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Abstract

We study reaction diffusion systems describing, in particular, the evo-
lution of concentrations in general reversible chemical reactions. We con-
centrate on inhomogeneous Dirichlet boundary conditions. We first prove
global existence of (very) weak solutions. Then, we prove that these -
although rather weak- solutions converge exponentially in L' norm toward
the homogeneous equilibrium. These results are proven by means of L2
duality arguments and through estimates provided by the nonincreasing
entropy.

Keywords. reaction diffusion systems, Dirichlet conditions, global existence,
asymptotic behavior, entropy, convergence to equilibrium.
MSC(2010) 35K61, 35A01, 35B40, 35K57

1 Introduction

The purpose of the present paper is to study global existence and asymptotic
behavior for reaction diffusion systems with inhomogeneous Dirichlet boundary
conditions which include as a particular case the classical systems modeling
reversible reaction processes for a set of chemical species A;, 1 <i < n:

atAr+ - oA, = AL+ + BAn, o, 8 € NU{0}. (1)

According to the Mass Action law for the reactions and to Fick’s law for the
diffusion, the concentrations at position z and time ¢t of A;, denoted by u; =
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u;(x,t), satisfy the following evolution system
n n
wi — diAu; = (B — i) Hu?J — HufJ , 1<i<n.
j=1 j=1

We will consider more general systems, always with inhomogeneous Dirichlet
boundary conditions, that is

uip — diAu; = fi(u) in Qoo =N x (0,00), 1<i<n,

ui(x,t) = gi(x,t) on 'y = 09 x (0, 00), (2)
ui(2,0) = uio(x) in Q,
where Q2 C RY is a bounded connected open subset with smooth boundary
00 and d; € (0,00),1 < i < n. The data ug = (ui0)1<i<n,9 = (gi)1<i<n are
assumed to be nonnegative. We will throughout assume that uy € L () and,
for simplicity, that g is smooth, for instance such that there exist G;,71 =1, ...,n
with
G, € Cl([O,oo),C(ﬁ)) ﬂC([(LOO);CQ(ﬁ)), (3)
Gi = 3i 2 0on F007 &ng — dZAGl =01n Qoo, Gl(,O) = gz(,O)

In the system modeling (1) above, the functions f; are precisely given by

n

filw) = (B — o) Hujj—Huff . Vu= ()€ 0,00)".  (4)

-

Although «;, 5; are integers in the application to the chemical reaction (1), we
will more generally assume that

Ozi,ﬁi S [1, OO) U {O}

We will consider more general nonlinearities f;. Throughout the paper, they
will satisfy

fi : R™ = R is locally Lipschitz continuous for 1 <1i < n. (5)

Under this assumption, System (2) has a unique classical solution u local-in-
time. We will also throughout assume that the nonlinearity f = (fi)1<i<n is
quasi-positive, which means

fi(u1,~~~ ,ui_l,O,ui+1,~~ ,’U,n)ZO, V].S’LSH, VUE [0,00)n (6)

In this case, the solution u of System (2) is always nonnegative as far as it exists.
Obviously (6) is satisfied by the particular f in (4).

As for chemical systems of type (1), we will often assume that there exist
c¢; > 0,1 <i<n, such that

Zcifz(u) =0, foruel0,00)". (7)
i=1



Existence of the ¢; in (1) is nothing but preservation of mass. It actually holds
for f; as in (4) as soon as there exists i1,i2 € {1,...,n} such that a;, — 5;, > 0
and «a;, — B;, < 0. Then after summing the equations in (2), equality (7) implies

O(c-u)—A(de-u) =0

for ¢ = (¢;)1<i<n > 0, de = (¢id;)1<i<n > 0. This guarantees several a priori es-
timates of the solution via duality arguments at least in the case of homogeneous
Neumann boundary conditions ([4, 8, 19, 20]). Some of them may be extended
to Dirichlet boundary conditions but not all. Actually some main estimates are
missing for nonhomogeneous boundary conditions.
We will consider the general system (2) with f = (fi)1<i<n satistying (5),
(6), (7) or even more generally the following (8) instead of (7):
chfl(u) <0, foralluel0,00)". (8)
i=1
We will sometimes also assume that
[f(w)] < CA+ul"), ve(,00). (9)

as it is the case in example (4).

