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Abstract

The present article is a study of an optimal control problem having
a non-differentiable, but Lipschitz, cost function. It is inspired by the
minimisation of the energy consumption of a car-like vehicle or robot
along a road for which the profile is known. This problem is stated by
means of a simple model of the longitudinal dynamics and a running
cost that comprises both an absolute value function and a function that
accounts for the efficiency of the energy conversion process. A regularity
result that excludes chattering phenomena from the set of solutions is
proven. It is valid for the class of control affine systems, which includes
the considered problem. Three case studies are detailed and analysed.
The optimal trajectories are shown to be made of bang-bang, inactivated,
singular and backward arcs.

1 Introduction

This article presents a study of an optimal control problem having a non-
differentiable cost for certain values of the control or of the state. One of the
most notable class of such problems is known as L!-minimisation and consists
of the minimisation of the L'-norm of the control:

Ty
/ |u(t)|dt — min
0

As it is well-known, cf. [2, 5, 8, 9, 18, 22, 24], such a cost structure implies
inactivations, that is, non-trivial intervals of time where the control vanishes.
As mentioned in [9, 24], this behaviour seems relevant when considering energy
consumption minimisation in the sense that inactivations act as a selection
process that singles out moments when the control variable is the most efficient.

The problem addressed in this paper is an “academic” model of the optimal
energy consumption of a car-like vehicle or robot along a road for which the
profile is known. It follows the ideas of [4] regarding the minimisation of the



absolute work of an actuated mechanical system. For instance, if z(¢) is a
displacement and wu(t) an external force, the absolute work of w is just

/O ")t

In the paper, the running cost is derived from this latter expression with the
help of a yield function that translates the efficiency of the energy conversion
process. As it is discussed and highlighted in the rest of the article, optimal
strategies are made of classic bang-bang controls and inactivations, but may
also include singular arcs that cannot be obtained from the successive time
derivatives of the switching function (e.g. [3, 11]).

In Section 2, the problem under consideration is stated through the deriva-
tion of both the model of the vehicle dynamics and the running cost. Section 3
is dedicated to two regularity issues, namely, a theorem that allows us to ex-
clude chattering phenomena and a lemma that allows us to restrict the set of
candidate trajectories for optimality. Theorem 1, which purpose is to allow us
to handle the chattering problem is, in some sense, complementary to recent
strategies developed in the framework of direct methods for optimal control. In
particular, interested reader may refer to [16, 17], and references herein, where
a penalty term that measures the variations of the control variable (called the
total variation) is added to the cost. This strategy results in an optimal control
problem which is non-smooth with respect to the control variable and dealt with
using control parameterization techniques.

Finally, three case studies are detailed in Section 4. The first case, for a
flat road and without friction, is treated in Section 4.1. It is very simple since
optimal trajectories are always obtained from bang-bang controls and inactiva-
tions only. Although counterintuitive, in this case, the optimal strategy doesn’t
depend on the yield function used. In the second case study, where frictions
are now considered, optimal trajectories having singular arcs are observed. The
presence of such arcs depends more on the value of the final time than on the
yield function itself. Still, this latter has a noticeable influence on the result, as
it is highlighted in Section 4.2. The third case study is addressed in Section 4.3,
where a non-flat road profile and no friction coefficient are considered. On top
of all the previous phenomena, we display optimal trajectories that require the
vehicle to travel backward for some time.

2 Problem statement

In the following, in order to simplify the notations, the time dependency of time
varying functions is omitted as soon as there is no ambiguity. The sign function
is denoted by sgn, and X? is the transpose of vector X.



2.1 Vehicle dynamics

The vehicle travels on a road represented in a position-height plane as it is
sketched in Figure 1 (see e.g. [12] for general considerations regarding vehicle
dynamics, and [19, 23] for models that take into account both the longitudinal
and the lateral dynamics). Its coordinates are denoted by (£, h) and 6 is the
orientation. We assume that only the four following forces act on the vehicle
and that the tyre slip is negligible:

e the gravity G, whose norm equals the gravitational constant g times the
mass of the car m;

e the reaction of the road R, whose norm equals mg cos(6);
e the propulsion force F, whose norm is the control variable wu(¢);

e the drag force f opposes motion and, in this work, we consider fluid friction

only with a norm proportional to speed: ||f|| = ay/€2 + h2 where o > 0
is the drag coefficient.

The dynamics are given by Newton’s second law of motion:

(£)- (ot )-Co (ot )it
(1)

Figure 1: Modelling and notations.

We assume that the road profile is given by a C! function h = p(€). Since
the angle 6 belf)ngs to the i/nterval | = 5,5, it is uniquely determined by
0(¢) = arctan(p (£)) where ¢ denotes the derivative with respect to £. Thus,
system (1) has in fact only one degree of freedom whose dynamics are:

{ mé = ucos (0(€)) — ag\/1+ (¢/(§))? cos (6(¢)) — mg cos (0(¢€)) sin (4(€))
0(¢) = arctan(p (€)) o)



Let x be the curvilinear abscissa of (£, h(£)) and y be equal to & —i.e. © =

13
14 (¢ (2)%dz and y = £4/1 + (¢'(€))*. Then, 2) i itten:
/0 + (¢'(2))7dz and y = &/ 1+ (' (€)) en, system (2) is rewritten
Yy

(3)

{ my ; u— ay —mgsin (6(x))

where both x and y are absolutely continuous functions on R, u(t) € L* ([0, T],R)
and 6(x) is the C! function that accounts for the road profile —h = ¢(€) is re-
covered from 0(x) [20].

2.2 Cost function

The cost function is the energy consumed to steer the vehicle from a starting
position at time 0 to some final position at time Ty. Let D(t) be the energy
flow rate, then the cost function is simply

Ty
D(r)dr.
0

Now, let A be the absolute work of the propulsion force. It is given by [4]

a= [Ma i @@

The associated absolute instantaneous power is % and is connected to the flow

rate with the help of a yield function p(.): % = D(t)p(.). We assume that the
yield function is as follows, with examples displayed in Figure 2:

e its argument is the speed of the vehicle —i.e. y = &\/1+ (¢ (£))2;

e it takes its values in the interval ]0, 1], for all y € R;
e it has one of the two following behaviours for all y € RT (respectively R™):

1. p(y) is identically constant;

2. p(y) admits a maximum at y*, is increasing on |0,y [ and decreasing
on Jy™, +oof;

(p(y) admits a mazimum at y~, is decreasing on |y~ ,0[ and increas-

ing on ] —o00,y~[);
e it is differentiable as many times as needed.

Finally, the cost function is denoted by J(u) and has the following expression:

Ty ’Eu‘ - Ty | U‘
J(u)z/0 N EEGE) deZ/O %m ()




Figure 2: Yield function examples.

Remark 1. The proposed model for the running cost may not feel very realistic
since the energy consumption is the same while accelerating (u > 0) or braking
(u < 0). First of all, let us mention that our goal is to capture the influence
of the non-differentiability on the optimal strategy. As such, electrical engines
equipped with regenerative braking devices are not considered for simplicity. On
the other side, if one wants to better model internal combustion engines, where
braking costs almost nothing, phases when u < 0 can be discriminated with the
help of a function of the form.:

Ty
v(u):{ i%u ;Z:Zig with 0<fB8<a and J(u):/O ky!)z}y()u)dT

This new cost function will have an impact on the several calculations and on the
switching times, but not on the qualitative behaviours displayed in the remainder
of the article.

2.3 A fixed-time optimal control problem

In the remainder of this paper, we restrict our study to trajectories having a

forward destination and a fixed final time 7. Also, in order to ease the exposure

of the study, we set the parameters m and g to 1. The optimal control problem

under consideration is:

T Jyul
p(y)

. T=y
Subject to (1) J= u—ay—sin(0)) for ¢ € [0, T¥]

) xo= (20 )= (8 xmn= (38 ) =

lu(t)| <1 forte0,Ty]

Minimise — J(u) = / dr
0

Ty > 0 is fixed.

), with z; > 0
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Figure 3: Control strategy of the form u. A.(t), and associated trajectory.

Following [15, Thm. 4, P. 259], and also [4, 5], the set of solutions to this
problem is non-empty as soon as Ty is greater or equal to the minimum time
problem associated to (P1).

Let us remark that, in order to perform a relevant study in free time, (P;)
requires a specific road profile, a cost that penalises the travel time or a specific
yield function p(y). This statement is illustrated in the case of a flat road (i.e.
6 = 0) by the following proposition.

