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A SPECTRAL CHARACTERIZATION OF GEODESIC BALLS IN
NON-COMPACT RANK ONE SYMMETRIC SPACES

PHILIPPE CASTILLON, BERARDO RUFFINI

ABSTRACT. In constant curvatures spaces, there are a lot of characterizations of geodesic
balls as optimal domain for shape optimization problems. Although it is natural to expect
similar characterizations in rank one symmetric spaces, very few is known in this setting.

In this paper we prove that, in a non-compact rank one symmetric space, the geodesic
balls uniquely maximize the first nonzero Steklov eigenvalue among the domains of fixed
volume, extending to this context a result of Brock in the FKuclidean space. Then we
show that a stability version of the ensuing Brock-Weinstock inequality holds. The idea
behind the proof is to exploit a suitable weighted isoperimetric inequality which we prove
to hold true, as well as in a stability form, on harmonic manifolds.

Eventually we show that, in general, the geodesic balls are not global maximizers on
the standard sphere.

1. INTRODUCTION

Shape optimization problems. A shape optimization problem on a Riemannian man-
ifold is simply an optimization problem of the form

min F(Q2) or maxF(Q)

QeA QeA
where the class of optimization A is a subset of the powerset of the ambient space and F' is
a functional on A. The most famous instance of this kind of problems is the isoperimetric
problem where F(Q) is the volume of 92 and A is a class of domains of fixed measure.
Another class is constituted by the spectral optimization problems where F' depends on the
spectrum of an elliptic operator. In this class the archetype example is the minimization of
A1(Q), the first eigenvalue of the Dirichlet-Laplacian operator, under a volume constraint.
Its solution (due to Faber and Krahn) tells us that, on R™, A\;(£2) is minimized by Euclidean
balls. Another famous result is the Szégo-Weinberger inequality, stating that among sets
of prescribed volume, the ball maximize the first non-zero eigenvalue of the Neumann-
Laplacian. See [20] for a comprehensive guide on spectral optimization problems in flat
spaces.

These optimization problems were first considered in the Euclidean space and then
extended to constant curvature spaces, giving rise to variational characterization of geo-
desic balls in the real hyperbolic space RH"™ and in the round sphere S™ (see for example
[11, chapter 2] and [12, chapter 6] for the isoperimetric and Faber-Krahn inequalities in
constant curvature spaces).
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Other Riemannian manifolds where this kind of problems are natural are the rank one
symmetric spaces (noted ROSS in the sequel): these spaces are two-point homogeneous,
that is, for each two couple of points (x,y) and (2/,4') such that d(z,y) = d(«',y’) there
exists an isometry that brings x to 2’ and y to . This implies that their geodesic spheres
are homogeneous, and in turn suggests that their geodesic balls are good candidate for
being optimal domains of isoperimetric and spectral problems (in particular, the geodesic
spheres have constant mean curvature). However, beside the constant curvature case,
almost nothing is known for the isoperimetric problem or for the spectral optimization
problems cited above (cf. [3, section 7.1.2] for a discussion on the isoperimetric problem
in compact ROSS).

The Steklov optimization problem. Let M be a Riemannian manifold of dimension m
and let 2 C M be an connected open bounded set with Lipschitz boundary. The Steklov
eigenvalue problem consists in finding the real numbers o for which the boundary value
problem

—Au=0 nQ
0,u =ocu on 02

has a non-trivial solution u, where A is the Laplace-Beltrami operator on €} and J,u
is the normal derivative of u on 9€2. The Steklov eigenvalues of € form an increasing
sequence 0 = 0p(Q) < 01(2) < 02(Q) < ... diverging to +oo (see section 2.1 for a more
comprehensive introduction to the spectrum of the Steklov operator).

Regarding shape optimization problems for the Steklov eigenvalues of Euclidean do-
mains, a first result was given in the dimension 2 by Weinstock in 1954 [31], who showed
that the ball maximizes o1 (Q2) among simply connected domains with prescribed perimeter
(thanks to the isoperimetric inequality, this turns out to imply the same result among do-
mains with fixed volume). In 2001, Brock showed the same result without topological nor
dimensional constraints, among domains with fixed volume [9]. Later on, in 2012, Brasco,
De Philippis and the second author exhibited a new simple proof of the Brock-Weinstock
inequality, which allowed them to get a stability version of it [8].

It is worth recalling that the problem of maximizing the first Steklov eigenvalue with
perimeter constraint has been recently solved in any dimension among convex sets [10]
but it is open in dimension greater than 2 in its full generality. In dimension 2, it is known
that the ball is not a global minimizer. See [20] for the state of the art on spectral shape
optimization problems in the Euclidean space.

In a non-Euclidean setting, the Steklov problem was mainly studied as an optimization
problem on the space of Riemannian metrics: given a differentiable manifold Q with
boundary, find the metric maximizing o1({2) under a volume or perimeter constraint.
See [19] for a recent survey on the Steklov eigenvalue problem in Riemannian geometry.
Weinstock-like inequalities in Riemannian manifolds were first considered by J.F. Escobar
in [15, 16, 17] and later by Binoy and G. Santhanam in [7] where the authors prove that
the geodesic balls maximize o1 (£2) among domains of fixed volume in non-compact ROSS.

The main results. The aim of this paper is to prove the quantitative version of the
Brock-Weinstock inequality in non-compact ROSS. Moreover, we investigate the compact
case and prove that this inequality does not hold on the sphere by computing the first
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Steklov eigenvalue of a spherical strip. The main theorem is the following quantitative
inequality:

Theorem 1.1. Let M be a non-compact ROSS. For any v > 0, there exists a positive
constant C' = C(M,v) such that, for any domain Q C M with |Q| = v we have

o1(Q) (1+C|Q\ BI?) < o1(B),
where B is a geodesic ball with |B| = |2

As a consequence, we get the Brock-Weinstock inequality in non-compact ROSS,
provided of equality cases.

The main point in order to prove Theorem 1.1 is that, following the proof in [9], the
maximality of the ball for the first Steklov eigenvalue ensues from a weighted isoperimetric
inequality, which takes the form, in the euclidean setting,

/|:17|2de/ |z|? dz,
o OB

whenever B is the ball centered at the origin of the same measure as 2.

This kind of isoperimetric inequalities were first considered in [6], and then used in [§]
to prove the quantitative Brock-Weinstock inequality in the Euclidean space. The proof
after this idea, after suitable modifications, works as well in the setting of ROSS. Thus the
problem reduces to prove (a suitable formulation of) the weighted isoperimetric inequality
in a Riemannian setting. This is precisely the core of the following result which holds on
harmonic manifolds (see section 2.2 for their definition and main properties) and thus on
ROSS.

Theorem 1.2. Let M be an harmonic manifold and let o € M be some fixed point. For
any domain @ C M, if B is the ball centered in o with radius R such that |B| = ||, then

we have
P(Q) = /m <§,((:,))>2 dvaq > /E)B (%)2 dvop = Po(B),

where r = d(o,.) is the distance function to o, and v(t) = |By| is the volume of a ball of
radius t. Moreover, equality holds if and only if Q = B.

Notice that on harmonic manifolds (and thus on ROSS) the volume of a ball does not
depend on the center (cf. section 2.2).

Once the isoperimetric inequality, and as a consequence, the Brock-Weinstock in-
equality, are settled down, a natural question is that of the uniqueness of the solution. In
this paper we are able to show the following quantitative version of the weighted isoperi-
metric inequality which, as a consequence, gives rise to the quantitative Brock-Weinstock
inequalities of Theorem 1.1.

