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Wilt’s Conjecture for numerical semigroups *

Mariam Dhayni

Abstract: Let S C N be a numerical semigroup with multiplicity m, embedding dimension v and conductor
c=f+4+1=gm—pfor some ¢q,p € N with p < m. Let Ap(S,m) = {wy < w1 < ... < wy_1} be the Apéry
set of S. The aim of this paper is to prove Wilf’s Conjecture in some special cases. First, we prove that if
Wm—1 > w1 + w, and (2 4+ ”‘T’B)u > m for some 1 < a < m — 1, then S satisfies Wilf’s Conjecture. Then, we

prove the conjecture in the following cases: (2 + i)u >m, m—v < 5and m = 9. Finally, the conjecture is

proved if wy,—1 > wa—1 + w, and (O‘TH)V >m for some 1 < oo <m — 1.

1 Introduction and notations

Let N denote the set of natural numbers, including 0. A numerical semigroup S is an additive submonoid of
(N, +) of finite complement in N, that is0 € S, if a,b € S then a+b € S and N\ S is a finite set. The elements
of N\ § are called the gaps of S. The largest gap is denoted by f = f(S) =max(N\ S) and is called the
Frobenius number of S. The smallest non zero element m = m(S) =min(S*) is called the multiplicity of S and
n=|{s € S,s < f(S)} is also denoted by n(S). Every numerical semigroup S is finitely generated, i.e. is of
the form

S=<gi,...,9» >=Ng; + ...+ Ng,

for suitable unique coprime integers g1, ..., g,. The number of generators of S is denoted by v = v(S) and is
called the embedding dimension of S. An integer z € N\ S is called a pseudo-Frobenius number if x4+ S* C S.
The type of the semigroup, denoted by ¢(S) is the cardinality of set of pseudo-frobenius numbers. The Apéry
set of S with respect to a € S is defined as Ap(S,a) = {s € S;s—a ¢ S}.

The Diophantine Frobenius Problem, also called the Coin Problem, is to find the largest number f that cannot
be written in the form 2?21 a;z;; x; € N for given coprime positive integers aq, - - - , a,. This problem is related
to the theory of numerical semigroups in the following way: let S be the numerical semigroup generated by
g1, ---,9u, then f is simply the largest integer not belonging to S. Hence the problem is to find a formula for
f in terms of the set of generators of S. For v = 2, the formula of f(< g1,g2 >) is given by Sylvester ([10]), for
v > 3 the problem is much harder. It has been proved in ([7]), that in general f(S) is not algebraic in the set
of generators of S. In ([11]) 1978 H. S. Wilf proposed a lower bound for the number of generators of S in terms
of the Frobenius number as follows: f(S) + 1 < v(S)n(S).

Although the problem has been considered by several authors (cf. [1], [2], [3], [4], [5], [6], [9] , [12] ), only special
cases have been solved and it remains wide open. In ([3]), D. Dobbs and G. Matthews proved Wilf’s Conjecture
for v < 3. In ([6]) N. Kaplan proved it for f +1 < 2m and in ([4]) S. Eliahou extended Kaplan’s work for
f+1<3m.
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This work is a generalisation of the case covered by A. Sammartano ([9]), who showed that Wilf’s Conjecture
holds for 2v > m and m < 8, based on the idea of counting the elements of S in some intervals of length m.
We use different intervals in order to get an equivalent form of Wilf’s Conjecture and then to prove it in more
cases. We also cover the case where 2v > m.

Here are few more details on the contents of this paper. Section 2 is devoted to give some notations that will
enable us in the same section to give an equivalent form of Wilf’s Conjecture. Section 3 is the heart of the
paper. Let Ap(S,m) = {0 =wo < wy < -+ < Wy,—1}. First, we show that Wilf’s conjecture holds for numerical
semigroups that satisfy w, 1 > w; + w, and (2 + 2=3)v > m for some 1 < a < m — 1 where f +1=qgm —p
for some ¢ € N, 0 < p < m — 1. Then we prove Wilf’s Conjecture for numerical semigroups with m —v <4 in
order to cover the case where 2v > m, prove by Sammartano in ([9]). We also show that a numerical semigroup
with m — v = 5 verify Wilf’s Conjecture in order to prove the conjecture for m = 9. Finally, we show in this
section, using the previous cases, that Wilf’s conjecture holds for numerical semigroups with (2 + < )1/ >m. In

section 4 we prove Wilf’s Conjecture for numerical semigroups with w,,—1 > wa—1 + W, and (C”‘?’)u > m for
some 1 <a<m—1.

A good reference on numerical semigroups is [8].

2 Preliminaries

Let the notations be as in the introduction. For the sake of clarity we shall use the notations v, f,n,... for
v(S), f(5),n(S).... In this section we will introduce some notations and family of numbers that will enable us
to give an equivalent form of Wilf’s conjecture.

