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Abstract
We propose a new model in a fluid-structure system composed by a rigid body and a viscous incompress-
ible fluid using a boundary condition based on Coulomb’s law. This boundary condition allows the fluid to
slip on the boundary if the tangential component of the stress is too large. In the opposite case, we recover
the standard Dirichlet boundary condition. The governing equations are the Navier-Stokes system for the
fluid and the Newton laws for the body. The corresponding coupled system can be written as a variational
inequality. We prove that there exists a weak solution of this system.
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1 Introduction

We consider the system composed by a rigid body immersed into a viscous incompressible fluid. The domain of
the rigid body at time ¢ is denoted by S(¢). It can be obtained from the initial domain S° by using a translation
and a rotation. The fluid domain at time ¢ is denoted by F(¢) and is the relative complement of S(¢) in . We
thus have the following formulas:

S(t) := h(t) + R()S°,  F(t) := Q\ S(t). (1.1)

More generally, we write for h € R? and for R € SO(3),

S(h,R) := h+RS°, F(h,R):=Q\S(h,R), (1.2)

where SO(3) denotes the classical rotation group in R3.
We model the fluid motion by the classical Navier-Stokes system and the motion of the rigid body by the
Newton laws:

0

%—F(UF'V)UF—diVO'(uF,pF):O t>0, zeF(t), (1.3)
divup =0 ¢>0, z € F(t), (1.4)
mh’ (t) = f/ o(up,pr)n dy t>0, (1.5)

85(t)
(Jw)'(t) = f/ (z — h) X o(up,pp)n dy t>0, (1.6)

85(¢)

R'(t) = A(w(t))R(t) t>0. (1.7)

We have denoted by ¢ the Cauchy stress tensor:
o(up,pr) = 2uD(ur) — prls, (1.8)
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with 1

D(ur) := 5 (Vur) + (Vur)).
We recall the formula

divo(up,pr) = pAup — Vpp.

We have also denoted by n := n(t, z) the exterior unit normal of dF(t).
We write for any w € R3,

0 —Wws3 w2
A(w) = w3 0 —Ww1 . (19)
—Ww w1 0

The mass m and the inertia matrix J are defined through the density ps of the rigid body. To simplify, we
assume in this paper that this density is a positive constant. In that case,

m = ps|S°|

and

J(t) :== ps /S(t) (Jz = h@®)]* = (z — h(t)) ® (z — h(t))) dz. (1.10)

We need to complete the above system with boundary conditions for the Navier-Stokes system. It is usual
to impose the no-slip boundary conditions. A lot of works have been devoted to the corresponding system and
we give here a non-exhaustive lists of papers: [2, 3, 4, 5, 8, 9, 10, 11, 12, 13, 14, 15, 16, 20, 21, 26, 27, 28, 29,
30, 31, 33, 34, 35], etc.

In [26], the authors show that if the solid touches the exterior boundary, then this contact is done with
null relative velocity and null relative acceleration. Such a result, which is related to the Dirichlet boundary
condition, suggests that if at initial time two bodies are not touching, they will never be in contact at finite
time. This result has been rigorously proved in [22] in the case of symmetric rigid body falling over a plane
(see also [23] for the 3D case). Such a property indicates that this model should be modified in order to recover
collisions between rigid bodies.

In the case of a perfect incompressible fluid, it is shown in [24] that collisions occur in finite time. If the fluid
is viscous, Gérard-Varet and Hillairet have proposed two solutions to this problem. In [17], they analyse the
case when the structure domain is not regular. In that case, they prove that collisions can occur and conclude
that roughness is a possible explanation for the lack of collisions: the boundary of the rigid body should always
have some irregularities and this should allow collisions. Another possibility that these two authors consider
in [18] is to change the boundary conditions: instead of a no-slip boundary condition, they take the Navier
condition. In that case, in [19] they prove one can again recover collisions.

In this paper, we propose a different model, with an hybrid boundary condition that follows the Coulomb
laws (see [7, p.134]). With the Coulomb boundary condition, if the tangential component of o(up, pr)n does not
exceed a threshold, then the boundary condition remains the standard Dirichlet boundary condition, whereas if
it equals to this threshold, then the boundary condition corresponds to a generalized Navier boundary condition.
With such a model, we impose a physical upper bound on the tangential component of o(up,pr)n, under of
which the classical Dirichlet boundary condition used for the Navier-Stokes system is kept. In our recent paper
[1], we have studied the well-posedness of the Navier-Stokes system with this hybrid boundary condition in
absence of solids.

Let us precisely write the Coulomb law. To this end, we introduce the following notation: for any vector
a € R3, we consider respectively its normal and tangential components

an = (a-n)n, a;:=nx(axn). (1.11)
In particular, we have the following orthogonal decomposition
a=an,+a;. (1.12)
Let us describe the Coulomb boundary conditions on 9f:

e we assume that the normal component of the fluid velocity ug is equal to 0;

e for the tangential component, we assume that if |(oc(ur,pr)n),| < g, where g is some positive constant,
then (up), = 0 and if |(o(up,pr)n).| = g then (up), is collinear to (o(up,pr)n), with the opposite
direction.



This boundary condition can be written as follows (see Appendix A below):

(up)n =0 t>0, z€ 99, (1.13)
—(up)r € 0I5, ((o(up, pF)n);) t>0, z € O, (1.14)

where I§(07 9) is the characteristic function of the closed ball B(0, g) given by
50, ¢ R} — RU{+oo}
- _J o iffzl<y, (1.15)
z = gy (@)= { +oo if x| > g.

We recall that its subdifferential is given by

{0} if [zo| < g,
0I5 4)(z0) = { {amo; a >0} if [zo| =g, (1.16)
0 if |zo| > g.

On the moving interface 0S(t), we impose a similar condition, but for the relative velocity up — ug, where
ugr(t,x) == h'(t) + w(t) x (x — h(t)). (1.17)

The corresponding boundary conditions write
(up)n = (ur)n t>0, x € OS(t), (1.18)
—((uF)T - (uR)T) € 0I5, ((o(up,pr)n);) t>0, z € BS(?). (1.19)

Finally, we have to add the initial boundary conditions:

h(0) =0, R(0) = Is, (1.20)
R'(0) = £°, w(0) =w?, (1.21)
up(0,z) = ub(z) =€ FO. (1.22)

The aim of this paper is to prove the existence of weak solutions for the system composed by the equations
(1.1), (1.3)—(1.7), (1.13)—(1.14), (1.17)—(1.22). For shortness, we call (SYS) this system in what follows.

Let us describe the structure of the paper. We compute a weak formulation in Section 2 and state the main
result given in Theorem 2.2 below which asserts the existence of a weak solution up to a contact. Due to the
Coulomb boundary condition, the weak formulation corresponds to a variational inequality. One of the main
difficulties in the proof of Theorem 2.2, with respect to the case of the Dirichlet boundary condition, comes
from the fact that the “global” velocity field could be discontinuous at the interface between the fluid and the
structure. It is a piecewise function defined as the fluid velocity field in F(¢) and the solid velocity in S(¢). Such
a difficulty will be overcome by using some approximations in order to obtain a global velocity in H'. This
is done in [18] and in Appendix B we state two crucial lemmas in that direction. In Section 3, we introduce
approximations of the weak formulation given in Section 2: we use a Galerkin method and add a penalization
term that allows to avoid a free-boundary problem due to the motion of the structure. Finally, we regularize the
underlying convex function associated to the Coulomb law. In that case, the variational inequality is equivalent
to a variational equality. Section 4 is devoted to pass to the limit in the Galerkin approximation. Finally, in
Section 5 we prove the main result by passing to the limit for the two other approximations.

