions in simple fluids.

3.2 Ising-Like Crossover Description Within the PAD

The above brief presentation of the crossover models is mainly focused on the definition and
the number of the non-universal parameters involved in eachmodel. However, we can also use
the generic label W to distinguish the definition and the notations of the universal quantities
(exponents and amplitudes) similar to the ones used in the MR crossover description. In a
first approximation, the small differences in the universal values of the critical exponents
and amplitude combinations (including the universal ratios between the first-order confluent
amplitudes) can be ignored. This convenient simplification provides a well-defined Ising-like
limit of the asymptotic critical crossover close to the non-trivial fixedpoint of eachmodel, only
characterized by a three (one-confluent and two-leading) universal amplitude set. As the fluid
description within the PAD can thus be characterized by the three nonuniversal amplitude set{
a+
χ ;	+; B

}
, the remaining important Ising-like feature of the crossover models is the exact

number of the needed (at least three) non-universal parameters involved in the estimation
of this amplitude set. Therefore, in the following a model only using three non-universal
parameters is noted as W while a model using more than three non-universal parameters is
noted as W+.

In such a situation, the PAD description of the fluid property P∗
expt close to Tc can always

be defined in terms of one among the two following rescaled fitting equations,

P∗
expt

(∣∣�τ ∗∣∣ ,�μ̃ = 0
) = Pn,WFP,W

(∣∣∣∣
�τ ∗

�τ ∗
W

∣∣∣∣

)
(28)

P∗
expt

(∣∣�τ ∗∣∣ ,�μ̃ = 0
) = P0,W+

∣∣�τ ∗∣∣πP FP,W+

(∣∣∣∣∣
�τ ∗

�τ ∗
W+

∣∣∣∣∣

)

(29)

introducing the non-universal prefactors Pn,W or P0,W+ and the non-universal temperature
scaling factors �τ ∗

W or �τ ∗
W+ of the temperature field to replace the proper non-universal

parameters involved in each model. Fitting Eq. (28) valid for the W model appears thus



similar to Eq. (5). We note however the introduction of the subscript n which can distinguish
the needed intrinsic theoretical process to normalize an universal W quantity, especially the
correlation length. Indeed, any three parameter model necessarily appears in conformity with
the renormalization schemes that satisfy to the infinite cut-off wave number and coupling
constant of wavelength dimension, while�τ ∗

W is thus the temperature-like Ginzburg number
G (see Appendix 2.2). In Eq. (29) valid for the W+ model, we underline the explicit leading
power law in term of the physical temperature field. This latter equation only involves the
physical process to normalize a fluid thermodynamic property, while in the case of physical
correlation length of

[
Length

]
dimension, the prefactor ξ0,W+ is mandatory a fluid charac-

teristic length.
In such above fitting forms, FP,W (tW), or FP,W+

(
tW+

)
, are universal dimensionless

functions only dependent on the rescaled temperature ratios tW =
∣
∣
∣ �τ∗
�τ∗

W

∣
∣
∣ or tW+ =

∣
∣
∣
∣

�τ∗
�τ∗

W+

∣
∣
∣
∣.

Equations (28) and (29) provide an easier understanding of the nature of the two fluid-
dependent parameters used in each fitting equation, despite the fact that �τ ∗

W (or �τ ∗
W+ ), as

well as Pn,W (or P0,W+ ), were defined as complex combinations of the proper nonuniversal
parameters ofW (orW+), which implicitely include the needed energy and length references.

To describe the PAD for the Ising-like limit |�τ ∗| → 0, the universal functions FP,W =
{�W;χW;mW} (or FP,W+ = {

�W+;χW+;mW+
}
) similar to our previous MR Eqs. (2) to (4),

can be written asymptotically as follows

�PAD,W = Z+
ξ,W (tW)−ν

(
1 + g1,+ξ,W (tW)�

)
(30)

χPAD,W = Z+
χ,W (tW)−γ

(
1 + g1,+χ,W (tW)�

)
(31)

mPAD,W = ZM,W |tW|β (
1 + g1M,W |tW|�)

(32)

�PAD,W+ = Z+
ξ,W+

(
1 + g1,+ξ,W+

(
tW+

)�
)

(33)

χPAD,W+ = Z+
χ,W+

(
1 + g1,+χ,W+

(
tW+

)�
)

(34)

mPAD,W+ = ZM,W+
(
1 + g1M,W+

∣∣tW+
∣∣�

)
(35)

Selecting χW (or χW+ ) and mW (or mW+ ) as two independent functions of present interest,
the Ising-like universality within the PAD appears characterized only through the universal

values of the three amplitude set
{
g1,+χ,W; Z+

χ,W; ZM,W

}
(or

{
g1,+χ,W+; Z+

χ,W+; ZM,W+
}
). These

latter sets for W (or W+) are strictly similar to the above set

{
Z
1,+
χ ;

(
Z

+
χ

)−1 ;ZM

}
of the

MR PAD description. All these characteristic universal quantities are reported in columns 2
to 5 of Table 2 ignoring the exact number (three ormore) of nonuniversal parameters involved
in W and in columns 6 and 7 of Table 2 for the MR case. They are analyzed in a detailed
manner below (Sect. 4).

4 Similar Universal Crossover Shapes Within the PAD

The comparative analysis of the selected crossover models needs to distinguish the similarity

of the models governed by each universal three-amplitude set such as
{
g1,+χ,W; Z+

χ,W; ZM,W

}

given in Table (2), from the similarity of the intrinsic non-universal parameters governed by
a number of parameters, which can be greater than three as noticed in previous Sect. 3.1.



Table 2 Lines 1 to 3: Three universal amplitudes of the dimensionless crossover functions for the susceptibility
above Tc and the order parameter density below Tc , which characterize the complete Ising-like PAD shapes
for four different models (CLM, CPM, MSR and MR, columns 2 to 4 and 6, respectively)

W CLMI&II [25] CPM [28] MSR [22] MR [2] [3]

(a) Characteristic parameters

1 g1,+χ,W 0.610 0.590 0.545
∣
∣∣Z1,+

χ

∣
∣∣ 8.56347

2 Z+
χ,W 0.871 3.38317 0.25

(
Z

+
χ

)−1
0.269571

3 ZM,W 2.05 3.28613 0.6 ZM 0.937528

(b) Additional parameters

4 g1M,W 0.531 0.529 0.425 Z
1
M 7.70712

5 Z+
C,W 2.27 1.68210 1

16π Z
+
C 1.719788

6 Z+
ξ,W 0.428 0.474 0.6

(
Z

+
ξ

)−1
0.471474

(c) Ising-like universal features

7 � 0.52 0.52 0.502 0.50189

8 γ 1.239 1.239 1.235 1.2395935

9 β 0.3255 0.3255 0.326 0.3257845

10 RC = αZ+
C,W

Z+
χ,W

(
ZM,W

)2 0.052 0.0580 0.0582
Z

+
C

Z
+
χ (ZM )2

0.0574

11
(
R+

ξ

)d = αZ+
C,W

(
Z+

ξ,W

)d
0.0188 0.0188 0.0206

Z
+
C(

Z
+
ξ

)d 0.0196

12
(
Qc,W

)−1 = RC(
R+

ξ

)d 2.64 2.95 2.82

(
Z

+
ξ

)d

Z
+
χ (ZM )2

2.93

13
g1,+M,W

g1,+
χ,W

0.87 0.897 0.76

∣∣∣Z1,+
χ

∣∣∣

Z
1
M

0.9

(d) Matching parameters

14 �W 5.36 × 10−3 5.02 × 10−3 4.16 × 10−3

15a �M,W 7.2 × 10−4 1.17 × 10−3 2.43 × 10−4

15b �χ,W 5.4 × 10−4 1.03 × 10−3 2.49 × 10−4

16 �n,W (v0)
1
3 = αc (v0)

1
3 = αc l0 = αc

(g0)
−1

L{1 f } = αc

Line 4: First-order confluent universal amplitude of the crossover function for the order parameter density
below Tc . Lines 5 and 6: Leading universal amplitudes for the specific heat and correlation length above Tc .
Lines 7 to 13: universal exponents and universal amplitude combinations characterizing the Ising-like universal
features of each model. Lines 14, 15a and 15b: Two scale factors needed to get quasicomplete matching of the
Ising-like crossover shapes of CLM, CPM and MSR with the one of MR (lines 15a and 15b are respectively
calculated from Eqs. (41) and (42) to illustrate the possible differences due to the Ising-like universal features
estimated for each model). Line 16: Physical length unit of the correlation length

