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Abstract

When a premixed flame propagates in a turbulent flow, not only does tur-

bulence affect the burning rate (e.g., by wrinkling the flame and increasing

its surface area), but also the heat release in the flame perturbs the pressure

field, and these pressure perturbations affect the turbulent flow and scalar

transport. For instance, the latter effects manifest themselves in the so-called

countergradient turbulent scalar flux, which has been documented in vari-

ous flames and has challenged the combustion community for approximately

35 years. Over the past decade, substantial progress has been made in inves-

tigating (a) the influence of thermal expansion in a premixed flame on the

turbulent flow and turbulent scalar transport within the flame brush, as well

as (b) the feedback influence of countergradient scalar transport on the tur-

bulent burning rate. The present article reviews recent developments in this

field and outlines issues to be solved in future research.
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1. INTRODUCTION

Premixed turbulent combustion (i.e., the burning of a homogeneous mixture of fuel and air) is

widely used for energy conversion in land transportation (e.g., piston engines in cars), aviation

(e.g., aero-engine afterburners), and stationary power generation (e.g., gas engines and turbines).

Accordingly, properly responding to environmental challenges such as the threat of global warm-

ing and securing sustainable development of the postindustrial society require finding and im-

plementing new innovative technological solutions capable of satisfying stringent requirements

for ultraclean, fuel-flexible, and highly efficient future internal combustion engines for energy

conversion in stationary power plants and vehicles. For the development of such solutions, ad-

vanced research tools are needed, in particular, high-fidelity predictive models that are based on

deep understanding of the governing physical mechanisms of flame-turbulence interaction and

that adequately respond to new challenges associated with, for example, emission reduction, new

burning modes, and alternative fuels. However, despite long-term usage of and research into pre-

mixed turbulent combustion, contemporary physical and numerical models of flame-turbulence

interaction are still limited in their ability to predict basic flame characteristics quantitatively and

even qualitatively. Major difficulties in understanding premixed turbulent combustion are associ-

ated with turbulent burning being a highly nonlinear and multiscale phenomenon, which locally

involves various processes, such as chemical reactions, heat release and thermal expansion, molec-

ular transport, and turbulence. Accordingly, various local phenomena can occur in a premixed

flame.

More specifically, from a global perspective, the propagation of a premixed flame can occur in

two regimes, and in each regime, two types of effects require consideration. If unburned gas flow is

laminar, then (a) the flow nonuniformities affect the flame and, in particular, change its local speed,

as first pointed out by Markstein (1951), while (b) combustion-induced thermal expansion affects

the flow by generating pressure perturbations, which can cause hydrodynamic flame instability,

predicted theoretically by Darrieus (1938) and Landau (1944). Similarly, if unburned gas flow is

turbulent, then (c) the turbulence affects the flame and can significantly accelerate its propagation

by increasing the flame-surface area, as first modeled by Damköhler (1940) and Shchelkin [1967

(1943)], while (d ) pressure perturbations due to combustion-induced thermal expansion affect the

turbulent flow, with flame-generated turbulence hypothesized (Karlovitz et al. 1951, Scurlock &

Grover 1953) to significantly increase the burning rate.

Although each of the effects (a)–(d ) was studied over more than six decades ago, the levels

of understanding of the different effects are significantly different. The greatest progress has

been made in investigating the interaction between a premixed flame and a laminar flow [i.e.,

effects (a) and (b)]. However, results obtained by investigating laminar flames cannot be ap-

plied straightforwardly to the description of burning in internal combustion engines, which is

typically turbulent. Nevertheless, such results are a cornerstone for fundamental understand-

ing of flame-turbulence interaction. Accordingly, they are addressed in the present review, and

the reader interested in a more detailed discussion of laminar flame theory is referred to re-

views previously published in this journal (Sivashinsky 1983, Buckmaster 1993, Clavin 1994,

Matalon 2007).

The effects of turbulence on premixed flames [i.e., effects (c)] were the focus of combustion

research for decades (Chomiak 1990, Kuznetsov & Sabelnikov 1990, Peters 2000, Poinsot &

Veynante 2005, Echekki & Mastorakos 2011, Swaminathan & Bray 2011, Lipatnikov 2012). These

studies have shown that, in a wide range of conditions typical for internal combustion engines, the

turbulent burning rate is mainly controlled by turbulence characteristics; for example, the speed

of propagation of a flame against a turbulent flow of premixed reactants is on the order of the
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Laminar flame speed
(SL): basic
characteristic of a
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(fuel structure,
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stoichiometric fuel
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root-mean-square (rms) turbulent velocity u′. Accordingly, for a physical or numerical model to

be able to predict the turbulent burning rate, the effects of thermal expansion on turbulent flow

[i.e., effects (d )] should be well understood and properly taken into account.

Contrary to the three other aforementioned effects, developments in this area were rather

moderate and rarely reviewed (Günther 1983, Bray 1995, Lipatnikov & Chomiak 2010). Over

the past decade, there has been substantial progress in investigating thermal expansion effects

in premixed turbulent flames, and encouraging results have been obtained. Although a well-

recognized comprehensive theory has not yet resulted, some models have been developed and

some local phenomena have been newly revealed. Recent progress in understanding of thermal

expansion effects on turbulent flow offers an opportunity to advance the earlier state of the art

and substantially improve the combustion community’s capabilities for quantitatively predicting

the turbulent burning rate and other important flame characteristics, such as its thickness, mean

structure, and emissions from flames. The goal of the present article is to discuss these recent

developments and to emphasize unresolved issues.

Sections 3 and 4 review the state-of-the-art research into the effects of thermal expansion in

premixed flames on turbulent flow and scalar transport, respectively. However, before considering

these basic issues, we briefly introduce the reader to the physical and mathematical background

required to follow the subsequent discussion.

2. DISCUSSION FRAMEWORK

Depending on the Reynolds number and ratio u′/SL of the rms turbulent velocity to the laminar

flame speed, premixed turbulent combustion occurs in various regimes (Borghi 1988, Peters 2000),

ranging from chemical reactions localized to thin flamelets in large-scale (when compared to the

laminar flame thickness δL) turbulence [Damköhler 1940, Shchelkin 1967 (1943)] to distributed

burning in small-scale turbulence (Damköhler 1940). The focus of the present article is placed

on the former (i.e., flamelet) regime because the response of a turbulent flow to localized thermal

expansion is an issue specific to premixed combustion and is associated with stronger effects when

compared to distributed thermal expansion.

Solely combustion-induced thermal expansion is addressed, whereas dynamic compressibility

effects (e.g., the interaction of flames with acoustic and shock waves) are beyond the scope of the

present article. Accordingly, the flow of unburned or burned gas is considered to be incompressible.

A complete set of equations that model such low–Mach number premixed combustion can be found

elsewhere (e.g., Majda & Sethian 1985). In the following, the term thermal expansion refers to

thermal expansion due to heat release in a flame front.

There are two widely used approaches to modeling premixed turbulent combustion in the

flamelet regime. If the internal structure of thin flamelets is disregarded, then unburned and

burned mixtures are considered to be separated by an interface (infinitely thin flame front) that

propagates at a speed SL into the unburned gas. Similar to a laminar premixed flame (Zel’dovich

et al. 1985), the density and pressure drop from ρu to ρb and from pu to pb = pu − ρuτ S2
L,

respectively, at the front, whereas the local normal (to the front) flow velocity increases [i.e.,

|(ub −uu) ·n| = τ SL]. Here, n is the local unity normal vector pointing to unburned gas; τ = σ −1

is the heat release factor; the subscripts b and u refer to burned and unburned gas, respectively;

and σ = ρu/ρb is the density ratio, which varies from 5 to 7.5 in typical hydrocarbon-air flames

under room-temperature conditions.

Accordingly, SL and σ are considered to be the major mixture characteristics. They are con-

trolled by the fuel formula, equivalence ratio �, unburned gas temperature Tu, and pressure p .

Because |pu − pb| ≪ p in a typical flame, local pressure variations are neglected when evaluating
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BML approach:
approach to modeling
premixed turbulent
combustion developed
by Bray, Moss, and
Libby by assuming
that variations in
mixture characteristics
are localized to
flamelets

SL or σ but control (ub − uu) · n. Therefore, the local pressure drop is of great importance when

considering the effects of thermal expansion on turbulent flow and transport.

