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treated straightforwardly, and the nonlinear problems conver-
gence was easily reached without any relaxation technique.
Nevertheless, the B-facet formulation requires independent
loops search in order to restore the flux solenoidality. This
task can be time consuming and decreases the convergence
rate of linear systems solutions.

In this paper, an original magnetostatic volume integral
formulation based on the interpolation of the magnetic vector
potential on edge elements is proposed. This novel approach,
called A-edge formulation, does not require the independent
loops search algorithms. The formulation being auto-gauged,
no gauge condition has to be added and the convergence rate
of the linear solution is then improved. In others words, this
new formulation has all the benefits of the B-facet one but
without its drawbacks.

II. MAGNETIC VECTOR POTENTIAL FORMULATION

Let us consider a 3-D magnetostatic problem composed by
ferromagnetic regions � and coils with DC current density J.
We note � the boundary between � and the free space.
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Volume  integral  method  (VIM)  has  been  known  as  an  interesting  alternative  to  the  finite-element  method  for  electromagnetic
field  computation.  Since  only  the  active  regions  have  to  be  meshed,  VIM  is  very  efficient  for  modeling  of  electromagnetic  devices
containing a predominated air volume.  It is also adapted for multistatic studies with motion  or optimization strategies.  The aim of
this paper is to propose a magnetic vector potential volume integral formulation in order to deal with the 3-D nonlinear magnetostatic
problems. The main advantage of this formulation is that the convergence of nonlinear material solution can be easily reached after
a few  iterations without any relaxation.  Moreover,  the use of  coarse  meshes can  lead  to accurate  results. Computed results for the
TEAM Workshop  problem 13  and  for an  actuator  are reported.

Index Terms— Edge elements, integral equation, magnetic vector potential, nonlinear magnetostatic, team Workshop problem 13,
volume  integral  method.

I.  INTRODUCTION

V

A. Basis Equations
From  Maxwell’s  equations,  the  governing  equations  for

magnetostatics   can   be   given   in   terms   of   magnetic   flux
density B, magnetic field strength H, and J

divB = 0                                     (1)

curl H = J. (2)

These equations are associated with constitutive laws

H = ν(B)B (3)

M = (ν0 − ν(B))B                              (4)

where M is the magnetization; ν0  and ν(B) are the reluctivity
of air and of ferromagnetic materials, respectively.

The  decomposition of  the  magnetic  field  strength  into  the
sum  of  the  source  magnetic  field H0  and  reduced  magnetic

OLUME  integral  method  (VIM)  is  known  today  as
an  interesting  alternative  to  the  classical  finite­element

method (FEM) for solving nonlinear magnetostatic problems.
The main advantage of VIM  versus FEM is  that neither free
space  mesh  nor  boundary  condition  is  required,  only  active
regions  have  to  be  meshed.  Associated  with  fast  algorithms
such  as  the  fast  multipole  method  (FMM)  or  hybrid  cross
approximation, the  fully  populated  matrices  system  obtained
by VIM can be compressed and treated rapidly.

To  this  day,  several  magnetostatic  volume  integral  formu­
lations  have  already  been  introduced  [1]–[8].  The  magnetic
moment method (MMM) [1]–[3], which is the oldest and also
the  most  popular one,  is  based  on  uniform magnetization on
each  element.  This  method  is  straightforward  to  implement
and  well  adapted  for  simple  geometry  devices.  However,  it
leads  to  numerical  instability  with  the  presence  of  nonlinear
magnetic  materials.  In  addition,  the  MMM  is  also  strongly
limited by the size of the obtained matrix (three unknowns per
element). H­edge,  and ϕ-nodal  formulations  were  proposed
in  [4]–[7].  They  seem  to  be  more  flexible  and  robust  than
the  MMM  for  the  treatment  of  complex  devices.  In  general,
both  formulations  present  a  quite  poor  convergence  rate  for
nonlinear  solutions  due  to  the  use  of  a B(H)  curve.  More­
over,  the  use  of  these  formulations  in  order  to  model  the
multiply connected regions requires cutting techniques. Most
recently,  the B­facet  formulation  based  on  interpolation  of
magnetic flux on facet elements associated with an equivalent
circuit  approach  has  been  proposed  in  [8].  This  formula­
tion  ensures  a  good  convergence  rate  due  to  the  use  of  a
H(B) curve. Its results present an excellent accuracy even
with  a  very  coarse  mesh.  Multiply  connected  regions  were
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Fig. 1. Edge elements.