2 Weak formulation and main result

In this section, we give some notation used in this paper. We then introduce a notion of weak solution and we
state the main result concerning the existence of a weak solution.

2.1 Notation

Let us denote by L, H* the classical Lebesgue and Sobolev spaces. We also denote by C* the space of k-times
continuous differentiable functions. We write C¥ the set of all functions in C*¥ with compact support.
For oo € Rt and for a smooth domain A, let us introduce the following Hilbert space

V(A)={ve H*(A) : diviv) =0 in A, v, =0 on 0A}.
3



We have in particular
VO(A) = {ve L*(A) :div(v) =0 in A, v, =0 on dA}

n

and
V(A ={ve H'(A) :div(v) =0 in A, v, =0 on JA}. (2.1)

n

If moreover, A is bounded, we also consider the space

Vi) = {v e i) i) =0 A, [

vy dy = ()} . (2.2)
We denote by R the space of rigid velocities:
R := {E—wax:@,weRs}

and for any domain A C , we define the orthogonal projection P4 : L*(Q) — R, i.e. for all u € L*(Q),
/ (u—Pa(u))-vde=0 YveR. (2.3)
A

For any domain S € €2, we define the space
Hr(S) ={veV(Q):3vg € R, Jvr € H(Q), v=vr in Q\ S, v =g in S}.
In particular, for any v € Hg(S), there exist two vectors £,,, w, such that

vr(z) = ly+w, Xz YV € R3, (2.4)
(vp —vR)n(z) = 0 Yz € 0S. (2.5)

For h € R? and for R € SO(3), we consider the operators =5, r and §h7R defined by
Enr()(y) == R*v(h + Ry), yeR? (2.6)

~

Enr()(z) := Ru(R*(x — h)), z€R3, (2.7)

where R* is the transposed matrix of R.
Let consider the following space

Tr = {v € C2([0,T); V2(Q)) : Jog € C1([0,T];R), Fvp € CL([0, T); H(Q))
and v=wvp in F(t), v=vgin S(t)}. (2.8)

For any set A C R3, let us denote
As = {x € A: dist(z,04) > 6} (2.9)

and
A% = {x € Q: dist(z, A) < 5}. (2.10)

2.2 Weak formulation
In order to obtain a weak formulation of (SYS), we define u by
u(t,") =up(t,-) inF(t), wu(t-)=ur(t-) inS().

In particular, we can consider that the solution satisfies u(¢, ) € Hr(S(¢)).
We formally multiply equation (1.3) by v(t,-) € Hr(S(t)) and we integrate in F(t) = Q\ S(t), obtaining

N () PR ey S

z/ o(up,pp)n - vp d’y—!—/ o(up,pp)n-vp dy. (2.11)
89 aS(t)



On 99, we have (vp), =0 and (up), = 0, thus we can write

| oturprn-veay= [ (oturprn).-@r)dy > [ [olur). = altor), + e l|ar (212)

where we have used Lemma A.1 below and (1.14).
On the other hand, on 0S(t), we have

/ o(up,prp)n-vp dy = / o(up,pr)n - vg dy +/ o(up,pr)n - (vp —vg) dv.
aS(t) a5(t) aS(t)

Thus, using identity (2.4), we deduce that

/ o(up,pr)n - vp d'y:/ o(up,pr)n - (ﬁv—l—wv X (a:—h) d7+/ o(up,pr)n - (vp —vR) dy
aS(t) as(t) as(t)
=—mh"(t) - £, — (Jw)'(t) - wy + [o(up,pr)n), - (ve —vR), dy. (2.13)
Using Lemma A.1 below and (1.19) in (2.13), we obtain
/ o(up,prp)n-ve dy = —mh"(t) - £, — (Jw)'(t) - w,
85(¢)

+/ g|(up —uR).| d'y—/ g|(vFp —vR +ur —ug),| dy. (2.14)
S (t) o5(t)

Let us assume that v € 77, where 77 is defined in (2.8). In this case, for any ¢ € [0,T], we get v(t,-) €
Hp(S(t)). Then, using (1.4), (1.13) and (1.18), we deduce that

0 d 0
/ (—i—(uFV)) up -vp dr = — Up - UF dx—/ up - [Q}F—i-[(up-V)vF]} dx. (2.15)
F(e) \0% dt J7 o ot

Gathering (2.11)—(2.14) and (2.15), we deduce

d 8111:*
4 v dz — | V)vr]| d
dt Jr up - vp dr /f(t) U [at + [(ur )UF]:| T

+2p o D(up) : D(vp) dx + %(mh/(t) .ev) —mh!(t) - £, + % [(Jw)(t) 'Wv:| — (Jw)(t) - W,
+ /as(t)gKUF —UR +vF —UR);| dy— /85(t)g|(uF — UR)7| al’YJr/Em {g|(uF +vp),| *9|(UF)T|}d7 > 0.

(2.16)

We can then integrate (2.16) on [0,T] to obtain
- / u% - vp(0,-) dz —ml° - £,(0) — J%° - w,(0)
FO
g v r ’ / T ’
- up - |—=— + [(up - V)vp]| dz dt — mh'(t) - £,(t) dt — J(t)w(t) - w,,(t) dt
o Jre ot 0 0
T T
w2 [ [ D) Der) dwdtr [ [ [oltwr +ve)] = gl(ur) ]y d
o Jrm o Joa

T T
+/ / g9|(up —ur +vrp —vR),| dy dtf/ / g|(up —ur),| dydt >0. (2.17)
o Jasw) o Jasw)

Setting
ul(z) =00+ x 2,



we can rewrite the above system as follows:

—/ u% - vp (0, )dm—/ psu% - vgr(0,-) dx
80

/ / g - [H(UF V)UF] do dt — / / psun - {—i—[(uR-V)vR}] do dt

+ 2p/ D(ur) : D(vp) dx dt +/ / gl(up +vrp);| — g|(uF)T\]d7 dt
o JF@ o Jog

T T
+/ / g|(up —ugr +vr —vg).| dy dtf/ / g|(up —ugr).| dydt>0. (2.18)
0 Jas(t) 0 Jos(t)

This weak formulation allows us to introduce a notion of weak solution for (SYS):
Definition 2.1. A weak solution of (SYS) is a triplet (h, R,u) with the following properties:
(h,R) € WH>°(0,T;R? x SO(3)), S(t)eQ (te(0,71)),
u € L®(0,T;V(Q), wult,-) € Hr(S()) a.e in (0,T),
up € L?(0,T; HY(Q)), wug(t,z) =k (t) + w(t) x (z — h(t)),
(1.7) and (1.20) hold true, (2.18) holds true for any v € Tr and

/|uF |2dx+ps/|u dac—l—Qu// : D(up |2dacdt+// glup| dy dt
F(t
+/ / glup —ug| dy dt < f/ [u%|? dx + —S/ lu%|? dz, (2.19)
0o Jas(t) 2 Jro 2 Jso

We are now able to state the main result of this paper:

Theorem 2.2. Assume S° € Q, d8° and 0Q are of class CH1, u% € V2(Q), ul € R with (u%), = (u%), on
O8°. Then, there ezist T € (0,00] and a weak solution of (SYS) in (0,T). Moreover, we can choose T such
that one of the following alternatives holds true:

1. T = o0y
2. lim dist(S(¢),00) =0
t—=T

for almost every t € (0,T).