Proposition 1. Let us consider problem (P1) with a flat road (that is to say
0 = 0). If the final time Ty is free then the optimal strategy lies in the set of
control variables for which the associated cost is null.

Proof. In order to prove this statement, we show that for any strategy having a
finite final time and a strictly positive cost, there exists another strategy (also
with a finite final time) having a smaller associated cost. In order to do so,
we just construct two one-parameter families of control strategies (with and
without friction) such that the associated cost goes to zero when the parameter
tends toward zero.

We also show that the final time associated to those strategies goes to infinity
when the parameter vanishes. Therefore, the optimal solution must display a
null associated cost for a finite final time.

We first detail the case when a = 0: system (X7) is just a double integrator.
Let us now consider the following family of controls —see Figure 3:

e fortel0,At]
Ue,At(t) = 0 forte [At, Ty — At| (5)
—e  fort € [Ty — At, Ty]

The trajectory of (31) is easily computed —see Figure 3 for an example. For
a given x ¢, we have:

A 2
LL‘(Tf) = EAt(Tf - At) = Tf = EZ%

At ey Ty ey

The cost of this trajectory is J(u) = / ——dt + / —=—dt and tends
o~y Ti—at P(Y)

toward O either when At — 0 or ¢ — 0. In both cases, Ty — oo and the

minimum cost is not reached.
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Figure 4: Control strategy of the form wu.(t), and associated trajectory.

For a > 0, we consider the family of controls:

t € [0, At]
w={ 5 SR ®

Again, the trajectory is easily computed. For a fixed € > 0, the constraint
y(Ty) = 0 provide the expression Ty = 2In (2¢*A* — 1). This latter expression is
used together with the constraint z(T) = z s to provide the following expression

for At:
1 o2z a2, a2z
At:aln<e ef—!—\/e e <eef—1>>

Since At 2% oo, the same goes for Tt while J(u.) =22 0. As before, the

minimum is not reached. An example of such a trajectory is shown in Figure 4.
O

3 On the regularity of the problem

In this section, we address two regularity issues:

e a theorem about the regularity of controls that are solution to a class of
problems that includes (P1);

e a lemma showing that for specific road profiles the search for optimal
solutions can be limited to the set of forward trajectories.

3.1 Regularity of the control variable
Let (20) be the following system for all ¢ € [0,T] where T' > 0 is fixed:

(X0) &= F(x)+uG(x)

The initial state of (£¢) is denoted by xy € R™, n > 0. The vector fields F'(.)
and G(.) are assumed real analytic. The control variable is such that |u(t)] < 1.
The associated input-output application, is:

d: R"x L[10,T] — AC[O’T]
(zo, u(t)) ()



where z(.) is the trajectory of (3¢) with initial state zo and control' u(.), and
ACp, 1 is the set of absolutely continuous functions over [0,T]. For a given x,
we denote @, (u) = ®(zg,u). The set L[0 77 is embedded with its natural topol-
ogy, AC[o,7] has the topology of uniform convergence, and R", the Euclidean
metric topology

Let #(.) be a continuous function. The cost associated to a trajectory of
(X0) generated by u(.) and zg is:

J: R L — R+T
(zo, u(t)) ¢ (z)uldt

0

Lemma 1. ®(.) and J(.) are uniformly continuous functions.

Proof. For the sake of completeness, the proof of this lemma is given in Ap-
pendix A. O

Theorem 1. Let PA be the subset of L[lo_T] made of piecewise algebraic controls
on a set of full measure —i.e. almost everywhere algebraic on a finite number
of subintervals of [0, T]. Let us consider an optimal control problem of the form:

Minimise /|1/) )| dr
Subject to (o) 3'3 (t) = F(z(t)) + uG(z(t)) fort e [0,Ty]
(Po) z(0) = zo and x(Ty) = x5

lu(t)| <1  fort e [0,Ty]

Tt >0 is fized

under the hypotheses:

(Ho) ¥(.) has a mazimum on R";

(H1) J(.) has a minimum on PA, which we denote by J;

(H2) the minimum time trajectories of (Xg) are given by controls belonging to

PA;
(H3) (o) is small time locally controllable* at xy;

(Ha) (z¢,uy) is an equilibrium point of (X¢) such that ¥ (zs)uy = 0.

1Remind that, for a finite 7' > 0, then L[ 7 - L[

2A control system (o) is small time locally controllable from xq, if for every positive
time T the set of points reachable from zg in time less than T via admissible controls contains
an open neighbourhood of zg —see e.g. [13].



Then Jyr is the minimum of J(.) over L[lony].
The theorem is also true when ¢ is replaced by xq in hypotheses (Hsz) and (Ha).

Proof. Let xg an initial state and z; be a final state. Let u* € (L[lony]\PA>

be a control steering (£) from zo to xy such that J(u*) < Jy. We show that
it contradicts (H1).

Claim: for all € > 0, there exists an interval I. C [0, Ty] of measure ¢ such
that z*, the trajectory of (3g) given by u*, is not the solution to the minimal
time problem on 1.

Indeed, if this is not the case: there exists € > 0 such that, for all interval
I. C [0,T%] of measure ¢, z* is the solution to the minimal time problem on
interval I..

Therefore, according to (Hz), this means: there exists € > 0 such that, for all
interval I. C [0,T] of measure ¢, the control u* € PA.

We deduce that u* € PA, which is in contradiction with the hypothesis:

u* ¢ PA.

Let u. be a new control constructed from u* as follows.
1. Let t; and ty denote the boundaries of I, with 0 <¢; <ty <T%.
2. For all t < ty, uc(t) = u*(¢).

3. Next, uc(t) is equal to the solution to the minimum time problem associ-
ated to (Xp) with starting point z*(¢1) and final point z*(t2).
The corresponding travel time is denoted by t,,,iy, and of course t1+t,in <
to.
Let § denote the time saved in the process —i.e. § = to — t1 — tynin.

4. Since (Xo) is time invariant, for t €|t; +tyin, Tf — 0], then u.(t) = u*(t2 —
t1 — tmin +t) steers x from x(t1 + tymin) = x(t2) to x;.

5. Finally, u.(t) = uy for t €|Ty — 6, Ty].

The new control variable u. steers z from xy to x¢, and the cost difference
between the trajectory associated to wu. (denoted by z.) and the trajectory



associated to u* is:

Ty Ty
) - Jue) = / o (8)yu(t) | di — / [ e () (1) dt
0 0
- / oa(t)yult)| di + / o a(t)yult) i+ / oa(t)u(t) | i
0 t1 ta
A B C
t1 t1+tmin
- / e (8) e (1))t — / [ e () (8) dt
0 t1
D E
Tj—5 Ty
- / o () (1) dt — / 46 e (1)) e ()]
ti+tmin Ty—6
F G

1. By definition of u., we have A = D.

2. The measures of [t1 + tmin, Ty — 0] and [t2, Ty] are the same (T —§ —t1 —
tmin =Ty — ta).
Furthermore
(a) for t € [0,Tf — ta], uc(ts + tmin + 1) = u*(t2 + 1),
(b) ma(tl + tmin) = l‘*(tg),
(c) (Xp) is time invariant.

Thus, Vt € [0, Tf - tg], ‘rg(tl + tmin + t) = (E*(tg + t).
And finally, since the function ¢(.) is time invariant, then C = F.

3. since (xc,us) = (xf,uy) over [Ty — 0,T%], then G = 0 —cf. hypothesis
(Ha).

Those considerations lead to:

tz t1+t7nin

T(u") — J(ue)| = / (e (t)u(t)) dt / e () (1) dt
ttl2 t?‘Hmm
< / [0 fulo)] de + / o (6))] e (8)] dt

t1 <M <1 t1
M(tg — tl) =+ Mtnw’n S 2€M

IN

where M > 0 denotes the maximum of 1(.) —cf. hypothesis (Ho).

10



Henceforth, we fix € > 0 such that 2 M < JM%J(“*)

of (X9) given by xo and wu..

As a consequence, the small time § > 0 is now fixed. The same goes for the
accessibility set of (—X) starting” from z for times less or equal than 6. We
denote this set by Ay (z¢).

Following [13]:

, and x. is the trajectory

1. the small time local controllability of (X¢), implies the small time local
controllability of (—Xg);

2. the real analyticity hypothesis for F'(z) and G(z) leads to the small time
self-reachability of (—X);

3. since x is an equilibrium point of (=), then self-reachability is valid in
fixed time.