However, as any three-parameter crossovermodelmust be in conformity to the limit� → ∞,
our primary interest is to demonstrate the quasi-perfect universal matching between all the
resulting crossover shapes of the PAD description by Eqs. (30) to (35). Hence, using the data
reported in Table 2, we can directely infer the similarity between the characteristics universal
quantities (defined in column 2) of CLMI&II (column 3), CPM (column 4), MSR (column



5) and the ones (defined in column 6) of MR (column 7), assuming that the crossover models
W are such as:

(i) the Ising-like universality is accounted for using a single independent, universal value
of the first-order confluent amplitude (g1,+χ,W) and two independent, universal values of

the leading amplitudes (Z+
χ,W, ZM,W). The corresponding values are given in lines 1 to

3;
(ii) a single length unit is used to reduce the correlation lengths and the thermodynamic

properties of the models and of the simple fluids belonging to the one-component
subclass of universality. The corresponding definition is reported in last line 16;

(iii) the universal nature of the models are in conformity with an infinite cutoff wave number
and then are accounted for by introducing only two independent asymptotic parameters
among the three free parameters of the model. The control of the Ising-like universal
features in each model can be performed using the additional values of the first-order
confluent amplitude g1M,W (from the magnetic-like crossover function) and the lead-

ing amplitudes Z+
C,W (from the specific heat crossover function) and Z+

ξ,W (from the
correlation length crossover function), given in lines 4 to 6, respectively.

Therefore all the theoretical crossover shapes must be collapsed (quasi-perfectly) on the cor-
respondingMR curves within the Ising-like PAD. Here quasi-perfectly refers to the neglected
small differences between the estimated universal Ising-like values of the exponents and the
amplitude combinations proper to each model, illustrated from the specific universal quanti-
ties reported in lines 7 to 13. This collapse can now be understood in a similar manner to the
collapse [9] between the mean and master crossover functions through the use of the master
constants Θ{1 f } and Ψ {1 f } [see Eqs. (19) and (20)].

The first step needs to introduce two universalmaster constants�W and�W, characteristic
of the model W, such as

t = �WtW (36)

h = �WhW (37)

mth = (�W)−1 mW (38)

where the two latter equations result from the conjugated field-density nature of both vari-
ables. t, h,mth and tW, hW,mW are the temperature-like fields, the ordering magnetic-like
fields, and the order parameter magnetization-like densities for the MR andW cases, respec-

tively. From the above discussion, it is obvious that tW =
∣∣∣ �τ∗
�τ∗

W

∣∣∣.
The second step uses the hierarchical term-to-term comparison between the respective

PAD description by W and MR, starting with the universal first-order confluent matching
and finishing with the universal asymptotical leading matching. Such a comparison needs
the implicit use of the non-universal length unit �n,W of W, similar to (g0)−1 of MR (see last
line 16). The application of W and MR can then be restricted to the one-component fluid
subclass through the master condition

g0�n,W = L
{1 f } (39)

Equation (39), similar to Eq. (16), provides the needed universal identity �W (tW) ≡
(
L

{1 f })−1
�th (t).



Finally, selecting as entry data the values reported in lines 1 to 3, the values of �W and
�W given in lines 14 and 15a & b were obtained using the following universal equations

�W =
⎛

⎝
g1,+χ,W∣
∣
∣Z1,+

χ

∣
∣
∣

⎞

⎠

1
�

(40)

�χ,W =
[
Z+

χ,WZ
+
χ (�W)γ

(
L

{1 f })−d
] 1

2

(41)

�M,W = ZM,W (ZM )−1 (�W)−β
(
L

{1 f })−d
(42)

In lines 15a & b, the small differences between both estimates of �W from Eqs. (41) and
(42) are indicative of the non-perfect collapse due to the small differences between the
universal values of the critical exponents and amplitude combinations (see lines 7 to 13).
Similar small differences (not reported here) can be observed on the �W estimates, using

for example the universal equation �W =
(

g1M,W

Z
1
M

) 1
�

obtained from the first-order confluent

matching in the magnetic-like case below Tc (see line 4). In this latter case, the differences

are due to the distinct values of the universal ratios g1,+M,W/g1,+χ,W and
∣∣∣Z1,+

χ

∣∣∣ /Z1
M (see line

13). Nevertheless, despite this intrinsic numerical mismatching from the actual theoretical
approaches, the collapse of the universal crossover shapes includes the Ising-like universality
features at the first-order of the scaling confluent corrections and satisfies to the two-scale-
factor universality of the leading singular power laws. For instance, the correlation length
asymptotical matching leads to

(
Z

+
ξ

)−1
(�W)−ν

(
L

{1 f })−1 = Z+
ξ,W (43)

(see line 6), which can be considered as a universal hyperscaling combination to estimate�W.

Indeed, the similar matching for the specific heat leads to Z
+
C (�W)2−α

(
L

{1 f })d = Z+
C,W,

while
(
R+

ξ

)d = αZ+
C,W

(
Z+

ξ,W

)d = Z
+
C

(
Z

+
ξ

)−d
, see line 11. Equations (40) from first-

order confluent matching and (43) from asymptotical leading matching mean that �W is
necessarily the single scale factor of tW. �W characterizes the crossover singular behavior
of W, as well as the asymptotical leading singular behavior of W, to be in conformity with
the MR estimated ones at h = hW = 0. In conclusion, the uniqueness of the universal
three-parameter modelling within the PAD is well demonstrated from the data of Table 2.

5 Non-Universal Three-Parameter Matching Within the PAD of a Simple
Fluid

5.1 Non-Universal Crossover Within the PAD

The data reported in Table 2 probe the uniqueness of the universal critical behavior within the
PAD whatever the selected model. Therefore, to explain the similarity of the results reported
in Table 1 for the xenon case, the next step needs to demonstrate the uniqueness of the non-
universal parametric estimation of the fluid amplitudes regardless the number and the nature
of the intrinsic non-universal parameters involved in each model. Indeed, from the rescaled
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fitting Eqs. (28) and (29), the fluid-dependent amplitudes of the Ising-like characteristic set{
a+
χ ;	+; B

}
can be written as follows,

a+
χ = g1,+χ,W

(
�τ ∗

W

)−� = g1,+ξ,W+

(
�τ ∗

W+

)−�

(44)

	+ = Z+
χ,Wχ+

n,W

(
�τ ∗

W

)γ = Z+
χ,W+χ+

0,W+ (45)

B = ZM,WMn,W
(
�τ ∗

W

)−β = ZM,W+M0,W+ (46)

The above left equations refer to a W model while the right equations refer to a W+ one. To
avoid any reference to the exact number of intrinsic non-universal parameters ofW, it is conve-
nient to introduce the leading prefactors χ+

0,W = χ+
n,W

(
�τ ∗

W

)γ and M0,W = Mn,W
∣
∣�τ ∗

W

∣
∣−β

to replace Z+
χ,W and ZM,W used in a three-parameter model case. The three-amplitude set

{
a+
χ ;	+; B

}
can then be exchanged to the three-parameter set

{
�τ ∗

W;χ+
0,W; M0,W

}
. In a

similar manner for the MR case, it is also convenient to introduce X
∗,+
0 = χ+

r ϑ−γ and

M
∗
0 = Mr |ϑ |β to replace χ+

r = (
L

{1 f })d (
ψρ

)2 and Mr = (
L

{1 f })d ψρ , respectively. The

three-parameter set
{
ϑ;X∗,+

0 ;M∗
0

}
replaces the three-scale factor set

{
ϑ;ψρ; g0

}
and can

more directly be compared and matched to
{
�τ ∗

W;χ+
0,W; M0,W

}
for the W case. Indeed, this

W versus MR matching, can be written as follows

a+
χ = g1,+χ,W

(
�τ ∗

W

)−� =
∣∣∣Z1,+

χ

∣∣∣ ϑ� (47)

	+ = Z+
χ,Wχ+

0,W =
(
Z

+
χ

)−1
X

∗,+
0 (48)

B = ZM,WM0,W = ZMM
∗
0 (49)

without reduction in the account of the Ising-like universal features estimated in W (left
equations) and MR (right equations).

To obtain the complete description ofW, it remains to introduce the intrinsic non-universal

parameters involved in the estimation of
{
�τ ∗

W;χ+
0,W; M0,W

}
, as reported in Table 3 (using

the notations of the references listed in subline 0 of this Table). Columns 3 to 6 of Table 3
refer to CLM-I & II, CPM, and MSR, respectively, while the case of TGN is not included
due to the numerical forms of the crossover functions.