Let us give some remarks on this result.

1. We could present a 2D version of our model and we could prove the same result as Theorem 2.2 for this
case.

2. The system (SYS) is a free-boundary fluid-structure interaction system: the position of the rigid body
is unknown and thus the fluid domain is variable in time and is one of the unknowns. Among the
classical methods developed in the literature, one can quote the introduction of penalization term in the
approximations of the governing equations: one can approach the fluid-structure system by a fluid system
in the whole domain € with an additional term on the structure part in order to recover at the limit the
rigid motion. This penalization can be seen as a viscosity term: the rigid body is approximated by a fluid
with a large viscosity. This is the method introduced in [26]. The penalization term could be also obtained
as an approximation of the orthogonal projection on the space of rigid velocities defined in (2.3). This is
the method introduced in [2] and the one we consider here.

3. Another difficulty here, due to the boundary condition, is the fact that the global velocity u, which is
equal to ug in S(t) and to up in F(t), may not be in H' since only the normal traces coincide.

4. The test functions (which belong to 77) could not be in H' space. In order to overcome this difficulty,
we will need some tools to approximate the test functions by more regular functions. This technical part
was developed in [18] and we apply several of their results.

5. Finally, the last difficulty comes from the nonlinearity due the boundary conditions. This corresponds
to the boundary integrals in (2.18) and the fact that this relation is an inequality. In order to deal with
it, we regularize the convex function z — |z| by a smooth convex function. In that case, the inequality
becomes an equality.



3 Approximations of weak formulation of (SYS)

We consider an approximation of weak formulation of (SYS) parametrized by three parameters € > 0, M,k €
N*. The parameter ¢ > 0 corresponds to the regularization of the function j : R® — R, z + |z| in (2.18), the
parameter M corresponds to the Galerkin method (cardinal of the basis) and k corresponds to the penalization
term that allows to avoid a free-boundary problem in the approximation.

For any € > 0, we introduce convex regularized functions j. € C!(R3) that approximate j and are defined by

|z] if |z| > e,
Jel@)=q 1 ., & . (3.1)

— — if |x| <e.

28|:z:| + 5 | |z| < e

In particular,

Vij(z) x>0  VrecR3 (3.2)
Vie(z)| <1 VzeR’, (3.3)
2] < jo(@) < |2| + g Ve € R3. (3.4)

We use a Galerkin method. To this end, we introduce an orthonormal basis (v;);>1 of V,%(Q) such that
vj € V,1(2) and we write
Var = span{vy,...,vp}e
Then we consider the approximate problem: find h=*™ e C([0,T];R3), R&&M ¢ C1(]0,T); SO3(R)), a; €
C(0,T) such that

SERM (1) := hoRM () 4 REFM (1) SO, (3.5)
usFM (L x) € Viy (3.6)
satisfying the equations

dh=" t) = e usFM (¢, x) dx (3.7)

dt T m Seok, M ps ’ ’ ’

dRe,k,M
(t)=A (Jgglk,M / ps(x — hoFMY sy kM (¢ ) d:v> ReRM (3.8)
dt ' Sek, M

rERM0) =0, REFM(0) =13 (3.9)

and

EkM@uE’k’M e kM ek, M ek, M
Pt vdet | o [(@seone yus™™ - V)usBM] v do
Q Q

+ 2,u/ D(us*M) : D(v) dz Jr/ gV (uHM) v dy
]:e,k,M(t) oN
+/ ng(us’k’M — Pss,k,M(t)us’k’M) : (U — PSs,k,M(t)U) d7
HSe k.M (4)

+ k/ss,k,M(t) (usFM — Pseenr yu=*M) - (v — Psearyv) dz =0, (3.10)

for any v € Vi, with the initial condition u®*M (0, z) being the orthogonal projection of u® on Vj,. Here, we
have written
PP M= (1 = Tigrens) + psllgr.en, (3.11)
FoRM4) .=\ S=kM(t)
and

Jseint = ps / (|2 — P M @) — (@ — B*M(0) @ (2 — hoPM (1)) de.
Se,k:,M
We have also used the operator

Qgrent : L2(0,T; V3H(Q)) — L2(0,T; Vy (R?))



defined as follows: for any v € Vi () we extend it to a function in Vg (R3). Then, we consider the change of

variables:
V(t, ') = Eha,k,M(t)’Ra,k,M(t) (v(t, )),
where E is defined by (2.6). Thus, we can define
VOk = ARV, PsoV],

where A%92 is defined in Proposition B.1 from Appendix and Pso is defined by (2.3). Finally,

where Z is defined by (2.7).
Note that
st,s,MU —9v 1in O \ (Sk,s,M)5

and
st,e,MU = ng,s,MU in Sk’E’M.

From (3.6), we can write
M
W (4 2) = 3 a0y (o),
j=1

where coefficients a; depend on ¢, k, M. The system (3.5)—(3.10) can be written as follows:

%(hk,s,M7 Rk,E,M’ CL) _ F(hk’E’M, Rk’E’M,CI,),

with F' a Lipschitz continuous function. Thus, using the Cauchy-Lipschitz Theorem, we deduce the existence

and uniqueness of a local solution (h*=M RE:SM ) and uy . s of the system (3.5)—(3.10).
Moreover, we can deduce the following energy equality:

1 t t
- / ps,k,M|us,k,M(t)|2 dx 4 2:“/ / |D(us,k,M)|2 dx 4 / / ngg(Us’k’M) . us,k,M d’}/
2 Ja 0 JFek Mg 0o Jon

t
+/ / ngg(us’k’M — Pss,k,M(t)uE’k’M) . (’U,E’k’M — Pse,k,M(t)uE’k’M) d’y
0 Jo8=kM(t)

1

¢
+ k/ / |us kM PSs,k,M(t)us’k’M|2 dzx = f/ M (0)[umM (0)|? da.
0 J8=:kM(t) Q

2

This identity and (3.2) yield the global existence in time of the solution (h*sM Rk.&M

We can write
ek, M _ Es,k,M +w5,k,M % (CL‘ _ ha,k,M)

PSs,k,Mu
and in that case, equations (3.7) and (3.8) write as
(he,k,M)/ _ ga,k,M and (Ra,k,M)/ — A(wa’k’M)RE’k’M.
By definition, we also have
Qgs,k,M(t)Us’k’M — gs,k,M +ws,k,M % (a: _ hs,k,M) in Ss’k’M(t),

then, from (3.5) and (3.11), we deduce that

aps,k,M
ot

+ st,k,M(t)UE’k’M . Vps’k’M =0.

Therefore,

skMaUE’k’M ek, M ek, M ek, M
po T-Ud:v—l— po [(st,k,M(t)u” V)usPM] o da
Q Q

auk,s,M)~

(3.12)

(3.13)

a £ £ £
:/Q L% + (QSs,k,M(t)U kM V) (p kMo, ’k’M) -v dz.

