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Abstract

In this paper, we are interested by advanced backward stochastic differential equa-
tions (ABSDE), in a probability space equipped with a Brownian motion and a single
jump process. The solution of the ABSDE is a triple (Y, Z,U) where Y is a semimartin-
gale, Z is the diffusion coeflicient and U the size of the jump. We allow the generator
to depend on the future paths of the solution.

Keywords: Advanced Backward Stochastic Differential Equations, Single Jump, Immer-
sion.

1 Introduction

In this paper, we are interested by backward stochastic differential equations of one of
the following forms, called advanced backward stochastic differential equations (in short
ABSDE)

—dY; = f(t, Y, B¢ Yiys), (B9 [Yirs))o<s<s: Zes B9 [ Zyys), (B9 [Zoys))o<s<ss
U, B9 [Upys), (B9 [Upys))o<s<s)dt — ZydBy — UpdHy , 0<t< T,

(1.1)
YT+t:§T+ta OStS(S)
Zrye= Prys Urp = Qralyrii<ry, 0<t <4,
and
—dY; = E9[f(t,Ye, Yigs, YVies)o<s<s, Zt: Zivs, (Zits)o<s<s
Ut, Upys, (Upys)o<s<s)|dt — ZydBy — UpdHy , 0 <t <T, (12)

YT+t:‘£T+t7 O§t§57
Zrit = Prit, Uryt = Qritlyryi<sy, 0<t<0,
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where B is a Brownian motion and H is the process H; = 1, < associated with a given
random time 7. In this equation, for an integrable random variable X, we have used the
notation E9[X] := E[X|G;], where G = (G;)¢>0 is the filtration generated by B and H.
The terminal conditions &, P and @) are given processes. We remark that the generators f
of these ABSDEs depend on the values of the processes (Y, Z,U) for present time ¢ as well
as for future time ¢ 4+ ¢ and also of the trajectory of the processes on the interval [t,t + d].
The ABSDE (1.1) was introduced by Peng and Yang in [12]| in a Brownian case setting
(roughly speaking, for 7 = 0). Oksendal et al. [11] have introduced ABSDEs of the form
(1.2) when dealing with optimal control for delayed systems, taking into account a random
Poisson measure, instead of a single jump process.

Using the methodology of BSDEs in an enlargement of filtration setting as in Kharroubi
and Lim [8], we give conditions such that there exists a unique solution of (1.1) and of
(1.2) under immersion hypothesis and in adequate spaces. This progressive enlargement is
often considered as progressive adding of information given in form of a random time 7 in
a way which transforms 7 to a stopping time with respect to the filtration G. The topic
of enlargement of filtration was initiated by Jacod, Jeulin and Yor (see [6, 7]). Naturally,
the enlargement of filtration appears in credit risk and it has also been related recently to
stochastic optimal control by Pham [13] and to mean-variance hedging by Kharroubi et al.
[9] where the optimal strategy is described by non-standard BSDEs driven by a Brownian
motion and a jump martingale in the enlarged filtration.

2 Framework

2.1 Classical results about progressive enlargement

Let (2,G,P) be a complete probability space. We assume that this space is equipped with
a one-dimensional standard Brownian motion B and we denote by F := (F;):>0 the right-
continuous and complete filtration generated by B. We consider on this space a random time
7 and we introduce the right-continuous process H := 1(,< . Since 7 is not supposed to be
an F-stopping time, we use the standard approach of filtration enlargement by considering
the smallest right-continuous extension G of F that turns 7 into a G-stopping time. More
precisely, the filtration G := (G;)>¢ is defined by

gt = m g~t+€ )

e>0

for any ¢ > 0, where Gy := Fy V o(H, , u € [0, s]), for any s > 0.
We denote by P(F) (resp. P(G)) the o-algebra of F (resp. G)-predictable subsets of
Q x Ry, i.e., the o-algebra generated by the left-continuous F (resp. G)-adapted processes.
We denote by O(F) (resp. O(G)) the o-algebra of F (resp. G)-optional subsets of @ x R,
i.e., the o-algebra generated by the right-continuous F (resp. G)-adapted processes.

We impose the following hypothesis introduced by Bremaud and Yor [2], which is classi-
cal in the filtration enlargement theory and is called (H)-hypothesis or immersion property

Hypothesis 2.1 The process B remains a G-Brownian motion.

We observe that, since the filtration F is generated by the Brownian motion B, Hy-
pothesis 2.1 is equivalent to all F-martingales are also G-martingales. In particular, the



stochastic integral fg XsdBg is a well defined G-local martingale for all P(G)-measurable
processes X such that fg | Xs|?ds < oo, for all t > 0.

We also introduce another hypothesis, often called the Jacod equivalence hypothesis
(see, e.g., [1, chapter 4], that the conditional law of 7 is equivalent to the law of 7 and that
7 admits a density w.r.t. Lebesgue’s measure, which will allow us to compute conditional
expectations w.r.t. G in terms of conditional expectations w.r.t. F.

Hypothesis 2.2 We assume that there exists a strictly positive P(F) @ B(R)-measurable
function (w,t,u) — ay(w,u) continuous in t such that

a) for any 6 > 0, the process (a¢(0))¢>0 is an F-martingale,

b) for any t > 0, the measure ay(w,8)dl is a version of P(t € db|Fy)(w), that is for any
Borel function f such that f(7) is integrable, one has

E[f(T)|F] = /OOO f(@)a(0)dl , a.s.

In particular, the density of T is «p.
In all the paper, Hypotheses 2.1 and 2.2 are in force.

We now recall some standard results that will be important for our purpose and we refer to
[3] for their proofs.