The non-universal parameter sets involved in each model W are given in line 1. In addi-
tion, lines 2 to 4 indicate the definitions of the useful sub-parameter combinations introduced
in each model. �τ ∗

W were given in line 5 while the leading prefactors χ+
0,W and M0,W are

reported in lines 6 and 7. When the W fits of the experimental data obtained at a finite tem-
perature distance from Tc have produced comparable values of the fluid PAD amplitudes a+

χ ,
	+, and B (as in the xenon case of Table 1), Eqs. (47), (48), and (49) mean that �τ ∗

W, and
then, subsequently, χ+

0,W and M0,W, are the effectively adjusted quantities, not the individual
free parameters ofW. Hence, the true non-universal character of the fluid is given as a form of
multi-parameter combinations. Therefore, the correlated difficulty is the correct understand-
ing of the nature and the order of magnitude of each non-universal parameter involved in{
�τ ∗

W;χ+
0,W; M0,W

}
.When the values of the intrinsic non-universal parameters are available

in the xenon case, the corresponding numerical values of �τ ∗
W, χ+

0,W, and M0,W are given
between brackets in lines 5 to 7, columns 5 and 6 of Table 3. However, such multi-parameter
combinations can not easily be identified with the similar MR parameters given in column 7.



Nevertheless, in the case of �τ ∗
W, a careful attention focused on the true independent

values of this free-parameter combination confirms the existence of a single value for �τ ∗
W

for CPM (column 5) and MSR (column 6), adjusted above and below Tc from the data fitting
at finite distance from Tc. We recall that the added arbitrary condition �

(ct )
1
2

= π (see line

8) in the CPM case (column 5) leads to a restricted three-free-parameter fitting condition,
similar to the one of the MSR case. �τ ∗

W values take an Ising-like nature similar with that of
(
ϑ±
L

)−1
in the MR case since extracted from similar conditions at finite distance from Tc. We

see here why our previous [1] non-analytical scaling estimation of
(
ϑ±
L

)−1
at a finite (positive

and negative) distance away from Tc can now be more accurately compared to any crossover
theory than heretofore when the values of the free parameter combinations can explicitly
and unambiguously be correlated to our local value ϑ±

L (�τ ∗), subsequently to our induced
free parameter ψρ , and finally to our free leading prefactors X

∗,+
0,L andM

∗
0,L provided by the

use of the MR crossover functions in Ref. [1]. We can in return assume their exact analytic

matching, using our MR results of column 7 as references, where the set
{
ϑ±
L ;X∗,+

0,L;M∗
0,L

}

obtained in the extended asymptotic domain (here recalled by the subscript L), replaces the
set

{
ϑ; g0;ψρ

}
estimated in the preasymptotic domain (see Ref. [1] for details).

5.2 Similarity of the Non-Universal Parametric Crossover Description Within the
PAD

From the above analyses where all the physical and theoretical PAD descriptions only
involve three characteristics quantities, de facto only three theoretical universal ratios

R1
W =

(
g1,+χ,W∣∣
∣Z1,+

χ

∣∣
∣

) 1
�

, Rχ,W =
(
Z

+
χ

)−1

Z+
χ,W

and RM,W = ZM
ZM,W

are needed to construct the links W

versus MR, through the following equations

�τ ∗
W

(
ϑ+
L

)−1 =
⎛

⎝
g1,+χ,W∣∣∣Z1,+

χ

∣∣∣

⎞

⎠

1
�

= R1
W (50)

χ
∗,+
0,W

X
∗
0,L

=
(
Z

+
χ

)−1

Z+
χ,W

= Rχ,W (51)

M∗
0,W

M
∗
0,L

= ZM

ZM,W
= RM,W (52)

The corresponding universal values of Eqs. (50), (51), and (52) are reported in lines 1 to 3 of
Table 4. Equation (50) only refer to the confluent correction terms, while leading asymptotic
terms are accounted for by Eqs. (51) and (52).

5.2.1 Matching of the Lowest Confluent Corrections

We immediately note that our selected a+
χ matching using Eq. (50) is similar with the aM

matching, such as
�τ∗

W(
ϑ−
L

)−1 =
(

g1M,W

Z
1
M

) 1
� ≡ R1

W. The equivalence of the multi-parameter

combinations is strictly correct when it is assumed no difference in the universal ratios aM
a+
χ
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estimated from the different models (see line 13 in Table 2). It remains here essential to note
that, in the case of W as well as in the one of MR, the independent data sources used to
extract �τ ∗

W and ϑ±
L are based on completely different experiments performed in different

finite temperature ranges above or below Tc. This essential feature is explicit in the MR

case where the important distinction using
(
ϑ+
L

)−1
and

(
ϑ−
L

)−1
lies in the independent non-

analytic estimations of ϑ+
L (�τ ∗) , where ϑ+

L ≈ ϑ within a finite, positive temperature
range, and ϑ−

L , where ϑ−
L ≈ ϑ within another finite, negative temperature range (see Ref.

[1]). Therefore, despite complex forms of the multi-parameter combinations for each W, the
following equations (see line 4 of Table 4)

(
ϑ±
L

R1
W

)

1

= 1

�τ ∗
W

(53)

are the first validation of the Ising-like nature of a single crossover parameter �τ ∗
W involved

in the first-order confluent matching regardless ofW. In Eq. (53), the notation ()1 refers to this
non-asymptotic construction of the first-order confluent linkW versusMR, both values being
adjusted at finite distance from Tc. We note that these W combinations are then independent
of L{1 f }. The similar order of magnitude (∼0.23, see subline 5 of Table 3) between the
adjusted values of �τ ∗

W is now a direct consequence of the comparable universal values

(∼0.6, see line 1 of Table 2) of g1,+χ,W, while the highest value
∣∣∣Z1,+

χ

∣∣∣ = 8.56347 explains the

highest value of 1
ϑ

= 47.225. We recall that such a confluent matching analysis is not easy
for the case of TGN due to the numerical forms of the crossover functions. However, from the
comparison between the Ginzburg-number-like �τ ∗

TGN ∝ G+
Xe of Ref. [31] and �τ ∗

MR = 1
ϑ

of MR, we can reasonably expect that there exist one value �τ ∗
TGN ∝ 1

ϑ
, for which the

experimental data coincide with the MR curve and the TGN curve over the full temperature
range, with the similar level of 0.4% accuracy (see for example Figure 5 in Ref. [13] for
the case of the MR curve). However, the universal value of the prefactor of proportionality
is not available since the numerical form of the TGN crossover function can not permit
direct access to the corresponding theoretical universal value g1,+χ,TGN, which is implicitly
dependent on the interaction range. Such a situation differs somewhat from the observations
of the curve labeled BB in Fig. 3 of Ref. [31], probably due to the arbitrary adjustment of
4.5% required to bring the additional results of Ref. [46] into line with those of Ref. [14].
Nevertheless, the noticeable difference between the fitting values G+

Xe = (1.8 ± 0.2)×10−2

above Tc and G−
Xe = (7 ± 2) × 10−2 below Tc still remains not fully understood using only

our hypothetized first-order confluent matching for the PAD description.
As the Ising-like nature of the crossover regime is characterized by a single non-universal

parameter, the number of adjustable parameters in the models can be reduced by one (a result
already noted in the MSR modeling of 3He properties [44]). It remains to see how such a
reduction can come about in each model, that is supported by the data reported in lines 5
to 12 of Table 4 and the related following discussion, complemented by the results given in
Appendix 2.

