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ON EXPONENTIAL FUNCTIONALS OF PROCESSES
WITH INDEPENDENT INCREMENTS

P. Salminen, Department of Natural Sciences Abo

Akademi University FIN-20500 Abo Finland
and
L. Vostrikova ' , LAREMA, Département de
Mathématiques, Université d’Angers, 2, Bd Lavoisier
49045, ANGERSs CEDEX 01

ABSTRACT. In this paper we study the exponential functionals of
the processes X with independent increments , namely

t
I; :/ exp(—X;)ds, t>0,
0

and also -
I :/ exp(—X;)ds.
0

When X is a semi-martingale with absolutely continuous char-
acteristics, we derive necessary and sufficient conditions for the
existence of the Laplace exponent of I}, and also the sufficient con-
ditions of finiteness of the Mellin transform E(I*) with o € R. We
give a recurrent integral equations for this Mellin transform. Then
we apply these recurrent formulas to calculate the moments. We
present also the corresponding results for the exponentials of Levy
processes, which hold under less restrictive conditions then in [4].
In particular, we obtain an explicit formula for the moments of I
and I, and we precise the exact number of finite moments of I..

MSC 2010 subject classifications: 60G51, 91G80

1. INTRODUCTION

The exponential functionals arise in many areas, in particular in the
theory of self-similar Markov processes, mathematical finance, random
processes in random environment and so on, as mentioned in [4]. More

1 This work is supported in part by DEFIMATHS project of the Reseach Federation
of ”Mathématiques de Pays de la Loire” and PANORisk project of Pays de la Loire
region.
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2 ON EXPONENTIAL FUNCTIONALS

precisely, see [13], self-similar Markov processes are related with expo-
nential functionals by Lamperti transform, namely self-similar Markov
process can be written as an exponential of Levy process time changed
by the inverse of exponential functional of the same Levy process. In
mathematical finance the question is related to the perpetuities con-
taining the liabilities, the perpetuities subjected to the influence of
economical factors (see, for example, [11]), and also with the price of
Asian options and related questions (see, for instance, [8], [10] and
references therein).

In the case of Levy processes, asymptotic behaviour of exponential
functionals was studied in [6], in particular for a-stable Levy processes.
The authors also give an integro-differential equation for the density of
the law of exponential functionals, when this density w.r.t the Lebesgue
measure exists. For Levy subordinators they give the formulas for the
positive and negative moments, the Mellin transform and the Laplace
transform. The questions related with the characterisation of the law
of exponential functionals by the moments was studied in [4]. In [3]
the authors study continuity properties of exponential functionals, in
particular they give sufficient conditions for the existence of the density

of the law of I, w.r.t. the Lebesgue measure. For Levy processes see
also [17], [2], [12].

Exponential functionals for diffusions was studied in [14]. The authors
considered exponential functionals stopped at first hitting time and
they derive the Laplace transform of these functionals. To find laws
of such exponential functionals, the authors perform numerical inver-
sion of the Laplace transform. The relations between hitting times
and occupation times for exponential functionals was considered in
[16], where the versions of identities in law such as Dufresne’s iden-
tity, Ciesielski-Taylor’s identity, Biane’s identity, LeGall’s identity was
considered.

The case when X is a non-homogeneous process with independent in-
crements (PII in short) has not been considered up to now. At the
same time PII models for logarithme of the prices are quite natural in
mathematical finance, it is the case of non-homogeneous Poisson pro-
cess, Levy process with deterministic time change, the integrals of Lévy
processes with deterministic integrands, hitting times for diffusions and
so on (see for instance [18], [7], [1]).
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The aim of this paper is to study the exponential functionals of the
processes X with independent increments , namely

t
(1) I :/ exp(—Xy)ds, t >0,
0

and also -
I :/ exp(—X;)ds,
0

and give such important characteristics of these exponential functionals
as the moments and the Laplace transforms and the Mellin transforms
of mentioned functionals.

We consider a real valued process X = (X;);>o with independent in-
crements and Xy = 0, which is a semi-martingale with respect to its
natural filtration. We denote by (B, C,v) a semi-martingale triplet of
this process, which can be chosen deterministic (see [9], Ch. II, p.106).
We suppose that B = (B})>0, C = (Ct)i>0 and v are absolutely con-
tinuous with respect to the Lebesgue measure in ¢, i.e. that X is an
Ito process such that

t t
B, = / bsds, C; = / csds, v(dt,dr) = dtK,(dz)
0 0

with measurable functions b = (bs)s>0,¢ = (¢s)s>0, and the kernel
K = (K{(A))i>04eBm\foy)- For more information about the semi-
martingales and the Ito processes see [9].