We introduce the F-supermartingale G (called Azéma’s supermartingale) defined as
G o= IP’(T>t|.7-"t):/ cu(0)d, t>0.
t

The supermartingale G is strictly positive, non-increasing and continuous. The process M
defined by

tAT
M, = Ht—/ as(8) i 10,
0

is a G-martingale, with a single jump at time 7. The F-adapted process A\ defined by

(1)
Ae = t> 2.1
t Gt ) - Oa ( )

is called the F-intensity of 7. Under Hypotheses 2.1 and 2.2, we have, from [3, equality

(1],
a(0) = apd), Vt>0, (2.2)

which implies

Gy = exp(—/ot )\sds> , (2.3)



since, by definition of G and A and the fact that (2.2) holds, we have the following equalities,

) t t t
G — / 0u(0)d0 = 1 — / 0u(0)d0 =1 — / ap(6)d8 = 1 —/ Gododt
t 0 0 0
and Gy = 1. Note that, from immersion

Gy = E]:S(]l{,r>t}) , Vs>t. (2.4)

Hypothesis 2.3 We assume that the process A\ is upper bounded by a constant k.

Lemma 2.4 For any t € [0,T], the random variable Gy is lower bounded by e™*, and for
any 0 € [0,T] we have 0 < ax(0) < k.

Proof: The bound on G is obvious from (2.3). Let 6 € [0,T]; then for any ¢ > 6, (2.1) and
(2.2) lead to

at(H) = 049<9) = MGy < k.

Moreover, since a(f) is a martingale, we get ay(6) < E7t(ag()) < k for any ¢ < 6. O
Furthermore, if Y € Gp is integrable, then we have

1
E9 Yy = Et]l{t<T}E}-t(Y]l{t<T})'

We recall a decomposition result for P(G)-measurable processes, proved in |7, Lemma 4.4]
for bounded processes. It can be easily extended to the case of unbounded processes.

Proposition 2.5 Any P(G)-measurable process X = (X¢)i>0 can be represented as
Xe = X{Plpyery + XM M) gsr
for all t >0, where X° is P(F)-measurable and X°(-) is P(F) @ B(R4)-measurable.

Here, the superscript b is for before 7 and a for after . In particular, a G-predictable
process is equal to an F-predictable process on the set {t < 7}.

Song [14] has extended the previous result to the class of optional processes under some
hypotheses, which are satisfied under equivalence Jacod’s hypothesis.

Proposition 2.6 Any O(G)-measurable process X = (X¢)i>0 can be represented as
Xi = X{Mgery + XMz
for all t > 0, where X° is O(F)-measurable and X(-) is O(F) ® B(R,)-measurable.

If the process X is bounded by a constant K, then the process X is bounded by K and
one can also choose the process X?(#) bounded by K for any § > 0. We remark that the
uniqueness of Xf(#) is granted for 6 < t.

The process X? is uniquely determined on [0, 7] by X? = G%IEE (Xilgyry), this quantity
will be called the pre-default part.



Lemma 2.7 Let Yr(7) be a bounded Fr ® o(7)-measurable random variable. Then, for any
t <T, we have

E9Yp(r)] = Yoy + Y (D)< as.
where
EF: [ [V, d
Y;b - [ft TCEU)QT(u) Y a.s. (2.5)
t

Y(#) = E [Yr(0)] a.s. forany 6 <t
which can be rewritten under the form

Yi(r) = E [Yr(0)] a.s. on T<t. (2.6)

|9:T
Proof: The proof of this Lemma is an application of Proposition 2.6 and that
E7 [Yr(0)ar(9)]
a(6)
and oy (0) = ay(f) for any ¢t > 6. O

YHO) =

Therefore, if Y7(7) is bounded by a constant K then the processes Y° and Y(f) are
bounded by K for any 6 > 0.

We now give a decomposition result for Stochastic Differential Equations (SDEs) in G
in terms of SDEs in F.

Lemma 2.8 If the process X satisfies the following stochastic differential equation
dXy = p(t, Xe,m)dt + o(t, Xe,m)dBe + p(t, Xy, )dHy

where u, o are O(G)@B(R)R@B(R)-measurable maps, ¢ is a P(G)RB(R) @ B(R) measurable
map and 1 is a G-predictable process, then X® and X° satisfy

dXi () = pt(t, 7 X (7),ni (7))dt + o (¢, 7, X (1), nf (7))dBy , 7<t<T,
dX} = pb(t, X, nd)dt + ob(t, X0, n))dBy, 0<t<T,
XP(t) = XY= o(t. X7,n7), 0<t<rt.
Proof: The proof of this Lemma is an application of Proposition 2.6 and for the last equality,

we have used that if an F-predictable process K satisfies K; = 0, then Ky = 0 on {t < 7}
(see [10, Lemma 3, Chapter 1]). O

2.2 Notation

To define solutions to ABSDEs, we introduce the following spaces, where s,t € Ry with
s <t,and T < oo is the terminal time and § is a strictly positive constant.

o SZ[s,t] (resp. S2[s,t]) is the set of R-valued O(G) (resp. O(F))-measurable processes
(Yu)ue[s,g such that

Wilgopy = E{sup [Yal?] < oo.
u€|[s,t]



L%[s,t] (resp. L2[s,]) is the set of R-valued P(G) (resp. P(F))-measurable processes
(Zu)uels) such that

t
1232y = E[/ ZuPdu] < oo

o L?(F) is the set of R-valued square integrable F;-measurable random variables.

e L2 is the set of R-valued P(FF)-measurable processes U such that U; = 0 for ¢t > 7 and

2 T 2
U2, = E[/O U.Pds| < oo

DI0, 4] is the set of cadlag real valued maps defined on [0,6]. For Y € DI0, ], we
5

denote Y| := % Jo 1Y(s)|ds.

2.3 Existence results for ABSDE in a Brownian filtration

We extend the results of Peng and Yang [12]| to more general drivers. The proofs are based
on standard methodologies, however they require careful majorizations. To simplify the
writing we introduce some new notation for each Proposition, and the same notation y € A
is used in different meanings which are clear from the context.