Theorem 1.3. Let M be a non-compact harmonic manifold and o € M be some fixed
point. Let Q@ C M be a domain and B be the ball centered in o such that |B| = |Q|. Then
there exists a constant C = C(|Q|, M) such that

P,(Q) — P,(B) > C|Q\ B|%.
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Notice that the constant C' depends on €2 only via its volume, so that the inequality
holds true with a fixed constant on the class of domains of given volume.

Eventually, we investigate the compact setting. In this case we show that the Brock-
Weinstock inequality does not hold, at least in its full generality. Precisely we prove the
following result:

Theorem 1.4. Let M = S™. There exists R > 5 such that 01(Qr) > 01(Bs), where Qg
is the intersection of two geodesic balls of radius R with antipodal centers, and Bg is a
geodesic ball such that |QQr| = |Bs|.

Plan of the paper. In Section 2 we settle down the notations used throughout the paper
and we properly introduce the Steklov spectrum on a manifold, as well as a variational
characterization of its first eigenvalue. Thereafter we recall the main geometric features
of harmonic manifolds and ROSS.

Section 3 is devoted to the study the Steklov spectrum of geodesic balls in ROSS. In
particular, for non-compact ROSS, we determine the eigenfunctions corresponding to the
first eigenvalue of the ball which, in the Euclidean setting, are the coordinate functions.
The precise knowledge of these eigenfunctions is a crucial point for our proofs to work.

Section 4 contains the proof of Theorems 1.1, 1.2, 1.3, while the proof of Theorem 1.4
is postponed to Section 5.

2. BACKGROUND AND NOTATIONS

2.1. The Steklov spectrum of a domain. Let M be a Riemannian manifold of dimen-
sion n and let 2 C M be an connected open bounded set with Lipschitz boundary. The
Steklov eigenvalue problem, introduced by the Russian mathematician V. A. Steklov [24],
consists in finding a solution u of the boundary value problem

{—AuzO in Q

dyu = ou on O,

where A is the Laplace-Beltrami operator on 2 and 0,u is the partial derivative of u on
o0f.

Equivalently, the problem reduces to study the spectrum of the operator Dirichlet-
to-Neumann R : L?(0Q) — L%(02) which maps f € L?(0Q) to the normal derivative on
the boundary of the harmonic extension of f inside of 2. This operator is symmetric and
positive. Moreover, thanks to the compactness of the embedding of the trace operator
from H'(§) into L?(9Q), the resolvent of R is compact. Thus L?(9€) admits an Hilbert
basis {uy }ren of eigenfunctions for R, and of positive eigenvectors 0 = oo(Q2) < 01(Q2) <
02(Q) < ... diverging to +oo such that

—Au, =0 in Q
Oyug, = 0 (Q)ug,  on ON.

For ease of presentation, for u € H'(Q) we still denote by u its trace in L?(9Q). Here
solutions are intended in the weak—H! () sense, that is

/(Vuk, V) doy = O'k(Q)/ g dvagn for every p € H'(Q).
Q o0
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The eigenfunctions uy and the eigenvalues o (2) are respectively the Steklov eigenfunc-
tions and eigenvalues of 2. In this paper we are mostly interested in the first non-zero
Steklov eigenvalue, o1(€2) which can be characterized variationally as

/ \Vu|? dvy
Ja 00000

/ u? dvpg
o0

2.2. Harmonic manifolds and rank one symmetric spaces. Although our main
result only concern the ROSS, some of the lemmas or intermediate results hold true for
the larger class of harmonic manifolds.

Harmonic manifolds are those Riemannian manifolds whose harmonic functions have
the mean value property. Equivalently, a Riemannian manifold M is harmonic if and only
if there exists a function h : R% — R such that any sphere of radius r has constant mean
curvature h(r). Another equivalent property is that there exists a function 6§ : Ry — R
such that at any point x € M the volume form in normal coordinates reads dvys = 6(r)drd¢
where d¢ is the canonical volume form of the unit tangent sphere U, M at x (the function
0 is usually called the volume density function of M). It is not difficult to show that
harmonic spaces are Einstein manifolds and that a Riemannian manifold is harmonic if
and only if its universal cover is harmonic. Therefore, in what follows we will only consider
simply connected harmonic manifolds. General properties of harmonic manifolds can be
found in [5, chapter 6], [28, sections 1 and 2] and [21, section 2].

The basic examples of harmonic manifolds are the Euclidean spaces and the Rank One
Symmetric Spaces (ROSS, see Section 2.3 for the definition and main properties). In 1944,
A. Lichnérowicz conjectured, and proved in dimension 4, that the Euclidean spaces and
ROSS are the only harmonic manifolds. The conjecture was then proved by Z.I. Szabo for
compact simply connected manifolds (cf. [28]). However, the Lichnérowicz conjecture was
proved to be false in the non-compact case: E. Damek and F. Ricci constructed harmonic
homogeneous manifolds which are not ROSS (cf. [14]). Up to now, the Euclidean spaces,
ROSS and Damek-Ricci spaces are the only known harmonic manifolds.

The main properties of harmonic manifolds we will use in our proofs are summarized
in the following proposition:

01(£2) = min :ueHl(Q),/ udvgg =0 p . (2.1)

o0

Proposition 2.1. Let M™ be a non-compact harmonic manifold and note 0(r) its density
function and h(r) the mean curvature of spheres of radius r. The following holds:

(i) (m—Dh(r) =53,

(7i) h(r) decreases to a monnegative constant hyg.
(#i7) (m — 1)hg is the volume entropy of M.
(iv) ho = 0 if and only if M is the euclidean space.

Proof. The first point is a classical fact of Riemannian geometry.

The second point is proved in [27]. In particular, the non-compact harmonic mani-
folds have no conjugate points, so that they have well defined horospheres and Busemann
functions, and their horospheres have constant mean curvature hg.
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The volume entropy of M is lim,_, M, where v(r) is the volume of a ball of
radius 7. The manifold M being harmonic, the classical derivation formula gives v”(r) =
(m — 1)h(r)v'(r) and the third point follows from lim,_, 1 h(r) = hy.

The last point is a consequence of results by Y. Nikolayevsky [25, Theorem 2] and
A. Ranjan and H. Shah [26, Theorem 4.2] O

2.3. The geometry of ROSS. In this section we give some geometric properties of ROSS
which will be used later. In particular, we describe the extrinsic and intrinsic geometry
of their geodesic spheres. There are two families of simply connected ROSS, the compact
ones (the round sphere S and the projective spaces CP", HP" and CaP?) and the non-
compact ones (the hyperbolic spaces RH", CH", HH" and CaH?). We outline here the
definition of ROSS and refer to [5, Chapter 3] for the details of the construction.