8



Assume now that v € C1([0,T]; Vas). Using the above relation, we get

EkMau&k’M ek, M e,k,M e,k,M
p= T-vda}—l— p= [(st,k,M(t)U” -V)ustM] o da
Q Q

d

0
= a ; ps,k,Mus,k,M -vdr — /Q |:8t + (Qgs,k,M(t)us’k’M . V):| v - (ps,k,Mus,k,M) d. (3.14)

Inserting (3.14) in identity (3.10) and integrating in [0, 7], we deduce

T
0
- / pPus M (0) - v(0) da — / / L% + (Qge,k,M(t)us’k’M . V)} v - (ps’k‘MuE’k’M) dz dt
Q o Ja
T T
+ QM/ / D(us*M) . D(v) dx dt —I—/ / gV (us*M) v dy dt
0 Feki M (¢) 0 o0
T
—|—/ / gVje(ushM — Psg,k,M(t)uE’k’M) (v = Psernmyyv) dy dt
0 Joser(p

T
+ k/ / (uPM — Pt (nus™M) - (v — Pseeni(yyv) do dt = 0. (3.15)
0 J&=kM(y)

4 Passing to the limit in Galerkin method

Our aim is to pass to the limit in (3.15), as M — oo. This section is similar to Section 4.3 in [18], and for this
reason, we only point out the main steps and the differences.
Using (3.12), there exist
us* € L°°(0,T, V2 (Q)) N L*(0, T, V,1 ()

and a sequence M = (M;) > 0 such that

st M Sk weakly * in L>°(0,T,V,2(Q)), (4.1)
utPM SR weakly in L2(0,T, V1(Q)). (4.2)

In order to simplify, we write
U;hM = Pss,k,MUE’k’M, (43)

so that
ug Mt ) = £50M (1) + WM (1) x (z — M (1)),

Using again (3.12), we deduce the existence of

ush e L2(0,T; R)

such that
uPM ~uSF weakly in L2(0,T; R). (4.4)
Since
Ol ge.k,m + div (u%’k’M]lSs,k,M) =0, Lgewnm(0,-)=Iso, (4.5)

we deduce from (4.4) and from the compactness result due to DiPerna-Lions (see [6], [25] and also [26]) that

Lgeonr — Lgew weakly * in L°°(0,T, L>(£2)), (4.6)
Ngexnr — Ngex  strongly in C°([0,T); LP(2)), 1 < p < oo, (4.7)

where the characteristic function 1 g-,» satisfies the equation
Ol ger + div (u;knsa,k) —0, 1Lgx(0,-) = Lgo. (4.8)
Moreover, there exist h®* and R*** such that
SR (t) = S(hek(t), RE* (1)) vt € [0,T). (4.9)
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Combining (4.2), (4.4) and (4.7), we deduce

M

Pgeru®®M — Po.usF weakly in L*(0,T,R),

Pgewmut®M  Pous*  weakly * in L®(0,T,R),

pek M _ pek M weakly * in W1’°°(0,T; R?’),
ReMM  RERAM weakly * in WH°(0, T; SO(3))

and the following relations
Py - L
dt o m Jge.k

psust(t, x) dz,

dRa,k 1
g7 (t)=A <J$€,k / ) ps(x — he*) x uSk(t, x) d:c) Rk,
se

REE(0) =0, R%F(0) = Is.

Let us prove now that

Qgevru®FM ~ Qge sk weakly in L2(0,T,V,}(Q)).

We follow the construction of the operator @ ge.x»: we consider

Us,k,M ua,k,M)’ Us,k _ Ehs,kyRs,k(UE’k).

= Ehs,k,M7Rs,k,M(
Using (4.2), (4.12), (4.13) and Lemma A.2 in [18], we deduce that
uskM sk weakly in L2(0, T, VL (R?)).

Thus,
ASOIR[UERM | Poo sk M] — ASRIUSF, PooUSF] weakly in L?(0,T, V,, (R?))

and finally we obtain (4.17) by using again Lemma A.2 from [18].
Due to convergences (4.6)—(4.7) and identity (3.11), we deduce

por M =R eakly * in L°°(0, T, L°°()),
poR M pek strongly in C°([0,T; LP(Q)), 1 < p < <.

In particular, we deduce that
pa’k’MuE’k’M — pa’kua’k weakly * in L*°(0, T, L2(Q)).

Let us fix i > 1. We write P : L*(Q) — L2(Q) and P, : L%(Q) — V; the orthogonal projections.
From (3.10), we deduce that, for M > i,

%ﬁi(pg’k’MUE’k’M) +PFRM — 0 in D'(0,T; [HE(Q)]"),

where for v € D(0,T; HL(Q)), we use the notation
T
<F8’k’M,U> = —/ / pe’k’M [(QSE,k,M(t)UE’k’M ~V)U] cusPM e dt
0o Jo
T T
+ Qu/ / D(us*M) : D(v) dxdt Jr/ / Ve (M) dry dt
0 Feok M (¢) 0 o0

T
+/ / QVjE(UE’k’M — Psa,k,M(t)uE’k’M) . (v — Psa,k,M(t)’U) d’)/ dt
0 JoasskM(g)

T
+ k/ / (usFM PSE,k,M(t)UE7k7M) (v = Pgex,myyv) du dt.
0 ek M (¢)
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One can show that (P,F=*M),/ is bounded in L2(0,T; [H2(€)]*) (with a bound that may depend on ¢ and
on k). In this step, we use the property (3.3) and the trace theorem for the boundaries terms. The other terms
can be estimated in a standard way. Using the Aubin-Lions compactness result (and (4.20)), we deduce

ﬁi(pe’k’Mug’k’M) — ﬁi(ps’kus’k) strongly in L*(0,T; [HX(Q)]*),

E,k:,Mus,k,M)

as M — oo. Using the uniform bound (in M) of (p , we deduce that

ﬁ(pa’k’MuE7k’M) — ﬁ(pa’kug7k) strongly in L*(0, T; [HL()]).
Then, using the same method as in [25, p.47], we deduce that
pe ks Mys My [pekySk strongly in L2(0,T; L*(Q)). (4.23)

From (3.11), we have

L =(1-1 L 1
W_( —_ Sk,s,M)"—? Sk,s,M,

then due to convergence (4.7), we obtain
1 1

ek, M - e,k
P Vo

Combining the above convergence and (4.23), we deduce

strongly in C°([0, T]; L3(9)). (4.24)

ustM g gk strongly in L2(0,T; L%/°(Q)).
The above convergence and the fact that (us**),; is bounded in L%(0,T; L5(12)), yield that
uS kM gk strongly in L?(0,T; L*(2)).
The above convergence and the boundedness of (u®*™),, in L2(0,T; H*()) imply that
ustM = h strongly in L2(0, T, V,24()). (4.25)

We are now in position to pass to the limit in the boundary terms in (3.15). In order to deal with the term
/ Ve (us*M — Pss,k,M(t)uE’k’M) (v = Psexnmgyv) dy,
Sk M (t)

we make a change of variables for writing the integral on a fixed domain: we extend u** and u* by 0 at the
exterior of ) and we write

Us’k’M = E.hg,k,M7Rs,k,M(u€’k’M), Us’k = Ehs,k)Rs,k (us’k),

ekM _ — ek, M ek . ek
UR = uhs,k,M’Rs,k,M(PSs,k,M(t)U ), UR . ),

Ehs,k’Rs,k(PSs,k(t)U

Ve’k’M : Ehs,k,M,Rs,k,M(U), VE’k = Ehs,k7Rs,k(’U),

Vé’k’M = Ehs,k,MvRs,k,M(Pss,k,M(t)'U), V;’k = Eha,kvRs,k(PSE,k(t)'U).