Definition. Let S be a numerical semigroup and let ¢ = C(S) = f + 1 be the conductor of S. Denote by

q=1[—1,

m

where [z] denote the smallest integer greater than or equal to . Thus, gm > c and ¢ = gm —p with 0 < p < m.

Given a non negative integer k, we define the kth interval of length m,
In=km—-—p,(k+1)m—pl={km—pkm—p+1,...,(k+1)m—p—1}.

We denote by
ng = |{s €SNI}

For j € {1,...,m — 1}, we define 7, to be the number of intervals I, with ny = j.
=|{k e N;|I nS|=j}.
Proposition 2.1 Under the previous notations, we have:

i) 1 r<m—1forallk=0,...,q—1.
i1) ng =m for all k > q.
)

11) N

n(S) = YiZg nk-
. —1
w) Y0 =4
-1 . —1
v) D00 N = Y h e = 10

Proof. i),1ii),4ii) are obvious. Now using i), #4) we will prove iv) and v).



) S = ke N [Len S| =5 =Y k€ Ning = jik=0,...,¢— 1} =q.
v) S iy = X ik € N[ e n S| = 5} = X0 ik € Ny = Gk =0, — 1} = S{gme =
n. O

Remark: We shall use the notation |z | for the largest integer smaller than or equal to z.

Next we will express n; in terms of th Apéry set.

Proposition 2.2 Let Ap(S,m) = {wy =0 < w; < wy < ... < Wy—1}. Under the previous notations, we have

forall j e {1,...,m—1}

(i +pJ B ij—1 +p
m m

|.

Proof. Fix 0 < k < ¢g—1,and let j € {1,...,m — 1}. We will show that the interval I} contains exactly
j elements of S if and only if w;—1 < (k+ 1)m — p < wj. Recall to this end that for all s € S, there exist
0<i<m—1,a € N such that s = w; + am.

ni =1

Suppose that I contains j elements. Suppose, by contradiction, that w;_1 > (k + 1)m — p. We have wy,_1 >
o> wijog > (k4 1)m — p, thus wpm—1,...,wj—1 € Ug:kﬂlt. Hence, I, contains at most 7 — 1 elements of S
(namely wo + km = km, w1 + kim, ws + kam, ..., wj_o + kj—om for some ki,...,kj—2 € {0,...,k —1}). This
contradicts the fact that I}, contains exactly j elements of S.

If w; < (k+1)m—p, thenwg < ... < w; < (k+1)m—p, thus wo, ..., w; € U¥_,I;. Hence, I}, contains at least j+1
elements of S which are : wo +km = km, w1 +kim, we +kam, ..., w; +k;m for some k1,...,k; € {0,..., k—1},
which contradicts the fact that I contains exactly j elements of S.

Conversely, wj_1 < (k+ 1)m — p implies that wo < ... < w;j_1 < (k+ 1)m — p, so wy, ..., w;—1 € Uf_yI;. Thus
I}, contains at least j elements which are : wg + km = km,w, + kym,ws + kam, ..., w;—1 + k;j_1m for some
Iﬁ,...,kj_l S {0,...,k—1}.

On the other hand w; > (k+1)m— p implies that wy,,—1 > ... > w; > (k+1)m—p, S0 Wm—1,...,W; € Ug:k-ult-

Thus Ij; contains at most j elements which are : wg + km = km, w1 + kim,wa + kam, ..., wj_1 + kj_ym for
some ki,...,kj—1 €{0,...,k—1}. Hence, if wj_1 < (k+1)m — p < w;, then Ij contains exactly j elements of
S and this proves our assertion.
Consequently,

n; = |{k € Nsuch that [I; N S| = j}|

= |{k € N such that w;_1 < (k+1)m —p < w,}|

= |{k € N such that “=1*2 < (k4 1) < 2ty

= |{k€Nsuchthatwj*Tl+p—1<k:§wa+p—1}|

= |{k € N such that | =12 | <k < [“2F2] 1}
=) — |=2). O

m

Proposition 2.3 gives an equivalent form of Wilf’s Conjecture using Propositions 2.1 and 2.2.

Proposition 2.3 Let S be a numerical semigroup with multiplicity m, embedding dimension v and conductor
f+l=gm—pforsomege Nand 0 <p<m—1. Let wo=0<w; <ws <...<wpy_1 be the elements of
Ap(S,m). Then S satisfies Wilf’s Conjecture if and only if

SR - Ry~ m) +p 2 0.



Proof. By Proposition 2.1, we have

q—1 m—1
f+1<nvsgn— p<u2nk©2m p<anu©anu— +p>0<:>277]jl/— m)+p>0.
k=0 k=0 k=0 k=0 j=1
Using Proposition 2.2, we have
w+p Wi—1+ P\, .
Zmyv— p>0<:>2 = DG —m) +p > 0.
j=1

Thus the proof is complete. (]

Remark 2.4 Let Ap(S,m) = {wp = 0 < w1 < ... < wpy—1}. The following technical results will be used
through the paper:

1 [*ef2] =0 (wp=0and 0 < p < m).
2. Forall1<i<m-—1, 2] >1 (w; >m).