Proposition 2.9 Let A := R?xD[0, ] x R2x D0, §] and, for any ¥ = (v,9,V,2,2, Z) € A
we define |¥| by

Yl =yl + [yl + Y]+ =+ 2+ 2]

where |Y| is defined in Section 2.2. Let f be a map from Q x [0,T] x A valued in R. Let p
and q be given bounded F-adapted processes.
The following ABSDE

—dY; = f(@ Yi, Eft [Pt+5Yt+6], {E]:t (thrsYtJrs)}OSsSJa Zy, E]:t [qt+5Zt+§]v {E]:t [Qt+sZt+s]}0§s§5)dt
—ZydBy, 0<t<T,

YT+t:§T+t) O§t§57

Zryy= Pryy, 0<t<9,

has a unique solution in SE[0,T + 8] x L2[0,T + 4] if

a) the map f(-,¥) is optional for anyy € A,

b) there exists C > 0 such that, for any t € [0,T], any ¥ € A, we have
|f<t7y)_f<t7y/)‘ < Cb_;_}_;/‘,

¢) E[fy | £(s,0)[2ds] < oo,

d) the terminal condition & belongs to SZ[T,T + 8] and P belongs to LZ[T, T + 4].



Proof: In the driver, the map Y = (Vi(s) = E7(pyss Yigs),0 < s < 6) is a family of
Fi-measurable random variables. Let us first introduce a norm in the Banach space
E :=&82(0,T + 6] x LE[0,T + 8] for B> 0: for (Y,Z) € E

2 o t 2 2
1.2 = B[ [ e+ zi]

and define the mapping ® : £ — E by ®((y,2)) = (Y, Z) where (Y, Z) is defined by

—dY; = f(t,yy)dt — ZdB,, 0<t<T,
Yrie= &y, 0<t<9,
ZT+t: PTth, 0<t§57

where ¥ = (yt, B [pirosvirs], {B [prosyiirs) Yo<s<sr 26, BT [qrrszits), {E7 [@rrs2i+s) Yo<s<s)-
We now prove ® is a contraction in £ under the norm ||.||g. For two arbitrary elements
(y,2) and (v/, 2'), we denote their difference by

1,2) = (y—y,z2—7).

We can prove by using classical estimates we have

E[/OTeﬁt(gfft2+Zf)dt] < ;E[/OT@Bt\f(tjt)—f(t,y’é)fdt} .

In the following inequalities, K is a constant which does not depend on  and may change
from line to line. By Lipschitz property of the map f, standard majorization of the square
of a sum (resp. integral) via the sum (resp. integral) of the square (up to a constant) and
the boundness of p and ¢, it follows that

e [ (Ge 22)a]
BB [ (R Rt B} [ Gt Rea)al] 29

By the change of variable u =t + s, we get

K T+6 1 T t+46
SBE[/ eﬁt(@?+2f)dt+5/ eﬁt/ B2 + 2 du dt| . (2.9)
0 0 t

Fubini’s theorem leads to

1 T t+6 1 T+6 u
/ eﬁt/ (U2 +Z3)du dt < / (/ e’Btdt> (V2 + 22)du
g 0 t 0 0 u—4
(1_67&5) /TJF(S Bui~2 | =2
< e z,)du
< 5 ), (U + 20)
T+
< / P2 + 22)du (2.10)
0



where we have used that 1 — e %% < 4.
Combining (2.10) with (2.9), we obtain for § > 2

T _ _ K T+6
E[/ eﬁt(Yerzf)dt} < BE[/ eﬂt(§?+z,?)dt} .
0 0
Consequently, since Y=Z=0fort> T, we get

- - K
Y, 2)|F < gl

@213,

and ® is a contraction on SZ[0,T + §] x L[0,T + 6] for 3 large enough to ensure that
K/B < 1,and 8 > 2. O

We now give an estimation of the solution of the ABSDE.

Proposition 2.10 Suppose f satisfies the hypotheses of Proposition 2.9. Then there exists
a strictly positive constant K that only depends on the Lipschitz constant C' and on T such
that for any & € ST, T + 6] and P € L&[T, T + 6], the solution (Y, Z) of the ABSDE (2.7)
satisfies

T+6

T T
Eft[ sup Y3+/ Zfds} < KE” [g%+/ (5§+P§)ds+/ f(s,ﬁ)%zs] ,
t<s<T t T t
for any t € [0,T].

Proof: The proof is obtained with standard computations. For the sake of completeness, we
give details in the Appendix. O

Using the same methodology as in Proposition 2.9, one obtains the following result,
fwhere D(t, [0, 0]) is the family of maps ) from [0, ] to R such that )(s) is Fi4s-measurable,
for any s € [0, d].

Proposition 2.11 For anyt € [0,T], let Ay = R x L2(F;15) x D(¢,[0,9]) x R x L?(Fy15) X
D(t,[0,4]) and for any ¥ = (y,(, ¥, 2,1, Z) € Ay, |¥] = [yl + |2 + EZ¢ (I + [n| + Y] + 1 2]).
For a map f such that f(w,t) : Ay — R, the following ABSDE

—dYy = f(t,Y4:,Yivs, (Yivs)o<s<sr Zts Zits, (Zits)o<s<s)dt — ZydBy , 0<t < T,
Yrie= e, 0<5t<0,
ZT+t: PT+t7 0<t§5,

has a unique solution in S2[0,T + 8] x L2[0,T + 0] if the map f satisfies:
a) fory, € Ay, f(t,¥:) is Fy-measurable,

b) there exists C' such that for any t € [0,T], any ¥,¥" in Ay, one has
f&.¥) - YY) < Cl¥-vy'l,

¢) E(Jy 1£(t,0)]dt) < oo,



d) the terminal condition & belongs to SZ[T,T + 8] and P belongs to LZ[T, T + 6].
Moreover, there exists a constant K such that we have
T T+6 T .
Eft[ sup V72 +/ Zfds} < KE” [g% +/ (€2 + P2)ds +/ f(s,O)st] ,
t<s<T t T t
for any t € [0,T].

Proof: We use similar arguments to the proofs of Proposition 2.9 and 2.10. O

3 ABSDE with jump of type (1.1)

We assume that Hypotheses 2.1, 2.2 and 2.3 hold. We consider in this section an ABSDE
of the following form: find a triple (Y, Z,U) € SA[0,T + 4] x L4[0,T + §] x L? satisfying

—dY; = f(t, Y, B9 Yiys], {E9 [Yirs] o<s<ss Zts E9 [ Zyss), {EY [ Zoss] Jo<s<s,
U, B9 [Upss), {E9 [Upss)Yo<s<s)dt — ZedBy — UpdHy, 0<t<T,
Yrye = &y, 0<t<4,

Zryt= Pryt, Urye = Qralyrp<n, 0<t<6.