We assume that the compensator of the measure of the jumps v verify
the usual condition: for each t € R™

@) /0 t /R (A D) ds < o

We recall that the characteristic function of X;
¢1(A) = Eexp(iAXy)
is defined by the following expression: for A € R

1 t .
dr(N) = exp{iABt—§A20t+/ / (e —1—iAxly<1y) Ky(dz) ds}
0 JR\{0}

which can be easily obtained by the Ito formula for semimartingales.
We recall also that X is a semi-martingale if and only if for all A € R the
characteristic function of X, is of finite variation in ¢ on finite intervals
(cf. [9], Ch.2, Th. 4.14, p.106 ). Moreover, the process X always can
be written as a sum of a semi-martingale and a deterministic function
which is not necessarily of finite variation on finite intervals.
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From the formula for the characteristic function we can easily find the
Laplace transform of X;, if it exists:

E(e—OéXt) — €—<I>(t,a)

Putting A = i« in the previous formula, we get that

1 t
®(t,a) = aB; — —a’Cy — / / (e =1+ axlyy<1y) Ks(dx) ds.
2 0 JR\{0}

As known, in the case when X is a Levy process with parameters
(bo, Co, K()), it holds

E(eiaXt) — eftcb(a)
with

1
O(a) = aby — §a200 — /R\{O}(e“” — 1+ arlyy<yy) Ko(dr).

In this article we establish necessary and sufficient conditions of the
existence of the Laplace exponent, and also the sufficient conditions
for finiteness of E(I*) with fixed ¢ > 0 (see Proposition 1). Next, we
use time reversal of the process X at fixed time ¢t > 0 to introduce a
new process Y = (Y;)o<s<t With Yy = Xy — X4_o—. In Lemma 1 we

show that
t
I, = e_Yt/ e¥sds.
0

Then, we prove that Y is a process with independent increments and
we identify its semi-martingale characteristics. This time reversal plays
an important role and permits to replace the process (I;);>o which is
not Markov, by a family of Markov processes V' = (V)o<s<: with ¢ > 0,
where V, = e ¥ fos eYudu.

In Theorem 1 we consider the case of & > 0 and we give a recurrent
integral equation for the Mellin transform of [;. In the Corollaries
2 and 3 we consider the case when X is a Levy process. We give the
formulas for positive moments of I; and I, and also the formula for the
Laplace transform. The results for I, coincide, of course, with the ones
given in [4] for Levy subordinators. But it holds under less restrictive
integrability conditions on I, and less restrictive condition on Levy
measure at zero. We can also precise the number of finite moments of
I (cf. Corollary 3 and Corollary 5). In Theorem 2 and Corollaries 4
and 5 we present analogous result for the case o < 0.
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2. FINITENESS OF E(I{*) FOR FIXED t > 0.

Now, we fix t > 0. In the following proposition we give necessary and
sufficient conditions for the existence of the Laplace transform of X;,
and also sufficient conditions for the existence of the Mellin transform
of I;. In what follows we assume that K verify the following stronger
condition then (2): for ¢t > 0

(3) / /R\{o} 2% A |z|)K,(dz)ds < oo.

This condition says, roughly speaking, that the ”big” jumps of the
process X are integrable, and it ensure that finite variation part of
semi-martingale decomposition of X remains deterministic. Moreover,
the truncation of the jumps is no more necessary.

Proposition 1. Leta € R andt > 0. If X is integrable, i.e. E(|X¢|) <
for ¥t >0, then under (3), the condition

t

(4) / / (7 — 1+ ax)K,(dr)ds < oo,
0 JR\{0}

18 equivalent to

(5) E(e ***) < oo.

Otherwise, (3) and (4) implies (5). Moreover, the condition (4) implies
fora>1 and o <0 that

(6) E(I}") < o0

In addition, if (4) is valid for a =1, then for 0 < a <1 we have (6).

Remark 1. Assume that X has only positive jumps, then for a > 0
the condition (4) is always satisfied. In the same way, if X has only
negative jumps, then, of course, for a < 0 the condition (4) is satis-
fied. If X has bounded jumps, the condition (4) is also satisfied. In
general case, the condition (4) is equivalent to the one of the following
conditions: if o > 0, then

t
(7) / / e “Ky(dr)ds < oo,
0 Jx<-1

and if a« <0, then

(8) /0 t / K (da)ds < oo,
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In the case of Levy processes these conditions coincide with the ones
given in [12], p. 79.

Remark 2. It should be noticed that if the condition (4) is verified for
o =a+ 6 with 6 > 0 and o > 0, then it is verified also for a. To
see this, apply Hélder inequality to the integrals in (7) and (8) with

the parameters p = O‘TM and q = QT”. In fact, since % + % =1 and

v([0,t]x] — 00, —1[) < 0o we have for (7):

[ /Kl o (s <
([ ) ([ ] o) <~

The same can be made for o < 0. In this case we take § < 0.

Proof. Since X is assumed to be a process with independent increment
which is a semi-martingale, it can be written as the sum of deterministic
process B of finite variation on finite intervals and local martingale M:

Xy = By + M,

with By = 0 and My = 0. Notice that, the local martingale property of
M follows from the independence of the increments and the fact that
PII is a strong Markov process. Moreover, local martingale M will be
a martingale when X is integrable. Notice also that to prove (5) is
equivalent proving

9) E(e M) < 00
since B, is deterministic.