The goal of this paper is to provide several global existence results for System
(2) and to prove exponential asymptotic stability of these global solutions when
fisasin (4) and g; = s; with IIs} = Hs’fl

As expected in these systems, we will deal with different definitions of solu-
tions, and in particular:
1) ”Classical solutions” when the f;(u) € L (Qr) for all T' € (0,00) in which
case the solutions have classical derivatives and the equation is to be understood
in a classical sense.
2) "Weak solutions” as defined next.
3) ”Very weak solutions” as used in Theorem 2.

In this paper, first, we show the existence of weak global-in-time solutions
for the system (2) when the diffusion rates dy,ds, ..., d, are ”quasi-uniform” in
the sense of (13) below (see Theorem 1). These solutions may be even classical if
the diffusion rates are even closer (see Remark 1). Next we prove in Theorem 2
the convergence of approximate solutions no matter the values of the d;, this for
a very general system with dissipating entropy and including (2) with f; as in
(4). The limit is some kind of ”very weak solution” for which some properties of
"renormalized solution” could be proved (see Remark 2). We prove in Theorem 3
that all these ”solutions” are asymptotically exponentially stable for the specific
system (2), (4) when the data are compatible with stationary solutions in the
sense of (19).

Definition 1 (weak solution) We say that u = (uq, ..., uy) s a weak solution
to (2) if the following conditions are satisfied for all T € (0,00) where Qr =
Q% (0,T) and Tr =900 x (0,T):



(i) u; € C([0,00); L1(Q)), fi(u) € LY(Q7),

(ii) For any ¢ : Q x [0, T] — R with continuous ¢, Oyp, Vi, Ve and ¢ = 0
on Ty J(Q2 x {T}) it holds that

// —u;pr — diu; A dxdt = / uio()p(x,0) dx

T Q

+/ fi(u)p dxdt — // giOyp dSdt, 1<i<n.
Qr I'r

To state our result, let us introduce

a =mind;, b= maxd;, where 0 <a <b < +o0.
1 1

Let furthermore C), 4 € (0,00) be the best constant in the estimate
1A La(@r) < CmallFllLaor) (10)

where v : Q7 — R is the solution of the backward heat equation with homoge-
neous Dirichlet boundary condition:

—(np+mAv)=F>0in Qr, v=0onTp, ov(z,T)=01in Q. (11)

For instance by Corollary 7.31 in [16] or Theorem 6.2 in [25], inequality (10) is
valid for each g € (1,00) (see also Lemma 2.1 in [4]).
As a standard approximation of Problem (2), we will consider the solution

uk = (uf, ..., uk) of
forl1 <i<mn,
k
uft — dzAuf = Lilu) in Quo, (12)

TR TS, 175 ()]
uf =g on Ty, uf(-,0) =wu >0in Q.

Since the nonlinearity is uniformly bounded (by k), there exists a global-in-time
classical and nonnegative solution uk = (Uf)lgign >0,1<1i<n, for each k.

Theorem 1 Assume (5), (6), (8), (9). If moreover

b—a
2

Cago s <1, (13)

then, a subsequence of the solutions (u*)g>o of (12) converges in LY (Qr)" and
C([0,T); LY(Q)™) for all T > 0. Moreover, any limit of such converging subse-
quences is a weak solution of System (2). If v = 2, then (13) is satisfied for all
0<a<b<+oc.

Remark 1 We may even obtain classical solutions in Theorem 12 if b — a is
smaller than in (13). This is the case if

b—
( a)0a+b , <1 where ¢’ <
B .

v
v—2/(N+2)

(14)



Indeed, in this case we obtain (see Remark 6 after the proof of Theorem 1) that
u¥ is bounded in L9(Qr) where ¢ > (N + 2)v/2. Going back to the equation
(2) and using (9), we deduce that u* is bounded in L°°(Qr) and the solution
at the limit is classical.