In what follows, K will denote one of the following: the field R of real numbers, the
field C of complex numbers, the algebra H of quaternions or or the algebra Ca of octonions.
Let d = dimg(K), and consider K"*! equipped with the Hermitian product

n
=0

whose real part (.,.)r is the standard Euclidean inner product on K"*! viewed as an
dn + d real vector space. If K # Ca, the group U(1,K) of unit elements in K acts on
the unit sphere S"+4=1 of K"+ by right multiplication, and the projective space KP™ is
Srd+d=1/17(1,K). Therefore it is the base space of the fibration

Sd—l N Snd—l—d—l — KP"

and, considering the standard metric on S"¥*+9~1 there is a unique metric on KP™ which
makes this fibration a Riemannian submersion with totally geodesic fibers (cf. [18, section
2.A.5]). In case K = Ca, such a construction only works if n = 2 (cf. [5, section 3.G])

The non-compact ROSS are defined in a similar way, replacing the hermitian product
on K"*! by

n
(,y) = —zoyo + Z TiYi
i=1
whose real part (.,.)g is a real bilinear form with signature (d, nd) on K"*!, and replacing
the sphere S"d+d=1 by frd+d=1 — fp ¢ K**! | (z,2) = —1}. We still have the U(1,K)
action on H"*4=1 and the hyperbolic space KH" is H"+4=1/{7(1,K). It is the base
space of the fibration

Sd_l — Hnd+d—1 N KHTL

The metric induced by (., )g on H"¥**9~1 has signature (d—1,nd), and since it is preserved
by the action of U(1,K) whose orbits are d — 1 dimensional spheres, its restriction to the
orthogonal of the fiber is positive definite. Therefore the fibration induces a Riemannian
metric on KH™ (cf. [22, Chapter XI, example 10.7] for such a construction of the complex
hyperbolic space).
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Let M™ be a ROSS of dimension m = dn, with d = dimg(K). For a common
treatment of the compact and non-compact cases we will use the following notations :

() = sin(t) if M is a compact ROSS
S\ = sinh(¢) if M is a non-compact ROSS

and
() = cos(t) if M is a compact ROSS
“an= cosh(t) if M is a non-compact ROSS

We will use the framework of Jacobi tensor to describe the second fundamental form
of spheres and the density function. Let v be a geodesic with initial point x = (0) and
initial speed £ = 4(0) € U, M, and note N+~ its normal bundle, that is the disjoint union
of the Nyy = {n € T,y M | (n,7(t)) = 0}. A (1,1)—tensor A along 7 is a differentiable
section of End(N+~), whose derivative is defined by A’X = Ds(AX) — ADsX, for any
normal vector field X along ~.

In particular, the curvature tensor R of M induces a (1,1)—tensor R(t) along ~ defined
by R(t)n = R(¥(t),n)¥(t), and a Jacobi tensor is a solution of the equation A”(t) +
R(t)A(t) = 0. In the sequel, we will note A¢ the Jacobi tensor with initial conditions
Ag(0) = 0 and A(0) = I.

If X is a parallel vector field along gamma with X(0) = 5 orthogonal to &, then
Y = A¢X is the Jacobi field along v with Y (0) = 0 and Y’(0) = 7. As a consequence we
have that the density function is given by §(¢,t) = det(A¢(t)), and the second fundamental
form of the sphere Sy(x) at exp,(t§) is given by A} (t)Agl(t (cf. for example [18, section
3.H] for the computation of the density from Jacobi fields).

As a consequence of the definition of M, it carries d — 1 orthogonal complex struc-
tures Jy,...,Jg—1 (cf. [5, Chapter 3]). The curvature tensor of M is described, using
these complex structures, in the following way: for any £, 7 € U, M with n orthogonal to
&€ ..., Jg-1& we have

where we choose € € {—1,1} being 1 in the compact case and —1 in the non-compact case.
For a geodesic v with initial point = v(0) and initial speed £ = 4(0) € U, M, consider
an orthonormal parallel frame (Ey,..., E,,) such that £y = 4 and, for i = 1,...,d — 1,
E;+1 = Jiy. For each t, the eigenspaces of R(t) are spanned by Es(t),..., E4(t) with
eigenvalue 4e and by Egi1(t),..., Eny,(t) with eigenvalue e. Therefore, integrating the
Jacobi equation, we have that A¢(t) has the same eigenspaces with eigenvalues

a(t):%s(%):s(t)c(t) and  B(t) = s(t),

with respective multiplicities d —1 and m —d. From this computation of Jacobi tensors, we
have that the non-compact ROSS have no conjugate point, while the compact ones have
a first conjugate point at distance t = m if M = 8™ and t = § otherwise. In particular,
for compact ROSS, the injectivity domain of the exponential map is the ball of radius

diam(M) in U, M. In the following, we assume that ¢ < diam(M).
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As a first consequence of the above computation, the density function of M is given
by

0(t) = 2d—1_ls(2t)d—ls(t)m—d — ot st

Moreover, the second fundamental form of the geodesic sphere S,(t) has two eigenvalues,
2:@3 d %, the first one being of multiplicity d — 1 with an eigenspace spanned by

Jlg, ceey Jd_lg, where % is the radial field centered at z. From these computations we

get that the mean curvature of the geodesic spheres of radius r satisfies

c(t) d—1 s(t)
) = s(t) “m—1 c(t) (2:2)
Remark 2.2. If M is the sphere S™ or the real hyperbolic space RH™ then only the
second eigenvalue appears and the geodesic spheres of M are totally umbilical.

For a general ROSS, two important properties will be used later: the eigenvalues of
the second fundamental form only depend on the radius of the geodesic sphere and there
exists a parallel orthonormal frame of eigenvectors along the geodesic ~.

These two properties are not satisfied in general Damek-Ricci spaces which are not
two-point homogeneous. Moreover, their curvature tensor R(t) do not have parallel eigen-
vectors nor constant eigenvalues along the geodesic v (cf. [4, section 4.3]).

From the previous computations we can derive the induced metric of geodesic spheres.
Let o be some fixed point in M, and g. the canonical metric of the unit sphere U,M in
T,M. For each r > 0, consider the exponential map

{ UM — S.(0)

£ = expy(r)
and denote by g, the pullback on the unit sphere U,M of the metric of the geodesic sphere
Sy (0).

Using the complex structures Ji,...,Jy_1 on T,M, consider the d — 1 unit vector
fields on U,M defined at £ € U,M by Ji&,...,Jg_1£, and their dual 1-forms §;. As the
differential of the exponential map is given by Jacobi tensor, from the computations above
we have that the metric g, is given by

d—1 d—1
gr =5°(r) (gc =D 0@+ (r) ) b ®5k)
k=1

k=1

Remark 2.3. If M is the sphere S™ or the real hyperbolic space RH™ then g, = s%(r)g.
and the geodesic sphere S,(r) is a round sphere of curvature s%(r)

For the other ROSS, the metrics g, are known as Berger’s metric and were widely
studied, in particular for their spectral properties.

3. THE STEKLOV SPECTRUM OF GEODESIC BALLS IN ROSS

In this section we introduce the main definitions and some preliminary results which
will be exploited in Section 4.
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Let M be a ROSS and o be some fixed point in M. For any x € M, let r(x) = d(o, x)
and (assuming that r(z) < diam(M) if M is a compact ROSS) let w(z) € U,M be the
unique unit vector at o such that = = exp, (r(z)w(zx)).

We will note A, and A, the Laplace operators of the metrics g, and g. respectively.

3.1. The Laplace spectrum of geodesic spheres. Up to the factor s?(r), the metric
gr is a Berger metric on the sphere for which the spectrum of the Laplacian is known.
The key point in describing the spectrum is that the sphere U,M is the total space of a
Riemannian submersion and that the metric g, is obtained from the canonical metric g. by
a rescaling of the fibers. This setting was considered in the special case of odd dimensional
spheres in [29, 30] and in the general case of a Riemannian submersion in [2].

Theorem 3.1. The Hilbert space L>(U,M) admits a Hilbert basis which consists of eigen-
functions of A. and of each A,.