Let us apply a two-fluid model by Kataoka (1986) to the considered problem and introduce

(a) a continuous function G(x, t) such that G < 0 in unburned gas, G = 0 at the flame front,

and G > 0 in combustion products; (b) an indicator function c (x, t) = H [G(x, t)], where H is the

Heaviside function, i.e., c = 0 and 1 in the unburned and burned mixtures, respectively; and (c) a

unit normal vector n = −(∇G/|∇G|)G=0. Then, for a scalar, vector, or tensor quantity q that is

bounded at the flame front, q = (1 − c )qu + cqb and its mean value q̄ can be evaluated as follows:

q̄ (x, t) = [1 − c̄ (x, t)]q̄u(x, t) + c̄ (x, t)q̄b(x, t), (1)

where c̄ (x, t) is the probability of finding the burned mixture and values of q conditioned on the

unburned and burned gases; that is, q̄u(x, t) and q̄b(x, t), respectively, are defined as follows:

[1 − c̄ (x, t)]q̄u(x, t) ≡ (1 − c )qu(x, t), c̄ (x, t)q̄b(x, t) ≡ cqb(x, t). (2)

Equation 1 was introduced into combustion theory by Prudnikov (1960). Readers interested in

taking conditional averages of derivatives of discontinuous quantities (e.g., ∇p or dilatation ∇ ·u at

a flame front) are referred to Kataoka (1986) given that such conditioned derivatives are not used

in the present article. In the following, the dependencies of c , q̄u, q̄b, etc. on the spatial coordinates

x and time t are not specified, and mixture characteristics such as density ρu (ρb) and temperature

Tu (Tb) of unburned (burned) gas are considered as constant input parameters.

Substitution of q = ρu, q = ρc , q = ρuc , and q = ρui u j into Equation 1 results in

ũ = (1 − c̃ )ūu + c̃ ūb, ρu′′c ′′ = ρuc − ρ̄ũc̃ = ρ̄ c̃ (1 − c̃ )(ūb − ūu), (3)

ρu′′
i u′′

j = ρ̄

[

(1 − c̃ )(u′
i u

′
j )u + c̃ (u′

i u
′
j )b + c̃ (1 − c̃ )(ūi,b − ūi,u)(ū j,b − ū j,u)

]

, (4)

where (u′
i u

′
j )u = [(ui − ūi,u)(u j − ū j,u)]u and (u′

i u
′
j )b = [(ui − ūi,b)(u j − ū j,b)]b are correlations

conditioned on unburned and burned gas, respectively; q̃ ≡ ρq/ρ̄ is the Favre (mass-weighted)

average of q and q ′′ ≡ q − q̃ . The combustion literature uses Favre-averaged quantities (Bray

& Libby 1976) because the Favre-averaged transport equations have a more compact form when

compared to the counterpart Reynolds-averaged equations, which involve extra unclosed terms

such as ρ ′u′, where u′ = u − ū.

If q is equal to the mass fraction Y of the deficient reactant, then Equation 1 yields Ȳ = Yu(1− c̄ )

because Yb = 0. Therefore, c can be associated with the normalized reactant mass fraction (i.e.,

c = 1 − Y/Yu), and the following Favre-averaged transport equation

∂

∂t
(ρ̄ c̃ ) + ∇ · (ρ̄ũc̃ ) = −∇ · ρu′′c ′′ + W (5)

results straightforwardly from a transport equation for Y/Yu. Here, one obtains W ≡ SL|∇c |.
Another approach to modeling premixed turbulent burning in the flamelet regime was de-

veloped by Bray & Libby (1976) and Bray & Moss (1977), referred to as the BML approach.

It allows for a finite flamelet thickness, considers δL to be an important mixture characteristic in

addition to SL and σ , and offers wider opportunities to model effects of turbulence on combustion.

Nevertheless, the two approaches (an infinitely thin flame front or a flamelet of finite thickness)

are almost equally useful when modeling major effects of thermal expansion on turbulent flow.

Within the framework of the BML approach, c = 1 − Y/Yu is a combustion progress variable,

n = −∇c /|∇c | is defined within flamelets, Equations 2–5 hold to leading order with respect to a

ratio δL/δt ≪ 1 of the laminar and turbulent flame brush thicknesses, and W = ∇ · (ρD∇c ) + w̄c ,

where δt = 1/max|∇ c̄ | is the mean turbulent flame brush thickness, D is the molecular diffusivity
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Reynolds-averaged
Navier-Stokes
(RANS) equations:
describe large-scale
spatial and temporal
variations of the mean
flow velocity, but
require a model of the
influence of turbulent
fluctuations on these
variations

Large-eddy
simulation (LES):
simulation technique
that deals with
transport equations
averaged over a small
spatial volume using a
low-pass filter; the
LES equations resolve
turbulent eddies larger
than the filter width

Statistically
unperturbed flame
(SUF): statistically
planar 1D turbulent
premixed flame

Impinging jet flame
(IJF): open flame
stabilized upstream of
a plate placed
perpendicularly to a
turbulent jet of a
fuel-air mixture at a
certain distance from
the nozzle

Fully developed
premixed turbulent
flame: flame that
propagates at a
statistically stationary
speed and has a
statistically stationary
thickness

Direct numerical
simulation (DNS):
solution of transport
equations using a
numerical grid that is
sufficiently fine to
resolve the smallest
turbulent eddies and
mixture
nonuniformities

of the deficient reactant and wc is its consumption rate divided by Yu. With the exception of

Section 3.3, below we consider infinitely thin flame fronts if the opposite is not stated.

Within the Reynolds-averaged Navier-Stokes (RANS) framework, the two main challenges

of premixed turbulent combustion modeling consist of closing the turbulent scalar flux ρu′′c ′′

and closing the source term W . In the present article, we address the problem of modeling

the flux and turbulence characteristics required by a closure relation for W . Models that yield

a closure relation for W (Chomiak 1990, Kuznetsov & Sabelnikov 1990, Peters 2000, Poinsot

& Veynante 2005, Echekki & Mastorakos 2011, Swaminathan & Bray 2011, Lipatnikov 2012)

focus on the influence of turbulence on combustion but rarely address the influence of thermal

expansion on turbulence. Moreover, we restrict ourselves to the RANS framework because large-

eddy simulation (LES) models of the flame-turbulence interaction are strongly based on their

RANS counterparts. Readers interested in LES of turbulent combustion are referred to the review

by Pitsch (2006).

In the following, Equations 2–5 are often applied to a statistically unperturbed flame (SUF)

and impinging jet flame (IJF) that are described by statistically one-dimensional (1D) transport

equations. In such cases, we use 1D Equations 2–5, where u is the x component of the flow velocity

vector, which is normal to the mean flame brush.

Finally, it is worth introducing the following basic characteristics of premixed turbulent

flames (e.g., Driscoll 2008, Lipatnikov 2012). The burning (consumption) velocity Ut is equal

to ρ−1
u

∫ ∞
−∞ W dx in an SUF or IJF. The flame (displacement) speed St is equal to Ut in a fully

developed SUF but depends on the choice of a mean flame surface c̄ (x, t) = const in an IJF or

developing SUF. The mean flame brush thickness δt is equal to 1/ max{|∇ c̄ |}. The mean pressure

drop δp̄ at the flame is typically much less than p and is equal to ρuτU 2
t in a fully developed SUF.

3. INFLUENCE OF THERMAL EXPANSION ON TURBULENT FLOW

3.1. Flame-Generated Turbulence?

The problem of flame-generated turbulence was posed by Karlovitz et al. (1951) and Scurlock &

Grover (1953) in order to attribute high values of St measured in early experiments to an increase

in u′ within flame brushes when compared to u′ in upstream flows. Karlovitz et al. (1951) argued

that, because of the random orientation of flame fronts, the local velocity jumps |(ub − uu) · n|
increase the magnitude u′ = |u − ū|/

√
3 of velocity fluctuations in products. In other words,

Karlovitz et al. (1951) associated flame-generated turbulence with flow acceleration by the local

pressure drop δpf at flame fronts.

Scurlock & Grover (1953) highlighted (a) the creation of transverse shear in the flow of burned

products within a flame brush due to uneven axial flow acceleration by the mean pressure gradient

∇ p̄ and (b) turbulence generation by the shear flow. Because the acceleration of a fluid particle

Du/Dt ∝ ρ−1∇p is inversely proportional to its density, the same pressure gradient accelerates

low-density products more strongly than heavier unburned gas. Outside the front within the flame

brush, ∇p is induced because of thermal expansion in surrounding pieces of the front. Accordingly,

because of the preferential product acceleration by ∇p , the axial velocity u(x, y1, z1) of a product

particle that has passed the front at a larger axial distance δx1(y1, z1) from a plane x = const, which

is parallel to the flame brush, is expected to be larger than the velocity u(x, y2, z2) of a neighboring

product particle that has passed the front at a shorter axial distance δx2(y2, z2) from the same plane.

As reviewed elsewhere (Günther 1983, Lipatnikov & Chomiak 2010) and shown in

Figure 1, various experimental and direct numerical simulation (DNS) studies of weakly turbulent

flames associated with the flamelet combustion regime documented an increase in Reynolds- or
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(a) Mean and conditioned root-mean-square velocities normal to a mean flame brush (from 13 to 20 mm), measured by Cheng &
Shepherd (1986), along a normal to an open oblique premixed turbulent flame (products on the left). (b) Mean and conditioned
turbulent kinetic energy (TKE) extracted from direct numerical simulation data by Nishiki et al. (2002) obtained from a statistically
unperturbed flames (product on the right) characterized by σ = 7.53 (high density ratio), 5.0 (medium density ratio), and 2.5 (low
density ratio). With a low density ratio, the plotted TKE is increased by a factor of 10.