The result of Theorem 1 does not provide global existence for the system
modeling the chemical reaction (1) when the a;, 8; are quite larger than 2 and
when the d; are not close enough to each other. Actually, this is known as a
rather difficult and open question. It was significantly analyzed in the case of
Neumann boundary conditions in [12]: there the solutions of the approximate
System (12) are proved to converge a.e. up to a subsequence and the limit is
a renormalized solution in the spirit of [9], but with an adequate definition for
this kind of systems as introduced in [12].

Here, we are able to prove a similar convergence result in the case of nonho-
mogeneous Dirichlet boundary conditions, no matter the values of the d;. The
situation is not so easy since it does not lead to a priori estimates as good as
with Neumann boundary conditions, but they nevertheless provide good enough
compactness properties for the approximate solutions, at least locaaly inside 2.
As in [12], they strongly rely on the entropy inequality valid for System (2) with

f asin (4), namely

> (ogu;) fi(u) <0. (15)

i=1

Theorem 2 Assume (5), (6), (15). Then a subsequence of the solution (u*)>o
of (12) converges in L*(Qr)™ for all T > 0.

Remark 2 If the d; are close enough so that (13) (resp. (14)) is satisfied, then
the limit obtained in Theorem 2 is a weak (resp. a classical) solution of (2). For
general d;’s, using truncations as in (39) and the functions T, (uf+n D i u?), we
could prove that the limit is a renormalized solution inside Q7 in the following
sense inspired from [12]. We denote

U= {¢) € C?(R™;(0,00))" with ;¢ compactly supported for 1 <i < n}

where 9;1(u) is a notation for the derivative of u; € R — (1, ooy Uiy ooy Uy
Starting formally from Oyu; — d;Au; = fi(u), we have for all ¢ € ¥

Oyb(u) = Z Oy (u)dyu; = Z A (u)[di Au; + filw)). (16)

And this may be rewritten

dup(u) = {di[V (0 (u) V) — Zaj3i¢(u)vujvui] + 5i¢(u)fi(u)} - (17

k3

This equation may be understood in the sense of distributions in Qr as soon

as
Xus<r) VUi € Li,(Qr) forallr € (0,00), T >0, 1 <i<n. (18)



Indeed, since 0;% is compactly supported for 1 < i < n, we then have
817/)(“’).]01(“) € LOO(QT)y 811/’(“)v“z € L?OC(QT)7 8Jalw(u)vu]vul € Llloc(QT)'

And as proved later in (34), the estimate (18) will indeed hold here. Note that
the estimate is local inside € and it is not clear how to extend it up to the
boundary except in some cases (see Remark 7).

Since our goal here is to mainly concentrate on the asymptotic behavior of
the solutions, and since we do not need to know (17) for doing so, we will not
prove it here. Actually, it is an interesting point to see that we can control the
asymptotic behavior of the ”very weak solutions” without knowing much about
them.

Thus a main result of this paper is the exponential stability of the limit
"solutions” of (2)-(4) in the case when

g;(z,t) =s; >0, HsaJ—Hsﬁ’ (19)

Then u; = s; > 0, 1 < i < n, is a spatially homogeneous stationary state of

(2)-(4)-
Notation. || - ||,, 1 <p < oo will denote the standard L? norm on 2.

Theorem 3 Assume f is given by (4) with (19). Then, the approzimate solu-
tions (u¥)r>o of (12) lie in a compact set of L*(Qr) for all T > 0. There exist
positive constants C1, Cy such that, for any limit u of converging subsequences

llui(-,t) — sil|1 < Crexp(—Cat), forallt >0,1<i<n. (20)

Several existence results of global-in-time solutions and their asymptotic
behavior have been known for the reaction diffusion system associated with (1),
particularly, when the boundary condition is of homogeneous Neumann type.
First, when n = 3 with f; = —uf*u3? + u§3 = fo = —f3, existence results of
global classical solutions are proved in [14] in particular when 83 > a1 + as
and for some other particular situations. Exponential convergence towards the
stationary solutions is proved in [10] for these f; for all oy, as, 83 > 1 (see also
[6] for other results with n = 3).

When n = 4 and f; = (—1)%(ujug — uguy), weak solutions exist globally in
time for any space dimension N (see [8]). Furthermore, classical solutions exist
globally in time if N < 2 (see [4], [13]) or in any dimension if the diffusion coef-
ficients are quasi-uniform in the sense of (13) (see [4]). Exponential asymptotic
stability for the L!'-norm is proved in [5], [7].