Proof. Multiplying the Berger metric by s?(r) rescale the eigenvalues of the Laplacian by
s72(r), but does not modify the eigenfunctions. Therefore the theorem is just a conse-
quence of [2] Theorem 3.6 and Corollary 5.5. O

In the sequel we consider a Hilbert basis (fi)reny of common eigenfunctions and we
note A (r) the eigenvalue of A, associated to fi, and A.j the eigenvalue of A, associated
to fx. Moreover, we chose the Hilbert basis in such a way that the sequence (A j)ien is
the increasing sequence of eigenvalues of the standard unit sphere.

As the functions (f)ren are eigenfunctions of A, they are given by spherical har-
monics of the tangent space T, M (i.e. they are the restrictions to the unit sphere U, M
of homogeneous harmonic polynomials of some Cartesian coordinates in 7,M). In par-
ticular, we have that fy is a constant function, and, for k = 1,...,m, fx = ({,.) where
(&1,...,&n) is an orthonormal basis of T, M.

Remark 3.2. The ordering of the eigenvalues may change as r varies. In particular, if M
is a compact ROSS, there exists a parameter ¢ such that the eigenvalues of A, associated
to the first and some of the second spherical harmonics coincide, and such that, for » > rg,
the smallest non-zero eigenvalue of A, is given by some second spherical harmonics (cf.
[29, 30, 2]). This kind of phenomena was the main motivation for studying the spectrum
of Berger spheres.

Remark 3.3. The fact that the first spherical harmonics give rise to eigenfunctions of A,
also holds true on harmonic manifolds (cf. [21, 26]). However, as explained in the above
remark, it is not true in general that they give rise to the smallest non-zero eigenvalue of
A,

3.2. From the Laplace spectrum of spheres to the Steklov spectrum of balls.
In this section we construct a family of harmonic functions from the eigenfunctions of
A,. These functions can be seen as the “spherical harmonics” of M and will give rise to
Steklov eigenfunctions of the geodesic balls.

Proposition 3.4. For each k € N there exists a function ay, : [0, diam(M)) — R such that
the function Fy, : M — R defined by F(z) = ap(r(z)) fr(w(zx)) is harmonic. Moreover, ay,
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admits a power series expansion of the form

where p depends on k and satisfies p > 1 if k> 1.

Proof. Let a : Ry — R be a smooth function. Using that the gradient of a(r) is orthogonal
to the gradient of fi(w) we have

A(a(r) fe(w)) = a(r)Afr(w) + fu(w)Aa(r).
Since fi(w) is constant along the geodesic lines from o we get, at any point z € M,
Afr(w) = Te(D? fr(w) |, o, ) = A% fi(w) = =X (r) fie(w).
On the other hand, because Ar = (m — 1)h(r) we have
Aa(r) = (m —1)d’ (r)h(r) +d"(r).

Finally we get

Afa(r) fr(w)) = ("(r) + (m = D)h(r)a’ (r) = Ax(r)a(r)) fu(w). (3.1)
To get the result we only need to show that a solution ay of the Sturm-Liouville ODE
a’ + (m—1)ha’ — A\pa =0 (3.2)

exists. This is likely to be folklore, but since we could not find a precise reference, we
sketch a way to get such a solution. First we rewrite our equation as

r2a(r) + <T%,<r>> ra(r) = rAy(r)a(r) = 0, (33)

and we recall that both r%(r) and 72\ (r) admit power series expansions converging on
[0, diam (M)):

/
r%(r) = Zairi and 2\, (r) = Z Byt
>0 >0
Writing the Sturm-Liouville ODE in the form (3.3), emphasizes the singular nature of the
equation at r = 0, see [13, Chapter V].

In the neighborhood of any point, the metric of a Riemannian manifold is locally
asymptotically Euclidean. Therefore, the first terms of the expansions of 76’ /6 and r2\;(r)
are g = m — 1, a1 =0, By = A¢g, and B = 0, where ., is the k—th eigenvalue of the
standard sphere S™~!. In particular, there exists p € N such that By = p(p + m — 2),
with p > 1 if £ > 1. We begin by searching a formal solution of Equation (3.3), with the
goal to show later that this is indeed a solution. In other words, we write a solution as

a(r) = > ;50 &r'. Plugging it into the equation (3.3) gives

S (i - )&+ — 8) =0, (3.4)

i>0
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with v; = Z;-:O j€joi—j and 0; = Z;:O &;Bi—;. Thus all the coefficient have to be null in
(3.4). By the explicit values of ay, a1, By, f1 we can show by induction that, for i < p, it
holds

&i(i(i+m —2) —p(p+m—2)) =0,
that is & = 0 for ¢ < p. Moreover this allows us to choose &, = 1. For i > p, equality (3.4)

reads as
i—1

G(ili+m—2)—pp+m—2)+> (jaij — Bi_j)& =0 (3.5)
§=0
and the coefficient &; are recursively well defined. Moreover, equation 3.5 brings to

i—1 i—1
Gl (i(i+m —2) = p(p+m—2)) <Y jl&lleis| + D 1&118i-] (3.6)
j=0 J=0

We are left to show that the sum defining a(r) converges for r € [0,diam(M)), that is:
the formal solution is a solution indeed.

Fix some positive R < diam(M) and note Cr = >_ .~ (|| +|8i])R". For i € N, define
A; = maxj—g__;|&/|R7. Then by (3.6) it follows

i—1 i—1
(i(i+m —2) = p(p+m = 2))|GIR" <Y 1§ R || R+ &R || R
=0 =0
i—1 o
< Aig [0 R (Jouss] +18i-5)
=0
< A;_1iCpg.

Therefore, there exists i9 € N such that for all ¢ > i, |&|R? < A;_1. This implies that
(|&|R")ien is a bounded sequence and the sum defining ax(r) converges for any r < R.
Since R is arbitrary, it converges for any r € [0, diam(M)). O

Corollary 3.5. For each r > 0, the functions (fr(w))reny are eigenfunctions of the
Dirichlet-to-Neumann operator on S,. Moreover the associated Steklov eigenvalues
(0k(r))ken are smooth functions of v, and solve the following ODE

O';g—i—O'i—l-(m—l)hO'k = Ag. (3.7)

Proof. Fix some R > 0. Up to the multiplicative constant ax(R), the function F} given by
Proposition 3.4 is the harmonic filling of fx(w) in the ball Bg. As the gradient of fi(w)
is tangent to the sphere Sp we have that the normal derivative of I} along the boundary
of Bg is

OF, k / a;c (R)
_— = pr— F
or ak(R)fk(w) ak(R) k>
so that fi(w) is a Steklov eigenfunction associated to the eigenvalue o (R) = Zigg
Differentiating Z;’zg:; and using (3.2) we get the desired ODE. O
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3.3. The first eigenfunctions of a ball in a non-compact ROSS. The particular case
of the first spherical harmonics is easy to handle and the associated Steklov eigenfunctions
can be computed explicitly. This can be done in the general setting of a harmonic manifold.

Let M be a non-compact harmonic manifold with density function #(¢), and let h(t) =

% be the mean curvature of spheres of radius ¢t. Let o be some fixed point in M

and note r = d(o,.) the distance function to o. For any £ € T, M consider the function

f=1{,.) and let

This function a has the following properties :

Proposition 3.6. If v(t) = |B(0)| is the volume of the ball of radius t, then a(t) = 5,(—(?)

and a is an increasing function on Ry.