For local martingale M we take a localizing sequence(s,),>1, and we
introduce for n > 1 the stopping times

T, =1inf{s > 0: |Ms| > n} A s,

with inf{()} = +o00. By the Ito formula we have:

tATh
e~ Minrn = gmoMo a/ e~ M=dM,
0

1 tATh tATh
+=a® / e Mg < M >, + / / e~ Mo (e7 —1+ax)pupr(ds, dx),
2 Jo R\{0}
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where 1), is the jump measure of M and My = 0. We remark that on
stochastic interval [0, A 7,,[, 0 < e~ < elol™ and then,

tATh
E/ e~ Ms—q M, = 0.
0

We take the mathematical expectation in the previous decomposition
and we use the projection theorem (see [9], Ch. 2, Th. 1.8, p.66)
together with the facts that d < M¢ >,= ¢, and AM, = AX;, to
obtain

1 tATh
(10) E(e M) =1 + §a2 E/ e~ M cods
0

tATh
+E (/ / e M- (emor 1 ¢ ax)KS(d:E)ds)
0 R\{0}

We also remark that the both terms on the r.h.s. of the last equality
are positive since e — 1 + ax > 0 for all x € R. Take n — +oo,
then 7,, — +o00, and by the Fatou lemma and the Fubini theorem we
get that

1 t
(11) E(e M) <1+ 5042/ E(e M) c,ds
0

t
+/ E(eaMS)/ (e — 1+ ax)K,(dr)ds
0 R\{0}

Then, by the Gronwall lemma

P11
E(e M) < exp (/ {—oﬂcs +/ (e =1+ ax)KS(d:c)] dS)
o L2 R\{0}

1 t
= exp (—QZCt + / / (e7* — 1+ az)K(dx) ds)
2 0 JR\(0}
and using (4), we get (5) via (9).

Assume next that (9) holds and X is integrable. From (10) we get

tATn
E(e M) > 1 4+ E (/ / el (GRS ax)Ks(dx)ds)
0 R\{0}

Again, the Fatou lemma applied to the r.h.s. of the previous in-
equality and the Jensen inequality applied to the Lh.s. with M., =
E(M,; | Firr,) gives us:

t
E(e M) > 1 4 / E(e M) / (€7 = 1+ ax) K(dx) ds
0 R\{0}
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Then, using the Gronwall lemma again

E(e M) > exp (/Ot /R\{O}(e_‘m — 1+ ar)K,(dz) ds)

Then, we have the condition (4).

Let 7 be uniformly distributed on [0, ¢] random variable independent
of X and o > 1 or a < 0. Then,

E(e™) = E(I/1)

and by the Jensen inequality

t
(I,/t)* < - / e=oXsds
0

1

—_

and
t
E(I) <t ! / E(e***)ds
0

alM.

Then, since (e~ *"*)p<s<; is a sub-martingale and (9) holds, we have

t t
/ E(e_o‘Xs)ds:/ e B E(e M) ds
0 0

t
< E(e M) / e *Prds < o0
0

and this yields (6).

If 0 < a <1, then by the Jensen inequality again E(I}) < (EL)* <
00. U

Let us give some examples useful in mathematical finance.

Example 1. Let X be non-homogeneous Poisson process with inten-
sity (As)s>0. Then, K (A) = A; - dq13(A) for all A € B(R\ {0}), where
dq1y is delta-function at 1, and the condition (4) is satisfied as soon
as f(f Asds < o0o. Hence, under the last condition, E(I}*) < oo for all
a>1and a < 0.

Example 2. Let L be Levy process with generating triplet (b, ¢y, Ko)
and X be L time changed by deterministic continuously differentiable
process (7(t))i>0, i.e. Xy = L. Then, for ¢ >0

Ee—aLT(t) — e—@(a)r(t)
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and by = by7(t), ¢ = co7(t), and for all A € B(R\ {0}), Ki(A) =
Ko(A)7'(t). The condition (4) is satisfied whenever

(12) /R\{O}(eo‘m — 1 — ax)Ky(dr) < oo.

Under this condition E(I*) < oo for & > 1 and « < 0.

Example 3. Let L be Levy process with generating triplet (bg, co, Ko)

and .
Xt:/ gsd L
0

where g = (gs)s>0 is a measurable positive function. Then, b, =
bo fot gsds, ¢ = ¢ f(f g2ds and since AX, = g,AL, for s > 0, we get
that K,(dx) = gsKo(dzr). The condition (4) is satisfied whenever we

have (12) and [; g2ds < oo in case ¢y # 0 and [, |gs|ds < oo in case
co = 0. Under these conditions, E(I7*) < oo for all &« > 1 and « < 0.

3. TIME REVERSAL PROCEDURE

We introduce, for fixed t > 0, a new process Y = (Ys(t))ogsgt with
Yo = Xy — X—s)—. To simplify the notations we anyway omit the
index (t) and write Yy instead of v,

First of all we establish the relation between I, and the process Y.

Lemma 1. Fort > 0 the following equality holds:

t
I, = e_Yt/ e¥sds
0

Proof. Using the definition of the process Y and the assumption that
Xo =0 we have

t t t
- - -X X
e Yt/ eYSds:/ e Y}+st$:/ e - TR0
0 0 0
t t
= / e Nt ds = / e Xds = I,
0 0

since we are integrating with respect to the Lebesgue measure. (l

We will show that the process Y is PII and we will give its semi-
martingale triplet with respect to its natural filtration. For that we
put

foru =t.

- { bi_, for0 <wu<t,
b, =
by
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which can be written also as
Eu = 1{t} (U)(bt — bO) + bt,u,

where 1 is indicator function of the set {t}. We do the similar defi-
nitions for ¢ and K:

Cu = Ly (u)(cr — co) + Crou,
Ku(A) = 1 (u) (Ki(A) = Ko(A)) + Ky (A)
for all A € B(R\ {0}).

Lemma 2. The process Y is a process with independent increments,
it is a semi-martingale with respect to its natural filtration, and its
semi-martingale triplet (B, C, D) is given by :

(13) B :/ budu, C, :/ Cudu, v(ds,dzr) = K,(dx)ds,
0 0
where 0 < s < t.