(3.1)

From Propositions 2.5 and 2.6, all the involved processes can be decomposed in two parts,
before and after 7. In particular, since £ will be given as a G-optional process and P as a
G-predictable process, we have for any t € [0, 7]

ft.y) = fo, V) gery + f(t,7,¥)1g>-y  (optional decomposition) ,
and we have for any t € [T, T + 0]
{ & = §f]1{t<7} + &' (7)1, (optional decomposition)
P = Ptb]l{tg} + P{(t)14>7) (predictable decomposition) .
We work under the following hypotheses:

Hypotheses 3.1 Let A := R? x D[0, 4] x R? x D[0, 6] x R? x D0, 5] and, for any ¥ € A
we define |¥| by

Yl =yl +1al+ Y1+ [+ [2] + 2] + [ul + [a] + U] -

a) The terminal conditions satisfy & € SE[T,T + 6], P € LL[T,T + 6], Q € LA[T,T + 4],
there exists a constant K such that E[|€2(0)|%] < K and E[|P*(0)?] < K for any (0,u) €
[0,7] x [T, T + 9]

b) The generator f : Q x [0,T] x A — R of the ABSDE is Lipschitz, i.e., there exists a
constant C such that, for any t € [0,T], any y and y' in A, we have

’f<t7y)_f<t7y/)‘ < C‘y_§/’

c) For anyy € A, the process f(-,y) is G-optional.



d) There exists a constant C' such that | f(s,0)| < C".
From Propositions 2.5 and 2.6, we can write
Y = Ytb]l{KT} + Y (7)ly>-, (optional decomposition)
{ Zy = th]l{tgr} + Z{(1)1y>7y (predictable decomposition)

It follows, from Lemma 2.8 that

—AYA(T) = [0t ) O (YA ()], (B (Y (1) oo Z0(7) B9 [225(r)],

(B9 ([Z2, (T)]}o<s<5,0,0,0)dt — ZH(1)dBy, TAT<t<T,
Vi) = &), 0<t <7,
Zi(T) = Pry(r), 0<t<4d,
(3.2)

and
—dY} = (6, Y BT [Yirsl, {ET Vi ho<s<s, 205 BT [ Ziss), {BT [ Zeps] Yo<sss ) di
—Z%B,, 0<t<T,
YTIZ—H:é.I%—Ha OStS(S,
Z%th: P7b“+t7 U%th = Qr+t, 0<t<d.

Furthermore, Uy = [(Y*(t) = Y) 1<y + Qilirarcrioy] T<r-

3.1 Study of the Equation (3.2)

Our aim is to write (3.2) as a family of ABSDEs in the filtration F. For that purpose, we
note that, on the set {t > 7}, we have from (2.6)

EYes()] = E7[Y55(0))p=r -
The same equality holds for the part involving f(t,¥) and Z}, 5
family of ABSDE

—dY(0) = [(1.0,Y,(0), B [Yi5(0)] {ET [V o (0)]}o<sss, 21 (0), BT [ 2, 5(6)),
{E7[Z8, (0 o<s<5,0,0,0)dt = Z}(0)dBy, 0<t<T,
Yi(0) = &rg(0), 0<t<9,
Z144(0) = Prig(0), 0<t<4.
For any fixed 6 € [0,7T], the map F := f*(#) defined as F(t,y) = f%(t,0,¥) inherits

the Lipschitz conditions of Proposition 2.9 from the one of f. Due to the boundedness of
f(-,0), the map F(-,0) is also bounded, and satisfies

(7). Therefore, we study the

(3.4)

T o
sup }E[/ |fa(t,¢9,0)| dt} < o0,
0<6<T 0

and the existence of a solution follows from Proposition 2.9.
Using Proposition 2.10, there exists a constant K such that

T T+6
B (s 070+ [ (Z20)7s) < KEF(@OF+ [ (€0 + (PLO))ds

t<s<T T

+/tT(f“(s,«9, 6))%15) . (3.5)

10



3.2 Study of the Equation (3.3)

Our aim is to write (3.3) as an ABSDE in the filtration IF, that is to get rid of the quantities
involving processes after time 7 (as, e.g., Yiy5 on {t + d > 7}) and working only with
conditional expectation w.r.t. F. Obviously, for any t < u <t 4+ 4, we have

ESt Y. = ESt [Yu]l{u@_}} + EYt [Yu]l{uzr}] .

Furthermore, from (2.5), we have
1

Fi[yb
GtE t[YuGU]]l{t<T} ) (36>

Egt[Yuﬂ{u<r}]ﬂ{t<r} = Egt[yzfﬂ{u<T}]ﬂ{t<r}:

and
EYulpsny ey = EOYVS (M) Tpusnlpan
= GE [ O]t = 2w, e

The same equalities hold for the part involving Z¢. We are lead to consider, relying on the
uniqueness of pre-default parts, the BSDE

_dY:fb = g(t7 Y;‘,bﬂ Y;fl?Hs? {Y;flzi-s}og‘9§57 va Zf+67 {Zf+5}0§s§6)dt - Z,?dBt y 0 <t< T R
Y’IQth:égUrt’ OStSé’

Zh, = Ph,, 0<t<9§.
(3.8)
Here, using the equalities (3.6) and (3.7), we obtain that ¢ is the map © x [0,7] x R x
L2(F 15) x D(+,[0,68]) x R x L?(F.45) x D(+,[0,6]) — R defined, for y and z in R, ¢ and n
in L?(F ), and Y and Z in D(-,[0,6]), in terms of solution of the equation (3.4) by, for
y=wqV 2m, 2)

g(t,¥) = fo(t, I} I3 D)

where, recalling the quantities J are defined in (3.7)