TKE: turbulent
kinetic energy

Lewis number (Le):
a ratio of the molecular
heat diffusivity of a
combustible mixture
to the molecular mass
diffusivity of the
deficient reactant in
the mixture

Favre-averaged turbulent kinetic energy (TKE), k̄ = (u − ū)2/2 or k̃ = ρ(u − ũ)2/2ρ̄, respec-

tively, and in u′ that characterizes the velocity vector (e.g., u′ =
√

2k̄/3 or u′ =
√

2k̃/3) or its

single component [e.g., u′
j
2 = (u j − ū j )2], with the effect mitigated by an increase in u′/SL.

The mainstream approach to RANS simulations of flame-generated turbulence in premixed

flames, pioneered by Bray & Libby (1976), Librovich & Lisitzyn (1977), and Libby & Bray (1977),

consists of physically and/or numerically (DNS) modeling various terms in a transport equation

for k̃ or k̄. The approach was mainly developed in the 1980s and 1990s, with the results critically

discussed recently (Lipatnikov & Chomiak 2010, section 4.1). Briefly, various closed equations

that involved a set of model constants were proposed, but none was validated against a wide set

of substantially different experimental or DNS data by retaining all the constants unchanged.

Moreover, if a closure relation obtained by a research group was subsequently tested by other

experts by processing other DNS data, there were always data that contradicted this closure

relation at least quantitatively. For instance, recent DNS by Chakraborty et al. (2011) shows that

terms in the k̃ transport equation are sensitive to the Lewis number, whereas earlier models of

flame-generated turbulence did not allow for Le .

A few years ago, Kolla et al. (2014) defined a new density-weighted two-point velocity cor-

relation and derived a balance equation for the counterpart spectrum function in wave-number

space. An analysis of this equation has shown, in particular, that “pressure-dilatation correlation

is a source of kinetic energy at high wave numbers” (Kolla et al. 2014, p. 456). It is worth remem-

bering that, in the RANS context, such a correlation p ′∇ · u′ was first highlighted by Kuznetsov

(1979), and an important role played by this term in the transport equation for k̃ was subsequently

supported by DNS data, as reviewed elsewhere (Lipatnikov & Chomiak 2010). Kolla et al. (2014)

analyzed other DNS data, which were not associated with the flamelet combustion regime, and

found that the pressure-dilatation correlation in the new spectrum equation caused an inflection

of the spectrum drop-off at large wave numbers. Lipatnikov et al. (2015a) reported the influence

of thermal expansion on velocity spectra conditioned to unburned gas at low c̄ in DNS of SUFs

associated with the flamelet combustion regime. Earlier, Furukawa et al. (2002) compared spectra
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conditioned to unburned and burned mixtures, measured in the middle of a flame brush, and found

that large- and small-scale velocity fluctuations were more intense in the burned and unburned

gases, respectively.

As far as an effect of intensification of velocity fluctuations behind a flame front on the burning

rate and St is concerned, two fundamental issues have not yet been resolved. First, because a flame

front propagates into unburned gas, perturbations of the upstream flow of the unburned gas are

required to accelerate the flame propagation. This issue was already recognized by Karlovitz et al.

(1951, p. 546), who hypothesized that turbulence generated behind a flame front diffused “against

the flow before the flame front.” However, since that pioneering study, we have not substantially

advanced our understanding of the magnitude and physical mechanisms of the effects of velocity

fluctuations in combustion products on the upstream flow of unburned gas and turbulent flame

speed. We further discuss the influence of thermal expansion on the upstream flow of unburned

gas in Section 3.4.

Second, the use of TKE and rms velocity determined in a standard manner (e.g., k̃ =
ρ(u − ũ)2/2ρ̄ and u′ =

√

2k̃/3) for characterizing turbulence appears to be fundamentally flawed

if combustion occurs in the flamelet regime. Indeed, Equation 4 clearly shows that the second mo-

ments of the velocity field are straightforwardly affected by the difference in velocities conditioned

to burned and unburned mixtures. If this difference is on the order of τ SL, then the last term on

the right-hand side of Equation 4 scales as (τ SL)2 and can be much larger than the two other terms

in the case of weak turbulence [i.e., u′/SL = O(1)]. However, (a) a local normal velocity jump due

to thermal expansion at a flame front and (b) turbulence considered to be inherently rotational

3D flow appear to be two fundamentally different phenomena, which should be characterized by

different quantities.

Accordingly, conditioned Reynolds stresses, TKE, and rms velocities are often assumed

to properly characterize turbulence within a premixed flame brush. As reviewed elsewhere

(Lipatnikov & Chomiak 2010, section 3.2.3), conditioned second moments of the velocity field

were evaluated in various experimental and DNS studies of premixed flames, which showed that

such moments are less affected by combustion than the counterpart unconditioned moments (e.g.,

see Figure 1).

Figure 1 also indicates that the second moments conditioned to products are larger than the

second moments conditioned to unburned gas in three flames, whereas the trend is opposite in

the DNS case characterized by a low density ratio. As reviewed by Lipatnikov & Chomiak (2010),

various relations between k̄u and k̄b or u′
u and u′

b were documented in various flames. A model has

not yet been developed that can predict the behavior of the conditioned second moments of the

velocity field in the flamelet regime of premixed turbulent combustion. Balance equations for the

conditioned Reynolds stresses and TKE in premixed flames were derived by Chen et al. (1986),

Im et al. (2004), and Lipatnikov (2008) using different methods, but these equations involve a

number of unclosed terms, and the proposed models of these terms require validation.

Moreover, the characterization of turbulence within a premixed flame brush with conditioned

second moments of u(x, t) can be disputed. Because of the random motion of an interface that

separates two fluids, a statistical subensemble over which a conditional average is taken depends

on x and t, as well known in the theory of intermittent flows (Libby 1975, Townsend 1976,

Kuznetsov & Sabelnikov 1990). As a result, the conditioned second moments differ from their

mean counterparts, even in the case of the self-propagation of a passive interface in a constant-

density flow. For combustion applications, this feature of conditionally averaged second mo-

ments follows from Equations 3 and 4, was demonstrated by analyzing simple model problems

(Lipatnikov 2009, 2011a), and was recently shown in a 3D DNS study of self-propagating in-

terfaces in constant-density turbulent flows (Yu et al. 2014, 2015b). The DNS also indicated
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that quantities controlled by velocity gradients were significantly less sensitive to the averaging

method. For instance, the conditioned and mean enstrophies ω2 = (∇ × u)2 or total strains S2

were almost equal to one another in all simulated cases, thus implying that, e.g., (S2)u is a proper

characteristic of turbulence in reactants, at least in the case of constant density. Here, the total

strain S2 = Si j Si j is the square of the norm of the rate-of-strain tensor Si j = (∂ui/∂x j +∂u j /∂xi )/2,

and the summation convention applies for the repeated indexes i and j . These DNS data

call for target-directed research into the behavior of ∇ × u, ω2, and S2 in premixed turbulent

flames.

3.2. Vorticity, Enstrophy, and Total Strain

The influence of turbulence on premixed combustion in the flamelet regime is commonly asso-

ciated with both an increase in the flamelet surface and local variations in the burning rate per

unit flamelet surface area, with both effects caused by turbulent stretching (e.g., Lipatnikov 2012).

The stretch rate of the flamelet surface is not straightforwardly affected by the local vorticity but

is controlled by the flamelet curvature and local strain rate (e.g., Matalon 2007). Nevertheless, the

strain rate and vorticity are indissoluble in turbulent flow, as follows from their transport equations

(Tsinober 2009).

In nonreacting flows, research for many years focused on coupling between ∇ × u, Si j , ω2, and

S2 (e.g., Tsinober 2009). In contrast, we are aware of few studies of the behavior of S2 and its

coupling with the vorticity field in premixed turbulent combustion. Steinberg & Driscoll (2009)

measured 3D velocity gradients in premixed turbulent flames and found that flamelet stretching

was caused by coherent strain-rate structures, which attenuated quickly behind the flamelets due

to thermal expansion and viscous dissipation. The data by Steinberg & Driscoll (2009, figure 24b)

also indicate that the effects of turbulent eddies on the flame-surface area are better characterized

by the total strain when compared to enstrophy or u′.

Hamlington et al. (2011) performed DNS of SUFs in small-scale turbulence and reported the

attenuation of S2 due to combustion at u′/SL = 2.45, but a weak effect of the flames on S2 at

u′/SL > 9.8 (those flames are not associated with the flamelet combustion regime). Experiments

by Steinberg et al. (2015, p. 1287) indicated the attenuation of S2 and ω2 at u′/SL = 4.25 but

did not reveal any change “in the relative alignment of vorticity and strain rate” in a premixed jet

flame.

The effects of premixed flames on the vorticity and enstrophy have received more atten-

tion. Averaging of vorticity and enstrophy transport equations yields several unclosed terms (e.g.,

Lipatnikov & Chomiak 2010), with, e.g., baroclinic torque ρ−2∇ρ × ∇p and dilatation

(∇ · u)(∇ × u) terms in the vorticity equation being specific to combustion. Moreover, an in-

crease in T results in an increase in the kinematic viscosity ν and the magnitude of the viscous

dissipation term. Although closure relations for such terms have not yet been elaborated, the ef-

fects of these terms on the vorticity and enstrophy in premixed flames were addressed in recent

DNS studies of SUFs. These studies have shown that in the flamelet combustion regime, and if

σ ≥ 4, dilatation tends to reduce vorticity, but the anisotropic generation of vorticity occurs at

flame fronts due to baroclinic torque, which overwhelms the dilatation and weak viscous dissipa-

tion, with the vorticity generation mitigated by a decrease in the density ratio (Treurniet et al.