Proof Let us take 0 = 55 < 81 < 89 < --+ < s, = t with n > 2.
Then the increments (Y, — Ys,_,)i1<k<n of the process Y are equal to
(X(tfsk,l)f_X(tfsk)7>1§k§n and 0 =t—s, <t—s, 1 <---<t—sy= L.
From the fact that X is the process with independent increments, the
characteristic function of the vector (X;—s, ,—n — Xt—s,—n)1<i<n With
small h > 0, can be written as a product of the corresponding character-

istic functions. Namely, for any real constants (A\g)o<r<n We get:

E exp(i Z Ne( Xy - =Xt—sp—n)) = H E exp(iAe(Xi—s, 1 —n—Xt—s,—n))
k=1 k=1

Then, passing to the limit as A — 0+,

Eexp(i Y M(Xmsp - —X-s-)) = [ [ B exp(ire(Xe—s,_)-—Xe—s)-))

k=1 k=1
Hence, Y is a process with independent increments.
We know that we can identify the semi-martingale characteristics w.r.t.
the natural filtration of the process with independent increments from
characteristic function of this process. We notice that Y, = X, —X,_4)_
and by the independence of Y, and X;_)_
E(eMXt) — E(eiAYs )E(eiAX(t,S),)

Then,
E exp(i\Y;) = Eexp(irX,)/Eexp(iAX(—s)-) =
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t 1 t t '
exp{i\ / budu— = \? / cudu+/ / (e —1—ilz) K, (dz) du}
t=s 20 Jis t—s JR\{0}

We substitute u by ©/ =t — u in the integrals to obtain
Eexp(i\Ys) =

s 1 S S ] o
exp{i\ / budu — = \? / Cudu + / / (e — 1 —idx) K, (dr) du}
0 2 Jo 0 JrR\{0}

Therefore, the characteristics of Y are in (13) and the proof is complete.O

4. RECURRENT FORMULAS FOR THE MELLIN TRANSFORM OF [,
WITH o > 0.

Let us consider two important processes related with the process Y,
namely the process V = (V;)o<s<t and J = (Js)o<s<: defined via

Vi—e g, = / Fedu,
0

We underline that the both processes depend of the parameter ¢.

We remark that according to Lemma 1 , I; = V; for each t > 0.
For « > 0 and ¢t > 0 we introduce the Mellin transform of I; of the
parameter «:

mi® = E(If) = B(e " J2)

and the Mellin transform for shifted process:

t @
mg(ft) =E {(/ e(X“XS‘)du) }

Notice that m((f‘t) — m!”. Notice also that

t (0%
iy = ([ )|

In fact, X, — X, = X, — X,_ — AX, and

t t
/ e~ K= Xor) qy = e_AXS/ e~ Xu=Xs) gy
Since AX, and (X, — X,),>s are independent, and E(e=**%+) = 1, we
(@)

get the equality of two expressions for mg .

We introduce also two functions: for 0 < s < ¢

1
(14) HY = ab, — ~a’c, — / (e — 1+ ax)K,(dr)
2 R\{0)
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and

(15) H® = 143(s)(H — H) + H)

t—s

These functions represent the derivatives w.r.t. s, of the Laplace ex-
ponents P (s, a) and D(s, ). We recall that

2 s
O(s, ) = aB;s — a—CS - / / (e7* — 1+ ax)v(du,dx)
2 o Jr\{o}

and

2 S
P(s,a) = aB, — a—C's — / / (e — 1+ ax)v(du, dx)
2 0o Jr\{o}

where v and v are the compensators of the jump measure of X and
Y respectively. We notice, that these functions are well-defined under
condition (4). We also notice that

O(s,a) = P(t, o) — O(t — 5, 0)
Our aim now is to obtain a recurrent integral equation for the Mellin
transform of I;. For condition (16) below see Remark 1.

Theorem 1. Let o > 1 be fized and assume that fort > 0 there exists
0 > 0 such that

t
(16) / / e~ PR (da) ds < oo.
0 Jx<—1

Then, mga) is well-defined and the following recurrent integral equation

holds

(17) m\® = a/t mg‘?‘t_l) o ®wa) 1,
0
If X is Levy process, then for allt >0
(18) mga) — e d@)t /t meD @ s
0
Moreover,
(19) % [mga)] _ _mga)q)m) n amgafl)

Proof. From Lemma 2 we know that Y = (Y;)o<s<t is a process with
independent increments which is a semi-martingale, i.e. Y, = By + M,
where B is a deterministic process of finite variation on finite intervals
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and M is a local martingale. Let (Sn)n>1 be localizing sequence for M.
For n > 1 we introduce the stopping times
=inf{0 <s<t:V,>norexp(—Y;) >n}As,

with inf{()} = +o0. For fixed s, 0 < s < ¢, we write the Ito formula
for V5

SATn :

VCV

SA\Tn

SATn 1 SATn
= a/ Vertdav, + éa(a — 1)/ Ve2d < Ve >,
0 0

SN\Tn
(20) +/ / (Vi + 2)* = V2 — aV2 ' z) py(du, dzx)
R\{0}

where py is the measure of the jumps of V. Using integration by part
formula, we have:

(21) AV, = du + Jud(e™™)