Proof. As v(t) = [S™| [ 6(s) ds we get v/ (t) = [S™1[0(t) = |0B,(0)| and a(t) = L. A
simple computation gives

a(t) =1— (m—1)h(t)a(t). (3.8)

As we have Ar = (m—1)h(r), using that the function h is decreasing (see Proposition
2.1) and integrating Ar over B; \ B. for some 0 < ¢ < t we get

(m — DA(t)(w() — v(e)) < /B ., Brdoas <105 ~ |05

where we used that Vr is the outward unit normal on dB; and the inward unit normal on
B.. Letting ¢ tend to 0 we get (m — 1)h(t)v(t) < v/(t) and

0<1— (m—1)h(t)
|

As stated in Proposition 2.1, the function h(r) decreases to some constant hg which
is the mean curvature of horospheres of M. If hg = 0 then M is the euclidean space
and a(r) = r. Otherwise, using that 6'(r) = (m — 1)h(r)8(r), we get that lim,_, a(r) =

1
(m—l)h() > 0.
Proposition 3.7. The function f(w) is an eigenfunction of the Laplacian of any geodesic
sphere S,.(0) associated to the eigenvalue —(m — 1)1/ (r) and the function F = a(r)f(w) is
harmonic. In particular, F is a Steklov eigenfunction of the ball B,(0) associated to the

etgenvalue [;,((:)) .

Proof. Cf. [26, 21]. O

The main question is whether the Steklov eigenvalue associated to the first spherical
harmonics is the first non-zero eigenvalue. We prove this is the case for a non-compact
ROSS. The first step is a comparison result for solutions of equation (3.7) :
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Lemma 3.8. Let pu1,p2 : Ry — R be two functions such that py < pz on R, and, for
k=1,2, let ap be non-negative solutions of

o+ a2 4 (m — 1)hoy, = .
If there exists to > 0 such that oy < g on |0,tg] then we have that a; < ay on R
Proof. Let = as — a;. From the differential equations satisfied by «; and as we have
B 406 =py—p1 >0
where b = ag +as+ (m—1)h. If v is a positive solution of v/ +by = 0, we get ' — %{B > 0.

/
As ~ is positive we also have (g) > 0 which implies that, for all ¢t > ¢g, 5(t) > 58337(75) >

0 (]

From this lemma, it is sufficient to prove that, for any » > 0, A\;(r) is the first non-
zero eigenvalue of the geodesic sphere S, (0) to get that oq(r) is the first non-zero Steklov
eigenvalue of the geodesic ball B,.(0). Up to some rescaling, the spectrum of the Berger
metric g, — zz;i 0 @0 +1 Zz;i 0 ® ), was computed in [29, 30]. It appears that if the
parameter t is greater than 1, than the first spherical harmonics remain associated to the
first eigenvalue. For the geodesic sphere S, (o), the parameter is ¢ = cosh(r) > 1, so that
we have :

Proposition 3.9. Let M be a non-compact ROSS and o € M be some fized point. For an

orthonormal basis (&1,...,&m) of ToM, consider the functions f; = (§,.), i=1,...,m.
For any R > 0, the functions f;(w) are eigenfunctions of the Dirichlet-to-Neumann

operator on Sg(o) associated to the first Steklov eigenvalue o1(Bgr), and their harmonic

filling in Bgr(o) are F; = %fi(w).

The above Proposition has to be compared with Theorem 2.1 in [7]. Note that such
a statement does not hold on compact ROSS. In this case, the parameter ¢ of the Berger
metric is ¢ = cos(r) < 1 and for a geodesic sphere S,.(0) with r large enough, the functions
fi are no more associated to the first non-zero eigenvalue of the Laplacian of S, (o) (see
the computations in [29, 30] and Remark 7.3 in [2]).

4. BROCK-WEINSTOCK INEQUALITIES IN NON-COMPACT ROSS
In this section we prove Theorem 1.1.

4.1. A weighted isoperimetric inequality on Harmonic manifolds. Let M be a
non-compact harmonic manifold of dimension m. This subsection is devoted to the proof
of a weighted isoperimetric inequality which is a key point in the eigenvalue estimate. We
first introduce the weighted perimeter involved in this inequality.

Definition 4.1 (Weighted perimeter). Let M be a non-compact harmonic manifold with
volume density function 6, and let 0 € M be some fixed point. The weighted perimeter of
a domain Q C M is

P = [ a(r)? duan

where 7 is the distance function to o and a(r) = forg((:))ds = :,((:)).
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Isoperimetric inequalities for weighted perimeters were considered in [6] in the Eu-
clidean space. For the perimeter P, defined above, we prove such an inequality on har-
monic manifolds using a calibration technique as in [8]. In the special case of ROSS, the
following inequality was proved in lemma 3.3 of [7].

Theorem 4.2. Let M be a non-compact harmonic manifold and o € M be some fixed
point. For any domain Q C M we have,

Po(2) = Fo(B), (4.1)

where B is the ball centered in o such that |2 = |B|. Moreover equality holds if and only
if Q= B.

Proof. The proof relies on a calibration technique developed in [8] (see also [23]). Let

G(r) = div (a(r)2%> = a(r)?Ar + 2a(r)d (r) = (m — 1)a®(r)h(r) + 2a(r)d’ (r).

From (3.8) we get G(r) = a(r) + a(r)d’(r), and a direct computation shows then that G’
is given by

G'(r) = 2d'(r)? — (m — D)W (r)a(r)?.

Since r — h(r) is a decreasing function (cf. Proposition 2.1), we get that G is an increasing
function of the distance from o:

G'(r) > 0. (4.2)
Let B be the ball centered at o such that |B| = ||, and let R be its radius. We have
) 5 0 5, 0
G(r)dvy = | div | a(r)*= | doy = a(r)* (=, vq) dvag < P,(Q),
Q Q or a0 or
and
. 2 0 2 0
G(r)dvy = | div | a(r)"= | doy = a(R)*(=,vp) dvgp = P,(B).
B B 8T OB 87"
Thus
P,(Q2) — P,(B) > / G(r)dvops —/ G(r) dvy
Q B

= G(r)dvp — G(r) dvyy (4.3)
O\B B\Q
> /Q ,100) Gl e+ /B 160) — G dog

where in the last inequality we used the facts that G is an increasing function of r and
that |2\ B| = |B\ Q| (which follows from |Q2| = |B|). To characterize the equality case,
we notice that the last quantity is positive when  # B, as |G(r) — G(R)| > 0 for r # R.
Thus we can have equality in (4.1) only if Q = B. O
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4.2. Quantitative stability of the weighted isoperimetric inequality. In this sec-
tion we show a quantitative version of the isoperimetric inequality proved in the previous
section. In what follows we work in the framework of the previous section: B is the ball
centered in the fixed point o such that |B| = ||, R is its radius, for each s > 0 we note
By the ball of radius s centered in o, and we denote

6 =12\ B|=[B\1.
As before, we set for s > 0, v(s) = | Bs| the volume of the ball of radius s; as the manifold
M is harmonic, the volume of By does not depend on the center of the ball, and since

M is non-compact, v is an increasing function on R. Let moreover Rey; > Riny > 0 be
defined by the relations
|BReo:| — |Br| = [\ B| = |B\ Q| = [Bg| — |Bg,,|-
Lemma 4.3. It holds
(1) Rext = U_1(|Q| +9);
(43) Rint = v~ (|Q| d);
(iii) R =v"1(|Q|);

i)
)

(iv) a(t) = v,((?)
)

(v) a(v™(s)) = s(v™1)'(s).
Proof. The proof of (i) — (zii) follows straightforwardly from the definitions of Re.:, R,
R;nt and 0. The point (iv) was already observed in Proposition 3.6 as a consequence of
the definitions of the density function and of a and v. To prove (v) just use (iv) to get

w) a(v™ (s
(,U—l)/(s) _ 1 (g) ( ( ))

O

The quantitative stability for the weighted isoperimetric inequality is obtained in two
step: we first prove it for domains which are a priori close to the ball and then use a
continuity argument to get it for arbitrary domains.