2006, Lipatnikov et al. 2014). Moreover, if σ ≤ 2.5, enstrophy attenuates within a flame brush due

to viscous dissipation (Treurniet et al. 2006, Lipatnikov et al. 2014). Additionally, in small-scale

intense turbulence, baroclinic torque and dilatation play a less important role when compared

to vorticity generation due to vortex stretching and viscous dissipation, and vorticity attenuates

within flames (Hamlington et al. 2011, Chakraborty et al. 2016), with the influence of combustion
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on the vorticity field mitigated by u′/SL (Hamlington et al. 2011). Finally, in small-scale, highly

intense turbulence, the influence of combustion on the vorticity field is reduced to an increase in

ν in hot products (Bobbitt et al. 2016).

Even in sufficiently intense turbulence, a decrease in the Lewis number results in vorticity gen-

eration due to a significant increase in the local baroclinic torque (Chakraborty 2014, Chakraborty

et al. 2016) because faster (slower) diffusion of reactants (heat) into (from) thin, inherently laminar

reaction zones stretched by turbulent eddies leads to a local increase in the burning rate, |∇p | and

|∇ρ| (if the flamelet structure is resolved). Readers interested in Lewis number effects in premixed

turbulent combustion are referred to a review by Lipatnikov & Chomiak (2005).

3.3. Scalar Gradients and Principal Strain Rate: An Alignment Issue

The increase in the area of a flame-front surface by turbulent stretching is often considered

via an analogy with the exponential growth of the area of a material surface in homogeneous

turbulence (Batchelor 1952). The latter effect results from statistical predominance of positive

surface strain rate, at , and is closely related to the preferential alignment of scalar gradients

with the most compressive principal strain rate (PSR) in homogeneous turbulence (e.g., Ashurst

et al. 1987). Accordingly, the alignment of the local normal n to a flame front and eigenvec-

tors of Si j is of paramount importance for fundamental understanding of the flame-turbulence

interaction.

Over a decade ago, Swaminathan & Grout (2006) analyzed DNS data obtained earlier from an

SUF associated with the flamelet combustion regime. They documented the preferential alignment

of n with the most extensive (largest positive) PSR within flamelets due to the local dilatation and

hypothesized that turbulence could reduce scalar gradients in the flamelet combustion regime,

contrary to an increase in scalar gradients by turbulent stretching in constant-density flows. This

hypothesis triggered subsequent research into the alignment issue.

Chakraborty & Swaminathan (2007) analyzed the same data and DNS data obtained from

another SUF that propagated in intense (u′/SL = 7.6) small-scale turbulence and was not associ-

ated with the flamelet regime. They concluded that the aforementioned unusual alignment and

mitigation of scalar gradients by turbulence were specific to the flamelet regime, whereas n was

aligned with the most compressive PSR in the latter flame. DNS data by Hamlington et al. (2011)

support this conclusion.

Hartung et al. (2008, p. 1) experimentally confirmed the preferential alignment of n with the

most extensive PSR within flamelets in five open lean ethylene-air flames stabilized on a bluff

body and concluded that this “result questions the validity of passive scalar turbulence physics

commonly used for premixed flame modeling.”

Chakraborty et al. (2009) studied DNS data obtained from four SUFs characterized by various

Le and reported the preferential alignment of n with the most extensive PSR within flamelets,

with the effect increased with decreasing Le . However, for isosurfaces c (x, t) = 0.1 associated with

the flamelet leading edge and weak dilatation, n aligned preferentially with the most compressive

PSR, similar to constant-density turbulence.

The latter result is important because flamelets propagate into unburned gas; hence, the

flamelet-surface area and burning rate are increased by turbulence in the unburned gas. Accord-

ingly, Steinberg et al. (2012) experimentally investigated three flames associated with the flamelet

combustion regime and studied the alignment of n with eigenvectors of Si j at a flame contour pre-

cisely ahead of a zone of substantial dilatation. Similarly to mixing in constant-density turbulence,

the most extensive PSR “was found to preferentially align perpendicular to the scalar gradients”

(Steinberg et al. 2012, p. 2586), and turbulence was concluded to increase |∇c |.
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Sponfeldner et al. (2015) experimentally investigated a single flame associated with the flamelet

combustion regime and measured the angle between n and the most extensive PSR at different

distances ahead of a flame contour characterized by the maximum gradient of the OH planar

laser-induced fluorescence signal. Results show the lack of alignment far from the flame contour,

the preferentially perpendicular alignment of n with respect to the most extensive PSR at distances

from three to four laminar flame thicknesses, where dilatation vanishes, but the preferential align-

ment of n with the most extensive PSR in the vicinity of the flame contour, where dilatation is

substantial.

Thus, as far as the interaction of scalar gradients in premixed flames with upstream turbulence in

an unburned mixture is concerned, recent experimental data (Steinberg et al. 2012, Sponfeldner

et al. 2015) have not revealed substantial qualitative peculiarities when compared to mixing in

constant-density turbulence. Therefore, results discussed in this section do not put the concept

of an increase in the area of a flame front by turbulent stretching into question. The significant

influence of dilatation on the alignment of n and PSR vectors within flamelets is important for

turbulent combustion models that deal with a transport equation for the mean scalar dissipation

rate (Swaminathan & Bray 2011).

Recently, Dopazo et al. (2015) analyzed DNS data obtained from a single SUF associated with

the flamelet combustion regime and pointed out that the dilatation-induced dissipation of |∇c |
within a flamelet, highlighted by Swaminathan & Grout (2006), was locally counteracted by a

negative combustion-induced normal strain rate (i.e., an increase in self-propagation speeds of

isosurfaces from cold to hot edges of the flamelet).

3.4. Unburned Mixture Flow Upstream a Flame Front

Because a flame front propagates into unburned gas, perturbations of the velocity field ahead of

the front are required for the thermal expansion of the flow to affect the flame speed. Such an

influence of thermal expansion on some components of the tensor (u′
i u

′
j )u was documented in

a few earlier experimental studies. In particular, Videto & Santavicca (1990) reported a gradual

increase in u′ measured ahead of a mean flame brush as the flame approached the measurement

point, with the local velocity spectrum changed at large wave numbers. Furukawa et al. (2002)

documented larger u′
u in flames than in the counterpart cold flows.

The influence of thermal expansion on the turbulent flow of unburned gas is often reduced to

the DL instability of flame fronts. In the laminar case, the instability was predicted by Darrieus

(1938) and Landau (1944) by analyzing the response of a planar flame front to infinitesimal 2D

perturbations. The instability is caused by pressure perturbations induced in the unburned gas

due to thermal expansion at a wrinkled flame front, which make the flow converged (diverged)

upstream of concave (convex) flame-front bulges, thus increasing (decreasing) u with respect to

SL and promoting further growth of the bulges.

The contribution of the local DL instability of flame fronts in turbulent flows to St was hy-

pothesized a long time ago (e.g., Scurlock & Grover 1953). Both analytical models (Kuznetsov &

Sabelnikov 1990, Bychkov 2003) and a closure relation (Paul & Bray 1996) for RANS simulations

were developed to allow for this effect. Moreover, certain experimental data (e.g., Kobayashi et al.

1996) are often claimed to show an important role played by the DL instability in premixed turbu-

lent burning. Nevertheless, this role is still a controversial issue (e.g., Klimenko 1998, Lipatnikov

& Chomiak 2005, 2010).

Although the DL instability appears to affect weakly turbulent (u′ ≈ SL) premixed flames, such

effects are impeded by an increase in u′/SL. For instance, Lipatnikov & Chomiak (2005) pointed

out that turbulent strains mitigated the instability by flattening local flame-front wrinkles. They
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compared at with the instability growth rate and argued that the DL instability could play a

substantial role in turbulent combustion only if the Karlovitz number K a = (δL/η)2 were less

than a critical value, K acr, with K acr = K acr(σ ) being significantly smaller than unity. Chaudhuri

et al. (2011) obtained a similar criterion by comparing the local growth rates of a flame-front

surface due to the instability and turbulence. Here, η = (ν3
u/ε̄)1/4 is the Kolmogorov length scale,

i.e., the scale of the smallest eddies in a turbulent flow, and ε̄ = 2νuS2 is the rate of dissipation of

TKE.