5.2.2 Matching of the Leading Asymptotic Behavior

From the leading amplitudematching through Eqs. (51) and (52), we can define the following

universal quantities Aϑ
M and A

ψρ

W



Aϑ
W =

[
Rχ,W

(
RM,W

)2

] 1
dν (

L
{1 f })− 1

ν
(54)

A
ψρ

W =
[(
Rχ,W

)β (
RM,W

)γ
]−1

dν
(
L

{1 f })− γ+β
ν

(55)

Aϑ
W and A

ψρ

W , which replace Rχ,W and RM,W, are theoretical universal quantities reported in
lines 5 and 7 of Table 4, which not only depend on combinations of non-analytical powers
of R+

χ,W and RM,W defined by Eqs. (51) and (52), but also on explicit non-analytic powers

of L{1 f }. Hence, our separated validation of the identity ϑ±
L ≡ ϑ above and below Tc made

in Ref. [1], combined with the explicit contribution of L{1 f } in Eqs. (54) and (55), permit
the following independent equations to be distinguished, thanks to the universal aymptotic
scaling

(
ϑ

Aϑ
W

)

0

= JW (56)

ψρ

A
ψρ

W

= KW (57)

JW and KW are the corresponding non-universal multi-parameter combinations given in
lines 6 and 8. Equations (56) and (57) introduce additional physical meanings from the
ϑ versus JW and ψρ versus KW comparisons, respectively. The notation ()0 refers to this
asymptotic construction of the link ϑ versus JW. A single common expression for

(
ϑ±
L

)
1

from Eq. (53) and
(
ϑ±
L

)
0 from Eq. (56) corresponds to an unambiguous link ϑ versus

�τ ∗
W observed at finite distances from Tc (see also Appendix 2.2 for the specific case of

four adjustable parameters in CLM-I&II and CPM). As a consequence, the MR equations
χ∗
T

χ+
r

= χth (ϑ�τ ∗) and �ρ̃LV
Mr

= mth (ϑ |�τ ∗|) [see corresponding Eq. (5)] infer the sim-

ilar W equations
χ∗
T

χ+
n,W

= Fχ,W

(
�τ∗
�τ∗

W

)
and �ρ̃LV

Mn,W
= FM,W

(
�τ∗
�τ∗

M

)
, where the functions

Fχ,W

(
�τ∗
�τ∗

W

)
and FM,W

(
�τ∗
�τ∗

W

)
are expected to be universal. Practically,

{
χ+
n,W; Mn,W

}
are

the readily asymptotic independent quantities extracted from the data fittings with a sin-
gle crossover parameter above and below Tc. Correlatively, we note that the normalization
of the susceptibility and coexisting density data by their corresponding leading power law

terms, i.e.,
κ∗
T

	+(�τ∗)−γ and �ρ̃LV

B|�τ∗|β , are thus not fully convenient to compare the shape of the

crossover functions in simple fluids.
Indeed, such similar universal forms of the critical-to-classical crossover functions were

already calculated inRefs. [40] and [41], introducing the so-called effectiveGinzburg number,
noted GiP . The condition �τ∗

GiP
� 1 is thus a practical criterion to define the limit of validity

for the mean-field regime of the singular behavior of the property P∗ (�τ ∗), starting from the
classical (three-term) Landau expansions of the free energy close to the Gaussian fixed point.
Hence, the renormalization of the non-universal mean-field parameters leads to the univer-

sal functions χ∗
TGiχχ0,Giχ = FGiχ ,χ,W

(
�τ∗
Giχ

)
and �ρ̃LVGiMM0,GiM = FGiM ,M,W

(
�τ∗
GiM

)

where χ0,Giχ and M0,GiM are non-universal (mean-field-like) parameters. The added sub-
cripts Giχ and GiM recall for the corresponding construction of the Ising-like limit of these
universal crossover functions. However, the derivations of such universal forms are strictly
valid only in the infinite cutoff approximation (� → ∞), as in the MSR scheme where

t0 = μ2

a appears well like an effective Ginzburg number. Finally, a closed comparison W



versus MR can only be performed for a W model with three non-universal parameters, such
as MSR (see also Appendix). Similarly, when is added the infinite cutoff approximation
(� = ∞, u = 0, with u� finite) in the W+ cases, the functional forms of �τ ∗

W, χ+
0,W, and

M0,W (see lines 5 to 7 of Table 3) show that the subparameter g of CLM0-I and CPM0, or
the explicit ratio ct

(ū�)2
of CLM0-II, appear well as the effective Ginzburg-like numbers.

In the general four parameter cases with u = 0, the situation, however, appears more

complex when starting from the functional forms of �τ ∗
CLM-I ≡ �τ ∗

CPM = g (1 − u)−
1
� and

�τ ∗
CLM-II = (ct )−1 (u�)2 (1 − u)−

1
� . Thus calculating

χ+
n,CLM-I = (a0)

−1 g−1 (1 − ū)
γ
� (58)

χ+
n,CLM-II = (

cρ

)−2
(u�)−2 (1 − ū)

γ
� (59)

χ+
n,CPM = m0

l0
g−γ (1 − ū)

γ
� (60)

Mn,CLM-I = g
1
2

(
a0
u0

) 1
2

(1 − ū)−
β
� (61)

Mn,CLM-II = (
cρ

)−1
(u�)

1
2 (1 − ū)−

β
� (62)

Mn,CPM = m0g
β (1 − ū)−

β
� (63)

we observe that the powered (1 − ū) term remains explicit in each asymptotic combina-
tion (see also the discussion in Appendix 2.2). Obviously, the fact that the two crossover
parameters g; u, or u�; u, explicitely appear in leading normalized amplitudes seems not
necessary in a three-parameter description of a simple fluid. That opens the route to a possible
introduction of any arbitrary condition that reduces by one the number of free nonuniversal
parameters in these W+ cases.

Nevertheless, here occurs the main modeling differences with the MR case, which lie in

the fact that
(
ϑ±
L

)−1
is only Ising-like-asymptotic in nature and unique for all the singular

behaviors of the fluid properties along the critical isochore. In addition,χ+
r = (

ψρ

)2 (
L

{1 f })d

and Mr = ψρ

(
L

{1 f })d are thus readily, non-classical, metric-like quantities in the MR case,
i.e., not dependent on ϑ and only dependent on ψρ and L

{1 f } (due to the extensive nature
of the selected properties). When we assume a universal value for the non-dimensional
master length L

{1 f } in order to maintain a single length unit for dimensionless correlation
and thermodynamic properties, ψρ is thus the second MR scale factor which character-
izes all the asymptotic singular behaviors of the fluid properties along the critical isotherm.
Hence, for W+ cases with four non-universal parameters, the remaining problem is to per-

form a similar selective analysis for the multiparameter combinations
{
χ+
0,W, M0,W

}
versus

{
X

∗,+
0,L,M∗

0,L
}
, or

{
χ+
n,W, Mn,W

}
versus

{
χ+
r , Mr

}
. This analysis is given in Appendix 2

where the expected unequivocal relations between the respectively non-universal parameter
sets {g; a0; u0}-

{
u�; ct ; cρ

}
-{g;m0; l0}- versus

{
ϑ;ψρ; g0

}
are provided for CLM0-I&II

and CPM0 cases with infinite limit of the cutoff wave number. Their validity remains obvi-
ously restricted to a simple fluid belonging to the universality subclass of the one-component
fluid systems, i.e., such as g0αc = L

{1 f } [see Eq. (16)], as demonstrated through the bypass
using their comparison to the three-parameter set {u; a;μ} inMSRcase. Finally, the crossover
modelling uniqueness is well demonstrated through the solutions reported in lines 11 and
12a–c of Table 4 based on the detailed analysis of Appendix 2. The non-universal nature



of the simple fluid appears well characterized by introducing only two scale factors, whose
values can be estimated when their explicit links to Yc and Zc are formulated (as in the case
of CMM [13]).

6 Conclusion

The xenon crossover modeling in Ref. [1] has demonstrated the primordial interest of the
accurate MR mean crossover functions by determining precise values of the non-universal
scale factors which characterize its critical scaling behavior beyond the PAD. In this work,
we demonstrate the similarity of the results analyzed by the different crossover models.
Potential applications of any three parameter crossover model are now extended for the
case of equation-of-state models. It also becomes essential that the development of future
theoretical crossover functions shows explicit closed forms accounting for resummation
of infinite Wegner-like expansions along the critical paths (especially for the still lacking
theoretical functions along the critical isotherm). By construction, these functions should
also have an Ising-like, well-defined asymptotic limit with fully explicit integration of the
most precise estimates of the universal values for the critical exponents and the amplitude
combinations (including the first-order of the confluent corrections to scaling).

Up until the present day, the fundamental interest for developing a universal scaled
closed form for the equation-of-state of simple fluids is concomitant to the quest of the
true asymptotic singular behavior, which always remains as conundrum to the experimental-
ists performing studies closer and closer to the vapor-liquid critical point [47]. Nevertheless,
in the absence of numerous accuratemeasurements within the PAD, the actual level of knowl-
edge of the universal features of simple fluids seems compatible with only three adjustable
free parameters in any crossover model of the equation-of-state. In such a case that accurately
accounts for the first-order confluent corrections-to-scaling, the analyses of the singular prop-
erties measured at finite distance from Tc, is important to check that the expected reduction
by one of the free parameters occurs well beyond their respective PAD. This very precise
estimation of the single temperature scaling factor along the critical isochore is essential to
sustain the theoretical construction of the critical-to-classical crossover along the renormal-
ized trajectory, where only one family of the corrections-to-scaling terms (governed by the
specific lowest value of the exponent ω, or � = ων, equivalently) are resummed into the
crossover functions.