Proposition 4.4. There ezists 6 = 6(|Q,M) > 0 and C = C(|, M) > 0 such that if
|Q\ B| <6 then

P,(Q) — P,(B) > C|Q\ BJ.
Proof. By (4.3) we know that

P,(Q2) — Py(B) > G(r)dvyr — G(r)dvpys.
O\B B\Q

Since G is an increasing function it is easy to show that

P,(Q2) — P,(B) > G(r)dvy — G(r) dvpr
O\B B\Q
> / G(r)dvy — G(r) dvy (4.4)
Bg,,,\B B\Bg,
React R
-1 [ e —m [ awewa
Rznt
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Let us recall now that G(t) = a(t) + a(t)d’(t), from which we get

G)o(t) = ) +d'( / o(s t[a(t) /0 H(S)ds]

Thus we have, for 0 < S < T,

/G t)dt = a(T /9 t)dt —a(T /9 t)dt,

By applying this equality with S = R, T'= Ryt and S = R;nt, T = R in the last term of
(4.4) we get

Py() — Po(B) > a(Rest)|Br...| — 2a(R)|B| + a(Rint)| Br,,, |- (4.5)
Let g : R. — R be defined by g(s) = s?(v1)(s) = sa(v™1(s)) so that (4.5) can be written

as
2

0
Po() = Po(B) = 9(1 + ) = 29(1Q) + 9(|2 = 8) = (9" (s1) + 9" (s2))- (4.6)
for some sy, s9 €] — 0,[Q2| + [. A simple computation now gives

2d/(8)% — (m — L)a(t)?H(t)

i
g'(s) = o) > 0,
where ¢t = v=!(s). Choosing 0 such that ¢”(s) > g UQ' on ||| — 4, [9| + 4], and assuming
that |\ B| =6 < J, we get
Q
Ry) - Po(B) > T 01

O

Remark 4.5. Following [8], it is possible to get the full stability result from equation (4.6)
in the special case where the function ¢” is non-increasing. In fact, as 6 = |2\ B| < |9,
equation (4.6) gives

Py(Q) = Py(B) > ¢"(2|)) |2\ BI?
without any restriction on 4. A computation of the third derivative of g gives

ooy 64/ (0)a”"(t) + (m —1)%a(t)*h()N () — (m — 1)a(t)*h"(t)
g"(s) o) :

where t = v~!(s). The sign of ¢ is not obvious for an arbitrary harmonic manifold.
However, if M is a non-compact ROSS, a direct computation proves that a” < 0 and
R > 0 so that ¢’ is non-increasing and the stability result follows.

To get a full stability result in the general case, we have to show that it is not restrictive
to only consider sets which are near to the ball in L'. Namely we need the following
continuity lemma.

Lemma 4.6. Let (Q)ren be a sequence of domains in M such that, for allk € N, |Q| = ¢
and let B be the ball centered in o with |B| = c. Suppose that Py(l) — Po(B) — 0 as
k — oco. Then

lim [Q \ B| — 0.

k—o0



A SPECTRAL CHARACTERIZATION OF GEODESIC BALLS IN NON-COMPACT ROSS 17

Proof. Let R be the radius of B. For any p > R, by repeating the proof of Theorem 4.2,
until formula (4.3), we get that

P,(%) — P,(B) > /Q ,[00) Gl

> [ (60~ Gy

> (G(p) — G(R))[S% \ Byl
> (G(p) — G(R))[% \ B| — (G(p) — G(R))| B, \ B
Therefore, we have
Po(S0%) — Po(B)
G(p) — G(R)
and when k tends to oo we get, for any p > R,
limsup [Q \ B| < |B, \ B|.

k—o0

%\ Bl < +1By\ B

Letting p tend to R gives the result. O

Theorem 4.7. Let M be a non-compact harmonic manifold and o € M be some fized
point. Let Q C M be a domain and B be the ball centered in o such that |B| = |}|. Then
there exists a constant C = C(|2], M) such that

P,(Q) - P,(B) > CI2\ B (4.7)

Proof. Let © € M and let § > 0 be the parameter of Proposition 4.4. If |Q\ B| < 6 we
are done. Otherwise, by Lemma 4.6 there exists £ > 0 such that
5

Po(2) — Po(B) > &= ‘9’2

\BP2> ——|0\ BP

g
— 0
o\ B
[

4.3. Choosing a base point. Let M be a harmonic manifold and  be a bounded
domain of M. The proof of the Brock-Weinstock inequality relies on a transplantation
method consisting in plugging the first Steklov eigenfunctions of a ball in the Rayleigh
quotient of the domain. In order to get an estimate of the first eigenvalue of 2 we need
these functions to be orthogonal to the constant. The aim of the following lemma is to
prove that we can chose the center of the ball in such a way.

For y € M, note r, = d(y, .) the distance function to y, and for £ € U, M, let F, ¢ be
the harmonic function on M given by Proposition 3.7:

Ve e M  Fye(x)=a(ry)€, wy(z))
where wy,(z) is the unique unit vector in U, M such that x = exp, (ry(z)wy()).

Lemma 4.8. Let M be a non-compact harmonic manifold and Q@ C M a compact set.
There exists a point o € M such that

vE € T,M /8 Fogla) doam (@) = . (4.8)
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Proof. Consider the functions b : Ry — Ry and B : M — R, defined by

b(r) = /0 “a(s)ds,  By)= /8 d(z.)) dvon(a).

For any § € T),M we have

(VB(y),&) = - b(d(z,y)){Vra(y),§) dvag(x)

— [ ald(e. ) w, 2).€) duan(a)
o0

:—/ F, ¢(z) dvpo(z).
o0

Suppose now that o is a minimum of B. Since VB(0) = 0 we get that o is such that (4.8)
holds true.

To show that such a point o exists indeed, we have just to notice that lim, . b(r) =
+00, as a is an increasing function (see Proposition 3.6). Therefore the sublevels of B are
compact sets and B has a minimum. O

Remark 4.9. It is a natural question whether the minimum of B is unique. As the
function « is increasing (cf. Proposition 3.6), the function b is convex on Ry. If M
is a non-compact ROSS or a Dameck-Ricci space, the curvature being non-positive, the
distance function is also convex. From these two facts we have that B is convex and thus
has a unique minimum.

4.4. The Brock-Weinstock inequality holds true on non-compact ROSS. From
now on we assume that M is a non-compact ROSS and we use the notations of Section 2.3.
Let 0 € M be a fixed point. We first make the connection between the weighted perimeter
and the first Steklov eigenfunctions of a ball. Following the notation of section 3, for
any x € M we note r(x) = d(o,z) and w(z) € U,M the unique unit vector such that
x = exp,(r(z)w(x)). From now on we fix an orthonormal basis ({1,...,&y,) of T,M and
we write, for i = 1,...,m, F; = a(r){§,w).