3. Forall 1 <i<m—1,either |“F2] = | %] or [“52] = %] 4 1. In the second case |[““F2] > 2 and
p=>1

IN

4. If w; < w;j for some 0 < i < j < m — 1, then LWTJFPJ Lw]T'H)J
5. meﬂ-i-pJ _ Lqm—p-i-m—l-i—pJ =q.

m m

3 Main Results

In this section, we show that Wilf’s Conjecture holds for numerical semigroups in the following cases:

1. wpm—1 > w1 +w, and (2 4+ 2= )1/>mforsome1<a<m71

2. m —v < 5. (Note that the case m — v < 4 results from the fact that Wilf’s Conjecture holds for 2v > m
([9]), however we shall give the proof for m — v < 3 in order to cover this result through our techniques).

We then deduce the conjecture for m = 9 and for (2 + %)u > m.

The following technical Lemma will be used through the paper:

Lemma 3.1 Let Ap(S,m) = {wo =0 < w1 < ... < wm-1}. Suppose that w; > w; + wg, then | 2ite | >
| “LEL |y | ate | 1. If furthermore, |Yite | |28 | |Wktp | = ] then |WIP| = L] 4] [Wate ] =

and p > 1. In particular, [“22] > 2, |“42] > 2 and p > 1.

Proof. w; > w; + wy, implies that w; + p > w; + wy + p, hence w’;:p > wj+2’“+p. Consequently, LWTJ”’J >
| LtUEtl | Therefore, |Yit2] > |2E2| 4 | k| Hence, by Remark 2.4 (3), [“it2] > [Libe ) jmete)

Suppose that w; > w; + wy and that |22 ] — ij:pj — [¥ef2| = —1. Suppose by the way of contradiction
that either L“”TJ”’J # |5 +1or [FL]| £ %] 41 or p < 1. Then, by Remark 2.4 (3) and the fact that p > 0,
we have either |22 | = | 22| or [“5F2| = |2k | or p = (. Since w; > w; + wy, then |LF2| > | Litlrte | Ty

this case | 22| > |WiF2 | 4| wetP | which is impossible. Hence, |22 ] = L] 41, [“22] = 2] 4 ] and
p > 1. Therefore, by Remark 2.4 (2), Lw]T"_pJ = L%J +1>2, \_“““TJFPJ =% +1>2andp>1. O

Next we will show that Wilf’s Conjecture holds for numerical semigroups with w,,—1 > w; +w, and (2+QT_3)1/ >
m.



Theorem 3.2 Let S be a numerical semigroup with multiplicity m, embedding dimension v and conductor
f+l=gm—pforsome g e N O0<p<m-—1. Let wg=0<w < ws <...< wpy_1 be the elements of
Ap(S,m). Suppose that wy,—1 > wy + wy for some 1 < a<m —1. If (2+ ”‘T’B)V > m, then S satisfies Wilf’s
Conjecture.

Proof. We are going to show that S satisfies Wilf’s Conjecture by means of Proposition 2.3. We have,

S - [y = YL ) = 3L G
=2:L“”J J(gu—m)—thﬁpmﬂw—m)
= 1 ) — | () L“’ﬂj ap

(31 = | () - [T pJv—afL#Jv
2 1P o= — P = S
gy — (B (B2,
=y (2o — )

j=a+1 j=a+1 m .
— (@t hr—m) 3 (Hf) - (LR
32 ~ (ot -m)( Y (LR S WLtey
j:oing j:ft;rl
= ((a+Dp—m)( 3 (B2 - Y |l
Jj=a+1 J=a
e ()

Since w1 > w1 + Wa, by Lemma 3.1, it follows that [22=tfL| > |W1E2 | 4 | Watp | ] Tet g = |Lo=idl|
|@ife | — [%et2| Then, 2] 4 |Ye*2] = g — z and x > —1. Now using (3.1) and (3.2), we have




m—1

R L e 1y P R e PR L L
(Pl 2Ly (ot Ly —m) £
= 12t (ot Dy = m) — (o Dy = m) + 1222 (20— )
R | B (0 Ty —m) +
= |22 o — ) + 2L o — )
() B B (o 1 — )+
= (2] 4 22y 20— )+ |2 o — 2
() - 2l Bl (= m) +p
w1 + p

= (g— )2 —m) + | TP (0 — 2uta((a+ 1y —m) +p

m
> (q—2)2v —m) + (o = 2Jv+a((a+ 1)y —m) +p
=v(2¢—2r+a—-24+za+x)—qgm+p

=v(2q+(@=2)(x+1)+z)—gm+p

>v(2q+a—3)—gm+p (x> —1)
a—3

=q((2+ . )—m)+p

> 0.

Using Proposition 2.3, we get that S satisfies Wilf’s Conjecture. O

Example 3.3 Consider the following numerical semigroup S =< 19, 21,23, 25, 27,28 >. Note that 3v < m. We
have w1 = 21, wi4 = 56 and wy, 1 = 83 i.e. Wpy_1 > wi +wi4. In addition, (2+ CY7_3)1/ =(2+14=3)6 > 19 =m.
Thus the conditions of Theorem 3.2 are valid, so S satisfies Wilf’s Conjecture.