For the general system (2),(4), weak (resp. classical) solutions exist globally
in time when the diffusion coefficients are quasi-uniform in the sense of (13)
(resp. (14)) (see [4]). Finally, global renormalized solutions are proved to exist
in [12] for rather general systems with general diffusions and Neumann type of
boundary conditions. And their asymptotic behavior is analyzed in [21].



Inhomogeneous Dirichlet boundary condition are studied in [11]. They are
concerned with the case n =3, a1 = B = a3 =1, and f; = as = 3 = 0:

up — di1Au = —u + vw in Qx(0,7)
vy — doAv = u — vw in Q x (0,7T)
wy — dzsAw = —u + vw in Q x (0,7)
u(z,t) = a, v(z,t) =b, w(z,t)=c on 90 x (0,7

w(z,0) = up(z) >0, v(z,0) =vo(x) >0, w(x,0) = we(z) >0 in N.
(21)
If a,b, c are positive constants satisfying a = bc, there exists a classical solution
(u,v,w) = (u(-,t),v(-, t),w(-,t)) global-in-time and it holds that

lim (u(-,t),v(-,t),w(-,t)) = (a,b,c) in C¥(Q)

t—o00

where 1 < v < 2. However, asymptotic behavior of the global-in-time ”weak”
solution has not been studied for the general case of (2)-(4).

2 Proof of Theorem 1

We first show an estimate on the solution of a parabolic differential inequality. It
is similar to Proposition 1.1 of [4], but with nonhomogeneous Dirichlet boundary
conditions.

Given a € (0,1), we take M = M(z,t) € C%% (2 x (0,T]) satisfying

0<a< M(tz)<b<oo, (,t)€qQr. (22)

We consider the parabolic differential inequality

Ut — A(MU) <0in QTa (23)
u=gonTr, wu(-,0)=wu(x)>0in Q.
We will estimate ||u|zr(g) for p € [2,00), under the assumption
b—a 1 1
Ca;—bm/ ' 2 < 1, ]; + p = 1 (24)

where C,, 4 € (0,00) stands for the best constant in the parabolic regularity
(10)-(11).

Remark 3 We have C'aTM}2 < G%Lb so that (24) is always satisfied for p’ = 2
and for all 0 < a < b < oo. Indeed, multiplying (11) by —Aw leads to

// v Av + m(Av)? _//Q —FAv < ||Fl22@n)l[Av[| L2(Qr)-

We then use [, vAv= 3 Jo IVo(z,0)[? > 0 to deduce Cpn 2 < 1/m.



Remark 4 It is interesting to notice that the condition (24) is "open” with re-
spect to p’ in the sense that if (24) holds with p’, then it holds with (p+¢€)’ for e
small enough. Indeed, the Cp, 4 has the property: Cp,  :=liminf, o+ Cp gy <
Cpn,q- To see it, let g, satisfy

1 111 1

— = |-+ ——| de gy =q—19/(2¢ — ).

W 2 [q q—n} ! / )
By the Riesz-Thorin interpolation theorem (see e.g. [18], chapter 2) applied to
the mapping F' +— Av in (11), we have

1/2 ~1/2 - 1/2(— \1/2 -
Cinyg, < CH2CY2 = C, < CHE(CL )2 = O < O

Notation. For the boundary 'y, we will use dS, v, d, to denote respectively
the surface element, the exterior unit normal and the exterior normal derivative.

For the solution of equation (11), we can define the best constant E,, ;1 €
(0, 00) for the inequality

/ / 0,0] dSdt < By gt Fll ooy a> 1, (25)
I'r

using the trace embedding W (Q) < L'(9Q).