In addition, until now, the introduction of the (property-dependent) Ginzburg number
to rescale the mean-field temperature appeared as a convenient tool to define an order of
magnitude for the limit of the critical mean-field crossover behavior of each property. Such a
limiting criterion starts from theGaussian fixed point of the renormalized trajectory and needs
the introduction of (a minima) three unknown, mean-field-like, non-universal parameters in
the classical Hamiltonian (including thus a square-gradient term). However, a noticeable dif-
ference must now be underlined in such an asymptotic crossover within the critical domain
with our introduction of the Ising-like temperature scaling factor ϑ−1, which starts from a
minute asymptotical distance to the physical critical point. In the latter situation, the single
(i.e., property-independent), fluid-dependent value of ϑ can only be used over the so-called
extended asymptotic domain. ϑ−1 defines the true validity range of the Ising-like critical
crossover estimated along the renormalized trajectory close to the non-trivial fixed point. In
return, it was thus generally assumed that the true initial Hamiltonian points of these actual
fluids with comparable short-ranged molecular interaction lie very close to the renormal-



ized trajectory. Indeed, a physical reference to a completed theoretical critical-to-classical
crossover from the Gaussian fixed point to the non-trivial fixed point, was, to our knowledge,
never observed in the subclass of simple fluids. Such a situation is easily understood as the
mean field approximation takes a plausible physical meaning only close to the triple point of
such simple fluids. More generally, the mean-field-like van der Waals equation-of-state, or
any cubic equation-of-state only remains a simple convenient concept to account for attrac-
tive molecular forces in a phenomenlogical manner, but always incorrect on the basis of
fundamental approaches, for example, developping extended virial forms for the dense gas
properties or specific liquid theories.

Obviously, any sophisticated crossover model of the equation-of-state incorporating more
than three free parameters is out of the scope of this paper, where themain central interest con-
cerns the physical description of the asymptotic critical crossover in simple fluids with short-
ranged molecular interaction. For instance, a fourth non-universal parameter can be related
to the contributions of one supplementary irrelevant field. In such a case, the account for the
effects of another confluent exponent in the Wegner expansions seems needed for theoretical
coherence. Its can also be related to a more complex physical understanding of the micro-
scopic nature introduced in the model, such for example an additional reference to a meso-
scopic length or a molecular modification of the range of interaction. The difficulty appears
generally in the precise experimental characterization of the expected PAD behavior in the
related complex physical systemswhere the order parameter choice remains not unequivocal,
especially introducing addition mixing of the field variables. Such a more complicated mod-
eling strategy differs significantly from the one given initially in Ref. [18], which was mainly
focused on the controlled reduction of the number of adjustable free parameters to support the
experimentalists in their analyses of the measured data in simple fluids closer and closer to
their gas-liquid critical point. Unfortunately, since the 1980s up until the present day, no theo-
retical progress has been able to account correctly for the true physical crossover behavior in
simple fluids, observed beyond the extended critical asymptotic domainwhen ξexpt (|�τ ∗|) 	
αc, as illustrated by the crossover behavior of the effective exponents in Fig. 1 of Ref. [18]
for the susceptibility case and Fig. 3 of Ref. [43] for the order parameter density case.

From this Ising-like standard situation provided by critical simple fluids, the real extension
and amplitude of the singular behavior of the fluid properties can be estimated in a similar
manner for any one-component fluid for which the vapor-liquid critical point is localized
in the pV T phase surface by use of the master crossover functions given in [9] and/or the
CMM model of the equation-of-state given in [13]. Therefore, the comparisons between
simple fluid experiments and theory will be improved as they can be performed, now [47]
and in the future, without adjustable non-universal parameter.
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Appendix 1: Brief Status of the Crossover Modelling of the Xenon
Properties

Appendix 1.1: Fitting Models and Xenon Data Sources Used in Table 1

All the PAD amplitudes given in Table 1 have been extracted from the fits of the experimental
data obtained beyond the xenon PAD, still fixing the exponent values of γ , β, and � in the
theoretical crossover functions calculated by the different theoretical modelsW referenced in



Sect. 3.1.	+ is non-available in [26] due to the fit of the effective exponent γe (�τ ∗) inferred
by the susceptibility data, while a+

χ and aM are non-available in [31] due to the numerical
form of the calculated crossover functions. However, all these models are consistent with the
renormalization group theory since their Ising-like universal features within the PAD are very
similar, introducing, a minima, three non-universal parameters to characterize each physical
system belonging to the O (1) universality class (see Table 2).

More precisely, themain experimental data sources involved in such fittings were obtained
in the 1980s. They are the susceptibility data and the turbidity data of Güttinger and Cannell
[14], the vapor-liquid coexisting density data measured by Närger and Balzarini [15] in two
different samples of xenon, and the specific heat data at constant volume of Edwards et al.
[48]. The temperature ranges are typically within 10−4 � |�τ ∗| � 10−1. Accordingly, from
84’s up to now, we have been interested in the following modelings: (i) The MR6 max test-
functions calculated in Ref. [16] were used in Ref. [18] to fit susceptibility, turbidity and
specific heat data above Tc; (ii) The CLM crossover function for susceptibility, as detailed
for example in Ref. [45], was used in Ref. [26] to fit the normalized susceptibility data above
Tc; (iii) The CPM crossover functions calculated in Ref. [28] were used in Ref. [13] to fit
the susceptibility, turbidity, correlation length data above Tc and the coexisting density data
below Tc. We note that, in this same Ref. [13], the CMM crossover functions were also
compared to CPM and MR ones from the joint fit of the susceptibility and coexisting density
data for T ≶ Tc; (iv) The MSR crossover functions calculated in Ref. [22] were used in
Ref. [21] to fit the susceptibility data above Tc; (v) The TGN numerical functions calculated
in Ref. [29] were used in Ref. [31] to separately fit the susceptibility data above Tc and
coexisting density data below Tc.

We also note that the two-phase domain below Tc have been analyzed only from theNärger
and Balzarini [15] measurements at finite distance from Tc. In the following, three additional
remarks concerning the fitting results obtained at finite temperature distance above Tc and
a final comparative comment concerning the fitting results including experimental results
obtained within the (one-phase and two-phase) xenon PAD can be formulated.

Appendix 1.2: Fitting Analyses of the Normalized Susceptibility Above Tc

The important preliminary remark is that the normalized presentation of the susceptibility
data inRef. [14], avoidsde facto the determination of the value of the physical amplitude	+ in
fitting analyseswhere the critical temperaturewas also considered as an adjustable parameter.
That provides an opportunity for first analyzing the normalized susceptibility data—or the
effective exponent γe (�τ ∗), equivalently—with only a single adjustable parameter in the
crossover function where � takes the fixed theoretical value. The clear understanding of
such a single parameter fitting can be found in Fig. 1 of Ref. [18] and in Fig. 2 (Xe) of Ref.
[26]. Unfortunately, four decades latter, the true crossover behavior to the mean-field value
of γe (�τ ∗) indicated in Fig. 1 of Ref. [18], always remains unexpected by any crossover
theory (with a similar remark for βeff (�τ ∗) in Fig. 3 of Ref. [43]).

Appendix 1.3: Fitting Analyses of the Normalized and Dimensional Susceptibility
Above Tc

Fitting of the dimensional susceptibility data shows that 	+ value appears mainly dependent
on the theoretical value of the fixed exponent γ and the selected value of the reference
susceptibility data. Therefore, all the fitting results given in lines 1 to 5 of Table 1 have
similar behaviors in the interpolated-PAD in the sense where the level of ∼0.4% accuracy



was always revealed in the experimental range 10−4 � �τ ∗ � 5×10−2 (with no significative
variation of Tc observed) using the (single parameter) rescaled temperature fields in each
model. Consequently, such a similarity implies that the single non-universal values of ϑ+

L
or �τ ∗

W, adjusted far away from Tc, are directly correlated to the true, but unknown, non-
universal value of a+

χ , the latter amplitude being prominently close to Tc in characterizing
the Ising-like nature of xenon. Despite such expected links between the adjusted �τ ∗

W values
and the true a+

χ value, the typical uncertainty of this a+
χ value can be estimated at∼50% from

Table 1 results. In addition, the true uncertainty of the 	+ value is certainly in the range of
a few %, a level comparable to the dispersion of the 	+ values reported in the Güttinger and
Cannell’s fitting results of Ref. [14] (assuming 1%experimental accuracy on κ∗

T,expt data) and
confirmed by the subsequent analyses reported in Table 1 (fixing the exponent values). Such
an uncertainty level on 	+ is too large to obtain an indirect accurate determination of a+

χ (or
ϑ , equivalently) within the PAD. As an immediate consequence, all the data fittings at finite
distance from Tc with more than one single adjustable free parameter (as in the fitting cases
of lines 1 to 5 in Table 1) are not able to extract the single asymptotic scaling factor �τ ∗

W.