Then, we get
/ Ve (usmM — PSs,k,M(t)Ug’k’M) (v = Psernmpyv) dy
88k M (¢)
:/ 0 VjE(Rs,k,MUs,k,M _ Rs,k,MU;,k,M). [Rs,k,MVs,k,M _ Rs,k,MVI?k,M dry.
oS

Applying Lemma A.2 from [18], we obtain

UskM _, ek strongly in L*(0, T; Hfo/cél(R?’)), (4.26)
UztM = Uzt strongly in L2(0,T; HL, . (R%)), (4.27)
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yekM _yek  strongly in L2(0,T; HE (R?)), (4.28)
Vlg’k’M — VI‘;”“ strongly in L*(0,T; H. .(R?)). (4.29)

Using (4.13) and that Vj. is a bounded continuous function, we deduce
T
/ / Ve (usPM — Pss,k,M(t)us’k’M) (v — Psexnm(yyv) drydt
o8e k.M

T
— / / ng(us’k - PSs,k(t) k) (’U — Pge, O ) d’}/dt
0 JoSs=k(t)

Using similar arguments and standard techniques for the Navier-Stokes system with Dircihlet boundary
conditions, one can pass to the limit as M — oo in all the other terms in (3.15). We thus obtain that
(he*, REF u&k) satisfies the following identity, for any v € C1(]0,T); V.1(Q)) :

T
— / p%u® - v(0) dz — / / {8 + (Qsa,k(t)us’k . V)} v - (ps’kus’k) dz dt
Q o Ja Ot
T T
+ Qp,/ / D(u®*) : D(v) dx dt +/ / Vi (u®*) v dy dt
0 JFek(t) 0 0N

T
—|—/ / gVje(usF — Pse,k(t)us’ )+ (v — Pseryv) dy dt
08e -k (t)

T
+ k/ / (usF — Pss,k(t)us’k) (v = Psexyv) de dt = 0. (4.30)
Se k(t

By a density argument, such a relation holds true for any v € W1>°(0,T; V,2(2)) N C2([0,T); V,1(2)).
Since
1 e D(uSFM) = Mgk D(u®F)  weakly in L?(0,T; L*(Q)),

2,u/ / usP)|? dx dt < hmlnf2u/ / |D(us"M) |2 da dt. (4.31)
Fe, Ic Fek, M(t

Using standard techniques (see, for instance, [32, pp.290-291] and similar arguments as the one above to deal
with the boundary terms, we deduce from (3.12) the following energy estimate:

1 t t
- / pg’k(t, _)‘ua,k(t7 >|2 dx + 2:“/ / |D(ue,k)|2 de dt + / / ngg<u6’k) . us,k d7 dt
2 Jq 0 JFek) 0 Joq

t
—I—/ / Ve (usF — Psa,k(t)us’k) - (uS* — Pgen U Y dy dt
0 Joaser(t)

¢ 1
+ k:/ / [usk — Pse,k(t)us’k|2 dz dt < 7/ PPl dx, (4.32)
0 JS=k(1) 2 Jq

we deduce

for almost every t € (0,T).

5 Proof of Theorem 2.2

In this section, we pass to the limit in k£ and ¢ in the relations of the previous sections.

5.1 First convergences

In order to deal only with the variable k, let us take

This precise relation is not used below, we only need that e goes to 0, as k goes to co. In all what follows, our
convergences correspond to subsequences (k;);, with lim; k; = oo, whereas ¢y, is obtained from k; through the
above relation.
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For any (h, R) such that dist(S(h, R), 9€2) > 24, we can construct an extension operator
Erm.r) : VI (F(h,R)) =V, (Q) (5.1)
such that

IEznh.ryullin ) < Cs

/ D)2 do +/ uf? da| | (5.2)
F(h,R) F(h,R)

with Cs independent of (h, R).
Taking § such that

1
0<d< dist(S°, 09), (5.3)
we deduce from (4.14)—(4.16) and from (4.32) that there exists a time T > 0, uniform in € and %, such that
dist(S=*(t),00Q) > 26 (t € [0,T)). (5.4)

We write

k
U;;’v = Ef(hz,k’Rs,k)u67k.

We deduce from (5.2) and (4.32) that, up to a subsequence,
ue,k —~ Weakly *in L™ (0, T, VS(Q)L
“;’k — g weakly in L*(0, T, V,1 (Q)).

We also deduce that u;k = Ps-xu®* is bounded in L%(0,T;R), so that

uSb s up  weakly in L2(0,T, HY()). (5.7)
Thus, we deduce

Tgew — s weakly * in L>°(0,T, L>°()), (5.8)
Tger — s strongly in C°([0, T]; LP(Q2)), 1 < p < oo,

where the characteristic function 1l s satisfies the equation
O llg + div (uR]ls) =0, ]13(0, ) = L go. (5.10)

Moreover, there exist h and R such that

S(t) = S(h(t), R(t)) ¥Vtel0,T], (5.11)
Rk —~ h weakly * in W1°(0,T), (5.12)
R*F = R weakly * in WH*(0,T) (5.13)
and i )
—() = — t d .14
0= [ psutt.a) da, (514)
dR 1
E(t) =A(Jg ps(z —h) X u(t,z) dz | R, (5.15)
s
h(0) =0, R(0)=1Is (5.16)
We can also check that
ur = Psu,
then (5.7) writes
Pgexu®® =~ Psu  weakly in L?(0,T, H'(Q)). (5.17)

From (4.32), we also obtain

| Lgen (uF = Pseor sy (5.18)

i
u® )HL2((O,T)><Q) S /2
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and thus, using the decomposition
uF = (1= Lge) (uF) + Lge (U — Penu™) + Lgen (Pserut), (5.19)
together with (5.6), (5.7), (5.9) and (5.18), we get
u=(1—-1s)ur + Lsug. (5.20)

We now define
VE(Q,8) ={veV(Q); Dv)=0 inS} (5.21)

and we consider the orthogonal projection (in V,(12))
P?[S]: V() = VA(Q,S).

Following the arguments of Proposition 7.1 from [26] (see also Section 5.5 of [18]), we can obtain that for
s €(0,1/3), there exists By > 0 such that for any 8 € (0, 5p),

lim /0 ' /Q oS USSR (1)) Ju do dt = /0 ' /Q pu- PPI(S(1)) Ju da dt. (5.22)

k—o0

The idea of this result is that for a small time interval, S*(¢) C (S(t)) 3» S0 that for any test function in
VE(Q,5(t)), the penalization term in (4.30) disappears and since j. satisfies (3.3), we can apply the Aubin-
Lions compactness result.

Then, using Lemma 5.3 of [18], we can deduce that

T T
lim/ /p‘e’k|us’k|2 dwdt:/ /,0|u\2 dx dt, (5.23)
k=ooJo Ja o Ja

usF — u  strongly in L*(0,T; L*(Q)). (5.24)

and thus, we finally obtain

We deduce from (5.24) that
u (a0 = ujaays  strongly in L*(0,T; L*((992)°)), (5.25)

where (99)° has be defined in (2.10). Moreover, since dist(S**,9Q) > ¢, the energy inequality (4.32) yields
that the sequence (u®*|50)s) is bounded in L*(0,T; H'((0€2)°)). Thus,

ug’kKaQ)a — (up)|(aays strongly in L*(0,T; H*((0Q)%)), s<1 (5.26)
and, in particular,
us® — up strongly in L?(0,T; L*(0Q)). (5.27)
Let us write
U:=Zpru), U™ :=Z,cn ger(u®h). (5.28)

We deduce from (5.24) and from the continuity of translations in L? that
Ue’kl(so)(;\@ — Uj(s0ys\g0  strongly in L2(0,T; L2((8%)% \ 89)). (5.29)

Moreover, since dist(S%*,00) > §, the energy inequality (4.32) and a standard calculation yield that the
sequence (Us’kl(so)é\ﬁ) is bounded in L2(0,T; H'((S°)? \ 8°)). Thus,