Therefore, for any point in Aj (x), there exists a control u., € P.A steering this
point to z; in a time exactly equal to §. The cost of such a piece of trajectory
is:

Ty
/ (e (t))ue ()| dt < 26M < 2eM < JM%](“) )
Ty -4

Let us now construct a L[l0 Tf]—perturbation of u. that lives in P.A and de-

noted by us. It is important to point out that the reachable set Ay (xf) is now
independent from the construction that follows. This is a crucial point of the
proof.

Firstly, following Luzin’s theorem [14], for all m > 0 there is a continuous
function Cs such that {t: Cs(t) # uc(t)} is of measure at most m. Next, the
function Cs is saturated in 41 in order to obtain a continuous function Cs such
that Hue — (f(;HL1 < 2m.

Secondly, there is a sequence of polynomials, denoted by {Pp},cn, that
converges uniformly to Cs. Therefore, for all m > 0, there exists a polynomial
Ps taken from {P,}, .,y which is m-close to Cs in the L[lo)Tf]—sense. We consider
the control variable us(t) € P.A obtained from the polynomial Ps saturated in
+1, then [ju. — us|[;1 < 2m + m.

The uniform continuity of ®,,(.), and Jy,(.), cf. Lemma 1, guarantees that
we can choose m and m such that:

L[ (ue) — J(ug)| < 2=
2. x5(Ty — 9) is close enough to xy, that is to say x5(T) € Ay (z¢).

Finally, the following control % € P.A steers g to x5 in a fixed time T':

- . U5(t) ifOStSTf—(S
aft) = { ue(t) otherwise

3(=%p) denotes system (Zg) with reversed time.

11



In particular, we have the relations J(@) = J(us) + J(ue) and

[T (") = J(@)] < |J (") = J(u)[ + | J(ue) = J(us)| + |[J(ue)| < I = J(u")
——

Iy —J(u*)
3

< <J1\/I—3J(“*) <JM—?:7(u")

which contradicts the minimality of Jy; over the subset PA —i.e. hypothesis
(H1)— and concludes the proof.

Now, let us show that this result is preserved when (xg, ug) is the equilibrium
point around which (X¢) is small time locally controllable.

e The control u.(t) is constructed in the same way as before, except that it
equals ug over [0, d].

e The small time § being fixed during the previous step, the same goes for
the reachable set of (Xg) starting from zp, in time less or equal to J:
As before, the results on small time self-reachability guarantee the exis-
tence of a control on PA that steers z¢ to any point of AF (zo) in a time
that is exactly equal to §. The cost of such a piece of trajectory is less

J]\{*J(u*)
than =#—-——.

e x.(t) denotes the trajectory starting from xg when the control u. is ap-
plied. We define Z.(7) = z.(Ty — 7) which dynamics are:

di.  x(t)

&= |y, = T ) Ty~ 1GE(r)

The control 4. (1) = u. (T —7), for 7 € [0, Ty — d], applied to (—X) steers
Z(0) = x5 to (Ty — 0) = xo.

Again, we use Luzin’s theorem and the density property of polynomials.
Since Lemma 1 also applies to system (—X), there is therefore a control
s € PA such that |J(as) — J(t:)| < JM%J(“*), such that Z5(Ty — ) €

e With a change of variables similar to the one of the previous step —i.e.
x5(t) = Z5(Ty —t)— the control us(t) = as(Tr —t), for t € [0, Ty], applied
to (Xo), steers some point z5(8) € A (20) to z5(Ty) = 75(0) = z5.

e Finally, a PA control steering g to x ¢, with an associated cost less than
Ju is obtained by firstly joining zo to x4(8) € Af (z0) for ¢ € [0, 4], and
secondly using us(t) for t € [6,Ty]. O

Remark 2. The small time self-reachability of (Xo) is a key point of the proof.
As it can be seen in Corollary 4.15 of [13], the property “ F(.) and G(.) are
real analytic vector fields” can be replaced by “F(.) and G(.) are C* and locally
bounded”.

12



3.2 Trajectories without backward arcs

A backward arc is understood as a piece of trajectory, defined over a non-
trivial interval of time, along which the quantity y is strictly negative.

Lemma 2. Let us consider a road for which the profile is such that Problem
(P1) is invariant under a translation along the x—axis of the phase diagram of
(X1). Then, trajectories including backward arcs can be disregarded when looking
for solutions to (P1).

Proof. Let T'(t) = (xr(t),yr(t))! be a trajectory of (31). According to Theo-
rem 1, in order to be a candidate for optimality, this trajectory is made of a
finite number of arcs. Let us assume that yr(t) has only one backward arc —the
following argument remains in the case of multiple backward arcs:

B (t) < 0 over [0,¢]
yr(t) = { g:;?(t) > 0 over [tl,%f]

Let I'~ denote the arc such that y < 0, and I'* the other one. We now construct
a new trajectory, denoted by v = (z.,y,)", that doesn’t include any backward
arc and having an associated cost less or equal to the one of I'. The explanations
below are illustrated in Figure 5

Let us translate the arc I't along the z— axis in order to move A = (xr(t1), yr(t1))*
o (0,0)t. This new curve, denoted by T}, is the dotted curve in Figure 5
The time instants 9 and t3 are defined as follows:

e let B be the intersection point between I't and '}, ., then B = (zr(t3), yr(t3))’;

e let C be the translation of B when '}
C = (xr(t2), yr(t2))".

The trajectory -y is:

is translated back to I't, then

trans

L ons(t+t1)  for 0<t<ty—t
V(t) = DH(t+t3)  for o —ty <t < (to —t1) + (Ty —t3)
(s, 008 for (to—t1)+ (Tf —t3) <t <Ty

Let ur (resp. u,) denote the control corresponding to I' (resp. ), and JT (u)
(resp. J7(u)), then:

Ty
\yrur| |yFUF| |3/F“F| \ypup| jyrur|
p(yr)
1
Ty ta—t (t2—t1)+(Tf—t3)
‘yrur‘ dt + |yqu\ di — / |y7uv\ dt + |y’yU’Y| dt :EI’Y(U)
P(Y) P(y+)

to—1t1

13
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Figure 5: The T'(¢) trajectory.

4 Case studies

In this paper, three configurations of Problem (P;) are investigated:
1. a flat road without drag;
2. a flat road with drag;
3. a non-flat road profile, and a null drag coefficient.

System (X) is linear in the two first configurations, and nonlinear in the third.
As we deal with a fixed time control problem, a solution exists only if the final
time T is larger than the minimum time (T}, ) needed to reach the prescribed
destination. In all those three cases, the minimum time strategy consists of the
following control sequence, and the calculation of T},;, is straightforward:

() = 1for 0<t< At
Uminl) =93 _1 for At < Tnin

Case (1) is an elementary example treated in the first chapter of [21], and
cases (2) and (3) are easily dealt with following the procedure in [21]. The
expressions of the minimum travel time for cases (1) and (2) are, respectively,
the two expressions below:

Tonin =2y and  Tpin = é (n (14 V1i=er) —m (1= V1= ™))
(8)

In the last case, the formula is provided in Section 4.3 below.

The study is performed with the help of Pontryagin’s Maximum Princi-
ple [21, 1, 10, 7]. To this end, we introduce P(t) = (p(t),q(t))", the adjoint
vector of X (t) = (z(t),y(¢))! and form the Hamiltonian:

oy

H(X,P,u,No) =py+ q(u—ay—sin(6(x))) — Ao o) with Mg € {1,0}

14



Since (P1) is an autonomous problem, then H (X,P,u,\g) is constant along
extremal trajectories and denoted by H. Also, still along extremal trajectories,
for almost every t, we have the maximisation condition:

H = max H (X, P,u, A\o)

lul<1
and the adjoint equations:
. OH
p:—% (X,’P,U,)\Q) (9)
—4 € DyH (X, P,u, Xo) (10)

where D,H denotes the subdifferential of  with respect to y, cf. [10].
As a consequence, following the maximisation condition, the candidate con-
trol strategy for abnormal extremals is given by:

u(t) = argmax H (X, P,u,0) = sgn(q)

lu|<1

For normal extremals the maximisation condition, illustrated in Figure 6,
yields:

i Lyl
1 if ¢> o)
wel0,1] if ¢= ‘L')
lyul gl M
u(t) = argmax H (X,P,u,1) =argmax (qu — ~“— | =<¢ 0 if —Jik <q< i
lul<1 lu|<1 p(y) Lol if _p yl P
uwe[-1,0] if ¢= —@
— i I
1 it g < p(y)
(11)
A singular arc is a piece of extremal trajectory such that either ¢ = pl(iyl)
or q = f% over a non-trivial interval of time —see for instance [7, 6, 24].