Appendix 1.4: Fitting Analyses of Other Data Sources Above Tc

From the initial results of Ref. [18] using theMR6 crossover functions with ϑ+
L free, we have

shown here the limited interest for supplementary fitting of xenon singular properties (in a
finite temperature range above Tc, along the critical isochore) using CLM, CPM, MSR or
TGN to get an accurate estimation of their intrinsic nonuniversal parameters. For instance,
in Ref. [18], the fitting of the GC turbidity data above Tc where ϑ+

L , 	+ and ξ+
0 are left

free, involved as a result ϑ+
L = 0.02 ± 0.03, i.e., a noticeably poor estimation of the scale

factor ϑ+
L . Therefore, here we can stress that the Ising-like PAD description of κT and ξ can

only be retrieved when are fixed the values of ϑ+
L = 0.0191 in the MR6 1984’s fitting and

ϑ = 0.0211752 in the recent MR7 re-analysis [13] without adjustable parameter.
Similarly, the fitting results of the specific heat data [48] in the temperature range 10−4 �

�τ ∗ � 10−3 were also reported in Ref. [18]. Unfortunately, it has not been possible to obtain
a good determination of the scale factor ϑ+

L as these specific heat measurements are not as
accurate as those of the scattered light intensity and turbidity. The fit fixing ϑ+

L = 0.0191
with free leading amplitude A+ and (here not important) free background constant Bexp ,
was without systematic deviation within a supposed experimental error of 2%. The resulting
adjusted value of A+ was compatible with ξ+

0 = 0.186 ± 0.001 nm by using the universal

amplitude combination R+
ξ = ξ+ (

A+) 1
d = 0.27. Obviously, similar results are expected

using CLM, CPM,MSR or TGNwith similar universal value for R+
ξ (see line 11 of Table 2).

Appendix 1.5: Fitting Analyses Including Experimental Data Within the Xenon PAD

A small number of theoretical analyses have addressed the xenon singular description from
experimental data obtained very close to its vapor-liquid critical point, i.e., within the xenon
PAD. To our knowledge, only the observations of the Fraunhofer interference patterns due
to the Earth’s-gravity-induced density profiles performed in the 1980s very close to Tc have
provided the indirect access to the susceptibility data and the coexisting density data within
the PAD, through the measurements of the optical phase quantity ρ̃ − κ∗

T μ̃ and the fringe
angle [49–52]. However, the analyses of these interference patterns were affected by the
complexity of the expressions for ρ̃ − κ∗

T μ̃, which were, at the date, highly dependent on
the selected parametric models of the scaled equation-of-state. Today, it is well-recognized



that such parametric models are never in full conformity with the universal features calcu-
lated from theoretical renormalizationmethods [53]. In addition, only two singular properties
were not intrinsically able to validate the Ising-like crossover nature of xenon characterized
by three non-universal parameters. Nevertheless, it remains interesting to note that some
fitting analyses have been performed by using the Wilcox-Estler scaled parametric equa-
tion of state [54] (see also detail in Ref. [50]) with only two free exponents (β and γ ),
i.e., in conformity with the two-scale factor universality. These analyses, only considering
the asymptotic contribution of the leading power law terms �ρ̃LV,expt = B |�τ ∗|β and
κ∗
T,expt = 	+ (�τ ∗)−γ , have thus provided access to the exponent-amplitude pairs {β; B}

and
{
γ ;	+}

for the free and fixed values of the exponents. The corresponding results
were {β = 0.329 ± 0.005; B = 1.48 ± 0.06}, {

γ = 1.23 ± 0.003;	+ = 0.062 ± 0.006
}

with free exponents [51] and {β = 0.325; B = 1.42 ± 0.03}, {
γ = 1.24;	+ = 0.058 ±

0.002
}
with fixed exponents [52] in agreement with the results reported in Table 1. This

good level of agreement was initially underlined by Güttinger and Cannell for the case of
their determination of the interpolated

{
γ ;	+}

pair because the two experiments rely on
completely different effects and there is no region of overlap between the temperature dis-
tances from Tc of the two data sets.

Appendix 2: Two-Scale Factor Similarity of the Crossover Models with
� → ∞
Appendix 2.1: MSR Versus MR

Using the notations and the results of Ref. [22], it is immediate to see that the MSR non-

universal quantities needed to construct the universal crossover functions Fχ,n,MSR

(
�τ∗
t0

)

and FM,n,MSR

(
�τ∗
t0

)
areχn,MSR ≡ χ0 ∝ μ−2,Mn,MSR ≡ φ0 ∝ μ

1
2 , and�τ ∗

MSR ≡ t0 = μ2

a .

De facto, only a (the renormalized temperature-like scaling parameter) and μ (the arbitrary
reference length needed in the estimation of the renormalized coupling parameter u) are
involved in such a construction (see Sect. 5.1). Therefore, the implicit role of u remains subtle

to understand as the temperature scaling factor t0 = μ2

a is only defined for the fixed point
limit u = u∗, i.e., without any reference to the mean-field regime. That requires checking the
goodness of the fit versus

(
1 − u

u∗
)
in order to control the expected power-law dependence

of μ ∝ (
1 − u

u∗
) ν

� and a ∝ (
1 − u

u∗
) 2ν−1

� , and the resulting power-law dependence of

t0 = μ2

a ∝ (
1 − u

u∗
) 1

� involved in the expressions of the firstWegner amplitudes where high-
order terms were ignored. The main consequence is that only two out of the three-{u;μ; a}-
non-universal parameters are relevant fitting parameters. As expected, the use of a free ratio
u
u∗ to be adjusted in the fit leaves the fit goodness unchanged for

(
1 − u

u∗
) ≤ 10−3, while the

adjustedμ and a remain the two non-universal parameters characteristic of the physical fluid.
The small value of

(
1 − u

u∗
)
explains the expected large difference between the magnitude

of a and μ. For example u = 0.999u∗, a = 0.333 ± 0.012 and μ = (2.97 ± 0.33) × 10−4

in the xenon case reported in Ref. [21], while, from the data fitting, the adjusted magnitudes
of the asymptotic multiparameter combinations are on a single decade range (see sublines
6 and 7, column 6 of Table 3) and comparable to the corresponding calculated ones in the
case of MR (see column 7). Therefore, considering column 5 of Table 4 with a fixed u value



and using Eqs. (51) and (52), the two formal parameter links MSR versus MR are as follows
(lines 12b and 12c),

a = kaϑ
(
ψρ

) α−ν
ην (64)

μ = kμ

(
ψρ

)− 2
η (65)

with t0 = μ2

a = kt0ϑ
−1

(
ψρ

)−2
ην (line 12a). Obviously, ϑ = Aϑ

MSR (t0)−1 μ
1
ν and ψρ =

A
ψρ

MSRμ− η
2 , where the values (lines 5 and 7) of Aϑ

MSR and A
ψρ

MSR are calculated from Eqs.
(54) and (55). Hence, the prefactors in Eqs. (64) and (65) are

ka = Aϑ
MSR

(
A

ψρ

MSR

) ν−α
ην

(66)

kμ =
(
A

ψρ

MSR

) 2
η

(67)

with kt0 = (kμ)
2

ka
=

(
A

ψρ
MSR

) 2
ην

Aϑ
MSR

. The MSR versus MR comparison is closed. In addition the

dimensional length scaling factor l0 (see last line of Table 2) in MSR is identical to the length

unit αc of Eq. (22) in MR. Consequently, introducing the universal ratios R+
C,W =

(
Z

+
C

)−1

Z+
C,W

or

R+
ξ,W =

(
Z

+
ξ

)−1

Z+
ξ,W

, such as 1 ≡ R+
C,W

Rχ,W

(RM,W)
2 , 1 ≡ R+

C,W

(
R+

ξ,W

)d
or 1 ≡

(
R+

χ,W

)−d Rχ,W

(RM,W)
2

from our hypothesis on identical universal features whateverW, and noting thus that Aϑ
MSR ≡