Recently, Creta & Matalon (2011) and Fogla et al. (2015) performed 2D simulations of flame-

front propagation in fluctuating velocity fields and identified two combustion modes using the

following method. If the linear dependence of the flame-front speed S on the local stretch rate

ṡ = �−1d�/dt (with � an infinitesimal element of the flame-front surface) is introduced based

on the theory of weakly perturbed laminar premixed flames (e.g., Matalon 2007), then the front

is stable with respect to small-scale perturbations whose wavelength λ is smaller than a neutral

wavelength λc , which is controlled by the Markstein length LM = (dS/dṡ )ṡ →0. Therefore, by

varying LM, one can study supercritical and subcritical combustion modes. In the former mode,

λc is sufficiently small when compared to the width of the computational domain, and the DL

instability can manifest itself in the simulations. In the latter case, λc is large and computed results

are not affected by the instability. Comparison of results obtained in such modes (two different

LM, with all other things equal) shows that the local DL instability plays a substantial (minor) role

in weakly (moderately) turbulent combustion associated with u′/SL < 1 (u′/SL > 1) (Fogla et al.

2015, figures 2 and 3).

Troiani et al. (2015) provided further support for Fogla et al.’s (2015) results by measuring St

in C3H8-air flames characterized by various � and u′/SL. Experimental data reported in the form

of St/SL versus u′/SL showed two distinct branches, which were associated with the supercritical

and subcritical modes. The two branches are observed even at u′/SL = 4. However, inspection of

the data reveals that higher (lower) St were obtained from rich (lean) flames characterized by faster

molecular diffusion of the deficient (excess) reactant. Because differences in molecular diffusivities

D of reactants are well known to strongly affect St (Lipatnikov & Chomiak 2005), the two branches

documented by Troiani et al. (2015) could be attributed not only to the DL instability, but also

to the difference in D, at least in part.

Steinberg et al. (2009) simultaneously recorded (a) 2D images of the component ωz of the

vorticity vector normal to the image plane and (b) the flame contour on this plane, with a time

interval between two subsequent images equal to 0.9 ms. By analyzing events associated with the

wrinkling of an initially straight flame contour by a counter-rotating vortex pair, Steinberg et al.

(2009) found that an initially negative correlation between locally positive at and locally negative

curvature κ = ∇ · n, which is typical for the interaction of a counter-rotating vortex pair with a

laminar premixed flame, is commonly followed by a positive correlation between locally negative

at and κ . Because the DL solution predicts that at < 0 and κ < 0 ahead of an unstable laminar

premixed flame, Steinberg et al. (2009, p. 1713) concluded that “the hydrodynamic instability

mechanism caused significant strain on a flame and should be included in turbulent combustion

models.”

It is worth noting that the instability itself and the DL mechanism that causes it should be clearly

distinguished. Indeed, the claim that the local DL instability plays an important role in premixed

turbulent combustion implies at least indirectly that, for example, Ut should depend on instability

characteristics such as its growth rate or neutral wavelength. However, such a dependence has not

yet been proven (Lipatnikov & Chomiak 2005). Nevertheless, the DL mechanism does play a role

in premixed turbulent combustion but manifests itself in phenomena that are not reduced to the

evolution of an unstable flame in laminar flow.

11



Time (ms)

High density ratio
(σ = 7.53)

Low density ratio
(t = 26.51 ms)

High density ratio
(t = 18.76 ms)

Low density ratio
(σ = 2.5)

In
te

g
ra

te
d

 F
S

D

0
30 2 4

FSD
Ut /SL

25201510

1.6

1.8

2.0

2.2

1

2

3

4

D
is

ta
n

ce
, z

 (
m

m
)

Distance, x (mm)

3

4

5

6

A
x

ia
l 

v
e

lo
ci

ty
 (

m
/s

)

18.191 ms
18.398 ms
18.605 ms

B
C

A

6 6543

Distance, x (mm)

a bb c

Figure 2

(a) Oscillations of Ut/SL (solid lines) and integrated flame surface density (FSD) |∇c | ( pale dotted lines) obtained with a high density ratio
and low density ratio. (b) Isolines c (x, z, t) = 0.85 in planes y = const that cross the finger tip, computed with a high density ratio at
t = 18.76 ms and a low density ratio at t = 26.51 ms. Statistically planar 1D flames propagate from right to left. (c) Growth of the axial
flow velocity u along the axis of an unburned mixture finger with a high density (σ = 7.53) ratio at various instants t = tm. Vertical
dashed lines show x associated with the peak reaction rate along the finger axis at the instants tm. Points A, B, and C indicate boundaries
between unburned gas and flamelets.

For instance, DNS of SUFs (Bell et al. 2006; Poludnenko & Oran 2010, 2011; Lipatnikov

et al. 2015b; Poludnenko 2015) revealed large-scale oscillations of Ut (see Figure 2a). A re-

cent target-directed study of this phenomenon (Lipatnikov et al. 2015b) showed that peak val-

ues of Ut(t) correlate with the appearance of an elongated unburned mixture finger (UMF) (see

Figure 2b) due to the high axial velocity of unburned gas near the finger tip (see points A, B, and

C in Figure 2c). The UMF deeply intrudes into products, thus increasing δt and the flame surface

area (see Figure 2a). Significant acceleration of the unburned gas within the finger is caused by

the axial pressure gradient induced owing to thermal expansion at the finger sides. Finger-like

structures have been documented in various experiments and DNS (e.g., see Figure 3).

Lipatnikov et al. (2015b) have argued that the UMF and the local DL instability of flame

fronts in turbulent flow are different manifestations of the DL mechanism (i.e., the influence of

pressure perturbations induced due to thermal expansion on the upstream flow of unburned gas),

in particular, because the finger growth rate is an order of magnitude higher than the growth

rates typical for the DL instability of laminar premixed flames. Recent DNS (Nivarti & Cant

2015, figure 7) also supports the basic difference between the UMF and the local DL instability

by showing fingers in very intense turbulence (e.g., u′/SL = 30), which is commonly associated

with a negligible role played by the instability (Lipatnikov & Chomiak 2005, Chaudhuri et al.

2011, Fogla et al. 2015). Furthermore, whereas the nonlinear stage of the DL instability has been

studied in various 2D numerical simulations of laminar premixed flames with Le = 1 (e.g., Yu

et al. 2015a), we are not aware of observations of a UMF in such simulations. A laminar flame is

stabilized due to cusp formation (Zel’dovich et al. 1985), but a cusp looks like the top of a triangle

with a moderately acute angle (e.g., Yu et al. 2015a, figure 1) and differs significantly from a UMF.

The DL mechanism can manifest itself differently in laminar (the instability) and turbulent

(UMF) premixed flames for the following reasons. First, pressure variations within a turbulent

flame brush are significantly larger when compared to the counterpart laminar flame because

the pressure drop across a fully developed SUF scales as τρuS2
L and τρuU 2

t in laminar and tur-

bulent cases, respectively (Zel’dovich et al. 1985). Second, a UMF in a turbulent flow can be a

manifestation of an instability with respect to finite perturbations, whereas laminar flames are

unstable with respect to infinitesimal perturbations.
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Figure 3

(a) 150 × 100 mm2 and (b) 40 × 40 mm2 OH planar laser-induced fluorescence images of a Bunsen flame and an open flame stabilized
at a low-swirl burner. The unburned gas is dark in both panels. (c) Mie-scattering image of a V-shaped flame, in which the burned gas is
dark. (d ) 2D direct numerical simulation data obtained by Fogla et al. (2015) from a statistically planar flame. The solid black curve
shows the flame front. Panel a adapted from Buschmann et al. (1996) with permission from the Combustion Institute; panel b adapted
from Shepherd & Cheng (2001) with permission from the Combustion Institute; panel c adapted from Kheirkhah & Gülder (2013),
copyright 2013, AIP Publishing LLC; and panel d adapted from Fogla et al. (2015) with permission from the Combustion Institute.

The above discussion implies that an increase in the density ratio should increase Ut by increas-

ing combustion-induced pressure variations within the flame brush and therefore the contribution

of the DL mechanism to flame-surface-area production. Indeed, Figure 2b shows a longer UMF

with a high density ratio when compared to that with a low density ratio. However, Figure 2a

indicates approximately the same flame surface areas and hence Ut/SL in the two cases. The DL

mechanism not only increases Ut by creating a UMF, but also flattens the side surface of the

UMF by inducing high-speed flow of unburned gas, which rapidly advects turbulent eddies to

products, thus substantially reducing the residence time during which the eddies can wrinkle the
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finger surface (A.N. Lipatnikov, J. Chomiak, V.A. Sabelnikov, S. Nishiki & T. Hasegawa, submit-

ted manuscript). For instance, the side surface of the UMF with a high density ratio is planar in

Figure 2b, whereas the UMF with a low density ratio is bent. It is unclear whether almost complete

mutual cancellation of the two effects of the DL mechanism on Ut/SL , i.e., the same magnitudes

of Ut/SL computed at σ = 2.5 and 7.53, is occasional or it is controlled by a physical mechanism

that should be revealed in future studies. Recent experiments with expanding statistically spherical

premixed flames (A.N. Lipatnikov, W.Y. Li, L.J. Jiang & S.S. Shy, submitted manuscript) did not

show a difference in St measured at σ = 4.95 and 7.5 in a range of u′/SL = 0.4–4.0.