RMUSF| goy50 = RU(soynz0  strongly in L2(0,T; H*((8°)°\ 89)), s <1 (5.30)
and, in particular,
ReFUSkE 5 RU  strongly in L?(0,T; L?(9S?)). (5.31)
We recall that
(Pgeraru MY (8, ) = £50M (8) 4 woBM (1) x (z — hoFM (1)) (5.32)
and
(Psu)(t,x) =L+ w x (x — h), (5.33)
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with

SR M () = 1 psustM(t, ) d, (5.34)
m Jge.k,M
wa’k’M(t) = Jsa,k,M (t)il/ PS(‘T - he’k’M(t)) X ug’k’M(t7m) dx’ (5'35)
Se,k,M
ot) = 1 / d (5.36)
=m SPSU Ly ’
w(t) = J(t)1 / ps(@ — h(t)) x u(t, z) dz. (5.37)
s

From formula (1.10) and convergences (5.12)—(5.13), we deduce that
Jgten — J71 strongly in L>(0,T).
Using the above convergence, (5.34)—(5.37), (5.9) and (5.24), we deduce

Psermu®®M — Psu  strongly in L?(0,T;R). (5.38)

5.2 Approximations of the test functions

We prove here a result concerning approximations of the functions in 77. A similar result was considered in
[18].

Proposition 5.1. Let us fit « > 3/2 andn > 0. Assume v € Ty (see (2.8)) and that vy has its support in .
Let us assume that, for all € and k large enough,

1B = h=*lleo o, 71m3) + 1R — R** oo, 11:50(3)) < g (5.39)
Let us write N N
’U;Zk(t,$) = Ehs,k)Rs,k o Eh,R(’UF), U;k(t,l‘) := Ejc.k _pek O -—‘h,R(UR)
Then, there erists a sequence
vk e WH (0,5 V() N C2([0,T); V, (2)
with the following properties
R 5w strongly in C°([0, T]; L*(Q)), (5.40)
LrxD(*) — 1zD(vp) strongly in C°([0,T]; L*(Q)), (5.41)
ek &k —a/3
v YR CO([0,T);L2(S=:F)) g 05k (”UFHCO([OvT];Hl(Q)) + ”vR”CO([O:T]?R))’ (542)
[ Loy = O, (5.43)
vF strongly in L*(0,T; L?(09)), (5.44)
vk = ot in R®\ 8K (¢), (5.45)
0 0
Tger [at + (Psz,k(t)ue7k V)] vF o g [81? + (Ps(yu - V)} vr  strongly in L*(0,T; L*()), (5.46)
e,k
1 20 L 122 ongly in L2(0,T; L2(Q). (5.47)
ot ot
Proof. We extend v as a function of C°([0, T]; V,%(R?)) and we use the change of variables
V.= Eh,R('U)v VF = Eh,R('UF)a VR = Eh,R(UR)- (548)
Then, we can define B
Vk = A(s’&/k [VF, VR],
where A%%2 is defined in Proposition B.2 from Appendix. We then use the change of variables
V= Bk gen (VF), 025t 2) i= Bk e (Vi), 0535 (t,2) = Epe per (Vi) (5.49)



From the properties of K‘w/ka, we have
vt = ot in (STH(E);

)
R =02F i R\ §5R(1)

and
e,k e,k —a(1/p—1/6)
’ v B leo((o,1);07 (55k)) < Cspk (”UFHCO([O,T];HI(Q)) + ”vR”CO([O,T];’R)) Vp < 4,
ek _ &k 203
‘ ° B leo o,y (seny S Csok (HUF||CO([0,T];HI<Q)) + ||UR||c0<[0,T];R>>'
Here we have used that (v;k) = (v%’k)n,
Using the continuity of translations in L* and convergences (5.12)—(5.13), we deduce that
v?k — vp strongly in C°([0, T]; L*(Q2)), vf%’k —wg  strongly in C°([0, T]; L*(Q)). (5.50)

Using this property and the estimates on v®F — v%’k, we deduce (5.40).
Note that from (5.48), (5.49) and (5.39), the support of v;’k is included in €,,/2, so that v®*(¢,-) € V,}(€).
Using again the continuity of translations in L?, we deduce (5.41). In particular, in a neighborhood (92)°
of 992,
v = v strongly in L2(0,T; H((6Q)%))
and thus we obtain (5.44).
From (5.49), we deduce

- av* AP
Sher per = gt — WP X 0 4 (Pgesutt . V)oSk, (5.51)
~ G1% ov"
Ehsv’“,Re,k’TtF = 21; — Wk x v%’k + (Pgesus® - V)U;’k, (5.52)
= G1% ov"
e g’t“ — Wtk oS 4 (Psenutt - V)Gt (5.53)

Combining the identity
ovk Roke oVr OVg
ot [W’ W}
with (B.14), we deduce that

Tge.x {(8815 + Pgerus® 'V) (v=F — o5F) — Wk x (vF v;’k)} — 0 strongly in L(0,T; L*(Q)).

Since (w**) is bounded, (5.50) and the above relation yield to the following convergence:

0
Lge. {(875 4 Pgesus" . V> (v — v;{k)} — 0 strongly in L?(0,T; L*()). (5.54)

From (5.48), we also have

= 8VR o 8’UR

ZhR o ot —w X VR + (Psu . V)UR7
so that, using Lemma A.1 from [18],

8 E,k
21;” — Wk x v;;k + (Pgeru® - V)v;;k — 5 ~WXUR + (Psu-V)vg strongly in C°([0,T]; H*(Q2)).

Combining the above limit with (5.50), (5.38) and (5.9), we deduce

8’UR

e,k
Lser {ag“ + (Psenust - V)v;k} — 1s {aa“f + (Psu - V)vR} strongly in L*(0, T; L*(92)).

The above relation and (5.54) yield to convergence (5.46).
Similarly, we have

ovg" 0
glz — WP uSF 4 (Pgerust - V)05t — % —w x v+ (Psu-V)vp strongly in C°([0,T]; H'(Q))
and using (5.41), (5.38), (5.50) and (5.9), we deduce the convergence (5.47). O
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5.3 Passing to the limit

We fix v € Tr (see (2.8)) and a sequence (vS*) as in Proposition 5.1. Taking v*** as a test function in (4.30),

we obtain

T
- / p°u® - v=F(0) da — / / {8 + (QSE,k(t)UE’k : V)} (P Fu) dz dt
Q o JalOt
T T
+ 2/1/ / D(u®*) : D(v**) dz dt +/ / Vi (uSF) - v=F dy dt
0 JFer) 0o Joq

T
+/ / gV je(uF — Pseeyu®) - (v5F = Pseoyv™*) dy dt
0 Joassk(t)

T
+ k/ /8 o )(ug’k - Psg,k(t)ug’k) (v — PSs,k(t)’Ue’k) dx dt = 0.
<k (t

Step 1: From (5.40), we deduce

/ p°ul - v5F(0) do — / p°u® - v(0) da
Q Q
Step 2: We write

T T
2,u/ / D(uf*) : D(v**) dz dt = 2/1/ / Il]:a,kD(U?vk) : D(vF) dx dt.
0o JrFer 0o Ja

The above relation combined with (5.6) and (5.41) yield to

T
Z;L/ / D(u*) : D(v®*) dx dt — Qu/ D(up) : D(vr) dz dt.
0 JF=k(t)

F(t)
Step 3: Since j. is a convex function, we can write
Vie(@F) - 05% 4 o (uF) < e (o™ +uF).