Now, again by the Ito formula, we get

U 1 u
(22) e Yo — Y0 _ / e Yo-dyY, + = 5 / e Yo-d <Y >

/ / e (e — 1+ 2)py(dv, dr)
R\{0}

Then, putting (22) into (21), we obtain
(23) dVe = —e Y ], dY = —V,_dY’,
d<Ve>,=V2d<Y®>,

and
(24) AVu — e_Yuf Ju(e—AYu _ 1) — Vu— (e—AYu o 1)’
where AV, =V, —V,_ and AY, =Y, —Y,_. The previous relations
imply that
SA\Tn
(25) ‘/33{\7—” — O[/ Vuoifldu
0

SA\Tn 1 SA\Tn
+a/ J VAT d(e™™) + 504(04 - 1)/ Vitd <Y >,
0 0

SN\Tn,
—i—/ / Ve (em* =1 —a(e™™ — 1)) py(du, dz)
0 R\{0}

To use in efficient way the Ito formula for e ¥« given before, we intro-
duce the processes A = (A Jo<u<t and N = (N, )o<u<: Via

A, = / v=[—dB, + = dC’ // e (e — 1+ 2)v(dv, dx)
R\{0}
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N, = —/ e_Y”d]\va+/ / e Y (e —1+2)[py (dv, dz)—0(dv, dz)]
0 0 R\{0}

We notice that A is a process of locally bounded variation and N is
a local martingale with localizing sequence (7,),>1, since B, C' are of
bounded variation and

/ / (e7" — 1+ x)K,(dr)ds < <.
0 Jr\{0}

From (22) we get that
(26) e =e 4 A, + N,.

We incorporate this semi-martingale decomposition into (25) and we
take mathematical expectation. Using the fact that the expectations
of martingales starting from zero are equal to zero and also applying
the projection theorem, we obtain:

(27) E(Vi) =

SA\Tn, SA\Th, 1 SN\Tp, _
oE ( / Vu“_ldu) +aE < / Vert, dAu) +§a(a—1)E ( / %% dCu)
0 0 0

B ( /0 o /R I e R da:))

and, hence,

SA\Tn SA\Tn
(28) E(VS, )= aE < / Vuo‘ldu) B < / yo dq><u,a))
0 0

We remark that 7,, - +oo (P — a.s.) as n — 4o00. To pass to the
limit as n — oo in r.h.s. of the above equality, we use the Lebesgue
monotone convergence theorem for the first term and the Lebesgue
dominated convergence theorem for the second term. In fact, for the
second term we have using (14) and (15) :

SN\Tn, t
/ Ve dd(u, )| < / Ve |H |du
0 0

In addition,

t t
B ([ v 5l < sup B0 [ 1A
0

0 0<u<t

The function (H&a))ogugt is deterministic function, integrable on finite
intervals. Hence, it remains to show that

(29) sup E(V) < oc.

0<s<t
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By the Jensen inequality

s —

Ve < Soz—l/ 6oc(Yu—Ys)du
0
We remark that Y, — Y, = X;_s— — X—y—, and then
(30) E(V2) < st / E (Xt X)) gy
0
Since the process X is a process with independent increments, we have

for0< v < s<t

E<ea(Xt-rXt-u)) — E(e*aXt—u)/E<€*aXt—s) —

t—u t—s t
exp{—/ H'Ydr +/ HYdr} < exp{/ | H@|dr}
0 0 0

Due to the Remark 1 and the condition (16), H® is integrable function
on finite intervals, and hence,

t
sup E(V) <t exp{/ |HY|dr} < oo
0

0<s<t

To pass to the limit in Lh.s. of (28), we show that the family of
(Viam, )n>1 is uniformly integrable, uniformly in 0 < s < ¢. For that we
can prove in the same way as before for (43) that

sup BE(VA) < 0.

0<s<t
As is well known, this condition implies uniform integrability of the
family. In fact, take g(x) = 2" and verify that SuPp<.<; E(g(Vy)) < oo.

After limit passage, we get that

31) BV —— /0 CE(V) dd(u,a) + o /0 (Ve du

We see that each term of this equation is differentiable w.r.t. s for
s < t. In fact, the family (V.*)o<s<; is uniformly integrable, the function
(E(V2))o<s<t is continuous in s as well as (®(s, a))o<s<s. We calculate
the derivatives in s of both sides of the above equation and we solve

the corresponding linear equation to obtain:

E(V'Soz) _ ae—@(s,a)/ E(Vuoz—l) 6<i>(u,oz) du
0
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Now, we write that ®(u, a) — ®(s, ) = —P(t —u, ) + ®(t — s, ) and
we let s — t— to get

t
E(‘/ta) _ a/ E(Vua—l)e—@'(t—u,a) du
0

Notice that [; = V; and, hence, E(V*) = m{®. Since

u u t
Va :/ e Yudy :/ e~ Xt—n)-—X—w-) gy :/ e~ Xv=Xe—w-)dy
0 0 t—u

we also have E(V271) = mg(f;?. Then, we obtain (17) after the change
of variables in integrals replacing ¢t — u by w.

In particular case of Levy process, we use (17) and take into account
that mfﬁ[l) = m{*. Y and that ®(u,a) = ®(a)u. Then, after the
change of variables, the formula (18) follows as well as (19). O

Remark 3. [t should be noticed that the relation (17) can be obtained
with another technique (see [15]), based on the approach of [4].

Now we will apply our results to calculate the moments.