Lemma 4.10. We have

P(Q) =) [ Fdvpo.
i=1 709

Proof. By the definition of F; we have

; aQFZQdUaQ:/a a2(T)Z<&,w(gj)>2 dvagy

0 i=1
= a®(r) dvag
29
= P,(Q).
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The first eigenvalue of the ball By satisfies

O’l(BR)/ Ffd’l)aBR :/ ’VE’2dUM
0BR Br

and summing over i we get

P,(Br)o1(Bgr) = /ZyVFPduM

Br =1
The second observation is that the integrand of the right-hand term is a radial function.

Lemma 4.11. For any x € M we have

m

Y |VE()]® = H(r(x))

i=1
where H : Ry — Ry is given by H(r) = a'(r)? — (m — 1)K (r)a(r)?.

Proof. For i = 1,...,m, note f; = (§,w), so that F; = a(r)f;. Let x € M and note
n = w(x), so that, from [21, Section 7] and the computation of Jacobi tensors on M (cf.
section 2.3) we have

Vilz) = Ax(r) "N & — (&mn)
(Emi) As(r) ™ (ny)

I
Ms

<.
[|
N

<§Z777]> §Z7n]>
;i +
a(r(z)) %:Hm ()"

where (11,...,mm,) is an orthonormal basis of T,M with 7 = n and 711 = J;n for
7=1,...,d—1. From these equalities we get

I
M=~

<.
[|
N

Z\sz ZZ fzﬂ?y +Z Z ;&ﬂb
i=1 i=1 j=2 i=1 j=d+1
~d-1 m—d
T alr@)? ' B (@)
Therefore, the function Y"1 |V f;|? is a radial function on M, and since each of the f; are

eigenfunctions of geodesic spheres with eigenvalue —(m — 1)h/(r), taking the mean over
Sy(0) we get

m

1 m
SV = 50l Z/ IV fil*dvs, (o)

i=1
_ — — 1 h/ Z/ f2d,UST(O
= —( - 1)h'( )
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For i = 1,...,m, we have VF; = a’(r)fi% + a(r)Vf;, and, since % and Vf; are
orthogonal we obtain

SIVEP =d(r)? ) fF+a(r)* Y VS
i=1 i=1 i=1
d'(r)? = (m — 1)K/ (r)a(r)?.
O
In the sequel, we note Q(Q2) = [, H(r), so that 01(Bg) = %.
Lemma 4.12. The function H is non-increasing on R.
Proof. We have
H'(r) = 2d/ (r)a" (r) — (m — D) (r)a(r)* = 2(m — D) (r)a(r)d (r),
and since d'(r) =1 — (m — 1)a(r)h(r) we get
H'(r) = =2(m = 1)d'(r)*h(r) = 4(m — Da(r)a’ (r)h' (r) = (m = A" (r)a(r)*.
From the expression 2.2 of h(r), and using that d—ll <1, we get
, 1 d- 1 1\, 2
o2 (g 1) 2 (s mag) =0
so that
/ TRV / o (1)
H'(r) < =2(m — 1)a'(r)"h(r) — 4(m — Da(r)a’(r)h'(r) — (m — Da(r) h(r)
=—2(m — r)(d(r arh/(r) i
= —2(m = D(r) () + )5 )
<0
O

Theorem 4.13. Let M be a non-compact ROSS, let Q@ C M be a domain and let B be a
ball such that |Q)| = |B|. Then

01(Q2) < 01(B),
with equality if and only if Q) is a ball.

Proof. Using Lemma 4.8 we choose a base point o € M such that the functions F; are

orthogonal to the constant function on 9€). Therefore, for each i = 1,...,m we have
|V E;|? dvyg
o1(Q) < fﬂ—
Joo F7 dvog

Taking a sum over ¢ we get

A (QPQ) =y (@) Y /
=1

o0

Frdvn <Y [ [VEFdo = Q@)
i=1 7%
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By the definition of () and since H is non-increasing we have

Q(Q) —Q(Br) = /H )dupy — H( ) dvpg

:/ H(r)dvy — H(r)dvy

O\Br Br\Q

< / (H(R) — H(r)) dvys < 0.
0\Bx

Therefore Q(£2) < Q(Bgr) and, using Theorem 4.2 we get

01(Q)Fo(Br) < 01(2)P,(2) < Q(Q2) < Q(Bg) (4.9)
and
01(9) < ;20((%};)) = Ul(BR).

Moreover, in case of equality we have P,(2) = P,(Bg) which implies that Q2 = Bp. O

By combining (4.7) and (4.9) it is easy to produce the stability version of our quanti-
tative inequality:

Theorem 4.14. Let M be a non-compact ROSS. For any v > 0, there exists a positive
constant C' = C(M,v) such that, for any domain Q C M with |Q| = v we have

a1(Q) (1+C|Q\ B|?) < o1(B),
where B is a geodesic ball with |B| = ||

Proof. Let o be the base point given by Lemma 4.8 and B the geodesic ball centered in
o whose volume is equal to |§2|. Because the ROSS are harmonic manifolds, the weighted
perimeter of the ball Br does not depend on the base point, and its radius only depends
on its volume. Therefore, the quantity P,(Bg) only depends on the volume [Q|.

From inequalities (4.7) and (4.9) we get

(@) (14 1\ Bal?) < o (Br)

where the constant C'is given by Theorem 4.7, and thus only depends on |Q]. (]

Remark 4.15. Note that in general we can not freely state that, for each i =1,...,m,
/ |VE|? dvy < / |VE|? dvyy.
Q Br

If this were the case then by an argument similar to that in the above proof, we would get
the stronger inequality

> i 2 ot
—~ 0i(Q) ~ 0i(Br)
Compare with [8, Theorem 5.1].
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5. THE BROCK-WEINSTOCK INEQUALITY DOES NOT HOLD ON S™

In this section we denote by o1 (A) the k—th Steklov eigenvalue on the sphere S of
a domain A C S™, and we show that there exists a symmetrical strip 2 C S™ such that
01(Q2) > 01(B) where B is a ball (in the sphere) with the same volume as €. In particular,
the ball does not maximize the first Steklov eigenvalue on the sphere, that is, the Brock-
Weinstock inequality does not hold true. The choice of a spherical strip is due to the fact
that in this case we are able to compute explicitly its spectrum (cf. [19, example 4.2.5]
for a similar calculation for annulus in Euclidean spaces).

Theorem 5.1. Let M = S™. There exists R > 5 such that 01(Qr) > 01(Bs), where Qg
is the intersection of two geodesic balls of radius R with antipodal centers, and Bg is a
geodesic ball such that || = |Bg|.

Proof. Let ot and o~ be two antipodal points on the unit sphere. Viewing S™ as a
submanifold of R™*! we have T,+S™ = T,-S™ as subspaces of R™*1. For 2 € S™ we note
rt(z) = d(ot,z), r~(z) = d(o™,z), and w(x) the unique unit vector of T,+S™ = T, S™
pointing to z from o™ and o™:

= expy+ (7 (2)w(z)) = exp,- (r~ (z)w(w)).