Proposition 4 Let u > 0 be a classical solution to (23) with M € C*%(Q x
(0,77) satisfying (22) and (24). Then it holds that

1 .
[ullzr@ry € (1 +b0Dapp) T [luollp + Eage -0+ [lgllioe@r) — (26)

for p € [2,00), where

Catb

’ ~ b —a

o 2.p -

Dapp =g~ o=a Cury , boa Eapp, = Eago 1 (1 T Da,b,p') :
=== 2
o.p

Remark 5 Note that, according to Remark 3, D, ;2 < 400 so that any u
satisfying (23) is bounded in L?(Q7) for all T > 0 with a bound depending on

||u0||L2(Q)"7 ”g”LOO(FT)"-
To prove Proposition 4, we begin with a parabolic estimate for the dual
problem

Y+ MAY = -0 in Qpr, ¥(T,z)=0in, ¢(z,t)=0o0n I'p, (27)

where © € C§°(Qr). This inequality will be proved similarly as in Lemma 2.2
of [4] concerning homogeneous Neumann boundary condition.

Lemma 5 For M = M(x,t) € C*%(Q x (0,T)]) satisfying (22) and (24) and
1 < p’ <2, the following holds for the solution v of (27)

{ AV L () < Dapp 1Ol Lo (1)

28
16, 0)ly < (14 bDap ) TVPO]] o ) -



Proof: By the standard theory (e.g. Corollary 7.31 and Theorem 7.32 in
[16]) or Theorem 6.2 in [25]), Problem (27) admits a unique classical solution
¥ =p(xz,t). We write (27) as

wt+a+bmp <“‘2H’—M>A¢—@. (29)

Then (10) implies

||A¢||Lp’(QT)

IN

(a—i—b )A?/J@

) |A'(/}||LP'(QT) + ||9||LP’(QT)}

L? (Qr)
Ca+b

IN

/‘\

||aJ2rb M||L°°(QT < boa, Therefore,

where we used: <=5

b—a
R LN e L e

This is the first inequality of (28) (we use (24) here). The second inequality is
derived from —1(0 fo (-, t)dt and (27) which imply

[9(0) [l < Tl/pll’e/)tlle(QT) TP IAY L @y + 1O 1 ()
O

Proof of Proposition 4: If 0 < © € C§°(Qr), the classical solution to (27)
satisfies ¢ = ¢ (z,t) > 0. Then both u and ¢ are nonnegative and we obtain

d

u¢ der = / ur) + uy dx
dt Q

< (@R +u(-2a0 - 0) di
Q

Since

/[A(MU)]’L/) — (Mu)Ay dx = —/ gMo,y dS,
Q

a0
it holds that
m/) de < — / u® dr — / gMo, dS. (30)
dt Q o0

Here we use (25), (29), and (28) to conclude

b—a
J[ ot asar < By (1455 Dy ) 101y (30
T



Inequalities (30) and (31) imply

J[[ w6 daat < Juall o0l + gl 0 [ 10,01 dsi
T T'r
< {0+ 0D )T 0llp + Ear bllgll o 1€l g,y (32)

Inequality (32), valid to any 0 < © € C§°(Qr), implies (26) by duality since
u > 0. O

Proof of Theorem 1: Let us consider the global regular solution u* of the ap-
proximate problem (12). Recalling (8), let

wW=c-uF, h=c-g, vo=c-uo,

where ¢ = (¢;), uF = (u¥), g = (9;) and ug = (ui0). Let also d.. := (d;c;). Then
(8) implies

of — A(Mv*) <0in Qr

vF(x,t) = h(z,t) on Ty, v*(x,0) = vo(x) > 0in Q

with M = M(x,t) = d, - u*/c - uF which satisfies (22) with a = min; d;,b =
max; d;.

According to Remark 4, the assumption (13) implies that biTaC“T*b,('y-s—e)’ <1
for some € > 0. By Proposition 4, ||v"||p++¢(g,) < Cr for all T > 0. It follows
by (9) that f;(u*) is bounded in L'*"(Qr) for n = ¢/ > 0. We then may use
the L!'-compactness property of the heat operator saying (see e.g. [2], [1]) that
the mapping (wg, F) € LY(Q) x LY(Qr) — w € L' (Qr) is compact where w is
the solution of

wy —mAw = F in Qp, w=0onTp, w(-,0) = wp. (33)