Also, a control u(t) is said extremal if there exists P(0) = (pg, qo) such that
the trajectories of the Hamiltonian system, formed by (1), (9) and (10) is
extremal.

On the properties of singular arcs.

Let us write the Hamiltonian along an extremal singular arc. Following the set
of rules (11), we have:

@l @)l
p(y(t)) p(y(t))

As a consequence, if the y trajectory of an extremal singular arc crosses y = 0,
then H = 0 along the corresponding extremal.

H = py — q(sin(6(z)) + ay) where g(t) is either
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Figure 6: The maximisation condition in the normal case.

We now consider the case ¢ = % and y > 0, then v € [0,1] and the

Hamiltonian is

H (X, P, u, \o) = py — ﬁ (sin(6(z)) + ay) (12)

Its time derivative is:

ol e (v @Y (2 w0 O\ | ere o (g — 2P®)
Oy[p . ))<P(y) 02(3/)) y(ﬂ(y) p2(y)>] here p (4) = =5,

This last expression is of the form 0 = g [p — sin(6(z))A — B]. Therefore, one
possible behaviour for singular arcs is to have y constant. Over intervals such
that y is not constant, the quantity [p — sin(6(z))A — B] must vanish. Following
equation (9), the time derivative of p is given by:

b= geos(0(2) 2D - s cos(o(a) )

It % doesn’t vanish, the time derivative of [p — sin(6(z))A — B] is of the form:
C + ¢yD = 0 where* both C' and D are independent from ¢. At this point
one can investigate possible behaviours for extremal singular arcs by using the
differential equation y = —%.

If 9% vanishes, then both p and sin(f(z)) are constants. The time derivative
of [p —sin(6(z))A — B] is of the form (yD) where D depends on y, p(y), p'(v)
and p”(y). Since we assumed that ¢ # 0, then D = 0, and the time derivative
of D is computed. It is of the form (yE) where E depends on y, p(y), and the

derivatives of p up to order 3. In fact, there is no new information to be found

4The expressions C and D are rather long, and as such, we do not reproduce them in the
paper. It is straightforward to recover them with the help of a symbolic computation software.

16



and an extremal singular arc of this kind exists only if the yield function is of
the form given by the Hamiltonian (12), which is almost never the case.
ly|

The same conclusions are drawn for y < 0 and in the case ¢ = TR

4.1 Flat road without drag

In this section, the drag coefficient « is null and the road is flat —i.e. 8(z) = 0.
System (3) is then a simple double integrator and the Hamiltonian associated
to Problem (Py) is:

H (X77)7u7>\0) =py +qu - )\OM
p(y)

System (X1) being linear, there is no abnormal extremal trajectory. Let us
write the Hamiltonian, along extremal trajectories at times ¢ = 0 and ¢t = TY:

Hit—o = Hje=r; = H = H = u(0)q(0) = u(Ty)q(Ty) (13)

From Lemma 2, y > 0 for all ¢t € [0,7f]. There exist ¢; and t5 in [0, T¥] such

that y(t1) = y(t2) = 0 and y(¢) > 0 for all ¢ €]t1, t2[. The quantity k(t) = arly)
Y

is well defined over ]t1,to[ and the set of rules (11) translates into:

1 if k(1) > 1
u(t) =< 0 if —1<k(t)<1 (14)
-1 if k() < -1

Since there is no backward arc, there exists € > 0 such that u = 1 over an
interval of the form ]t1,¢1 + ¢[. Remember that (3;) is a double integrator and
that y(t2) = 0. This means that the control variable must become negative
at some point (or equivalently, x must be less than —1), thus there is a time
t* €]t1,to[ such that x(¢*) = 0 and & < 0. Note that, x(t*) = 0 cannot be an
inflexion point as it is shown later on. First, let us compute the time derivative
of k(t):

H(t) = (@) 4D

y y? y? y?
_ayr'(y) Ly enE o (99l
==, +p(y)y2 (qy — ay) p(y)y2 +r'(y) ( ) p(y)>
o ')y
p(y)?
Y (C) pAC) (15)

y? p(y)

Following (14), v = 0 when k €] — 1, 1[. Therefore, equation (15) yields &(t*) =
—%H . If k(¢*) = 0 is an inflexion point, then H = 0 along the extremal
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trajectory. As a consequence, from (15), £ = 0 as soon as v = 0 and k never
reaches —1. Therefore, x(t*) = 0 is not an inflexion point, and H must be
strictly positive.

Now, relation (13) tells us that u(0) = 1 and u(7y) = —1. Indeed, since
u(0)q(0) # 0 then ¢(0) # 0. If ¢(0) < 0 then u(0) = —1 which contradicts the
fact that there is no backward arc. A similar argument yields u(Ty) = —1.

Going back to equation (15), let us consider the case when x = 1. According

to the set of rules (14), w > 0, therefore (ku — |u|) = 0 and & = f%H < 0.
When « = —1, u < 0 and £ is also strictly negative. As a consequence, an
extremal trajectory contains no singular arc and has a maximum of 2 commu-
tations. In fact, for a given T > Ty, there is only one possible extremal

trajectory, the one generated by the control sequence:

1 for ¢t € [0, At]
u(t)=4¢ 0 for t € [At, Ty — At] (16)
—1 forte [Tf - At,Tf}

The terminal condition z; = AtTy — At? allows the explicit computation of At:

At:%(Tf—,/T;—amf)

This relation is well defined. Indeed, Ty > T}, implies (TJ? —4zy) > 0 —cf.
equation (8).
It is clear from expression (15), that the yield function has no part to play

in this specific problem. Actually, the solution to this problem is exactly the
Ty

same as the one to the problem that consists of minimising lu(t)|dt for a

double integrator. The interested reader can refer to [22] Wherg this problem is
solved.

Figure 7 illustrates this optimal strategy. The trajectory is shown in Fig-
ure 7a. Figures 7b and 7d show the switching functions for a constant and a
non-constant yield function respectively. Finally, Figure 7c represents the non-
constant yield function: the dotted part shows the shape of the yield function,
while the plain red part shows the visited values of the yield function.

4.2 Flat road with drag

In this second case study a drag coefficient is introduced. Again, system (3)
is linear and is written:

T= vy

y= u—oay

As before, abnormal extremal trajectories are out of the picture, Lemma 2 ap-
plies and optimal trajectories don’t include backward arcs. The normal Hamil-

tonian H is:

ylul
X,P,u,1) =py+qlu —ay) —
H(X,P,u,1) = py + q(u — ay) o)
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Figure 7: Optimal trajectory in the double integrator case. Parameters: zy = 2,
Tnin ~ 2.82 and Ty = 3.8.

As in Section 4.1, we have the relation: H = u(0)q(0) = uw(Ty)q(Ty), and

we define the quantity x = L(y) It is defined over some open subinterval

Yy
Jt1,t2[C [0,Ty], such that y(¢) > 0 and y(¢t1) = y(t2) = 0. The time derivative
of k is:

P () B ) IR SR C) PO
k(L) = yzH p(y)| | + (t)( +p(y)( y)) (17)

As in section 4.1, there exists € > 0 such that © = 1 over an interval of the form
Jt1,t1 +¢[, and (24) is such that the control v must be negative in order to have
y(Ty) = 0. As a consequence, there is a time ¢t* such that x(¢*) vanishes, and
R(t*) < 0.

Again, k(t*) = 0 cannot be an inflexion point. Indeed, according to (17), if
k(t*) = 0 is an inflexion point, then £(t*) = —%@H =0, and H = 0 along
the extremal. Let us now, consider (17) for x €] — 1,1[ (i.e. u=0) and compute
the second order time derivative of x:

-4 [ 4 o= r2)] - £ o o2

This computation shows that &(t*) = 0 but also that all the successive deriva-
tives of k(t) are null at time t*. In fact, k(tx) is not an inflexion point and
therefore H > 0, u(0) =1 and u(7}) = —1.
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The rest of this section is divided into two parts. In the first one, the yield
function p(y) is assumed equal to some constant 0 < p < 1. This assumption
allows us to completely describe the solution to problem (P;) with respect to
the value of T > T,,. In a second part, we build upon this basis and propose
a methodology to search for the solution to the problem when the yield function
is not constant.