Let R > Z and Qg = Bg(o") N Br(o™), S§ = 0Bgr(o"), Sy = 0Br(o™) (so that
O0Rr = S}HUSyE). Let (fi)ken be a basis of spherical harmonics of L?(S™~1) where S™~*
is the unit sphere of 7,+S™ and the ordering is such that the corresponding sequence of
eigenvalues is non-decreasing. By Proposition 3.4 and Corollary 3.5 we know that, for
each k € N, there exist radial functions ay(r*) and ax(r~) such that

FF = ap(r®) fr(w), k€N

form a basis of Steklov eigenfunctions for L?(0Bgr(0¥)). Clearly we have that the F}’s are
harmonic in Qg. Moreover, a direct computation shows that, on 02g,
O(F, £ F)) _
ST CERE £ F)

with
C;-(R): CL;(R)—&Z(W—R% Ck_(R) — (I;C(R)—FCL;C(TF—R)
ax(R) + ag(m — R) ag(R) — ag(m — R)
Thus C,;t (R) are Steklov eigenvalues of 2r. Moreover, they constitute the whole Steklov
spectrum. Indeed, as 0Q2p is the disjoint union of SE and S we get an Hilbert basis of
L?(0QR) by taking {f;’ | k e N}U{f, | k € N} where f,:' = j‘]rf(w)|s+ and f, = fr(w)
R
As we have
(FJ)\BQR = ak(R)f,j + ak(ﬂ' — R)fk_ and (Fk_)\BQR = ak(ﬂ' — R)f]:_ + ak(R)fk_,

and since 0 < ay(m — R) < ay(R) we easily get that {(F}| + Fk_)laQR | ke N}U{(F —
F) . | k € N} is an Hilbert basis of L?(0Qg). Therefore, the Steklov spectrum of Qg
is {C/(R) | ke N}U{C, (R) | k € N}.

We divide the rest of the proof into three parts: the first two aimed to prove that
01(Qr) = C{ (R) and the last one for comparing it to the first eigenvalue of the ball.

|7.
SR
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Claim 1: for all 3 < R < and all k € N we have C; (R) < C} (R).

In fact, we will prove that, for any k& € N, there exists p € N such that ap(r) =
rP 4 Zi>p+l &r' with & >0 for all i > p+ 1.

Let k£ € N and let p € N be such that the eigenvalue of S~ ! associated to f, is
Aer = p(p +m — 2). Following the proof of Proposition 3.4 we have ay(r) = >_.o, &,
with the coefficients & = 0 for i < p, § = 1 and, for ¢ > p, defined recursively by
Formula (3.5)

i—1
(i(i+m—2) —pp+m=—2)&+ > _(joij — Bij)& =0. (5.1)
j=0

If ¢ > p then i(i +m — 2) p(p +m —2) > 0, so that the positivity of & follows by (5.1)
once we show that jo;_; — 3;—; < 0 for any j = 0,...,% — 1. As M is the round sphere
the coefficients a; and the Bj are given by

2)
r(m — 1) cot(r Za]rj and 72 (p+m Zﬂﬂ‘]

3>0 sin’ §>0
Since cot/(r) = —sin(r) 72, the above equalities give
J—1 j—2 ﬁj j—2
e B PP e
jzom_l jzop(p+m—2)
so that 7(]'_1)’7’7&{?"1_2)04]- = —f;, and joi—j — Bij = a4 <j+ (=i=Uplptm=2) 125(pl+m 2)> We

conclude that jo;_; — B;—; < 0 for j < i — 1 since the coefficients of the power series
expansion of the cotangent are all non-positive, but the first one (cf. [1, chapter 23]).

As a consequence of the non-negativity of the coefficients &; we have that, for any
k € N, the functions ay, and aj, are non-negative, which easily entails that C;f (R) < C} (R).

Claim 2: for all T < R < m we have 01(Qg) = C{ (R).
Following Claim 1, we just have to show that C}"(R) < C}(R) for every k > 1. By
Equation (3.3) we have that for 0 <r <7

ay(r) + (m — 1h(r)ai (r) + Al (r)ax(r) = 0, (5.2)

where A, is the k—th eigenvalue of S™~1. In particular, for k = 1 we have Aep =m — 1.
Integrating equation (5.2) between ry and r and letting ro tend to 0 gives

ay(r) =m— (m — 1)h(r)a;i(r). (5.3)
A straightforward computation then brings to

aj(R) —aj(mr — R) cos(m — R)

Cr'(R) = a1(R) +ai(r — R) (m - )sin(ﬂ —R)

(5.4)

For 1 < k < m we have ap = aq as the function fj, is a first spherical harmonic of
Sm~1, therefore we have C; (R) = C;"(R). Assume now that k > m + 1. In particular,
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there exists p > 2 such that A,y = p(p +m —2) > m — 1 and a(r) ~¢ r?. Integrating
equation (5.2) between rg > 0 and r > ry we get

ay,(r) — ag(ro) + (m — 1)/ h(t)ay(t) dt + Ac,k/ B (t)ag(t) dt =0
0 o
which becomes, after an integration by parts,

ay,(r) — ay(ro) + (m — 1) (h(r)ag(r) — h(ro)ag(ro)) + e — (m — 1)) /T B (t)a(t) dt = 0.

0

Since ag(r) = rP + o(rP), for r ~ 0, with p > 2, we can pass to the limit as ry tends to 0
to get

a(r) = —(m — D)h(r)ag(r) — (A — (m — 1)) /07‘ B (t)ay(t) dt.

Plugging this expression in that of C}" (R) and using that h(R) = —h(m — R) we get

a(R) — ai(r — R)
ax(R) + ax(m — R)
—(m — 1)h(R)ax(R) + (m — 1h(r — R)ag(7 — R)
ag(R) + ax(m — R)
)\c,k — (m — 1) R ,
_ak(R) + ay(m — R) /7T—R A (E)ax (£) dt
(m — l)h(ﬂ' — R)(ak(R) + ak(ﬂ' — R))
ax(R) + ax(m — R)

)\c,k — (m — 1) R /
~ap(R) + ay(m — R) /7T—R heelon(e) ot

_ o+ A — (m—=1) [ ay(t)
= C{(R)+ ar(R) + ap(r — R) /w—R sin?(t) dt

Cy(R) =

> Cf(R).
This concludes the proof that o1(Qg) = Cf (R).

Claim 3: for R close enough to m we have 01(Q2r) > o01(Bgs), where S is such that
|Bs| = |€2r].

Let Bg the ball of radius S with the volume |Bg| = [Qg|. As |[S™\ Bg| = |S™\ Qx|
we have

=S T—R
/ sin™ () dt = 2/ sin™~L(t) dt. (5.5)
0 0
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From Claim 2 we have 01(Q2r) = (m — 1)2?5((3)) where a = m — R. Using equation (5.3)
we have
a1(5)
Bg) = -
o1(Bs) 015
m cos(.S)
- m-1
a1 (S) (m )sm(S)

om—1
msin™ ™ (9) cos(S)
- B, gy
Jo sin™ ! (t)dt sin(5)
am—1
_ ﬁ;m B m—1 098(5)7
2 [V sin™ 1 (t) dt sin(3)
where in the last equality we set 5 = m — S. Notice that a and § tend to 0 as R tends to

7, so that we have o1(Bg) ~ (m — 1)2?555)) Moreover, as a consequence of (5.5), we get
that

dﬂ . -1 . -1
m _ 2 m
o sin(3) = 2sin(«)
which easily entails that § ~ 2ma (exploiting the fact that every function in role is

positive). Those information boil up, after a simple computation, into

Q
li L( R) = 2m > 1.
R—m 01 (B 5)
This concludes the proof of the fact that, for R < m, R close enough to m, the ball does
not maximize the first Steklov eigenvalue on the sphere. O
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