Applying this here to

m=d;, F = f;(u")/(1+ k"D |f;(M)]), w=uff = Gi,wo = ulfy — g:(0),
i

where G is defined in (3), we deduce that u* lies in a compact set of L' (Qr)™.
Up to a subsequence, we may assume that, for all T > 0, u* converges in
LY(Qr)™ and a.e. to some u which, by Fatou’s Lemma, belongs to L'(Q7)™.
It implies that f;(u*) converges a.e. to f;(u) for all 4. Since f;(u*)/(1 +
k1 >l (u®)|) is bounded in L'*"(Q7), we deduce by Egorov’s theorem that

the convergence holds also in L'(Qr). Now we may pass to the limit in

// —ufgpt - diqucp dxdt = / ufogo dx
T Q
fi(uk) .
—l—// —  dxdt — gi0yp dSdt, 1<1i<n,
Qr LHET 30,15 (uF)] 'y

10




for all ¢ as in Definition 1. To conclude that u is a weak solution, we only
need to check that u € C([0, 00); L*(£2)™). This follows from the L!-contraction
property of the heat operator, namely

L (L
THR S GG T, 150

This proves that u* converges in L>([0,T] : L'(Q)") and the limit is therefore
continuous from [0, o0) into L*(€2). O

t
(@) = w2 @) < ko —utyla+ [
0

Remark 6 If we replace (13) by the (stronger) assumption (14), then by Propo-
sition 4, and the same proof as above, u* is bounded in L%(Qr) for ¢ >
(N + 2)y/2. This implies by (9) that f;(u*) is bounded in L*(Q7) for some
s> (N +2)/N. And it is well-known (see e.g. [15]) that u¥ is then bounded in
L>®(Qr) and so is f;(u¥). The limit of u* is then a classical solution of (2).

3 Proof of Theorem 2

Let us first prove the following estimate for the solution u* of (12). For § > 0,
we denote Qs = {z € Q;d(z,0Q > §}. Then

// |Vulf|? < Csrforallr € [0,00),1 <i<n,keN. (34)
[uk <rlnQs

In the following computation, for simplicity, we drop the * in the notation. Let
us introduce w; := u; logu; + 1 — u; > 0. We have

0y wi =AY diwi =Y loguifi(u) = y_Adi|Vyail* < =) ddi|Vvail, (35)

the last inequality coming from the assumption (15). Let ¢ be the first eigen-

function of the Dirichlet-Laplacian on the open connected set €2, namely
—“Ap=XpinQ, o=00n09Q, ||¢|lcc =1, ¢ >0o0n Q. (36)

Multiplying the previous inequality by ¢ and integrating on Qr gives

{ Jo o2 wi(T) + foT @20 di(hw; + 4|V /ug]?)
< Joe 2 wi(0) = [fr, Ovp S, di(gilog g + 1 — gi).

We deduce that for some C' = C(max;{||g:|loos ||tio log wioll1 }, |0vpll1) < 00

2 |[Vui|?
max 40|V/u;]* = max p—— < C, (37)
1 Qr 7 T Ug
and the estimate (34) follows with Cs = C/ min,cq; ¢(x). O

The same inequality (35) implies also the following L2-estimate:

max ||u; 1og u; || 2 () < € = C(max{]|gilloo, [|uio log(uio)ll2, T, a,b) < +00.  (38)

11



Proof. Indeed, (35) implies
8,5(211)1') — A(Msz) S 0, M = Zdiwi/Zwi.

Thanks to w; > 0, we have ¢ = min; d; < M < b = max; d;. Thus Proposition 4
applied with p = 2 (see Remark 5) implies that ||, w;|[z2(g.) < C where C'is
as in (38). Now, using again the nonnegativity of the w; and the fact that slog s
is bounded from a bove for s large by 2[slog s + 1 — s|, estimate (38) follows.OI

Proof of Theorem 2. Let us prove the convergence of u* in L?(Qr) for all T > 0.
We will first prove that u* converges a.e. on Q. Then the L?(Q7) convergence
will follow from the estimate (38).

For all r € (0, 00), we introduce T, € C2([0,00); [0,00)) with

{ 0<T/(s) <land T)(s) <O0forallse]l0,oc0), (39)

T,(s) =stforse€[0,r], T\ (s) =0 for s € [2r,c0).