Combustion-induced pressure perturbations not only accelerate unburned gas, but also can

affect the structure of the upstream turbulence by substantially changing the relative magnitudes of

vorticity and strain-rate fluctuations. In constant-density turbulent flows, such relative magnitudes

are often characterized using the Q criterion (i.e., Q = ω2/4−S2/2) (e.g., Tsinober 2009). Qfu (i.e.,

values of Q conditioned to an unburned flamelet edge) were recently analyzed by Lipatnikov et al.

(2015a) by processing DNS data obtained from two flames characterized by different density ratios

σ . Results show that Qfu is always negative in the flame with the high density ratio (σ = 7.53),

whereas the probability of Qfu > 0 is substantial in the flame with the low density ratio (σ = 2.5)

(see Figure 4a). Moreover, Figure 4b shows that the total strain S2[xf (t), t] conditioned to the

leading edge of the instantaneous flame brush with the high density ratio is significantly larger than

the total strain S2
u [xf (t), t] averaged over the leading plane x = xf (t). Additionally, ω2[xf (t), t] is

significantly smaller than ω2
u[xf (t), t]. Moreover, Q[xf (t), t] is highly negative, whereas Qu[xf (t), t]

oscillates near zero (Lipatnikov et al. 2015a). With a low density ratio, differences in Q[xf (t), t]

and Qu[xf (t), t] or in S2[xf (t), t] and ω2[xf (t), t] are less pronounced, with both S2[xf (t), t] and

ω2[xf (t), t] smaller than S2
u [xf (t), t] and ω2

u[xf (t), t], respectively. These recent results imply that,

due to combustion-induced pressure perturbations, the velocity field seen by a premixed flame

differs significantly from turbulence in the upstream flow far ahead of the flame brush.

Although the above discussion is limited to local manifestations of the DL mechanism, let us

consider the global behavior of an unbounded SUF. Because, for any δt , as large as we want, there
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Results of direct numerical simulations of statistically planar 1D premixed turbulent flames. (a) Probabilities of Q > 0 and Q < 0 with a
high density ratio and low density ratio, conditioned to unburned flamelet edges. (b) Q criterion, total strain S2, and enstrophy ω2
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is a wave number λ1 ≫ δt , the thick flame brush can be considered to be infinitely thin with respect

to such a large-scale perturbation, and DL analysis can be applied to the entire turbulent flame

by substituting SL with St . Therefore, such an unbounded turbulent flame is hydrodynamically

unstable with respect to the λ1 perturbation (i.e., both St and δt should grow with time). When

δt becomes comparable with λ1, the flame is stabilized with respect to the λ1 perturbation due to

nonlinear effects. However, the “stabilized” flame is unstable with respect to another perturbation

with λ2 ≫ δt = O(λ1). Thus, both St and δt should permanently grow if σ > 1. Due to such

a global DL instability of the entire flame brush, St and δt obtained in DNS of SUFs should be

sensitive to the width of the computational domain, but we are not aware of research into the issue.

There are other issues associated with the influence of the DL instability on DNS results.

A typical DNS starts by embedding a planar 1D laminar flame into precomputed turbulence.

Alternatively, one could simulate the laminar flame subject to the DL instability, obtain the curved

flame surface stabilized due to nonlinear effects, and then embed this curved laminar flame into the

turbulence. Under what conditions (if any) will the results of the two DNS started from different

initial conditions be statistically identical after a transition period? Will the mean flame brush be

statistically planar or curved, e.g., due to the aforementioned global DL instability? These issues

have not yet been studied.

4. TURBULENT TRANSPORT IN PREMIXED FLAMES

4.1. Phenomenology of Countergradient Transport

The influence of thermal expansion on turbulent transport in flames manifests itself in counter-

gradient transport (CGT), i.e., a positive scalar product ρu′′c ′′ · ∇ c̃ of the turbulent flux and mean

scalar gradient vectors. In contrast, in constant-density nonreacting flows, the turbulent trans-

port of a scalar fluid characteristic q is commonly gradient and is modeled invoking the gradient

diffusion closure (e.g., Hinze 1975), i.e., u′q ′ = −Dt∇q̄ and u′q ′ · ∇q̄ < 0, where Dt > 0 is the

turbulent diffusivity.

Although equations that predicted CGT in turbulent premixed flames were obtained by

Prudnikov (1960) in the 1960s, target-directed research into this phenomenon was triggered

by a theoretical study by Clavin & Williams (1979), a model by Libby & Bray (1981), and experi-

mental evidence reported by Moss (1980) and Yanagi & Mimura (1981). Subsequently, CGT was

documented in various experimental and DNS investigations of premixed turbulent combustion,

reviewed by Lipatnikov & Chomiak (2010).

Equation 3 shows that (ūb − ūu) · ∇ c̃ > 0 in the CGT case; that is, the magnitude |ūn,b| of the

normal (to the flame brush) velocity ūb · ∇ c̄ /|∇ c̄ | conditioned to products should be larger than

the counterpart quantity |ūn,u| conditioned to unburned gas. Such a difference in the conditioned

velocities is commonly attributed to two closely related physical mechanisms.

First, due to thermal expansion, the normal gas velocity increases from unburned to burned

edges of a laminar premixed flame (Zel’dovich et al. 1985), and similar jumps in |u · n| occur

locally at flame fronts in turbulent flows. That is, the pressure drop δpf at the front results locally

in |u · n|b,f > |u · n|u,f , thus contributing to |ūn,b| > |ūn,u|.
Second, the mean pressure gradient ∇ p̄ induced within the mean flame brush due to thermal

expansion accelerates lighter products more than denser unburned gas (Scurlock & Grover 1953,

Libby & Bray 1981) because Du/Dt ∝ ρ−1∇p due to Navier-Stokes equations. This physical

mechanism also contributes to |ūn,b| > |ūn,u|.
In turbulent flow, the two aforementioned mechanisms associated with thermal expan-

sion are counteracted by velocity fluctuations, which yield turbulent diffusion and therefore
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c̄ (1 − c̄ )(ūb − ūu) · ∇ c̄ = u′c ′ · ∇ c̄ = −Dt∇ c̄ · ∇ c̄ < 0 in the case of an interface that propa-

gates in constant-density turbulent flow (Yu et al. 2014, 2015b). Accordingly, depending on the

conditions, both CGT and gradient transport (GT) associated with ρu′′c ′′ · ∇ c̃ < 0 can occur in

premixed turbulent flames.

The transition from GT to CGT was the focus of research on turbulent transport in premixed

flames after the seminal work of Bray (1995), who obtained the first criterion of the transition by

comparing the magnitude τ SL of the normal velocity jump at a laminar premixed flame with the

magnitude of the difference in the conditioned velocities due to turbulent diffusion, which was

assumed to scale as u′. The criterion states that CGT occurs if N B = τ SL/(2ψu′) > 1, where an

increasing unity-order function ψ = ψ(L/δL) of a ratio of an integral length scale L of turbulence

to δL was introduced by Veynante et al. (1997) by analyzing their 2D DNS data. The number N B

is the Bray number.

The first experimental studies of the transition from CGT to GT in premixed turbulent flames

supported the N B criterion. In particular, by varying the equivalence ratio � and inlet value of

u′, Kalt et al. (1998) and Frank et al. (1999) found that the magnitude of the countergradient flux

increased by a ratio of τ SL/u′ and the transition from GT to CGT occurred at N B ≈ 1 if ψ = 0.5.

Similar trends were recently documented by Troiani et al. (2009), but they also reported an increase

in ψ by � in lean (� < 1) mixtures. However, there are experimental and DNS data that do not

support the N B criterion. For instance, 2D DNS data by Veynante & Poinsot (1997) indicated

that the mean pressure gradient directed from products to unburned gas impeded CGT. Readers

interested in more detailed discussion of the N B criterion, its earlier tests, and modifications are

referred to the review by Lipatnikov & Chomiak (2010, section 5.1).

Three recent developments in the transition-criterion issue are worth noting. First, by com-

paring magnitudes of local velocity gradients induced by small-scale turbulent eddies and thermal

expansion in the laminar premixed flame, Mura & Champion (2009) argued that CGT occurs

if τ SL/u′ > Da−1/2, where Da = LSL/(u′δL) is the Damköhler number. This result has been

validated by considering four flames, with the N B criterion also able to yield the correct direction

of the flux ρu′′c ′′ in those flames.

Second, DNS data by Chakraborty & Cant (2009) and Chakraborty & Lipatnikov (2013)

show that the flux ρu′′c ′′, ψ in N B, ūu, and ūb are substantially affected by the Lewis number

(e.g., an increase in Le impedes CGT). Local variations in the mixture composition, enthalpy,

and burning rate in flamelets stretched by turbulent eddies manifest themselves globally in a

significant increase in turbulent burning velocity Ut with decreasing Le , as reviewed by Lipatnikov

& Chomiak (2005). Therefore, a decrease in Le results in increasing |∇ p̄ | within the mean flame

brush, thus promoting CGT. Moreover, a decrease in Le results in increasing |δpf | at stretched

flamelets, which statistically dominate at the leading half (c̄ < 0.5) of the mean flame brush, thus

also promoting CGT.