In the following we shall deduce some cases where Wilf’s Conjecture holds. We start with the following technical
Lemma.

Lemma 3.4 Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let wg =0 <
ala—1)
2

(e

wp < wg < ... < Wpy_1 be the elements of Ap(S,m). If m —v > (§) = for some o € N*, then

W1 2 W1 + Wq-

Proof. Recall that an element x of the Apéry set of S belongs to min(Ap(S,m)) if and only if « # w; +w; for all
w;, w; €Ap(S,m)\ {0}, in particular m — v = |Ap(S, m)\min(Ap(S, m))|. Suppose by the way of contradiction
that wy,—1 < w1+we, and let w € Ap(S, m)\min(Ap(S, m)). Then w < wy,—1 and w = w;+w; for some w;, w; €



Ap(S,m)\{0}. Hence, w < wy,—1 < w1+weq. Thus the only possible values for w are {w;+w;;1 <1i < j < a—1}.
ala—1)

Therefore, m — v < (§) = 5

, which is impossible. Hence, wy,_1 > w1 + w,. 0O

Next we will deduce Wilf’s Conjecture for numerical Semigroups with m —v > @ and (2 + ”‘T’B)V >m. It
will be used later to show that the conjecture holds for those with (2 + %)1/ > m, and inorder also to cover the
result in [9] saying that the conjecture is true for 2v > m.

Corollary 3.5 Let S be a numerical semigroup with multiplicity m, embedding dimension v and conductor
f+l=gm—pforsomeqge N, 0<p<m-—1. Supposethatm—u>(g):@ for some 1 < <m — 1.
If (2 + ”‘T’B)u > m, then § satisfies Wilf’s Conjecture.

Proof. It follows from Lemma 3.4 that if m —v > @, then w,,_1 > w1 + wo. Now use Theorem 3.2. [

As a direct consequence of Theorem 3.2, we get the following Corollary.

Corollary 3.6 Let S be a numerical semigroup with a given multiplicity m and conductor f +1 = gm — p for
some g EN;0<p<m-—1. Let wp=0<w; <...<wp—1 be the elements of Ap(S,m). If wy,—1 > w1 + wq
for some 1 <a<m—1and m <8+ 4(0‘7_3) then S satisfies Wilf’s Conjecture.

Proof. By Theorem 3.2, we may assume that (2+ O‘T*?’)z/ < m. Therefore, v < —4m__ < 8¢ta-l2

2g+a—3 — 2q+a-—3

. Hence v < 4,
consequently S satisfies Wilf’s Conjecture ([3]). O

In the following Lemma, we will show that Wilf’s Conjecture holds for numerical semigroups with m — v < 3.
This will enable us later to prove the conjecture for numerical semigroups with (2 + %)I/ > m and cover the
result in [9] saying that the conjecture is true for 2v > m.

Lemma 3.7 Let S be a numerical Semigroup with multiplicity m and embedding dimension v. If m — v < 3,
then S satisfies Wilf’s Conjecture.

Proof. We my assume that v > 4 (v < 3 is solved [3]). We are going to show that S satisfies Wilf’s Conjecture
by means of Proposition 2.3.

1) If m — v =1, then we may assume that m = v+ 1 > 5. By taking o = 1 in (3.2), we get

guﬁ 2 By —m) = (|22 | 2L oy — ). Hence,
TQUJTJ — Gy —m) 4 = (1 - 2Ly —m)
+n:<twjnﬁf 2] = Bl )y —m) 4+
> [ —m)
Wm—1+p w1 +p




= |22 (3 — 2m)

e R e R L (O R
= |2 —3)

R e B L R R

Sincem—-—v =1>0= @, then by Lemma 3.4, it follows that w,,—1 > w; + w;. Consequently, by

Lemma 3.1, we have me;nl—w)J > Lwlnjpj + Lwi,ij -1

o If [Ym—ide | jwite) |“2tL | = —1. Then by Lemma 3.1, we have | “2X2| > 2. Since m > 5, then

m m

3

(|LBe) it ey

juv—m)+p >2(m—-3)—(m—2)+p>0.
m m

<.
Il
—_

o[

Ymoidp | | witp| | witp | > (). Since m > 5, then

m m

—

3

Sty ey

juv—m)+p >(m—-3)4+p>0.
m m

j=1

Using Proposition 2.3, we get that S satisfies Wilf’s Conjecture if m — v = 1.
#i) If m —v € {2,3}. By taking a = 2 in (3.2), we get