- 1 a 1 a

L= (v EEE [Grysl + I (t+ ), {@Eﬂ (Vi(8)Grys) + I (t+ 8) }o<s<s)
- 1 a 1 a

I = (, EEE NGiis] + JZ" (t +6), {aEft(Zt(S)GtJrs) +JZ Nt + s)}o<s<s) »
- 1

o= (Yt -, aEﬁ Loty (Vs +6) = OGris + Lipys57)Qur6Grel

1 )
Gy .
It is straightforward that g is F-optional. We now show ¢ satisfies Lipschitz conditions

recalled in Proposition 2.9.
Since we have

{Eft (Y +8) = Vi(8)Grrs sy s<ry + Qt+8Gt+sﬂ{t+s>T}]}0<8<5

1
fb(tay) = aEft(f(t7§)]l{t<T}) )

we obtain that, using the Lipschitz condition for f and that G is bounded, there exists a
constant K such that

11



3} g} K t
90.9) ~ 96,30 <z ((y—vI+ 1z = ZDE" (Lpary)

HE (¢ = ¢+ [ = ' NGraslp<ry]

+EF (VG - VG| + |2G — Z’G\)]I{KT}D .

Since, for X € Fs and s > ¢, one has from (2.4)
EX (X1ery) = BTN XE™ (1)) = (X Gy) = GET(X) .
We deduce

9(.3) = 9(t.9) < K(ly—y/|+ |z = 2| B¢ = ¢+ In— 0/ )Go]
+EF VG — VG| +|2G — z’cy]) .

Noting G is upper bounded by 1, the Lipschitz property of Proposition 2.9 for g holds.
We now check the integrability condition on |g(¢,0)|?. We notice, using notation (3.7),
we have

g(t,0) = fb<t, 0, J; a(t+5),{JtYu(t+s)} 0, J; “(t+6),{JtZ“(t+s)} Y1),

0<s<d 0<s<6

5 E7 [V 5(t + 6)Grasliprs<ry + QurosGrrslirrsstys

{EEE Vst + 8)Grrslippscry + QursGrrslpsosmy] }ogssa) ’

From Lipschitz property of f, that f(¢,0) is bounded and G; = E}—t(]l{KT}), we have

73) < 2 (BRU0) + Ol ¥)igen] ) < G+l

Gy

Using again that the square of a sum is bounded (up to a constant) by the sum of the
squares, and using again the fact that G is lower bounded, the integrability condition of
lg(t,0)|? will follow from the boundedness of the quantities

E(/OT(Jt (t+9)) > </ / (JY (t+s)) 2dsdt> (3.9)

and similar expressions with JZ, as well as

p

E(fT (Eft(mg(tw))fdt)

E fo (Y (t )th)

fT+5 (Eft(Q )) dt)

f [fo (Ve (t+s)? ]1t+SST+Q?+s]1t+s>T)dS]dt) )

E
E
The quantities in (3.9) are bounded since « is bounded and

T+ )
/0 a6 / LjrcocresyB(YE 5(60))2)dt

12



is bounded since
T+6

sup B(( sup Y/0)) < K sup B(6HO)7 + [ (€0 + (P0)?)ds
0<6<T 0<s<T 0<6<T T

A

+/OT(f“(s,9,5))2ds)

and the assumed boundness of P and £. The other quantities are studied using the same
methodology and that Q € L2[T, T + §].

The existence of a unique solution (Y, Z°) of the ABSDE (3.8) follows from Proposition
2.11. Moreover we have

57 sup 007+ [ (2b7as) < x| (@ e
t T

t<s<T

+ /tT(fb(s, 6))2d5) . (3.10)

3.3 Integrability of the solutions
In this part we consider the integrability of the solutions (Y, Z, U) where
i = Ylpen + Y (M lpsn
Zi = Zlgyery + ZH (T gsry
U = () =Y p<n -
From Subsections 3.1 and 3.2 we know (Y, Z, U) satisfy the ABSDE (3.1).
Proposition 3.2 The process U belongs to L2.

Proof: We have
(T+8)AT

E[/(T+6)/\T de/s} = E[/TAT(Y;(S)_}/:)%S] " [/ dis]
0 " TAT
2E{/OT(YSa(s))2ds} +2E[/OT(YS”)2ds} +{ T
T+6

< 2 /OTE[(YS‘I(S))Q] ds + QTE[OE?ET(}QI))Q] + IE[ . des}

IN

Qds|

T

and the quantities on the right-hand side are finite. ([l

Proposition 3.3 There exists a strictly positive constant K such that the solution (Y, Z,U)
of the ABSDE (8.1) satisfies

T
Egt[ sup Y;2+/t Zfds}

t<s<T

IN

KE™[(6)? + /T (@R e+ / (s, 02)1d]
K

()
T4

b Kt [ @on s [ (o eeohas s [ 00,0

T

T

T+6 o
B[ OF + [ (€0 + (PO)Ps+ [ (0000 1a

t

13



for any t € [0,T].
Proof: In the proof, the constant K can vary from line to line. We remark !

i T
E9% | sup Y52+/ Zfds}
Lt<s<T t

- TAT T
= Egt sup Y;Q + / (ZS)QdS + / (Zg(’l')>2d8]
- t<s<T t TAT

i T T
< E9%| sup Ysz—i-/ (Z;’)2ds—i—/ (Zg(r))st] :
t

Ht<s<T TAT

On the set {7 < t}, we use that
Egt[ 2] _ G a2 _ L or a(gy)2
sup V2| = E%| sup (YI(r)?| = ZE7| suwp (v7(9))%ar(0)]
t<s<T t<s<T t t<s<T

< keMtES [tquT(Y;a(G))ﬂ < KE” LgugT(Ysa(G))g} .
SS8S <s<

On the set {t < 7}, we remark

Egt[ sup YSQ} < IEE[ sup (Y;’)ﬂ +Egt[ sup (YS‘L(T))Z} :

t<s<T o t<s<T TAT<s<T

From EY [SUPTArgng(Ysa(T))Q] = L m7 [SupT/\QSSST(i/Sa(G))2aT(9):| and that « is

at(T)