4.2.1 Constant yield function.

First of all, let us remark that the solution to problem (P;) doesn’t depend on
the value taken by p. We therefore set p = 1. Up to now, we know the three
following facts:

1. the control variable is equal to 1 over an interval of the form [0, €[;
2. the control variable equals —1 over an interval of the form [Ty — ¢, T];

3. there might be singular arcs and such arcs are characterised by y = 0 with
y > 0.

An immediate consequence of the third fact is that there is no singular arc of
the form ¢ = —y —i.e. with u € [—1,0]. Indeed, y = 0 with y > 0 can only be
achieved with a strictly positive control. In the following, usng €]0, 1] denotes a
singular control. The following lemma states several facts allowing us to narrow
down the list of candidate strategies.

Lemma 3.

1. If the control variable switches to uw = 0 then it cannot be strictly positive
again.

2. If the control variable switches to uw = —1 then it cannot switch back to 0.
3. There can be at most one singular arc.

4. For extremal trajectories comprising a singular arc:

(a) y = /L along the singular arc;
(b) the corresponding control is Using = 1/Aqo;
(c) the following relation holds: p = 2\/aqo.
Proof. 1. We use the quantity «(t). A commutation of the control from u > 0

to uw = 0 means that, at some time t*, x(t*) = 1 and &(t*) < 0. Let us
write the expression of 4(t*) —cf. equation (17):

() = an(t') —

y(t*)?
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Therefore, k() < k(t*) over a small interval of the form [t*,t* + ¢[. Also,
since the control switched to 0, then the same goes for the variable y(t).
As a consequence, over [t*,t* 4 ¢[, we have:

k(t) = ak(t) —

H .
MOE (t*) <0

As a consequence, k(t) remains less than 1 and the control cannot switch
back to a positive value.

2. The second assertion is derived from similar arguments;

3. Assume that there exists an extremal trajectory that includes two singular
arcs. Since this cannot happen as soon as u = 0, then, the control sequence
is of the following form —with ¢4 < T:

u=1 fortel0,t]

Using for t € [tl,tg[

u=1 fort € [ta,t3]
[

Using for t € ts, g [

Along a singular arc, we have k = 1 and £ = 0, and equation (17) is
rewritten:

0 H
= _W + o = Yo = E = E
Since y is constant along a singular arc, then y?(t1) = % and y?(t3) = €.
Those two equalities contradict the existence of two smgular arcs. Indeed
Uy # 0 over [to,ts[, therefore, y(t1) and y(¢3) are not equal while having
the same sign.

4. Items (a) and (b) come directly from the relation y*> = % used in the
proof of fact (3). In order to prove item (c) we simply need to remark
that, since both & and 3 are null along a singular arc, the same is true for

q:
. OH
0=¢=-5-(X,P,u,1)=—p+aq+ |y
dy
= _p+ay+using
= _p+2using O

Remark 3. According to the informations gathered so far, control sequences
candidate for optimality are:

1. u=1, then u =0 and finally u = —1;
2. u =1, then u = Uging, v =0 and finally u = —1;

3. u=1, then u = Uging, u =1, u =0 and finally u = —1.
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Lemma 4. The following control sequence, with \/aqo # 1, is not extremal

1 fort €0,t1]
ago  fort € [ty, to
u(t) = 1 for t € [ta, ts]
0 fort € [ts, ta]
[

-1 forte t4,Tf]

Proof. Let us focus on the subinterval [to, t5] and show that time ¢3 actually
doesn’t exist. Let ¢ be the quantity ¢t — o and solve (3;) for ¢ > to with u = 1:

y(t) = (y(tz) - i) e T and glr) = (WQ) . poa—l) ot 01

[0

The commutation of the control variable at time ¢ implies y(t2) = ¢(t2), and
the commutation at time t3 implies y(t3) = q(t3). Therefore, t3 — to is the
solution to the following equation:

1 1 -1 F -1
()= ) e L= (gfan) - 2t Yoty 2
Q (67 « [0

which is rewritten, denoting g2 = ¢(t2):

1 —at 1_ po—1 af , Po—1
(q2 a)e +a_(Q2 )¢ T .

After a few simplifications, and denoting X = e®f, we obtain:
(agz —po+ 1)X2+(po—2)X —age+1=0 (18)

We have, y(t2) = y(t1), which implies g2 = /%2 —cf. Lemma 3. Let us write
the Hamiltonian at time ¢ = 3 —i.e. Hj—y, = Hjz=o = qo- We obtain the
relations:

o=ag and g =pgz—ag; — po=2aq (19)
2

Therefore, the equation given in (18) becomes:
(1-ag)(X-1)°=0

o If (1 — age) =0, then gy = g3 = %, and ,/aqo = 1 which is a contradic-
tion.

e If (X —1) =0, then X =1 and ¢ = 0, which means that t3 > ts doesn’t
exist.

As a consequence, the control strategy under consideration is not an extremal
trajectory. O
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Lemma 5. Consider the control sequence:

1 for t€[0,t1]
u(t) = JVagqe  for t € [t1,te]
0 fOT’ te [tg,tg[
-1 for te[ts,Ty]
1. If strategy (20) is extremal, then ty —ty = Lin (1+ \/5)

2. For given values of parameters o and xy, there is a time Tj;, > 0 such
that for all Ty > Ty, control sequence (20) is candidate for optimality.

Proof. 1. Using the notation y; = y(t1), since the second arc is singular,
we know that y(t2) = q(t2) = y1. Let t be defined by ¢ = t — t5, the
expressions of ¢ and y over the interval [to, 3] are:

¢ Po 3 _
g(f) = gre® == (e = 1) et y(t) = e
At time t3, the control commutes from 0 to —1, which corresponds to the
relation ¢(t3) = —y(t3). We now combine the relation py = 2,/aqy =
2Uging from Lemma 3, fact (4), with the fact that y is constant and equals
y1 along the singular arc: ugng = oy and py = 2ay;.

Let us now compute ¢ such that —y(¢) = q(?) :

_ r Do P
—yre” " = e — E(eat -1)

_ = 2 T
_yle_at _ yleat _ O(;yl (eat _ 1)
_emof = gof _g(e0f 1) (since g, > 0)
1= eQaf _ 2(62(15 _ eaf)
0=X2-2X -1 (with X = e

Therefore X =1+ \/ﬁ, which yields t3 — ty = iln (1 + \/5) .
2. Consider the following procedure.

o Let tl = tz.

o Let t3—ty = éln (1 + \/i), set Ty —t3 = Tf—éln (1 + \/5) —t; and
solve y(Ty) = 0 for t1. It is the following function of o and T:

t = éln [(1—?) (1+eC'Tf)1

e For a given final time T, control strategy (20) leads to:

xf:—T—erln(ltﬁ) +21n<<1\/§> (1+6“Tf)>

o o o? 2
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e The above relation is reversed in order to express T, as a function
of o and zy. We obtain the following relations, and Tj;, is the latter
one:

éln ((1 FV2)e T~ 1 — \/((1 +V2)e’ s — 1)2 - 1) <0
and

éln ((1 +V2)e¥ T 1 4 \/((1 +V2)ertss — 1)2 - 1) >00

The only strategy left to investigate is the following one:

1 fortel0,t]
u(t) = 0 fort € [tl,tg[ (21)
—1 forte [tQ,Tf]

For given values of a, xf, T¢ > Ty, there always exists a control of the
form (21) joining (0,0)* to (z,0)". From the two constraints y(7y) = 0 and
z(Ty) = xy, we compute the expressions of ¢; et ta :

t1= 2
to= 1

The trajectory generated by control (21) is clearly optimal when T < Ty <
Tiim. Indeed, there is no other extremal trajectory.

14+ eTr _ \/1 4 2¢0Tf 4 20Ty _ 4ea21f+o¢Tf)}

1
(21 _ eatl + ean)] (22)

In
In

Theorem 2 (Optimal strategy for a constant yield function).

For a giwen set of parameters o, vy and Ty, let X (t) : t — (z(t),y(t))" denote
the trajectory of (X1) steering (0,0)" to (xf,0)" under a control sequence of the
form (21).