(
R+
C,MSR

)−1 (
L

{1 f }) 1
ν ≡

(
R+

ξ,MSR

)− 1
ν (

L
{1 f }) 1

ν , we obtain t0ϑ ∝
(
L

{1 f }
μ

)− 1
ν
. The latter

result confirms the t0 versus ϑ−1 asymptotic link, while μ well appears as the non-classical,
metric-like non-universal parameter readily Ising-like similar to ψρ for the one-component
fluid subclass. We also stress the pivotal scaling role played by the reference lengths, here

underlined by the term
(
L

{1 f }
μ

)− 1
ν
in the t0 versus ϑ−1 link. De facto, the hyperscaling-like

universal combinations
(
R+

ξ

)d = A+ (
ξ+)d and Qc = (

ξ+)d B2

	+ (then RC = A+ 	+
B2 ),

are well accounted for since A+ = Z+
C,MSRμ3 (t0)α−2 ≡ Z

+
Cϑ2−α

(
L

{1 f })d and
ξ+
0,MSR
l0

=
Z+

ξ,MSRμ−1 (t0)ν ≡
(
Z

+
ξ

)−1
ϑ−ν

(
L

{1 f })−1 = ξ+ , with Z+
C,MSR = 1

16π , Z
+
ξ,MSR 	 1.9,

(RC )MSR = 0.0580 ≈ 0.0574 = (RC )MR,
(
R+

ξ

)d

MSR
= 0.0206 ≈ 0.0196 =

(
R+

ξ

)d

MR
, and

(Qc)
−1
MSR = 2.82 ≈ 2.93 = (Qc)

−1
MR (see lines 5, 6 & 10 to 12 in corresponding columns 5

& 7 of Table 2).
Finally, choosing a prefixed u value close to u∗ for consistency with the MSR approxima-

tions and {μ, a} as free, independent fitting parameters, induces the quasi-complete similarity
between theMSR-{u;μ; a}- and theMR-

{
ϑ; g0;ψρ

}
- non-universal parameters (with ϑ and

ψρ independent). For the remaining slight differences between the estimated universal values
of the exponents and amplitude combinations in each model, see lines 7 to 13, columns 5 and
7, of Table 2. The MSR versus MRmatching infered from their respective non-universal sets
{μ; a} and {

ϑ;ψρ

}
extracted at finite distance from Tc, confirms the Ising-like critical nature

of the xenon crossover descriptions based on the renormalization methods with infinite cutoff
wave number, without any reference to the parametrization of the mean field regime. Now,



the MSR modeling can be applied to any one-component fluid whose generalized critical
coordinates of liquid-gas critical point are known, since the unequivocal links

{
ϑ;ψρ

}
versus

{Yc; Zc} are already given by Eqs. (19) and (20) in Sect. 2.

Appendix 2.2: CLM and CPM Versus MR

The results of theCLMs orCPMfitting cases are not basically comparable to theMRones due
to a possible, positive non-zero value of the crossover parameter ū in the construction of the
crossover function Y (using the notation of Refs. [25] and [28]). Consequently, from the cor-
responding four-parameter fittings, the extraction of the true values of the two-scale-factors
which are non-universal in the Ising-like asymptotic description close to the non-trivial fixed
point remains unclear. Indeed, on a theoretical renormalization group approach where it is
assumed that only a single irrelevant field contributes to the first-order confluent corrections
to scaling, the first-order amplitudes of the confluent corrections are mandatory linked to the
second crossover parameter g or ū�, which acts as an effective Ginzburg number, while the
renormalization of themean-field-like non-universal parameters needs to only account for two
suplementary non-universal bare parameters. For instance, in CPM, the introduction of the
free parameters l0 and m0 to characterize the leading amplitudes is only due to the Ising-like
universal features intrinsic to the parametric form of the scaled equation-of-state associated to
theGinzburg-number-like nature of the temperature scalingparameter g.Hence, the two-scale
factor universality can correctly be accounted for by using the three-

{
g; l̃0; m̃0

}
- parameter

description, as well as the two-{l0;m0}- parameter description, through the l̃0 = l0gβδ− 3
2 and

m̃0 = m0gβ− 1
2 parameter rescaling. Similarly, considering the prefactor sets

{
χ+
0,W, M0,W

}

given in lines 6 and 7 for the model versions in columns 3 to 5 of Table 3, the comparison
of the multi-parameter combinations involved in the matching equations, show that the two

mean-field-like bare quantities, namely {a0; u0},
{
ct ; cρ

}
, and

{
l̃0; m̃0

}
, are Ising-like renor-

malized only using the crossover parameter g (or u�), and not the (1 − ū) quantity. That
is formally noticeable in the asymptotical CLM-II version where are used the renormalized
variables (here with subscript II) tII = ct�τ ∗ and MII = cρ�ρ̃ (ignoring in xenon case the
non-symmetrical behavior of the order-parameter density φ, with φ ≡ �ρ̃ for simple fluids).
In such a specific version, the respective parameter links

ct = kct ϑ (ū�)−
1
ν
−2 = (

Aϑ
CLM-II

)−1
ϑ (ū�)−

1
ν
−2 (68)

cρ = kcρ
(
ψρ

)−1
(ū�)−

η
2 = A

ψρ

CLM-II

(
ψρ

)−1
(ū�)−

η
2 (69)

(see lines 12b and 12c, column 3 in Table 4) are obvious due to t = ϑ�τ ∗ and mth =(
L

{1 f })−d (
ψρ

)−1
�ρ̃ in MR case. In Eqs. (68) and (69) the implicit scaling role of L{1 f } is

inserted in the universal prefactors

kct = (
Aϑ
CLM-II

)−1
(70)

kcρ = A
ψρ

CLM-II (71)

through Eqs. (54) and (55) [see also below Eqs. (72) and (73)]. The fact that the tempera-
ture scaling factor �τ ∗

CLM-II explicitly contains the product ū�, leads to the corresponding

power-law terms (u�)
1
ν
−2 and (u�)−

η
2 in Eqs. (68) and (69). The Ising-like renormal-

ization of the mean-field-like non-universal parameters ct and cρ is only governed by u�

(as the Ising-like critical limit for the crossover function Y , only needs the knowledge of
the product ū�, not separately ū). Such a pivotal role of u� already mentionned in 2000



[42], can be evidenced here by extending the previous estimations of the prefactor sets{
χ+
n,CLM-II, Mn,CLM-II

}
[see Eqs. (58) and (61)] to the cases of

{
C+
n,CLM-II, ξ

+
n,CLM-II

}
for

the specific heat and correlation length above Tc, where C+
n,CLM-II = (u�)d (1 − ū)

α−2
� ,

and ξ+
n,CLM-II = (u�)−1 (1 − ū)

ν
� . As a remarkable result, these two correlated (since

1 ≡ C+
n,CLM-II

(
ξ+
n,CLM-II

)d
) asymptotic prefactors are non-dependent on the non-universal

parameters ct and cρ . The respective comparisons withC+
r = (

L
{1 f })d and ξ+

r = (
L

{1 f })−1
,

non-dependent of ϑ and ψρ in the case of MR, in order to match A+ and ξ+, implie

L
{1 f }
u�

(1 − ū)
ν
� = R+

ξ,CLM-II =
(
R+
C,CLM-II

)− 1
d
. R+

ξ,CLM-II and R+
C,CLM-II are the CLM-II

versions of the universal ratios R+
C,M and R+

ξ,M previously introduced in Appendix 2.1. As for
(
L

{1 f }
μ

)− 1
ν
in the case ofMSR, the concomitant pivotal roles of

(
L

{1 f })− 1
ν and (u�)−

1
ν in the

case of CLM-II, infer (anticipating the discussion below) the scaling length nature of the con-

straint reported in line 9, column 3 in Table 4, since
(
L

{1 f })− 1
ν = Lϑ

CLM-II

(
R+

ξ,CLM-II

)− 1
ν =

Lϑ
CLM-II

(
R+
C,CLM-II

) 1
2−α

(
with1 ≡ R+

C,CLM-II

(
R+

ξ,CLM-II

)d)
.

Such a Ising-like renormalization of the bare parameters only using u� or g is implicitly
contained in all the crossovermodel versions [25], includingCPM [27,28], based on simplest,
similar, three-term mean-field-like Hamiltonians (including a square-gradient term), but the
related data fitting validation needs to mandatorily be performed within the PAD. Unfor-
tunately, as already mentioned, the absence of experimental data within the PAD prevents
de facto any accurate independent estimation of the free sets {a0; u0},

{
ct ; cρ

}
, or {l0;m0}.

When the data fitting is performed beyond the PAD, if a single value of �τ ∗
W exists, then

the correlated prefactor set which can be extracted from the fit is not
{
χ+
0,W, M0,W

}
, but

{
χ+
n,W, Mn,W

}
where we have already noted that each readily independent prefactor shows a

remaining (1 − ū) dependence. As an unavoidable result, the two non-universal parameters
that characterize the asymptotic two-scale-factor universality of the fluid are always depen-
dent on the two crossover parameters in such data fittings using four adjustable parameters
at a finite distance from Tc.