0=
bounded, we have
B sup ()] < B swp (ve)?]
TAT<s<T () TAI<s<T 6=r
We proceed in the same way for the part ngT(Zg(T))st.
Using (3.5)-(3.10) we can conclude. O

3.4 Uniqueness of the solution

In this part we consider the uniqueness of the solution of ABSDE (3.1). Suppose this ABSDE
has two solutions (Y, Z,U) and (Y, Z,U). Each process admits a unique decomposition
under the form (Y?, 2 U®)-(Y%(r), Z%(7)) and (Y?, Z°, U")-(Y%(7), Z%(7)). Moreover we
know (Y?, Z%) and (Y?, Z°) are solution of ABSDE (3.3), thus by uniqueness of the solution
of ABSDE (3.3) from Proposition 2.11 we get that Y* = Y® and Z® = Z° We have
with the same arguments Y¢(7) = Y%(7) and Z%(7) = Z%t). Moreover we have U; =
(YA(t) — Y;b)]l{tST}, thus U = U. Finally we get the uniqueness of the solution of ABSDE
(3.1).

Lwith the convention f; ds=0ifb<a

14



4 ABSDE with jump of type (1.2)

We assume that Hypotheses 2.1, 2.2 and 2.3 hold. We define, for any t € [0,7], A; =
R x L?(Fips) x D(t,[0,6]) x R x L2(Fys) x D(¢,]0,0]) x R x L2(Fyys) x D(t,[0,8]). We
consider in this section an ABSDE of the following form: find a triple (Y, Z,U) € Sé [0, T+
8] x L&[0,T + 6] x L? satisfying

_dY;f - ]Egt [f(t7 }/;fa Y;f+5, {}/t+s}OSS§(57 Zta Zt+5, {ZtJrs}OSSS(S? Ut7 Ut+(57
{Utss}o<s<s)|dt — ZdBy — UpydHy , 0<t<T,
YT+s=§T+S7 0<s<$d
Zris= Prys, Urys = Qreslirp<ny, 0<s<9,
with the following hypotheses
Hypotheses 4.1 Suppose that

a) The terminal conditions satisfy & € SE[T,T+96), P € LL[T,T+06) and Q € LA[T, T+],
and supg<g<r £4(0) € ST, T + 6] and supy<g<y P*(0) € LE[T, T + 6).

b) The generator f : Q x [0,T] x A, — R is Lipschitz, that means there exists a constant
C' such that for any t € [0,T], for any ¥ and y' in A, one has

f(t.¥) - ft.¥) < Cly-¥1.

¢) There exists a constant C' such that |f(s,0)] < C".

Proceeding as before, we consider, on the set {7 < ¢}, the ABSDE

_dYta(T) = Egt [fa(tv T, }/ta(T)v t(—l&-(S(T)7 {}/t(—ll—s(T)}OgsSJa Zf(’T), Zf—&—é(T)v
{Z}4(T)}0<s<5,0,0,0)|dt — Z{(T)dBy, 7<t<T,

Y'Z(}JrS(T) = €%+S(T) ) 0 S S S 6 ’

Z%Jrs(T) = P%Jrs(T) ’ 0 <s S 5 9

(4.2)

whereas, due to the uniqueness of pre-default parts we consider the ABSDE

—dY} = E9[fo(t, YL, Yiss, {Yirs bo<s<ss Z0s Zivss { Zers bo<s<ss UL Urrss {Urts bo<s<s)]dt
—Z%B;, 0<t<T,

YJIZ—Fs:g%—Q—s? OSSS(S,

ZCIZ)“+5:PT+S7 U’,_l[)1+s:QT+87 0<3§6

4.1 Study of the Equation (4.2)
Using the same arguments as in Subsection 3.1 we study the family of ABSDEs
—dY;a(H) = E}—t [fa(ta 07 Y;a(a% ti—é(e)v {Yﬁl—s(e)}OSSS(% Zta(e)a g—s—é(e)v
{Zlg—&—s(e)}oﬁsf(s’ 07 07 0)]dt - Z)?(G)dBt 5 0 <t< T )
Y'Zg—&-t(e) = g’%—&-t(e) ) 0 S t S o )
Z1y4(0) = Prog(0), 0<t<d.

15



This ABSDE can be written under the following form

—dY(0) = g(t,0,Y(0),Y{5(0), {Y45(0) o<s<s, Z(0), Zi, 5(0),{ 211 s(0) o<s<s)dl
—Z}0)dB,, 6<t<T,
Y7u(0) = &r40(0), 0<t <9,
Z714(0) = Pr,(0), 0<t<9d,

(4.4)
which is on the form of Proposition 2.11. The Lipschitz condition on g follows from the
hypothesis on f. The square integrability of g(¢, 6) = E7 [ f(t, 0, 6)] follows as in Subsection
3.1 from the boundedness hypothesis of f(t, 6) Thus from Proposition 2.11 we get the
existence of a unique solution to this ABSDE satisfying

T T+5
B (s (20 + [ (zH0)Ras) < B (@) [ (€0 + (Pr0)))ds
T
+ [ (ats0.0)7as) (45)

4.2 Study of the Equation (4.3)

Using the same arguments as in Subsection 3.2, we are lead to consider

le?’—f—s:g%—&-s? OSSS&)
Z%-I—s:PTb“-i-sv 0<s<gd, (46)
where
I Filgb(y 721 722 723
g(t7y7C7y72777)Z) = G’t/ E t[f (t7Kt7Kt7Kt)at+§(9)]d9
t
1 _
+5E}—t [fb(t7 Y, Cv y7 2,1, Za Kt4)] .
t
with
K} (y, t+6(0) Vslirs<o + Y (0)Lirs>0o<s<o)
t2 = ( 9 {Z Tiis<o + Zt+s(9)]lt+8>9}0§8§5)
K2 = (Y° ( ) Y, 0, {((Y;f(—ll—s(t +5) — Vo) Liyser + Qt+s]1t+sZT)]lt+8§9}0<S<6)
K} = (V) —y, (st +0) — Olpasery + Qurslpisst))Gras