Let now vj = uf + nUf where Uf = 33, uf,n > 0. We also denote

i

Fy=fi/(L+ k=132, |f5])- Then

{ 3tTT(vf) — diAT,,(vf) =

TU08) [Fowb) 0 Sy (04) + (dy — dp) )] — iz otz (0

Let us analyze each of the terms in the right-hand side of this equality. We will
repeatedly use that
[vF <2r] = [uf <2r]and [u;€ < 2r/n|Vj #i.

In the following, r is fixed arbitrarily in (0, 00) and i > 0 is fixed small enough
(to be made precise later). By the choice of T} and of v*

T (vF)[Fi(u®) 4+ n Z F;(u")] is bounded in L*°(Qr) independently of k. (41)
J#i

We also have, with Q% := (0,T) x Qs, (recall that T vanishes outside [0, 2r])

||Tr//(vf)1/2vvf||L2(Q6T) <C HX[ufgzr]VUfHH(Qg) + Z ||X[u_';g2r/n]vuf||L2(Q5T)
J#i

Thus, by (34)
T (vF)|VoF|?is bounded in L' (Q5) V4§ > 0. (42)
Now we write

T (v])Auf =V - (T)(vF)Vub) = T) (v ) VoF Vub,

J
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HT/(Uf)vu?”L?(Q‘ST) < C||X[u_’;g2r/n]VU§||L2(Q6T)7
T} (vf ) Voy Vuuf || s < CHT:(Uf)l/vifHLZ(QJT)||X[u§g2r/n]vuf|\m(@g)~
We deduce, by using (34) again, that
T/ (vf)Au} is bounded in L*(0,7; H*(Q5)) + L' (0, T; L*(Q5)) V6 > 0. (43)

Let ¢ € C§°(Q)*. We deduce from (41), (42), (43) and equation (40) that
Oy (YT(vF)) — d; A(YT,(vF)) is bounded in LY(Q7) + L2(0,T; H~1(2)). Since
moreover T, (vF) is bounded by 7||¢|s and vanishes on I'r, it follows that
(¢Tr(vf))k>0 lies in a compact set of L*(Qr): to see this, we may use the L!-
compactness as stated for w in (33) and the fact that, if in (33), F is bounded
in L1(0,7; H-*(Q)) and wy = 0 then w lies in a compact set of L?(Q7) (see
e.g. [17], Théoréme 5.1).

Using a diagonal extraction process, we can deduce that there exists a sub-
sequence of v¥ (still denoted v¥) such that T}.(vF) converges a.e. on Q. for all
r € (0,00) (here we fix n small enough as indicated below).

This implies that v¥ converges a.e. on Q. itself. Indeed, let us denote
by w, the pointwise limit of 7,.(v¥) and let K, = [w, < r]. For (z,t) € K,,
T, (vF(x,t)) = vE(x,t) for k large enough so that v¥(z,t) converges to w,(z,t).
Therefore v¥ converges a.e. on K,. On the other hand, since, thanks to (38),

v¥ is bounded in L'(Qr) and we have (using Fatou’s lemma for =)

+oo>02/

2112’-“2/ Tr(vf) = CZ/ wy > rlfw, > 7] N Q7).
Qr Qr Qr

Thus lim, o0 |[wr < 7]NQ7| =0 and U, (g 00)[w < 7|NQ7 = Q7 a.e.. Whence
the a.e. convergence of vF on Q.

Since the n x n matrix A with 1 on its diagonal and 7 elsewhere is invertible
for n small, and since v* = AuF, it follows that u¥ converges also a.e. on Q.
We now use the fact that u” log u¥ is bounded in L?(Qr) by (38). Together with
the a.e. convergence this implies the convergence of uf in L?(Qr) by Egorov’s
theorem again. O

4 Proof of Theorem 3

Here, f; is defined by (4) and g; = s; so that the approximate problem (12)
becomes

R(u*)
L+k=1357, | £ (uk)]

ub =s;on Ty, ulf(z,0) =ub(z)inQ, 1<i<n,

uf, — d;iAuf = (B; — i)

n n

where R(u) = H uj’ — H ufJ
j=1

J=1

13



Here (9) holds with v = max{}_, a;, >, B;}. Moreover (15) is satisfied since

Zfl(u) logu; = R(u) Z(ﬁl — a;)logu; = R(u){logHuiBi — logHuf‘i} <0. (44)

i=1 =1 =1

Therefore we can apply the results of Theorem 2. But, we will have more
estimates here due to the choice of the s;. Let us introduce