Consequently, CLMs or CPM joint fits of the susceptibility and coexisting density data
always contain four non-universal parameters for only three resulting independent values of
the free multi-parameter combinations involved in the PAD description conforms to the one
calculated along the renormalized trajectory. Fitting of any supplementary singular property
measured at finite distance from Tc along the critical isochore, do not change the situation
since the universal features of the O (1) universality class are intrinsically accounted for in
the construction of these parametric models. That makes it necessary to introduce an arbitrary
character in the practical use of these parametric models, as for instance, when was used by
the authors [28] the fixed value �

(ct )
1
2

= π in their fits of the singular behaviors of 3He

properties. The same arbitrary value was also assumed in Ref. [13] for the CPM fitting data
(with comparable values for the asymptotic multiparameter combinations given in lines 6
and 7 of Table 3) and for the estimation of the first-order confluent corrections in the case
of CMM to obtain ideal match with MR without adjustable parameter. Such arbitrariness
cannot be suppressed due to the basic construction of the mean-field limit Y → 1 for the
crossover function Y , using separately ū and ū�.



According to the above situation, we must now account for a single common ϑ value that
governs the jointmatching of the leading and the confluent amplitudes of the PADdescription,
i.e., (ϑ)1 = (ϑ)0 ≡ ϑ in Eqs. (53) and (56). The resulting constrained multiparameter

combinations Lϑ
M = Aϑ

M
R1
M

(see line 9 of Table 4) never limit a possible continuous change

of the multiplicative term (1 − ū)
1
� with u ≥ 0. This change can thus be compensated by

the correlated continuous change of the product ū�, which limits the capability of proof
that a single value for the temperature scaling factor �τ ∗

M exists. Such implicit correlations
between these three quantities are also easy to understand with the CLM-II parameter set{
�; u; ct ; cρ

}
, where the ratio 1−ū

Lϑ
M

= ū� remains free after the constraint (ϑ)1 = (ϑ)0 ≡ ϑ

(see line 10, column 4 in Table 4). An accurate illustration was already shown in Ref. [42,43]
using the explicit correlations between Yc and Zc and the CLM-II fitting results

{
ct ; cρ

}

obtained for six differents simple fluids. A similar view can be given on the large field of
the theoretical studies focussed on the modeling of different critical-to-classical crossovers.
Indeed, it should also be noted the case of an asymptotic version of CLM [41] used through
an explicit comparison with the numerical critical-to-classical crossover calculations in Ising
lattice models of different interaction ranges, via a tunable range R of interactions [30]. Such
a particular asymptotic CLMmodeling via a tunable u [45] leads to the recovery of common
mean-field limits for u → 0 and R → ∞, while introducing phenomenological arguments
to define the practical continuous adjustements of the u (R) ∼ 1

R4 dependence at small R to
account for finite-sized effects up to the limit R = 1. Therefore, in the absence of similar
additional theoretical arguments able to link (at least) one crossover parameter to the well-
known short-ranged interactions between xenon particles, such four free parameters of the
CLMs or CPM crossover fittings remain not easy to compare with the three non-universal
parameters of the MR crossover functions. Nevertheless, the matching of the CLM-I&II
and CPM PAD description to the MR one can partly be formulated through the universale
multiparameter combinations given respectively in lines 9 and 10, columns 3 to 5 of Table
4. For example, from a generalization of Eqs (68) and (69) to the three models, the different
prefactors ki , where the subscript i refers to the selected non-universal parameter of the
model, are universal quantities still depending on L

{1 f } and the universal ratios of lines 1 to
3. As mentioned by the quantity noted {}� in subline 9, column 5, only the addition of an
arbitrary constraint, such as �

(ct )
1
2

= π , closes the unequivocal link between the respective

non-universal (reduced) parameter set {ū; l0;m0} of CPM versus the one
{
ϑ; g0;ψρ

}
of MR

(see also Table 3).

Appendix 2.3: CLM0 and CPM0 Versus MR via MSR

On the basis of the present work, it is noticeable that the PAD matching can be formally
constructed by fixing u = 0 in the above model versions. CLM0-I&II and CPM0 thus appear
to be conform to the infinite cutoff wavenumber � → ∞ and a finite value of u�. From
lines 8 or 9 with u = 0, the constrained subparameters g ∝ ϑ−1 or u�(fixed) given in
line 11 of Table 4 can be derived in a straightforward manner. Now, the closed unequivocal
link between the respective non-universal parameter sets of the W versus MR comparison is
obtained through the equations given respectively in lines 12a, 12b and 12c, columns 3 to 5
of Table 4, where line 12a replaces previous line 9. Here is mentioned the ū� quantity noted
{}� in line 12, column 4, which is fixed in the case of CLM0-II. The universal prefactors are
defined in terms of the universal ratios given in Table 4, as follows



ka0 =
(
R1,+
CLM-I

)γ−1

R+
χ,CLM-I

(
L

{1 f })d ; kct = (
Aϑ
CLM-II

)−1 ; kl0 = RM,CPM

R+
χ,CPM

(72)

ku0 =
(
R1,+
CLM-I

)γ−2β

R+
χ,CLM-I

(
RM,CLM-I

)2

(
L

{1 f })−3d ; kcρ = A
ψρ

CLM-II; km0 = RM,CPM

(
L

{1 f })d

(73)

The above model matching now enlarges the physical understanding of the non-universal

parameters. For instance, from the MSR versus CPM0 comparison, t0 = μ2

a and g = (u�)2

ct
take similar nature of temperature scaling factors, which confers a strict functional equiva-
lence between the dimensionless length scaling parameters μ and u� on one hand, and the
dimensionless temperature scaling parameters a and ct on the other. Therefore, in a first step,
we can assume g1,+χ,MSR = g1,+χ,CPM, taking advantage of the small differences between the uni-

versal values g1,+χ,MSR = 0.545ofSRMand g1,+χ,CPM = 0.590ofCPM(see line 1, columns4 and
7, in Table 2). Hence, the confluent amplitude matching between a+

χ of both models implies

g = t0
(
1 − u

u∗
)− 1

� . Introducing thus μ = μ∗
MSR

(
1 − u

u∗
) ν

� , a = a∗
MSR

(
1 − u

u∗
) 2ν−1

� , with

resulting t0 = (μ∗
MSR)

2

a∗
MSR

(
1 − u

u∗
) 1

� for the case of MSR, finally leads to g = (μ∗
MSR)

2

a∗
MSR

for

the case of CPM0. The bare parameters μ∗
MSR and a∗

MSR are only defined for the fixed point
limit u = u∗, i.e., without any reference to the mean-field regime. Similarly, the asymptot-
ical Ising-like matching between B and 	+ values estimated on CPM0 and MSR provides

m̃0 = ZM,SRM
ZM,CPM

(
a∗
MSR

μ∗
MSR

) 1
2 (

1 − u
u∗

) ν−2β
2� and l̃0 = Zχ,CPM

Zχ,SRM

ZM,SRM
ZM,CPM

(
a∗
MSR

μ∗
MSR

) 1
2
a0

(
1 − u

u∗
) 2β−ν

2� ,

which closes the expected non-analytic links between theMSR-{u;μ; a} non-universal para-
meters and the CPM0-

{
g; l̃0; m̃0

}
ones and simultaneously reduces by one the number of

independent non-universal parameters. The results of the MSR data fittings with a prefixed
u value close to u∗, with μ and a as free fitting independent parameters, are then strictly
similar to the ones of the CPM0 data fittings with a prefixed u = 0 value and g, m̃0, and

l̃0 as free fitting parameters. Subsequently, m0 = m̃0g
1
2−β and l0 = l̃0g

3
2−βδ come out as

being the two Ising-like independent, non-universal parameters of CPM0, similar to the two
Ising-like independent, non-universal parametersμ and a of SRM. Our previous comparison
between (mean and/or master) MR and SRM fitting results extends the similarity (in number
and physical nature) to the threeMR-

{
ϑ; g0;ψρ

}
, and/or master -{Yc;αc; Zc} parameter sets

(with L{1 f } = g0αc), where the two Ising-like independent, non-universal scale factors are ϑ

and ψρ (and/or Yc and Zc). The next step, not examined here, will focus on the development
of better matching methods in order to account for the small differences between g1,+χ,MSR

and g1,+χ,CPM. In such a future work, it will also become important to integrate the reduction
of diffences between the universal values of the critical exponents and the amplitude combi-
nations, using an upgraded version of CMMwhich matches as well as possible the universal
estimates from the MR scheme.
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