{((}/t(—ll-s(t +5) = Vs)Ljys<ry + Qt+81{t+s>T})Gt+s}0<s<6) '

We show that the hypotheses of Proposition 2.11 are satisfied. First, we show that the
driver is Lipschitz. Using that f is Lipschitz we get

(T - T < éEEHWﬂ—f&WWMd < ClF -

16



It follows that, setting ¥ = (y, Y2 5(0), {VsLiscot Vi o(0)Lissz0 ocs<s: 2, 28 5(0), { Zsliyscot

Zta-l—s(e)]lt+s>9}0§s§57 tha (t) —-Y, 07 {((Y;gi-s (t + 3) - ys)]lt+s<T + Qt+s]1t+52T)]1t+s§9}O<s<6)7

there exists a constant C such that
ER Y )arsa(60)] BT (101 Y Yars (9)]
< C((ly = /1 + |z = 7 DE™ (r15(0) + [Ya(0) = V'a(0)| + |Za(0) - Z'a(6)])
<Cy =9+ =2+Y=V|+]2 - Z')eu(0) ,

where we use that «(6) is a martingale. Hence, using that [ a;(6)df = 1, we get

t+0 N .
/ EZ YY) — P Y ) angs(0)]d0 < Cly—y/|+ |z =2+ |V =V[+]|2-Z)) .
t

In the other hand, using the Lipschitz property of f°, that G is upper bounded and denoting
(P(t, y) = E™ [fb (ta S;)]

for¥ = (y,(, V, 2,m, Z, Y () ~, ((Kia(t"“s)—C)ﬂ{t+6§T}+Qt+61{t+6>T})Gt+57 {((Y;ti—s(t—i_

8) = Vs)ljpys<ry + Qt+5]1{t+s>T})Gt+s} ) there exists a constant K such that one has
- 0<s<4

lo(t,¥) —(t,¥)| < Kly—-y'.

It follows (using one more time that G is lower bounded) that there exists a constant K
such that

and the Lipschitz property holds.

4.3 Integrability
The integrability condition of

. 1 t+48
g9(t,0) = / EP[f0(t,0, Y4 5(0), {4 s (0) 11120 o<sss,
t

G,
0, 21, 5(0),{ 24 s (0) Lty s>0 Yo<s<ss
Vi), 0, {(Ve o (t + 8)Lpps<ry + QeasLipysnry) Lits<oto<s<s) sy s(6)]do

1 a a
+ EEE [f°(£,0,0,0,0,Y(t), Y4 5(t+6) Grvolipss<ry + Quis Graslirssty)]

follows with the same arguments as in Section 3.2.
We also consider the integrability of the solutions (Y, Z,U) for ABSDE (4.1), where

Vi = YPlyen +Y (D psry
Zy = Z{lgen + 220 gsn
U = (V) =Yz -

One can apply the same methodology than the one in the previous section, since Propo-
sition 2.10 is valid in the case of ABSDE (4.1) and obtain similar results.
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5 Particular cases

5.1 Moving average term

We consider the case

t+9
—dYy, = E% [f(t,yt,/ asYsn(ds), Zy, Up)|dt — ZydBy — UpdH, , 0<t<T ,(5.1)
t

Yrye = Ere, 05859,
Zryt = Pry, (5.2)
Urye = Qrelipp<ry 0<t<4,

where a is a bounded F adapted process and 7 is a measure of the form n(ds) = ¢(s)ds +
>, kies, (ds) where £ is a bounded Borel function, €, the Dirac measure at a, and f(¢,y,7, 2, u)

is Lipschitz. Since j;tH las||Ys|n(ds) < K (fttJré [Yslds + 5 ]lsie[t7t+5]Y'si), the driver satis-

fies the Lipschitz condition, and the above ABSDE has a solution.

5.2 Linear ABSDE

In this part we give a closed formula for the solution of linear ABSDEs. That means the
driver f is linear w.r.t. Y, Z and U. We first give a result about the form of Y, part of the
solution of a linear ABSDEs in the Brownian case.

Proposition 5.1 Consider the following ABSDE
—dY, = | <&, Yy> +l|dt — Z,dB,, tel]0,T+3],
Yige= &g, 0<t<6, (5.3)
Zr4t = Pry, 0<t<6,

where < -, > is the scalar product, & and Y are defined by

5t = (/’Lt7ﬁtvﬁt70—t70—7t7gt) P

- 6 d

Y= (V;,E [pt-i-éY;t—&-é]aE}—t(/ Pt+uYt+udu>aZtaEﬂ [C]t+6Zt+6],E]:t</ Gt+uZtrudul) .
0 0

and where the processes i, i, jt,0,0,0 € L%[—é, T + 6] are assumed to be uniformly bounded

and 1 € L2[0,T).
Then, for any t € [0,T], the solution'Y is given by

T T+
Vim B X+ [ Xl [ (mgpbe+ oisa P X gds
t T

T+6 o
+ / / {gs,upsﬁs + gs,uqus} Xt du ds} :
T 0

where

1)
ng = |:MSX£ +psﬁs—6X§76 +p5/0 Ms_qu—udu] ds

[
+ |:0'5X§ + qus_5X§_5 + qs/ Uqugudu] dBs;, t<s<T+§,
0
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Proof: The proof of this result is similar to the proof of Theorem 2.1 in [12]. We give some
details in Appendix. O
We now extend the previous result to the case of an ABSDE with jump.
Proposition 5.2 Consider the following ABSDE
—dY; = [<§t,?t>+lt]dt—thBt—Utht, 0<t<T,
Yrpe= $rye, 0<t<9,

Zrit= Priyty Ury = Qralirp<sy, 0<t<6.
where < -,- > is the scalar product, and & and Y are defined by
515 = (anﬁwﬁtu O¢, Fta Oy, Pty ptagt) )
Yo= (Y E®Yirs), E® L[y Yerudul, 20, E%(Zoss], B[ fy Zerudul, Uy, E9 [Usrs], B [ [y Ursudu]) -

We assume the functions p, i, 1, 0,0,0,p,p, p € Lé[—&,T + 0] are assumed to be uniformly
bounded and | € L% [0,T).