L(uf, s;) = uf(logul —logs;) +s; —ul >0, (45)
the nonnegativity coming from £ > log&+1 for £ > 0 and applied to £ = s;/ uf

Lemma 6

it holds that

{szzldAL(u s)+zd'V“‘ <0 in Qr )

F=0=0," onTr, (F(-,0)= (0>OmQ
Proof: We have u;“ = u;“ (x,t) > 0 for t > 0, and then it follows that
O L(uF, s;) — d; AL(uf, s;)
:Z{(loguf—logsi)( — d;Aub) - Vs:|2}

i

_ R(u¥) [Vup|?
= ZZ: {(1oguf —logs;)(Bi — @i)l At d; o } .

We already checked that Y-, loguf(8; — ;) R(u*) < 0 (see (44)). On the other
hand, )", logs;(8; — @;) = 0 due to the assumption (19). The first estimate of

(47) follows. The boundary conditions follow from u¥ = s; at the boundary so

that L(u¥,s;) =0,0,L(u¥,s;) = 0,uf(loguf —logs;) = 0. O

Now we use the argument of [24], taking a ball Qg such that Q C Q. Let
A1 > 0 and ¢ = ¢(x), ||¢llo = 1 be the first eigenvalue and the associated
eigenfunction, respectively:

—Ap =AMy, >0 in Qy, ¢ =20 on 0.
Let §, = info ¢ > 0.
Lemma 7 It holds that

6¢/S)Ck(x,t) dr < /Qck(x,O) dr - et (48)

where a = min; d;.
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Proof: Thanks to the inequality and the boundary conditions in (47), we have

i/g’w dw—i—/de-'vuﬂQ <Z/Agod»L(ulf si)dr.  (49)
dt Q Q P ¢ ’U,k - 7 Q v LR ’

(2

In particular

d n
—/Ckapdwg—)\lz/diL(uf,si)@ dacg—)\la/ck@ dx.
dt Jo = Jo Q

Whence (48). O

Here we use an elementary inequality.

Lemma 8 (Cziszar-Kullback) For any measurable functions f : Q — [0,00),9 :
Q — (0,00), it holds that

3(/Q|f—g dx>2§ (/9(2]‘-1-49) dm) (/Q[flogg—f—i-g] d:c). (50)

Proof: Since
3l€— 112 < (26 +4)(Elogé —€41),forall £€>0

it follows by choosing & = f(x)/g(z) (assuming f(xz) < oo) and taking the
square root that

1/2 f(x

VA1) - gla) < (250) + 1g() " (1) 1o L~ (a) + 9(2)

If the right-hand side of (50) is infinite, then the inequality holds. Therefore,
we may assume that it is finite which implies that f and g are finite a.e. We
integrate the above pointwise inequality over €2 and apply Schwarz’ inequality
to the second integral to obtain (50). O

1/2

Proof of Theorem 3: By Lemma 7 and Lemma 8 applied with f = u¥ and
g = s;, we obtain

luf (- 8) = sill§ < 5+ Jo (2uf (2,8) +4s;) da- [, L(uf, s;)dx (51)
exp(—aA
< el [ (2ub (e, t) +4s:) de - [|Golh.
This inequality implies also that (after taking the square root)
k —1/2 k 1/2
luglly < si+ (1Coll/30,) =1 [2]luf [l + 4s:|Qf]
This implies that

sup [ul (-, )lls < +oc. (52)

kEN,t>0
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thus we may deduce from (51) that
|uf (-, 1) — sil|7 < Cexp(—at)

with C' > 0 independent of k. Then, Theorem 2 and Fatou’s Lemma imply (20).
O

Remark 7 Going back to the estimate (49), we see that \/uF is bounded in
L2(0,T; H'()) for all i = 1,...,n. In other words, \/uF — \/9i is bounded in
L?(0,T; H} (). Therefore, for any limit u of u* in Theorem 3, (\/u; — \/3i) €
L2(0,T; H}(Q)). In other words, the nonhomogeneous Dirichlet boundary con-
dition is kept at the limit.
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