Third, the direction of the scalar flux is affected by premixed turbulent flame development

(Lipatnikov & Chomiak 2010). For instance, within the framework of the BML approach,

Lipatnikov (2011c) integrated the well-known transport equation for ρc ′′2 (Bray 1995) over an

SUF. He assumed that
∫ ∞

−∞ ρu′′c ′′ · ∇ c̄ dx vanished at the CGT-GT transition because CGT and

GT were characterized by opposite signs of the integrated product and arrived at an exact analytical

integral criterion of the transition. The criterion compares
∫ ∞

−∞ 2c ′′[wc + ∇ · (ρD∇c )]dx with the

time derivative of
∫ ∞

−∞ ρc ′′2dx, thus clearly indicating an important role played by turbulent flame

development. A simplified criterion developed by Lipatnikov (2011c) by closing the two integrals

is consistent with certain experimental and DNS data; for example, it can yield the transition from

CGT to GT with a decreasing equivalence ratio in lean mixtures, in line with experiments by Kalt
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et al. (1998), Frank et al. (1999), and Troiani et al. (2009). However, this model predicts neither

the Lewis number nor the external pressure gradient effects.

Thus, even though (a) more physical mechanisms that affect the transition from CGT to GT

have recently been studied and (b) the exact, but unclosed, integral criterion has been derived, the

CGT-GT transition issue still challenges the combustion community and requires further study.

4.2. Modeling of Countergradient Transport in Premixed Flames

Early models of CGT in premixed turbulent flames (e.g., Libby & Bray 1981) dealt with a trans-

port equation for the flux ρu′′c ′′ and invoked various assumptions to close it. This approach dom-

inated the literature in the 1980s and 1990s, with the obtained results critically discussed recently

(Lipatnikov & Chomiak 2010, section 4.1). Briefly summarizing, various closed equations that

involved a set of model constants were proposed, but none was validated against a wide set of

substantially different experimental or DNS data by retaining all the constants unchanged. More-

over, if a closure relation obtained by a research group was subsequently tested by other experts

by processing other DNS data, there were data that contradicted this closure relation at least

quantitatively. Over the past decade, interest in this approach was reduced, but modeling of CGT

in premixed turbulent flames developed in two alternative directions.

First, Im et al. (2004) considered the case of unburned and burned gases separated by an

infinitely thin flame front and obtained unclosed transport equations for ūu and ūb. A solution to

these equations allows one to evaluate ρu′′c ′′ using Equation 3. Subsequently, Lee & Huh (2004)

and Lee et al. (2005) closed these equations and validated them in RANS simulations of two IJFs

experimentally investigated by Cheng & Shepherd (1991) and by Cho et al. (1988) and a single

SUF studied in DNS by Nishiki et al. (2002, 2006).

Lipatnikov (2008) derived transport equations for ūu and ūb in a different form using the

BML approach. Then Lipatnikov (2011b) closed various terms in these equations and vali-

dated the model jointly with Equation 3 against experimental data obtained from six IJFs (see

Figures 5 and 6), including the two IJFs studied by Cheng & Shepherd (1991) and Cho et al.

(1988). Moreover, the model was applied to simulations of the transition from CGT to GT in

SUFs (Lipatnikov 2011c). Results show that the transition is substantially affected by the flame

development and is impeded by an increase in SL or by a decrease in u′, in line with experimental

data by Kalt et al. (1998), Frank et al. (1999), and Troiani et al. (2009) and DNS data by Veynante

et al. (1997).

It is worth stressing, however, that the aforementioned tests of the models that dealt with the

transport equations for ūu and ūb were performed by numerically solving 1D RANS equations,

whereas the approach has not yet been applied to simulations of statistically 2D or 3D turbulent

flames. This obvious gap should be filled. Moreover, relations proposed to close each term in the

considered equations should be investigated by processing DNS data computed under substantially

different conditions. Thus, although first applications of the approach yielded encouraging results,

there is a need for further tests.

Second, several models that yielded simple expressions for evaluating the flux ρu′′c ′′ were

proposed over the past decade. Earlier, simple flux models were also developed. For example,

Chomiak & Nisbet (1995, p. 371) drew an analogy between the influence of thermal expansion

on turbulent transport in premixed flames and the “motion of large-scale turbulence thermals.”

Veynante et al. (1997) highlighted the local normal velocity jump at the flame front. Bray et al.

(2000) analyzed various terms in the transport equation for ρu′′c ′′ to obtain an algebraic expression

for evaluating ρu′′c ′′ in an IJF. Zimont & Biagioli (2002) and Biagioli & Zimont (2002) highlighted

the preferential acceleration of the burned mixture by ∇ p̄ . All these models, with the exception of
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Figure 5

Velocities conditioned to unburned and burned gases. Circles represent experimental data obtained from impinging-jet flames
(products on the left). Dashed lines represent results computed by Lipatnikov (2011b) by solving conditioned balance equations, and
solid lines represent results computed by Lipatnikov et al. (2015c) using Equation 6.
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Figure 6

Turbulent scalar fluxes obtained (symbols) by (a) Li et al. (1994) and (b) Stevens et al. (1998) from impinging-jet flames (products on the
left) and computed by Lipatnikov (2011b) by solving conditioned balance equations (dashed lines) and by Lipatnikov et al. (2015c) using
Equation 6 (solid lines). Blue and red symbols/lines show results obtained from (a) Li et al.’s flames h4 and h6, respectively, and
(b) Stevens et al.’s flames 2 and 3, respectively.
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Bray et al.’s, considered the flux ρu′′c ′′ to be a sum of two terms associated with turbulent diffusion

and combustion-induced CGT, invoked the standard gradient diffusion approximation to evaluate

the former term, and focused the analysis on closing the latter term. These four early models were

critically discussed by Lipatnikov & Chomiak (2010) and Sabelnikov & Lipatnikov (2011).

Recently, Lecocq et al. (2010) extended the model by Veynante et al. (1997) and obtained an

expression for evaluating subfiltered turbulent scalar flux in 3D LES of premixed burning. We

are not aware of tests of this model against measured data on ρu′′c ′′ or ūu.

Robin et al. (2010) decomposed the velocity field within a premixed turbulent flame brush into a

turbulent contribution and direct thermal-expansion contribution due to the local normal velocity

jump at the flame front. They assumed that the latter contribution scaled as τ SL, invoked the gra-

dient diffusion approximation to model the former contribution, and arrived at a simple algebraic

closure relation for the flux ρu′′c ′′. Although the final result resembles earlier closure relations

by Chomiak & Nisbet (1995) and Veynante et al. (1997), there are some important differences.

For instance, the model by Robin et al. (2010) includes an orientation factor that makes the direct

thermal-expansion contribution less than τ SL, and the authors aimed at excluding the influence

of the thermal expansion on k̃ and its dissipation rate when evaluating the turbulent diffusivity.

Subsequently, Robin et al. (2011, 2012) extended the model. In particular, when evaluating

the turbulent contribution, they allowed for preferential product acceleration by ∇ p̄ . The model

was validated by analyzing DNS data obtained by Nishiki et al. (2002, 2006) from three SUFs

characterized by significantly different density ratios, in 3D RANS simulations (Dong et al. 2013)

of a single IJF experimentally studied by Cho et al. (1988), and in 2D RANS simulations of a

confined conical flame stabilized by backward facing steps. The flame addressed in the 2D RANS

simulations was experimentally studied by Besson et al. (2000), but the flux ρu′′c ′′ was not reported

(i.e., that experimental validation of the model was indirect).

Sabelnikov & Lipatnikov (2011, 2013a) considered the case of unburned and burned gases

separated by an infinitely thin flame front and obtained the following simple equation:

(1 − c̄ )∇ · ūu = uu · n|∇c | − ūu · ∇ c̄ ≈ b
(1 − c̄ )1/2

(1 + u′/SL)1/2

u′

SL

W , (6)

which can be used jointly with Equation 3 to evaluate the flux ρu′′c ′′. The first equality in

Equation 6 is exact in the considered case and results straightforwardly from the incompress-

ibility of the unburned gas. The approximate equality is a closure relation obtained based on an

analysis of DNS data by Im et al. (2004) and RANS simulations of SUFs characterized by various

u′/SL (Sabelnikov & Lipatnikov 2013a).

Subsequently, Equation 6 was tested against DNS data obtained from four SUFs characterized

by different density ratios, ranging from σ = 2.5 to 7.53. The model well predicted the DNS

data on ūu(c̄ ) provided that the constant b was substituted with the following linear fit: b =
−0.18 + 0.35σ (Lipatnikov et al. 2015c). The decrease in b with decreasing σ can be attributed

to a decrease in the correlation uu · n|∇c | because the effect of the flame front on the local flow is

reduced when the density ratio is decreased.

In addition to the four ūu(c̄ ) curves computed in DNS, the model supplemented with

Equation 3 well predicts experimental data obtained from six IJFs (Lipatnikov et al. 2015c) (see

Figures 5 and 6). Moreover, Lipatnikov & Sabelnikov (2013) applied Equation 6 to RANS simu-

lations of the transition from CGT to GT in developing SUFs and showed that CGT is impeded

by an increase in u′ and a decrease in SL, in line with experiments (Kalt et al. 1998, Frank et al.