field Hr leads to write [8]

ν(B)B + grad ϕr = H0 (5)

where ϕr is the reduced magnetic scalar potential, determined
by [9]

ϕr = 1

4π

∫
�

M · grad
(

1

r

)
d�. (6)

By introducing the magnetic vector potential A that guarantees
B = curlA, (5) can be written as

ν(B)curl A + gradϕr = H0. (7)

From (4) and (6), the reduced scalar potential can be
expressed as

ϕr = 1

4π

∫
�

(ν0 − ν(B))curl A · grad
(

1

r

)
d�. (8)

B. Edge Elements Interpolation

The magnetic vector potential A can be approximated by
the first-order edge elements interpolation as

A =
Ne∑
j=1

w j A j (9)

where w j is the shape function of edge element j , A j the
tangent component of vector potential on this edge, and Ne is
the number of edge elements in the ferromagnetic regions
mesh. For an edge element i belonging to the facet f (Fig. 1),
its first-order shape function satisfies [10]

curl wi · n f = curl win = 1

S f
(10)

where n f and S f are the normal vector and the surface of the
facet f , respectively.

C. Integral Formulations

The projection of (7) into ferromagnetic domain � by the
Galerkin method with the test functions curlwi leads to∫

�
curl wi · ν(B)curlA d� +

∫
�

curl wi · grad ϕred d�

=
∫

�
curlwi · H0d�. (11)

The two terms on the left hand can be developed as follows:∫
�

curl wi · ν(B)curl A d�

=
Ne∑
j=1

(∫
�

curl wi · ν(B)curl w j d�

)
A j (12)

Fig. 2. Dimension of matrices R and L.

∫
�

curl wi · gradϕred d�

=
∫

�
div(curl wi · ϕr )d� =

∫
�

curlwinϕr d�

=
∫

�
curl win

(
1

4π

∫
�

(ν0−ν(B))curlA · grad
(

1

r

)
d�

)
d�.

(13)

Since edge elements of first-order are used, the magnetic
field B is constant in each tetrahedral element and nearly
constant in each hexahedral element. Therefore, the reluctivity
is constant in each volume element and (13) is transformed as∫

�
curl wi · gradϕred d�

=
∫

�
curl win

⎛
⎝ 1

4π

Ne∑
j=1

⎛
⎝

N f∑
f =1

δν f

∫
f

curl w jn

r
d f

⎞
⎠A j

⎞
⎠ d�

(14)

where N f is the number of facets in the mesh and δν f is
the jump of reluctivity between two adjacent elements sharing
the facet f or between the reluctivity an element belonging
to the boundary and with the reluctivity of the air.

With (12) and (14), (11) can be written as

([R] + [L]){A} = {U0}. (15)

The matrices R, L, and the vector U0 are determined by

Ri j =
∫

�
curlwi · ν(B)curlw j d�

Li j = 1

4π

∫
�

curlwin

⎛
⎝

N f∑
f =1

δν f curlw jn

∫
f

1

r
d f

⎞
⎠ d�

U0i =
∫

�
curlwi · H0d�. (16)

The dimension of sparse matrix R is Ne × Ne and one of
the fully populated matrix L being Ne� × Ne with Ne� is the
number of edge elements on the boundary �. Their dimension
is shown in Fig. 2. In general, Ne� � Ne .

Since (15) is autogauged, using an iterative solver such as
GMRES (Generalized Minimal Residual Method) can solve
it straightforwardly without any gauge condition require-
ment [11]. If the Newton–Raphson (NR) method is used in
order to deal with nonlinear system, the integral matrix L
should be computed only once before the resolution and then
be updated at each iteration with a new δν. Note that the
singularity of surface integral of Green’s function can be
analytically computed [12].



Fig. 3. Description of the problem 13. (a) Device geometry. (b) B–H curve
of steel. (c) Specified positions for the magnetic field computation.