1. If (X (t),po,q(t)) is an extremal trajectory of Pontryagin’s mazimum prin-
ciple, then po and qo are given by the following expressions:

e—atg (eatl _ 1)(1 + eZa(t2_t1))
eoc(t27t1) _ 1

Po =
e—2at1

do =S (e~ 1)(1+ €™ (po — 1)

2. For Ty > Ty, with Ty as in Lemma 5, then (X(t),po, q(t)) is not an
extremal trajectory.

3. The solution to the optimal control problem (P1) on a flat road, with drag
coefficient o and constant yield function is:

(a) for Toin < T§ < Tyim, with Ty, as in Lemma 5, the optimal control
strategy is (21);
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(b) for Ty > Tiim, the optimal control strategy is (20).

Proof. 1. Parameters o, x¢, T being fixed, the commutation times ¢; et o
of control sequence (21) are given by (22), which allows the computation
of y(t1) and y(t2).

(a) po is determined with the help of the expression of ¢(t) over the
interval [tq, t2]:

q(t) = q(tl)ea(t—tl) _ Po (ea(t—tl) _ 1)
o
Since q(t1) = y(t1), the equation g(t2) = —y(t2) is solved for py.

(b) qo is determined from the expression of g(t) over the interval [0,;]:
1
q(t) = qoeat + a(l — po) (eo‘t — ].) .

In both cases, the derived expression is uniquely determined.

2. For a given set of parameters o, xy, Ty, assume that (X (t),po,¢(t)) is
an extremal trajectory. Then, t1, po et ¢ can be explicitly computed.
Therefore, we can determine the expressions of both y(¢) and ¢(t) over the
interval [0,1]. A commutation takes place if there is a time ¢ such that
y(t) = ¢(t). This equation is then solved for ¢.

We obtain two expressions®. One of them is exactly formula t; given in
(22). However, the other one is real and lower than ¢; as soon as T > Tp,.
In other words, for T > T}y, a first commutation of the control happens
before time ¢; and consequently the control sequence (21) is not extremal.

3. The analysis performed in the present section demonstrated that there are
only two possible extremal strategies. They have the following restrictions:

e the trajectory due to the control sequence (21) is not extremal as
soon as Tt > Tijm;

e the trajectory due to the control sequence (20) doesn’t exist for

Figure 8 illustrates Theorem 2 for xy = 6 and o = 0.5. The quantity
Tiim is determined as explained in Lemma 5. Figures 8a and 8b show the
optimal trajectory for Ty < Tj;,, and Figures 8c and 8d correspond to the case
Tt > Tiim. In particular, Figures 8e and 8f illustrate the fact that strategy (21)
is not extremal for Ty > Tj;p,. Those last two figures are obtained as follows:
t1 and ty are determined in order to steer X (0) to X (T%) using strategy (21).
When we apply this control to the Hamiltonian system, we see that trajectory
q(t) intersects y(t) at some time 0 < ¢ < ¢, showing as expected that this
trajectory is not extremal.

5Since they are quite large, those two expressions are not reproduced here. However, the
interested reader can obtain them with the help of a symbolic computation software.
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Figure 8: Optimal and non-optimal trajectories for the second case study with
a constant yield function. Parameters: a = 0.5, xy = 6, T ~ 5.52 and
Tiim ~ 5.95.

Figures 8a and 8b correspond to Ty = 5.9. Figures 8c to 8f correspond to
Ty = 6.5.

4.2.2 Non-constant yield function.

In this section, in order to address (P;) on a flat road, with a drag coefficient o >
0 and a non-constant yield function p(y), we propose the following methodology
based on fact (3) of Theorem 2.

1. Compute the trajectory of (31) given by control sequence (21).
2. If possible, compute the trajectory of (X1) given by control sequence (20).

3. Check which one of those two trajectories is extremal, and compute the
cost explicitly to remove possible ambiguities.

4. Tt can happen that neither strategy (21) nor strategy (20) yield extremal
trajectories. Indeed, the facts of Lemma 3 don’t hold anymore and there
can be more than one commutation of the control variable between the
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values © = 0 and v = —1. When this situation arises, a new control
strategy is investigated —see (25) below.

A trajectory of (X;), given by the control sequence (21), such that X (7) =
(xf,0)" is still given by relations (22). However, for a trajectory given by control
sequence (20), relation t3—ty = éln (1 + ﬂ) of Lemma 5 doesn’t hold anymore,
we have to rely on a numerical scheme.

Computing extremal trajectories given by strategy (20).

First, we need to derive usable expressions for py and gg. Along a singular arc,
since y = 0, then ¢ = % (%) = 0. Let y, denote the value of y(t) along the

singular arc, then ug,g = oys and:

a _ |Using| _ ys|using|pl (ye)

0=i="3, p(ys) p2(ys)

p(z)s)

+agy—po where gy = —2_ and p'(y) =

2ay,  ay?p (ys)
2

ko= plys)  P2(ys)
(23)

Now, since uyp = 1, and denoting by Hs the Hamiltonian function computed
along a singular arc, we have:

2

ys|usinq‘ ayy
Hit—o = qo = Hs = poYs + qo(Using — Ys) — ——— = o = PoYs —
i g p(ys) p(ys)
(24)

In order to compute an extremal trajectory associated to (20), the following
methodology is proposed:

1. set ¢1 to some arbitrary value, then y(t2) = y(¢1) = ys and both py and
go can be computed;

2. the duration (t3 —t2) is the solution to g(t) = — p(yy((tg)) where ¢(t) and y(¢)

are the trajectories of the Hamiltonian system associated to (Pp) with
u=0,y(0) = ys and (0) = E;

3. the duration (T — t3) comes from the constraint y(¢) = 0 where y(t) is
t

the trajectory of (31) with u = —1 and setting y(0) to the value taken by

y(t) .
p(y(t)’

y in the previous step when we solved equation ¢(t)

4. t; is determined in order to solve the equation z(Ty) = xf, with the
duration of the singular arc (i.e. t2 —t1) given by Ty minus the length of
the three other arcs.

Remark 4. e FEach step of this methodology is achieved with a simple di-
chotomy.
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e For a given set of parameters o and ¢, the minimum time Ty, for the
existence of a singular strategy (20) is determined with a similar method-
ology: the singular arc is reduced to a point but the constraints are kept.
Time t1 is determined such that ©(Tf) = xy, which yields the value of

e In practice, if a singular strategy exists, then the basic strategy (21) is not
extremal.

Trajectories having a two-step braking behaviour.

The two control strategies presented so far —i.e. (20) and (21)— are not suf-
ficient to account for all the situations we encountered during the resolution of
this case. Since Lemma 3 doesn’t guarantee anymore that each type of commu-
tation happens at most once, we considered a strategy of the form (25), which
is detailed below.

Let us remember that the running cost is %. On the one hand, the fact that
it tends to zero when y tends to 0 points out the interest of braking at low speed.
On the other hand, a non-null control is expected to take place when the yield
function’s value is the largest. Actually, strategies (20) and (21) both realise a
tradeoff between those two behaviours, and the fact that both strategies aren’t
extremal hints toward a two-step braking strategy. In other words, u = —1 a
first time when the yield function is large enough, and a second time when the
speed is low enough.

Actually, the following strategy produces extremal trajectories when (20)
and (21) fail to do so. Those trajectories are calculated with a methodology
adapted from the one used for strategy (20).

1 when te[0,ty]
ay;  when t € [ty, o]
B 0  when t € [ta,t3]
WO =9 21 when t€ [ty o] )
0  when t € [ty,ts5]
—1  when t € [t5,T¥]

Figures 9, 10 and 11 illustrate the optimal trajectories calculated following
the above methodology for fixed parameters z; = 6 and o = 0.5. Figure 9
corresponds to the case Trnin < Ty < Tjim, and Figures 10 and 11 to Ty > Tyip,.
For Ty = 10, neither (21) nor (20) produce extremal trajectories, but the new
strategy (25) does. It is illustrated in Figure 11. In fact, this situation happens
only for Ty within a rather small interval of time. In Figures 9c, 10c and 1lc
the visited values of the yield function are displayed in red. The blue sections
in Figure 11c correspond to the two braking periods.

Remark 5. Extremal trajectories such as the one displayed in Figure 11f don’t
exist for all type of non-constant yield function. Indeed, in the case of the yield
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(c)
Figure 9: Optimal trajectory for the second case study with a non-constant

yield function.
Parameters: o = 0.5, x5 = 6, Tinin ~ 5.52, T35, ~ 5.8 and Ty = 5.75.

function shown in Figure 7c, where p(0) = 0.2, there is no such extremal. This
can be understood as a translation of the fact that, since the ratio between the
mazimum and the minimum of the yield is not significant, it is more interesting
to brake at low speed only.