SRy B L Gy iy > (22 Ry, Hence
j=3
R e el P R el L e PR
HIEE - (@ - m)
B L Gy ) +
j=3
> |l )+ P22 20— )
653 e e B e N OB
= B2 b (30— m) — (31— m))
JrLu}Q—erJ(QV—m)
H(EEL ) 2L gy )
= 1o — ) + 22 20— )
e R e R )
+p.
Since m —v € {2,3} > 1 X by Lemma 3.4, we have w,,_1 > wi + ws. It follows from Lemma 3.1 that
Bt | > | oabe) et g,



e If m — v = 2. then we may assume that m = v+ 2 > 6. Now (3.3) gives,

m—1
) (L8] - (Ll Gy —m) + > [ — ) 4+ | 2222 (- )
(R L 2P o 6) 4.
- If Lw’";nﬁpj —Lwi:{pj— wa:pj = —1. Then by Lemma 3.1 we have, L“”TJFPJ > 2 and LUJZTJFPJ > 2.
Sjilf(f m > 6, then
S — [BEEEL Gy —m) +p 2 20m = 4) +20m — 4) — (2m — 6) +p 2 0.
=1
- IijwT";nlerJ —|wte) | 22t2 | > (. Since m > 6, then
Sy B Gyt 3 (- 4) 4 () 20
j=1

Using Proposition 2.3, we get that S satisfies Wilf’s Conjecture if m — v = 2.
e If m — v = 3, then we may assume that m = v + 3 > 7. Now (3.3) gives,

m—1
w; + p wi—1+p . w1+ p wo + p
_ _ > _ _
j:1(L ===y =m) +p = | ](m = 6) + [———](m —6)
Wn-1+p, witp — wrtp
+(L ni =1 1m =1 2m Em —9)+p.
— If |Mmeidp | |wite) | %2#2) = ] Then by Lemma 3.1 we have, |2F2] > 2 |22t2| >
2 and p > 1. Since m > 7, then
m—1
w; + w1 + .
DU = |Z Gy —m) 4+ p = 2(m = 6) +2(m —6) — (2m—9) +1 > 0.
j=1
— If [YmolEe) | wikp| | w2tp | > 0 Since m > 7, then
m—1
-+ I
(L) = (2= Gy—m) 4 p 2 (m=6)+ (m—6)+p>0.
j=1

Using Proposition 2.3, we get that S satisfies Wilf’s Conjecture if m — v = 3.

Thus Wilf’s Conjecture holds if m —v < 3. O
The next Corollary covers the result of Sammartano for numerical semigroups with 2v > m ([9]) using Corollary
3.5 and Lemma 3.7.

Corollary 3.8 Let S be a numerical semigroup with multiplicity m and embedding dimension v. If 2v > m,
then S satisfies Wilf’s Conjecture.

Proof. If m — v > 3 and 2v > m, then by Corollary 3.5 Wilf’s Conjecture holds. If m — v < 3, by Lemma 3.7,
S satisfies Wilf’s Conjecture. [

In the following Corollary we will deduce Wilf’s Conjecture for numerical semigroups with m — v = 4. This will
enable us later to prove the conjecture for those with (2 4+ %)u >m.

Corollary 3.9 Let S be a numerical semigroup with multiplicity m and embedding dimension v. If m —v =4,
then S satisfies Wilf’s Conjecture.



Proof. Since Wilf’s conjecture holds for v < 3 ([3]), then we may assume that v > 4. Hence, v > m — v.
Consequently, 2v > m. Hence, S satisfies Wilf’s Conjecture. [

The following technical Lemma will be used through the paper.

Lemma 3.10 Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let wy = 0 <
w1 < ... < wpy_1 be the elements of Ap(S,m). f m—v > () —1= @ — 1 for some 3 < a < m — 2, then
W1 2 W1 + Wa O Wiy—1 = Wa—2 + Wa—1.

Proof. Suppose by the way of contradiction that w,, 1 < w1 + we and wy,—1 < Wa—2 + Wa_1. Let

w €Ap(S, m)\min(Ap(S, m)), then w < w,,—1 and w = w; + w; for some w;, w; €Ap(S,m) \ {0}. In this case,
the only possible values of w are {w; + wj;1 <@ < j < a—1}\ {wa—2 + Wa—1,Wa—1 + wa—1}. Consequently,
m—v = [Ap(S, m)\min(Ap(S,m))| < O‘(a U _92 But O‘(a2_1) -2< a(a;l) —1, which contradicts the hypothesis.
Hence, wy,_1 > w1 + wq OF Wyp—1 > Wa—2 + Wa—1. U

In the next theorem, we will show that Wilf’s Conjecture holds for numerical semigroups with m — v = 5.

Theorem 3.11 Let S be a numerical semigroup with multiplicity m and embedding dimension v. If m—v =5,
then S satisfies Wilf’s Conjecture.

Proof. Let m — v = 5. Since Wilf’s Conjecture holds for 2v > m, then we may assume that 2v < m. This
implies that v < 5. Since the case v < 3 is known ([3]), then we shall assume that v = 4. This also implies that
m =9.

Sincem—v=5= @ — 1, by Lemma 3.10, it follows that wg > ws 4+ w3 or wg > wy + wy.