Example 4. We consider Levy process L = (L;);>0 with generating
triplet (b, co, Ko) starting from 0, and time changed by deterministic
process (7¢)i>0 with 7 = rIn(1 +¢) with » > 0, i.e. Xy = L,, for ¢t > 0.
Then, by change of variables u = r1n(1 + s) we get

t 1 rIn(1+t) 1 rin(1+t) -
I, = / e brmte ds = —/ e~ (Fumu/m) gy = —/ e Tedy
0 0 0

T r

where L is Levy process with generating triplet (bo — %, co, Ko). We

denote by ® the Laplace exponent of L. Then for k > 0, ®(k) =
®(k) — & and

1 [rin@+y) 1_(1+t)—<1>(1)+%
2

_ 2 —(u g, _
E(I) e du (1) — 1

For shifted process Xff) =L, — L. ,u > s the corresponding moments

t n t n
mg? =E {(/ e_(LT"_LTs)du) ] =E {(/ e_LW—Ts)du) ]

) . c
since L is homogeneous process and (L., — L; )uss = (Lry—r, Ju>s-
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We change the variable putting 7, — 7, = rIn(14+u) —rIn(1+s) =v—s
where v is new variable. We denote v(s,t) = rIn({+%) and we remark
that 1 +u = (14 s) exp((v — s)/r). Then,

t n 1 s+uv(s,t) B "
E {(/ e_(LTufs)du) ] =E < i S/ e Frrdu
S r S
v(s,t) . "
/ e rdu
0
Finally, we get for n > 0:

n ]‘ n~n
) _ (L) )

st rn v(s,t)

B (1+s)”
=

E

where mfj@ ) i n-th moment of exponential functional of Lon [0,v(s,t)].

We suppose for simplicity that P is strictly monotone on the interval
[0,n + 1]. Then, using the integral equation of Theorem 1 and the ex-
pression for the moments of Levy processes given in Corollary 1 below,
we get for n > 1:

e—é(k)v(s,t) e—i‘(n)v(s,t)

(n+1) (n + 1)' " t —
my = (1+s)™ - - ds
"’" kzzo/o I[I (@6 -o®)

0<i<n, ik
where ¢, = n —r®(n + 1) and ®(k) is the Laplace exponent of Levy
process L, ®(k) = ®(k) — £, 1 < k < n. To express final result we put
p(k) = ro(k) -k,

and il
1+ )kl
Q. k) = D k

(. F) + D + 700
Then, after integration we find that for n > 1

E [ZHI mgnJrl) — (n+ 1) a Qt(n, /{Z) — Qt<n,n)
s ey kzzo [T (o) = p(k))

0<i<n,i#k

Remark 4. [t is clear that the explicit formulas for the moments in
non-homogeneous case will be rather exceptional. For numerical calcu-
lus the following formula could be useful: for all 0 < s <t

t _a/ m(a 1) ®(u,a)—d(s,a) du
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To obtain this formula it is sufficient to find the Laplace exponent of
shifted process (Xis))ssust with X = X, — X,. Since X is a PII, the
variables Xy and X, — X are independent, and

E<€faXu) — E<€faXS> E<efa(Xu7XS)>
and then, the Laplace exponent of shifted process X ) is given by:
O (u, a) = B(u, o) — (s, ).

5. POSITIVE MOMENTS OF I; AND I, FOR LEVY PROCESSES

Now we suppose that X is Levy process with the parameters (by, co, Ko).
In this case the condition (3) become:

(32) / (2% A |z]) Ko(dz) < oo.
R\{0}
It should be noticed that in [4] the condition on Levy measure was
/ (|x| A1) Ko(dz) < 00
R\{0}

and this condition is stronger at zero and weaker at infinity then (32).
When X is Levy process, the condition (16) become: for § > 0

(33) / e~ O K (dr) < 0.
z<—1

Corollary 1. Let n > 1 and suppose that ® is bijective on [0,n] N N.

Then,
n o0kt _ o~ ()t
E(I)=nl)_ ,
e | G JORS JO)
0<i<n, ik
Proof. The formula follows from (18) by induction. O

We present here two examples, one of them is related with Brownian
motion, and second one with compound Poisson process.

Example 5. Let us consider as X Brownian motion with drift g > 0
and diffusion coefficient o > 0, i.e. Xy = pt + oW, where W = (W}):>0

a?o?
2

is standard Brownian motion. Then, ®(«a) = ap —
an integer, we get:

and if (27—’2‘ 1s not

GA(kpfk202/2ﬁ _VGA(npanJQ/Qﬁ

E(I]') = n!
= I[[ G-Kl—+ko*/2)

k=0
0<i<n, itk
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Example 6. Let X be compound Poisson process such that X; =

Nt LU where (Up)p>o is a sequence of independent random vari-
ables with distribution function F' and N is homogeneous Poisson pro-
cess with intensity A > 0. Then, ®(a) = )\fR\{O}(l — e ") F(dx)
and the moments can be calculated by the formula of Corollary 1.
In particular, if the Uy’s are standard normal variables, we get that

®(a) = M1 —e**/?) and
— i exp(At(1 — /%)) — exp(At(1 — e™'/?))

H (6k2/2 - eﬁ/z)

0<i<n,i#k

For m§°" we introduce the Laplace-Carson transform of the parameter

q> 0:

m((}a) :/ qge qtmga)dt
0

This integral is always well-defined in general sense, since the integrand
is positive.