Fig. 4. Meshes of steel plates of the problem 13. (a) 1235 elements.
(b) 4855 elements. (c) 20 737 elements.

Fig. 5. Magnetic flux density in steel plates. (a) 1000 AT. (b) 3000 AT.

III. APPLICATIONS AND NUMERICAL RESULTS

A. T.E.A.M. Workshop Problem 13

Benchmark problem 13 defined in the T.E.A.M. Workshop
is a 3-D nonlinear magnetostatic model. A coil excited by
DC current is set between two steel channels, and a steel
plate is inserted between the channels. The ampere turns are
1000 and 3000 AT which is sufficient to saturate the steel.
The aim of this problem is to calculate the magnetic fields
at various positions [13], [14]. Its description is summarized
in Fig. 3.

Three meshes composed by 1235, 4855 and 20 738 tetra-
hedral elements (Fig. 4) were considered. The distribution
of magnetic flux density in steel plates are shown in Fig. 5
corresponding with the mesh of 20 737 elements.

The average magnetic flux density in steel plates
(sections A–B–C–D–E–F) and magnetic flux density in the
air (segment a–b) are shown in Figs. 6 and 7, respectively.
For both ampere turns, the numerical results are very close to
the measurement. A coarse mesh of 1235 elements was able
to give reasonable results. Since the results obtained with the
mesh of 4855 elements and with the one of 20 737 elements

Fig. 6. Spatial distribution of average magnetic flux density in steel plates.

Fig. 7. Spatial distribution of magnetic flux density in air.

TABLE I

COMPUTATIONAL COST OF TEAM PROBLEM 13 SOLUTION

were superposed, it can be concluded that the convergence of
solution was reached using the mesh with 4855 elements.

The discrepancies between the numerical results and the
measurement at 3000 AT for the distribution of absolute value
of flux density in air are larger than those at 1000 AT. However,
the same difference was reported in [13].

The NR method was used for the resolution of nonlinear
system with an absolute criterion 10−7. The linear system is
solved by GMRES method using the incomplete LU decom-
position of R as the preconditioner. Computational cost is
reported in Table I.

We notice that the use of B-facet formulation [8] leads to
the same results as the A-edge one. However, the A-edge
formulation is preferred in terms of linear system resolution.
In effect, for this formulation, GMRES solver converged
after 220 iterations without any preconditioning technique
and computational time was 103 s. In the same conditions,
it took 580 iterations and 240 s for B-facet formulation.



Fig. 8. Actuator. (a) Geometry view. (b) Magnetic flux density distribution.

Fig. 9. Convergence of force computation.

This difference can be explained by the fact that the
A formulation resolves the original linear equation system
whereas the B formulation has to deal with a linear equations
system depending the choice of independent loops [8], [15].

B. Global Force Computation of an Actuator

The proposed formulation was applied to model an actuator
excited by a dc current coil [Fig. 8(a)]. The nonlinear material
is approximated by an arctan law as reported in [8] with
Js = 1 T and μr = 1000. The aim of this example is to
compute the global force acting on the mobile part of the
actuator.

The distribution of the magnetic flux density in the material
is shown in Fig. 8(b). The global force was computed from the
solution of the proposed formulation because of the equivalent
magnetic charge method [16]. The convergence of the global
force is given in Fig. 9. Compared with the results obtained by
FEM with FLUX software, the convergence rate obtained with
VIM is quite faster than FEM. With a mesh of 100 tetrahedral
elements, the relative error of the computed force given by
VIM is ∼5%, the computation time being 3 s. To reach the
same results, FEM has to use a mesh composed by more than
10 000 elements, the computation time being more than 1 min.

IV. CONCLUSION

An original integral volume formulation for solving
nonlinear magnetostatic problems has been presented.
This formulation is based on the interpolation of the magnetic

vector potential on edge elements. The obtained equation
system is autogauged and can be solved by an iterative solver
without the imposition of a gauge condition. The singularity
of Green’s function can be analytically computed. The con-
vergence of nonlinear solution is easily reached without any
relaxation technique associated.

In general, the proposed formulation gives accurate results
with a small computational cost. Even when coarse meshes
were used, the obtained results remain acceptable. The formu-
lation can be straightforwardly associated with fast algorithms
in order to solving complex problems.
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