On the other hand, from (3.4), we deduce that
. T
(je(us*) — |up|) dzdt| < =T|09Q —|—/ / |usF — up| dxdt.
2 o Joa

The above inequality combined with (5.27) yield to the following convergence:

//]E ! dxdt—)/ / |lup| dz dt.
o o

Similarly, using (5.44) and (5.27), we obtain

T T
/ / je(ue’k + ’Us’k) dx dt — / / |uF + UF| dz dt.
0 [o]9) 0 o0

onN

Consequently, we get

T T T
/ / glup +vp| dedt — / / glup| dzdt > limsup/ / gV (uSF) 0=k dy dt.
0 o0 0 o 0 [519]

(5.55)

(5.56)

(5.57)

(5.58)

(5.59)

(5.60)

(5.61)

Step 4: In order to deal with the term on dS%*(t), we use the change of variables (5.28) and (5.49). We write

Wk = Epck pen (Psenu®F), W = E; p(Psu).
From (5.12)—(5.13) and (5.38), we obtain that

WeF W strongly in L*(0,T; L?(9S°)).
17
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We also write
7% .= Zck gen (Psenv™F),  Z:=Ep, r(Psv)

and from (5.42), (5.12)—(5.13) and the fact that v%’k(t, -) € R, we conclude
Z&% — Z  strongly in C°([0, T]; L*(8S?)). (5.63)

Using the change of variables and the convexity of j., we obtain
T
/ / gVije(usF — Pss,k(t)us’k) (v — Pss,k(t)vs’k) dry dt
o Josek(t)
T
_ / / gvjE(Rs,kUe,k _ Rz—:,kWs,k) A (Rs,kve,k _ Rs,kZE,k) d’}/ dt
0 oS80
T
</ / ng(RE,k:UE,k _ R{—:,kwa,k + Re,kvé‘,k _ Re,kze,k) d'}’ dt
o Jaso

T
- / /680 gje(R*FUSF — ROFWF) dy dt - (5.64)
0

and we deduce from (5.31), (5.62)—(5.63) and (5.45) that
T
/ / ng(Rs,kUs,k _ RE,kWE,k +Rs,kvs,k _ Rs,st,k) d’}/ dt
0 oS80

T T
— / / g|RU — RW + RVp — RZ| dvy dt = / / glur — Ps@yu +vp — Psyv| dy dt  (5.65)
o Jaso o Jas)

and

T
/ /880 ng(Rs,kUs,k _ Rs,kws,k) d’)/ dt
0

T T
— / / g|RU — RW| dy dt = / / glur — Psyul| dy dt.  (5.66)
o Jaso o Jos()

Consequently, we get

T T
/ / glup — Ps@yu +vp — Psqyv| dy dt — / / glup — Psyul| dy dt
o Joas(t) 0 Jos(t)

T
> lim sup/ / gVje(usk — Pss,k(t)us’k) (vSF — Psa,k(t)vs’k) dy dt. (5.67)

0 Joasek(t)

Step 5: Gathering (5.18) and (5.42), we deduce

T
k/ / (usk — Pse,k(t)u87k) (v — Psa,k(t)'va’k) dz dt
0 Jsek@)

< klus* = Pseeyu™¥ || 20,732 (526 (1)) 105F = Psee 0™ | 2(o,miz2s20ey)) < CEY?7/% (5.68)

and, since a > 3/2, it follows that
T
k / / (WS — Psergpyus®) - (v — Pgenyo™*) da dt — 0. (5.69)
0 JS=k(t)
Step 6: We first write
Trro
—/ / [ + (an,k(t)u57k . V)] vk (pa’kua’k) dx dt
o Ja Ot
r 0
= 7/ / 1 ren { + (Qsa,k(t)ua’k : V)} voR L uSk d dt
o Ja ot

T

f/ / pslger [3 + (st,k(t)us’k V)| vSF - uSF da dt.
o Ja ot
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In S5*, we have the relation
st,k(t)us’k == Pss,k(t)ua)k.

From (5.46), the above remark and (5.24), we deduce that

/ / pslger [(% (Qser(yu’ ok )} kL uwSk dr dt — — / / psls [ + (Psu - V)} vR - u dx dt.

Using (5.47) and (5.24), we obtain that

e,k
//11;“8” S de dt — — //11;— w dz dt.

For the last term, we first use (5.41):

I zex Voof — 1xVop  strongly in C°([0, T]; L*(Q)). (5.70)

From (4.32) and (5.4), we obtain that (u Tfkik) is bounded in L2(0,T;LS(F**)). Using that R is finite-
dimensional, we also deduce from (4.32) that (u] U g, k) is bounded in L2(0,T; L%(S%*)).
Combining this remark with the convergence (5.24), we deduce that

¥ —u strongly in L?(0,T; L°(Q)). (5.71)

On the other hand, using (B.1), we have

T T
/0 1L [Qser(iyu™* — u=*] 700y dt < C?,p/o 1(Pser(tyu™*)n = (@)l o500y dt

5\ 2/p=1/6) T . k
+C (k) /0 (”u‘E7 ||%11(]_.57k) + || Pse.ru®

Using (4.32) and traces theorems, we have

R) dt. (5.72)

T T
C
/0 |(Poersyu™)a = )21/ gp5ey dt < C / Py — u¥|2ageny dt <

and

2
(o)) A< C,

T T
| 1 Pseu) = @)ooy dt < C [ (IPseaou I + u
0 0

Combining the two above estimates with Sobolev embeddings theorems and with an interpolation inequality,
we deduce that

T
C
| IPseu ) = @ sy 4 < i

The above estimate and (5.72) yield
Lrer [Qsenyu™® —us¥] — 0 strongly in L*(0,T; L'%/3(Q)). (5.73)
The limits (5.71) and (5.9) yield to
Iperus® — Lpup strongly in L2(0,T; L1%3(Q)).
Gathering the above relation and (5.73), we deduce
1perQsenpyu™ = Lpup strongly in L?(0, T; L'%/3(Q)). (5.74)

Due to (5.70), (5.71) and (5.74), we find

T T
—/ / 1ren [(Qsa,k(t)ug7k V)| vk wtk dr dt — —/ / 1r[(up - V)| vp - up dz dt.
0o Ja 0o Ja
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Finally, using all previous convergences we obtain that
Trro
- / / — + (an,k(t)us’k V) vk (ps’kus’k) dx dt

T T
—>—/ / up - [mF—&—[(uF-V)vF]] dx dt—/ / PSUR - [(%R—l—[(uR-V)vR] dx dt.
o Jrw ot o Jsw ot

Gathering Step 1 to Step 6, we conclude that (2.18) holds true for any v € Tr such that vp has its support
in Q,,. Since n > 0 is arbitrary, (2.18) holds true for any v € Tr.
From (4.32), the convexity of j. and relation (3.4), we deduce

1 ‘ '
5 [ P dovzu [ p@P s dre [ giut dy
2 Q 0 JFek(t) 0 JoQ
t 1
+ / / 9je (U — Pgeryus®) dy dt < ge + = / PO’ dz,  (5.75)
o Joser(t) 2Ja

for almost every ¢ € (0,T).

From (5.9), we have

poF = p strongly in C°([0, T]; LP(Q)), 1 < p < oo,

where
p:=1r+psls.