Corollary 2. (c¢f. [4]) Let X be a Levy process which verifies (32) and
(33), and such that for fivzed oo > 1 m'® < co. Then the Laplace-

Carson transforms mg ) and M of m® and m&™Y

are well-defined and we have a recurrent formula:
(34) Thé“‘) (¢ + P(a)) = am(“ 2
(n)

respectively,

In particular, for integer n > 1 such that ms’ < 0o we get:

n!

M —
(35) Y AN (5)

As a consequence,
n!

[T5=1 ®(k)
Moreover, if all positive moments of I, exist, then the Laplace trans-
form of I, of parameter B > 0 s gz’ven by:

(36) ) Z Hk @

E(I") =

o0

Proof. The first equality for the Laplace-Carson transforms follows di-
rectly from (19). The second equality can be obtained as particular
case from the first one, by recurrence.
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For the third one we prove that m(") — mgg)

§’—>m£o’ as t — 400 and

as ¢ — 0. In fact,

Let us denote Mt(") = / mg”)ds. We have for each t > 0 by integra-
0

tion by part formula:

t t

/ ge~*mMds = g M™ +/ e MM ds

0 0
Then, since M{™ /t = m$ as t — +o0,

m(g") = / qe_qsmg")ds = q2/ e_qSMég")ds

0 0

Since ¢* [;° se %ds = 1, we get

mg " —m =gq / e~ (MM — smM)ds
0

(n)
For each e > 0 there exists ¢, such that for s > ¢, |- — mg)| <e
Then,

te 00 Ms(n)
|Th((1")—mg2) | < ¢ / e~ | MM —s m{ |ds+q¢* / se 9 —mM|ds <
0 te S
le
¢ / e B MM — sm|ds + ¢
0
We notice that
te
lim ¢° / e | MM —sm | ds =0
q—0 0
Then, taking lim._,(lim,_,¢ in the previous inequality we get that m(n) — mP

as ¢ — 0. Finally, we take the limit as ¢ — 0 in second equality, to
obtain the third one. The formula for the Laplace transform of I,
can be proved by using Taylor expansion with remainder in Lagrange
form. O

Example 7. Let X be homogeneous Poisson process of intensity .
Then all positive moments of I, exist, and we have:

e=81) "B
I ZA"Hkll—e ")
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The Laplace transform can be extended for f = —ivy, 7 € R, since the
series in the right-hand side is absolutely converging. As a conclusion,
the law of I, is entirely characterised by its moments.

Corollary 3. Let oy = inf{a > 0| ®(a) < 0} with inf{0} = +o0.
Then, E(I1Z) < oo if and only if 1 < n < ag. In particular, for Brow-
nian motion with drift coefficient by and diffusion coefficient co # 0,

1
®(n) = nby — éTLQCO

and the moment of I, of order n > 1 will exist if n < %
If X is a subordinator with Levy measure K such that (32) holds, then

®(n) = nlby — / xKo(dr)] — / (e™™ — 1)Ky(dx),
R+\{0} R+\{0}
and under the condition

bo —/ ZL‘Ko(dl‘) Z 0,
RT\{0}

all moments of 1, exist.

Proof. Let n = sup{k > 1: E(I*) < oco}. If n = 400, then ®(k) > 0
for all £ > 1 and ag = +00. If n < 400, from Corollary 2 we get that
®(n) > 0. Since ®(«) is concave function such that (0) =0, n < «y.
Conversely, substituting ¢ — s by s in (18) of Theorem 1 we get:

t
E(I") <nE(I%Y) / e~ s g
0

If n < ap, ®(n) > 0, and the integral on the r.h.s. of this inequality
converge as t — 0o. By induction, it gives that E(I”.) < oo. Moreover,
the results for continuous case and the case when X is a subordinator,
follow immediately from the expression of ®(k). O

Example 8. Let X be time changed Brownian motion, namely X; =
ute + oWy, where W = (W;);>¢ is standard Brownian motion, yu € R,
o > 0 and 7 is first hitting time of the level ¢ of the independent (from
W) standard Brownian motion B = (B;):>o with the drift coefficient
b > 0. Then, as known, ®(a) = (b* + 2au — a?0?)'/2 — b with b* +
2ap — a?0? > 0 (see for instance [18]). Then, E(I") < oo if and only
if 2u —no > 0.

Example 9. Let X be pure discontinuous Levy process with Levy
measure
cexp(—Mzx)

K()(dx) = x1+6

Lo, oof(x)dx
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where ¢ > 0, M > 0,0 < 8 < 1. Then, ®(a) = SE=2 (M +a)? — MP)
(see for instance [18]). Then, ®(a) > 0 for o > 1, and all moments of
I, exist.

6. RECURRENT FORMULAS FOR THE MELLIN TRANSFORM OF I,
WITH a < 0.

In the following Theorem 2, we derive the integro-differential equation
for the Mellin transform ml(fa) of I; with oo < 0.