1999, Troiani et al. 2009).

In the aforementioned papers, Equation 6 was tested by simulating flames described by sta-

tistically 1D transport equations. In such cases, a single scalar Equation 6 is sufficient to evaluate
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a single conditioned velocity ūu. This is not the case if two or three components of the vector

ūu should be determined in a statistically 2D or 3D case. In recent 2D RANS simulations of

open conical rim-stabilized (Bunsen) flames experimentally investigated by Frank et al. (1999) and

Pfadler et al. (2008), Yasari & Lipatnikov (2015) resolved the problem by invoking the gradient

diffusion closure of the tangential (to the mean flame brush) component of the flux vector ρu′′c ′′

(i.e., the tangential flux vanished). In line with measurements by Pfadler et al. (2008), the model

yielded CGT in the radial (almost normal to the mean flame brush) direction in all studied flames,

with the magnitude of the flux substantially increased by the equivalence ratio � in lean (� < 1)

mixtures and weakly decreased with increasing inlet mass flow rate. In line with measurements by

Frank et al. (1999), the model yielded a reduction of the magnitude of the CGT flux followed by

a transition to GT at � = 0.7 when � was decreased from � = 1 to 0.6.

All in all, Equation 6 has been validated against a wide set of experimental and DNS data

with encouraging test results. Therefore, the model deserves further study by applying it to other

premixed turbulent flames.

4.3. Effects of Countergradient Turbulent Transport
on Flame Speed

Although a reduction of the turbulent flame speed St and mean flame brush thickness δt by CGT

was discussed in various papers, there was a need for analytical expressions that predicted the

dependencies of St and δt on the CGT flux magnitude. Accordingly, Sabelnikov & Lipatnikov

(2013b, 2014, 2015) theoretically and numerically studied traveling wave (TW) solutions c̃ =
c̃ (x + Stt) to the generic 1D transport equation

∂(ρ̄ c̃ )

∂t
+

∂(ρ̄ũc̃ )

∂x
= Dt

∂

∂x

(

ρ̄
∂ c̃

∂x

)

− V
∂[ρ̄ c̃ (1 − c̃ )]

∂x
+

ρu c̃ (1 − c̃ )

τf

1 + 2αc̄

(

1 −
σ − 1

2σ
c̄

)]

(7)

supplemented with the BML equations ρb c̄ = ρ̄ c̃ = ρu c̃ /[1 + (σ − 1)c̃ ] (Bray & Moss 1977).

Three terms on the right-hand side are associated with turbulent diffusion, combustion-induced

CGT, and the mean rate of product creation, respectively, with the turbulent diffusivity Dt , the

CGT flux magnitude V, the timescale τf , and the coefficient α ≥ −σ/(1 + σ ) as input parameters.

Variations in α offer an opportunity to consider both concave functions f (c̃ ) and functions with an

inflection point, in which the function changes its shape from convex to concave. Using results of

the theory of convection-reaction-diffusion equations (e.g., Ebert & van Saarlos 2000), Sabelnikov

& Lipatnikov (2015, table 1) analytically found that the normalized physically relevant TW speed

� = St/
√

Dt/τf and thickness dt = δt/
√

Dtτf were functions of α, the density ratio σ , and the nor-

malized CGT flux magnitude N = V /
√

Dt/τf . A physically relevant TW solution is the solution

to the unsteady problem, reached at t → ∞ provided that the initial conditions are compact, i.e.,

c̃ (x < x1, 0) = 0, c̃ (x > x2, 0) = 1, and x1 < x2. The following results are worth emphasizing.

First, if 0 ≤ N ≤ Ncr, with Ncr = Ncr(α) analytically found, then one obtains � = 2 − N .

Second, if Ncr ≤ N , then one obtains � = 2(1 + α)/(N +
√

N 2 + 4α) and dt = 4�/(1 + α).

Third, the direction of the total flux (i.e., the sign of the sum of the first and second terms on the

right-hand side of Equation 7) depends not only on N , but also on α, thus indicating that the

use of a single Bray number is not sufficient to predict the flux direction. Finally, at N = Ncr,

the transition from pulled (N < Ncr) to pushed (N > Ncr) TW solutions occurs. In the former

and latter cases, the TW speed � is controlled by the behavior of various terms in Equation 7 at

the leading edge c̄ → 0 and in the entire flame brush, respectively. This finding emphasizes the

importance of CGT in premixed turbulent flames because variations in the CGT flux magnitude

20



not only change the flame speed quantitatively, but also change the fundamental nature of flame

propagation (pulled or pushed TW).

SUMMARY POINTS

1. Contemporary models of premixed turbulent burning focus on the influence of turbu-

lence on combustion. However, because the turbulent flame speed is mainly controlled

by turbulence characteristics and is of the order of the rms turbulent velocity under typ-

ical conditions, and because the feedback influence of the combustion-induced thermal

expansion on the incoming flow of unburned gas can manifest itself in various important

effects discussed above and can substantially change the local turbulence characteristics,

a deep understanding of the thermal-expansion effects is strongly required to increase

predictive capabilities of physical and numerical models used to develop future ultraclean,

highly efficient, and fuel-flexible internal combustion engines.

2. Pressure perturbations caused by thermal expansion within a premixed flame front

can substantially affect the flow field behind the front (e.g., turbulence generation in

combustion-induced shear layers), within the front (e.g., anisotropic vorticity generation

due to baroclinic torque and vorticity attenuation due to dilatation), and ahead of the

front (e.g., perturbations of the upstream velocity field).

3. Due to the intermittency of unburned and burned mixtures, separated by a thin zone

that density, temperature, and mass fraction variations are localized to, neither mean nor

conditioned second moments of the velocity field properly characterize turbulence within

a premixed turbulent flame brush. Quantities controlled by velocity gradients, such as

the mean total strain S2, seem to be more appropriate characteristics of turbulence in

premixed flames.

4. The Darrieus-Landau mechanism appears to play a substantial role in premixed turbulent

combustion by controlling the growth of unburned mixture fingers and therefore causing

oscillations of the flame surface area, turbulent burning velocity, Ut , and mean flame brush

thickness δt . Moreover, pressure perturbations induced in the unburned gas due to the

Darrieus-Landau mechanism can change the nature of the flow upstream of flame fronts.

5. Although the alignment between a flamelet normal and the local principal strain rates is

changed within the flamelet due to dilatation if the local turbulence is sufficiently weak,

this phenomenon does not seem to be of primary importance when studying the effects

of upstream turbulent eddies on flamelet propagation into the unburned gas.

6. Both countergradient and gradient transport can occur in premixed turbulent flames,

with the former associated with a larger laminar flame speed, higher density ratio, lower

rms turbulent velocity, and smaller Lewis number.

7. First applications of recently developed simple models of turbulent scalar flux in premixed

flames have yielded encouraging results.

8. Countergradient transport reduces the turbulent flame speed and mean flame brush

thickness. Moreover, countergradient transport can change the fundamental nature of

flame propagation (i.e., the flame speed can be controlled by processes localized either

to the entire flame brush or to its leading edge if countergradient transport is strong or

weak, respectively).
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FUTURE ISSUES

1. Models should be developed that can predict basic turbulence characteristics such as the

mean total strain S2 and enstrophy ω2 in Reynolds-averaged Navier-Stokes and large-

eddy simulation research into premixed turbulent combustion.

2. Because the vast majority of contemporary models of the influence of turbulence on the

premixed burning rate (e.g., Lipatnikov & Chomiak 2002) consider the canonical rms

velocity u′ to be the primary turbulence characteristic that mainly controls the influence,

such models should be revisited in order to consider the mean rate W in Equation 5 to be

controlled by fundamentally appropriate characteristics of turbulence within a premixed

flame brush.

3. Because combustion-induced pressure perturbations affect the turbulent flow of un-

burned gas upstream of flame fronts, there is a need for target-directed research into

the structure (e.g., relative magnitudes of enstrophy and strain rate, relative magnitudes

of rotational and irrotational components of the flow velocity vector) of the upstream

turbulence seen by the flame fronts.

4. A physical mechanism (if any) of a feedback effect of turbulence generated behind flame

fronts on turbulent flame speed St is still unknown. Although correlations between St and

canonical second moments of the velocity field u(x, t) evaluated within a premixed turbu-

lent flame brush were reported (e.g., Poludnenko 2015, figure 14), it is unclear whether

such a correlation indicates burning acceleration due to flame-generated turbulence or

the correlation shows an effect of St on the rms turbulent velocity u′, because the mean

pressure gradient ∇ p̄ depends on St and causes an increase in u′.

5. The effect of the density ratio on St requires target-directed investigation.

6. In DNS of premixed turbulent flames, the influence of the computational domain width

on turbulent flame speed St is worth studying to gain insight into eventual Darrieus-

Landau instability of the entire turbulent flame brush.

7. A criterion for determining the direction of turbulent scalar flux in premixed flames

has to be further developed to allow for the influence of the external pressure gradient,

turbulent flame development, and Lewis number.

8. A role played by the leading edge of a premixed turbulent flame brush in its propagation

requires target-directed study.
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