Then, for any t € [0,T), the solution Y is given by Y; = Y 1,r + Y2(7) s>, where Y and
Y(8), for any 6 € [0,T], are defined by

T T+6
veo) = B [xp@eo) + [ xtonods+ [ om0

T+6 o
PO sO)X s+ [ [ (0, 0+ PO (0)) X7 0)duds]

T T+6
Y} = EF [X%bfg n / X Lods + / (ng§ﬁ§_5 +G5P§5§_5> X0Psds
t T

T+6 po
o[ [ (e Gt ) X uas
T 0

\

with
a 6 a a 5 a
Li= +mgy (t+6)+u§/ JY(t + u)du + 50T (t+5)+ai’/ JZ(t 4+ u)du
0 0

=b
+ P Y () + %EE [GeesViisirrs<ry + GraoQuesLipsssty]

b é
P a
+ ETZEE [/0 Vit + W) lgpucry + Qerul rusty) G”“d“} ’

where X4%(0) is the solution of the following linear stochastic delayed differential equation

(SDDE)

—S—u

19
dXé’“(m — [M?Xﬁ’a(e) +ﬁsf5(0)Xzf5(9) +/ Ma (G)Xzﬂu(e)du:| ds
0

)
+ [05_5(9)X;»a(9)+ag_5ng5(9)+ / ogu(e)ngu(e)du] dB,, se[t,T+0],
0

19



and XY is the solution of the following linear SDDE

( [ X
—0 [
axtt = | (b= pb) X2+ <Gi(5 R ]1{5<T}>
5 b b
Hs—u Bs—u t,b
T XM du|d
+/O (GS—U Gs—u {susT} st §
ob Xt 4 7 6XS 5+/ ;; Zsu xtt qu|dB,, se[t,T+4],
S—Uu
Xt =1,
X =0, selt—d1.

\

Proof: The result is an application of the results of Section 3 and Proposition 5.1. O

6 Appendix

6.1 Proof of Proposition 2.10
Applying 1t6’s formula to eﬁsz, we obtain for any s € [0, 7]

T T T
TR — oPy? — / efs (5Y3 n Z§) ds — 2 / BV, (s, Ys)ds + 2 / P3Y, Z.dB,
t t t
(6.1)

WhereY = (}/;aEf [ps—&-ﬁ}/s—‘ré] {E]: [ps+u s+u]}0<u<6,Z3,E [QS+§Zs+6] {E [QS—HL s+u]}0<u<5)
By the Lipschitz assumption on f, using similar estimations as in the previous proofs and
the boundness of p and g, we obtain there exists K such that

f6Y) < |f@Y) — f(t.0)] + f(¢,0) (6.2)

)
< (W4 1204 B Yisol 4 Zussl ] + B | [ (Yool + (2 ] ) + 5(2.6).
0

Combining (6.1) and (6.2), and using several times that 2|ab| < %—kcb? for different positive
constants ¢, as for example

}/82
2|V [E7(|Ysssl) < CTJrCl(EFS(KH))z?

we get after some computations

T T
K
PN+ [B— (24 c1+ca+c3+ca+c5)K] /t eBSdes + 1 - C—S] /t P 72ds

T T
N K
< PTed —2 / Y, Z,dB, + 2 /t effSYSf(s,o)dﬁ*1 BSWS(Y;H)d

K
/ / E7 (Y2, )duds + — 58Efs( 2 5)ds + — / / E"(Z2,,)duds .

Cq

20



Taking conditional expectation w.r.t. F;, noting that from Fubini

T 6 T+6
/ eﬁs/ V2, duds < (5/ P Y2ds
t 0 t

T+6
/ ePy? Gsds < / P Y 2ds
t t

we obtain, after some simplifications, and using again 2|ab| < % + ¢b? (with a new constant

and that

pt 2 K 0K Fi ’ Bsy 2
WP +B-QCrateatatate)k——-—K-cE"( [ PV ds)
1 2 t
K K 6K T
Hl-——— - —E7( / e* Z2ds)
€3 C4 C5 t

é
< e+ Lo [ e ora) (K Kpr [ ga

C2 C1 T
SK K T+6
+— + —E7( / PZds)
Cs C4 T

It remains to choose the constants ¢; such that 8 = (2+¢; +CQ+03+C4+C5)K+g+ %(K—I—cﬁ
and K + o —|— K <1 to obtain that there exists a constant K such that

Eff[/tTZfds] < KE [g%+/M(§§+P3)ds+/tT(f(s,6))2ds] ,

T

for any ¢ € [0, 7.
The proof for the term with the supremum on Y is obtained using the same methodology
and BDG inequality.

6.2 Proof of Proposition 5.1

Applying It&’s formula to X'Y and taking the conditional expectation we get
T T T
XY, = E” [XtTYT + / 1sXids + / s X ips5Ysysds — / fis—sXs_gpsYsds
¢ t t

T T
" / 5 X 0 y5 7 s — / Gos Xt 50uZuds
t t

T 1 T é
+/ usXﬁ/ ps+uYs+ududs—/ pSYs/ Hs,uXﬁ—udUdS
t 0 t 0
T 1) T 1)
n / o X / GouZsrudu ds — / A / gs,uxg,ududs} .
t 0 t 0
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This can be rewritten, by using X! = 0 for v < ¢, under the form

T T+6 T
X{Y; = E7 [X%YT+ / [ Xds + / Tis—5 X5 gDsYsds — / Tis—5 X5 gDsYsds
t t

T+6

T T+6
+ Ts_ 5XS §4sZs ds—/ Ts_ 5Xs §9sZs ds+/ / Ky 8 uPsYsduds

T+6
/ / X, upsYduds—l—/ / v s Zsduds

X! asZsdu ds] .

Since X} = 1, we conclude

7

T+0
Y: = E]:t |:X§“§T + / ls XtdS + / {/’Ls—5pS£s + E5—5(]3]35} ngads

T40 6
* / / Hsfupsfs + stqusps} Xzfudu dS] .
T 0
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