1) If wg > we + ws. By taking @« =3 in (3.2) (m =9, v = 4), we get

SR~ B i 0) > (1B - (s - 9) = (B - 122,

9 9 9 9 9 9
Hence,
SR - (B a9+ = (1252 - (222 (-5)
() - )
(L“’””J 22 )e)
8
YL - | - 9) +
j=4
3.4
o > | D))+ | 2 (a4 2R 3)
H( ) - |2 1)+

9 4
2; 2)(- 4>+L“’39+ L) (3)
+<L“’89+’)J L))+
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= |2+ (2 2)
HIEE2 - (@) 4

= [ E0)2)

() (2 ) 4

Since ws > wy + w3, by Lemma 3.1, it follows that [“SF2] > |®2EL| 4 |2afr| 1,

8
o T [B52) - 22 ] | 232) > 0, then (34) gives 3 (| “2E) — L yaj - 9) 4 p > 0.
j=1
o If [Msf2| — |¥2fe|  |M2E0] = 1. By Lemma 3.1, we have p > 1.

Since for ¢ < 3 Wilf’s Conjecture is solved ([4], [6]), then may assume that ¢ > 4. Since |*3£2] <
| 432 | and [“2F2] 4 WSR2 | = |%8EL| 41 =g+ 1, in this case it follows that [“472] > 3.

Now (3.4) gives, Z(L

j=1

wj+pJ_ij—1+p
9 9

NAj—m)+p>3(2)—7+1>0.

Using Proposition 2.3, we get that S satisfies Wilf’s Conjecture in this case.

#1) If wg > wy + wy. We may assume that ws < ws + ws, since otherwise we are back to case 1. Hence, the

possible values of w € Ap(S,9)\min(Ap(S,9)) are {w1 +w;;1 < j <7} U {ws + wa}.

e Recall that an element x of the Apéry set of S belongs to max(Ap(S,m)) if and only if w; # = + w;
for all w;,w; €Ap(S,m)\{0}. If Ap(S,9)\min(Ap(S,9)) C {wi +w;;1 < j < 7}, then there exists at
least five elements in Ap(.S,9) that are not maximal, hence ¢(S) = [{max(Ap(S,9)) -9} <3 =v-1.
Consequently, S satisfies Wilf’s Conjecture ([3] Proposition 2.3).

o If wy + wo € Ap(S,9)\min(Ap(S,9)), then ws > wa + wy. By Lemma 3.1 we have [“52] >
2| %22 | — 1. In particular,

(3.5) — 5

By taking @« =4 in (3.2) (m =9, v = 4), we get
8

Z(ij erJ _ ijfl +pJ)(4j -9) > (ng +pJ — Lw4 +pJ)(11). Now using (3.5), we get

= 9 9 9 9
S - 1 g -9+ = (152 - [252))(-5)
HM2E) - 1 )
(36) (e ngpn(a
(ML - | )7y

11



w1+ p w2 + p w3 + p

1=
D) +p

e

’LU4 p

J( 4)+ [
(M+( =2

J(=4)+|
+p, witp
I=1—

9

g+1 wy +p

J=9) + () (-0 + |22 (g
DL - 222 )1+

w1+ p
>[5

w43p

wy +p wy + p

= (U2 ) g+ 1) + |22 3
wg + p

HEGE) - 2y +

S a1 — 1) —2(g 1)
HEE @)+ () - | a4

= 252 - 2(g+ 1) + |2 3)

(e “’J [ - |2y +
=(Lw1+pJ + L“’”p NE) + L) (4) — 2(g+1)

wg + P w1 p w4+p
L 5 han +p

We have wg > wy + wy, then by Lemma 3.1 Lw89+pj > Lwnger + \_w49+pj —1.

—If | Uste] || Wkl | > (. Let x = [Ysfe| - |wdke| | wite | Hence, > 0 and
[ L | 4 [#45F2] = ¢ — 2. Then (3.6) gives,
8

4 - .
Z(M;PJ—M L) 4j =) +p > (g—a))+4-2q+ 1)+ Lot p=g+Brt2+p30,
j=1
— If ws-‘rﬂ w1+P w4+P = —1. Then | ¥t Q + watp — ¢+ 1. By Lemma 3.1, we have
9

| ke J >2 and p>1. Smce q > 1, then (3.6) glves
8

S5 - |45 =9 +p 2 g+ D@ +8-20q+ D)~ 1+1=g—120.

Using Proposition 2.3, we get that S satisfies Wilf’s Conjecture in this case.

Thus, Wilf’s Conjecture holds if m —v =5. O

In the next corollary, we will deduce the conjecture for m = 9.

Corollary 3.12 If S is a numerical Semigroup with multiplicity m = 9, then S satisfies Wilf’s Conjecture.

Proof. By Lemma 3.7, Corollary 3.9 and Theorem 3.11, we may assume that m — v > 5, hence v < m — 5 = 4.
By ([3]) S satisfies Wilf’s Conjecture. [

The following Lemma will enable us later to show that Wilf’s Conjecture holds for numerical semigroups with
(2+ %)1/ > m.