The above convergence, (5.5) and (5.75) yield that (up to a subsequence)
VoERuEt = Jpu weakly * in L®(0,T, VO(Q)). (5.76)
Similarly, from (5.6), (5.9) and (5.75), we obtain
Lres D(u®) = 1z x D(up) weakly in L?(0,T,V,}(Q)). (5.77)

Using (5.59), (5.66), (5.76) and (5.77), we can pass to the inferior limit in (5.75) and we get

1 t t
5 [ ottt )P dos 2 [ [ D@ deder [ [ gluel v ar
2Ja 0 JF@ o Jon

‘ 1
+/ / glup —ug| dvy dt < 7/ P’ il dz, (5.78)
0 Jos(t) 2 Ja

for almost every t € (0,7). This last inequality yields to the energy estimates (2.19).

Finally, one can conclude the proof of Theorem 2.2 by showing that one of the alternatives holds. This can
be done in a standard way (see for instance [2]): we assume that both alternatives are false and from the above
energy estimate, we obtain a sequence ¢, — T < oo with

1 1
f/ p(ti, ) ults, )|* do < f/ POl de
2 Ja 2 Ja

and
dist(S(t;),002) = 2§ > 0.

This allows us to extend the weak solution on [(¢;,t; + f), with T > 0 independent of %, and this leads to a
contradiction.

A Subdifferential
Let 29 € B(0,g). We have

be 8I§(O,g) (l‘o) IE(O,g) (.’E) = IE(O,g) (l‘o) +b- (.’E — :L‘(]) Vz € R3 (A].)

—
< 0>b-(x—=z09) VzeB(0g). (A.2)
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By distinguishing the case |zg| < g and |z¢| = g, we obtain

{0} if o] < g,
Ol5(0,0)(w0) = § {nwos >0} if |wo| = g,
0 if |zo] > g.
Moreover,
%(o,g)(y) = supy - T — I5(0,4) (@) = gly|
and thus

Lemma A.1. 1. Relation (1.14) is equivalent to

(o(ur,pr)n)r -y = gl(ur)| = gl(ur)r +yl Yy eR®  ondQ.

2. Relation (1.19) is equivalent to
(o(ur,pr)n)r -y = gl(ur)r — (us):| = gl(ur)r — (us)r +y| ¥y eR®
Proof. 1. By duality, relation (1.14) is equivalent to
(o(up,pr)n), € 8[%(0’9)(—(1“:)7) on Of.
Combining this relation with (A.5), we deduce that (1.14) is equivalent to
glyl = gl(ur)-| + (o(ur,pr)n)s - (—y + (ur):) Yy R,
which is equivalent to (A.6).

2. Similarly, one can prove the second relation.

B Junction of solenoidal vector fields

on 08S.

Here we state two technical results whose proofs are direct consequences of Corollary 4.3, Section 5.2 and

Proposition 5.1 from [18]. We recall that V1(A) is defined by (2.2).

Proposition B.1. Assume §; > d2 > 0 small enough. There exists a family of bounded operators

A% VHR?\ 89) x VI(S®) — VHRY)
such that for any (UM UR) € VI(R3\ 8%) x V1(S89),

Aoy @) =@ in S,
AS1,02 [U(l), U(2)] — U(l) in R3 \ (80)51

and

HA51,52 W, U] - U(l)‘

1) _ @)y,
Lp((50)61\50)<051’p<||(U ) nHLP(aSO)

+ 5;/7)71/6 (||U(1)||H1((SO)51\5°) + ||U(2) ||H1(S°)>> Vp € [2,4]. (B.1)

Proof. Following the method introduced in [18, Section 5.2], we begin by extending the function Us to (80)61 \S°

and we construct the function A%%2 as follows:

AP0 = Vi 4 Va + Vs,
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where V7 and V5 are defined by
Vi = U +{[U: = U] - [(Us - U1) - ecle fol2), (B.2)

Vo = {(Ug —Uy) .ez}‘z_oez(z)np(z). (B.3)
Here, z is the third component of an orthogonal curvilinear coordinates system (s1, $2, z) defined around S, such
that 0Sp = {7(s1, s2,2) : z = 0}. We have also denoted by (eq, ez, €,) a direct orthonormal basis associated with
the coordinates system (s1, s2, 2). We can extend these vector fields in a tubular domain {7(s1, s2,2) : z € [0,81]}
for §; small enough. Moreover for 6; small enough, {7(s1,s2,2) : 2 = §1} = 9(Sp)**.

In the definition of V3 and Vs, we have taken ¢ a €*°(R;[0,1]) function such that ¢(z) = 1 Vz < 0 and
©(z) = 0 Vz > d5. Finally, V5 is a function satisfying the following properties:

divVy = —div(Vi+V3) in (8°)™\&°, (B.4)
Vi = 0 onas®ua(s®)™. (B.5)
Using these definitions and the properties of ¢, it follows that
Vi+Ve+Vz = Uy ondS°, (B.6)
Vi4Va+Vs = Uy ond(S)™. (B.7)

Since {[UQ — U] = [(Us = U1) - ez]ez} 1 e,, we have that V; satisfies the following properties:

divV, = —o(z)div { (Uz — Uy) - ez]ez} in (89)%\ 8, (B.8)
Vi-ti| < [U:-U in (87)"\ 8" (B.9)
Since 0S8 is of class C2, we have
1 Oe
[(Ver)ij| = |-— = - ei| < C,
J hj st

where h; is the scale factor associated with the orthonormal curvilinear coordinates system.
Due to (B.8) and the above estimate, we obtain

| div Vil p2((s0ys1v\s0) < Cso U2 = Uil g (s0)51150) - (B.10)

Using (B.9), we get
Vi = Uil Lo ((s0ysrrs0y < 102 = Utllposoysnnsoy VP € [1,6].

Moreover, for Vo we have the following properties:

divV, = {(Ug —-U)- ez} (ap(z) dive, +e, - Vnp(z)) in (SO)(sl \ S, (B.11)

|z=0
V| < |U2—Tn| _ in (8°)°\ SO B.12)
|z=0

Due to (B.11) and the fact that 08y is of class C2, we obtain

| div Vallpa(esoysyso) < Cso(1 48, /) [T = V1) - nll 2 (os0y- (B.13)
Using (B.12), we get

[Vallpo(isoysnsey < 871Uz = Un) -mllzoosey v € [1,4]
From Proposition 4.1 in [18], we have

Vsl 1 (s0y51\50) < Clso 6, <|| div Vi| 2 (soysn\s0y + [ div Vall p2 (s0ym \30))-
Then, using (B.10) and (B.13), we deduce that
~1/2
||V3||H1((50)51\50) < Csp 6 (||U2 - UlHHl((SO)Jl\SO) + (1406, / N(U2 = Uh) 'n||L2(BSU))-

Therefore, applying Sobolev embedding injection, we conclude the estimate (B.1). O
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Similarly, one can prove the following result:

Proposition B.2. Assume 61 > d2 > 0 small enough. There exists a family of bounded operators

A0 IR\ 89) x V(SY) — VH(RY)

such that for any (UM, UP) ¢ VI(R?\ 8%) x V1(S),

and

Hgél,éz W, U@ - U(2>’

H]\él,éz U®, U H

A ™ @) = g® in (8%,
A0S ™ @) = g™ in R®\ S°

Lr(S0) S Cél’p <||(U(1) - U(z)) ’ n||LP(6S°)

+5;/13_1/6<||U(1)||H1((R3\S°) + ||U(2)||H1($°))> vp €24 (B.14)

—2/3
s S Cs, <|(U(1) —UD) n p2as0) + 85 (HU(l)”Hl(SO) + ||U(2)”H1($0))>~ (B.15)
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