Theorem 2. Let a < 0 be fixed and

t
(37) / / ellel b ) (de) ds < oo.
0 Jz>1

Then, for s > 0, mgi) 15 well-defined as well as m

following recurrent differential equation:

(a—
s,t

Y and we get the

(38) e = % (12 = )

In the case of Levy process X we have:

(39) mie = 1 (mgod B(a) + imgoo)
o ds

Proof. The proof of this result is similar to the proof of Theorem 1.
Let (5,)n>1 be localizing sequence for M. For n > 1 we introduce the
stopping times

1
T, =inf{u >s:V, < —orexp(-Y,) >n}As,
n

with inf{} = 4+o00. Then from the Ito formula similarly to (20) we
get: for 0 < s <t

tATn 1 tATn
Vi, =V&+ a/ Vertdv, + aa(a - 1)/ Vord < Ve >,

tATn
(40) +/ / (Vae +2)* = V2 — oV ) py(du, dz)
s R\{0}

where py is the measure of the jumps of V. Using (21), (23), (24) we
have

tATh
(41) Vi, =Vea [ Vet
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tATh 1 tATh
+Oz/ J VA (e ™) + 5&(04 — 1)/ Vid<Y°®>,
S S

tATh
+/ / Ve (e =1 —a(e™® — 1)) py(du, dz)
s R\{0}

where gy the measure of the jumps of Y. Taking in account (26) we,
finally, find that
(42)

tATh tATh
E(Vix,,) = E(V)) + aE ( / Vu“:ldu) - E ( / Ve dd(u, a))

We remark that 7,, — +o00 (P —a.s.) as n — +oo. To pass to the limit
asn — oo inr.h.s. of the above equality, we use the Lebesgue monotone
convergence theorem for the first term and the Lebesgue dominated
convergence theorem for the second term. In fact, for second term we
have:

tATn t
/ Ve dd(u, a) §/ Ve |H |du

In addition,

t t
B ([ v A < sp B0z [ 1A

s s<u<t

The function (Hﬁa))ogugt is deterministic function, integrable on finite
intervals. Hence, it remains to show that

(43) sup E(V) < 0.

s<u<t

By the Jensen inequality
Vua < ual/ ea(vaYu)dU
0

Then, in the same way as in Theorem 1 we get that

t
sup B(V) < s exp{ / H|dr)

s<u<t

To pass to the limit in Lh.s. of (42), we prove that the family of
(Viorr Jn=1 is uniformly integrable, uniformly in w € [s,¢]. For that we

can prove in the same way as for (43) that
sup E(V*) < .

s<u<t

As well known, this condition implies uniform integrability of the fam-
ily. In fact, take g(z) = 2" and verify that SUP, << B(g(VyY)) < o0.
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After limit passage we get that

t t
@) BV =BV - [ BV dbwa)+a [ BE
We differentiate each term of this equality to obtain that

d _
BV + B HE —aB(V ) =0
s
We take in account that E(VY) = m,g(f)é,,t, E(Verl) = mgf;? and that
H = H®). This gives us that
d (03 (03 [e% oa—
oy L — am® ) =0

ds

Finally, replacing t — s by s we get (38). In the case of Levy processes

m,@&t = m! due to homogeneity, and H*) = ®(«), and this gives

s =

(39). O

To present the results about negative moments of Levy process X with
the parameters (by, co, Ko), we introduce the condition: for § > 0

(45) / ellel bz ) (dr) < 0.
z>1

Corollary 4. (cf. [4])Let X be Levy process verifying (32) and (45),
and let o < —1 be fized. Suppose that m& < 0o. Then the Laplace-

Carson transforms of m'® and m™Y are well-defined and we have a
recurrent formula:

< (e L - (a
(46) g™ = — (g () + g
and, hence,
~ (a— 1 ~ (o
) =~ (g + B(a))
In particular, under above conditions, for integer n > 2 and o = —n
we get:
47 T ot D Ok
k=1
As a consequence,
. Ly DT
(48) E(I") = E(I) - (=)
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Proof. Two first equalities given above follow directly from Theorem
2. The third one can be proved in the same way as in Corollary 2 by
letting ¢ — 0. U

Example 10. For compound Poisson process presented in Example 5
with Uy’s which follows standard normal distribution, we get for n > 1

E(I") = a(fool))! kl:Il(ekj -1)

Corollary 5. Let us suppose that E(I') < oo and n > 1. Then,
E(I") < oo if and only if (—1) < 0. In particular, for Brownian
motion with drift coefficient by and diffusion coefficient cy # 0, it is the
case when 2_2 > 1. If X is a subordinator with fR+\{o} rKo(dr) < oo,

then
O(—1) = —[by — /R+\{o} xKo(dz)] — /}Rﬂ{o}(eﬂC — 1)Ky(dz),

and under the condition by — fR+\{0} xKo(dx) > 0 all negative moments
of I, exist.

Proof. From E(I") < oo by Cauchy-Schwartz inequality we get that
for all k, 1 <k <n, E(I.*) < co. Then the formula (48) yields that
O(—k) < 0 for 1 < k < n. In particular, ®(—1) < 0. If &(—1) < 0,
then from convexity of the function ® and ®(0) = 0, for 1 < k < n
®(—k) < 0. Then by recurrence, the formula (46) gives the existence
of Laplace-Carson transform of E(/"). Then by (48) we get that
E(I") < . O

Example 11. For time changed Brownian motion considered in Ex-
ample 8 we get that ®(a) < 0 whenever —b* < 2au — a?0? < 0.
Hence, the h-th negative moments of I, exists if E(IZ!) < oo and
2u + no? > 0. For pure discontinuous Levy process considered in
Example 9, if E(/!') < oo, then all negative moments exist, since
®(a) <0 for all a < 0.
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