12



Lemma 3.13 Let S be a numerical Semigroup with multiplicity m, embedding dimension v and conductor
f+1l=gm—pforsome qe N, 0<p<m-—1. Ifm—-—v=06and (2+%)V > m, then S satisfies Wilf’s
Conjecture.

Proof. Since m —v =6 > @ — 1, by Lemma 3.10, it follows that w,,—1 > w; + wq or Wy,—1 > wa + ws.

1) If wy,—1 > w1 + wy. By hypothesis (2 + %)l/ > m and Theorem 3.2 Wilf’s Conjecture holds in this case.

4t) If wy—1 > wo +ws. We may assume that w,—1 < w; + wy, since otherwise we are back to case 1. Hence,
Ap(S, m)\min(Ap(S,m)) = {w1 + w1, w1 + wa, w1 + w3, we + wa, wa + w3, W3 + W3 }.

By taking 0 = 31n (32), weget 3 (1 %EHL) — [WLEL Gy )z (Ut R0y L,y
Hence, =
R L el P R el Ry L e PR

+<L“’i;pJ - L“’Z’)J)@u —m)
(= - =L —m)
F () (LR Gy ) 4
> (U2 )y 2200y
22 (3 — )
() B - ) 4
> (P22 () + 122 )

a7 HEE )+ 2L 3 —m)
(R B - )+
= [T | B
(R B 4y — )+

L () — (4 — )

HEEL ) )
H(E ) Ly - )+
= TC R el T
e R e R e IC )
+p
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wy +p 3V w3 +p 3V

= (5 =6+ 1——1(5 —6)
Jr(me_Her_szerJ wsgrp

m m
+p.

3v —6)

We have wy,—1 > ws + w3, by Lemma 3.1, it follows that | 2212 | > [w2te | 4 |wstp | g,

o If [Lmoltl| _|w2tp | |w3%0 )| > 0 using v >4 in (3.7) (v < 3 is solved [3]), we get
m—1

(|BLE2) - | MLy

ju—m)+p>0.

m
]:1
o If [Bi2) | 2ate) | 22) — 1. Then
w2 + p w3 + p
3.8 =+l
(3-8) L m I+l m f=a¥

We have ws + w3 €Ap(S, m)\min(Ap(S,m)), then wy,—1 > ws + ws. By Lemma 3.1, we have
|LmeddP | > 9| 8t0 | ] In particular,

wy+p, _q+1

<=

m 2

(3.9) I

Since Wilf’s Conjecture holds for ¢ < 3 ([4], [6]), so we may assume that ¢ > 4. Since [“2F2] <

|42 by (3.8) and (3.9), it follows that | %22 | = |28+2 | = 221 i particular ¢ 1s odd, so we have
to assume that ¢ > 5. Now using Now using (3.8), ¢ > 5 and the hypothesm 2+ = )1/ >m=v+6
n (3.7), we get

m—1

S (ML (L Gy )+ 2 (P2 (L )

B e R e R e L R
=g+ ) —6)~ By —6)+p
= (32q+g—3) 6+ p
ZV(S—;—S)—QV—VMJ (6 < qv+v)
:y(g—g)+pzo.

Using Proposition 2.3, we get that S satisfies Wilf’s Conjecture in this case.

Thus, Wilf’s Conjecture holds if m —v =6 and (2 + %)u >m. O

Next we will generalize a result for Sammartano ([9]) and show that Wilf’s Conjecture holds for numerical

semigroups satisfying (2 + %)l/ > m, using Lemma 3.7, Corollary 3.9, Theorem 3.11, Lemma 3.13 and Corollary
3.5.
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Theorem 3.14 Let S be a numerical semigroup with multiplicity m, embedding dimension v and conductor
f+l=gm—pforsomeqgeN,0<p<m-—1.1f (2+ %)V > m, then S satisfies Wilf’s Conjecture.

Proof.

o If m —v < 3, then by Lemma 3.7 Wilf’s Conjecture holds.

e If m — v =4, then by Corollary 3.9 Wilf’s Conjecture holds.

e If m — v =5, then by Theorem 3.11 Wilf’s Conjecture holds.

e Ifm—v==6and (2+ %)V > m, then by Lemma 3.13 Wilf’s Conjecture holds.

e Ifm—v>6and (24 %)l/ > m, then by Corollary 3.5 Wilf’s Conjecture holds. [

Example 3.15 Consider the following numerical semigroup S =< 13,15,17,19,21,27 >. Note that 2v < m.
We have (2 + %)I/ = (2+ 1)6 > 13 = m. Thus the conditions of Theorem 3.14 are valid, so S satisfies Wilf’s
Conjecture.

Corollary 3.16 Let S be a numerical semigroup with multiplicity m and conductor f + 1 = gm — p for some
geN,0<p<m—-1.Ifm<8+ %, then S satisfies Wilf’s Conjecture.