4.3 Non-flat road

In this third case study, we consider a non-flat road and no drag coefficient. Sys-
tem (31), and the behaviour of the road profile under consideration (represented
in Figure 12) are:

i O(x) is decreasing for z € [-10, —6.5[
(21) { . z_ sin (0()) where O(x) is increasing for x €] — 6.5, —1]
y= 6(z) is constant for z > —1

In order to simplify notations when there is no ambiguity, we denote K =

2‘/$f

sin (A(z)) for x > —1. The minimum time is Ty = Apor> and we set xy = 2.

As before, abnormal extremals are out of the picture. First, let T} % he the
time needed in order to reach X = (z,0)" with the strategy

1 fort €[0,¢t.[
=930 forte [tc,T}ﬂ (26)

Lemma 6. 1. If the control sequence (26) is extremal, then the Hamiltonian
H is null along the corresponding trajectory of (X1);
2. we have the following equivalence:

p(y(te) >0 < (26) is an extremal strategy

3. for all Ty > T;’O the following strategy is also extremal:

K forte|0,t]

[
_ fort € [t1,t1 + t¢|
u(t) = forte [ti +1tc,Tf — ] (27)
[

1
0
K forte TfftQ,Tf[
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Proof. 1. The normal Hamiltonian, with > —1,is H (X, P,u,1) =

0.2 04 06 08 10 12 14 y(t) -10|

(c) (d)

e 10: Optimal trajectory for the second case study with a non-constant
function.

where t1 >0, t2 > 0 and t1 +t2 =Tf — T;’O.
|yl

py + ¢ (u— K). For an extremal trajectory given by (26), u(Ty) = 0 and

T T .
p(if(T?)) < q(Ty) < —p(y;(jff))). Since y(Ty) = 0 then ¢(T¢) = 0, and the

Hamiltonian expressed at time T yields H = 0.

. Let us assume p'(y.) > 0, with y. = y(t.). Since u = 1 over [0,7,],

then y > 0 over |0,t.]. Let p = py be a constant, and ¢(t) be the solution
to
i= g (=Lt g = K))  with 4(0) =0
= —— —_—— J— W —
9y \ ply)

We compute the time derivative of H (X, P,u,1) over ]0,.[. Recall that
y > 0 and u is constant, which yields H = 0. Therefore, H is constant
over [0,t.] by continuity. Now, since we've set go = 0, then H;—o = 0,
and therefore H,—; = 0.

The commutation at time ¢, happens if ¢(t.) = ﬁ, which is true if
po = ﬁ. In order to show that (26) is an extremal strategy, we still

have to show that:

(a) q(t) > S5 over ]0, tc[;
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(b) =55 <alt) < {5 over ]tc,Tfl-’O[.

e Over |0, t.[:

p(y 1—K \p(y)

After a few manipulations, and replacing py by
expression:

1
,L)+p0y+q(1,[():0 = qy<po>

, we obtain the
y p(ye)

Yy K ( 1 1 )
q— = Y -
ply)  1=K"\ply) plye)
Since p'(ye) > 0 and 0 < y(t) < y. over ]0,t.[, then (ﬁ -4 ) >
0 and q > (y)

e Over |t C,Tlo[
we have u = 0. Let ¥ = t te, then y(t_) —Kt + y. and q(t) =
F 0 . 1,0
—pot+q(te) = p(yc)t—I— (- Hence T te="%,q(T;") =0and

trivially _@ < q over ]tC,T oL

Let us now determine the sign of ¢ — 4.
p(y)
g— Y Ve K .
py)  plye)  plye)  ply)
_ Y _ K P Yo — Kt
p(ye)  p(ye) p(y)
c K — c — K{ . _
<Y i Y =0 (since y <wy.) and (y. — Kt > 0)

pye)  p(ye) p(ye)

This proves the result, and strategy (26) is extremal.

Let us assume p'(y.) < 0, with y. = y(t.). As we’ve done before, we

ar(y) over an interval of time that contains

consider the quantity x(t) =

t. and such that y > 0. We assume that (26) is an extremal strategy and
compute the time derivative of k(t) over this interval:

Hp(y)  |ulp' ()
y? p(y)

p ()

R(t) = — oL (28)

+ k(t)

When t = t., £(t.) =1 and u > 0, which yields &(t.) = ,Pp((y((t ))))K since

H = 0. As a consequence, a commutation of the control cannot take place
since £(t.) > 0. This contradicts the fact that (26) is extremal.

3. This item comes from the two following facts.
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(a) An extremal trajectory having a singular arc of the form y =0, § =0
implies H = 0.
(b) If (26) is an extremal strategy, then H = 0. O

We are now left with the following question: what happens when p'(y.) < 0
? We know from Lemma 6 that this strategy cannot be extremal. From the
experience gained with the preceding case study, searching for singular arcs
comes to mind. As we have seen at the beginning of Section 4: since 6(x) is
constant, then singular arcs are of the form § = 0. A possible strategy is:

1 for ¢t € [0, t.[

u(t) = K fOI' te [tm tc + tsing[ (29)
0 for t € [tc + tsinga T]}ys’o]

The associated trajectory of (231) has a singular arc over the time interval [t., t.+
tsing[ which can be as large as needed in order to meet the constraint z(7Ty) = x.
In fact, if we assume that strategy (29) is extremal, we have the following facts:

1. H =0 since u(t) = 0 for t € [t + tsing, Tt);

2. the time derivative of the quantity x = L(y) , computed at time ¢, is
Y
A(te) = —’; (ZJ((,?C))))K —see formula (28)— which shows that a singular arc

can happen only if p' (y(t.)) = 0.

The final time T} =0 4g uniquely determined by the following procedure, and the
corresponding trajectory is proven extremal by using the same arguments as in
Lemma 6:

e t. is such that p(.) reaches its maximum over R™* at y(t.);
1,s,0 1,s,0\ __ t
® tyng and T are such that X (Tf ) = (z,0)".

As before, if (29) is an extremal strategy, then for all Ty > T}’S’O the following
strategy is also extremal:

K fort € [O,tl[
1 fOI‘tG [tl,tl +tc[
u(t) =4 K fort e[ty +te,t1 +te+ tsingl (30)
0 fort e [t1+tc+tsing7Tf—t2[
K forte [Ty —t2,Ty]

where t; > 0,12 > 0 and t; +t3 = T — T}’S’O. This strategy is illustrated in
Figure 13.
Let us now define Ty, as follows:
00 X(0)=Xy, X(Ty)=X
Tyack = %ff{Tf such that Yu € L>[0, Ty] { G(x((t))) — 0(0) T =Xr e [o,Tf}}
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We call small time trajectory a trajectory having a final time Ty within the
interval | Tnin, Tsmait], where Tspmqn = min (Tbacka T;’O).

Lemma 7 (Small time trajectories). 1. An optimal small time trajectory
of (P1) has no backward arc.

2. Small time extremals of (P1) do not contain singular arcs of the form
y=0.

8. Let ys be the constant speed of the singular arc of a small time extremal,

dp
then — < 0.
ay (¥s)
4. Consider a small time extremal trajectory containing a singular arc, and
denote y, the constant speed, then:

w0 = Kusr'(us)
(K —1)p(ys)?

Proof. 1. Since T¢ < Tpack, trajectories (z(t),y(t))" of (Py) starting from
(0,0)" can reach (zf,0)" only by staying on portions of road such that
0(z(t)) = constant. Then, (P1) can be viewed as invariant with respect
to translations along the z—axis. According to Lemma 2, an optimal
trajectory has no backward arc.

P(Ys) = ysp' (ys)

and pyg =K
p(ys)?

2. In the problem under consideration, Tpqcr, < T}’o. As a consequence, for a
small time extremal, y(T) = 0 cannot be achieved with a strategy of the
form (26), and v must be negative over some time interval. Hence, there
exists a non-trivial interval of the form |¢,Z] such that:

~—

ap(y exists for all

e y > 0 for all ¢ €]¢,%[ and the the quantity x(t) =
t €t 1;

o k(t) =1and k(t) = -1

e there is a t* €]t,#[ such that x(t*) = 0 and A(t*) < 0.

The time derivative of k(t), over this interval is, again, equation (28).
When «(t) = 0, then v = 0 and £(t*) = —H;)—gf’) which implies that H
must be strictly positive in order to achieve /(%) < 0. A singular arc with
y = 0 cannot exist since it implies H = 0.