Proof. If v < 4, then S satisfies Wilf’s Conjecture ([3]). Hence, we can suppose that v > 4. Thus, (2 4+ %)y >
2+ %)4 > m. By using Theorem 3.14 S satisfies Wilf’s Conjecture . [

a+3

o)V > m

4 Numerical semigroups with w,, 1 > w,—1 + w, and (

In this section, we will show that if .S is a numerical Semigroup such that w,,—1 > wqs—1 + w, and (O‘T+3)V > m,
then S satisfies Wilf’s Conjecture.

Theorem 4.1 Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let wy =0 <
wy < wg < ... < Wy_1 be the elements of Ap(S,m). Suppose that w,,—1 > wa—1 4w, for some 1 < o < m—1.
If (2£3)v > m, then S satisfies Wilf’s Conjecture.

Proof. We may assume that p > %. Indeed, if 0 < p < %, then g < 3 and Wilf’s conjecture holds

for this case ([6]). We are going to show that S satisfies Wilf’s Conjecture by means of Proposition 2.3. We have,

SOEEEE) L Gy —m) = ST Gy —m) = S — )

:thjnj J(]V*m)*ituh+pJ((]+1)l/fm)
Jj=1 j=0
:Lwanij(aV—m)—Lwonij(V—m)—ZLw]nij
= (L2 () - ML), S L
Wat P 0y (Pamite, SN (LI L
ZL m J(CW m) L m JV Z 5 v
= LwaJpJ(aV—m)—LMJV_(Lwa +pJ+Lwa_77ll+pJ)(a_22)V
R = ma 4| ()



By (32), wehave > ([“08) | UL i,y 5 (| Umt EE
Jj=a+1

Since wy,—1 > Wa—1+Wa, by Lemma 3.1, it follows that |22=1t8| > |Lesifp || Wakp | [et g = |Lo=l2l)
|Waidp| | Wakp | Thep, |LeddP |y | Watp| — g g and x> —1. Now using p > B0 apq (2 > m,

=1

22 28y (a+ 1y — m).

m 2a+4-6
we get
(e e R (e e
R By (0 Ty —m) +

LMJ(_—CW+(O<+1)V—m—((a-i—l)u—m))

+Lwa7:p_J((0‘;r )meH(me;ijJ*Lwanij>((a+1)me)
+p

:(Lwa—nll-i-PJ+Lwa+pJ)((a+2)y_m)
+(me—w1l+pj_Lwa—nll-l-PJ_Lwawj‘ﬂj)((a+1)u_m)+p

= (= 2)((“F)v —m) +z((a+ Dy —m) +p

=vig+L-9)- m(q(2a+26;igq—3)a)

_ o o 3 3qa 3a
=vlg+%5 = 5) —mlzfs + qats ~ M)

Using Proposition 2.3, we get that S satisfies Wilf’s Conjecture. [

Example 4.2 Consider the following numerical semigroup S =< 22,23, 25, 27,29, 31,33 >. Note that 3v < m.
We have wg = 33, wy = 46 and w,,_1 = 87 and i.e. w,,_1 > wg + wy. Moreover, (CYTJ“O’)V = (%)7 > 22 =m,
thus the conditions of Theorem 4.1 are valid. Hence, S satisfies Wilf’s Conjecture. [

Th following Corollary 4.3 is an extension for Corollary 3.5 using Theorems 3.2 and 4.1.

Corollary 4.3 Let S be a numerical semigroup with multiplicity m and embedding dimension v. Suppose that
m-—v > @ —1forsome 7<a<m-—2 If (24 O‘T_?’)u > m, then S satisfies Wilf’s Conjecture.

Proof. Since m —v > ale=l) 1, then by Lemma 3.10 we have w,,_1 > w1 + Wq OF W1 > We—92 + Wa—_1-
Suppose that wy,—1 > w1 + w,. Since (2 + O‘T_?’)u > m, by applying Theorem 3.2, S satisfies wilf’s Conjecture.
Now suppose that wy,—1 > we—2 + we—1. We may assume that ¢ > 4 (¢ < 3 is solved [6], [4]). Then for « > 7
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we have, (O‘_§+3)u > 2+ O‘T_?’)u. Consequently, (a_§+3)y > m. Now by applying Theorem 4.1, S satisfies

Wilf’s Conjecture. [

As a direct consequence of Theorem 4.1, we get the following Corollary.

Corollary 4.4 Let S be a numerical semigroup with multiplicity m and embedding dimension v. Let wy = 0 <
wy < wy < ... < Wnp-1 be the elements of Ap(S, m). Suppose that w,—1 > We—1 + W, for some 1 < o < m—1.

Ifm < @, then S satisfies Wilf’s Conjecture.

Proof. If v < 4, then S satisfies Wilf’s Conjecture ([3]). Hence, we can suppose that v > 4. Thus, (2£3)(v) >

4(a+3) . . e .
==~ > m. By applying Theorem 4.1 S satisfies Wilf’s Conjecture. [
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