3. As before, we define the quantity k(t) = %(y) over intervals where y # 0,

and we derive an expression for %(t) —see equation (28) above. Along a
singular arc, we have x(t) = 1 and £(t) = 0, following expression (28) we
obtain equality:
CHp(y)  |ulp (v)

y? p(y)

which can only be true if p'(y) is negative.

0:
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4. The two expressions are easily obtained as follows:

e solve the equation 0 = —% — % for H and set u = K since

y = 0 along a singular arc;
e the relation H = qp (u(0) — K) = qo (1 — K) yields the expression of

qo;
e finally, writing H along a singular arc, H = poys — %K , provides
the expression of pg. O

Based on the informations gathered in Lemma 7, small time optimal trajec-
tories are searched following the methodology exposed in Section 4.2.2. This is
illustrated in Figure 14.

Finally, we propose the following methodology in order to address the opti-
mal control problem (7P;) in the case of the road profile displayed in Figure 12.

1.

Consider strategy (26). The sign of g—Z(y(tC)) determines which strategy

between (26) and (29) is relevant. We denote by Ty the corresponding
final time.

For Ty > Ty, either strategies of the form (27) or strategies of the form (30)
are extremal and therefore candidate to optimality. Items (1) and (2) are
illustrated in Figure 13.

For Thnin < T§ < Tpeek, compute a forward extremal trajectory as in
Section 4.2.2. As explained in Lemma 7, such trajectories are optimal
extremals. This is illustrated in Figure 14 with a small time trajectory
having no singular arc.

For Tyin < Ty < Ty, as in the preceding item, forward extremal trajectory
as in Section 4.2.2 can be searched. This is illustrated in Figure 15 with
an extremal trajectory having a two-step braking behaviour.

Finally, with the help of a numerical study, extremal trajectories having
backward arcs are searched for. For instance, for Ty = 4.48, we didn’t find
any extremal having a backward arc and as such, the trajectory displayed
in Figure 15 is considered optimal. Extremal trajectories having backward
arcs are shown in Figures 16 and 17.

In order to better understand this last step, numerical exploration was per-
formed via the manipulation of the values of py and ¢g. As expected, extremal
trajectories having backward arcs do exist. An interesting fact being that such
extremals are not necessarily optimal. In Figure 16, an example of an optimal
trajectory with backward arcs is displayed. The yield function is the same as
the one used to determine the trajectory of Figure 13. In this case, the back-
ward strategy of Figure 16 costs less than the forward strategy of the form (30)
—since the arcs with y = 0 have a null running cost, strategy (30) costs the

same regardless of the value of Ty > T

1,s,0
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On the other hand, Figure 17 shows an extremal trajectory having backward
arcs obtained for a yield function such that p(0) is 20 times larger than the one
used in Figure 16 —this is the only parameter that is changed in the design of p.
The maximums of the two cost functions are the same, and are reached for the
same values of y. In this case, the cost associated to the strategy (30) is equal
to 0.73, and the strategy of Figure 17 is not optimal. In Figures 16d and Fig-
ures 17d, the values of the yield function that are visited when u = —1 are
highlighted. In Figures 16e and 17e¢ the values of the yield functions that are
visited when u = 1 are highlighted. The different colours used correspond to
the ones also used in Figures 16¢ and 17c.

Conclusion

This energy consumption optimisation problem allowed us to study an optimal
control problem with a running cost that includes an absolute value function
and a yield function. This problem has been addressed in fixed time and decom-
posed into several case studies, three of which were considered in the present
article. For each one of them, the influence of the yield function upon optimal
trajectories have been discussed. In particular, in the case of a flat road and
a null drag coefficient, the yield function plays no role. Then, when the drag
coefficient isn’t null anymore, singular arcs may appear even in the case of a
constant yield function. We also noticed that for some yield functions two-
step braking strategies are optimal. In the last case study, involving a non-flat
road profile, the yield function plays a role since the occurrence of singular arcs
heavily depends on the sign of the function’s derivative.

Finally, subsequent works on this topic should include investigations on ex-
tremal trajectories having both backward and singular arcs, especially arcs such
that y is not constant. The introduction of the drag coefficient in the case of a
non-flat road, and different road profiles should also be covered.

A Proof of Lemma 1

First of all, let us remark that both R™ x L[lo 7] and C[% 7] are metrisable sets,

and as such sequential continuity implies uniform continuity.

1. Let (un(t))
and xén) be a R™ sequence converging to xg. We denote by x,(¢t) the

trajectory of (Xp) given by xé”) and wu,(t), and x(t) the trajectory given

by ¢ and wu(t). In other words, we have:

nen be a sequence of controls that converges to u(t) in L[lo,T]a

2 (t) = 2l + /O F(20 (7)) 4 tun(t)G(zn(7))dr, and 2(t) = 2o+ /O F(2(7)) + u(t)G(z(7))dr.
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Let us now write down the expression of E, (t) = x(t) — x,(t):

En(t) = (:co fxgm) + /0 F(z) — F(ay)dr + /0 uG(2) — unG (wn)dr .

A B c

Expression C' is rewritten:

C :/O (u— un)G(x)dT+/O un (G(z) — Glan))dr
Cq C>

Next
[E.@ < [[Al+ IB]| + |C1| + |C2|l (31)

When restricted to a compact subset, X et Y are both Lipschitz with
constants K7 and K5 respectively, and we have the inequalities:

(a) for all £ > 0, there exists N € N such that Vn > N, ||A| < &;
t t

(b) since X is Lipschitz: || B| g/ IF () —F(xn)HdrgKl/ | Bn(r)drs
0 0

(c) on [0,T], Y is bounded from above (by some constant K), which
yields:

t
G311 < & [ funtr) = ur) i
(d) finally, for all n, |u,| <1, and since Y is Lipschitz, we have ||Cq| <

t
K2/ B (7)]|dr-
0

Therefore, inequality (31) becomes:

t t t
B0 < [Joo =8 451 [ NEwlar+& [ untr) = unldr+Ke [ |Eu(mldr
0 0 0

) (32)
Since (u,) converges in L[l0 r ¢ for all € > 0, there is a NV such that

t
Vn > N: K/ |un, — ul|/dr < & Thus, for n > max(N, N), inequality
0

(32) is rewritten:

t T
1E ()] < (5+5)+(K1+K2)/0 [1En(T)]l dT < (5‘+5)+(K1+K2)/0 [ En(7)] dr.

Gronwall’s lemma, for t € [0, T] gives:
IEn ()| < (£ +&)eFrHE2T yn > N

In other words, _for~a given € > 0, we can choose (£ + £) such that, for all
n> N =mazx(N,N), |E.(t)| < e for all t € [0,T].
Which proves the continuity of ®(.,.).
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2. In this second part, we use the preceding continuity result and the conti-

nuity of u +— |u| for the L[lo’T] topology.

As before, u,(t) is a L[10 )-sequence of controls converging to u(t), x (")

converges to xg, and x,, (resp. x) is the trajectory generated by 1:(") nd
Uy (resp. o et u). Let us now write the difference:

T T
/0 I (2 ot | — / o )t

T T
- / )] (ft] — [ud]) dt — / il ()| — ()] dt
0 0

[T (un) = J(u)

Since zy,(t) tends uniformly to z(¢) in C[o 7> there are a constant M > 0,

and an integer N (M) such that for all n > N (M), we have |[¢(x,)| < M.
For a given ¢ > 0, there are a rank N( ) and a rank N (%) such
that;

(a)

_£
2MT

|un| = Jul| <

7):

5 for allm > N (%)

QJVIT (

b) \|¢<xn>| @) <

Consequently, there exists a rank N(g) such that for all n > N(¢)

T
1T () — |<M/ mdt+/0 et =2

which gives us the sequential continuity of J(.).
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Figure 11: Optimal trajectory for the second case study with a non-constant

Parameters: o = 0.5, x5 = 6, Tinin = 5.52, Ty = 5.8 and Ty = 10.

40



(a)
Figure 12: Derivative of § with respect to z, and road profile in the (&,h)!
coordinates. The red dots appearing on the road profile correspond to x = —1,

z =0 and & =z in this order. Tpp & 2.885, T} ~ 5.01.
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Figure 13: Optimal trajectory for the third case study. Parameters: T;’S’O ~
5.21 and Ty = 6.
The associated cost equals 3.605.
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